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1 Introduction

We begin with examples, for which the empirical process methods prove partic-

ularly useful.

1.1 M-estimation

The M-estimation stands for the Maximum likelihood like estimation, that is,
by maximizing a sample mean of an unknown function of data indexed by a

parameter, say, f (z,0), x is a data point and 6 is the unknown parameter
1 n
— i;0) .
max — ; f(xi;0)

For example, the nonlinear least squares, maximum likelihood estimation, and
many others belong to this class. A standard approach is to linearize the objective
function by taking Taylor series expansion but many interesting cases have non-

differentiable objective functions and even discontinuous ones.



If the objective function can be approximated by a quadratic function, even if
it is not differentiable, we can still derive the asymptotic normality of the estima-
tor at the standard /n convergence rate. We call this class of estimation prob-
lems “regular M-estimation” and otherwise “non-regular M-estimation”. There
are numerous examples for the former case including quantile regression (LAD re-
gression); censored regression; trucated regression; method of simulated moments
estimator for multinomial probit etc. And examples for the latter case include
the linear regression with change points, the threshold regression, the maximum

score estimation, and so on.



Example 1 (Least Absolute Deviation regression)
yi = xf+e
med (g;|z;) = 0.
And .
B = argmin % ; lyi — 2381

This is a special case of the quantile regression, which is introduced by Koenker
and Bassett (1978) and uses the check function

pq () = (q—1{u<0})u,

as the criterion function. Note that ¢ = 1/2 yield the LAD estimator.



Example 2 (The threshold regression model)

yi = zhite <y
yi = xifotei if qi>y

for which we consider the least square estimator

n

R 1
(,6,&) =arg r[glin - ; (i — 2,81 {q <} — 2Bl {q: > })°.

3

For a given v, the model is linear and thus

B(v) = (X,X,) T XLy,

where X is the matriz stacking (z;1{q; <~},z;1{q; >~}) and Y stacks y; for
i=1,..,n. See e.g. Hansen (2000).



Example 3 (Mazimum Score Estimation) Consider the binary responce model

y; = zf+te
Hy; >0},

Yi

where we observe (y;,x;). The mazimum score estimator (Manski 1975, 85) is
defined as
B= argmaxz (2y; — 1) 1{z;3 > 0},
=
where B subjects to certain normalization restriction such as |5| = 1E| Kim and
Pollard (1990) derived its asymptotic distribution.

!Manski (1985) shows that the estimator can be viewed as the LAD estimator such that

SOy [sen (i) — sgn (zB8)].



1.2 Some Testing Problems

Testing problem where some of the parameters are not identified under the null
hypothesis, e.g., testing for the variable relevance in non-linear regression, for the
presence of certain types of nonlinearity, and for the presence of structural break
etc.

Or nonparametric specification test; specification tests for conditional mo-
ment restriction etc. That is, the nature of the testing is an infinite-dimensional

restriction.



Example 4 (Testing for threshold effect) Consider the previous threshold regres-
ston model. It is common that the presence of threshold effect is tested against

the simpler linear regression and the corresponding null hypothesis of interest is

Ho : By = Ba,

for any v € T'. Note that this is composite null due to =y, which is not identified

under the null.
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Example 5 (Testing for structural break)

vy = 3By +e ift/n<rT
vy = wzByter ift/n>T

and the null hypothesis of interest is

HO:ﬁl :627

for any T € (0,1).
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1.3 Nonparametric Estimation

The kernel based estimation will be studied in a separate topic more intensively.

Here we consider a simple example.

Example 6 (Empirical Distribution Function) Let

. 1<
F, == 1{X; <z}.
)= X <)
It follows from the standard LLN and CLT that it is consistent for the true
distribution function and

N (Fn (r) — F (w)) L N(0,F (z) (1 — F(2))).

What about as a function defined on X ¢

12



1.4 Semiparametric Estimation

Adaptive estimation; feasible GLS; Partially linear regression; GMM with condi-

tional moment restriction;

Example 7 (GLS) For the linear regression model

yi = zif+e
E (Eilibi) =0
o} = E(f|z),

the feasible GLS estimator is given by

n

R LEGNEE s
-(nE) uw

i=1 Y1 i=1 Y1

where ; is the Nadaraya- Watson estimator of ;.
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2 Stochastic Equicontinuity and Weak Conver-

gence
Weak convergence concerns the convergence of a sequence of stochastic processes
and stochastic equicontinuity of the sequence is essential to it.

e A stochastic process is an indexed collection of random variables {X (1) : 7 € T} .
It can be viewed as
- X:Q-B={b:7T—R}
- X:OxTr—R
— for a fixed w, X, : 7 — R is called a sample path

for a fixed 7 or (71,...,7k), (X (71),..., X (7)) is called a marginal,

and its distribution is finite-dimensional distribution (fidi).

if all the marginals are Gaussian, the process is called a Gaussian.

R may be replaced with R® for some s to consider a vector of stochastic

processes.

14



e An empirical process is a sequence of normalized and centered sums of

functions of random variables indexed by an index set 7, that is,
1 n
v (1) = NG Z (m (Wi, 7) —Em (W;, 7)) for T € T.
i=1

1. a collection of R-valued functions M ={m (w,7):weW, 7€ T} :
defined on a sample space W and indexed by 7 € 7.

2. the index set 7 is equiped with pseudometric p and is often totally
bounded?]

3. for each n, it is a stochastic process, i.e.,

(a) for each 7, v, (7) is a random variable

(b) for each realization {W,;};_,, v, (7) is a mapping from 7 to R,

2The pseudometric p satisfies (i) p(11,71) = 0, (i) p(71,72) = p(12,71), (iii) p(11,72) <
p(t1,73) + p(72,73). And (7, p) is totally bounded if for any € > 0 there is finite number of €

balls that cover 7.

15



4. v, (1) takes its sample paths in £*° (7), which is the class of bounded

functions on 7 into R, and is equiped with the uniform metric
d (b1, b2) = [[br — b2l 7 := Sug|bl (1) = b2 ()]
TE

for bl, by € £ (T) .

5. This can be expanded to accomodate vector version by replacing R
with R?.

Some notational convention in the literature: P and P, for the true distribu-
tion and empirical distribution of the sample, respectively; P f = fw f (w) dP (w)
and G,, = /n (P, — P). Then,

is an empirical process. Then, we may write G,,m, for v, (1), 7 € 7.

16



Definition 1 (weak convergence =) we write
vn () = v ()
if
E*f(vn () = Ef (v () V feU(=(T)),
where U (£>° (T)) is the collection of all real functions f that are defined on £>° (T)

and bounded and uniformly continuous.

e Remarks

1. Suppose the limit process is tz’ghlﬂi.e. O, (1) . Then, weak convergence
holds iff v,, is uniformly tight, or asymptotically tight, and all the
marginals converge in distribution.

3 A process X is tight if V € > 0,3 a compact set K C B(7) such that Pr{X € K} >1—e.
And a sequence of processes X, is uniformly tight if 3 compact K such that Pr{X, € K} >
1 — g, for all n.

17



. The tightness is closely related to the continuity of the sample paths.
In fact, the asymptotic tightness is equivalent to the stochastic equicon-
tinuity given the marginal convergence. Roughly speaking, if the func-
tion is continuous and the index set is bounded, the the function will
be bounded.

. If the limit process is Gaussian and tight, which is mostly the case due
to the CLT, then the index set (T, pp) is totally bounded and almost

all sample paths are uniformly continuous (wrt p,), where
pp (T1,72) = BYP (v (11) — v (12))" .
The reverse is also true.

. In general, measurability is an issue but we do not discuss it here.

. A class of functions F ={f} is sometimes called P-Donsker if G,, f

converges weakly.

. We may also be specific about the space, in which the empirical process

vy, takes its values, by writing v,, = v in £ (7).

18



Definition 2 (stochastic equicontinuity) A sequence of stochastic processes {v,, (+) : n > 1} is
stochastically (or asymptotically) equicontinuous if Ve > 0 and n > 0, 36 > 0

and ng such that

sup Pr{ sup  |lvn (71) — vp (T2)] > 77} <&,

n=>ng p(71,72)<d

for all large n.
e Remarks

1. asymptotically the process v,, takes its sample paths with probability

arbitrarily close to one on a class of functions, which is equicontinuous.

2. it is a necessary condition of weak convegence to a limit process,

which is uniformly continuous in 7 with probability one.

3. equivalently, if for any 6, — 0,

sup  |vp (T1) — v (12)] = 0.
p(T1,72)<bn

19



(=) 0n] < d for all large n. So follows the implication. (<) by nega-

tion.

4. equivalently, if for any 71, and 79, such that p (715, 7T2,) BN 0,

Un (F1n) — Vn (F2n) == 0.

(=) One can find a sequence 6, — 0 s.t. Pr{p(F1n,72n) < dn} — 1.
So follows the implication. (<) by negation.

5. an examples {m (w,7) = w'r} with 7 C R¥ and a counter example
{m (w,7) =1{w € 7}}

with 7 being the collection of all Borel sets in W and p = L, (P) with

continuously distributed P will be elaborated on in the class.

The relation between weak convergence and stochastic equicontinuity is sum-

marized in the following proposition (e.g. Andrews p.2251).

20



Proposition 1 Assume that (T, p) is totally bounded. Then, the following two
are equivalent

(a) fidi holds; v, is stochastically equicontinuous

(D) vy = v : Q£ (T), whose sample paths are uniformly continuous (wrt p)

w.p. 1
e Conditions for stochastic equicontinuity (Theorem 1 & 4 of Andrews)

1. an entropy condition (with or w/o bracketing): a measure of complex-
ity of M.

2. a moment condition (2 + § moment) for an envelope function (e.g.
M () = sup ez [m (-, 7)| V1)

3. conditions on dependence (while we focus on iid case mainly, some

introductions for dependent cases will be given).

e P-Glivenko-Cantelli: a class of functions which yields ULLN. a weaker en-

tropy condition is required.

21



3 Entropy Conditions

Let F and @ indicate a collection of generic functions f and a probability measure

on the sample space W, respectively. We follow the convention that
ar=[ rwaqw).

Let F be a subclass of Lo (Q), the class of square integrable functions wrt @,
where Ly (Q)-norm is also denoted by

1/2
1flgs = [ / deQ] |

We drop the subscript Q when obvious. Also let F' be an envelope function of F.
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Definition 3 For any € > 0, the cover (covering) number N (¢, F,|-||) is the
smallest value of n for which there exist functions fi, ..., fn, € F such that min;<,, || f — f;|| <

€ forany f € F.

That is, the cover number is the minimum number of € balls that cover F.
Typically, ||| = [[fllgo - So it is denoted by N2 (g, @, F) in Andrews.

Definition 4 The bracket [l,u] is {f € F:1 < f <wu}. Ane-bracket is a bracket
[l,u] with ||l —u| < e. The bracketing number is the minimum number of e-
brackets needed to cover F. It is denoted by Ny (¢, F, ||-||) -

It is always the case that the bracketing number only uses the L,-norm,
[[I, » with the true distribution P and for p > 2. So comes Andrews’ notation
NP (e,P,F).

As f € [l,u] implies that f belongs to the £/2 ball of (I + u) /2, the covering
number is smaller than the bracketing number. the bracket is sort of umformﬂ

The brackets themselves need not be in F.

Let Fie ={f € F:|f - fill <e}. But, it is possible that Hsupf67:1_€ If — f1\H > €.
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Definition 5 The (L (Q) €-) entropy is log N2 (e, Q, F).

The log of the bracketing number is called entropy with bracketing.

24



e Two types of entropy conditions for weak convergence

— Pollard’s entropy condition is given by

/01 sgp (1ogN2 (6 [Fllgo:F: L2 (Q)>)1/2 de < o0, (1)

where the supremum is taken over all finitely discrete measures @ on

W. This condition is also referred to as the uniform entropy condition.

— Ossiander’s L, entropy condition for some p > 2 :

1
/ (log N5 (¢, P, 7))/ de < o0
0

typically with p = 2. Also called bracketing (integral) condition.

5The presence of [IF']lg o can be detrimental if it is smaller than 1. However, it is known

that we can choose F's.t. [|[F|| o > 1 for all Q if there exists a square integrable envelop. (VW
p.133)

25



— Roughly speaking, we need the entropy by at the rate of

for some ¢ > 0.
e entropy conditions for P-Glivenko-Cantelli

1. for any € > 0 and M > 0, the class Fpy = {f1{F < M}, f e F}
satisfies
log N (g, Fa, Lr (P)) = 0, ().
This also implies uniform L; convergence.

2. for any € > 0,
Ny (e, F, L1 (P)) < oc.

26



3.1 Verification of Entropy Conditions

We provide several classes of functions on W that satisfy either of the entropy

conditions.
1. Vapnik-Cervonenkis (VC classes of functions:
(a) have the covering numbers uniformly bounded by

SN (1Pl F1Le (Q)) < e,

6Let C be a collection of subsets in X'. Say that C picks out a certain subset of {x1,...,xn}
if this can be formed as a set of the form C N {z1,...,zn} for a C € C. Now, the collection C is
said to shatter {x1,...,xn} if any of its subset can be picked out by C. The VC-index V (C) is
the smallest n for which no set of size n is shattered by C. In case of a class of functions, we

consider the subgraph of functions,

{(z,t) : t < f(x)}.

If the index is finite, we call it a VC-class or V(C-subgraph class. For example, consider
C ={(—o0,c],c € R} and it cannot shatter any two-point set {x1,x2} since it fails to pick out
the largest of the two.

27



where the supremum is taken over all possible probability, F' = sup | f|V
1, and V is the VC index.

(b) A finite-dimensional vector space of functions, e.g. {f (z) =20 : 6 € R?} | with
VC index smaller than equal to d + 2.

(¢) {f(z) =h(2'0)} for some h that is monotonic or of a finite total vari-
ation, e.g.the indicator, sign function, the identity function, h(z) =
z1{z > 0}, etc.

(d) the indicator functions of sets that constitute a VC-class, and a col-
lection of functions ¢l {a < z < b}, with a,b € R, and ¢ > 0.

(e) Box-Cox family of transformations {fy : R™ — R : A € R\ {0}} where
fa(@) = (2> = 1) /A
() FVvG, FAGAF >0}, F+g,F-g,Fop,poF for a monotone ¢. This

can be more relevant for dependent data.
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2. Finite-dimensional 7 :
(a) Lipschiz in parameters: for some LP-bounded function B on W
lf(Cm) = fm2) < B()|m — 7o forall 7y, 75 €7,
where || is the Euclidean norm. Then,
Ny (22 1B, . 7,1, < N (.7 1),
the latter is polynomial in e~! given boundedness of 7.

(b) LP-continuous functions such that

Pl/P

T1:|T1—7T|<é

sup |f7'1 _fT|p‘| Scawa

V7reTc RYandVé >0 in aneighborhood of 0, for some 1. Then,
with F' = sup, |f-| and p > 2,
Ny (= 71, < cem?r.

Proof. see Andrews (1994).
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3. Smooth function class on a bounded W: the class F of all bounded func-
tions on a bounded, convex, nonempty set YW C R® that possess uniformly
bounded partial derivatives up to order [@] for some « > 0 and whose

highest derivatives are Lipschitz of order o — [a] .

e The entropy with bracketing is O ((%)S/ a) , where the constant de-
pends on the smoothness «, size of W in terms of P, and the dimension
s of w. Note that higher dimension requires smoother functions as we

need s/a < 2.

e Extensions to the class of functions defined on an unbounded W
can be done using partitions W = Zj‘;l W, of sample space. See
Corollary 2.7.4 of VW for an bound for the entropy with bracketing,
which in particular demands Z;)il P (WJ)VLW < 00, where V = s/«
and p from L.

— Example: bounded and smooth functions on R with some @ > 1/2.

The moment condition of the envelope implies the summability
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condition. ILe., we need Z;;P(Wj)k < oo for some k < 1/2,

9~ 5o for some & > 0.

which follows from E |w;|
e Also see the subsequent section for more discussion.

e type III, V, and VI in Andrews for slightly different exposition.

4. Convex function class F : the collection of all convex and Lipschiz functions
f: C — [0,1] defined on a compact, convex subset C' C R® such that
|f (z) — f(y)| < L|z —y| for all z,y. Then,

1

s/2
log N (. 7.4 < & (1)

5. The set F of all monotone functions f : R — [0, 1] satisfies

log Ny (.7, (@) < K (1),

g

for every @, r > 1, and a constant K that depends only on r. And it can

be extended to the functions into R using a permanence property.
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3.2 Permanence Property

Various mix and match of different types of functions still satisfy the entropy

conditions. These are verified only for independent (or m-dependent) case.

e Permanence of P-Donsker: Consider Fi, ..., F with Fy, ..., Fi, and ¢ (F1, ..., Fk) ,
such that

!
16 (f1soees f2) = & (91, oer 1) |° < Z (fi (w) — gi (w))?, (2)

for every f = (f1,....,fx) and ¢ = (g1,...,9x) € F=F1 X .-+ x F, and
w € W. If Fy,...,Fi are Donsker, then so is ¢ (Fi, ..., Fi), provided that
lé (f)lly < oo for some f € F.

— Proof. See VW Theorem 2.10.6.

— For example, F1V.Fy, FIAFo, F1+Fo, F1, etc.

— This Lipschitz condition is somewhat strong and can be viewed as

a uniform Lipschitz condition. This does not allow for FyFs, for
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instance, unless both are uniformly bounded. That is, by Jensen’s

inequality,
|f1f2—9192|2 = |f1f2—91f2+91f2—9192|2
2 2
< 2(f22|f1—91\ + 97 | f2 — 92 )
< C(\f1—91|2+|f2—92\2)7

for some C' < oo, provided that F; and F;, are uniformly bounded.
— The same remark applies to gF.

— A modification is plausible. Let

k
0 (e fi) = 6 (@100 < D7 L2 () (i) = g (). (3

where L; F; is Donsker. The last condition needs to be verified directly.
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e Permanence of uniform-entropy:

1. Let F and G satisfy the uniform entropy condition with envelops F,
and G. Then, so does each of the following classes with envelops in
parentheses: FUG (FVG), F+G (F+G), FVG (FVG), FAG
(FVG), FG (FV1)(GV1)).

2. Consider Fi, ..., Fy with Fy,..., Fg, and ¢ (F1,..., Fi), which is Lip-

schitz of orders ayq, ..., g € (0,1], in the sense that

g0 f(w)—dog(w <ZL w) |fi — gi*** (w) |

for all f = (f1,..., fx) and g = (g1,...,9x) € F=F1 X --- X Fi and
w € W. Then,

/5 sup \/mgN (120 Follgz 6 (F), L2 (@) )de
1/a;
z [

sup \/logN (6 ||Fi||Q’2ai s Fiy Loq, (Q))Eai_1d57
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k 9o\ 1/2
where L, - F® = 2 (Zizl 12 ,F: az)
— The Lipschitz condition here is weaker than . Instead, we need

moment condition for L, - F'¢.

— As a consequence, FG ={fg: f€F,ge G}, F 1 |F|, etc also
satisfy the entropy condition, with corresponding conditions on

the envelope.
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e Permanence of bracketing entropy:

1. Let F and G satisfy the bracketing entropy condition with envelops F,
and G. Then, so does each of the following classes with envelops in
parentheses: FUG (FVGQG), F+G (F+G), FVG (FVG), FAG
(FVG), |7 (F).

2. The class FG satisfies the bracketing condition with L, (P) for p > 2
and envelope GF, if G and F satisfy the bracketing condition with
Ly (P)and L, (P) for A\, p > pand Ap/ (A + p) > p, and if EV/*G W) <
oo and EVEF (W)* < oc.

e A proof of the permanence of bracketing condition for FG (Andrews 94)

1. Let g € [=bj + a;,b; +a;], and f € [-b] + a},b] + a]]

lof —ajarl < lgf —gai|+ |ga] — ajar]
< Glf —ai[+la = F+ fllg —ajl
< Gb} +bib; + Fb;.
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2. The L, (P) norm of the bound can be shown to be Ce for some con-

stant C' < oo.

3. 1 and 2 imply that the brackeing number of FG can by bounded by
the product of those of F and G.
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e Partitions of the sample space:
WZU?.;IWJ‘, sz{f-le:fEf}.

— if F is Donsker, each F; is Donsker (Lipschitz transformation)

— if each F; is Donsker and they become suitably small as j — oo, then

F is Donsker. More specifically, if

n
ch<oo; E sup |G, f| < Cg;,
j=1 fej:j

for a constant C not depending on j nor n.
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4 Extensions

4.1 Maximal Inequality

This section presents two moment and tail bounds for the supremum of the
empirical process, |G,z := supse £ |Gn f|. If F ={f: p(f, f1) <0} for a given
f1, then the bound provides an upper bound on the modulus of continuity of G,, f
at f1., which is employed to obtain the convergence rate of an finite dimensional

parameter estimate.

1. For p > 1,

1
Gl S sup [ 10BN (1F g .22 (@) de [Pl

1
€ulely < [ 1+ 108Ny CIPL 7 e - P,

They are rather crude bounds but still useful in many applications.
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Under the entropy conditions in Section [3] both integrals are bounded uni-
formly in n. Thus, the bounds are controlled by the size of the envelope function
F.

For the proof, see VW Ch.2.14.
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4.2 Continuous Mapping Theorems

Theorem 2 (Extended CMT) Let D, C D and g, : D, = E and g : Dy — E
satisfy that for any x, — x with x, € D,, andx € Dy C D, g, (x,,) — g (x). Let
X, and X be maps with values in D, and Dy, respectively. Then,

X, = X implies that g, (X,) = g(X).

Proof. See Theorem 1.11.1 in VW. =
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Theorem 3 (Argmax CMT) Let X,,, X be stochastic processes indexed by a
metric space T such that X, = X in > (K) for every compact K C T. Suppose
that almost all sample paths of X are upper semicontinuous and possesses a
unique mazimum at a (random) point 7, which as a random map in T is tight. If
the sequence T, is uniformly tight and satisfies X, (75,) > sup, X, (1) — 0, (1),
then 7, = 7 inT.

Proof. See Theorem 3.2.2 in VW. =

Lemma 4 Let Z (1) = —37'VT+ W (1) for 7 € R, where V is p.d. and W is a
gaussian process with mean zeros, continuous sample paths, and var (Z (t) — Z (s)) #
0 for t # s. Then, with probability one, its sample path possesses a unique maxi-

mum and Z (t) — —oo as |t| — oo.

Proof. See Lemma 2.5 and 2.6 of Kim and Pollard (1990). m
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5 Statistical Applications

5.1 M-estimation

The M-estimator is defined as

0= argmax M, (0) := P, my.
0cO

The asymptotics for 8 takes three steps:
1. consistency

2. convergence rate r,

3. weak convergence of a reparametrized objective function.for every compact
K of h=r, (0 — 6p) . Then, the argmax continuous mapping theorem yields

the asymptotic distribution of h=r, (9 — 90) .
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Theorem 5 Any sequence 0 s.t. M, (é) > supy M, (8) — o, (1) is consistent if
the following holds:

(i) Uniform convergence: M, (§) —— M (0) uniformly in 6 € ©, where M is
deterministic.

(i4) Good separation of 6o : M (0g) > supgec M (0) for any open set G containing
Bo.

Proof. See Theorem 3.2.3 in VW. =m
The conditions can be replaced with the following three: 1. M, (6) converges
uniformly to M () for every compact K C ©; 2. M (0) is upper semicontinuous

with a unique maximum at g; 3. 0 = O, (1).
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Theorem 6 Suppose that 6 2 6. Then, rpd (9,9()) = 0, (1), provided that
(1) YV 0 in a neighborhood of 6,

M (0) — M (60) S —d* (6, 60). (4)

(i) V n > 0, sufficiently small J,

E| sup |Gy (mg— m00>|1 S ¢, (6), (5)
d(0,00)<6

where ¢, (z) /x is decreasing for some o < 2 and

(ii1) o, (ry') ~ Vn.

Proof. See Theorem 3.2.5 in VW. =
In this theorem, the function d (8, 6y) needs not be a distance but any arbitrary
function from © to the nonnegative values. And < means “is bounded above up

to a universal constant”.
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Examples

1. M is twice continuously differentiable with non-singular second derivative

(a) if ¢, (0) = 0, rn = v/n.

(b) if ¢, () = V9, then r,, = n'/3, e.g. the maximum score estimator.

2. super-consistent estimator such as the threshold estimator: a) d (6,6y) =

|01 — 10| + /|02 — O20]; b) ¢, (6) = d; ¢) M is not differentiable.

Typically, the first condition is easy to check but the second condition, which
is a bound on the modulus of continuity of the centered empirical process at 6y,

is more difficult to check. One way is to apply the maximal inequality in Section
A1l to
Fs ={mg —mgp, : d(0,00) <},

with an envelope function Fj. Then, ||Fsl|, is typically ¢,, (9).
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Given the rate result, it is reasonable to focus on compact sets for h =

Ty (0 — 6p) . That is,

r

2
n

(Mn <00 + :;) ~M, (90)) - j%G" (Mo —may ) +72P (g s —mo,)

(6)

1. The convergence of the last term is standard algebra. In particular, if

Pmy is twice continuously differentiable with nonsingular second derivative
matrix V, then the limit is %h’Vh.

. The tightness of the first term, i.e., the empirical process, follows from the

same manner as for . In other words, apply the maximal inequality in
Section 1] to

,],.2
fn5:{\/%(m90+ﬁl—meo+ﬁ2)lhl—h2|<(5}, (7)

with a proper envelope function, to conclude the stochastic equicontinuity

of the empirical process.
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3. The fidi follows from standard CLTs for triangular arrays. Refer to Lindeberg-
Feller or -Levy CLT etc in EC484 lecture note.
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Remark 1 In case that 0y lies at the boundary of the parametr space ©, the
space for h meeds to be restricted accordingly. Suppose © = [0,00) and 0y = 0.
Then, the convergence of the reparametrized process in @ is on [0, K] for any
K < c0. Assuming that the first derivative of Pmy is zero at 6y, we can derive

the convergence of the process by the same manner as above.
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Example 8 (Lipschitz in parameter) Assume that, for every 61 and 02 in a
neighborhood of 6y,

[mo, (x) —me, ()| <7 (2) 01 — 02,

and Pmy is twice continuously differentiable at 6y with nonsingular second deriv-
ative matriz V. Assuming the consistency of é, the rate of convergence can be
deriven by Theorem @ In particular, the first condition of the theorem fol-
lows from the differentiability assumption and the modulus of continuity can
be obtained by applying the mazimal inequality in Section[{.1] to the class of func-

tions

Fs ={mg, —mg, : |61 — 02] < I},

with an envelop function
Fs(z) = om (x).

This yields the modulus of continuity of ¢, (6) ~ ||Fs|ly ~ & and thus r, = /n.
Then, reparametrize the objective function as in (@ and argue that the first term

is tight defining Fps as in and the envelop as Fps (x) = dm (x) and applying
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the mazimal inequalitﬂ in Section . Nezxt, apply the Lindeberg-Levy CLT to
specify fidi. Finally, the second term converges to %h’Vh.

With an addition of
P [mo — ma, — (0 — 00) 119, ]> = 0 (|9 - 90|2) :
which is a weak differentiability condition, we can get
v (é - 90) = V" 1Gpritg, + 0p (1).

See Lemma 3.2.21 in VW. Also observe that 7 is not necessarily rig, .

"Note that even the bracking integral is computed using the envelope of the size € ||Fys|y
and ||Fpsll, — 0 as § — 0. However, it follows from the Lipschiz property that the bracketing

number is proportional to § and thus the bracketing integral is uniformly bounded over 4.
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Example 9 (Revisit to the LAD estimator in Example Note that

ly —a'B1l = |y — 2"By| | < |2|[By — Bal, (8)

due to the triangular and Cauchy-Schwarz inequalities. Furthermore, P |y — 2'f|
is twice continuously differentiable at B if the distribution of the regression error

has a positive density at its median. See 8.2.23 VW (p.305) also, Koenker’s book
“quantile regression”, which shows that

N 1 _ _
Vn (ﬁ - ﬂo) N (O, ZP (z2' f (0|z)) "' P (z2) P (z2' f (0|2)) 1) ,
where f (-|x) is the conditional density function of (y — x'8,) given x.
Proof. takes three steps as above.

1. Consistency can be argued by

(a) the convexity of and the uniqueness of the minimizer of M (8) =

E|y; — .|, which can be shown by the graphical illustration under
the assumption of P (zz’) > 0.
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(b) the Lipschitz property of (8) implies the uniform convergence of M, (3) £,

M () on any compact set.

2. The convergence rate of v/n can be argued as in Example [8} In particular,
observe that the second derivative matrix at 8, is P (zz'f (0|x)) /2.

3. For the asymptotic distribution, recall @ .
(a) Letting zn; (h) = v/n (|e; — 2;hn=1/2| — |e;]) and Z ~ N (0, P (z2’))
note that

2
Tn

n

for which we apply the Lindeberg-Levy CLT for fid: and the tightness
follows as in Example

G (mays = mo0) = 7= 3 o (0) = B eus ()] = Zh,

Some additional comments follow.
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1. It can also be viewed as a VC class with § € B, which is a compact subset
of R*, by noting that

{ly—a'p|:BeBy={y—2'B:€B}Vv{-y+a'8:3¢€B}.

2. We can do without the compactness of the parameter space, invoking the
convexity of the objective function. See e.g. VW problem 4 in p.308. In
particular, the convexity and the uniform convergence on any compact B
implies that 3 = 0, (1).

3. Applying the Lindeberg-Levy CL’IEL the following is usefuﬂ By the second

order Taylor series approximation, one can show that

B (Je; — 2] — [eal) 1 {e: < [a1]} = o (10)

81f Exni =0, Y1, var (zni) = 1, and nE (zni) < 0o, then, Y1, Tn; i>./\/'(0, 1).
9Leibniz’s rule:

d b _ db ()
97 o) f(%,0)dzx = f(b(e)ue)W -

f(a(9),0) = — f(z,0) dx.

da (9) LONF
+/() o0
a(0
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which implies after some algebra that

nE ( e — x2h1n_1/2‘ — |ei|> (

e; — x;hgn_l/Q‘ — |ei|) — RE (z;2}) ha.
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