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1 PRELIMINARIES.

A simultaneous equations model (SEM) concerns a (G + K) x 1 vector x;

of economic variables, i = 1,2, ..., where
Yi — Gx1
xTr; =
Zi — K x ].7
y; is a set of endogenous variables (dependent variable) and

z; is a collection of predetermined variables (regressors)

The predetermined variables consist of exogenous variables and lagged en-

dogenous variables.

Typically, G > 1 and the endogenous variables in y; are simultaneously
determined given z; and other unobservable variables u;, as predicted by

an economic theory, that is,

’U,(CEZ',Q()) = U; — M x ].7



where the functional form w (-, ) is known or given by an economic theory

and the true parameter value 6y is unknown.

e Leading economic examples are the demand-supply system and structural

vector autoregression for macro ecomomic modelsﬂ

IRead discussion articles in Journal of Economic Perspectives (2010, vol 24, No 2) for
different views on econometric models, in particular, the one by Sims on SEMs.



1.1 LINEAR (IN VARIABLES) MODELS
The majority of SEMs take the linear form,

In (1.1), Ais a M x (G + K) matrix of parameters, so that u; is (M X 1)-vector
of error terms.

depending on the model, we shall require

Cov (z;;u;) =0 (1.2)
Efu;|z] =0 (1.3)
(u; and z;) are independent. (1.4)

We have that
(14) = (L.3) = (1.2).

Definition 1 Fquation (1.1)) is called Structural Form, whereas the matriz of
parameters “A” is called Structural Form parameters. Moreover, u; is the Struc-

tural Form disturbance vector.



We will always assume that
E(uu}) =3

is a semi positive definite finite matrix. That is, the error term u; has finite

A:< B . ¢ )
(MxG) (MxK)

Then (|1.1)) can be written as

Az; = (B; C) ( " )

= By, + Cz; (15)

second moments. Let

= U;.
From (|1.5) we observe that we have a system with M equations.

Definition 2 If M < G we say that the system of equations is incomplete,

whereas if M = G, then we say that the system of equations is complete.



Herewith, we shall assume that |B| # 0, so that B~ exists, and thus (1.5)

can be written as

B™'[By; +Cz] =B 'y

yi — 1Lz = v
or
y; = Iz; + ;. (16)
Definition 3 The matriz Il = —B~'C is called the reduced form parameters,

and ((1.6)) is known as the reduced form. Moreover, v; = B~ u; is the reduced form
disturbance vector.

Because E (u;u};) = X, we have that

E(vv)) =B '2(B) ' = Q.



Our questions are:

(i) Can we estimate A?
(ii) What are the statistical properties of such an estimate of A, say A?

(iii) How can we easily obtain A?

10



e Sims (1980)’s seminal work: Structural VAR model

m  money m
y/p real GNP y/p
u  unemployment U
wage level w

P price level P
pm  import price pm

e small number of equations

e 1o exogenous variables

11

Em

Borm + ey /p

Baim + Baay/p + €u

Barm + Baoy/p + Bzt + w

Bs1m + Bsoy/p + Bszu + Bsaw + &

Berm + Beay/p + Besu + Beaw + Bsp + Epm



e Blanchard (1989)

variables innovations
Y output €d aggregate demand
U unemployment rate €0 labor supply and technology
P price level Ep price
w wage level Ew wage level
m nominal money Em nominal money
equations
aggregate demand y = d1969 + €4
Okun’s law  u = 9,y +€¢

price setting
wage setting

money rule

P = Y34W + V319 + 03260 + &p
W = Y3P + Va0l + 4289 + Eq
M = Y51y + V52U + V530 + V54W + Em

12
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Identities.

That is,

where

[

e Ay = (Bi11; B12; Ch)
Ay = (Ba1; Ba2; Cs)

Then, the system of equations is written as

Biiyii + Biayai + Cizs = gy
Boi1y1i + Bas y2i +Caz; = 0.
Gl G—Gl

14

(1.11)



Now, If | Baa| # 0, we can solve the second set of equations for yo;. That is, we
have that
Yya; = — B33 Boyyri — Byy' Caz

and then the first set of equations in ((1.11)) becomes
Eyu + CN'Zi = U14; O gﬂiu = Ui,

where

B

C

By — B12B§21321
Cy — B2 By, Co.

If Ay were known, the previous model is nothing different than that from
(1.1). But, in general is not the case.

The type of models we have seen so far are linear models. In practice, as in

regression models, we can have that the parameters enter into the model in a

nonlinear form.

15



1.2 NONLINEAR SEM

Again, we have a set of variables ; = (¢, 2/)’. Then, the relationship among
the variables x; is such that

u(z;0) =y

where wu; is the disturbance term, and w(.,.) is a possibly (known) nonlinear

function in the set of parameters 6,y 1). Again, about the disturbance term u;,

we assume either , or in addition to Fu; = 0.
Example 1 (a) Linear Simultaneous Equation models
u(z;; 0) = A(0)z;.
(b) Linear in y;’s but not in z;
By; + H(z;0) = u;
The latter model is not of great interest, as it is a “quite” straightforward version

of the linear one.

16



The interesting models come when the nonlinearity is through the endogenous

variables.

We already know some nonlinear models of this type.

Example 2 Boz-Cox models where M = G = 1. Here

yA71 -4
u(z;0) = A B/Z A#0
logy — 82 XA=0.

Two models of interest are when

log—line:r model linﬁar_m odel

(1) If we allowed \ unknown, then we might test whether the model is, say,
log-linear or linear.

(#4) Ome implication of A unknown is that the errors u; cannot be Gaussian.
The reason is because y; > 0, and one further consequence for the Nonlinear

Least Squares Estimator (NLLS) is that they can be inconsistent.

17



Example 3 Arcsinh model with M = G = 1.

arcsinh(Ay;)

u(z;; 0) = 3

— Bz,
where 0 = ()\,B/)/ and
arcsinh(z) = In (z + V224 1) .

This transformation does not suffer from the same problems as the Boz-Cox. If

A = 0 we then obtain the linear model.

Example 4

18



As in the linear case:

u(xz;;0) = wu; structural form equation
0 structural form parameter
U; structural form error

Y = F(u;u}) structural form covariance matrix.

However, what is the REDUCED FORM?
This is not as trivial as it was for the linear case. Suppose that in a neigh-

bourhood of the true parameter vector 6y, we have that
u(z;0)=u u(y,z0)—u=0
has a unique solution in y. That is,
y = R(u;20)

or equivalently
yi:R(ui,Zi,e), {

1,...,n.

19



Example (Cont.)

1. The Box-Cox Model has a Reduced Form given by
1
Y = {1+)\(ﬁ/zi+ui)}* .
2. The arcsinh Model,
1. ,
Y = Xsmh{)\ (ﬁ 2 —I—ui)}.

3. Not explicit solution for R (-), but for given values of z and 6, we can

approximate the reduced form numerically.

20



2 IDENTIFICATION

2.1 BASIC DEFINITIONS AND EXAMPLES

In parametric inference, the identification of the unknown parameters 6,y; is

defined through an objective function,
Q(x:0) =Q(6).

The function Q(#) measures the risk or loss incurred by the decision to adopt the
value 0. Then, we estimate an unknown true value 6y by incurring the minimum

loss, i.e.

6 = argmin Q (),

where © C RP? is a parameter space to be specified later.

21



Example 5 Consider the linear regression model
Y; = B’zi +v;,1=1,...,n.
If our objective function Q (53) is

Q(B) =Y —2B) (Y -28),

then
5:arg6rr€1]1§})@(ﬁ),

which is the least squares estimator (LSE) of 8. On the other hand, if we choose

as our objective function

Q(B) = (Y —2Zp)sS™ ' (Y - Zp),

we then obtain the generalized least squares estimator

~

f = arg érel}é}a Q(B)

22



when ¥ = E (v'). If we knew the probability density function of v;, then our

objective function would become

Q(0) =—logp (Y — BZ;0%),

where 0 = (ﬁ'702)/ € R? x (0,00), and then you would be able to compute the
Maximum Likelihood Estimator (M LE). The Instrumental variable estimator
(IVE) is obtained as

QP) = (Y =2ZB) (WW)(Y - Zp)
~IV .
p = agminQ(h)
= W2z)'w'y.

23



Example 6 With nonlinear models, it is the same. If

u(zi;0) = vl(ysA)— Bz

= U,

e.g. Box-Cox or the arcsinh...If the probability density function of v;, p(v,o?),
were known then,

n

p 0
Q0) == Y- 1o (0 (i) — H'250°) ~log | 70 ()
i=1 !
Jacobean
In particular, if u; ~ N (0,02)
QB = Elog271'—|— loga + 212 ((v (Y, ) —Zﬁ)/ (v (Y, \) — Zﬁ))

. avyz,
721 ‘ o ‘

24



The pair (@, ©) is thought of as containing all the information that will be
used to choose a #-value. For a given data set X, two or more values give rise to
the same @, in which case one cannot choose between them by means of ). Such
an X may occur with small or zero probability. But if it exists for all possible X,

there is some structural problem.

Definition 4 We say that two values 01 and 05 € © are observationally equiva-
lent (O.E.) with respect to Q, if

Q(z;01) =Q (x;02) Vo e X.

25



Example 7
QB) =YY+ (872 -2Y")ZB

and rank(Z) < K, that is there is multicolinearity. Hence, because there exists
c# 0, such that Zc = 0, we have that

QB = Y'Y+ (B2 -2v")z8
= YY+(B+c)Z —2Y)Z(B+c)
= QB+0.

Then, by definition
B and B+ c are O.E..

This implies that the LSE is not uniquely defined.

26



Example 8

v; ~N (0,6°) and rank (Z) < K = Zc=0 and c#0.

Then,
" n
Ql A = Slog2r+5 " log o2 +53 2( o (Y, N) = Z8) (v (Y. ) — Z5)
o2
- log | ———~
; dyi
= Elog27r+ loga +2 2( WV, N) = Z(B+¢)) (Y, ) = Z (B +¢)
31} v (yi; A)
Oy

QVQ

?

27



So, we conclude that

are O.E.

>

and

28
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Example 9 Let X, Y and Z be

X = (a1, ...,xn)/; Y = (yh...,yn)l; 7 = (217...,zn)l.
nx(G+K) nxG nx K

The observation matriz, e.g. X = (Y, Z), is the matriz of observations. As usual

the structural form parameters are (A,X), whereas the reduced form parameters
are (I1, ), where

O=-B'C and Q= B"'S(B7'Y.
Assume that

v; ~ Gaussian

© {A,X:|B| #0 and ¥ > 0} .

Now, because v; ~Gaussian, then

Yilzi ~ N (lz;5Q).

29



Therefore, our objective function Q is
1 1
QW) = Q%)= §n10g27r + inlog |
1
+= tr{(Y —ZI) QN (Y - ZH')’} ,
2
e.g. it depends on A and X via II and €.

We know that knowledge of the likelihood function is equivalent to knowledge
of IT and Q. Now, let P be a matrix such that |P| # 0, and

A=PA;, Y =PxP.
Then,

-B°C

= —(B7'P7Y(PO)
= -B7'C

=i
|

30



and

2l
|

Hence, we conclude that
QA %) = Q(4,3)
which implies that (A,Y) and (Z, i) are O.E. by definition.
Example [J] illustrates that we can only deduce (4, X) from (IL, ©2). Moreover,
the last two examples show that we cannot hope to estimate a regression model

with multicolinearity or in a Simultaneous Equation System (A,Y) with the only
constraint that |B| # 0.

Definition 5 6; € © is identifiable with respect to (Q,O) if there is not any
other 05 € © such that 05 # 01 which is O.E. to 01 with respect to Q. Otherwise,

01 is unidentifiable.

31



Theorem 1 (Sufficient condition for identifiability.) Let us assume that there
exists a function ¢ (x) such thatV 6 € ©, we have that

6= / 6(2) £(Q (x:0)) da, (2.1)

where f (-) is some given function. Then, 0 is identifiable with respect to (Q;0).

Proof. Suppose the contrary. Then, we have that Vo € X, Q (z;01) = Q (;02).
The latter implies that

¢ (x) f(Q(2:01)) = ¢ () f(Q (2:62)),
and thus by we obtain that

6 — /¢(x)f(Q (2:01)) dac

= /¢ (2) f(Q (z;62))dz (By the last displayed equality)
= 0y (by )-

Therefore, #; = 05, which concludes the proof.

32



]
Example 10 (Reduced Form) Let
0 ={IL,Q,Q >0} 0=wvecll,Q),
and assume that there is no multicolinearity. Choose as our ¢ (x) the function
o(x) = vec (ﬁ, ﬁ) ,

where

1
n—K
Now, choose as the objective function the log-likelihood, and as f

M=v'zZz) " Q=

Y’ (In AV Z’) Y.

f:e*Q,

Then, we obtain that
/ 6 (2) £ (Q (x:0)) dz = Eq (vec(ﬁ, ﬁ)) = vec [Eg(ﬁ, ﬁ)} — 0.

33



So, the parameters of the reduced form are identifiable if the model is not multi-

colinear.

The next issue to examine is when the parameters of the structural form are
identifiable.

34



2.2 IDENTIFICATION OF LINEAR SEM

This section focuses on the linear restrictions on A only.
We have that

I=-B"'C, thatis, BII4+ C =0
GxK

or equivalently
K1_>I</GB/ +C'=0.
Thus, we have GK equations, but we have G? + GK unknowns. Then
vec (I'B' 4+ C") = vec (W' B'Ig) + vec (C")
= (I¢ @ II") vec (B') + vec (C")

= ((I, ) : I,
(I ®IT'); GK)G(GJ?K)M

where

a= (6/,7’)/, B =wvec(B'), and v = vec (C").

35



From here, we see clearly that we have

G(G+ K) unknowns
GK equations.
The latter implies that we need at least G (G + K) — GK extra equations to be
able to identify A. Let W, g(g+k) be a matrix (known) and Wa = w vector.
Then, a necessary condition to identify A is that r > G2. With this new set of
extra constraints on the parameters «, the system of equations becomes
[(IG ® H/) 3 IGK] o =
Wa = w,

(1) (2)

Theorem 2 « is identified iff rank(V) = G (G + K) (rank condition,).

The condition r > G? is known as the order condition.

or in matrix notation

36



Let D denote (Ig ® B; I ® C).
Theorem 3 « identifiable iff rank(WD') = G2.

Proof.

w Wi Wa

Ic @Il Igk 1 _

IcoMl' Igk ]

B Oz Igx Ic® (31)71 0
WD W, Icoll!  Igk |
Uy WUy

Because rank (B) = G, it implies that rank(¥2) = G (G + K), and hence rank (¥) =
rank (Uq).

However Iqg is a full rank matrix, so

rank (¥q) GK + rank (WD)

G(G+K)

37



if and only if
G? = rank (WD').

This concludes the proof. m

Remark 1 When parameters are subject only to linear constraints (not only in
linear SEM) we could equivalently reparametrize in terms of a set of unrestricted

parameters.

e Normally, the type of constraints that we have among the parameters are
homogeneous, that is, some linear combination of the parameters is zero.
For example, the exclusion restriction is homogeneous since the correspond-

ing row of W and w are given, respectively, by
(0,0,..,0,1,0,...,0); and O.
Another example is

(0,...,0,—1,0,...,0,1,0,...,0); and 0.

38



o We always need at least one element of w to be different than zero, such as

the normalization restriction where the corresponding element in w is 1.

e Typically we use the normalization

diag (B) = (1,1,...,1).

39



2.2.1 IDENTIFICATION OF A SINGLE EQUATION
Denote by 6 the underlying parameters of the system, that is

’
9:<9/1 ; 9/2> i 0o = (0013 002) -

1xp1 1xp2

Definition 6 0y, is identifiable w.r.t. (Q,0) iff all @ € © that are O.E. to Oy

have the same value of 0.

Let of = (6’1;7'1) be the parameters of the 1%¢ equation, e.g. the 1% row of

A. Then, in this case, what we have is that
BT+ = 0.

In this case, we have K equations and G+ K unknowns, so that we need at least
G extra equations to be able to identify a;.

Let r; be additional constraints on a;,

W1a1 = Wq.

40



Theorem 4 (Rank condition) The parameters
A
a1 =
71

rank (W1 A") = G.

are identified iff

(r1 > G order condition).

Proof.
gy +v, =0 I K 0
= O[l = .
Wioan = wy Wi Wiz w1
Now,
ne I ( 0 Ik >X<(B’)1 0 )
W: W: o ’ / ’
T1 ;é T1 Xllg{ Wl A W12 H IK
Wy Wy

41



Because |B| # 0, we have that ¥4 is a full rank matrix, and then

Ir Ix 0 Ix
rank = rank , .
W11 W12 WIA W12

From here we conclude that the the left side of the last displayed equality is G+ K
if and only if
rank(¥,) = G+ K = K + rank(W1 A’),

which concludes the proof. m

42



Theorem 5 Assume that in the 15 equation all the constraints are zero, except
the first one, a1; = 1. Then «y is identifiable iff r1 > G and rank (A*) = G —1,
where A* is the matrix formed from the second G —1 rows corresponding to zeroes

m oq.

Proof. Rearrange z; as Z;, and A as A= (111722)7 where all the restrictions

are imposed in Zl : G x r1 and the normalization restriction is imposed on the
(1,1) element in A;. Then,

. ~ 1 .-
W1: <Ir1:0>§ A/1: 0 A }7’1.

WA = A,

So,

and rank (Wlﬁ’) = G if and only if rank (A*) =G —-1. m

Sometimes we have more constraints than we need for identification.

Definition 7 6y is overidentified if 3 two (or more) sets of prior constraints,

43



each of which is capable of identifying 6y, and the union of the sets is linearly

independent.

0y is just-identified if it is identified but not overidentified. Important as far

as the efficiency of estimators of 6y is concerned.

44



2.3 NONLINEARITY AND LOCAL IDENTIFICATION

Example 11 In alinear SEM, there could be constraints in the variance-covariance

matriz of the structural form error w;, i.e.such as

Y =% or Y = A11" + o21.

(variance component models)

If we have restrictions

w(A,X) =0,
then we can use

BOB' =3,
as well as

BII+C =0.

But BQB' = ¥ is nonlinear in B.

45



Example 12 If B is a lower triangular matriz with unit diagonal elements and %
is a diagonal matriz, then the linear SEM is called a triangular SEM (or recursive
system). E.g. Sims (1980)’s simple Macroeconomic model and its many varia-
tions afterward, or Cochrane (1994)’s permanent income model of consumption.

The model can be equivalently represented as that where B is a lower triangular
matriz with non-unit diagonals and ¥ = 1.

46



Example 13 Consider a simultaneous equation system with “AR” disturbances.

Then, the system can be written as
By +C"z =u; |B|#0
where z} is a (K* x 1) vector
u; = Dul_{ + e}
with unknown D and

Ee; =0;  E(ee)) = SI(i = j).

Then
By, +Cz; =¢;
C=(C1,0,C3) 2z = (yi_y,2,20)
By definition, we know that
C, =-DB De—Cp -
Cy=C* = D02+03:0}:>C3_013 Cy=0.
Cs =—-DC*

47



Therefore, the last displayed expression induces nonlinear constraints on A. In
particular there are GK* of them. Thus, this set of constraints together with
BII + C = 0 will imply that only G(G — K*) extra constraints would be needed.

48



Example 14 Another Example is to put restrictions on the impulse response
function (dynamic causal effect) of a SVAR model. See for example Blanchard
and Quah (1989) and Gali (1992) . They typically concern the long-run cumulative
effects of a structural shock j on another variable i. For instance, one may impose
the hypothesis that the aggregate demand shocks do not have long-run effects on
real GDP, or the long-run money neutrality. Given a SVAR and its Moving

average representation (or impulse responce function),
A(L) yr = e, = Yt ZA(L)_IUt =D (L) uy,
the restriction takes the form

D(1),. =0.

ij
Note that
D(1)=Do+Di+:---,

which is the reason why it is called “long-run restriction.” In the BQ’s original

Ad
Y = ( opr ) and A(L) = B,

unemply

work,

49



and the long-run effect is imposed by setting B as a lower-triangular matriz. With
added assumption of the diagonality of 3, this model becomes the recursive model.

With lagged term in A (L), the identification is more complex.

50



Suppose identifiability happens when there is a unique solution to a set of

(possibly) nonlinear equations
6(0) =0, (2.4

where 1) is a vector of given functions. Notice that in we have suppressed
any reference to known quantities.

We already know that if (.) is linear then there is either one unique solution
to or there are uncountable ones, (in fact, a continuous set of them). If ¢(.)
is nonlinear, then things are a bit different. We may have one, uncountable as
before, solutions but in addition to these we may have also countable or finite

number of solutions.

FIGURES

Definition 8 0 is locally identifiable (L.1.) w.r.t. (Q,0) if 3 an open neighbour-
hood of 8y containing no other 6 which is O.E. to 0y w.r.t. Q.

51



Definition 9 6y is globally identifiable (G.1.) if and only if it is identifiable for
every neighbourhood of .

Remark 2 (a) In the linear case, we have that G.I. = L.I.. Indeed, if
War =w and Was = w,

we then have that
WAar+(1—Naz) =w
which it implies that
YT —l—(l—/\)()ég = Q3

also satisfies the constraints. So, now let \ vary to conclude.
(b) If we can reduce ©, then L.I. becomes G.I., e.g. using inequality restric-

tions.

Let 5
(O) = 5 (0). o=V (b).

52



Definition 10 6, is a regular point of U(0) if U(0) does not change its rank in
a neighbourhood of 6.

For an example, consider a restriction
0=(01,02), v(0)=07+05 (p=2,q=1).

Thus 6 = 0 is identifiable, but
0 if =
rank (U (0)) = rank < ! ) = { 01 0

Then 6 = 0 is not a regular point of ¥ ().
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Theorem 6 Let 6y be a solution of (2.4) (y(0) =0). Let ¢(0) be a continuous
and differentiable function in a neighbourhood of 8. Then,

(a) If rank (Vo) = p, then Oy is L.L
(b) If 0o is a regular point of U () and 0y is L.I., then
rank (Ug) = p.

We need obviously p < q for (a) and (b).
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Proof. We only prove part (a). First by differentiability of ¢ (#), the mean value

theorem implies that
6(0) = (80) + ¥ (9) (0 - 60),

where 6 is an intermediate point between 6 and 6. Suppose now that 6y is not
L.I.. Then, by definition, there exists a sequence 6', 67, ..., 96, ... converging to 6y,
such that

P (0o) =9 (0") i=1,2,...0..
Then, the last two expressions indicate that
—i\ (6" — o)
U(f|)-——=0
( ) |0"— 00|
or that _
v (’éz) di =0,

where 0 is an intermediate point between 6° and 6y. However, by definition d’,

is a vector lying in the unit circle and because ¥ (.) is a continuous function, then
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we obtain that in the limit
U (0y)d = 0.

So, the last equality implies that
rank (U (0p)) < p,

which concludes the proof of part (a). m
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Next we will study the case where there are constraints on %, e.g.

BI+C=0 (1.16)
BOB =% (1.17) , and 0 =vec(B',C"%).
w()=0  (L18)

Then we have the following theorem.

Theorem 7 Let 6y be a solution to (1.16) — (1.18). Let w (0) be a continuously

differentiable function in a neighbourhood of 8y. Denote

ow (0

we) = 220
I(;®B/
HO) = WO)| Icac
I ® 2%

Then,
(a) If rank (H (00)) = G?, then 0y is L.I..
(b) If O¢ is a regular point of H (.) and 0q is L.I., then rank (H (00)) = G>.
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Proof. Let
0= (8,9,0") = [vec' (B);vec (C");vec(E)],

then )
IcIl! Igk 0
() = A 0 —lgc |
Wg W, W,
where D 5 5
w w w
Wg=|—1|; W, = 5 WO': .
’ {85_’ ! { v}’ {80}

But also ¥ (#) can be written as

0 Iexk O IcoBY" 0 0
W (0p) = 0 0 —Igg IcIl  Igx O
H* W, W, -A 0 lca

where
H* =Wz(Ic@B)+W,(Ic®C)+ W, (Icg®2%).
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cf.
_ OJvec(BQB') 0 B B 1
Afoa—ﬁ,(IG@)BQ)ﬁf?(IG@BQ)f2(1G®E(B) )

So, because the rank of the second matrix on the right of is full rank, then
rank (¥ (0p)) = rank(1°" matrix)
which is
G(G+ K)+rank (H™).
So, we apply Theorem 40 here to the matrix

Ic ® B’
H=w@) | r.ec
Ic ®2%

to conclude the proof. m

Global identification is difficult to establish in general. However, some restric-
tions may be helpful such as linearity, monotonicity. Revisit Example[I2] and see
Rubio-Ramirez et al (2010) as well.
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Identification of Transformed Parameters 7 (0)

Again our set of constraints are

v (0)=0
Let
vo) = Su@: TE)="0
\I/O = U (00) 3 TO =7 (90)

Theorem 8 (a) If
v
rank ( 0 ) = rank (¥y),

Ty

then 7o = 7 (6g) s L.1., e.g. there is not any other value of 6 in N(0y) such that

w(e):() and T(G)#TQ.
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(6
(b) If 0o is a regular point of ( TE@; ) and T (0) and 79 = 7(0p) is L.L,

v
rank ( 0 ) = rank (¥y) .
To

Proof. The proof is heuristic. The L.I. that

then

¥ (#) =0 implies that 7 (0) = 7o,

and the differentiability of 7 and 1 implies that there exists a transformation g
such that
T(0) =g (), V0EN(0).

Then,
0t (0) 09 9
TO) = —5 oV o9
= GOV (9).
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So that

rank Yo = rank Yo
To Go¥g
I
= rank [( > U,
Go

This concludes the proof. m

= rank (¥y).

Example 15 Let 7(0) =60. Then

R4
rank ( 0 ) = rank (¥y) .
I

iff rank (¥g) = p. (We are implicitly assuming that 6y is a regular point.) Thus,
T0 is L.1L Zﬁ 00 is L.L

Example 16 Suppose

¥ (6) = ( 9013__912 ) and 7 (0) = 0, — 0.
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Then,

1 -10
U= and T=(1 —10),
0 0 1

which satisfies the condition of the above theorem.
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2.4 IDENTIFIABILITY AND ASYMPTOTIC THEORY

Let the Objective Function be
Qn (X;0)

such that

plim @, (X;0) = Q(0).

uniformly in 8 € ©. Let “true value” 6, satisfy that
0o = argmin Q ().
0 g e Q( )
This is very reasonable because it makes sense to estimate 6y by

0= aI’gIarélélQn (X;6).
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Let
R(0)=Q(0) —Q ().
Because 6 satisfies (2.6]), then

R(#) >0 and R(6y) =0.
Consider the following conditions:
(a) R(O)>0 YoeO©—{0}.
(b) R(A) >0 VOeN(0y)—{0o}.

Theorem 9 If condition (a) holds then 0y is G.I., whereas if condition (b) holds
then 0y is L.1..

Proof. Suppose that 01,60, are O.E., then by definition we have that @,, (z,60,) =
Q. (z,00), Vo € X, and hence

Q(01) = Q (o)
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which implies that R(0;) = 0. But R(6) > 0 for all € © — {p}. Then, we
conclude that 61, 65 are not O.E.; or that 6y is G.I.. The proof for L.I. is identical
and thus it is omitted. m

FIGURES

Remark 3 Conditions (a) and (b) are sufficient but not necessary.

Definition 11 If condition (a) holds then we say that 0y is asymptotically iden-
tifiable (A.1.). On the other hand, if condition (b) holds then we say that g is
asymptotically locally identifiable (A.L.1L.).

In fact, this is all we need for the consistency of the estimators.
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Example 17 Consider the linear regression model

yi = Bz +vi,
where we have that 7'z
M= M.
n

Then,
(a) If]\/i\ > 0, then [ is identifiable.
(b) If M > 0, we then have that 8 is A.IL.
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Theorem 10 Let Q() be twice continuously differentiable in a neighbourhood
of 8y and put
5°Q (0)
S(0) = ——+.
©) 0000’
Then
rank (S (0p)) =p= 0y is A.L.L

If 0y is a regular point of S (), and Oy is A.L.I., then
rank (S (0p)) = p.

Remark 4 The matriz S=' (0) arises in the Central Limit Theorem for esti-
mates minimizing Q, (x;0). Thus A.L.I is closely related to conditions for as-

ymptotic normality, not to mention the consistency.
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3 ESTIMATION OF LINEAR SEM

3.1 PARAMETERIZATIONS

Consider the linear simultaneous equation model

Az = ug; xi:(w) ;
%i ) a+r)x1

where the system is complete and |B| # 0. Furthermore, the variables z; are

exogenous and
1. E(uilzi) = E(u;)) =0
2. wu; is homoscedastic and serially uncorrelated, that is
E(uiu)|z) = E(uu,)=%9>0

E (u,uz |{zl}?:1) = F (ulu;) =%Z(i=7j).
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Possible parameterizations of interest are
(a) Structural Form
(A,X)=9
identified only if there are constraints. Nevertheless, A should be economi-
cally sounded.
(b) Reduced Form
(Hﬂ Q) =V,

which is always identified unless z; is collinear. Possible interest on W is for
prediction purposes of Y. That is, y; = ﬁzi, which is the LSFE predictor of
Y |Z, where I is the LSE of I1y. Properties of y; depends on those of 1.

(c) Minimal Parameters

Let 0,1 be a set of parameters (p < GK + 1G (G + 1)) of functionally

unrelated parameters.
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Recall that if p = GK + %G (G + 1), then the model is just-identified. So,
o = 2(0)=(A(0),%(0))
U= w(0) = (11(6),0(0)).
Ifp<GK + %G (G + 1), then the model is over-identified.
Thus, basically what we are saying is that the matrix (A4, X) depends on a set

of parameters # which we are concerned with. If the set of constraints are linear,

then we can give an explicit solution for @ (0), that is
BII+C=0
Wao =w.

When there are nonlinear constraints, we can also do the same, though A (0) will
be only Implicitly defined. Thus, only local approximations of A (6) around 6
can be made and corresponding numerical values of @, 0 can be determined.

In many situations, the parameters involving “A” and “%” can be independent

(A(6).2(0) = (A(61).5(62)), 0= (07,65)".
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Many times only “A” is of interest, thus we may consider only A = A (6;),
where now p < GK.

e The question is, how do we estimate 07

1. MLE principle: PMLE
2. Least Squares Principle:

(a) MDE for RF error
(b) 2SLS and 3SLS for SF error

72



3.2 GAUSSIAN PSEUDO-MAXIMUM LIKELIHOOD ES-
TIMATOR. (PMLE)

Some authors call this estimator QMLE (Quasi-Mazimum Likelihood Estima-
tor).

Consider the —log times 2/n as an objective function, that is

Q0) = C +1og 9] + %tr (v —ziy (v - zim) 0] (3.1)

C +log|X| — 2log |B| + tr {AX;LXA’ZA}
= Q1 (P)
= Q2(¥),

where

O = D), V=), H=I(0)

S o= $(0), Q=0(), A=A(6).
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Definition 12 Let

0= inQ (6).
argmin Q (9)

Then (5, </IS, @) is the (Gaussian) PMLE of (6o, o, ¥g) with =23 (5) and
v =v ().

If (u;|z;) ~ NID (0,3%), these estimates become the (full information) MLE
or FIML.

Let’s introduce the following assumptions.
A1l O is a compact set in RP, with |B| #0, X > 0, V0 € ©.
A2 & is a continuous function in 6.

A2 also implies that ¥ is also continuous in 6.

Theorem 11 Under A1 and A2, the PMLE exists, although it may not be

unique.
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Proof. Q(.) is a continuous function of (A, X), so that it is also in § by A2. But

0 € © is a compact set, so it implies that the minimum exists. ®

(0]



Theorem 12 If 3 is unconstrained and 6 only parameterizes A, then we have
that the PMLE of 6y is given by

0 = arg min R (9) ,

0co
where
-1
|BJ?
R(0) = (\AX’XA'\ (3.2)
|-z (v - z11)|  |V'V
N n S on |
and the PMLE of ¥ is
/
Y= AX X "
n
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Proof. By definition, the PMLE is 0= arg mingee @ (6). Now,

But,

log|AX' X A’'| — 2log | B|

Q1 (®)

1
log || — 2log |B| + —tr (AX'XA'S™)
n
log [AX'XA'| —log |[AX'XA'S7Y|
1
—2log |B| + —tr (AX'XA'S™1)
n

X'X
log|AX' X A'| — log {)251414’2é
n

)

X'X
—210g|B|+tr<z—%A A’z—%>.
n

log )B*lAX/XA' (B')*l\

B (B.C) ( i’ ) v.2) ( z ) (B)!

— log|(Y! —TIZ') (Y — ZIT)|
= log|R(0)| + Glogn.

= log

7



Denote ,
Dov A X gt
n

Then
Q1 (®) =log|R(0)| — log|D| + tr(D).
On the other hand, by definition,

Q

tr(D) —log|D| = Z —log \))

Thus
Q1 (®) > log|R (0)]

which implies that

> log|R (0)| + G
Q@)= = EEOITE .
=log|R(O)|+ G iff A\, =1V,
e.g.
!
EiéAX XAXT% — Iy
n
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Thus, we minimize (1 (®) by minimizing |R (6)| with respect to § and then,

~ X'X ~
S=—AC A

n

where recall A = A (5) [
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3.3 MINIMUM DISTANCE ESTIMATOR (MDE) (NLLS)

Another way to estimate 6, which only parametrizes II, is to plug in ) from the

unrestricted OLS. That is,

Definition 13

0 = arglggg(QQ (H,ﬁ)—log‘ﬁ‘)
A = a(p); fi=nu(p)
o - ()

are the MDE of (0o, Ao, Ip) respectively.
It is easy to see that the MDE is identical to the one that minimizes
1 nyo-1
Ztr {v %0 } ,
n

and the term ‘least sqaures’ makes sense.

Let’s introduce the following assumptions

80



B1 O C RP is a compact set such that |B| # 0 for all 8 € ©.

B2 A is a continuous function in 6.

Theorem 13 Assuming Bl and B2, the MDE exists. (Not need to be unique.)
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3.4 TWO STAGE AND THREE STAGE LEAST SQUARES

The previous two estimators, that is the PMLFE and the M DFE, involve
numerical optimization (they do not have a close form, except in situations where
the parameters are just-identified). The latter is true even when the model is
linear in “A” and “A” is maybe linear in 0. In the latter case, we can obtain

estimates which have an explicit formula.

Definition 14 For % defined below, we define the 3SLS estimator of (6, Ao, ),

denoted (5, A\, ﬁ), as the value that minimizes the objective function

1 _ ~
Sasis (6) = —tr {U’Z(Z’Z) ! Z’UZ”} _

That is,

)

- ‘n S. 0
al"gferélélsssw( )

and then



The 3SLS is then the two-step optimal GMM estimator under our maintained
assumption. It can be motivated different ways. Indeed, consider the following

objective function
1
Q1 (®) =log |B7'SB |+ —tr (AX'XA'S™).
n

Given X, the nonlinearity in the estimation enters through the term log | B~'SB'~1|.
Now, recall that
Q1(®)=Q (I, B~'EB ).
Next, consider the LSE of II, N=Y'Z (Z’Z)fl. It obvious that for given 3, say
5

9

Qs (ﬁ,B—liB’—l) < Qs (H,B—liB'—l)
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for all II. Then,
Sisps(0) = @ (WLB'SB ) - @, (TB'SB)
= r{ (v -7T) ()
= %tr { (ﬁ — H) 7'7 (ﬁ — H)/ (B_liB’—l)l}

1 B -
= ¢ {AX’Z(Z’Z) 1Z’XA’Z‘1},
n

~ ~ !
as V+ 7 (H — H) =V for the third equalty.
Theorem 14 Under Bl and B2 the 3SLS exists. (Need not to be unique.)

We have seen in the previous definition that for the definition of the 3SLS

we need to estimate Y. How? The next estimator will provide the answer to this
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question. Define the following objective function

Sasps(0) = Q2(ILLB™'B™') —Q, (ﬁ,B_lB’_l)
_ l / 1eoN—1 /
- ntr{AXZ(ZZ) ZXA}.

Observe that it is the same objective function Sssrs (f) but with 5 being replaced
by I, the identity matrix.

Definition 15 We define the 25LS estimator of (8o, Ao, Ily), denoted (5, Z, ﬁ),

as the value that minimizes the objective function

Sasrs (0) = itr{A(?)Z’Z(?)A’}

1 / 1oN—1 /
Etr{AX Z(2'Z) ZXA}.

That 1is,

0 = arg 1{;%18 Sasrs (0)
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and then
i-a(d): fi=n(s).

Theorem 15 Under Bl and B2, the 2SLSE euists, (need not to be unique),

and 'y
S=A A

n
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Remarks
1. tr{U'PU} = Zle U;PUg7 where U = (Uy,...,Ug) and P = Z(Z’Z)_1 AR

2. If all the restrictions are linear, imposing them yield a linear regression for

each equation g

- = .

Ugi = Zgiflg +ugi, g=1,...,G, i=1,..n,
where §g; and Zg; are linear transformations of ;.

e Thus, Z,; may suffer from endogeneity.

e The dimension of 6, depends on the number of restrictions imposed

on the g-th equation.

e If there is no cross-equation restriction, then the 2SLS is equivalent to

equationwise 2SLS since there is no common element in 6, and 6 for

[ #g.
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3. The 3SLS is the optimal GMM, that is,

1 o
~tr {U’Z (z'2)"} Z’Uz—l} = mn (0) Wy, (0)

N -1
where my, (0) = 23" u; (0)®2; and W, = n (E ® Z’Z) . And if all the

n
restrictions are linear, m,, () is linear in 0, yielding a closed-form solutiorﬂ

2For g = 1,...,G, ug; (0) zi = Ggizi — ziéglﬂg and thus u; () ® z; = §; — Z;0, where
Ui = (gglz; . --)l and Z,; is the matrix of zi,%;is constructed conformably to 6. Note that
0g,9 = 1,...,G may contain some common elements due to the cross-equation restriction.

Otherwise, Z;is a block-diagonal matrix.
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3.5 INDIRECT LEAST SQUARES (ILSE). RELATION-
SHIP BETWEEN DIFFERENT ESTIMATORS

The indirect least squares estimators (ILSE) 9 and A of 0y and Ay satisfy
~( 1 A
A<I>=0, or BII+C =0 (5.4)

where A = A (@) , Il is the LSE of I, and p < GK.

Theorem 16 Suppose that there are not overidentifiability constraints and there

is a unique solution for the ILSE. Then,

ILSE=PMLE =MDFE =3SLSE =2SLSE.
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Proof. Note that
Upyre = arglf[nin Q2 (H7QPMLE)

= argmintr (V’VQIZ}V[LE)
I

= argmintr (V'V)
11

= ]:[7

and the same is true for M DE.
Regarding 3SLSFE, it is obvious due to its loss function

Sssrs (0) = Qo (H, B—liB'—l) —Q, (ﬁ, B—liB’—l)

and its minimum is achieved at II = II and thus f[gs Ls=1II. m
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Example 18 Consider the case where all the restrictions are linear

[(IG 4 Hl> ;IGK] a = 0
Wa = w,
that is,
Vo = 9.
Then,

drps =W,
where U is the plug-in estimator using the OLSE of I1.

To understand the equivalence between ILS, 3SLS, recall that imposing the linear

restrictions yield a linear regression for each equation g
- » .
ygizzgi99+u9iv g=1..G,1=1,..n,
where §g; and Zg; are linear transformations of x;. Write it in matriz notation

Yg = Zg‘gy + Uy,
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where 9;s dimension is G as each equation is just-identified. Let
Zg = PZZg =2Qg = Z(Z/Z)_l Z/Zg»
then Qg is a p.d. square matriz. Recall that the 25LS is the OLS of

Yg = Zg9g+Ugv
= Zrg+U,g,

where
Qyby = my.

Furthermore, for a R, again reflecting the linear restrictions, we can write

Y

= Z(mi,.,mg)+U
Z1' + U.
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And
= (2'2)"2Y =(2'2)"" 2/ (YR, + ZRy) =11, , g R1 + Ro.

That is, I is a linear transformation of the OLSE of 11 and thus, 0 is. Thus, the
2SLS is the ILS. Next, the GLS is the OLS in the multiple regression (that of Y
on Z). This leads us to conclude that the 3SLS is ILS.
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Example 19 Estimation of the recursive system is easy. The Cholesky
decomposition of a given € produces the corresponding B directly, that is, apply
the decomposition to write

Q=LL,

where L is known to be unige. Then we have
B=%:L"",

As B has unit diagonals, /% should be the diagonal matriz whose diagonals are
the inverses of those of L=1. Thus, let

O=-V'V=LL, (1)

SRS

where U is the matriz stacking the OLS residuals @}s. Then, S is the diagonal

matriz of the inverse of the diagonals of L™ and

B=Yz["1
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3.6 SINGLE EQUATION AND SUBSYSTEM ESTIMA-
TION

We are now concerned with the estimation of one or several equations, say
G1, where 1 < G < G.

Why? Some possible reasons are
1 The whole system is not identified but one or more equations are.
2 Because those G; equations are the ones we are interested in.

3 Easier to compute, although we may loose some efficiency.

Let’s introduce the following notation.

A
Ay

-G x (G+K)
—>(G—G1)X(G+K)

A:
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Az, = Arz; U4 :
Aoy Ug;
$o— Y1 Yo ] . Ay = [Bi1; Bia; G4
21 Yo | " Ay = [Ba1; Baz; ).
Also, let i
Yii
Yi = ;
| Y2i

with |B11] # 0, and we shall assume that A; and Xq; are identifiable. It is
worth mentioning that because we are concerned with the first G; equations,
AQ, 212, 222 may not be identifiable.

Let’s examine Asxz; = us;. The latter expression is
Bo1yri + Bagyai + Caz = uy;,
whereas A;x; = u1; can be written as

Biiyii + Biayoi + Crz = uq;.
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First, we want to write yo in terms of the exogenous variables z. To that end,

I 0
D_<le B22>’

where B?! and B?? are the corresponding elements of B~!. That is,

denote

B22 = (BQQ - Bngl_llBlg)_l; BQl = —B22B2131_11.
So, to obtain D we have only chosen the second set of rows of B~! and then the

first row of B~! is replaced by [I;0].
Then we obtain after we apply D that

A* — DA — Bi1 Bio C4 _ Ax
0 Ieec, I A3

st opsp = ThOFR ) 1 i
Y1 X B2y + B2y Qoo )

97

and



Thus, we can now consider the system of equations

B B C
Aty —ul; A* = 11 12 1 .
0 Igq -1z

So, given the above system of equations we can employ the PMLE, MDE,
etc... to estimate the parameters, where Ily, 335, and X3, are unrestricted, but
(B11, B12,C1,X11) are with the constraints we had in the “original” system.
Definition 16 The components Aj, X5, of A*, ¥* minimizing
X'X
Q (A", X)) =log|X*| — 2log |B*| + tr (A*A*'E*1>
n
are the LIMITED INFORMATION PMLE (LIPMLE) of A1,X11, respectively.

Theorem 17 (Concentrated Likelihood) The LIPMLE of A1,%11 is equivalent
to

(Zl,iu) = argAmizn Q (A1, %1),
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where

R X'X
O (A1, S11) = log|S11| — log ‘BlQBi‘ Tty <A1

n

A’lzlf) ,

and )
Q== {Y’ (I AV Z’) Y} .
n
Theorem 18 If X1y is unconstraint and only A, depends on 01, then the LIPMLE
of 01 is

01 = arg min R (6),

where

|4, XX 4
R(01) = 5—7
’BlﬂB;

(Compare with Theorem [19).
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Definition 17 The components Ay, gl of the matrices X*, g*, minimizing
1 _
Zir (A*X’Z (z'2)™ Z’XA*’)
n

1 B -
Zir (A*X’Z (z'2)™" Z’XA*'EH) ,
n

where & = A" X’XZ*I, are the subsystem 2SLSE and 3SLSE respectively.

n

Theorem 19

A = argmin tr (AJ’Z(Z’Z)*Z’XA;);
1

A = agmin or (4X'2(2'2) ZXAET),

a —_ !y —/
where 11 = Ay XnXAl.

Comments #1 “Single Equation” 3SLSE = “Single Equation” 2SLSFE.
#2 Single Equation 2SLSFE differs from system 2SLSE if the latter uses

cross-equations restrictions.
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#3 Subsystem 3SLSE is subsystem 3SLSE on A*z; = u}, which is as
efficient as to the PMLE based on A*z; = uf (¥* unrestricted). The
subsystem 3SLSE is equally efficient to the LIPMLE.
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4 CONSISTENCY OF THE ESTIMATORS

Before we examine the consistency of the different estimators we have proposed,
that is the PMLE, MDE 2S5LSFE or the 3SLSFE, we are going to write again
for easy reference a general theorem regarding the consistency of extremum esti-

mators.
Theorem 20 Let a be defined as

. .
a=argmiuR (a),

where A C RP is a compact set and ag € A. Assume that
R () =R (ag) =S () =T (o),
where S (o) is nonstochastic and Ye > 0, 36 > 0 such that
(a) inf S(a)>6>0 (b) sup|7 (o) =0,(1).
lla—aol|>e agAd

Then,

~ P
o — Q.
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4.1 CONSISTENCY OF THE PMLE

Let ¥ = (I1,2) map O into B. We can proceed by finding
B = arg o 0 (1)
then 0 is the solution to ¥ (5) =U.
Next let’s introduce the following regularity conditions.
A3 U = U, implies that & = ®.
A4 VU =T, implies that § = 6.

A5 (LLN)

!
i=ZZ2 P uso

Asymptotic uncorrelation between Z and V,

Z'Voy p
—
n

N = 0
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and
Vo' Vi

5: ng>0.

A6 0y € 0.
It is implied by A6 that Uy € B and by A1l that B is compact.

Theorem 21 (Consistency of the PMLE)
(a) If A1,A5, A6 hold, then

v 5w,
(b) If also A3 holds, then

3L o,
(¢) If also A2, AJ hold, then

9L 0,
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Proof. Denote a = U; R (o) = Q2 (¥); A= B. Then,

R(a) =R(x) = Q2(¥)—Q2(¥o)
= log|Q| —log|Q0]| + %tr {viva'}

1 _
_Etr {%%QO 1} .

Let H = Q1200012 and define

S(a)=tr {(I-Tp) M (I -1) Q '} +tr (H) —log|H| - G

o) =tr {0 (57 0) -
— 2tr {(H —TIp) ]\794}

+r{(0-) (@ -95")},

to show (a) and (b) in Theorem 20}
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Proof of (a) : that is, show

inf  S(a)>6d>0.
¥ —Tol[>e

First ||[¥ — Tg|| > € means that
(I) |0 —1Lp||* > €/2 and/or (I1) || —Qo|* > €/2.

Ir r 0
That is, 1.. o I = Iry; 2. ¥ = 0 + q ) 3. by triangular

inequality, ||A + B|| < ||A|| + || B]| . Thus, if both ||A| and || B|| are smaller than
€¢/2 implies that ||A+ B|| < e.

Next, we have that

tr(H) —log|H| -G >0

because the function g (x) = x — logx — 1 is continuous for z > 0 and with a
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minimum at & = 1, for which g (x = 1) = 0, and we have that
G

tr(H) —log|H| - G = (A —log); —1),
j=1

where A, j =1,...,G, is the jth eigenvalue of H. Notice that by definition H is

a positive definite matrix, so that all its eigenvalues are positive. Now
¢/2 < 19— Qoll = || @2 (1 - M| < o) I - /)
As ||€?]| is bounded below some positive,

{|H-1I|>€/2} & HllaXG|)\j —1]>€/2>0
F=1oees

< max_(\j—log\; —1) >¢€"/2
j=1,..,G
G
< inf
N =
j_

(Aj —logh; —1)>4d>0.
1
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Next, because we have that

2
o o (o) ar

IN

oo o o a2 e

X(@) [ a1 - 1) a2 a7 (2,
we obtain that
HQ—W (IT — TI,) M1/2H2 > | - o2 A (M) X (Q) > 6 > 0.

Moreover, we have that because for a semi-positive definite matrix, the trace

cannot be smaller than the maximum eigenvalue, we can conclude that

G
S(a) > HQfl/z (IT — TI) M1/2H2 +3° (0 —log )y — 1) (4.2)

j=1

Q

~—1
> |- To|* A X () + D (A —logh; — 1)
j=1
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Proof of (b) : that is, show that
sup |7 (a)] Zo.
B
Regarding the first term on the right of (4.1),
sup H(H ~10) (]\/4\7 M) (I — 1)’ Q*1H <C HZ/\/[\f MH
B

because by compactness of the parameter space and continuity it implies that
III] < C1 and positive definite of . But the right side of the last displayed
inequality converges to zero in probability by Assumption A5.

The second term on the right of is

sup H(H —1Iy) JVQ‘lH <C HNH =0, (1)
B
by A5. Finally, regarding the third term on the right of (4.1) we have that
o) -5 = cfo- ] <0

by the same arguments. This concludes the proof of (2) and hence part (a).
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Next we show part (b). Because W is continuous in & and by A3,V = U iff
® = &y, means that Ve > 0, 30 > 0 such that

6w <o & 00 <
That is, the inverse mapping is continuous. So,
reff o 2 < w25} o

which proves part (b). Part (¢) follows by the same reason. m
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Remark

1. Assumption A2 very mild. Observe that we do not need differentiability.
2. Assumptions A8 and A/ are identifiability conditions.

3. Assumption A5 is true under several conditions. What we need is not that
z; and v; are uncorrelated but asymptotically uncorrelated. We basically

rule out that z; contains lagged values and v; is correlated.

4. 05 Qpand M—M = op (1) are true even with serial dependence in errors

and/or regressors.

5. Assumption A6 is not very restrictive. In fact, in practice, we restrict
ourselves to search over A on a compact set. The problem is, if any, how

to choose it.
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4.2 CONSISTENCY OF THE MDE

Consider the following conditions.
B3 I =11, = A = Ap.
B4 I =1l = 0 = 6.
B5 M- M>0 N-Zo0.
B6 The same as AG.

Recall that II(6) is a map © — B and that
QQ (H7 Q) = mBln Q2 (H7Q> )

where
<Y’Y —Y'z(z'2)" Z'Y) .

S|
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Now, A is such that

Then, we have the following theorem.

Theorem 22 (i) If B1,B2,B5, and B6 hold, then

2 11,.
(#9) If also B3 holds, then

AL 4,
(#i1) If also B4 holds, then

0L 6.
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4.3 CONSISTENCY OF THE 2SLSE AND 3SLSE

~ ~ /
1tr{A< f )m( i ) A’D}
n Iy Ix

for some positive definite matrix D.

Let

Let A:© — B and A denote the value which minimizes the last displayed
expression, that is

~ ~ !/
~ IT II
A = argmin ltr A 7'7 A'D 5.
B n IK I

K
Then,

Theorem 23 If B1, B2, B3, B5, B6 hold, then

AL A,
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For the 2SLSFE we have that D = I, whereas for the 3SLSE we have that
D=%"1 If in addition B4 holds, then

0 -2 9,.

Proof. We shall examine the general case, that is

wor=tefa 1)z Y o)
n K K

where « = A and D > 0.

Recall that when D = I5, we have the 2SLSFE, whereas for D = S we
obtain the 3SLSE. Now,

A 0 — B;
a R(ﬁ) = minR (4),
0 = -B'C; 9: A(@) =A

115



Now,

I My + N'M 1
A - A o+
IK [K
— BIy+C+BN'ML.

Also

Il P
Ao ( I ) = BOHO+C0+BON/M_1
K

— ByN'M~!.
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So, we have that

R(a)— R () = itr{A(i)Z’Z(}j{)A'D}
1 o\, (oY,
ntr{A(J(IK)zz(IK)AOD}

. { (Bl +C+ BN'STY) 5 (Blly + 0 + BR'TT) D}
—tr {BOJV’J\?—WB()D} .

After standard algebra, we obtain then that

S(a)=tr {(Bllp+ C) M (BI, + C)' D}
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T (a) = tr {(BH0 +0) (1\77 M) (BIly + C)' D}
+ 2ty {BJ\?’ (BII, + C)' D}
+tr {BN’J\?—WB'D}
—ir {BON’J\?*NB()D} .

Thus we need to show that

(1)
inf  S(a)>d>0,

lo—cxoll>e

(2)
st;p|7(a)| £o.
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We shall begin showing (1). Now

2
_inf S(@) > _  if ’Dl/z(BHOJrC)Ml/QH
N={a:|la—ag||>€} N={a:||a—ag||>€}
> AD)A(M) _ inf 11, + C|°
N={a:lla—ao||>c}
> F inf | B, + C|?

N={a:|la—ap||>€}

because both D and M are positive definite, A(D)A (M) > F > 0. Next, we
examine || BIIy + C||*. We have that

i
BHW+C:(A—A@< O>,
Ik

(A—Ao)<22 ) ( . ) (4~ o)

for some € > 0 as the matrix in the middle is p.d.

and thus

> [[(A = Ao)le,

119



Next we show (2). The proof is very similar to that of the PMLE or MDE.
Regarding the first term on the right of (4.3)),

sup ’(BHO +0) (M- M) (Bl + CY DH <F HH— MH

«
by compactness and continuity. But by assumption, the right side of the last
displayed inequality converges to zero in probability. Regarding the first term on
the right of , it converges to zero in probability by mimicking the previous
argument. Recall that N — p 0 by assumption. So far the contribution due to
the third term on the right of , we have that it is

tr {Bﬁ' (1\7—1 - M‘1> NB'D} +tr {BN’M—WB'D} :

so that because M > 0, we have that M1 —p M~ by Slutzky’s theorem and

also because N — p 0, we conclude that the contribution of the third term on the
right of (4.3) is o, (1) because

~, [~ ~ ~ 12 || ~
| (3t = aa=t) W < |t e
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as is the fourth term on the right of . This completes the proof for the
general case.
Once we have the proof for a generic D, we shall give the proof for the 2SLSE
and the 3SLSE. For the consistency of the 25LSE we just choose D = I.
Regarding the 3SLSE, we have that D = ifl, where

SN X'X ~
X = Assrsp— 2SLSE-
Now
xx 1[vyy vz] e[ Q+IoMI, M
- —
n n Z'Yy 7'Z MH6 M

Also we have already shown that A\QSLSE —p Ap. So,

Qo + MoMII,  T,M

s LA, ,
MII, M

AL =%,

because the middle expression is
(BOQO + BOHOMH6 + C()MHE); BoH()M + C()M) A6
= BOQ[)36 = E().
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So, we have that the only difference of R (o) — R (ag) with the one for the
general situation is the term
tr {(BHO +C)M (BIIy + C) i*l}
= tr{(BIly+C)M (Bl + C)' 5"}
i {(BH0 4 C)M (BILy + C)' (i—l - 251)} :
The first term on the right of the last displayed equality is identical to that S («)

with D replaced by Yg, whereas the second term on the right converges to zero

in probability from the previous argument. m
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5 ASYMPTOTIC NORMALITY OF THE ES-
TIMATORS

The next question or issue is as follows. Knowing that 0 is a consistent estimator,
we now wish to give conditions under which 0 is asymptotically normal.
Recall that we shall abbreviate @, (6) by @ (). The following is a general

result on the asymptotic normality of the extremum estimators.

Theorem 24 Assume

(1) B is an interior point of the compact set ©.

(i) Q(0) is a twice continuously differentiable function in a neighbourhood of 0
(iid)

nULQ@fO) % N (0,D) 2)

2
6;92@(9?> S B0 ®)

for all 0 such that 0 = 0o and where E is a positive definite matrix.
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(iv) 05 0,.

Then,
nl/? (5 - 90) 4 N(0,ET'DEY).
G aQ(0)
Remark 5 The condition (i) guarantees that —g5;~ = 0.

Remark 6 In many situations such as when we have that 0 is the Mazimum-
Likelihood or the Nonlinear least squares estimators with independent errors, we
have that E = D. In this case, we would dobtain that

/2 (9-00) SN (0,7,

However, in many other situations, for instance the Instrumental variables esti-
mators, we have that D # E.
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5.1 PMLE

To apply the above theorem to our estimators we need to strengthen our regu-

larity conditions.
A7 6, is an interior point of ©.

A8 We have that

12 vec (ﬁ)

vec (6 - QO) SN ©.).

A9 O is a twice continuously differentiable function in 6.

P
A10 6y is a regular point of l W ] , where

P= ivec(l‘['); W = i,vec(Q).

o0 oY)
Notation: Let oI 20
=55 %= 5
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1
hi =vec | (TT}; =Q71Q; ) Q71
2 0o

QeI 0 P
H' = (hy,....,hy) = [ e
0 5 (Q ® Q ) w 00
Moreover, denoting
€ij = tr [(QHZMH; + Qigilﬂj) 971]60 s
we have that
E = [eijb,jzl,...,p
QoM 0 P
= [P/§ W/] [ N 1(0)-1g0-1 11,74
0 2 ( ® ) 6o
1. The matrix H comes from the first derivative of the objective function, i.e.
9Q (0) /06,
2. FE is the second derivative of the objective function, i.e.
2
{8 Q0 /(901480]'}1,’].:1’“4)
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after using the fact that
tr (ABCD) = vec (C) (D ® B')vec(A’).

Also, we assume A1 and A7, that is the compactness and asymptotic identi-

fiability respectively.
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Theorem 25 Let 0 be the PMLE of 0. Assume that A1 — A10 hold. Then,
nl/? (@— 00) 4N (0, By DoEyY); D= HLH'.

Some conditions are redundant. For instance, A6 is implied by A7.
Proof. First, we shall to show that

(a) 85 6y and (b) E > 0. (5.2)

As (a) is already shown, we shall show part (b) of (5.2)). We first observe that

A4 & A10 imply that
P
rank =p,
w 0

which in turn implies that £ > 0.
So, it remains to show that conditions in (4i7) of Theorem are satisfied.
We shall begin with For that purpose, we shall show that E|
1 0
nt/2 90

3Review of matrix calculus: for A = A (6)

Q(60) % N (0,Do); Do=HLH' |y, .
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Denoting

1 1 9Q(b)
n1/2 Q’i(] — nl/i 801
() s
where ~
vec | N
§=n' A( ) SN (0,L).
vec (O - QO)
1. %én |A| = %vec’(A)} vec(A~1).
2. Fyued(A7h) = — %ved(A)} (A‘l ® A"1> .

3. Ztr(AB) = %vec’(A)}vec(B').
4. Ztr(A'BAC) = 228 (A)(C ® B')vec(A).

5. 35’;9, tT‘(A'BAC) = 28:};;’ (A)(C ® B/) ngc(A) + M, where M has (i,j)—th clement
rg_0%A
2tr (A'B5245-C).
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So, we can conclude that

19Q(60)
nl/2 96

=-HS L N(0,HLH").

This completes the proof of . Next we show . But this is the case because

1229 (0)
n 00,00,

because  is an intermediate point between 9 and 0o which implies that 0 — p bo.
[

Remark 7 E>0 is sufficient for identification and necessary if A10 holds.

Remark 8 Condition A8 holds true in many situations. For both stochastic and

nonstochastic z;, lagged y; and serially correlated v, but no both at the same

time.
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5.1.1 WHEN II AND Q@ ARE FUNCTIONALLY UNRELATED

We shall assume that
On
0= 3 HZH(@H); Q:Q(GQ)

In this case the matrix [P’, W’]" is block diagonal, that is

P, 0 0
= 9 eI, Q
< 0 P2> g7 vec I )
(B0
0 B

Pl(Q e M) P,
1

E, = 5132’(9*1@99*1)132.

and also we have that

where

£y
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Thus, we have that

oo ((91®JK) 0

P 0
0 (et 0 P

_ ( (Qtelk) P

O

and then that

nl/2 < O — 0o, ) i,/\/’(O;E_lDE_l) 7

O — 00,0

where in this case we have that

E—IDE—I _ ElelLllH{Efl

But,

132

E;'H L1y HyE;?
By HyLyoHYES!




is the asymptotic covariance matrix of n'/?vec (]\7) Then,

nl/2 (511 _ 90,H> 4N (o, (P (@ aM)P)" }90,n>
1

e () (1)) )

Py

where

s,
= ——vec(4').
o0

i
I
Why? Because BII + C' = 0, we have that ( / ) A’ =0 so that

! !
o (n\ ., (u\ o, or_,
89i<1>A<1>89iA+aeiBO'

Then,




and

—vec <

So, we conclude that

From here
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and thus

Pl (Q7 o M) P

{1 (1))
e (1)+(1))n

If u; is Gaussian we have that Lo = 0 so that @H and @g are asymptotically
uncorrelated. Before we examine the asymptotic normality of the 3SLS or M D
estimators, we are going to see a general theorem about the order of magnitude

of the difference of estimators.

135



5.2 ASYMPTOTIC EQUIVALENCE OF ESTIMATES
We begin with a proposition. Let F), (#) and H,, (f) be two loss functions for 6.

o Let En be such that f,, (§n> = 0, where f,, (0) is the first order conditions
of F, (9), that is f,, () = OF, (9) /96.

o Let 57,, be such that g, (5n) = 0, where g, (0) is the first order conditions
of H, (0), that is g, (6) = 0H,, (0) /8.
Then, we have the following result
Theorem 26 Let N. = {0 : |0 — 0o|| < €} for some 0y and assume that
(i) 0, —p 0p.
(1) 0, —p Oo.
(7i1) For some e > 0, g, (0) has a first continuous derivative G, (8) = dg,, (0) /06
for 6 € N, and such that ¥6 > 0
lim lim Pr{ sup |Gy, (8) — Gy, (60)] > (5} =0
e—0n—oo 0N,

Gn(bo) = G+o,(1)
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with |G| # 0.
Then, we have thaﬂ

=0, = 0y

o, (

() ~ 9 (5)])

0 52)])

Proof. Choose € > 0 that satisfies (iii). Because both 6,, and 6, arc consistent,

then we have that with probability close to one for some ny we have that Vn > ng

0, :=0¢€ N, and 0, :=0c N_.
4Obviously, we could have written the statement of the theorem as

O — B = O, (an (En)H) :
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But from (iii) we also have that there exists G,, such that
0 (0)-10) = 0.0
— 0. (9) + 0 (7-9)
= G.(0-9),

where [[Gy — G (60)]| = O (suppens, G (0) = G (90)1I) = 0 (1) as n — o0
and ¢ — 0. Hence,
G, = (Gn—G,(00))+ (Gn(b)—G)+G
= G+o,(1).
Therefore, we have that
~ ——1

-0 = G, 'gn (5)
= (G+0,(1) " u (9)

A0DE

and thus
0-0=0, (
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This completes the proof. m

Basically the previous proposition shows that to examine what it is the order
of magnitude between the difference of two rival estimators of a parameter, say
0y, it suffices to obtain the order of magnitude of the FOC but when evaluated

at the other estimator.
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In what follows, we shall assume that ¥ is unrestricted and that 6 parame-
terizes the matrix A alone. In addition, let’s introduce the following conditions,

some of which override previous ones.

B7 0y is an interior point of ©.

B8 n'/?vec (]\Af) A N (0, Ly).

B9 02 0Q,>0.

B10 A is a twice continuously differentiable function in 6.

B11 0, is a regular point of
0
P = —wvec(Il').

00
Theorem 27 Assuming B1 — B11, we have that
(@) Opmie—Oups = Op <n’%) ,
() Oprre —O3sse = O, (n7)
(¢) Oupr —O3srse = O, (n7h).
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Proof. We shall prove (a) and (c¢) only. We leave (b) as an exercise. We have
shown that ép ML E,EM pE and %SLS g are all consistent estimators for 6.
Also, by a slight modification of Theorem 25 we obtain that

Oprre — 0o =0, (n71/2> .

To show part (a), we shall make use of Theorem To that end, denote

/én = /H\pMLE and 51; = 5MDE~ Also denote

0
Fri(0) = 55Qu(®)

9 .
gn,i(e) = %Qnﬂ (H;Q)-
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Then, we have by definition that f, (§n> =0 and g, (5n) =0, Wher
fn,i (9) = tr (AiR/E_l (A))
gni (0) = tr(4R'BOB)

5This footnote is to indicate how we can obtain the function f,, (6). We first remember that
the objective function is by Theorem @

1 1 V'V
—lo .
2 & n
So,
1 ! VIV ~
o —log‘VV’ :tr(l—o_l).
00; 2 n n
Next, V; = 0V/00; = —ZII}, so it implies that
o1 1740% Z'V (V'V\T!
—lo = —tr [ II; (—) (5.3)
00; 2 n n n
Z'v
= —tr (Hi B'v71(4) B)
n
since V/ = B~1AX' or
V = Y-zl =Y +2C'B'!
= XA'B7L
But, BII + C = 0, which implies that
1o}
i
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with

B X'z
Ai 8701147 R—A n (H,IK)
!
S = A Xy
n

Therefore,

I (§n> = Gni @n) =tr (LPMLE,i (QE}WLE - ﬁ_l)) )

or that
~II; = B~'B;,I1 + B~'C;.
So, the right side of (5.3]) becomes

!
tr (B’l (B;I + C;) ZV g1 (4) B)
n

= tr ((Bin +Cy) Z;Z—VB’E’l (A)) .
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where

LpyvrLEe,
QpmLE
pymre

Then, we obtain that

because

=)
Il
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In addition, because
pype— Ty = Op (n_1/2> . M1l = O, (n_1/2> )

it implies that

~

Qpryre—Q = (Hpyrp — H)

|
QS
3
—
S
|
—

where I is the LSE of TI.
Thus,

QI;}WLE -0 =07 (ﬁ - ﬁPMLE) QI;}WLE =0y (n7")

since 29 > 0 and both Q and (AZPMLE are consistent estimators of 0y which
implies that Q! and ﬁ;}w g are O, (1). Then, we have concluded the proof of

part (a) of the theorem because

Tni (@n) — Gni (@n) =0, (n—l/Zn—l) —o, (n—B/z) .
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The proof of part (c) is trivial, when we take part (b) as holding true. Indeed,
by definition

Onpp — O3spsp = @MDE - aPMLE) + (/éPMLE - a35LSE>
= 0, (n73/2) + 0, (n71)

by parts (a) and (b) respectively. m
The previous theorem shows that the M DFE is the closest estimator to the
“IDEAL” and closer than the 3SLSFE.

Remark 9 We do not say anything about the 2SLSE because the latter estimator
does not have the same asymptotic distribution as the MDE, PMLE or 3SLSFE.
So, it does not make any sense to study how close the latter estimators are with
respect to the 2SLSE.

Moreover, the last theorem can be employed to obtain the CLT for the MDE
and/or 3SLSE quite trivially.
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Theorem 28 Under Bl — B11, we have that
/2 (5 _ 90) 4 N(0,Ey ' DoESY)
where
Dy = Pj('®Ik)L ('®Ik) P
Ey = Pj(Q'®M)P,
for@ = /éPMLEa or 5MDE or a35LSE~

Comparing the asymptotic variance with the one in Theorem one notices
that it is as if the true Q2 were known.
Proof. A slight modification of Theorem [25] would yield that

n1/2 (gPMLE - 90) i) ./\[ (O,EJID()EJI) .
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On the other hand, by Theorem
n'/? (/éMDE - 90) = nl/? @PMLE - 9()) +nl/? (aMDE _EPMLE>
= nl/? (EPMLE — 90> +0, (nil)
= n!/? @PMLE - 90) +o0,(1).
So, we conclude by standard arguments that
n!/2 (Onpp — 00) 5 N (0, By DoEy )
Now, by Theorem 7] again,
n'/? (/éSSLSE - 90) = n'/? (/éPMLE - 90) +n!/? (/éSSLSE - 5PMLE>
= nl/? (/G\PMLE - 90) + 0, (nfl/Q)
= nl/? @PMLE - 90) +o0,(1).
So, by standard arguments we have the desired result. This completes the proof

of the theorem. m
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Similarly, we can deduce the asymptotic distribution of ® and U which cor-
respond to EPMLE,EMDE and 533L5E. We are going to discuss this in a general

framework.
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5.3 DELTA METHOD

Consider a g x 1 vector of parameters ¢ (0). and also denote its first derivative
by F, that is F' (0).

Lemma 29 Suppose that F (0) = agéle) is continuous at 6y and
nl/2 (@- 90) L N(0,).

Then,
nl/2 (¢ (5) p (90)) 4 N (0, FIF), (5.3)
where F' = F (0p) .

Proof. The mean value theorem implies that the left side of (5.3)) is

F (0) 7 (0- 1),

where 6 is an intermediate point between 9 and 0. But we have assumed that

F (0) is continuous at 6. So, by Sluztky’s theorem, we have that
F (5) L F(0y),
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because 6 — p 0g. Therefore, by standard arguments, we conclude that

nt/? (¢ (@) ! (90)) —  F(f)n/? (5 . 90)
+ (F (’é) ~F (90)) nl/? (5 - 90)

—  F(f)n"/? (5 - 00) +o,(1).
From here we obtain ([5.3) by a simple application of Cramer’s theorem. m

Remark 10 The identifiability of ¢ means that F is of full column rank and
the number of rows is bigger than equal to that of columns. In terms of the
structural form parameters, the distribution is singular, that is FJF' has a
determinant equal to zero as is the case with the reduced form parameters if

the system of equations is overidentifiable, whereas it is nonsingular if it is

just-identifiable. We can expect this because

@ (0) =vec(®(0)) or ¢(0)=wvec(¥(0)).

For instance, the three structural form parameters depend on two underlying pa-
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rameters. That is,

¢ = 01+0,
¢2 = 91 - 92
o3 = 2071+ 302.

Obuiously, ¢5 is a linear combination of ¢, and ¢, which implies that the asymp-
totic Variance-Covariance matriz of 51,52 and 33 is SINGULAR.

152



54 LAGRANGE MULTIPLIER METHODS

If ¢ (0) is only implicitly defined by constraints on ¢, we can obtain an equivalent
result without having to ‘leave out’ the constraints.
Let

¢=arg£)neng(¢),

where A C © is such that w(¢) = 0 for all ¢ € A. Now, the standard way to

obtain 5 is by computing the lagrangean

L(6,A)=Q(¢)+Nw ()

and then that
o~ N .
(63) =argmin £ (6.).

Assuming the consistency of the estimators, we look at their asymptotic distrib-

ution.
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Now, the F.O.C. are

0—n¢(¢7)

= n'f? anQ (60) + Kn'/2 (3= 65) +n! /W3,

= nlm%Q (g) + nlmwx

by the mean value theorem, and where

0

W= W(&); W () = gow' (9)
090 6¢8¢/
= Ko+o,(1).

Also
0 — nl/Q%E(qb, ) ‘&X — 02y (3)
= 0w (gy) + 02 W (8- 6)
= Winl/? (?b - ¢0) +o, (1),
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because W (¢) is a continuous function around ¢, so that
oL 0y =W L.

Thus, we have the following system

op(1) = i) + Kan'l? (3 0y) + 0 PWak

op (1) = n1/2W6 (a — d)o)
and hence

[ nl/Z%Q(%) ] _ [ Ko Wy 1 [ nt/? (¢ :¢0) +o0,(1).
0 wg o0 nl/2\
If 5
n?55Q (60) % N(0,L)

then




provided that
Ky Wy

0,
we oo |7

which holds true only if there are not redundant constraints in w (¢). The last
condition can be viewed as an identifiability condition. If ¢, is not identifiable
without w (¢) = 0 then K is singular and the incorporation of w (¢) = 0 leads to
non-singularity (see Theorem @ On the other hand, if ¢ is identifiable without
the constraints w (¢) = 0, then K is already non-singular.

If L = Ky (for instance if @ () = —n~! times log likelihood), then the As-

ymptotic Covariance matrix becomes
-1 -1
Ky Wy Ky 0 Ky Wy
Ws o0 0 0 Wy 0 '
Moreover, K| is non-singular, the last displayed expression becomes

K (1= W (WK W)™ Wik ) 0

0 (Wi Iy ' Wo)
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whereas the unrestricted estimator has an Asymptotic Covariance matrix K; L

which is greater than or equal to
Kt (1= W (WK ' Wo)  WiKG )

because
K Wo (Wokg ' Wo) ™ Wik > 0,
Thus, the constraints in w play a double role

#1 To obtain the identifiability of the system (if needed).

#2 To improve the efficiency of the estimators.
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5.4.1 CONSISTENCY OF RESTRICTED LSE OF A,

Assume
a=vec(A)=F0—f

and consider the least squares, for which

0= inQ (6
argmin Q (9)

Q) = tr (AX/XA’) .

n

where

Theorem 30 Assuming A5, a sufficient condition for

a5 ag = vec (A})

By
F’vec( OO 0 ) =0.
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Proof. Using the fact that tr (EBCD) = vec (C) (D ® B')vec(E'), we have
that

/

Q) = wed (4) (IG ®

X'X
= o <IG® >Oé
n

X ) vee (A')

= oLa
= (F6—f)L(FO-f),
which implies that
~ ~ -1 ~
f = (F’LF) F'Lf.
The last expression looks like the GLS estimator of f on F' with covariance matrix
L=t
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So, for the consistency it suffices to examine the matrix F” LF. But we have
that L = I ® £X with

X'X 1Y
= - Y, Z]
n ni| z
B n~ Y'Y o WYW'Z | p | MeMIOj+ Qo oM
* n-12'7 * M
Thus,
b l ( Mo MIL, + Qo oM )]
L= |Ig
* M
QO 0 HO
= |1 + M (1), I =: L.
Hence
0L 0,
if



that is
(F'LF)""F'Lf = 0y,

or similarly that
F'Lf = (F'LF)#,.

So, we have obtained that a sufficient condition for the consistency is that
F'L(Foy— f) =0,

or in terms of «, that
F'Lag = 0.
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Next, using that vec (ABC) = (C' ® A)vec (B), we have that the left side of
the last displayed equality is

Ic@{( %0 8 >+ ( HIO )M(HB,I)H vec (Ap)
(5 1) (1)
o5y + o M x0
0 I
= F%ec( BO_IZO )
0

Thus, we conclude that 95 0o implies that & 2, ap with the right side being a

FI

Fvec

F'vec (because BIL + C = 0)

sufficient condition. m

Example 20 @ 2 ay when By = I a priori. That is, we have the classical

multiple regression model.

162



~ P . X
Example 21 a = «q in a recursive system.
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6 ESTIMATION OF NONLINEAR SEM AND
TRANSFORMATION MODELS

Consider the complete system of equations
u (x5 0) = uy,

where z; = (y/, /)" and u; is a G x 1 vector. Also all throughout, we shall assume

that
1. u; and z; are independent.
2. Eu;=0foralli=1,...,n.

3. F (u,u;| zi,zj) =F (ulu;) =X7 (i =j).
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6.1 MAXIMUM LIKELTHOOD ESTIMATOR (GAUSSIAN)

Let’s assume that u; ~ N (0,X) for all ¢ = 1,...,n. Then, the objective function

becomes

o

l

1
Q.Y = Slogls - Zl
1 n A
—_ i ¥ - 0) .
+2n;u(mz,9) u (24 0)

Recall that log |0u (x;; 0) /0yl| is nothing but the Jacobean of the transforma-

tion of u; = u (x;;0).
The function @ (6,3) is just —1/2n times the log likelihood function.
The first derivatives of @ (6) are

1 & Ou (x4 0) L 9%y (x4;0)
2,00:3) = nZ{‘”K oy ) aegayi]




Therefore
—Q (6,%) Z{u 25;0) ST (233 0)
ou (x;0) 0T} (x;;0)
o l( dy; ) dy; H

1 Z { (w33 0)" BT (w330) — tr (W) } ’

i

where

Ou (x4 0)

T; (x5 0) = 9.
J

Also, let the reduced form be

yi = R (u;, 23 00) .
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It can be shown, see Amemiya (1977, 1982)E|7 that

E <82_7Q (007 EO)) = 07

which suggests that under regularity conditions
0.3) =argmin Q (0,3
( ; arg min Q0,%)

satisfies that 0 —p bo.

Moreover, under some additional regularity conditions
W2 (- 00) 4N (0,57,

where, as usual,

82Q (007 20) P -
= L E
0600
6Recall that in the linear SEM,
0Q (6o) — [P W] QeI 0 vec (]V)
90 0 % (971 ®971) vec <6790)
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which implies that 0 is asymptotically efficient.
In the linear case, we have seen that theses types of results hold true under
very general class of distributions for the error u. Basically all that it was needed

for the consistency was that F (u|z) = 0.
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6.2 INSTRUMENTAL VARIABLES. GMM ESTIMATES

These type of estimators will allow us to obtain consistent estimators of 6
under wide range of distributional assumptions. The basic idea is to use the fact
that if u; and z; are independent (implying that the conditional expectation is

zero) then we have that

Vo (2i); Eluig(zi)] = E{E[wi¢ () ]2]}

= E{¢ (zi) Elui |z} (4)
=0.
Thus, one can expect that
1 n
=3 ¢ (z)u Lo
s

Thus, consider

0= i 0
argmin Q (6),
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where
n

n -1 n
Q(Q):%Z“(%@)/P{ <ZP,;MP{> ZPiU(zi;9)7 (5)

i=1
and where P; is a p X G matrix of functions of z; and M is a positive definite
matrix.

Compare with the classical IV E in the linear regression case, what you have

there is

Lz W W) W (Y - 2p)

1 n n -1 n
= fE W) E wiw, E Wil
n
i=1 i—1 i=1

The first order conditions are
1 _ ~
2wy (WwW) T W (Y - Zﬁ) =0
n

Because |Z'W| # 0 and |W'W| # 0, then the previous equation becomes

W (Y - ZB) —0=F=W2Z) "Wy,
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Now, the first order conditions for are

-1
0Q(0) 2 o o [N —~
= —n;T(ml,é‘) P ;PZMPZ- ;Plu(:mﬂ%

where as before

0
wu (x:;0).

But, because z; and u; are independent, we can expect that

T (2:30) =

E (Pu(xi;00)) = 0

Then,
1 & P
— Z Pyu (2;600) — 0.
N4

Also, we can expect that

1 n
n ZT(mi?HO)IPi/ LA,
n

i=1
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where A is a finite matrix, and also that

This is what, among other issues, Hansen (1982) showed.

Remark 11 Observe that we have not made any assumption regarding the prob-
ability density function of u;. Only we have assumed that E (u;) = 0 and thus it
appears that (@ holds true under very general conditions.

Later on we will see who is the matriz Y, PiM P/ and which instruments

P; to choose to obtain efficiency.

In fact, we can show that, under suitable regularity conditions,

/2 (0-60) 4N (0,47 BATY),
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where

1
A = phmEZT/(mi;Ho)Pi'

=1

1 n
= 1. —_ / i P/
plmn;S (zi;60) P;
1,
B = pllmE;PiEOPZ,
with
S(z;,0) =E[T (z;0)|z].

Let
I _
€ =plim D 8" (2i300) B 'S (243 00)

i=1
then we can show that

cl<A'BATY
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and therefore C~! is as a lower bound, which can be achieved if we choose
PZ»:Eo’lS(zi;Ho); M:E().

That is, if

n

-1
a 1 I v—1 - Iv—1 - /5 —1
= — i by i ) i i i3 )
0 argmin — E u(x;;0) 3, S (g Si¥g" S ;:1 Si¥g u (x4 0)

=1 i=1

then @ is efficient, with S; = S (23 60).

Problem:

Yo and S; are unknown. So, the above estimator 9 is infeasible (it cannot be
computed).

With regard to ¥y, there are no problems because we can employ 0 to obtain

u;, 1 =1,...,n, and then from here X as usual.
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But what about S;? Recall that by definition,

S; E [T (z:;00) |2]

0

which is?

Because the partial derivative is not linear in u;, this latter conditional expec-
tation is difficult to know, or put it in another way, unless we know something
about the distribution of u; is not possible to obtain S;. However, if we know
something else about w; apart from E (u;) = 0 and F (ulug) = X7 (i =j), then
6 would not be efficient. Chamberlain (1987,1992).
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6.2.1 FEASIBLE OPTIMAL IV ESTIMATOR

Recall

0
w(zi;0) = w; T (x4;0) = wu

(%;9);

Assume that there exists a vector v; € R” independent of z; and &, € R’ such
that
T(SCZ,H()) :Q(vi,zi;fo), Z: ].,...,TL.

Now, because v; and z; are independent
EQ (vi,2z1;6) |z1] = E [T (1;60) |21] = S1.

Therefore, this leads us to think how we can estimate S;, i = 1,...,n.

Given observations vy, vs, ..., v,, the typical estimator is as usual to replace
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population moments by sample moments, that is

~ 1
Si = MZQﬂ

' jEM;
= Mil Z Q (vj,2i5 &) »
JEM;
where M; consists of M; of the indices 1,...,n, and where v;, j € M;, are
independent of z;.
Because v; and &, are not observable, all we need to do is to replace them by
say v; and ZO, respectively, which are “consistent” for v; and &,.
In the original paper, Robinson (1988) discusses three leading situations. We
will only focus on one of them. (Case I in his paper.)
Let
y =R (u,z;0p)

be (the reduced form) a unique solution for

u (z;00) = u.
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In this case

Qv,z8) = Q(u,z0)
T (R (u,z;0p),2;0)

and choose v; = u; and £ = 6. The idea is

T(z;0) = T(y,20)
T (R (u,2;6p),2;0)
Q (u, z;0)

implies that © = v and £, = 0.
Obviously both U and 6y are unknown and thus we will write instead of u, u,
e.g. obtained by a previous estimator of 6 and 6 by such an estimator.

In this case,

S(z:0) = E[T (x:0)]z]
= FEQ (ui,z;0) 2],
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which will be estimated by
i M Z (’LLJ, Zi5 ) .
JEM,;

Notice that there would be a close form for @ if there was one for “R”.
Otherwise, we need to use numerical approximation. One possible reason to

allow M; to be a subset of {1,...,n} is for numerical or computational savings.
Thus, the feasible IV E will be

n -1 5
$-1g To-1g g1
- E i 0 S; E S X705, E S, i:0)
arggélél u (x;; < ) 2. u (x5 0)

which under regularity conditions
n'/2 (9~ 60) 4 N (0.07")
0 )
and a consistent estimator for C is given by

n
1 S
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M, can increase arbitrary slow as n — oo, in fact all we need is that {M;}"_;

satisfies
1 n
im — -1 _
nlirr;o - E 1 M; 0.
i—

This will save a lot of computations. In general we will need Y. ;| M; oper-

ations for the estimation of 6. (When P; is used, we only need n operations.)

WHEN u.s ARE SERTIALLY CORRELATED
In this situation, the previous estimator is not efficient. (Compare with the
GLS estimator in linear regression models.)

Obviously, we assume that there are not lags of y; in the model. Now, put
U(0) = (u (xl;H)/,...,u(a?n;H)/)

and
Qo= E[U () U’ (6p)] -
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Then the optimal IV F is in this case
0 =arg min U (6) 2 (5'05'5) §'2U (9),
where S = (54, ..., S,)" and
nt/2 (97— 00) 4 N (0,971,
with
U= pnllrr;OS'QalS.

Let’s look at one example.

Example 22 Assume a particular parametric specification for Q). For instance,

suppose that the sequence {u;};c, admits an AR (00) representation

oo oo
> Bjui_j=ei; Y |Bj| < oo,
=0 =0

where {e;},, is a white noise sequence of random variables, that is Ee; =0 and
E (eie;) = IgxcZ (Z = j)
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Because the model is parametric, it means that B; = B; (o) for all j > 0.

Now, suppose that we have some estimates of To, say T, such that
’/7'\—7'0 :Op (n71/2> .

Then it is pretty obuvious that we can estimate B; by Ej = B; (7).
Then, apply the feasible transformation

i—1
& (0) = Bju(wi-s0),
j=0

and the instruments will be not S;, but



Under suitable conditions, we can show that
W2 (0 00) 4 A (0,97,

where
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6.2.2 Linear SEM

We are going to see that the 2SLSFE or the 3SLSE are instrumental variable
estimators.
In short, they are like setting the variable P; in GMM as

Pi=Ic®z, or Pi=(Ig®z)x Y2
Recall that the objective function of 2SLS is

u’lPZul + -4 U/GPZug.

First recall that our model is
AX'=U'
which after using the vec notation becomes

(X®lIg)a=u,
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where o = vec (A) and u = vec (U’).
Now, let W be a nG x (G (G + K)) matrix and consider

@; a=a«a (@)
such that
Q(8) = minQ()
QO) = W (XI)a,

where W is a matrix of instruments. Then, 9 and @ are the IVE of 0o and «p

respectively.

Theorem 31 The 2SLSE is an IV E where

i ’
W=Z<I>®IG
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and 11 is the LSE of Iy, that is
Y = ZII'+V
oI = vyzZz™".
Proof. First, we know that the objective function for the 2SLSFE is
Q) = tr {AX’Z (z'z)™" Z’XA’}

= wec (A)vec (AX'Z (z'2)7" Z/X>

o (X’Z Z'2)7 Z'X ® IG) vee (A)
= o (X’Z Z'2) Z'X ® IG) a.

Now,

X'2(22) 27X ele = (X222 7 els) (X2 lg)

Y'Z(2'Z)"!
( ) 1 A ® Ig
(2 72)(2'Z)

= W (X®lg)

(X ®Ig)
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with _
! H !
W' = K / )Z@IG

Q) =W (X®Ig)a

Therefore,

which concludes the proof. m
Remark 12 For the 3SLSE we have that

~ I

11 ~
Z( ) =P

I

W:
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7 HYPOTHESIS TESTING

o We will focus on tests with large sample justification. They are based on the

properties of point estimates that we have already examined and described.

o We split the parameter vector 6 as

where 61 is g x 1 and 05 isa s x 1 with p=¢q+ s.

e The true value is 6 = (6, 9/20)/ and the type of hypothesis that we will

look at are

composite if ¢ < p

Hy : 6010=0 . .
simple if g =p

H1 : 910 # 0.
Remark 13 We shall consider always 619 = 0 without loss of generality.

188



Example 23 Suppose
Hy: Rywppg=r

with rank (R) = q. Then,

92 = ¢27

so that

which implies that
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7.1 Review of Classical Hypothesis Testing

Let a partition of the parameter space ©® be made and given by
0 =06pU06;

The null hypothesis is given by
Ho : 0 € O

and is tested against the alternative hypothesis
Hi: 0 €0,

The null hypothesis Hy is maintained unless it is rejected in favor of the alterna-

tive hypothesis H;.

e When Oy and ©; are singleton sets, we say that the hypothesis is simple.

Otherwise, they are composite.
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e A ‘test’ is thus completely synonymous to a ‘critical region’. We will there-
fore refer to a test with its critical region. That is, the state space & is
partitioned as the disjoint union of the critical region C and acceptance
region A, i.e.,

X=CuAd

If x € C, then Hj is rejected in favor of Hy. If, on the other hand, x € A,

then Hy is continued to be maintained.

e The statistical hypothesis testing is usually based on a test statistic 7.
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Let X = (X1,...,X,) be a random sample, and suppose the distribution of
X is given by a parametric family P = {Py| 0 € O}.

e The power function 7(0) of the test C is defined by
m(0) = Po(C)

Moreover,

R

is called the size of the test, while the values of m at 8 € ©; are called the

power of the test.
We define
Definition 18 The test C* is Uniformly Most Powerful (UMP) if V0 € ©,
Py(C*) = Py(C)

for any test represented by C of the same size.
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o When both the null and alternative hypotheses are simple, we may write
Hy = 0y and Hy = 6. Since © = {0y, 6:1} in this case, P consists of two

distributions, which we write as
Pgo = PO and Pgl = P1

for the null and alternative distributions, respectively. Clearly, Po(C) and

P1(C) are the size and power of the test.

e Notice that Py(C) is the probability of rejecting Hy when it is true. On
the other hand, P;(A) is the probability of accepting Hy when Hj is false
(and H; is true). Both of Py(C) and P;(A) are the probabilities of making

errors, which we refer to as the type I and type II errors, respectively.
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Assume that both the null and alternative hypotheses are simple, and the

distributions Py and P; are given by the likelihood functions p(x, 6y) and p(z, 61).
Lemma 32 (Neyman-Pearson) The test which rejects Ho when

o p(mael) c or Mz) = p(‘rag())
M) = de) =T = oy

for a constant ¢ is most powerful. In words, for any size «, the likelihood ratio

<c

critical region is the best critical region.
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Proof Let C* = {z|A(z) > ¢}, and suppose C' is any test other than C*
with the same size, i.e. Po(C) = Po(C*). We need to show P;(C) < P1(C*).
Assume without loss of generality that C and C* are disjoint. Then

p(x,01) > cp(x,00) over C*

and

p(z,01) < cp(x,0p) over C

We thus have
Py(C*) = / p(z,01)dx > c/ p(x,0p)dx = cPo(C*)

and

P1(C) = /Cp(xﬁl)dm < C/Cp(xﬁo)dm = cPy(C).

The stated result then follows immediately from the fact that cPo(C*) = c¢Po(C).
|
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e The above lemma guarantees the existence of a best test under simple null
and alternative hypotheses. The criterion used in the construction of the
likelihood ratio (LR) test A(z) > ¢ indeed tells us about the form of the
partition of X. We can view A(z) as a ratio of marginal power to marginal
size. Then the LR test includes only those points in X that have significant

enough power increase per unit of size increase.

e The LR test is generalized as
)\(1‘) _ SUPgco, p($, 0)
SUPgee, P(,0)
for composite hypotheses. The generalized LR test rejects Ho when 7(z) >
¢, where 7(z) is any monotone increasing function of A(z) and c is given for
a prescribed size. Note that the Neyman-Pearson lemma does not apply to
the generalized LR test. Optimality properties of the generalized LR tests

are much harder to show.

e In practice, ¢ should be chosen properly to control the size of the test. It

is called ‘critical value’ of the test.
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e The regression model is a semi-parametric model, in which the parameter
of interest [ is parametric while the distribution family is nonparametric in
the sense that it depends on infinite-dimensional unknowns. In this setting,
the size cannot be calculated exactly but is calculated asymptotically.

Here comes the “asymptotic test.”

e The rejection/acceptance dichotomy is associated with the Neyman-Pearson
approach to hypothesis testing. An alternative approach, associate with
Fisher, is to report an asymptotic p-value. The asymptotic p-value for a
statistic is constructed as follows. Let a statistic ¢,, converge in distribution

to Z. Define the tail probability, or asymptotic p-value function
p(t) = Pr{|Z] = |t[}
Then the asymptotic p-value of the statistic ¢,, is

Pn :p(tn)~
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Sometimes the asymptotic p-value function is defined as

p(t)=Pr{Z >t}.

Another helpful observation is that the p-value function has simply made
a unit-free transformation of the test statistic. That is, under the null,
P =4 U [0, 1], so the “unusualness” of the test statistic can be compared to
the easy-to-understand uniform distribution, regardless of the complication

of the distribution of the original test statistic.

In applications, our model is often given in a form other than likelihood
function, as in the linear regression. Even in the MLE framework, other test
statistics than LR statistic are employed in practice from various reasons.
The t/Wald test and score (LM) test are most common and constitute the

trinity of tests including the LR test.
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7.2 WALD TEST (Generalized)

Assume that
H1 9 is a consistent estimator of 6y = (610, 0/20)1 such that
nl/2 (5 - 90) <4 N (0,D)
for all 6y € © and where

D =D (f) = ( D11 (6) Diz(6o) )

* D22 (90)
and D11 (0p) and Dag (09) are ¢ X ¢ and p — ¢ X p — g respectively.

H2 Under Hy: 010 =0
D1y (5) ﬂ D1 0 = D(l)l‘
020
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Definition 19 (Generalized) Wald statistic is given by

W = i il
Remark 14 Many possible estimators of 0, 5, exist in a given problem and
for a given 0 there are many choices of Dii. D may or may not make use
of Hy. However, if it does, it will depend on 52 only. If not, we have that
511 —p D11 (0o) whether or not Hy holds true. If we employ the MLE, then

D~ is the information matriz.
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Example 24 Consider the linear regression model
vi = Bozi + vi,

Ev; =0, Evw; = 02T (i = j). Now our hypothesis testing is

Hy: RBy=r
and rank (R) = q. Write
91 = Rﬂ -T
0> = By

| B
5(62)'
(5

By )
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Assume
M = %Z’Z LM>o0
nt/? (E — ﬂ) 4N (O,U?}M_l) )
Therefore,
n'/2R (B - 5) 4N (0,02RM 'R/ .
Now under Hy :
n1/2§1 = n'/? (RB — r)
= 2R (B-5) 4N (0,P1)
where D11 = 0c2RM 1 R'.
If

n

~ 1 ~r \2
Ui:EZ(yi—ﬁzi) )
=1
then

W =nf, (3331\7—13’)7151.
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Theorem 33 Assume H1 and H2. Then, under Hy : 619 =0,
w42,
Proof. Hy and H1 imply that
n'/20, = n'/? ([9\1 - 910) <, N (0,Dq1)

so that
o1y d
”917)11191 - Xg
by continuous mapping theorem.
But,
— n0.D18, = nd. D10 12 (D=1 _ p=1) G, nl/2
W = nb, Dy 0y =nbDiybh+n 1\ ¥ 11 ) hin
~ ~
= n6,Dy'01 + Oy (1) 0, (1) Oy (1)
~ o~
= ;D101 + 0, (1)

d 2
—>Xq,
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Thus, this theorem is telling us that an asymptotic a-level test is given by
Reject Hy iff W > X;a,
where

/ pdf (xi) dxg =q.
X

2
q,x
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Definition 20 For a test-statistic T suppose we reject Hy when T > c. Then,

the function defined as
I1° (10) = Pr{7 > c|610 }
is called the POWER FUNCTION for 7.
Theorem 34 Under HI and H2, for c = X<217a7 we obtain that
I1° (0) et
Proof. Trivial. m
Definition 21 The test-statistic T is consistent IFF
1 (010) — 1

for all 19 # 0 and for all ¢ > 0.

What does it mean? Basically that you will reject the null hypothesis Hy :
010 = 0, with probability ONFE as n — oo if Hy false.
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Let’s introduce the additional assumption.

H3 For all 6y € O,
2311 £> D11 > 0.

Theorem 35 Assuming HI1 and B1, the Wald test is consistent for all c.

Proof. By Hi,
nl/2 (91 . 910) 4 N(0,D11 (610)) -

Therefore,
n1/2§1 = n1/2910 + Op (1) .

Next, H3 implies that
W= n1/2§’1ﬁ1—11§1n1/2
(n72030 + 0, (1)) (DR + 0, (1) (n'/2020+ 0, (1)

= n@lloDl_lltglo + Op (n1/2> .
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Then,

II¢ (910) = Pr {W >c |910}
Pr {”9/107)1_11910 + Op (n1/2) > ¢|f10 }

— 1
n—00

because

719/10D1_11910 >0
and dominates O, (nl/Q) as n | oo. This is true for all o and for all ¢ > 0. m
Remark 15 As it was mentioned above, ﬁn may converge to a different value
under Hy if the estimator is based on Hy, whereas an estimate 511 which it is

not based on H satisfies
~ P
D11 — Du (910)

for all 0.
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The next question is the following. For a given problem, one may have more
than one possible consistent estimator of 6y and all of them may converge in dis-
tribution to a normal distribution. Thus, the Wald tests based on these different
estimators will have a (asymptotic) Xﬁ—distribution. In addition, all of them are
consistent. Thus, which one shall we choose?

For that purpose, we will consider the distribution of the test under LOCAL-
ALTERNATIVES or PITMAN-AITERNATIVES.

e Consider
Hy, =07 = dn~/?

for a fixed ¢ x 1 vector §. The choice of § determines the direction of
departure from the null Hy. For instance if § = (1,0,...)", then it means
that the departure is in the direction of the first coordinate of 8. In a sense,
we do not consider a model but a sequence of models indexed by the sample

size “n”.
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H/ Under Hy,,

n1/2 (@1 — 97110) nl/Q/él -0 i) N(O,Dll)
2311 L Dy > 0,

where Dy is the same as in Assumption H2.
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Definition 22 The random variable X follows a non-central Xg distribution with

non-centrality parameter

q
A= ZA?
j=1

(X ~xg(N) if

q
X =) (u+)°
j=1

where {uj}3:1 are 1dN (0,1) random variables.

CDF functions of noncentral chisquare distribution

We now give a theorem without proof.

Theorem 36 For fized c and q, the function

Pr {x§ (A) > c}

s increasing in A.
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Theorem 37 Under B2,
W42 (6'Dts) .
Proof. Hj implies that

77,1/251 i) N((S, Dll) .
Thus,

w2039, 4 N (D0, )
N\I),

where A = (A1, A2, ..., Ay) = D;ll/z(;'
So,

Ap =: n1/2D;11/2/0\1 - A i) N(O,I)

and hence we can conclude that a, is a g-dimensional vector of random variables
whose joint distribution behaves like #5d A (0,1). Now, the test is

A~ g~ ~ — -
W = nf, D0, = n'/?0, D> D1 ?0,1n"* + 0, (1)
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because
~ p
D11 — D11 > 0.

But,
n1/25’1D1—11/2D1—11/251n1/2 — (an+N) (an +\)
q
= D (ani +M)7 L X2 (V)
i=1

X2 (6'D'6).

This concludes the proof. m
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Definition 23 Consider two statistics Wy and W, where
d
Wi = X2

under Hy fori=1,2 and

under Hyi,. Then,
We say that Wy is as efficient as Wy if A1 = As.
In the same way, we say that Wy is more efficient than Wy if Ay — Ay > 0.

What the previous definition says is that
nler;O 11, (5n*1/2> = Pr {XZ (A1) > ¢}
> Pri{xi(As) >c} = nlLH;O II, ((57171/2) )
where the inequality comes from the last theorem.

Theorem 38 Let 6 and 0 be two consistent estimators with Asymptotic Covari-

ance Matrix given by D and &, respectively. Then, the condition D11 < €11
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implies that the Wald test based on 0 is more efficient than the Wald test based

on 6.

Proof. Let

~ o~

Wy = nb,D;'6,
~ o~ g~
Wy = nb, €',
where 511 and 511 are consistent estimators of D1y and &1, respectively. Then,

from Theorem 67, we know that

Wi % X2 (6'D; 1)

Wa %2 (5'€1716)
So,

Ay = D

Ay = 8€5%



which implies from Theorem 68 that
A=A =6 (D' =€) 0>0

because £11 — D11 >0. m
The last theorem tell us that the test has more or bigger power the more

precise (efficient) the estimator of 6 is.
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Example 25 Consider our linear regression model in Example 48. We wish to
test Hy: RB—r =0.
We have two possible estimators, namely
3LSE = (Z/Z)_l z'Y
brve = (52)7'8Y,
where S is a set of instruments. Then, we have that
Orse = RBrsp—r Orve=RByg—r

and the corresponding Wald tests are respectively

—1
N R VAN N
Wi = nlrsg <U%SER< - ) R’) OrsE

-1
- R SZ\' s8N\ (Z's\ " ~
Wy = nGIVE <U§VER{( " ) < " >< - ) }R’) HIVE"

We already know that

7'8(8'S) 'S’z <77,
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Also, in this case we know that
A
A = ﬁRmm( ) R'| ¢
n
AN AN A
Ay = & | %R plim ( ) ( > ( ) R J.
n n n
Thus, Wy would be more efficient than W if
AR sz 58\ (7s\ M) L)
(R plim( ) R’) > <R plim{( ) ( ) ( > }R')
n n n n
or equivalently if
/ -1 ’ -1 ' ’ -1
Rplim(ZZ) R’<Rplim{<SZ> <SS> (ZS> }R'.
n n n n

Because R is a full rank matriz, the latter inequality holds true iff
AN sz (88N (Z's\ 7
plim < plim
n n n n
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or

, Z'S\ (S'S\ ' (S'Z (Z2'Z
plim < plim
n n n n
which is the case because
Z'8(8'S) Sz <727

This concludes.
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7.2.1 CONSIDER EXTREMUM ESTIMATES

As usual, our estimator of 6 is given by

o~

0 = argmin Q (0) .

9co
Write 5
Qo (0) = %Q(Q); Qoo (0) = 8980’Q( )
where
n'/2Qq (60) > N (0, B)
Qo0 (60) LA,
and A > 0.

Next, we already know that under suitable regularity conditions,

w2 (0 00) 5N (0,471 BAT)
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and we have efficiency if A = B, in which case
/2 (5 00) N (0.4°1).

Cases where A = B holds true are the PMLE, or MDE or the 3SLSFE in the

linear Simultaneous FEquation System
A (9) T; = U,

when {u;},., is a sequence of uncorrelated homoscedastic sequence, ¥ = E (u;u;)

is unrestricted and 6y only parameterizes A.

220



Assume that A = B, that is

H5
n2Qq (60) 5 N (0,D71)

and if 8 —p 6, then for all 8, € ©
Qoo (g) £> D >o0.
The Wald statistic is defined as
~ /\_1/\

W = n@an 91.

Theorem 39 Assuming that H1, H2, and H5 hold, then under Hy,

V4% 4, Xg-
Proof. By definition,

Qo (0) = 0= Qo (80) + Quo (8) (0 00),
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where @ is an intermediate point between 9 and 0.
Now by HJ,

Qoo (0) Lp!
S0,
n1/2 (5 — 9()) i N(O,D) s
and hence
n1/2 (/9\1 — 910) i) N(O,Dn) .

The latter implies that
~! 1/\
W = n8,Dy b
= n0,D; 0, +n"/?0, (13;11 _Du) n'/?6,
70, D101 + 0, (1) 0, (1) 0, (1)
d 2
— Xq

which completes the proof. =
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Theorem 40 Assuming that B1 and H5 hold, W is a consistent test.
Proof. We already know that
n1/2§1 = n1/2010 +0, (1).

Thus,
-1
(n1/291> £> 0,

which implies that

wt Lo
and hence that for all ¢ > 0,
Pr{W >c} — 1
]
Consider the local alternatives
Hi, : n=1/2s.
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H6 Under Hy,,

Di & Dy

Theorem 41 Assume H5 and H6. Then, under Hy, we have that

W (D).
Proof. By definition,

Qo <§> =0= Qs (6o) + Qg (0) (5 - 90) :
Thus, by A5,
n'/2 (g— 90) = —Qg (0) Qo (6o)
< N (0,D)

which implies that
n1/2 (/9\1 — 910) i) N(O,Dn) .
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hence
n'/29, — 5 % N (0,D11) = nt/20; % N (5,D11).

So, we can conclude by the continuous mapping theorem that

W = nl/Qb\/lﬁl_llnl/Qal
d _
— xg (5"171115) .
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7.3 THE LANGRANGE MULTIPLIER TEST (SCORE
TEST)

e The Wald test is based on the estimator of 8y under the alternative, and
then it checks whether 0 agrees or not with Hy. Sometimes it is easier to
estimate the model under Hy, and the Langragean Multiplier (LM) test
makes use of this. Let

0 = arg eeg%)rll:() Q).

~ ~ /
That is, 0 = (0’, 92) . By definition,
Q: (9) =0,

where

0
00;
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e The standard way to obtain 0 is through the lagrangean objective function
L(0;))=Q(0) — Nb,.

The first order conditions are

a%c("e}x) = @i (7) -3=0
%g(é;x) = @ (i) =0

From the first of the last two displayed equations, we obtain that
X=0:1(0)
whereas from the second one we obtain 6 by solving the system.

e The intuition of the test is that if Hy were true then the constraints em-
ployed to optimize @ (f) would be superfluous. Equivalently, does 6 ap-

proximately satisfy the conditions for a minimum? Is @1 (5) =07
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H’7 Under Hy,

Dy 5Dy < 0 ) .

020

Definition 24 The LM statistic (Lagrangean Multiplier) is defined as

LM =n) Dy,
Remark 16 Because

Q2 (5) =0
we have that the LM statistic can be written as
M =nQ; (8) DQy (7).

and this is why the test is sometimes called the SCORE test.
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Example 26 (Cont. regression model)
Hy: RBy—71=0

where rank (R) = q and 610 = RS — r and 09 = (,8/2, 02)/. So,

0 R 0 3 "

10

( 0 > - Op-a)xa  Lp—q)x(p—a) ( 2 ) -1 0
20 0 1 7 0

or equivalently

0 R
02 O(p—q)xq I(p—q) X (p—q)

(Now o has been removed.)

2

If we remove o=, we have that

9*255—325:5'_1(9*4—3).
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Then, the PM LE will be

Q) = Slogo®+ (¥~ 2B) (v - 25)
1 /
— 510g02+2n02 (Y =ZS™ 7 (0.+5) (Y =ZS7" (0. +5)) .

The first order conditions are

Q. (0) = —# (8712') (v = 257 (0. +5))
Q. ('é) - % _ % (Y — 7571 (5* +5>)/ (Y — 757! ('(5* + s)) ,

So, we have that /
52 = % (Y—ZB) (Y—ZB).
Also
AV
n

Qo.0. (6) = % (5— S/_1> ey
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Therefore,

LM = nQy (5) Qp.0. (0) Qo (5)
(Y—Z@IW (v - 25)

g

= nR?,

because Y — ZB are the residuals least squares. That is, the LM is n times the
coefficient of multiple correlation in the regression of u; on z;. That is, if the
least squares estimate in that regression model is denoted by &, then

R &'Z’Z&.

u'n
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Theorem 42 Assuming H5 and H7, under Hy, we have that
LM 42,

Proof. Recall that H5 indicates that n'/2Qg (6y) —q N (O,D‘l) and H7 that
D11 —p D1 (0,9’20).

Now, put QY = @; (0,05) with Q) = (QY, 8/)/. Then, by the Mean Value
Theorem, we obtain that

A

Q1 (5) =V +Qy (52 - 920)

0 Q2 (5) = Qg + @22 (52 - 020) .

(Recall that 619 = 0, so that it does not change as is a fixed quantity.)

Hence,
~ 1
02 — 020 = —Qyy QY
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which implies that

_ o 0
n'/2X = nl/? (I§—Q12Q221> < gé )

— =1
(I§ —Q12Q9 ) ”1/2Q3
% N(0,7),
where
Dll D12 T
Fo= (15-Qhe%") '
fee Dt D* - 821Q81

_ (DH _pl2 (Dzz)—l D21)

= D
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Then, we can conclude that

~ ~ o~

ﬁM = nA Du)\
= TLX/DHX + /2y (7311 - Dn) n'/2x
d
A xﬁ

because n'/2X\ —4 N (0,D1").
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Theorem 43 Under H5 and B1 (e.q. 2511 —p Dy1 for all 0 € ©), we have that
the LM test is consistent.

Proof. We already know that

_ o 0
n'/2X = n'/? (I;—Q12Q221) ( gé )

o 0 ) 0
(o (52 ) s (1))

by the mean value theorem. So, we have that

n'/2X = 0, (1) + n'/? (Q11 — Q12Q55 Q21) b1o,

which implies that
~1
n 2 Lo

and hence the consistency of the test.

235



n
Theorem 44 Assume H6. Then, under Hy,, we have that
LM L2 (6'D1 o)
Proof. Proceeding as with the proof of the previous theorem, we have that
1/2Y  _ ..A A, 12 610 0 61 —1/2
n’xN = |(I;— n — n )
( Q12Q22) (Qo ( ™ > a0 Qo 60

4 N (-Dy's, D)

Therefore,
Di*n!X 4 N (D5 %5, 1)

which implies that
LM L2 (8'D1 1) .
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Remark 17 Theorems 73 and 75 show that the Wald and the Lagrangean

Multiplier tests are asymptotically equivalent.
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7.4 THE PSEUDO LIKELITHOOD RATIO TEST

We shall define the Pseudo Likelihood Ratio (LR) test as follows.

Definition 25 The (pseudo) likelihood ratio test is given by

LR =2n (Q ('é) —Q(@)),
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Example 27 (Cont. regression model) Again our null hypothesis Hy is
HO : RB —r=0.
On the other hand,

1 (Y —2Zp) (Y - Zp)

2n o2 ’

Q) = 5 logo” +

So, we have that

(- 23) ()

Q (@) 1 log a2 +

2 n 52
1 1
= 3 loga? + 3
because ) )
8227(}/—23) (Y—ZB).
n
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Similarly,

(v (v-2)

. 1. ., 1
9) - —
Q( 5 1080 T o) =2
1. ., 1
= 510g02+§,

where B is the restricted least squares estimator of [3.

Hence, we conclude that in this case
52
LR = nlog <A2> .
o

) (v
_ &2+(575)/i\7(575>

because Z s orthogonal to U.

Now
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On the other hand, the restricted least squares estimatorB 18

B=B+M'R (RJ\?*lR’)_l (r - RB) .

Then, we obtain that

or

Then,

7 = &2+ (RB - r)/ (R]\A/[‘lR’>71 (RB - r)
2 W,\Q
= + el

~2
LR = mnlog (2)
o

nlog (1+ W> ,
n

that is, the LR is a monotonic function of W.
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Asymptotically, they are the same because

( W) Wo1W?
log (14~ ) === — o=

n 2 n?

so that

2
LR ~ VV—Em
2 n

W+o,(1).
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Theorem 45 Assuming H1, H5, under H,
LR % 2.
Proof. By definition,
er = m(() -0 ()
~ o (Qe (8) (5-9)+ 1 (5-9) Qu @ (55))

= n (5—5)/6299 (6) (9—5)

because by definition of 5, Qo (5) = 0 and where # is an intermediate point

between 6§ and 0.

243



Now, Qgg (5) —p D~ On the other hand, what about 0 — 07

0= (5) =Y +@11/9\1 + Q1o (52 - 920) (7.1)
0=0Q> (@) = QY+ Qy,01 + Qyy (/9\2 - 920) (7.2)
0=0Q2 (5> = Q9+ Qn (52 - 920) . (7.3)

Now, the difference between and leads to
Qobr +Qz (02— 020) = On (82— 620)
Q01+ Qo (02— 82) + Qo (02— 020) = Qaz (82— 020)
which implies that
Qb + Qaa (02 82) = (Qo2 — Qaa) (B2 00
and hence that
/2 (0:-0:) = Qu {Qun'/2: + (Go2 — Qo) 0!/ (92— 020) }

— 11— ~
= @y Q21n1/291 +op (1).
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So,

/2 (5-9)

Because under Hy, we know

we can conclude that

LR =



But, also we know that

_1 Dll D12 I 3
(_157)12 (D*?) ) [ D2 p22 ] ( (922)—1 D21 ) =Dy

So, we obtain that
LR = n'/20,Dy'n" /26, + 0, (1) % 2,

which concludes the proof.

246



]
Theorem 46 Assuming H5, the LR provides a consistent test.

Proof. We know that

- gty )
22

From here it is standard to show that LR ™! —p 0 and hence the consistency of
the test.
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]
Theorem 47 Assuming H6, under Hy,, we have that
LR % X2 (5D 6) .
Proof. As in the previous theorem, we have that
1/2 (5 _ 79 —I 1/2 (9
n2(0-8) = [ o) (02 (8- 010) +9)
Qg2 @91
4 N (D16, D1}
From here, the remainder of the proof is standard. =

Remark 18 The later theorem shows that the LR is also asymptotically equiv-
alent to the Wald and Lagrangean Multiplier test.
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Example 28 Consider the linear regression model
vi = Bozi + vi,

Ev; =0, Evw; = 02T (i = j). Now our hypothesis testing is

Hy: RBy=r
and rank (R) = q. Write
91 = Rﬂ -T
0> = By

| B
5(62)'
(5

By )

249

Let B be the LSFE, so that



Assume
M = %Z’Z LM>o0
nt/? (E — ﬂ) 4N (O,U?}M_l) )
Therefore,
n'/2R (B - 5) 4N (0,02RM 'R/ .
Now under Hy :
n1/2§1 = n'/? (RB — r)
= 2R (B-5) 4N (0,P1)
where D11 = 0c2RM 1 R'.
If

n

~ 1 ~r \2
Ui:EZ(yi—ﬁzi) )
=1
then

W =nf, (3331\7—13’)7151.
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Example 29
HO : Rﬂo —r=0

where rank (R) = q and 610 = RSB — r and 03 = (ﬂ;, 02)/. So,

0 R 0 3 "

10

( 0 ) = Op-ag)xq  Lp—g)x(p—q) ( 2 ) -1 0
20 0 o

or equivalently

(Now o has been removed.)

2

If we remove o°, we have that

9*255—325:5'_1(9*4—3).
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Then, the criterion function of PMLE will be

Q) = Slogo®+ (Y~ ZB) (v - 25)
1 /
— 510g02+2n02 (Y =ZS™ 7 (0.+5) (Y =ZS7" (0. +5)) .

The first order conditions are

Q. (0) = —# (8712') (v = 257 (0. +5))
Q. ('é) - % _ % (Y — 7571 (5* +5>)/ (Y — 757! ('(5* + s)) ,

So, we have that /
52 = % (Y—ZB) (Y—ZB).
Also

!
Qo.0. (3) = ; (s—lz ZS’—1> gy

n
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Therefore,

LM = nQy (5) Qp.0. (0) Qo (5)
(Y—Z@IW (v - 25)

g

= nR?,

because Y — ZB are the residuals least squares. That is, the LM is n times the
coefficient of multiple correlation in the regression of u; on z;. That is, if the
least squares estimate in that regression model is denoted by &, then

R &'Z’Z&.

u'n
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Example 30 Note that

Q(@) L, L(YfZB)/(YfZB)

= 3 logo™ + o™ —
1 1
= 5 log (/7\2 + 57
because ) )
52 = - (Y—Zﬂ) (Y—Zﬂ)
n
Similarly,
~\ /
- ) (YfZﬂ) (YfZﬂ)
Q(a) = Zlogd4 — -
2 o
1 _ 1
= 3 log 5> + >

where E 1s the restricted least squares estimator of 3.

Hence, we conclude that in this case

~2
LR =nlog (L) .
o

254



Now,
L) ()
- e (3-7) W (-9

because Z s orthogonal to U.

On the other hand, the restricted least squares estz’matorB 18
~ ~ e~ —~ -1 ~
B=3+M"'R (RM*R’) (r . Rﬂ) .

Then, we obtain that

2 = 74 (RB - r)/ (1321\7—11?/)71 (RB - 7“)
- 2+ X5
n
That is,
~2 2
W :n (aAz o ) |



while

where &

2

~2
LR =nlog (L)
o

is a mean value. Moreover,
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8 Inference under More General Conditions

e For instance, the criterion function () may not be differentiable or the true

parameter value may not be interior of the parameter space.
e Suppose

0 = argmin Q (9)
0€O

and

uniformly in ©.
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e In this case, we need to take a 3-step approach.

1.
2.
3.

consistency, 0 -2 9,
convergence rate r,, i.e., 7, (9 — 00) =0,(1).

weak convergence of reparametrized criterion function

h
™ (Q (90 + r) -Q (90)>
or, more generally,

(@t ) - Qe - (
+r (Q (90 + i) -Q (00))

and application of the argmax CMT.

Qi
/N
>

o
+
F=
~_
\
Qi
—
5
(e}
S~—
~
~_
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Theorem 48 (Argmax CMT) Let X,,, X be stochastic processes indezxed by a
metric space T such that X, = X in > (K) for every compact K C T. Suppose
that almost all sample paths of X are upper semicontinuous and possesses a
unique mazimum at a (random) point 7, which is O, (1). If the sequence 7, =
O,(1), then 7, = 7T in 7.

Definition 26 A sequence of stochastic processes {v, (-) : n > 1} is stochasti-
cally (or asymptotically) equicontinuous if V ¢ > 0 and n > 0, 30 > 0 and ng
such that

sup Pr{ sup ||, (71) — vp (T2)] > 7]} <e,

n>ng p(71,72)<d

for all large n.
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ASYMPTOTICS WHEN THE TRUE VALUE
OF THE PARAMETER IS AT THE BOUND-
ARY

The purpose of this section is to present the basic ideas and results of ex-
treme estimators when the true value, 6y say, may lie at the boundary of
the compact parameter space © C RP. We shall begin with the simplest of
the models, see for instance Gourieroux, Holy and Monfort (1982) Econo-

metrica paper. However, we shall proceed quite differently than them.
Suppose that we have the following linear regression model
yi = Px;+u;; i=1,...,n.

It is assumed that © = [0, M], for some M < oo. If {u;},., were a sequence

of iid random variables, the obvious objective function would be

n

QB) = (yi— Bz:)?,

i=1
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although even if {u;},., were heteroscedastic and/or autocorrelated we may

still employ @ () as objective function to estimate £.

Obviously, our estimator of 3 is given by

5 = arg EninQ 8, (8.1)

[SC)

and we know that under suitable regularity conditions, B —p By In par-

ticular, we need that

Pr{ sup Q(By) —Q(B) > O} — 0, (8.2)
BEN (Bo)

where N (8y) = {8:18 — Bo| <e}. That (8.2)) holds true comes from the
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(obvious) observation that

QB0) = Q) =~ (B ) = a7 (53)

i=1
1 n
+2(By = B) > _wiui
i=1
5 - (B - 60)2 Escf
uniformly in 8 and that — (8 — ﬁ0)2 Ex? <0.

e Next, we shall see the rate of convergence, that is the value of « for which
(8.2) still true but where now

N (Bo) ={B: |8~ Byl < Ln™*}

for some L > 0. To that end and denoting 8, — 5 by B, we need to show
that, using the first equality in (8.3)),

An(e) n n

2 X'X 23
Pr{ sup —ﬂQ + ﬁX/U>0} <n (8.4)
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for some arbitrarily small n, and where
Au(e) ={=> 18- Bol = Ln"1/2}.

e The left side of (8 . is

xX'x\ ' x'U
sup ﬂ+2ﬁ<n> - >0}

Ay (e)

< {sup —‘5’4-2‘;‘ (X’X)_an’U>O

< { B > inf ~}
Anp(g)

<

e

which is bounded by 1 choosing L large enough, because n~1/2 o i =

nl/2

O, (1) and n=1 >°"" | 2? converges in probability to Ez? > 0.
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e Next, the previous result indicates that our estimator of 3, given in (8.1))

can be written as
/8 = /80 + n1/2 (85)

where

Also, the previous arguments indicate that, when minimizing @ (), we only

need to consider 3's of the type
/6 = /80 + #a
with |v| < L € (0, 00).
e Let us consider
n(@Q(By) = Q) =n (QB) - Q (B +—173)) -

Note that the problem has become the maximization problem. From ({8.3),
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we have that the right side of the last displayed equation is

wi;x 2@1—/2213,1% =A, (v).

So, we can consider A, (v) as a process indexed by v, where v belongs to
a compact set. Moreover, the process is continuous in v, that is A, (v) €

C[—L, L]. We shall now see where A, (v) converges.

To that end, we need to check two things. (a) The convergence of the
finite-dimensional distributions and (b) that the process is tight. We shall

begin with (a). It is clear that for any finite collection vy, ..., vg,

Ay, (v1) U%
41 o2 +202N (0,0202)
Ay (vg) Ug
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where 02 = F (22) and the (i) th element of Q is v;v;. In particular if

q = 1, we have that
Ay (v) <, —v202% 4+ 00,0, 2
where Z denotes the standard normal random variable.

Next, we need to show tightness, that is (b). Consider A,, (v2,v1) = A, (v2)—
A, (v1) for any ve > v1. By Theorem 12.6 of Billingsley (1968), a sufficient

condition for tightness is that
E [, (v3,v1) — ER, (v2,v1)|° < K (F (v2) — F (v1))**° (8.6)

for some & > 0, § > 0 and where F (+) is a monotonic nondecreasing and
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continuous function. By definition of Ar (v),

E |Kn (UQ,’Ul) — EKT, (’02,’111)|5

n n
1 1
Vo —75 E TiU; — V1 —75 E T;U;
2n1/2 : Uy 1n1/2 : 71U
i=1 i=1

1 & ¢
ni/2 Z Litli
i=1

13
= F

< (vg — Ul)5 E

S D(UZ_vl)Ev

which implies that holds true choosing £ > 2. It goes without saying

that I am assuming that the £th moment of z;u; is finite.
e So, we have shown that
ki
A, (0) “EY A (v) = =202 + 00,0, Z.

Now, the limit process A (v) is a parabola with fixed second derivatives

in v. So, if this is the case, it turns out that the functional “argmax” is
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continuous, so that by the continuous mapping theorem we can conclude
that

v = arg max A, (v) 2 v* = arg max A (v). (8.7)
[v|<L |v|<L

But, by definition of A, (v), we have that
n1/2 (B — BO) = 51\

Now, what about v*?7 Suppose that 5, > 0. Then the true value is an
interior point of the parameter space ©. In this case, we have that all the
B of the type 8 = B, + n~'/?v belong to © for all v, so that there is no

constraints in v and thence
vt =0,0,'2
is the maximum of A (v), and we conclude that
nt/? (B — ﬂ0> <, 0w 2.

This is the case when 8y > 0.
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e Now what about if 5, = 07 It is obvious that we cannot expect the same
type of asymptotic distribution because B — By > 0, so that the only ”ad-

missible” values of v are > 0. So,
vt =0,0, ZI(Z >0)
which implies that
nl/2 (B - 50) 4 0T Z1(Z > 0)

by (8.7).
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9.1 NONLINEAR MODELS

In this section we discuss what happens with nonlinear models such a nonlin-

ear regression models. Consider the nonlinear regression model

yi = f(zi;8) +u; i=1,...,n.

Again we assume that © = [0, M], for some M < oco. If {u;},., were a sequence

of iid random variables, the obvious objective function would be

QB =>_(wi—fi(#),

7=

—

where we have abbreviated f (z;;5) by f; (8). Obviously, our estimator of 3 is
given by
B = arg glin Q). (8.8)

€O

We know that under suitable regularity conditions, B N Bo- In particular we
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need that

Pr{ sup - Q(By) — Q(B) > 0} -0, (8.9)
BEN (Bo)

where N (8,) = {B : ’B‘ < e}. That holds true comes from the observation
that

Q) - Q) =—F > (1 (3)°

+25 3 (B u
i=1
L -FE(f ()’ (8.10)

uniformly in S since as usual we can give several conditions under which
I 2 P 2
O DVACHREFACAE))
i=1
uniformly in (.
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Next, we shall see the rate of convergence, that is the value of « for which
(8.9) still true but where now N (8,) = {ﬁ: ’B‘ < Ln*a} for some L > 0. To
that end, we need to show that, using the first equality in the last displayed
expression,

An(e) T n

Pr{ sup —ﬂ—F’ (B)F(B)—&—ZﬁFl (B)U>O} <n (8.11)

for some arbitrarily small 7, where F’ (B) is the matrix out of f] (B) The proof
of (8.11) proceeds as that of (8.4] after we note that

1 n
iz Z fi/ (B) u;
i=1

So, we shall show (8.12). The way we are going to do it is as follows.
Denoting

sup =0,(1). (8.12)
Beo
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we are going to show that
weakl
Y. (8) "=V T8,

actually to a Gaussian process. As we did in the previous section, we need to
show (a) the convergence of the finite dimensional distributions and (b) tightness
condition. The proof of (a) is trivial. This is not more than to show a CLT
property of T, (8;) for j =1,...,q with ¢ finite. Next (b). As we proceed above

we shall show that

BT, (8y) — EY, (81)|° < K (H (8,) — H ()" (8.13)

for some & > 0, 6 > 0 and where H (-) is a monotonic nondecreasing and contin-
uous function. Take & = 4. Then the left side of (8.13) is

Y BB ~ T () Bt
i=1
A ((ACAEACR I CACO ALY
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Now assuming that |f/ (82) = £ (5)] < |8, = 51 ° g: (8) with Esupsee |g: (8)[* <
K, then it is easily shown that the last displayed expression is bounded by

K 4 4
Z|52—51\ C+ KBy — By

which implies that if ¢ > %, then (8.13)) holds true with 6 = 4¢ — 1. So, we have
that

T, (8) "X 1 (8)

and since the “sup” is a continuous function we have that (8.12)) holds true. From
here the proof proceeds as in the case of the linear regression model but replacing
x; by f! (8). The only difference is to notice that

nfﬂif; (80 + 71 )
Z

where 7 € (0, 1), satisfies that its difference with
1 n ,
i D1 (Bo) wi,
i=1
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that is,
nl/QZ( <5O+T 1/2) f‘/(ﬂo))u

satisfies

sup
[v|<L

n1/2 Z ( (50 +7 1/2) - fz/ (ﬁo))

The latter displayed equality implies that instead of

ui| = o0p(1).

1 &, ;
peve D DL (50+7m>ui
i=1

we only need to consider n~1/2 St (Bo) wi
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