CHAPTER 7

Studentization in Edgeworth expansions for
estimates of semiparametric index models

Y. Nishiyama and P. M. Robinson

1 Introduction

During the 1970s, Takeshi Amemiya considerably advanced the asymptotic
theory of estimation of parametric econometric models for crogs-sectional data.
Previously, most work had concerned closed form estimates, such as generalized
least squares and instrumental variable estimates of linear regressions, or two-
or three-stage least squares estimates of linear (in equations and parameters)
simultaneous equation systems. Prompted by Jennrich's (1969) work on strong
consistency and asymptotic normality of nonlinear least squares, Amemiya
developed asymptotic theory for implicitly defined extremum estimates of a
variety of econometric models.

Let Y, X;,i=1,2,.. ., be sequences of, respectively, scalar and d x 1
vector observables, and define

i =B Xi+e) 18X +¢ >0), i=12,. .., (7.1.1)

wheree;, i =1,2,... isa sequence of unobservable zero-mean random vari-
ables, B is a d x 1 unknown veclor, T denotes transposition, and I(-) is the
indicator function. (7.1.1) is called a Tobit model. Least squares regression of
Y; on X;, using either all observations or all observations such that Y >0,
inconsistently estimates B. Assuming the ¢; are independent and identically
distributed (iid) normal variates, maximum likelihood (ML) estimates based on
(7.1.1) can be consistent. These, however, are only implicitly defined. Amermiya
(1973) established their strong consistency and asymptotic normality, later ex-
tending these results (Amemiya 1974a) to a multivariate version of (7.1.1).
Another model of econometric interest is

-1

1A > 0) + (log Y )I(A = 0) = B°X; +¢;, (7.1.2)

Research supported by ESRC Grant R000235 892. The second author’s research was also supported
by a Leverhulme Trust Personal Professorship.

197
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where the scalar A is unknown. This is called a Box—Cox transformation model.
If ) is specified incorrectly, least squares regression inconsistently estimates 4.
Thus, methods have been proposed for estimating A and A simultancously. One
such purports to be ML, based on normal €, but unless A = 0 or 1/A is odd,
the left hand side of (7.1.2) cannot possibly be conditionally normal. Alter-
native, logically consistent distributions have been proposed, e.g., Amemiya
and Powell (1981), but if the distribution is misspecified, inconsistent estimates
again result. Amemiya and Powell (1981) also applied nonlinear two-stage least
squares estimation, which applies to a general class of models including (7.1.2),
and whose asymptotic theory was earlier developed by Amemiya (1974b). This
estimate, which again is only implicitly defined, is consistent over a wide class
of ¢;. Amemiya (1977) also developed asymptotic theory for nonlinear three-
stage least squares and ML estimates of nonlinear simultaneous equations, to
provide an extension to vector dependent variables.
Both models (7.1.1) and (7.1.2) are of the single linear index type

E(Y; | X)) = G(B*X,), i=12,..., (7.1.3)

almost surely (a.s.), for a function G : R — R. Let F be the distribution function
of ¢;. In (7.1.1),

Gu) = u/oo dF(v) — /—u vdF(v).

00

If F is an unknown, nonparametric function, then so is G. Then B can be
identified only up to scale. But if we can estimate B up to scale in (7.1.3), with
unknown G, we have a form of robustness with respect to F. In (7.1.2),

Gu)= /(1 + M+ )} dF(v) 100 > 0) + e"/e” dF(v) 1(A =0),

so the same considerations arise. As already noted, we can robustly estimate
B (and also 1) in (7.1.2) using nonlinear two-stage least squares. However,
the general index form (7.1.3) indicates that we may be able to estimate g
up to scale whether or not the transformation of Y; is of Box-Cox type. Note
that B can be identifiable on the basis of objective functions used in other
semiparametric methods such as LAD (Powell 1984), symmetrically trimmed
least squares (Powell 1986), semiparametric M-estimation (Horowitz 1988),
and semiparametric least squares (Horowitz 1986, Lee 1992).

We can estimate 8 up to scale by the density-weighted averaged derivative
statistic

- ()£ 5

i=l j=i+1
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where
Xi—X;

Uj=h"4"x’
! ( h

)(Yi = Y;),

such that K'(u) = (d/0u) K (u), where K : RY — R is a differentiable (kernel)
function such that [,, K(u)du =1, and h = h,, is a positive (bandwidth or
smoothing) sequence which tends to zero slowly as n — oo. For an unknown
scalar ¢, n'/2(I/ — ¢B) was shown to be asymptotically normal when the ¥;, X;
are iid (Powell, Stock, and Stoker 1989) and when they are weakly dependent
(Robinson 1989), and to be possibly asymptotically nonnormal in case of an
element of long-range dependence (Cheng and Robinson 1994).

Thus, in case of the Tobit model (7.1.1), for example, U achieves the same
rate of convergence as that of the ML estimate established by Amemiya (1973)
where the ¢; are normal, and by Robinson (1982) where the ¢; are normal but ac-
tually weakly dependent. (Robinson (1982) also established consistency when
the € are long-range dependent normal.) On the other hand, the smoothing
entailed in U might be expected to produce inferior higher-order asymptotic
properties, since these more closely approximate the finite-sample situation. We
know of no explicit treatment of higher-order properties of the Tobit MLE (or
of the Box~Cox estimates we have mentioned), but general results of Pfanzagl
(1971, 1973), Bhattacharya and Ghosh (1978), and Linton (1996) suggest that,
under suitable conditions, they are likely to have an O(n~"/2) Berry-Esseen
bound (uniform rate of convergence to normality) and valid Edgeworth expan-
sion in powers of n~'/2, and Robinson (1991) established a Berry—Esseen bound
for an optimal version of Amemiya’s (1977) nonlinear three-stage least squares
estimate. Robinson (1995) showed that while in general U has a Berry—Esseen
bound of order greater than n~'/2, it can be implemented (using suitable /
and K) to have an O(n~'/?) bound. Correspondingly, Nishiyama and Robinson
(2000) (hereafter NR) established that the leading Edgeworth expansion term
is O(n~"2) or larger.

Theorems 1 and 2 of NR established valid theoretical and empirical
Edgeworth expansions of Z = n~'2g 1" (U — ¢f) for any d x 1 vector v,
where 02 = v*Zv and ¥ is the asymptotic variance matrix of n'/2(l/ — ch).
Of course X is unknown, so that these Edgeworth expansions fall short of be-
ing operational. For a consistent estimate, 32, of X, we are led to consideration
of Z = n'?a; v (U — ¢B), where 52 = v* £v. NR in fact proposed such a
(jackknife) estimate 3, and reported valid theoretical and empirical Edgeworth
expansions for Z in their Theorems 3 and 4. NR also derived a choice of
that is optimal in the sense of minimizing the maximal deviation of Edgeworth
correction terms from the normal approximation, and proposed also a consis-
tent estimate of the scale factor of this, leading to a feasible approximately
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optimal k. NR also reported a Monte Carlo examination of their Edgeworth
expansions, and of their bandwidth choice proposal. However, NR did not in-
clude the proofs of their Theorems 3 and 4, which entail additional regularity
conditions and a considerable and lengthy development beyond that of their
Theorems 1 and 2. By marked contrast with the routine application of Slutsky’s
lemma, which is all that is needed to deduce asymptotic normality of Z from
that of Z, the Edgeworth expansions for Z involve considerable extra work and
actually differ from those for Z. The present chapter fills this gap, by providing
the proofs of NR’s Theorems 3 and 4, while taking for granted the proofs of their
Theorems 1 and 2. Callaert and Veraverbeke (1981) and Helmers (1985, 1991)
have established higher-order asymptotics for studentized versions of standard
U-statistics. Though we follow their broad approach, our U is a U-statistic with
an n-dependent “kernel” (through #) which significantly complicates matters,
whence we must also make substantial use of lemmas established by Robinson
(1995) and NR.

The following section presents regularity conditions and theorem statements.
Section 3 contains the main details of the proofs, with some detailed technical
material left to appendices.

2 Theoretical and empirical Edgeworth expansions

Our conditions below imply that X has a probability density, f(x), and the exis-
tence of the conditional moments g = E(Y | X),q = E(Y?| X),r = E(Y? | X),
where, for a function h:R? — R, we write h = h(X). For such a func-
tion, suitably smooth, we define »’' = (8/80 X)h(X), h"" = (8/3X")h'(X), and
B =(3/0X") vec(h”). Write e = fg, pu= (X, Y)=Yf —e,a=gf —
E(g'f), u- = E(u) = —E(g' f), and & = 4 Var(u). We introduce the follow-
ing assumptions.

(i) E{® < oco.
(ii) X is finite and positive definite.
(iii) The underlying measure of (X", ¥) can be written as uxy X py, where
iy and py are Lebesgue measure on R? and R respectively, and
(X7, Y;) are iid observations on (X7, ¥).
(iv) fis L + 1 times differentiable, and f and its first L + 1 derivatives
are bounded, for 2L > d + 2.
(v) gis L + 1umes differentiable, and e and its first L 4 1 derivatives are
bounded, for L > 1.
(vi) g is twice differentiable, and ¢', q”, g’, 2", g"”, E(JY|* | X) f, and ¢ f’
are bounded.
(vii)  f,gf, g f.and gf vanish on the boundaries of their convex (possibly
infinite) supports.
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(viii) K (u) is even and differentiable,

{(1 + ul K @)+ 1K' @) du+ sup [|K () < oo,

ueRd
and for the same L as in (iv),
/u’; UKWy dul =0 if O<lj+ - 41y <L,
Re

£0 if L4+l =L
(ix) (logn)®/nh?*t? + nh®L = Qasn — oo.

(X) sup,r,_; limsupy,, , |E explito, 'vi(u — p.))] < 1.

These assumptions are the same as those of Theorem 1 of NR except that (i)
strengthens their third-moment assumption to sixth moments, our treatment of
studentization requiring finite third moments of certain squared terms.

In our studentized statistic Z we take

~ 4 n .
¥= (n— 1)(n — 2) 2_: { Z(UU . U)}{Z(Uik -U) }, (7.2.1)

J# ki
a jackknife estimate of X. We are concerned with approximating

F(z)=P(Z <2)

by the Edgeworth expansion
F(2) = @(2) — ¢(2)
K
x [nuzhb,q = 1/2 5 (227 + Dis + 32 + 1)/(4}]

where ®(z) and ¢(z) are respectively the distribution function and density
function of the standard normal, and, with

Al ) ght-tle
axp ... 0x’
o
Eim
‘o = 2 l) g, Z Z{/H” K(u)du} (A(Il,,.,ld)vrfl)g],
o<l lg<L
l+tla=L

K = 2<7v‘2/[u’K’(u)}2 du E((q — g))f),

i3 = 0 E[{r —3(g — gM)g — )" ) —3(q — gD)(v" £2(v*a) — (v*a)’],
1ty = =0, E[f(q — gH)(v* [ a'v) — f(v° fH{v(q' — 2gg"))(va)
— flg — &)W a)(v' f"v) + f(v g (v a).
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ib i Theorem A. Under assumptions (i)—(x), as n — o0,
il sup  sup |F(z) — FY (@) = on™ "2 + n~ ' n=9-2 4 n'2pLy,
|e i viviv=l 2z
o The correction terms in F*(z) are of the same orders as those in the un-
a

studentized case (see. Theorem 1 of NR), though their coefficients are mostly
different.
The «; are unknown, but a feasible, empirical Edgeworth expansion is

" F‘+(z)=d><z)—¢(z)[n'/2h%. —n,fj+2 Py /2{(22 + 1)y +3(22 +1)x4;]
; where
r _ 2(_I)Lﬂ—l { "
K = Z Z /Hu K(u) du
) o</, . 14<L

htt la=

N —1n=1 n 6__3 n
- "2 d+42vi72 B )
R =6 (2) E E et Wi Ry = n" Vi,

i=l j=i+t -~ i=l
ViU ViV,
n(n — 1) ;; o d

‘. where for positive b and a function H : RY — R
| = 1 . Xp—X;

Xi)=—— Hl ——— |,
| fx (”_”bdj; ( 7

R and
! _ 1

i

ZU‘J’ Vi=vi(0;=U), Wi=viU;—-U,-U;+V).
; { J#i
i (1.2.2)

n-—l

_ We impose the following additional assumptions, which are identical to those
fise of Theorem 2 of NR:

L] (iv') fis L + 2 times differentiable, and f and its first L + 2 derivatives

LTl are bounded, where 2L > d + 2.

{ (V') gis L + 2 times differentiable, and e and its first L + 2 derivatives are
bounded.
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(ix’) (logn)/nh9t3 + nh?*t — 0asn — oo.
(xi') H(u)isevenand L + 1 times differentiable, and

HWu)du =1,
Rd
/ A%t H W) du + sup || A% H'(u)|] < o0
R ueR?
for any integers [;,...,l; satisfying 0 <!y 4---+1; < L and

O<hL=zL,i=1,...,d
(xii) b — Oand (logn)z/nbd“*u =O0(l)asn — oo.

Theorem B. Under assumptions (1)-(iii), (iv'), (v'), (vi)—(viii), (ix'), and

(x)—(xii),
sup sup|F(z)— 1:"+(z)| B o(n"l/2+n‘lh"d"2+n1/2h’“) a.s.

vivie=l 2z

3 Proof of Theorems A and B

Proof of Theorem A: In the sequel, C denotes a generic, finite, positive constant
and the qualification “for sufficiently large n” may be omitted.
As is standard in U-statistic theory, we write

ni2g ~LyNU — )

In=1 n

=f2v+n1/z(> ZZW_I_nl/z “1Yy(EU—p.)
i=l j=i+l

= Vo4 w + A (7.3.1)
where U,'=E(U,‘j 10), V; =o’—1 Y(U; — EU), and Wi _o.—l T(U"J' —EU)—
Vi - Vj, such that E( i oo sir) = BC (X, X)), j =1, ..., 7). Writing
S = 4 Var(U;), s* = 020" Sv, Taylor’s theorem gives

-3 3 .

0,6, =S,—I—ST(&JZC"I%—s2)+§{sz+9(3; 52} 5/2(,. ~252 52)2

=57+ R+ R (7.32)

for some G¢[0, 1] Similarly to Callaert and Veraverbeke (1981), we expand R
as follows. With V; = E(V;Wi; i), jk_r(w,, Wik | j, k), we have

R=T+ 0 +R, T=TN+T+T1, Q=0+ 0,
R=R +Ry+ R3+ R4+ R;s
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where
_ 4dn ) R 2 @ o
T._(”_Z)!E(Wn), Tz_ng{(w,. 5%} + 8V},
-1 n
—1 -
T3_4a("2 ) > Wy,
i " i<j ) )
01 =45 2) DVt VW, = Vi = 7j),
i<j
—-1 n n
0,=-2 ( Ty oum
=1 k<m
=]
R; = —43 (’2‘) ZV.-VJ.
P<j
_ 4 n=1\""y ) f
Rz—n—_—z( ) ) Zlkz; (Wit Wim = W),
R (3) 3 (W5 = Wi Wy + E(WR)}
Re= g S - £ ).
_ A4dn(n—1)
f5== (n — 2)? {( ) ,Z;WU} '
where § = —s3/2, and
i(i)
k<m

denotes summation withrespecttok andm for 1 < k < m < nexcludingk =i
and m = i. Because

2=G"+R+R(V+W+A),
by a standard inequality
sup|F(z) — FY(2)| < sup |P(™' + T+ QXV + W)+57'A < 2) - F1(2)|
14 4

+PUR ARV + W + A)+(T + Q)A| > a,) + O(ay)
(7.3.3)

for a, > O; here and subsequently we drop reference to sup,.,,_,. Taking
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a, = (1/logn)ymax(n="2, n=1h=4=2 p'/2pLy we bound the second term on
the right of (7.3.3) by

-~ _ A 12y
P(IR+RV +W+A) 2 2) v p(yT + o)Al > 2" !
2 2logn '

SP(IR+1:?I PO ) + P(\V + W + A| > logn)
2logn ,

nl2pL
+P <|(T + O)A| > ) (7.3.4)
2logn

The first term in (7.3.4) is, by an elementary inequality, bounded by

y Iﬁl =2 ty
P||R] > Pl — > C PR > - 7.3.5
(' = 4!0gr:> + (Rz - 0) + < — 40 logn) ( )

for a constant Cy determined later. The third term of (7.3.5) is bounded by

a a @
Pl T} ————— |+P{IT\+ P2 ——— | +P RP?> e
(2 12c.‘010gn)+ (' 4GS JZCulngr!)+ ('Q+ = 12C, logn

= (a) + (b) + ©).

Lemmas 10-19 and Markov’s inequality give, for ¢ > 0,

EIT, |2 +8) Cn~ Mo 2A144)
@ < 1 o < — o LY
iy n-—v;(]‘k(]
(l!Cnlagn]
E|T1+T3IZ(1+§) C(,I-Alh-—d—Z)Z(H-E]{IO ”)Z(I-H,‘)
(b) < °
- (12("1105")I+( N (n—lh—d—2)l+§
<0
— O(Vl—lh_d—z),
© < E|R + Q  Cn?h “2(log n)? — ot 'h42)
- IZCZ: logn B AT ’

where ¢ = % suffices in (b), and ¢ arbitrarily small suffices in (a).
The first term of (7.3.5) is, using Markov’s inequality, (ix), and Lemmas
15-19, bounded by

161 E_{f){lug n)?

3 <Ckh '+ n—zh_z‘i_4)(logn)4
aN

= o(n~V? 4 n~'p4"2,

Now, in view of (7.3.2), R = 2s(1 - 205R)~5/2R* so that because R > 0 and




R 3 )
P(—_—z > co> = P(—s(l —20sR)™/? > c0>
R 2

2/5
< P(IRI > %{1 - (23—20) }) (7.3.6)

Taylor’s expansion of s” around s* = 1 and Lemma 2 of Robinson (1995) give,
for integer r,

s" =14+ 00,20 (S — W) =1+ Ok, (1.3.7)

so that we can choose Cy such that Cy > %s for sufficiently large n by (ii).
Then by (7.3.7) and Markov’s inequality, (7.3.6) is bounded by a constant
times E[T + Q + R|> = O(n3/% 4+ n=3h =349 from Lemmas 10-19, so that
the second term of (7.3.5) is O(n=3/2 + n=3h—34~%). Therefore,

P ([R +R > m‘;"n) = O(n~V? 4 n~1h=9-2y, (7.3.8)
Put F(z) = P[n'20;v*(U — p.) < 7). Then
PV + W + A| > logn) = 1 — F(logn) + F(-logn). (7.3.9)
NR proved in Theorem 1 that
sup |F(z) — F(2)| = o(n "2 4+ n=1h=772 4 p'/2pLy,
z
where

K2 kg + 3ky)
nhd2t 3n1/2

F(z) = ®(z) — ¢(z){n'/2th1 + (22 — 1)}, (7.3.10)

which implies that for any z
1-F@)+F(—2)=1-FQ@)+ F(=2) + o(n™Y? + n='h=7% 4 n'/2p1).
(7.3.11)
Now by (7.3.10),
re)
——Z

nhd+2

2
e (7.3.12)

Substituting (7.3.12) into (7.3.11) and putting z = logn, because 1 — &
(logn) = o(n~'/%) and ¢(log n) log n = o(n~'/?), we have

1~ F(logn) + F(—logn) = o(n™"* 4+ n™'h=4-2 4 p1/2pLy, (7.3.13)

1= F@@)+ F(=2) = 1 — ®@) + $(—2) + ¢(2)

=2-2%(2) + ¢(2)
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By (7.3.9) and (7.3.13),
P(V 4+ W + A} > logn) = o(n™"/* + n7'h™72 + n'/2h"). (7.3.14)

Fin.ally, Markov’s inequality, (ix), Lemma 1 of Robinson (1995), and Lemmas
10-14 bound the last term of (7.3.4) by
AE|T + 01*(2logn)?
nh2t

< C(n~! +n" 2R % (og n)?

=on " +n'h72). (7.3.15)
Substituting (7.3.8), (7.3.14), and (7.3.15) into (7.3.4),
PR + RYV + W + A) + (T + Q)A| > a,)
=o(n~ 2 4+ n~th™4"2 4 nl2hh. (7.3.16)

To deal with the first term on the right of (7.3.3), write by =:-s"~V,
by =S—IWL, by =(T + Q)V, bs =(T + Q)W, by = by + b3, by = by + b3,
B = b; + by, and define

() = / ¢t dF*(2)

A3 + 2
=2 [1 + {nl/ZhL/cl _ e }(it)
n

K2
l‘ll’ld+2

(in? —

4213 + 3K4) ., 4
—3—nl/2———(rf) :

Essen’s smoothing lemma gives, for No = lognmin(nn'/?, nh?+?),
n=(E|2s~'vi))~,
sup [P(™' + T+ Q(V+W)+s7'A<2)— F'(2)]
2

No
</
_No
which, for p = min(log n, en'/?, nh?+?), is bounded by

P
/ dt+ /
-p pEIt|<Ng

dt+o(n_1/2 +n—lh—d—2)

Eeiflﬂ-l-s'lﬂl — xH)
{

dr + O(N;'),

E.eir(ﬂ+.r“m "'X+(f) Eei:(ﬂﬂ"m

dt

t

+ )
t1=p

— @)+ () -+ (D) + o(r=Y2 4 n~'h42),

Here we can set ¢ € (0, n] for sufficiently large n as discussed in the proof of
the theorem of Robinson (1995), using (7.3.7) also, so that p < Np. We first

!
xt (@)
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mention an inequality frequently used hereafter:

@)t _

ei"—l—ix—---—(k_l)! = (7.3.17)
for integer k and real x.
Estimation of (I): Since s~ ! A is nonstochastic,
E{(EHT0) . gits™'a pgitB) (7.3.18)
where (7.3.7) and (7.3.17) yield
e = 14 itA 4+ 0(2A2 + [tlhE A). (7.3.19)

Writing by = B + by, where b, = TV and by = QV, and applying (7.3.17)
repeatedly, we have

E(ei'B) = E(e"b') a E(eiIB _ eitb|)
— E(eilb|)+ {Eeil(b|+52+53) _ Eel'!(bl-H_?'z)} + {Eei’(bl+5£)—E(€i'bl)}
= E(e"") + O(t|E(B] + bs]) + { E¢"®@+B) _ p( ity

— it E(bye"™)} + it E(Bye™™ — Bleittr) 4. it E(bye'?)
= E("™) +itE@e™) + O(t|EIB} + bs) + (EIBy [ + EIB,5s1).
(7.3.20)
Write
(i1)?

E@E™)y=E [e“"z {1 +ithy + e

b%}]+0(|t|35|b3|3), (7.321)

and put y () = E(e'"?/V#)V1), As in Appendix A of NR,

E(e') = (y(1))", (7.3.22)
. o lagin?
E(bse"™) = {y(o))"~ HT,T E(W;V1 V)
[2/’!L l4 lt|3 e
+ 0 (’117 + (m + T)h 3 )J, (7.3.23)
. 2 ht 4
E(b3e'"?) = —lror? [E(sz) +0 (n_hmn + ]t]n"/zh‘id‘z)J

+{y(O)' 0 (jen 25342
Hy OO (e $ B Tdn 92 o 6y -2p-1-2) (7.3 04




Since, form =0, 1, 2,3,

2 EQV :
(Y@ =™ /2{1 + 6[|/21)3 m)}} +o(nV2(|t)? 4 16)e 1),

(7.3.25)

by Lemma 1 of Robinson (1995), (a) in Appendix B, and (7.3.18)~(7.3.25),

E{e"®* 0 = {1 4 it + 0 (rPnn?t + ltjn'/2h2L))

o f,  4EQV] .
(e e ST R ")

(i J Z(HJ

3
X"]-I- (l/; E(WHIVIVZJ-I- E(le

— E(Wh)

| :
_ "_‘)ﬁf_”_) {4E(V?)+8EW, v v} + O(A")J

+(HEIB; + By| + 1*(E|B,? + E|5;b3|))}, (7.3.26)
where
_ At It)® ~24- 12 12ht
i + ni2 + n L sl n2hd+2 + n2hd+2

'”3 t6+ ’ln . ’B I”j
nzpidn T g n3hidez " paptaia (nhd+2)3/2

12 N Ie]? r?ht g2 N T S S TTE
n2hd+2 " p3pdti T pdis n n n32
'tl7 t6 ’tls -|-[4

+ n3pd+2 + ns/2pd+2 n2pd+2

124110 g2 46
=\ gzt w2 |

Expanding (7.3.26), we have

. 4E (V) +BE(Wp V) v
E{e" B+ 0) _ -2 [l+{A— ,._(1_)4'_”;_” ' 2J}(ir)
nhs

E(W,Z) 4{2E(V})+3EW,,V, Vo)}

B R = i (1 )}+Dn,

(7.3.27)
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where

g It ~1/20/6 | 113y, ~12/4 2 [+ Jr|
Dn=0({e / m-i—o(n /(l + [t]7)e ’/) W*'T}"z—'—'f'An

2211 2hL 4 2p2L 1/22L & [t + |t
+e " “(ltin +t°h%" + |t |n'/2pL)y T Tt Ay

¢ 3
+(Ieln'2h" + tznh“){e_'z/z,i% +o(n 71215 + |t|3)e"2/4)}

e
+ (Jt|n! 2R 4 t2nh2"){e“2/2% + o(n"/z(tﬁ + Itl3)e_’1/4)}

r lef? + |t
<nzha‘.|g + _l;m_l + An ) + (1] 4+ 20 R 4 |13 nh?t)

X E\by +bs| + (1% + |t1Pn'2ht + *nh)(E\BY)? + E|E;b3|)).
(7.3.28)
By Hélder’s inequality, equation (14) of Robinson (1995), and Lemmas 9-14,
Elby| = EIQV| < (E|QPEIV)? = 0 (n~"h=@¥72) | (73.29)
E\bs| = E(T + Q)W| < (EIT + QIPE|W[?)!/2
= O((n™"? + n7Th4" ) (1 p=d-2y112y (7.3.30)
Writing E|by|*> < C(ITy[*E| V| + E|T,V|? + E|T3V)?), Lemmas 9, 10, and
12 and Hoélder’s inequality give

ITPEIV P + BTV < T PEIV + (BB EIVI9Y2 = 0(n~2h-2-%),

and (7.3.7), (i), (iii), Lemma 1(d) of NR, and (7.A.1) give

n 2

h
EILVE < B3 (4vE -5 +57) 3,
i=1 j=I
¢ 2 2 0 2
B n—3{nEl(4V, -5 +8V])V|,
+nln~ DE|(4V} = 5+ 87) 11"}
‘ = 0(n™h.
Thus

EBy)? = EITV|? = O(n™ 4 n~2p%~%), (7.3.31)
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Hélder’s inequality, (7.3.31), and equation (14) of Robinson (1995) yield

ElBsbal = (BB EIbs %) "* = 02 4 ot =ty -1tz
(7.3.32)

It is straightforward due to (C.1) of NR that E(Vf) = E(v) + o(1) and
E(WaVi V) = E(W,pu, v2) +o(1), where v = oV (X, ;) — M.}

Therefore, using (7.3.27)—-(?.3.32) and Lemmas 11-13 of NR,

logn Eeit(B+s1a) _ +(r
@ 5/ I £ : —xm dt =o(n™\? 4 p~lp=d-2 4 p12p1y

logn

Estimation of (II): Put 55 =TW,b) = QW: then, noting that b, = By + by
and B = by + by + (&, + by), we have, using (7.3.17),

,EeilBl < ,Eeilﬂ . Eeil (b|+52+53) . l’ EB;/eil(b|+l;z+E;)’
+ ,Eeir(b.+Ez+B;), + 1] ]EE;’e"’""*’_’l*’;ﬁ)]
< IIIZEII;QIIZ + ,Een(b.+52+53), + 1] ,El;g’ei'(b'+52+53)].
(7.3.33)

Writing E|b{|? < CEIQ1WI2+ E|Q, W), we have from Hélder’s in-
equality, equation (14) of Robinson ( 1995), and Lemma 14

EIQ:WP < (E10:1) (B )W "2 = O((n=*h=2d=4)1/2, = ~d~2y
(7.3.39)

and

- C
E|Q\W] < —E
n

. 2
DDV VW, — 7 — 20393 Wul

i<j k<l

_ 2
< ,%E 2N i+ vyw, - 7 - Vj}WuI
i=j<k<l
2
+’%E Z,-;/Z{(Vi + VW =V~ V,}W,-,]
2
c N

+E ;‘(JZ{(W + VW, -V - V,-}W,-,-,
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< %ZZZZ EN(V: + Vi)Wij = W — V) Wy 2

i<j<ket

C - .
+ 2 DD mEUVA+ VWi — Ty~ Vw2

J>i=2
C , = . )
+ i E{(Vi 4+ V)W, — V) — Va} Wiy
= O(n 334y (7.3.35)

where the third inequality uses the Theorem of Dharmardhikari, Fabian, and
Jogdeo (1968; abbreviated to DFJ hereafter), and the equality uses nested con-
ditional expectation, Lemmas 1(d) and 4 of NR, Lemma 4 of Robinson (1995),
and Lemma 2. Therefore by (7.3.34) and (7.3.35),

EB))? = EIQW|* = O(n—3p-%-4, (7.3.36)

To investigate the second term of (7.3.33), let

di = (4V? —5*) + 8V, ¢ = 4{(Vi + VW, =V — ¥ = W.'j};

n—-2
(7.3.37)
then
_ 53 4n 1 N —1ln=1 =n
b2=_-2_{mE(W122)+r_lZd,+ <2) el_[
i=l i=l j=i+1
4 —1 -1 n n—| . n . _
(7)) TR s oy,
h i=] k=] I=k+1 ~
= s3 4n 2 1 <& n = ~ -
i=1 J=1k=j+1
Define
-1 m n
o = 5~ 112 () 3w,

n
i=| s=1 i=] s=m+1

- s73 gnl2 ”\ 2
b == [r —ap £ (W) Z Vit o

i=] j=i+] s=] i=1 j=i+ls=m+]
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~1 n m
) (S S

i=1 k<l s=1

+ iim Z":(i) Zn: ViWu Vi

i=1 k=] I=k+1 s=m+1

n-1 n n
+ 2'": Z(i) Z(i) Z ViWle.r)Jv

i=1 k=m+1 I=k+1 s=m+1

- s 4:15/2 e
== ot (5) L0

I=1 s=I+1
1 ; -2 m n—-1 n
+ 2 (2) (z d,W1s+ZZZde)
i=1 I=1 s=i+1 i=m+1 I=1 s=l+}
n n-1 n

form =1,...,n— 1. Note that by — bs,,, bz — by, and b — b are inde-
pender}l of (X7, ), ..., (X}, Y,). Pulting B,, = (b, — b3m) + (bz —byn) +
(b — bY,,), and using (7.3.17) repeatedly, we have

L 2 i
|Ee BB < T BBy, 4 B, 2 4 | EelBatbm)
=p m
+ It]| B¢ Gt By 1 By )|

2 ”
< S Bl + Bl + [' P’ Elban

itB . @ t)z
E¢'Bn {1 +ithyy + ——b3,

+ [ Elban|bom + B, | + |r||Ee“‘§m Bom + 85,11

+

S - . -
= [EEIbZM + B3y, * + 12 E by bom + béml}

2
”B'"{1+1tb3,,, ¢ )b3m}J

+ [t Ee'"Bn By + B ). (7.3.38)

It)? 3
_-E'bliml +|E
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By elementary inequalities, (ix), items (d) and (e) in Appendix B, and equation
(14) of Robinson (1995), the first bracketed term is bounded by

CI*{E|bym|* + E|B}y, |2 + (Elb3mI*)/*(Elbom|* + E|B},, 1))

1 1
2
=.Cmt {n3h2d+4 T3t e

1 1 1 1
+ (nZh4+2)1/2 ((n3h2d+4)l/2 + n + ("4;?3“5)1;1)}

1
5Cmt2< 1 + ) (7.3.39)

IR T 52 3d16)/2

The second bracketed term on the right of (7.3.38) is bounded by

2 2,2
Y L mle|  mlt]  t°m »
¢ [Itl (nzh"“) * {1 oy T oapd T e lyOI" %], (7.3.40)

which is verified as in equations (13)-(19) of Robinson (1995), because
s71is bounded due to (7.3.7) and B,, is the sum of (2/+/ns)>_;_; V; and
(b3 — bay) + (bs — bay) + (b — b4,,), the latter being independent of
X1, 1), ..., (X}, Yu). Items (b) and (c) in Appendix B bound the last term
in (7.3.38) by

Cmijt|
nl/2p3

ly)Im=*. (7.3.41)

Now we investigate the third term on the right of (7.3.33). Using elementary
inequalities, (7.3.17), (7.3.36), equation (14) of Robinson (1995), and (d), (e),
() of Appendix B, we have

|El3§’e"(b'+52+53)|

< 'El‘;s/eit(b|+bz+b;) _ EEg/eif(bl—b3m+b2—bzm+53—b;m) + IEI';IaleirE,,.I

< |t|E|BY||bam + Bom + B}, | + |EBY e Bn ]
< CItI(EIB 1) H(ENb3m|D'? + (E|bam D'
+ (E1B3, %) *] + | EBSe |

< Cltlh m 1/2 - 12
= (nhd+2)2 | \ n2pd+2 + | =

12 172 172
m m Cn m—5
+ (ﬁ) + (n4h%¢i--l-ﬁ) ] L] nZ Iyl

Cltlhm'?  Cn'/?
“ nl2(nhdt2)? h?

ly()"=. (7.3.42)
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Therefore, by (7.3.33), (7.3.36), (7.3.38)-(7.3.42),

: ce? 1 1
itB 2 o
|Ee™| = 55+ Cmt <”zhm+zuz + nﬁf?,h(3!f+ﬁ){2>

32 2,2
s m mit| mif] t“m m—4
* C[ltl (nzh’”z) * {1 * aip t n*hd+? * nh? 140
Cmi|t Chm'?¢? Cn'2|t
+ St L
2 n*2(nhd+2)? h*

ly()Im=s.
(7.3.43)

Now divide (7.3.43) by |¢| and integrate over p < |t| < Np, where we par-
tition the range of integration into two parts, p < [¢| < Ny and Ny < |t] < Ny,
for N; = min(nn'/2, nh4+2).

(i) p <|t| < Ny. We can choose m = [(9n logn)/t?] to satisfy 1 < m <
n — 1forlarge n. For this m, since E(2V,/s) = 0 and Var 2V, /s) = 1,

m
ly()™* < exp (—

By (7.3.43), (7.3.44), and (ix), we obtain

/ E.‘,’“B
C Jpsiisn |t
C
= S / It dr
n*h p<|t<nhd+?
+C( nlogn n nlogn )/ dt
n2h@DR T pSapGarers ) | ]
+C(nlogn)3/2/ dr
n*hd: psirizmnt ||

c 1 nlogn (nlogn)? }
ta Tt + dt
n’ /pslrlsnn'/2 {ltl n'2pe? " nh?)e)?
Cnlogn / dt | Ch(nlogn)'/?
n’2p3 p<lti<nnls2 12 n'/2(nhd+2)2

-4 c
r2> < Cexp(-3logn)= —. (7.344)
n

dt

C
X / dt + —52—2/ dt
PEMS,"’I“'Z n / h PSI”STI"I/Z

=o(n M? 4 n1p472), (7.3.45)

(i) N; < |t] £ Ny. For sufficiently large n, there exists & > 0 such that
ly(t)] <1 —§& by assumption (x). We may take m = [—(3logn)/
log(l — £)] to satisfy 1 <m < n — 1 for sufficiently large n. Since
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ly@I™* < Cn3,

~/N|S|’|SN0
C

<t It]
n3p3d+4 -/I\llslrlsnh'“'2 logn
log n logn
C + It] dt
(nzh{d"'”ﬂ n3/2p3d+6)/2 N <l|t|<=nRlogn

logn \*? 2
() [ o
Ni<ltl<n'?logn

c 1 logn (logn)? }
3 N ——|t| } dt
+”3 Nyi<lt|<n\2 logn {Itl i n'2h + nh? I

Clogn /
+ dt
n’/2p3 N <t|<n?logn

Ck(logn)"'z/ It| dt
nl/2(nhd+2)2 Ni<|t|<nhd+2 jogn

C
+ / dt
ns/2p2 Ny <lt|<n'2logn

=o(n™2 4 n~1pd-2) (7.3.46)

EeilB

4

dt

by (ix). Therefore, by (7.3.45) and (7.3.46),
(I = o(n~172 4 p=1p=d-2),

Estimation of (I1I).

0Q 1 [o.a)
{1 < c[ / ?e_'z/z dt +n'2pL / e"’1? gy
P p

1 o0 1 [
+ / 1e="'12 dt + — / (t +12)e 12 a’t}. (7.3.47)
n P n p

The first integral in (7.3.47) is bounded by

I [ 24 I 17 |
—2/ te™ 2 dr = —Ee_p = o(n™"),
P Jp p
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because p = min(logn, en'/?). The remaining integrals are clearly o(1) as
p — oo. Therefore,

() = o(n™"* + n=th=4"2 4 n'2pL),

to complete the proof. O

Proof of Theorem B: In view of the proof of Theorem 2 of NR, & — «;,
i =1,2,3,4, as. Combine this with Theorem A. ]

Appendix A
Lemma 1. Under assumptions (i), (iii), (iv), (v), (vi), (vii), and (viii),

E\V\Wpo| = E[VaWp| = 0(h~""r)  for 1<r<3,

Proof: Using Lemmas 1(d) and 4 of NR,

E\ViWy|" < E{IViII"E(IW2]" 1))
< CE((IN|" + 1A)p~tr=Dd=r
<ChM=r for 1<r<3 by

E|ViW2l" = E|V,W)2|" is obvious by the symmetry of W), and (iii). 0

Lemma 2. Under assumptions (i), (iii), (iv), (v), (vi), (vii), and (viii),

EfV,f =0(1) for 1<r<6.

Proof: As in the proof of Lemma 3 of Robinson (1995),

IVil" = [E(Va WD) < C(IY|" + 1) as., (7.A.1)
so (i) immediately produces the conclusion. ]
Lemma 3. Under assumptions (i), (iii), (iv), (v), (vi), and (viii),

(a) E|Wpy| = Oh—rd+2) for 1<r<3,
(b) E|Wa|" = O(h~"r—hd=2ry for 1<r<6.

Proof: (a): Wi, = E(W}|1) < C(IY,[> + 1)h~4~2 a.s. by Lemma 4 of NR, so
again application of (i) completes the proof.
(b): Apply Lemma 6 of NR. O
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Lemma 4. Under assumptions (i), (iii), (iv), (v), (vi), (vii), and (viii), for d,
given in (7.3.37),

(a E|d\Vy) = 0() for 1<r<3,

(b) EldVi|" = 0() for 1<r<2.

Proof: (a): By (iii), E|d| V5| = E|d\|"E|V,|", where the second factor is
bounded due to Lemma 1(d) of NR. From Lemma 1(d) of NR and (7.A.1),

ldi]” < C(|VE]" + 17l + 1) < cqn | + 1 (1.A.2)

then apply (i).

(b): By an elementary inequality and (7.3.7), E|d,\V||" < C(E|V13I’ +
EIV\V\[" + E|V ). By Lemma 1(d) of NR and (7.A.1), E\V3 + E|V,|' =
O forl <r <2 and

EIiVil" < CE(InI" + 1)? = 0(1) (1.A.3)
for1 <r <3 by (). O

Lemma 5. Under assumptions (i), (iii), (iv), (v), (vi), (vii), and (viii),

(@ E|WpV V3" =E|WpVaVs|" = O(h—-Dd-r) for 1<r<3,
(b) E[WuVi VP =E|W;,p V3" = O(h~—hd-r) for 1<r<2

Proof: (a): Using (iii), Lemma 1(d) of NR, and Lemma 1, for 1 <r <3,
EIWuViVs|" = E\WRVII"EIV;|" = O (h~¢ D),

E|WnViVia|" = E|W Vo Vsl is straightforward by (iii) and symmetry of W/,.
(b): By Lemmas 1(d) and 4 of NR, the left side is

EUVi" E(Wnl'|1) < E{CY | + DA~ D4~} = 0 (5= —1d-r).
E|\Wy, V,zl’ = E|Wp, V22|’is straightforward by (iii) and symmetry of Wy,. O
Lemma 6. Under assumptions (i), (iii), (iv), (v), (vi), (vii), and (viii), with e >
given in (7.3.37),

(@) ElenpVs|” = O(h=—Dd-2) for 1
() EleVi|" = EleVo|" = O(h—¢—hd=2r) for 1

3
2.

IATA
IA A

’
r
Proof: (a): By (iii) and Lemma 1(d) of NR, write

ElennVsI” = Elerao| E\Va|” < C(E\ViWial" + E|V\|” + E|Wya|").

Then apply Lemmas 1, 2, and 3(b).
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(b): An elementary inequality gives
EleoVil” < C(EIViVaWa|" + E[VEWp| + EIVvI
+EIWWal" + E\WpViI"). (7.A.4)
Writing E{ViVaWia|" = (E|Vi|" E(|VaWi2||1)), the proof of Lemma 4 of NR
appliestoyield E(|V2W12|"|1) < C(1Y;|” + DA~~~ a5 Thus, for 1 <r <3,
ElViVy,Wa|" = O (h~¢=1d-r), (7.A.5)

The second term in (7.A.4) has the same order bound as (7.A.5) by Lemma 5(b)
for 1 < r < 2. The third term in (7.A.4) is bounded due to (7.A.3), while the
fourth term is bounded due to Lemma 1(d) of NR and Lemma 2. We handle the
last term in (7.A.4) similarly to Lemma 6 of NR;

E|WnVi|" = E[EWuWx | 1,2V = 0(h~¢"D4-2) (7.A56)

EleaVi|" = Elejz V3| is straightforward by (iii) and symmetry of e;,. O

Lemma 7. Under assumptions (i), (iii), (iv), (v), (vi), (vii), and (viii),

(@) Eld\Wy|" = O for 1<r=<3,
(b) E|dyWial" = Eld,Wp|" = O(h~—Dd~r) for 1<rx<2

Proof: (a): Using (7.A.2) and Lemma 4 of Robinson (1995),
Eld\Wy|" = Eld\|" E|Wns|" = O (h=0 1)

forl <r <3.
(b): Using (7.A.2) and Lemma 4 of NR, the left side is

E(ldi/ EGWial'ID} < E{(711 + DCNI" + Dh~0~D4}
< CE(N P + D™D = g (p=C-Dd—r)
for | < r < 2under (i). E|d,Wi2|" = E|dyWi,|" is straightforward by (iii) and
symmetry of Wia. 5

Lemma 8. Under assumptions (i), (iii), (iv), (v), (vi), (vii}, and (viii),

(@) E(WpWp|" = O(h~r-hd=3r) for 1<r<3,
(b) E|WiuWi|" = O(h=2r-D4-3)  for | <r <3,
© E|WpWn|" = O(h~2-Y43y  for | <y <3,
() E|WpWy| = Oh™20-4-3ry (o0 1<y <6
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Proof: (a): In view of the proof of Lemma 6 of NR,
E\W oWyl = E|\Wi| Wil
< hEDCEN + Y, + |Vl + [V 1Ya)") Wial”
< ChTDE Wl + E|Y, Wyl
+ E|L,Wp|™ + E|Y, Y, Wo!).

The first term in parentheses is O (h~~"~7) by Lemma 4 of Robinson (1995).

From inspecting their proofs, Lemma 1 and (7.A.5) still hold with V; and V,

replaced by ¥, and ¥, so that the other terms are O(h~¢ =147 for | < r < 3.
(b): Using Lemma 4 of NR, for I < r <6,

E|WiWis|" = E(|Wia|" EqWi3)7|1, 2)}
< E{|Wl C(Y,|" + 1)h=¢—Dd—r}
= Ch™C=VIr(E\WLY " + E\Wyyl").
We may replace V; by ¥) in (7.A.6), so that, using also Lemma 3(b),
E|Wi;Wis|” = O (h~20-1d=3r) for 1<r<3.

(c): The proof is as in (b). )
(d): Writing E|Wj;;Wy|” = E| Wial" E| W)y by (iii), the proof is straight-
forward by Lemma 4 of Robinson (1995) and Lemma 3(b). a

Lemma 9. Under assumptions (i), (iii), @v), (v), (vi), (vii), and (viii),

EiV|]"=0Q) for 2<r<6.

Proof: Since V;, i =1,...,n,is aniid sequence, the result follows straight-
forwardly by DFJ and Lemma 1(d) of NR, ]

Lemma 10. Under assumptions (i), (v), (vi), (vii), and (viii),

ITi" = O(n "~ @D)  for r > 0.
Proof: Using Lemma 4 of Robinson (1995) and 6] < C due to (7.3.7),
c —rp—r
ITil” < n—rlE(lez)l' = O(n~" @), a

Lemma 11. Under assumptions (i), (iii), (iv), (v), (vi), (vii), and (viii),

EILI"=00"""* for 2<r <3,
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Proof: Using (7.3.7), write

r

n

S - + Selysn

Since E(4V?) = s? and E(V;) = 0, by (iii) both the 4V? — s? and V; are mar-
tingale differences, and thus the Theorem of DFJ applies to yield

r
C C
EILI < —E +—E
n n

r

< Cn"PE[4VE —s*" = o'

n

> (4v? -7

for2 <r <3 by (7.3.7) and Lemma 1(d) of NR and

i=}

E

r

E < Cn?E\V|" = 0@

by Lemma 2. !

Lemma 12. Under assumptions (1), (iii), (iv), (v), (vi), and (viii),

E|ITs) = O(n~"h~ D=2}y for 2<r<6.

Proof: Using (1.3.7), write
.

; (1.A.7)

n—1

Sz

k=1

E|ITs|" <Cn”E

where Zy =3, . Wim fork =1,...,n — 1. Since

E(Wi2|2)— E(Wi2| 1) = E{E(W;3 W3 |1,2)| 1} = E(W3W3 | 1)=0  as.,

Zy,k=n—1,...,1,is a martingale difference sequence. Thus we apply DFJ
to bound (7.A.7) by Cn=% (n — 1)7/2~1 ZZ;: E|Z|". Since E(Wy, |m) =0
as. form=k+1,...,n, the W, are martingale differences. We use DFJ

again and get, by Lemma 3(b),
E|\Zi" < Cln—ky*™ D E\Winl™ < Cln = kY2~ (n — kph ™00,
m=k+1

a

Lemma 13. Under assumptions (i), (iii), (iv), (v), (vi), (vii), and (viii),

EIQ) =0(n"h D) for 2<r<3.
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Proof: Write Py = (V, + V)W,; — V; — V;. Then > i—is1 Py is a martingale
difference sequence fori =n — 1, ..., 1. We can proceed by replacing Wy, in
Lemma 12 by Py due to the property E(Py|j)=0as. fori # j. Applying
DFJ and (7.3.7),

ElgiI' < C (’;) E

r

n
> Py

j=i+l

n—1 n
IDIR

i=1 j=i+l

i b —r n—|
r/2—1
<C (2) n 51 E

Since Pj, j=n,...,i+1isa martingale difference for fixed i, we can
apply the theorem of DJF again and obtain E| Y imizs Pyl < Cln — iy 21
> i=i+1 E|P;I". By Lemmas 1 and 2,

E|BjI" < CIE\ViI" + EV;WyI' 1= 0 (k™) for 1<r<3. O

Lemma 14. Under assumptions (i), (iii), (iv), (v), (vi), (vii), and (viii),

E|Qo] =O0(n"h™"=r)  for 2<r <6

Proof: By an elementary inequality and (7.3.7),

C _ —-r
EIQ,) < ("21) E

n n—1

() =) '
ZZ Z Vika

i=l k=1 m=k+l

o L g
50 3 v..wkml.
k=1

m=k+1

nr

C n—1 - r—lrl
(3 e

i=1

ViWem,m =k +1,... n,isa martingale difference for fixed i, k, k # [ and
m # i, and Z::’;Hl ViWem» k=n—1,...,1,isalso a martingale difference
for fixed ¢ and k # i, so that we apply DFJ repeatedly as in the proof of the
previous lemma and get

n n—1 n . d
Z E Z(l) Z(I)V,-ka
i=1 k=]

m=k+1
2 | o l
<CY -2y 1Y ww,-,-)
i=1 k=1 m=k+1
w7 )
SCr=D"Y TS =0 SV E Wil
i=1 k=1 m=k+1

< Cnr+1h—-(r—l)d—r

for2 < r < 6, by (iii), Lemma 1(d) of NR, and Lemma 4 of Robinson (1995).
0
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Lemma 15. Under assumptions (i), (iii), (iv), (v), (vi), (vii), and (viii),

E|R)|" = O(n™") for 2<r<6.

Proof: Writing

EIR/ <C (;) E

due to (7.3.7), as in Lemma 12 or 13, V;V;,i = 1,..., j — 1 is a martingale
difference sequence for fixed j as well as ZL,-H ViVi,i=n—1,...,1. We
use DFIJ repeatedly again and (i), (iii), and Lemma 1(d) of NR to obtain

n—1 n n
) INAY > Vv

r

n—1 n
PODIRAY

i=1 j=i+l

r

r n—1
E <Cn-1)"'>E
i=1 j=i+1 i=1 J=i+l
n--1 n
SCo— 0"y =iy N BV
i=1 j=i+l1
= 0(n"). ]

Lemma 16. Under assumptions (i), (iii), (iv), (v), (vi), and (viii),

E|Ry|" = O(n™~Dp~2r=Dd=2)  for 2 <r <3.

Proof: Using (7.3.7), write

, C(-1\"
E|Rs| =n_’< 2 ) E

Since R; has the same martingale structure as Q,, the same method of proof
as in Lemma 14 applies. The difference is in the moment bounds of the two
summands, i.e.

n n—1

Z Z(i) ZU)(WM Wi — Wiem)|

i=1 k=1 m=k+I

E|lViWeul" = O(h~""")  for 1<r<6
and
E\WiyWim — Winl” = O(R727D472) itk #m,
by Lemmas 1(d), 4 of NR and Lemma 3(b). 0

Lemma 17. Under assumptions (i), (iii), (iv), (v), (vi), and (viii),

EIRy|" = O(n p~&-D4=2)  for 2<r<3.
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Proof: Write

C —-r
ERyy < & (”) E
nr \2

using (7.3.7). Since

r

S S (W= = W+ (W)

i=1 j=i+l

E{W}— W, — W, +E(W}) | j} = E{W} - W= W;;+E(W))|i} =0

for j > i, R3 has the same martingale structure as T3. Therefore, we apply DFJ
to obtain

n—1 n r
E|> "> AWl — Wi — Wy + E(WY))
i=l j=i+1
n—1 n N
SCh—1P' Y E| Y (W — Wi — W + E(Wh) }
i=1 | j=i+l
n—1
< C(n —1y/*! Z(" — iyl
i=
n
x Y E|{Wj - Wi - W, +E(WE)}|
j=i+l
— O(nrh—(2r—-])d-—2r)
by Lemma 4 of Robinson (1995) and Lemma 3(a). 0

Lemma 18. Under assumptions (i), (iv), (v}, (vi), and (viii),

EIR = 0(n ¥R74D)  for 1<r<3,

Proof: Write E|R4|" < (C/n¥)E|Y[_ (Wi — E(W%))I", using (7.3.7). Since
Wi — E (lez) is a martingale difference, by (iii), DFJ, and Lemma 3(a),

n r

> {Wi—E(Wh)}

i=1

n
<Cn'?*! Z E|\W; — E(lez) r=0 (nr/2h—r(d+2)) _

i=1

E

Lemma 19. Under assumptions (i), (iii), (iv), (v), (vi), (vii), and (viii),

E|Rs|" = O(n " h~" ™) for 1<r<3.
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Proof- Using (7.3.7), DFJ, and Lemma 6 of Robinson (1995),

C n—1 n 2r C n-1 n 2r
EIRsI" < —E|>_ > Wy| =< (—1y""S El Y w,
n i=l j=it1 & i=1 j=itl
= O (n~ A~ @4D), O
Appendix B

Here, we present some of the derivations used in the proof of Theorem A,
namely:

(@) E(bye’™)
.2 [t] i |¢e|R"
_ n—1 2
=~{r®) {zt;E(le) e (ﬂzhmi-z + n3/2 pd+2 + nhd+2

o {iE(V?) F8EWaViVY) |, ( el )}
nl/2 n

£n2
— (y@) 2 [ﬁ%%E(Vﬁ) +8E(WiaViVa)}
2 3 4
+0 <t——t’ﬂ + nt37)} +por-

21?4t 2 1% It]° 4603
x [O( n + n32pd+2 T n3pd+2 +ﬂ5,’2hn‘+2 + nihd+2 |

- g Cm _
(b) |E(bamePm)| < n—,/z—hz-ly(f)l’" 4,

P Cm .
(© |E(b3me”B"')| =< le(t)l'" i

- 1 1
E 2 Cm

- Cm

(e) E|b},|? SW,
I cnl’?

® |Ebje P < W .

forl<m<n-1.
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Proof: (a): Write
E(bye''®) = E(T Vet

—E( j_ZVe”"2>+E(T2 ZVe"b’>

2 .
E(—= Z V,e"”2>
< =

= (A) + (B) + (O). (7.B.1)
Thus
4n'/? 2\ v ithy
A)= —WE(le) ; (Vje'™). (7.B.2)

Due to (iii), (7.3.17), y(r) = E(e!'@/VaV), 4E(V}) =s%, (7.3.7), and
Lemma 1(d) of NR,

BV = B(y,eaimn) p(1orm T, )
. 2v;
- it(2//ns)V; . J
= [E{Vj(e'( /+/n. -1 lt-—nl/zs)}
i 2V2 n—1
+(n)E( 7 )| vy
_ n—i irs“_ f
= (r() {Twz + O(n>}

. hL
B (y(t)}""{ 7t o(n i '”1/2 )} (7.B.3)

Substituting (7.B.3) into (7.B.2),
4n3i2 it t2  |t|ht
1 2
(A) = ~{y)"~ —5)—2—1 E(Wp) {2,,—1/2 + 0(; + ,117)}

_ @)yt 2ir I¢] t* lt1h"
D _E(Wl2) +0 n2hd+2 + n32pd+2 - nhdtz | [°

(7.B.4)
Now write (B) = (B’) + (B”), where
1 o
B) = Z E(4V} — s> + 8V, V™, (71.B.5)
j=1
1 & o
(B") ==~ D D E@V; ~ s> + 87V, (1.B.6)

J=1 ket
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The summand of (B') is, using (7.3.17) and Lemma 1(d) of NR,
E{ (4V12 ~st 4 8\71) Vie' 2V'/‘/ﬁs}E (e“(z/ﬁs)zl#l v’)
= (yO)' T E{(4V] — 57+ 87)) V; et 2N/}
t
= or {aB (V) + 85wV vy + o( 1) }

(7.B.7)
Substituting (7.B.7) into (7.B.5),

/ 1 e [£)
(B) = — Y — {r () l{4E(Vl ) +8E(W,, V2)+0< 1/2)}. (7.B.8)
For j 3# k, the summand of (B”) is, due to (iii),
E{ (4V12 —st+ 8‘71) Vae't 2WH'VZ)/‘/'—”}E (e“(z/‘/'—”) 2z V’)
= POV E{(4V] = 57) + 873) vyl 204V /i)

= (PO PE{(4V] — 57) + 87y) e/ 2V E (et 2/ s

={y(n))* [E{ (4v? ~5%+8V) (en 2Wi/As _q_ ”%) }

ns

P, 4 -
+ msﬁ(w,2 ~ st 8Vl)]

<[ i) e s ]

2
{V(t)}"_z[ltET(4Vl -5 +gv)+0(|:1| )}

[t o ()]

= ()" [ﬁ{ E(4

o] o(2)

= {y®))"~ 2[ ——{E(4V{) + 8E(W, v, Va)}

e e
+0( 55+ 05 (7.B.9)

V?) + 8E(Wi, Vi Va)}
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by (7.3.17). Therefore, substituting (7.B.9) into (7.B.6) yields
B n(n — 1) [(i1)?
(BY) = - [

“nd/ig

It 13 l |4
+0( =5 + y))- (7.B.10)

By (7.B.8) and (7.B.10),

®) = — “"”JE{‘*E(V, ) +8EWViv) | (M)}

5 nlz2 n

{4E(V}) + 8E(W12V1 Va)}

n-2 2
{y(i)al [(t:/)z {4E(V?) + 8E(Wi, Vi V)

24Pt
+O( nl ! +n37)J (7.B.11)
Now, write
4 n—1\"" T D BN
© = ——E{< ) > ij}-—ZVte” 2
nl/2s3 2 1<j<k<n Vn =1
4 N 'S 0 .
== ("3') " X Ehvens
nss I=1 j<k
n—1 -1 n-1 n .
s (178 3 v
o J=! k=j+1
~1 —~1 n—-1 n
( ) 'S S etanemy
s? J=1 k=j+1
(C)+(C/I)+(C///

Usmg (iii), Lemma 1(d) of NR, E(V;) =0, and E(W,,,) = EW | k) =
E(Wipm | m) = 0, the summand of (C)is

E{ le V3eil(2/x/'7s)(V|+Vz+V3)}E (e“(zﬁ:)z;l.u VI)

= E{ W12 Vaei'(z/ﬁs)(V'+V2+VJ)} r@) =

= {Ev”Vn(e"' irvis _y_ip 2V ) (e“ Valvfns _ 1 it—zvz)
. Jns ns

VI
+(n)2,?E(WIZV. V2)
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o i it 2V3//ns AE
—J—(tf)ﬁ;E{W,zV] (e I —ir—=

J/ns
. 2 7 it 2V, //ns . 2V
+(”)\/ESE{W12V2<8 1 ltm

it 2V3//ns 2V : 2 : n—
x{E{V3<e W/ —1_’tf_n3s>}+(”)WE(V32)}{V(’)} 3

B '24EWVV o r [1]?
=4 (i) py) (WiaVi Vo) + ”gh,,fﬁ‘*'"m;,d-pz

2 r -
x {(:t)%E(Vf) +0 (;)}{y(t)) %
The last equality uses (7.3.17) and

E|WiaVEVP| < (EIWoP) X EIV P < ch=11-2 = o (-2
due to Hélder’s inequality, Lemma 3(6), (1), (iii), and Lemma 1(d) of NR. Next,

/ (y())" 2 8a(n — 1)(n — 2)
== —

8(in)* ) ? Ief? i
X {nslz‘,.a EWpViVys®+ 0 w2 t s o

)3 N 26 1 t*  t)?
zf}'()} O(l_,_ 2 [i - IJ)_
; n | PR T ppdia T g

8
(7.B.12)

Here we use, due to (iii) and Lemma 2,
E(WixWiVy) = E(Wi3sWas Vi Va) = E[E(W3V| [3)E(WxV, |3)] (7B.13)

= E(V}) = 0Q1).

The summand of (C”) can be expressed as follows using (iii),
E(W\; V'@V = 0, Lemma 3(b), and (7.3.17):

E (ij Vje“"z) - {y(t)}"“zE (le Vleix(z/ﬁs)(v.+vz))

= {y(t)}"—zE{ WIZVICH 2Vi//ns

' 2V. 2t .
X (e" IR 2) + W,V Vz}
ns

Vns) o
woa [ 20t |t]?
= {y(1)} z{mE(WmVle)"i‘O(m)}-
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Thus, using (7.3.7) and (7.B. 13),

" {Jf(f)]"" 8n(n—1) ( 2it )
s s [ T {f E(W12V1V2)+0< h”+2>}J

(y(O) 2 7t i*
=g O\t ) (7.B.14)

Similarly,

P 1 200 STy r?
(C") = = 0(7 + W) (7.B.15)

By (7.B.12), (7.B.14), and (7.B.15),
(©) = (CH+(C) +(C"

_ @y 1+ ¢ (6
- s 0 n n32pdr2 T g3pdi
I1)? 4 e
nS/2pd+2 T pzpdyz ) |- (7.B.16)

Therefore, by (7.3.7), (7.B.1), (1.B.9), (7.B.11), and (7.B.16),
E(B,E"?) = (A) + (B) + (C)

L2 Il ¢ lunt
—_ 1 B
= —{y@)}" {lt;E(Wu) +0 (rzzh“'” + n3i2pd+2 + nhd+2

_ {}/(I)}"—l{‘qE(Vl ) +8E(W,V, Vz) (m)}

nli? n

- {y(r))"‘z[ T (4E (VD) + 8BEWv V)

2 3 3
+0<§t = 3/2)J+(V(t)}" 3[ (KJ—FI—”
n

n

2 ¢6 (s PRI
TORLANSN . ”.'_)}.

+ —
n32pds2 T p3pdi2 T sppdve T apah

(b): Writing, using (7.3.7) and Lemma 4 of Robinson (1995),

_ o C m o
lE(bzme”B"')l < Wﬁ Z 'E(Vje'le)J
Jj=1

n3/2{ZZ|E(d Vke”Bm)"*'Z Z IE(d Vke”Bm)l}

j=1 k=1 j=l k=m+1
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n—1 n m B
+ ,% { DY S IEeVie By

j=1k=j+1 s=1

+y 3y IE(e,-kvxe“f‘mn}

J=lk=j+1s=m+|

C n.n W m -
+n77[zz ZlE(ijkIV:e”B'"N

Jj=1 k<l s=1

n mgj)y n n
0 B
+ > > E(V; Wy VieiBny)
j=1 k= {

m+1I=k+1 s=m+1

IIM

+

NE

n—1 n n
) j s
J Z(n Z |E(VjWlese”B"')l}, (1.B.17)

Lk=m+1 I=k+1 s=m+1

J
|E(Vje'Bry)| = ‘E(Vjei'(zlﬁx)v")E{e“((z/ﬁ‘)zzﬁ V‘“’"””"+52‘EZ"‘+’-’3‘E5~')}‘
< E|Vlly@)! (7.B.18)
for j =1,...,m, since by ~ by, + b} — b, + b — b}, is independent of
o ) ok < mand £
|Ed; Vie!'P))
=|E[4; Ve {0 (vana T, V:)+bs—b=m+ﬁz—f?zm+53—53m}] |

m

% l E {ei1<2/ﬁs> Do Vi }‘
<E|d;Villy(®)|" 2. (7.B.19)
For j =k <m,
|E(d; V;e'*Bm))
=|e[4 G CAITE N LT S ]

y ’E{emz/ﬁs) P vk}'

S Eld;Villy®I"™" < Eld;Vylly(o))"~2. (7.B.20)

!
I
|
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Forj<mandk >m+ 1,

|E(d; Vie' )|

_]E[d Ve L@V (Vi 32 Vi) bty 45, ”

y ‘E{e“ @/ Yo v,}’
< Eld;Villy(e)|"
< E|d;Villy (8)|" 2.
Forj>m+tlandk < m, similarly to (7.B.21),
|E(d; Ve Bn)| < E|d; Vel (6)"2.

Therefore, by (7.B. 19)~(7.B.22) and Lemma 4, for all Jjr k,

|E(d; Vie"™™ ) < Eld; Villy (1) 2.

Similarly to the derivation of (7.B.23), for any j, k, I, s,
|Eeu Vs )| < EleyVilly ()=,
|E(V; Wit Vie'"Bn)| < BV W Vi ly (1",

(7.B.21)

(7.B.22)

(7.B.23)

(7.B.24)
(7.B.25)

Substituting (7.B.18), (7.B.23)—(7.B.25) into (7.B.17), using |y (¢)| < 1,

b Y
|EG2me’" ")) < Cly @)™ 4[m(}ﬁ ZEWH
=1

+n_31/—2<ZZEldij[+Z > Eld;Vil

j=1 k=1 J=1 k=m+1

(53 Sreanis £ 55 5 eani)

J=lk=j+1 s=1 J=lk=j+1s=m+1

%(ZZ”’ZEIV,-WHV:I

J=1 k<l s5=1

Z Zm Z E|V; Wi V|
j=1

k= I=k+1 s=m+1

, no. n .
Z (l) Z(I) Z E'VJWk[V_\.I)J

+1 I=k+]  s=m41

(7.B.26)
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The summations in the square brackets have the following bounds.

m
Z E{Vj} < Cn by Lemma 1(d) of NR; (7.B.27)
j=1

=

m
> Eld Vkl_ZEld V|+ZZ Eld; Vil

j=1 k=1 j=1 k=l

< C(m + mn) by Lemma 4; (7.B.28)
Z Eld;Vsl < Cmn by Lemma 4(a); (7.B.29)
j=1 s=m+l

Ele,-kV i Z Z(J k)Elejkvl

n—1 n m

Jj=1 k=j+1 s=1 j=lk=j+1 s=I
m n m—1 m
+ E E Elej V| + E E Elejr Vil
j=1 k=j+1 j=1k=j+1

< C(mn® +mn +m*h™? by Lemma 6,

(7.B.30)
Zii"iz""'i') denoting summation excluding s =iy, iz,..., i}
m n n
D2 2 ElenVi
j=1k=j+1 s=m+!
m n n (_’) m h
=32 D EleVid+) D ElepVi
j=1 k=j+1s=m+1 J=1 k=j+i
< C(mn®>+mn)h~* by Lemma 6; (7.B.31)
)
S5Oy EW v
j=1 k<l s=1
n n m m m
() (VAN )
=S S S BB W EV + Y3 BV
j=1 k<l s=1 j=1 k<l
2 &) SN
+ 3SRV WaVid + ) 0> EIVWail
j=1 k<l j=1 k<l

< C(mn® + mn® + m*n)h™! (7.B.32)
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by (iii), Lemma 1(d) of NR, Lemma 4 of Robinson (1995), and Lemma 5;

nom . no n
ZZU) Z(]) Z E|VjWkIVS|

j=l k=l I=k+l s=m+1

") =) emUiD
=Y S S UEIVIEIWGIENV;|
j=1 k=l I=k+l s=m+l
L &) =) UINLING ) G G
+5° SUSTUEVEWG Y Y BV
j=m+l k=l I=k+1 j=1 k=l I=k+1
< C(mn® + mnHh~! (7.B.33)

by (iii), Lemma 1(d) of NR, Lemma 4 of Robinson (1995), and Lemma 5; and

S EWwavil

j=l m<k<l s=m+l

UL G RN )
=ZZ Z E\V; E|Wu|E|Vs]

j=1 m<k<l s=m+1
LN
+3° SV Wi Vil + EIV; W ViD)
j=1 m<k<l
< C(mn® + mn®)n™! (7.B.34)
by (iii), Lemma 1(d) of NR, Lemma 4 of Robinson (1995), and Lemma 5.
Therefore, substituting (7.B.27)—(7.B.34) into (7.B.26),using 1 <m <n — 1,
2 3
2 ith, 4 m mn mn mn
|E(b,e" ™) < Cly@|™ (r_m—“!'-"r’zkd”? + PET) + pTTY) + ——n”zh)

Cm =
< WIV(I)I”‘ . (7.B.35)

the third term in parentheses dominating for sufficiently large n by assumption

@ix).
(c): Using (7.3.7) and Lemma 4 of Robinson (1995), we write

\E(B} e Bm)|
1 m n . =
<C [——nj,z i 0o 2 EWie'™))

1=1 s=l+1

+ n—517§<22/|E(djW1se"!E,")| + Z Z Z |E(djW,Jei'BM)|>

j=1 l<s j=m+l 1=} s=l+1 .
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n7/2 (Z Z E'E(W!"W’S ')

j=1 k—j+| I<s
+ 0y Z Z |E(ijW1:e“E'")|)]- (1.B.36)
m<j<k (=1 s=l+1

Similarly to (7.B.23)-(7.B.25), for all j, k, I, s,

|E(WiseBm)| < E|Wislly @)™, (7.B.37)
|E(d; Wise"'Pm)| < Eld;Wielly I, (1.B.38)
|E(W i Wise!Bm)| < E|W 3 Wislly ()™, (7.B.39)

Substituting (7.B.37)—(7.B.39) into (7.B.36), we have, due to |y (¢)| < 1,

|E@,e"Pm < Clyi™” “[ ST Z }: E|W,|

1=1 s=l+1

5 (iilﬂd Wil + Z Z Z Eld; W,J)

j=1 l<s j=m+1 =1 s=l+1

T (Z > ZE|WkW's

j=1k=j+1 l<s

+ i‘ Z Z E EIW,-,(W,SI)}.

j=mAlk=j+1 I=1 s=l+1

Applying Lemma 4 of Robinson (1995), Lemmas 7 and 8, and (ix),
2 3
i B _4 mn mn 1 mn mn
e < Cror {5 v+ s 7 (s + )}

1 1 1 1
_ -4
= Cm|y®)|" ( apaes T aien T psapdts + ,1132;,3)

Cm
< —Elr " -

(d): Write, using (7.3.7) and Lemma 4 of Robinson (1995),

5 5]

2
Vl)
i=l j=i+l 5=1

m

’zl:;dv

i=1 j=i+ls=m+]|

L

E|52m|25C 3}.20,_” V +E

E
n‘ (

)

+E
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m

() Z(') Z VWV,

i=l k=1 I=k+| s=m+]

)} . (7.B.40)

We show bounds only of some typical terms. Since V; is an iid sequence
with zero mean, by Lemma 1(d) of NR we have E| 51", Vii*mE|V;]* < Cm.

Writing
2
<C <E

+E

555 vy

i=l k<l s=i

(

n

Z Z(I) Z(l) Z VWV,

i=l k=m+1 I=k+1 s=m+|

n m m 2
> divs D divi
i=1

i=l s=1

m n 2
E[Y S av, ) (7.B.41)
s=l i=s+1
the first term in parentheses is bounded by
mE|d\Vi|* + m(m — 1)E|d, V|| E|d, V4| < Cm? (7.B.42)

due to (iii) and Lemma 4(b). Since d; and V; are iid with zero mean,

2 m—1 m
=Y E(d) ) E(V})scm (7.B.43)
i=1 s=i+1 i=l s=i+1

by Lemma 1(d) of NR and (7.A.2) under (i). Similarly, using Lemma 4(a),

szv

s=1 i=s+1

< Z Z E(V}) < Cmn. (7.B.44)

s=1 i=s+1

From (7.B.41)—(7.B.44),

- 2

E Zid,-vs

i=1 s=I

< C(m? + mn).

Similarly,

i=1 j=m+1

i Z E(V}) < Cmn.

s=m+1
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We next consider

237

n—-1 n m 2 m—1 n—1 n 2 m n 2
o505 Sen| el 5 &) e 2 e
i=1 j=i+1 s=1 s=1 i=s+1j=i+l i=1 j=i+l
m—1 m n 2 m—1 m 2
+ E Z e,-,-Vs + E z z eijVj
o1 smitl j=s+1 =1 j=itl
m-2 m—I| m 2
+E > Vs } (7.B.45)
i=1 j=i+ls=j+1

Due to (iii), E(ejj |i) = E(eij | /) =0, E(V;) =0, and Lemma 6, the triple
summation on the right of (7.B.45) is O((m? + m*n +mn*)h~4=*). Using

Lemma 6 and Holder’s inequality, the second term in (7.B.45) is

n

m n “m—1 m
35T EeVt+2d) Yo > EleVieyVi

i=1 j=i+l i=1 k=i+1 j=k+1

< ClmnE(enVi)? + m*n{E(e1sV1) E(ex V') ]

< Cm2nh~474.

(7.B.46)

Similarly, the fourth term of (7.B.45) is O(m?h~4~%). Using Lemma 5, as
above, the terms involving V; Wy Vs in (7.B.40) are O((m* + m®n + m?n® +

mn3)h~4-2), so by (ix)

m

. C C C
2 2 3 2 2y, —d—4
Elbaw|” = 353 (nZhd”) + na(m +mn) + nS(m + m®n 4+ mn“)h

C
+ —7—(m4 +m3n + mn® + mn®)h47?
n

1 1
sCm\ —sma T2 )

(e): The derivation is similar, using Lemma 4 of Robinson (1995) and

Lemmas 7 and 8. As in (d), we can show

= 2 ;
& e
Elby,|" = nSh2d+a

J)h—3d—6

C
+ —7(m4 +m3n +m?n? +mn
n

Cm
< e,
ndp3d+6

C
mnh~4 % + —S(m3 +m?n+ mnz)h_d"2
n

i e e

—_— ——
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(f): Write
|EB]e'Bn| = |[EQWe''Bn| < |EQ,We"'Pn| + |EQ, We””m| (1.B.47)
By (7.3.7),
|EQiWe''m)

n—1i n

= n7/2 Z Z Z ZE (V +Vk)W;k—V Vk)W[ uB,,.

J=1 k=j+! (=1 s=l+1

n=2 n-1 n

-3
_fz STSTY BN + VoW — T - TaWlly @
j=1lk

=j+11=k+1s=l+1

=2 n—1

Y Z ENV; + VoW — V; = T Wislly ()"~

j=1 k=j+1s=k+1

-1

c . .
+ =5 2 O BN+ VoW = V) = T Wally )"

J=1 k=j+1
< Cn'PE|{(V) + Vo)Wiz — Vi — Vo) Wally (DI

C -~ .
+ "1,—/2E|((V1 + Vo)Wip — Vi — Vo) Wisly ()™

c .
+ SR Vi + V)W — Vi - V) Wally ()" (7.B.48)

Using (i), (iii), Lemmas 1(d) and 4 of NR, (7.A.1), and Lemma 4 of Robinson
(1995), the first expectation of (7.B.48) is bounded by

CE((IY1| + | V2| + D|Wi2|}E|Wsq| < Ch™2.
Using (i), Lemmas 1(d) and 4 of NR, (7.A.1), and Lemma 4 of Robinson ( 1995),
the second expectation of (7.B.48) is bounded by
CE{(I"1] + V2] + DIWi2||Wi3})
< CE{({1Y1] + V2| + DIWi2| E(Wis] 11D}
< Ch7'E{(IV1] + 1Y2| + DAY+ DIWial).
Similarly to Lemma 1 and (7.A.5), E|Y\Wyy| + E|Y}Wia| + E|Y Y, Wa| =

O(h™"), so that the above quantity is O(h~2). The third expectation of (7.B.48)
is bounded by

CE|ViWh| + EIViWia| < C(h™> +h™) = 0(h™"7%)
due to Lemmas 1(d) and 4 of NR, Lemma 4 of Robinson (1995), and Lemma 2.

Therefore,

1/2

itB,, n
E(Q)We >|<c< - +W+“z>

4 _Cn'/? _
ly O~ < ———ly "™




Studentization in edgeworth expansions

The second term of (7.B.47) is bounded, using (7.3.7), by

n n—l| n—1 n
(r) (r) i
=3B SN S EUW ey
r=1 j=l  k=j+1 =1 s=i+]
n—4 n-3 n-2 n-—| n
SEL Y > EN WM r
r=1 j=r+lk=j+11=k+1s5=l+1
n=3 n-2 n-1
i °y oy Z E|V, Wi Wil ly (6)"
r=1 j=r+l k=j+1s=k+1
n=-3 n-2 n-l

I S IV, WWlly (0=

r=1 j=r41 k=j+1s=k+1

C n-2 n-—1| n - )
57 2 Y BV Wi Wallyor

T el k=g ]

C. n—-2 n-1 n

=m0, 2, O EVWaWaly®"™

r=l j=r+lk=j+1
< Cn”2EIV1lEIWzleIW4sIIV(t)lm‘5

Y (E|V1|EIW23 Wasl + E|ViWial E|Was )|y ()"~

3/q(E|V1|E|W23|2 + EViWas Wis )y ()"

1/2 1 1 m-=5
< C< 72 + VTR + n3/2hd+2)|y(t)|

by (i), (iii), Lemmas 1(d) and 4 of NR, Lemma 4 of Robinson (1995), and
Lemma 1. Then apply (ix).
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