B Supplementary Appendix: Not for Publication

B.1 Additional Proofs

Proof of Example 1

For notational simplicity, let 7 . = f (¢, s|e) denote the probability of state (g, s)
conditional on effort e, 77 = J ¢ «ds denote the marginal probability of output ¢, and
IT¢ denote the associated cumulative distribution function (“CDF”). Suppose that 7,
and 77, are both independent of s. As in Grossman and Hart (1983), it is convenient
to write the principal’s program in terms of “utils”. Ignoring intermediate effort levels,

the program is:

[V =T (29)
/ V(g) (7} — ) dg > 1, (30)

where h = V1L,
We wish to study conditions under which the solution to this relaxed program also

solves the original program — i.e. under which the following omitted ICs are satisfied:

// V(q) (7, — 7 ,)dgds > 1 —e, Ve.
sJx ’ ’
Using the marginal distributions, we can rewrite these constraints as
£(e) ;/ Vi(g) (7} —7¢) dg— (1 —e) > 0.
X

Note that £(1) = 0 and, by the binding IC (30), £(0) = 0. Thus, it suffices to show
that ¢ is concave.

Applying integration by parts to the solution of the relaxed program, we obtain

[V @ -m)do= [V (- da
where IT is the CDF associated with 7. Substituting back in the definition of ¢ yields

g(e):/V(q) (Il — T1¢) dg + ¢ — 1.
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Since the likelihood ratio 7?; / 7?2 is non-decreasing in ¢, the solution of the relaxed

program is monotonic: V' > 0. Then, since II is a concave function of e, £ is concave.

Proof of Theorem 1, non-binding IR
This appendix completes the proof of Theorem 1, by considering the case where the
IR (17) does not bind. We can thus ignore the IR from the principal’s program. The

first-order condition with respect to u, s is

—p B (ugs) —pa (K(D)ph, — K (%) ply) —pa (K(2)p2, — K (") pl,) =0 Vg, s. (31)

For the wage to be independent of the signal, the system of equations (18) and (31)
must have as a solution u, s = u, V ¢, s. We can write this system of equations using

the function F : RX0439)+5 4 RXSH2 where

F ul?"'vuXa/*LIa/'LQ;\G/_ﬁpilu“'7p§(7,5'
X 2 3 3X S
Pk (ur) + (K (L)pi, — K3)pi ) + pe(K(2)pt, — K(3)pt )
P gh' (ur) + (K (L)pr g — K3)pi g) + pe(K(2)pi g — K(3)pi g)
= | Pl (ux)+m(K(Q)pk, — K (3)p§g1) + 2 (K(2)p% 1 — K(3)pk 1)
p%(,sh, (ux) + pa (K (1)p S (3)29%( g) + M2(K(2)P§(,s - K(3)p§<73)
Ele ug (K(2)3, qu —K(3)Y,p2,)+G(2) —G(3)
i Zle ug (K(1) Y, phs— K(3) X, p3,) + G(1) — G(3)

To apply Corollary 1, we need to show that DF' has full row rank. It is given by:

3 2 1
Axsxx Cxsx2 Do Hxgsyxs Hyxsxxs Hxsxxs
Ee

DF =

3 2 1
B2><X 02><2 J2><XS ‘]2><XS ‘]2><XS

Matrices Axsxx and Boyx are, respectively, the derivative of the first XS equations
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and the last 2 equations (ICs) with respect to u:

[ B (uy)P3 0 0
0 ]’L”(Ug)P% 0
AXSXX = . . . ’
0 0 .. W'(ux)P%
_— [ K(2)P? 15— K(3)P? 15 ... K(2)P% 15— K(3)P% - 1g
2T L K()P 19— K(3)P? 15 ... K(1)PL-15— K(3)P% - 14

The derivatives with respect to the multipliers p; and ps are, respectively,

K()p1, — K@3)p?, K(@2)pi, — K(3)p},

Cxsx2 = : (32)

| K(1)pks — KB3)pks K(@2)pks— K@)k |
and the null matrix Osy2. The derivatives with respect to {G(3),G(2),G(1)} are,
respectively, Oxgx3 and

-1 10

-1 01|

Thus, if K is constant, © = G, and we have Dg = Dg = Oxgx3 and Fg = Eg.
The derivatives with respect to {K(3), K(2), K(1)} are, respectively:

Eg =

—paply — HePiy  HMePly Hapig

—pl g — pepl s pepls Pl

DK - . )
—py — H2PX1  HePX.  MiPk
| —mpks — mebks HeDks Pk |
i X R X
EK = - zq:l Uq Zs p;,s Zq:l Uq Zs pg,s 0

X X
L - Zq:l uq Zs pg,s O Zq:l uq ZS p;,s
Thus, if G is constant, ©® = K, and we have Dg = Dk, and EFg = Fx.
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The derivatives with respect to (p3,), (p2,), and (p,) are, respectively:

(2 (u) — K(3)(p1 + p2)] Is Osxs ... Ogxs
05 S OS S
H?(SXXS = .X -X
i Osxs Osxs - [P (ux)— K(3)(p1 + p2)] Ls
e [ K(3)1s ... —uxK(3)1s
xS —uK3)1s .. —uxK(3)1g |’
[ ILLQK(Q)IS OSXS OS><S’
05 S /,L2K(2)IS OS S
H)2(S><XS = :X . . :X = p2lys,
| Osxs Osxs - K(2)Is
, [ wK(2)1s ... uxK(2)1s
J2><XS =
0 0
and

H)1{S><XS = MlK(l)IXS

n 0 . 0
xS wK(D1ls ... uxK(D1g |
H3 a2 Hi
Note that DFp = )ESXXS XQSXXS XISXXS has X S+2 rows and 3X S columns.
J2><XS J2><XS ’]2><XS
Since XS + 2 < 3X.5, it suffices to show that DFp has full row rank to establish that
DF has full row rank. We thus need to show that for any vector y € RX5+2,
y X DFp = 0 =—y= _0
Ix(XS+2) (XS+2)x3Xs  1x3XS Ix(XS5+2)
Higyxs - - -
Let DIp, = : . First, expanding y x DFp, = 0 gives:
2x XS
K (2)yr + i K(2)yxsi1 = .. = 2K (2)ys + u1 K (2)yxs1 =0
2K (2)ysi1 + w2 K (2)yxsi1 = .. = 2K (2)y2s + u2 K (2)yxs41 =0
P K (2)ysx—1)+1 + ux K (2)yxst1 = ... = o K(2)yxs + ux K (2)yxs41 = 0.
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Dividing through by K(2) > 0 and rearranging gives:

M2Y1 = ... = U2Ys = —UIYXS+1 (33)
H2Yys+1 = ... = U2Y2s = —UYXS+1
H2Ys(x-1)+1 = ... = H2Yxs = —UXYxS+1-

Similarly, expanding y x DFp, = 0 yields

mKLyr = .. =mK1)ys = —urK(1)yxsie (34)
mK(Dysyr = .. = K (D)yas = —uaK(1)yxs42
mKDysx-—1)+1 = .. = mKQ)yxs = —uxK(1)yxsi2

with K (1) > 0. Recall that gy > 0 and puy > 0 and at least one of them is strict. Thus,

Yy = ... =Yg =: gjl
Ysi1 = =Yg =4
YS(X—1)+1 = . =Yxs =T .
From equation (33), we have:
f2y" = —uryxsi1
: (35)
o™ = —uxyxsi1
CYXS><2 o .
Second, recall that DF{,, .,) = 0 . Thus, y x DF{,, u.,) = 0 gives
2x2
y? [K(1)p}, — K(3) = —KQ@3)pl,] =0, V (36)
Yy pq7s pq s y pq,s pq75 ) q.

Multiplying both sides of the first equation in (36) by us > 0:

pe Y P [K(Dpy, — K@)pS,) = K(1)D (et pys — K(3) D (n2y”) vy s = 0. (37)

9, 4,8

29



However, from equation (35), we have

KW (120" pys — K(3) Y (129" 1

q?s q7s

= —yxsp [K() ugph, — K(3) Y ugp), | = —yxs:1(G3) — G(1)), (38)

where the last equality follows from the binding IC for e = 1. Let G(3) # G(1) (the
set of parameters for which G(3) = G(1) have zero Lebesgue measure). Then, (37)
and (38) imply yxsy1 = 0. Applying this logic to the second equation in (36) yields

Yxs+2 = 0.
Third, recall from equations (33) and (34) that, V g,

poy’ = —ugyxsi1 and ! = —ugyxsio.

Moreover, p1 > 0 and pe > 0 with at least one of them strict. Since yxsi1 = yxsio =0,
we have p19? = psy? = 0. Since either py # 0 or g # 0, this implies g = 0V g. Thus,
y X DFp =0 = y =0, ie., DFp has full row rank.

B.2 Multiple Binding ICs

This appendix shows that the case in which multiple ICs simultaneously bind is not

knife-edge. The problem of implementing effort e at minimum cost is:

qx S
min DO b (ugs)

q=q1 s=1
subject to
qx S
DD Pisttas—ce > U
q=q1 s=1
ax S
Z Z (pg’s — pzys) Ugs = Ce—Ce VE.

q=q1 s=1
We study the case of three effort levels and three states. This is the simplest
environment to study multiple binding ICs. With two effort levels, there is only one
IC; with two states, wages are two-dimensional and, since the IR and at least one IC

must bind for any effort except the least costly one, we generically can only have one
binding IC.
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Let § = {1,2,3} and € = {1,2,3}, and take the utility function u (c) =

c+ K,

where K > 0 allows for negative wages. The inverse utility function is then

h(u)

= Uu —

K.

Without loss of generality, let e = 2 denote the implemented effort. The program is:

: 2 2
min u
{us} Z Dsts

s=1,2,3

subject to

> plu,

s=1,2,3

> (i) u

s=1,2,3

> (02 —1d) us

s=1,2,3

Vv

C2
Co— (1
Co — C3

We know that IR binds. Substituting the binding IR into the two ICs, the IR and

two ICs now become:

<

<

C1 (39)
C3 (40)

An economy is parametrized by conditional distributions and costs: {p{, p5, cc}._; 4

(p§ is given by p§ = 1 — p§ — pf). We claim that there exists an open neighborhood
of parameters in which both ICs (39) and (40) bind. To show this, we will study the

maximization program where we ignore one of them. If the ignored IC is satisfied at

the solution of this “relaxed program,” this solution solves the principal’s program. We

will show that, for some open set of parameter values, each of these two constraints

(39 and 40) fails to hold when it is ignored, so they both simultaneously bind.

First, consider the relaxed program where we omit (40). The Lagrangian is

2

L = —piui — p3u3 — pjuj + A (p%ul + paus + pyus — 02) + u (P%ul + pyus + pyus — Cl) ;
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which has as first-order conditions the following linear system:

1 1 1
2“1 - A"f_:up_;) 2“2:)‘+Mp_;u 2u3:A+Mp_g7
1 Y25 p3
p%?h +p§u2 + p§U3 = Co,
piuy + pyus + pius = 1.

We will now combine the first three equations into one by eliminating A. From the
first equation, we have 2u; — ui—i = A. Substituting into the second and third and
1

combining yields the following linear system with three equations and three unknowns:

B (d_) (d_2)] T, .
3 p? P} pi s D3 3
2 2 2 —
p3 P3 p1 U2 €2 |
1 1 1
P3 Pa p1 U1 ‘@

which characterizes the solution of the relaxed program where we ignore (40).

Similarly, the solution of the relaxed program where we ignore (39) is given by:

Py _ P} PP _ P} pi_ P u 0
p3  p} P P33 3
2 2 2 -
p3 y2 1 Uz 2
3 3 3
Ps 2 P1 U1 €3

It is easy to apply Cramer’s rule to obtain a closed-form solution.

Use the following vector notation: p® = (p§, s, p5). Consider p! = (0.1, 0.28, 0.62),
p? = (0.2, 0.15, 0.65), p> = (0.3, 0.1, 0.6), ¢; = 0.75, co = 1, c3 = 0.5.

The matrix in the relaxed program where we omit (40) is:

(i‘ - i—) <Z— - ff) (Z—i - fj—) 1.3667 —0.4538 —0.9128
A= 3 s p? =1 065 0.15 0.2
P I pt | 0.62 0.28 0.1
The solution is ] ]
uz 0 1.0703
uy | =(A)7" | e | = | 03207 |,
Uy c1 | | 1.7620

where we used the fact that

0.2499  1.2813  —0.2813
(A))""=| —0.3596 —4.2829  5.2829
—0.5425  4.0478  —3.0478
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Since A; has full rank, the solution is continuous in its parameters (conditional prob-

abilities and costs) around these parameter values. Substituting in (40) gives
paus +piug +piup —c3 = 0.6 x 1.070340.1 x (—0.3207) +0.3 x 1.7629 —0.5 = 0.6387 > 0.

Thus, (40) fails to hold. Since the expression p3us + p3us + pu; — c3 is a continuous
function of conditional probabilities, utilities, and costs, and utility is itself a contin-
uous function of costs and probabilities, it follows that this expression is a continuous
function of probabilities and costs. Thus, for parameter values in a neighborhood of
the ones considered here, it is also the case that (40) fails to hold.

The matrix in the relaxed program where we omit (39) is:

(1’—3 _ 1’—3) (1"—3 — ffi) (2% _ p—g) —0.8333 0.5769 0.2564
P3P} p?  pl P2 pl : : :
2 Ji P 0.6 0.1 0.3

which has inverse
—0.3545 2.0909 —1.0909
<A3)_1 = 1.0626  5.7273 —4.7273
0.3545 —6.0909 7.0909

The solution of the relaxed program is then

us 0 1.5455
us | =(As) | e | = | 3.3636
Uy C3 —2.5455

Again, the solution is continuous in the parameters in a neighborhood of the parameters

selected here. Substituting in the omitted IC gives:
Pauz+paustpiug—c; = 0.62x1.5455+40.28 x3.3636-+0.1x (—2.5455)—0.75 = 0.8955 > 0.

Thus, (39) fails to hold. As before, by continuity, this is true for all parameter values
in a neighborhood of the ones chosen here.
To summarize, for all parameter values in a neighborhood of the ones chosen here,

both ICs simultaneously hold. Thus it is not true that generically only one IC binds.
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