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1 Applications of Empirical Process Methods

1.1 Arrays

In estimation problems, the asymptotic distribution of the estimator is charac-

terized by the convergence of empirical processes with class of functions changing

with n due to the reparametrization. That is, we provide conditions for the

stochastic processes

{Gnfn,τ : τ ∈ T }

to converge weakly to a Gaussian process in the space of `∞ (T ) . These are

empirical processes indexed by classes of functions Fn changing with n. We need

1. Given envelope functions Fn,

P
(
F 2
n

)
= O (1) ,

P
(
F 2
n1
{
Fn > η

√
n
})
→ 0, for every η > 0

sup
ρ(s,t)<δn

P (fn,s − fn,t)2 → 0, for every δn → 0.
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2. For every δn → 0, either

sup
Q

ˆ δn

0

√
logN

(
ε ‖Fn‖Q,2 ,Fn, L2 (Q)

)
dε→ 0,

or ˆ δn

0

√
logN[] (ε ‖Fn‖2 ,Fn, L2 (P))dε→ 0.

3. The sequence of covariance functions P (fn,sfn,t) − Pfn,sPfn,t converges

pointwise on T × T .

See VW section 2.11.3. for the proof.

The uniform-entropy condition in condition 2 is satis�ed if Fn is a VC-class

with VC-index bounded by some constant independent of n.
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1.2 QLR test

Suppose that the null hypothesis is

H0 : µ (θ) = 0

and its negation is the alternative hypothesis. Also assume that {lξ, ξ ∈ Ξ} ,
stands for the null model, that is, there is one-to-one correspondence between

mθ and lξ under the null hypothesis.

The likelihood ratio test or more generally test based on the comparison of

the objective function values evaluated under the null hypothesis and under the

alternative hypothesis has some nice properties such as invariance to scaling. Let

QLRn = r2
n

[
max
θ∈Θ

Mn (θ)− max
θ∈Θ0

Mn (θ)

]
,

= r2
n

[
max
θ∈Θ

Mn (θ)−max
ξ∈Ξ

Ln (ξ)

]
where rn is the convergence rate of the estimators and Ln (ξ) = Pnlξ. Standard
approach based on the linearization involves somewhat messy algebra and limited
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to the case where the linearization is plausible. Instead, we note

1. with probability arbitrarily close to one, for any K <∞,

max
θ∈Θ

Mn (θ) = max
|hm|≤K

Mn

(
θ0 + hmr

−1
n

)
,

max
ξ∈Ξ

Ln (ξ) = max
|hl|≤K

Ln
(
ξ0 + hlr

−1
n

)
,

2. The transformation

φ (mθ, lξ) = mθ − lξ

is Lipschitz, and φ (mθ0 , lξ0) = 0. This gives tightness of the empirical pro-

cess part using the permanence of uniform entropy condition or bracketing

integral.1

3.

max
θ∈Θ

Mn (θ)−max
ξ∈Ξ

Ln (ξ) = max
θ,ξ=ξ0

Pnφ−
(

max
ξ,θ=θ0

−Pnφ
)
,

is a continuous functional on φ.

1This holds uniformly over n if it did for the original classes.
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Therefore, we the asymptotic distribution of QLRn can be derived from the weak

convergence of r2
nMn

(
θ0 + hmr

−1
n

)
and r2

nLn
(
ξ0 + hlr

−1
n

)
due to the permanence

property of P-Donsker. In particular,

r2
nMn

(
θ0 + hmr

−1
n

)
=

r2
n√
n
Gnmθ0+hmr

−1
n

+ r2
nPmθ0+hmr

−1
n

=
r2
n√
n
Gnmθ0+hmr

−1
n

+
1

2
h′m

[
∂2

∂θ∂θ′
Pmθ0

]
hm + o (1) ,

where the second inequality is due to the identi�cation condition. The weak

convergence of the �rst term can be deriven as above, that is, as tightness follows

for the same reason for the original estimation, it only remains to calculate the

covariance kernel of the gaussian part (jointly with mθ and lξ) and the bias term.

If the gaussian part is linear and the bias is quadratic, we can show that the test

statistic is asymptotically (Noncentral) chi-squared distributed.

To be more concrete, consider

H0 : θ1 = 0,
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where θ = (θ′1, θ
′
2)
′
, and suppose

r2
n√
n
Gnmθ0+hmr

−1
n

d−→ Z ′hm,

where Z ∼ N (0, E) . Partition Z = (Z ′1, Z
′
2)
′
and the second derivative matrix

V =

(
V11 V12

V21 V22

)
according to (θ′1, θ

′
2)
′
. Then,

r2
n√
n
Gnlξ0+hlnr

−1
n

d−→ Z ′2hl, and r2
nPlθ0+hlr

−1
n
→ 1

2
h′lV22hl.

and the maximizers of the limits are given by

ĥ1 = −V −1Z and ĥ2 = −V −1
22 Z2.

If in addition, E = −V as in the MLE, then

2QLRn
d−→ −Z ′V −1Z + Z ′2V

−1
22 Z2 = X 2

k1 ,

where k1 is the dimension of θ1.
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1.3 Z-estimation

An estimator satisfying an approximate �rst order condition:

Ψn

(
θ̂
)

=
1

n

n∑
i=1

ψ
(
wi, θ̂

)
= op

(
n−1/2

)
. (1)

However, it does not mean that θ̂ is de�ned by this equation, as in LAD example.

The parameter can be in�nite-dimensional but let's focus on �nite-dimensional

θ.

Let Ψ (θ) = E (ψ (wi, θ))

• Maintained assumptions:

1. the consistency: θ̂
p−→ θ0 such that Ψ (θ0) = 0.

2. Ψ is continuously di�erentiable at θ0 with derivative H, which is in-

vertible at θ0.

• Then, for the �rst derivative H of Ψ

Ψ
(
θ̂
)

= H
(
θ̃
)(

θ̂ − θ0

)
.
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Furthermore, it follows from (1) that

−
√
nΨ
(
θ̂
)

=
√
n
(

Ψn

(
θ̂
)
−Ψ

(
θ̂
))

+ op (1)

=
1√
n

n∑
i=1

(
ψ
(
wi, θ̂

)
−Ψ

(
θ̂
))

+ op (1) ,

=
1√
n

n∑
i=1

ψ (wi, θ0) + op (1)

where the �rst component on rhs is an empirical process evalutated at θ = θ̂.

If it is Donsker and θ̂
p−→ θ0, then the stochastic-equicontinuity implies that

its limit distribution is equivalent to that of 1√
n

∑n
i=1 ψ (wi, θ0) .

• LAD Example

1. (1) is shown by e.g. Ruppert and Carroll (1980 JASA). Basic idea is θ̂

is the minmizer of Mn (θ) = 1
n

∑n
i=1 |yi − x′iβ| . However, there exists

at most one i such that
∣∣∣yi − x′iβ̂∣∣∣ is not-di�erentiable at β = β̂ with
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probability one due to continuity of the distribution and |u| is di�eren-
tiable almost every u except u = 0. LetMn (θ)−i = 1

n

∑n
j 6=i
∣∣yj − x′jβ∣∣ .

Then, for any θ in a neighborhood of θ̂

0 ≥Mn

(
θ̂
)
−Mn (θ)

≥Mn

(
θ̂
)
−i
−Mn (θ)−i −

1

n

∣∣∣∣∣∣yi − x′iβ̂∣∣∣− |yi − x′iβ|∣∣∣
Thus,

1

n
|xi| ≥

∂

∂θ′
Mn

(
θ̂
)
−i

(
θ̂ − θ

)
∣∣∣θ̂ − θ∣∣∣ .

By construction, Mn (θ)−i is di�erentiable at θ = θ̂ and its second

derivative is zero. As θ is arbitrary and
(θ̂−θ)
|θ̂−θ| has norm 1, ∂

∂θ′Mn

(
θ̂
)
−i

should shrink at the rate of n−1.

2. Set ψ (wi, θ) = −xi sgn (yi − x′iβ) , which constitutes a VC class. Thus,

with a proper moment condition, the stochastic equicontinuity follows.

Calculate H etc to characterize the asymptotic variance matrix.
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1.4 Semi-parametric 2-step Estimation

The approach here is similar to section 4.1. Suppose that a nonparametric esti-

mate τ̂ is given and the estimator θ̂ of the �nite-dimensional parameter θ satis�es

n∑
i=1

ψ
(
wi, θ̂, τ̂

)
= 0.

This is typically the FOC of a minimization problem. Suppose θ̂
p−→ θ0. Then,

0 =
1√
n

n∑
i=1

ψ
(
wi, θ̂, τ̂

)
=

1√
n

n∑
i=1

ψ (wi, θ0, τ̂) +
1

n

n∑
i=1

∂

∂θ
ψ
(
wi, θ̃, τ̂

)√
n
(
θ̂ − θ0

)
.

Note that the �rst term equals

1√
n

n∑
i=1

ψ (wi, θ0, τ̂) = [νn (τ̂)− νn (τ0)] + νn (τ0) +
√
nP (ψθ0,τ̂ ) ,

where νn (τ) = Gnψθ0,τ . And

11



1. For νn (τ0) , an ordinary CLT applies.

2. Assume
√
nP (ψθ0,τ̂ ) = op (1).

3. And

νn (τ̂)− νn (τ0) = op (1)

provided that

(a) the stochastic equicontinuity of νn with respect to some T and ρ,

(b) ρ (τ̂ , τ0)
p−→ 0

(c) P (τ̂ ∈ T )→ 1.
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The stochastic equicontinuity is veri�ed by checking one of the conditions2 we

studied previously. With usual nonparametric density or regression estimates,

uniform consistency has been established (see e.g. Andrews 1995 ET), yielding (b)

and (c) in condition 3. Issues associated with the nonparametric kernel estimation

such as trimming will be discussed in another topic.

In the GLS example,

ψ (wi, θ0, τ) =
xi (yi − x′iβ0)

σ2 (xi)
,

Condition 2 needs to be veri�ed in practice. See Andrews (1994, Econometrica).

Sometimes,

P (ψθ0,τ ) = 0,

2Smooth function class on a bounded W̄: the class F of all bounded functions on a bounded,

convex, nonempty set W̄ ⊂ Rs that possess uniformly bounded partial derivatives up to order

[α] for some α > 0 and whose highest derivatives are Lipschitz of order α − [α] . The entropy

with bracketing is O
((

1
ε

)s/α)
, where the constant depends on the smoothness α, size of W̄ in

terms of P, and the dimension s of w. Note that higher dimension requires smoother functions

as we need s/α < 2.
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for all τ, which is the case for the GLS due to the conditional moment restriction.

It may also demand

n1/4 sup
x
|τ̂ (x)− τ0 (x)| = op (1) ,

as in the partially linear regression. We do not discuss details here. In some

other occasions,
√
nP (ψθ0,τ̂ )

d−→ N (0, A) ,

often when τ is �nite-dimensional.
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Example 1 Partially Linear Regression by Robinson (Econometrica, 1988)

yi = x′iβ + g (zi) + εi

E (εi|xi, zi) = 0

The β̂ solves the FOC

1

n

n∑
i=1

(
xi − ̂E (xi|zi)

)(
yi − ̂E (yi|zi)− β̂′

(
xi − ̂E (xi|zi)

))
= 0.

Thus,

ψ (wi, θ0, τ) = (xi − τ1 (zi)) (yi − τ2 (zi)− β′ (xi − τ1 (zi))) ,

where τ1 = E (xi|zi) and τ2 = E (yi|zi) . And
√
nEψ (wi, θ0, τ)

=
√
nE (xi − τ1 (zi)) (g (zi)− τ2 (zi) + β′τ1 (zi))

= E
[
n1/4 (E (xi|zi)− τ1 (zi))

] [
n1/4 (g (zi)− τ2 (zi) + β′τ1 (zi))

]
.
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2 Extensions

2.1 Partial-Sum Processes

Two famous convergence results by Donsker concern (i) the weak convergence of

empirical distribution functions and (ii) that of the partial-sum process, i.e., for

s ∈ [0, 1] ,

Sn (s) =
1√
n

[ns]∑
i=1

ξi ⇒W (s) ,

where ξi is a sequence of independent mean zero random variables with �nite

variance. This is also called functional central limit theorem (FCLT). The FCLT

is a building block for the unit root type nonstationary time series analysis. Note

that if yt = yt−1 +xt, then n
−1/2

(
y[ns] − y0

)
is a partial-sum process. Billingsley

(1968) provides an elegant treatment of this result. Several di�erent approaches

are available. We rephrase his Theorem 15.6 here.
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Theorem 1 Let Xn be a sequence of stochastic processes whose sample paths are

on [0, 1] , right-continuous and have left-limits. And let X be a stochstic process

on [0, 1] that is continuous at 1 a.s. Suppose (i) fidi holds and (ii)

E (|Xn (t)−Xn (t1)|γ |Xn (t)−Xn (t2)|γ) ≤ [g (t2)− g (t1)]
2α
,

for any 0 ≤ t1 ≤ t ≤ t2 ≤ 1, and for some γ ≥ 0, α > 1
2 , and a continuous and

nondecreasing function g. Then, Xn ⇒ X.

In case of iid Xi, this is easy to check the FCLT with γ = 2 and α = 1.

The FCLT has been extended to incorporate various dependent sequences {ξt}
as well, see e.g. Davidson (1994) .

Remark 1 The partial-sum process should not be confused with

S̃n (s) =
1√
sn

[ns]∑
i=1

ξi,

which appears in studying various testing problems such as structural break tests.

This process has completely di�erent asymptotic property than the partial-sum
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process.. For instance, it does not converge weakly and maxs S̃n (s) diverges.

However, we can still �nd a sequence of independent mean zero normal variables

Zi such that

Pr

{
sup

1≤k≤n

∣∣∣∣∣
k∑
i=1

ξi −
k∑
i=1

Zi

∣∣∣∣∣ > C

}
is controlled at a certain order. This is called strong approximation and has

proven useful in some interesting testing problems.
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Next, we consider a generalization, that is, the weak convergence of the se-

quential empirical process

Zn (s, f) =
1√
n

[ns]∑
i=1

(f (ξi)−Pf) =

√
[ns]

n
G[ns]f,

where the index (s, f) ranges over [0, 1]×F .

Theorem 2 If F is Donsker,

Zn ⇒ Z,

which is a Gaussian process with the covariance kernel

cov (Z (s, f) ,Z (t, g)) = (s ∧ t) (Pfg −PfPg) .

Proof. See Theorem 2.12.1 in VW.

This result is for the iid ξis. Replacing Ottaviani's inequality in the proof, one

may extend this to the partial-sum processes with dependent data (e.g. Ch.10.2

in Lin & Bai 2011 Springer).
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The following is the maximal inequality for the partial sum process (compare

it with the previous term's maximal inequality for the empirical processes).

Lemma 3 [Kolmogorov Inequality]Let {xi} be a sequence of independent r.v.'s

with Exi = 0 and variance σ2
i Then,

Pr

{
max

1≤k≤n

∣∣∣∣∣
k∑
i=1

xi

∣∣∣∣∣ > ε

}
≤
∑n
i=1 σ

2
i

ε2
. (2)

This has been extended to various dependent sequences.
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2.2 Testing for the Parameter Constancy

Examples include Davies (1977), Andrews (1993), Hansen (1996), Andrews (2001),

etc.

Revisit to Example ??. Given γ, the null hypothesis is a simple exclusion test

for δ after rewriting the model as

yi = x′iβ + x′iδ · 1 {qi > γ}+ εi.

If qi = i, then the test becomes the structural break test.

If γ were prespeci�ed, it can be tested by the standard Wald test, sayWn (γ) ,

or the Likelihood Ratio test, say LRn (γ) , under the auxiliary assumption of

normality of the error. Otherwise, it is natural to consider a continuous functional

of the function Wn (γ) or LRn (γ) . Typical is

sup
γ∈Γ

Wn (γ) or sup
γ∈Γ

LRn (γ) .
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We elaborate on the structural break test here.

yt = x′tβ11 {t ≤ τ}+ x′tβ21 {t > τ}+ εt.

Let β̂1 (τ) and β̂2 (τ) denote the OLSE and δ̂ (τ) = β̂2 (τ)−β̂1 (τ) with a consistent

estimator V̂ (τ) of its asymptotic variance for a given τ. Then,

Wn (τ) = nδ̂ (τ) V̂ (τ)
−1
δ̂ ⇒ B (τ)

′
B (τ)

τ (1− τ)
,

on τ ∈ [η, 1− η] , where B is the standard Brownian Bridge. The limit process is

called the standardized tied-down Bessel process of order k, the dimension of δ,

and for each �xed τ its distribution is χ2
k. And

sup
τ∈[η,1−η]

Wn (τ)⇒ sup
τ∈[η,1−η]

B (τ)
′
B (τ)

τ (1− τ)
.

Thus, the critical values can be tabulated as a function of η, typical choices being

0.05 or 0.15. See Andrews (1993).
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To see this, note that it follows from the ULLN3 (see Andrews 1993 Econo-

metrica) and FCLT that

√
n
(
β̂1 (τ)− β

)
=

 1

n

[nτ ]∑
t=1

xtx
′
t

−1 1√
n

[nτ ]∑
t=1

xtεt


⇒ (τM)

−1
Ω1/2W (τ) ,

where M = E (xtx
′
t) ,Ω = E (xtεt) , and W is the standard Brownian motion.

Then,

√
n
(
β̂2 (τ)− β

)
⇒ ((1− τ)M)

−1
Ω1/2 (W (1)−W (τ))

√
nδ̂ (τ)⇒ (τ (1− τ)M)

−1
Ω1/2 (τW (1)−W (τ)) .

And

(τ (1− τ)M)
−1

Ω1/2 (τW (1)−W (τ)) ∼ N
(

0, (τ (1− τ))
−1
M−1ΩM−1

)
.

3Of course, this can be implied by the FCLT or Kolmogorov inequality at the expense of

stronger moment condition on xt

23



Remark

1. For the validity of the weak convergence theory, the trimming, that is η >

0, is indespensible. Otherwise, the supremum of the Wald statistics will

diverge.

2. However, the trimming comes with price, that is, it loses power if the true

break occurrs outside of the interval [η, 1− η] . Hidalgo and Seo (2011)

develop a di�erent asymptotic approximation to the supremum statistic

without trimming, incorporating di�erent normalization and then strong

approximation to the process on the whole interval [0, 1] .

3. Another issue is HAC estimation, which arises when xt and εt are serially

correlated.

4. When the change point is due to a stochastic variable, the limit distribution

24



is not distribution free anymore. That is, for γ1 < γ2,

cov

(
1√
n

n∑
t=1

xtεt1 {qt > γ1} ,
1√
n

n∑
t=1

xtεt1 {qt > γ2}

)
= E

(
xtx
′
tε

2
t1 {γ1 < qt ≤ γ2}

)
,

when {εt} is a mds. The critical values need to be simulated. See e.g.

Hansen (1996 Econometrica).
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3 Estimation of the Change-Point

We consider 3 scenarios: Correctly speci�ed, local-to-linear setup, and misspeci-

�ed case.

Reparametrize and write the objective function as

Mn (θ) =
1

n

n∑
t=1

(yt − x′tβ)
2

+
1

n

[nτ ]∑
t=1

(x′tδ)
2 − 2x′tδ (yt − x′tβ) ,

where θ ∈ Θ, which is compact and in particular τ ∈ [η, 1− η]. Let

Mn (θ)
p−→M (θ) . (3)

• For the consistency, we need to check

1. uniform convergence over some compact Θ of Mn.

2. well-separatedness of θ0 as a unique minimizer of M (θ) on Θ.
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• Let
∑τ

=
∑[nτ ]
t=1 and

∑
τ =

∑n
t=[nτ ]+1. then,

1

n

n∑
t=1

(yt − x′tβ)
2

=
1

n

τ0∑
(εt + x′t ((β0 + δ0)− β))

2
+

1

n

∑
τ0

(εt + x′t (β0 − β))
2

p−→ τ0E (εt + x′t ((β0 + δ0)− β))
2

+ (1− τ0) E (εt + x′t (β0 − β))
2
.

And if τ ≤ τ0

1

n

[nτ ]∑
t=1

x′tδ (yt − x′tβ)
p

−→ − τEx′tδx
′
t (β − β0 − δ0)

and otherwise, it converges to

−τ0Ex′tδx
′
t (β − β0 − δ0)− (τ − τ0) Ex′tδx

′
t (β − β0) .
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Putting them together

1

n

[nτ ]∑
t=1

(x′tδ)
2 − 2x′tδ (yt − x′tβ)

p−→ τE (x′tδ)
2

+ τ [2Ex′tδx
′
t (β − β0 − δ0)] 1 {τ ≤ τ0}

+ 2 [−τ0Ex′tδx
′
tδ0 + τEx′tδx

′
t (β − β0)] 1 {τ > τ0} .

Then, it follows that

M (θ0) = E
(
ε2
t

)
and for all θ 6= θ0,

M (θ)−M (θ0) > 0.

Clearly M is continuous and thus θ0 is well-separated on any compact set

Θ.
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• Let τ < τ0. Then,

M (θ)−M (θ0)

= τ0

(
E (x′t (β − β0))

2 − 2Ext (β − β0)x′tδ0 + E (x′tδ0)
2
)

+ (1− τ0) E (x′t (β0 − β))
2

+ τE (x′tδ)
2

+ τ [2Ex′tδx
′
t (β − β0)− 2Ex′tδx

′
tδ0]

= (τ0 − τ)
(

E (x′tδ0)
2 − 2Ext (β − β0)x′tδ0 + E (x′t (β0 − β))

2
)

+ (1− τ0) E (x′t (β0 − β))
2

+ τ
(

E (x′t (δ − δ0))
2

+ 2Ex′t (δ − δ0)x′t (β − β0) + E (x′t (β0 − β))
2
)
.

Note here that the function is quadratic in β − β0 and δ − δ0 while it is

linear in τ − τ0
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• For the convergence rate,

1. note that M (θ) is not di�erentiable at θ0 wrt to τ. In particular, it is

reasonable to set

d (θ1, θ2) =
√
|τ1 − τ2|+ |β1 − β2|+ |δ1 − δ2| .

2. The modulus of continuity of the centered empirical process can be

derived from the Kolmogorov inequality4, i.e.,

Pr

{
sup

d(θ,θ0)<δ

|Gn (θ)| > ε

}
≤ O (δ)

ε

where Gn (θ) =
√
n (Mn (θ)−Mn (θ0)− E (Mn (θ)−Mn (θ0))) .

3. The preceding implies the convergence rate rn = n1/2 and thus

|τ̂ − τ0| = Op
(
n−1

)
, and

∣∣∣β̂ − β0

∣∣∣ , ∣∣∣δ̂ − δ0∣∣∣ = Op

(
n−1/2

)
.

4Careful reading reveals that we need to take as the φ function the square root of the right

side of the Kolmogorov inequality in (2) .
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• To verify them, see our previous derivation of M (θ) and note that

Mn (θ)−Mn (θ0)

=
1

n

n∑
t=1

(−2yt + x′t (β + β0))x′t (β − β0)

+
1

n

[nτ ]∑
t=1

(x′t (δ + δ0)− 2 (yt − x′tβ))x′t (δ − δ0) + 2x′tδ0x
′
t (β − β0)

+
1

n

[nτ ]∑
t=[nτ0]+1

(x′tδ0)
2 − 2 (yt − x′tβ0)x′tδ0

and apply the Kolmogorov inequality after the centering by expectation

and scaling by
√
n.
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• Asymptotic Distribution:

1. that of τ̂ is non-regular

2. Oracle property due to the super-consistency of τ̂ . That is,∣∣∣β̂ (τ̂)− β̂ (τ0)
∣∣∣ = op

(
−1/2

)
.

• It follows from the FCLT and stoch. equi. that

1

n

[nτ̂ ]∑
t=[nτ0]+1

xtx
′
t = op (1) ,

1√
n

[nτ̂ ]∑
t=[nτ0]+1

xtε
′
t = op (1)

However, considering
∑τ

xtyt =
∑τ0 xt (εt + x′tβ1) +

∑τ
τ0
xt (εt + x′tβ2) ,

we need

1√
n

[nτ̂ ]∑
t=[nτ0]+1

xtx
′
t ≤ E |xt|2

[nτ̂ ]− [nτ0]√
n

+ op (1) = op (1) ,

due to �rst the FCLT and second the super-consistency.
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3.0.1 Local-to-Linear Setup

The model becomes linear asymptotically, that is,

δ0 = δ0n = cn−α,

where 0 < α < 1
2 and c 6= 0. We can proceed in the similar way before but this

time using the pro�led criterion function, which is straightforward since for a give

τ ,
(
β̂ (τ) , δ̂ (τ)

)
is the OLS estimator. The formal proof of the consistency and

convergence rate, however, need to invoke a di�erent version of the rate theorem

than we learned re�ecting the arrary nature of our data generating process. It

can be found in Section 3.4 of van der Vaart and Wellner (1996). We skip the

veri�cation of the conditions of the theorem here, but it turns out that the proper

distance is

d (θ1, θ2) = |τ1 − τ2|
1

2−4α + |β1 − β2|+ |δ1 − δ2| .

and rn = n1/2.

• The main motivation to consider this asymptotics was that this results

in a slower convergence rate for τ̂ , which in turn yields a more tractable
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asymptotic distribution for τ̂ . This turns out to be the minimizer of a

Gaussian process. Its density function is also known in the literature.

• For τ > τ0, and τ = τ0 + hn−1+2α for some 0 ≤ h ≤ K <∞,

r2
n

 1

n

[nτ ]∑
t=[nτ0]+1

(x′tδn)
2 − 2x′tδnεt

 = n−2α

[nτ0]+hn2α∑
t=[nτ0]+1

(x′tc)
2 − 2n−α

[nτ0]+hn2α∑
t=[nτ0]+1

(x′tc) εt

⇒ hE(x′tc)
2 − 2

√
E (x′tc)

2
ε2
tW (h) .

The convergence follows from the FCLT. Similarly, we can show the weak

convergence when τ < τ0, where the limit is the minus of the above and

the Brownian motion is independent of each other.
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3.0.2 Under Misspeci�cation

• Now assume that

yt = βt + εt,

where βt = β (t/n) , which is a function on [0, 1] and twice continuously

di�erentiable. Here with slight abuse of notation, βt = β (t) if t lies between

0 and 1. Then,

M (θ) = p lim
n→∞

 1

n

[nτ ]∑
t=1

(εt + βt − β1)
2

+
1

n

n∑
t=[nτ ]+1

(εt + βt − β2)
2


= σ2 +

ˆ τ

0

(βt − β1)
2

+

ˆ 1

τ

(βt − β2)
2
dt.

Observe that M is di�erentiable and the FOC is

τβ1 =

ˆ τ

0

βt, (1− τ)β2 =

ˆ 1

τ

βt,

(βτ − β1)
2

= (βτ − β2)
2
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and SOC is  τ 0 2(β1 − βτ )

0 (1− τ) 2(βτ − β2)

2(β1 − βτ ) 2(βτ − β2) 2β
(1)
τ (−β1 + β2)

 .
Its determinant is

τ
(

(1− τ) 2β(1)
τ (−β1 + β2)− 4 (βτ − β2)

2
)
− 4 (1− τ) (β1 − βτ )

2

= 4

[
(1− τ) τβ(1)

τ

(−β1 + β2)

2
− (β1 − βτ )

2

]
,

at τ = τ0, which is assumed to be positive and which is true for some β.

This implies that a proper d for the convergence rate computation is the

standard Euclidean norm.

• The modulus of continuity for
√
n (Mn (θ)−Mn (θ0)−M (θ) + M (θ0)) does

not change. However, re�ecting the change in d, the bound becomesO
(√

δ
)
.

This in turn results in the convergence rate of n1/3.
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3.1 Weakly Dependent Data

• Absolutely regular empirical processes (Doukhan, Massart, & Rio 1995)

� norm:

‖f‖2,β =

[ˆ 1

0

β−1 (u) [Qf (u)]
2
du

]1/2

,

where β−1 denotes the cadlag inverse of the monotone function β (t) =

β[t], which is a β-mixing coe�cient such that
∑
n≥0 βn < ∞, and Qf

denotes the quantile function of |f (W0)| . This norm is bounded below

by L2-norm and above by a constant multiple of L2-norm (Lemma 1

& 2).

� For the entropy with bracketing wrt ‖·‖2,β , Hβ (ε,F) , and a class of

functions satisfying the condition that ‖f‖2,β ≤ δ, Fδ, let

ρ (δ) =

ˆ δ

0

√
Hβ (u,Fδ)du.
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� Then, (Theorem 3) for some constant A and for all large n

E

{
sup
f∈Fδ

|Gnf |

}
≤ Aρ (δ) .

• Remarks

1. A maximal inequality for a class such as F́ = {fτ : |τ − τ0| ≤ δ} can
be obtained by carefully comparing Fδ with F́ .

2. An upper bound for ρ (δ) can be computed by the entropy with brack-

eting wrt the Lp-norm, as it is smaller than ‖·‖2,β .

• Dependent Heterogeneous arrays (Hansen 1996 Econometric Theory)

� the class of Lipschitz functions

� various mixingale arrays such as MDS, mixing, NED arrays.

� stochastic equicontinuity of the empirical process but modulus of con-

tinuity
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� the seminorm for the index τ depends on the mixingale norm

Andrews (1993)Andrews and Ploberger (1995)
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