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Chapter 1
Analysis

Analysis is the theory behind real numbers, sequences, and functions. The word ‘theory’ is im-
portant. You might, for example, have a good idea of what we mean by a ‘limit’ of a convergent
sequence or the notion of a ‘continuous’ function, but in this part of the course we try to formalize
such notions.

1.1 The real numbers

The rational number system is inadequate for many purposes. For instance, there is no rational
number ¢ such that ¢ = 2, and the set

S={qeQ|q¢*<2}

does not have a largest element in Q. So we see that the rational number system has certain holes.
The real number system R fills these gaps. Thus the set

S={qeR|¢* <2}

has a largest element. This is a consequence of a very important property of the real numbers,
called the least upper bound property. But before we state this property of R, we need a few
definitions.

Definitions. Let S be a subset of R.

1. An element u € R is said to be an upper bound of S if for all z € S, x < u. If the set of all
upper bounds of S is not empty, then S is said to be bounded abowve.

2. An element [ € R is said to be a lower bound of S if for all z € S, [ < z. If the set of all
lower bounds of S is not empty, then S is said to be bounded below.

3. The set S is said to be bounded if it is bounded above and it is bounded below.

Examples.

1. The set S ={z € R |0 < 2 < 1} is bounded. Any real number y satisfying 1 < y
instance 1, m, 100) is an upper bound of S, and any real number z satisfying z < 0 (for
instance 0, —1) is a lower bound of S.
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2. The set S = {n | n € N} is not bounded. Although it is bounded below (any real number
2 < 1 serves as a lower bound), it has no upper bound, and so it is not bounded above.

3. The set’ S = {(—1)" | n € N} is bounded. It is bounded above by 1 and bounded below by
—1.

4. The set S = {% ‘ ne N} is bounded. Any real number z satisfying 1 < x is an upper
bound, and 0 is a lower bound.

5. The sets Z and R are neither bounded above nor bounded below. Indeed, this is a conse-
quence of the inequality z < z + 1.

6. The set () is bounded. (Why?) O

We now introduce the notions of a least upper bound (also called supremum) and a greatest
lower bound (also called infimum) of a subset S of R.

Definitions. Let S be a subset of R.

1. An element u, € R is said to be a least upper bound of S (or a supremum of S) if

(a) wu, is an upper bound of S, and

(b) if u is an upper bound of S, then u, < u.
2. An element [, € R is said to be a greatest lower bound of S (or an infimum of S) if

(a) l. is a lower bound of S, and
(b) if I is a lower bound of S, then | <.

Example. If S = {z € R| 0 < z < 1}, then the supremum of S is 1 and the infimum of S is 0.
Clearly 1 is an upper bound of S.

Now we show that if u is another upper bound, then 1 < u. Suppose not, that is, v < 1. Then
we have 1
0§u<%<1, (1.1)
where the first inequality is a consequence of the facts that u is an upper bound of S and 0 € S,
while the last two inequalities follow using u < 1. From (1.1), it follows that the number UTH
satisfies 0 < “TH < 1, and so it belongs to S. The middle inequality in (1.1) above then shows
that u cannot be an upper bound for 5, a contradiction. Hence 1 is a supremum.

Next we show that this is the only supremum, since if w, is another supremum, then in
particular u, is also an upper bound, and the above argument shows that 1 < u,. But 1 < u, is
not possible as 1 is an upper bound, and as wu, is a supremum, u, must be less than or equal to
1. So it follows that u, = 1.

Similarly one can show that the infimum of S is 0. O

In the above example, there was a unique supremum and infimum of the set S. In fact, this
is always the case and we have the following result.

INote that this set is simply the finite set (that is, the set has finite cardinality) {—1,1}. More generally, any
finite set S is bounded.
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Theorem 1.1.1 If the least upper bound of a subset S of R exists, then it is unique.

Proof Suppose that u, and v/ are two least upper bounds of S. Then in particular u, and w/,
are also upper bounds of S. Now since u, is a least upper bound of S and u/, is an upper bound
of S, it follows that

s < Ul (1.2)

Furthermore, since w, is a least upper bound of S and wu, is an upper bound of S, it follows that
ul, < Uy (1.3)
From (1.2) and (1.3), we obtain u, = /. [ |
Thus it makes sense to talk about the least upper bound of a set. The least upper bound of a
set S (if it exists) is denoted by
sup S

(the abbreviation of ‘supremum of S”). Similarly, the infimum of a set S (if it exists) is also unique,
and is denoted by
inf S.

When the supremum and the infimum of a set belong to the set, then we give them special names:
Definitions.

1. If sup S € S, then sup S is called a mazimum of S, denoted by max S.

2. If inf S € S, then inf S is called a minimum of S, denoted by min S.

Examples.
1. IS ={zeR|0<2z <1} then supS = 1 ¢ S and so max.S does not exist. But
inf S =0¢€ S, and so minS = 0.
2. If S = {n | n € N}, then sup S does not exist, inf S = 1, max .S does not exist, and min.S = 1.
3. U S={(-1)"|neN}, thensupS =1, inf S = -1, maxS =1, minS = —1.

4. 1f S = {1 | n € N}, then sup S = 1 and max S = 1. We show below (after Theorem 1.1.2)
that inf S = 0. So min S does not exist.

5. For the sets Z and R, sup, inf, max, min do not exist.

6. For the set (), sup, inf, max, min do not exist. O

In the above examples, we note that if .S is nonempty and bounded above, then its supremum
exists. In fact this is a fundamental property of the real numbers, called the least upper bound
property of the real numbers, which we state below:

If S is a nonempty subset of R having an upper bound, then sup S exists.




4 Chapter 1. Analysis

Remarks(x).

1. Note that the set of rational numbers do not possess this property. For instance, the set

S={qeQ|q¢* <2}

has an upper bound, say 2 (indeed, if ¢ > 2, then ¢> > 4 > 2, and so ¢ € S), but we now
show that it does not have a supremum in Q. Assume on the contrary that u, € Q is a
supremum for S. Define

u2 —2

= Uy — — . 1.4
= i (1.4)

Then we can check that ( ) )

2(uz — 2

2 *

— Q=" 1.5
r (U,* +2)2 ( )

We have the following cases:

1° Suppose that u? < 2. From (1.5) we obtain r € S, and from (1.4) it follows that 7 > wu.,
which contradicts the fact that u, is an upper bound of S.

2° Suppose that u2 = 2. This is impossible, since u, is a rational number.

3° Suppose that u? > 2. We see that 7 is an upper bound of S (indeed, if ¢ > r, then?

¢®>>1r*>2 andso ¢ € S). But (1.4) implies that r < u., contradicting the fact that w, is
the supremum.

2. In Exercise 6 on page 7 below, given a nonempty set S of R, we define —S = {—xz | x € S}.
One can show that if a nonempty subset S of R is bounded below, then —S is bounded above
and so sup(—S) exists, by the least upper bound property. The negative of this supremum,
namely —sup(—S), can then be shown to serve as the greatest lower bound of S (this is
precisely the content of Exercise 6). Thus the real numbers also have the ‘greatest lower
bound property’: If S is a nonempty subset of R having an lower bound, then inf S exists.

We now prove the following theorem, which is called the Archimedean property of the real
numbers.

Theorem 1.1.2 (Archimedean property.) If x,y € R and = > 0, then there exists an n € N such
that y < nx.

Proof If not, then the nonempty set S = {nz | n € N} has an upper bound y, and so by the least
upper bound property of the reals, it has a least upper bound w,. But then u. — 2 < w, (since
x is positive) and so it follows that u, — z cannot be an upper bound of S. Hence there exists a
natural number m such that u, — 2z < maz, that is, u, < (m+ 1)z € S. This contradicts the fact
that u, is an upper bound of S. [

Example. If S = {% | ne N}, then inf § = 0. We know that 0 is a lower bound of S. Suppose
that [ is a lower bound of S such that [ > 0. By the Archimedean property (with the real numbers

xandytakenasle(>0)andy:%),thereexistsaneNsuchthat7:y<nx:n~1:n,

1
and so — < [, contradicting the fact that [ is a lower bound of S. Thus any lower bound of S

n
must be less than or equal to 0. Hence 0 is the infimum of S. O

2the last inequality follows from (1.5)
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Definition. An interval is a set consisting of all the real numbers between two given real numbers,
or of all the real numbers on one side or the other of a given number. So an interval is a set of
any of the following forms, where a,b € R:

(a,b)={zreR|a<z<b}

[a,b] ={z €eR|a<z<b} - Z
(a,b)={zeR|a<z<b} > 2
[a,b)={z €R|a<z<b} - ;
(a,0) ={zx eR|a <z} -

la,00) = {z € R | a < z} .

(—o0,b)={zeR |z <b} -
(—o0,b] ={z eR |z < b} 2

(—o0,00) =R

In the above notation for intervals, a parenthesis ‘(’ or ‘)’ means that the respective endpoint
is not included, and a square bracket ‘[’ or ‘|’ means that the endpoint is included. Thus [0,1)
means the set of all real numbers x such that 0 < 2 < 1. (Note that the use of the symbol co in
the notation for intervals is simply a matter of convenience and is not be taken as suggesting that
there is a number co.)

In analysis, in order to talk about notions such as convergence and continuity, we will need a
notion of ‘closeness’ between real numbers. This is provided by the absolute value | - |, and the
distance between real numbers z and y is |z — y|. We give the definitions below.

Definitions.

1. The absolute value of a real number z is denoted by |z|, and it is defined as follows:

| = r ifx >0,
=Y = ifz<o.

2. The distance between two real numbers z and y is the absolute value |z —y| of their difference.

Thus |1| =1, |0| =0, | — 1| = 1, and the distance between the real numbers —1 and 1 is equal
to |—1—1| = | — 2| = 2. The distance gives a notion of closeness of two points, which is crucial in
the formalization of the notions of analysis. We can now specify regions comprising points close
to a certain point z¢g € R in terms of inequalities in absolute values, that is, by demanding that
the distance of the points of the region, to the point zg, is less than a certain positive number §,
say 0 = 0.01 or 6 = 0.0000001, and so on. See Exercise 9 on page 8 and Figure 1.1.

I
F—)\ﬁ

Tog— 0 l“o ‘l‘ o+ 6
Figure 1.1: The interval I = (zg — 0,20 +9) = {z € R | |x — xo| < §} is the set of all points in R
whose distance to the point zg is strictly less than § (> 0).
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The following properties of the absolute value will be useful in the sequel.

Theorem 1.1.3 If x,y are real numbers, then

lzyl = lz[ly] and (1.6
lz+yl < x|+l

BN
~— —

Proof We prove (1.6) by exhausting all possible cases:

x=0o0ry=0. Then |x| =0 or |y| =0, and so |z| |y| = 0. On the other hand, as x = 0 or
y =0, it follows that zy = 0 and so |xy| = 0.

2> 0andy > 0. Then |z| =z and |y| =y, and so |z| |[y| = zy. On the other hand, as z > 0
and y > 0, it follows that zy > 0 and so |zy| = zy.

2 >0and y < 0. Then |z| = z and |y| = —y, and so |z| |y| = 2(—y) = —xy. On the other
hand, as > 0 and y < 0, it follows that zy < 0 and so |zy| = —zy.

x < 0 and y > 0. This follows from 3° above by interchanging = and y.

x < 0and y < 0. Then |z] = —z and |y| = —y, and so |z| |y| = (—z)(—y) = zy. On the

other hand, as x < 0 and y < 0, it follows that zy > 0 and so |zy| = zy.

This proves (1.6).

Next we prove (1.7). First observe that from the definition of | - |, it follows that for any real
x € R, |z| > x: indeed if x > 0, then |z| = z, while if £ < 0, then —x > 0, and so |z| = —z > 0 > x.
From (1.6), we also have | — x| = | —1-z| =| — 1||z] = 1|z| = |z|, for all x € R, and so it follows
that |x| = | — 2| > —z for all z € R. We have the following cases:

1°
20

This proves (1.7).

x+y>0. Then |[z+y| =z+y. As |z| > z and |y| > y, we obtain |z|+ |y| > z+y = |z + y|.

x+y < 0. Then |z +y| = —(z + y). Since |x| > —z and |y| > —y, it follows that
[+ [yl =2 2+ (—y) = —(z +y) = |z +y|.

It is easy to check that the distance satisfies the following properties:

D1.
D2.
D3.

(Positive definiteness.) For all z,y € R, |v —y| > 0. If |x — y| = 0 then z = y.
(Symmetry.) For all z,y € R, |z —y| = |y — z|.
(Triangle inequality.) For all z,y,z € R, |z — z| < |z —y| + |y — 2|

Exercises.

1.

Provide the following information about the set S

An A Is S If sup S exists, If inf S exists,
upper lower bouidcd" sup S inf S then is sup S then is inf S max S min S
bound bound ) in S7? in S7

where S is given by:



1.1. The real numbers 7

(k) {{Z5 |z €R}.
2. Determine whether the following statements are TRUE or FALSE.
(a) If w is an upper bound of a subset S of R, and v’ < u, then v’ is not an upper bound
for S.

(b) If u, is the least upper bound of a subset S of R, and € is any positive real number,

then u, — € is not an upper bound of S.
(¢) Every subset of R has a maximum.
(d) Every subset of R has a supremum.
e

f

(e) Every bounded subset of R has a maximum.
(f) Every bounded subset of R has a supremum.

g) Every bounded nonempty subset of R has a supremum.

(i) For every set that has a maximum, the maximum belongs to the set.

(j) For every set that has a supremum, the supremum belongs to the set.

(k) For every set S that is bounded above, |S| defined by {|z| | z € S} is bounded.
(1) For every set S that is bounded, |S| defined by {|z| | z € S} is bounded.

)
)
)
)
()
(h) Every set that has a supremum is bounded above.
)
)
)
)
) For every bounded set S, if inf S < = < sup S, then = € S.

(m

3. For any nonempty bounded set S, prove that inf S < sup 9, and that the equality holds iff?
S is a singleton set (that is a set with cardinality 1).

4. Let A and B be nonempty subsets of R that are bounded above and such that A C B. Prove
that sup A < sup B.

5. Let A and B be nonempty subsets of R that are bounded above and define
A+B={x+y|ze€ Aandy < B}.
Prove that sup(A + B) exists and that sup(4 + B) < sup A + sup B.

6. Let S be a nonempty subset of real numbers which is bounded below. Let —S denote the set
of all real numbers —z, where x belongs to S. Prove that inf S exists and inf S = — sup(—2S5).

7. Let S be a nonempty set of positive real numbers, and define S—! = {% | S S’}. Show that
S~1 is bounded above iff inf S > 0. Furthermore, in case inf S > 0, show that supS—! =

1
infS”*

3The abbreviation ‘iff’ is standard in Mathematics, and it stands for ‘if and only if’.
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8. Let A,, n € N, be a collection of sets.

The notation ﬂ A,, denotes the intersection of the sets A,, n € N, that is,
neN

ﬂAn:{x|Vn€N, r € Anl,

neN

and we use U A, to denote the union of the sets A,, n € N, that is,

neN
U 4n = {z | 3n € N such that z € A,}.
neN
Prove that
1
(a) 0= (0, —).
1
o) 0= () 0.2
neN
1 1
(c) (0,1)= 791\1 {n——|—2’ 1- m]
1 1
@ o= (1)

9. Let 29 € R and § > 0. Prove that (zg — 0,29 +0) = {x € R| | — 20| < d}.
10. Prove that if z,y are real numbers, then ||z| — |y|| < |z — y|.

11. Show that a subset S of R is bounded iff there exists a M € R such that for all x € S,
|x| < M.

1.2 Sequences and limits

1.2.1 Sequences

The notion of a sequence occurs in ordinary conversation. An example is the phrase “an unfor-
tunate sequence of events”. In this case, we envision one event causing another, which in turn
causes another event and so on. We can identify a first event, a second event, etcetera.

A sequence of real numbers is a list
ai,a2,0as,...

of real numbers, where there is the first number (namely aq), the second number (namely as), and
so on. For example,

11
) 27 37 AR
is a sequence. The first number is 1, the second number is % and so on. (There may not be a
connection between the numbers appearing in a sequence.) If we think of a1 as f(1), as as f(2),
and so on, then it becomes clear that a sequence is a special type of function, namely one with

domain N and co-domain R.

1
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Definition. A sequence is a function f: N — R.

Only the notation is somewhat unusual. Instead of writing f(n) for the value of f at a natural

number n, we write a,,. The entire sequence is then written in any one of the following ways:

(an)nGNa (an)zozla (an)nZl; (an)-

In (an)S2,, the co symbol indicates that the assignment process 1 — a1,2 — asg,... continues
indefinitely. The nth term a,, of a sequence may be defined explicitly by a formula involving n, as
in the example given above:

1
anp=—, neN.
n

It might also sometimes be defined recursively. For example,

n
ar =1, a = ——a, forneN.
1 ) n+1 TL+1 n

(Write down the first few terms of this sequence.)

Examples.

1.

e

(%)n cn 18 a sequence with the nth term given by %, for n € N. This is the sequence

1 11
33
(1+ 3), oy 18 a sequence with the nth term given by 1+ -, for n € N. This is the sequence
9 34567
b 27 37 47 57 67

((=1)" (1 + 1)), e I8 @ sequence with the nth term given by (=1)" (1 + ), for n € N. This

is the sequence
3 45 67

- 555_5717_3565""

- ((=1)"),,cy 18 a sequence with the nth term given by (—1)", for n € N. This sequence is

simply
-1,1,-1,1,—-1,1,...

with the nth term equal to —1 if n is odd, and 1 if n is even.

(1)nen is a sequence with the nth term given by 1, for n € N. This is the constant sequence

1,1,1

s Ly Ly

(n)nen is a sequence with the nth term given by n, for n € N. This is the increasing sequence

1,2,3,....

(fr + 35 + 35 + -+ 77, oy I8 @ sequence with the nth term given by fr+ 35 + 35+ - -+ 7=

nn nn

for n € N. This is the sequence of ‘partial sums’

1 1 1 1 1 1
EANE SR L ZI SR



10 Chapter 1. Analysis

1.2.2 Limit of a convergent sequence

A sequence can be graphed. For instance, the first 4 points of the graph of the sequence (l)n N

n

are displayed in Figure 1.2. This portion of the graph suggests that the terms of the sequence

L]
L]

1 2 3 4

Figure 1.2: First four points of the graph of the sequence (%)HGN.

(%)n N tend toward 0 as n increases. This is consistent with the idea of convergence that you
might have encountered before: a sequence (ay,)nen converges to some real number L, if the terms
a, get “closer and closer” to L as n “increases without bound”. Symbolically, this is represented

using the notation

lim a, =L,

n—oo
where L denotes the limit of the sequence. If there is no such finite number L to which the terms
of the sequence get arbitrarily close, then the sequence is said to diverge.

Th problem with this characterization is its imprecision. Exactly what does it mean for the
terms of a sequence to get “closer and closer”, or “as close as we like” | or “arbitrarily close” to some
number L? Even if we accept this apparent ambiguity, how would one use the definition given
in the preceding paragraph to prove theorems that involve sequences? Since sequences are used
throughout analysis, the concepts of their convergence and divergence must be carefully defined.

24 .

Figure 1.3: First four points of the graph of the sequence (14 +) o

For example, the terms of (1 + %)n cn 8et “closer and closer” to 0 (indeed the distance to 0
keeps decreasing), but its limit is 1. See Figure 1.3.

The terms of ((—1)” (1 + %))neN get “as close as we like” or “arbitrarily close” to 1, but the
sequence has no limit. See Figure 1.4.

Definition. The sequence (a,)nen is said to converge to L if for every € > 0, there exists? an
N € N such that for all n > N,

lan, — L| < e.

4depending on e
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Figure 1.4: First eight points of the graph of the sequence ((—1)” (1 + 4 ))neN'

n

Then we say that (a,)nen is convergent (with limit L) and write

lim a, = L.
n—oo

If there does not exist a number L such that lim a, = L, then the sequence (a,)nen is said to
n—oo

be divergent.

Note that |a, — L| < € iff a,, € (L — €, L 4 €). Hence pictorially, for a convergent sequence
with limit L, this definition means the following, as illustrated in Figure 1.5: Pick any € > 0, and
consider the shaded strip of width e around the horizontal line passing through L. Then one can
find a N € N, large enough, such that all the terms a,, of the sequence, for n > N lie in the shaded
strip.

Lted----dr-mmmmm SRR
L :
LeeA-rmmr

T T T
N N+1 N+2 N+3

Figure 1.5: Convergence of a sequence with limit L.

Examples.

1. (%)n cn 18 a convergent sequence with limit 0.
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1+ 2

Given € > 0, we need to find a N such that for all n > N,
1 1
|an—L|:‘——0':— <e
n n
If we choose N € N such that N > % (such a N exists by the Archimedean property!), then
forn >N (& 2 < 1), we have

1

! < <
= — <€
N

|an—L|:}——O
n

S|

1
Hence lim — = 0.
n—oo N

n)n cy 18 & convergent sequence with limit 1.
Given € > 0, we need to find a N such that for all n > N,

1

1
|an—L|:'1—|———1 =—<e
n n

Again we choose a N € N such that N > % and so for n > N we have
1 1
n—Ll=—-<+=<e¢

1
Hence lim (1 + —) =1.
n

(D)™ (14 1)) ,,cx Is a divergent sequence.
Let a, = (—1)" (1 + ) for n € N. In order to prove that
(an)nen is divergent,

we have to show that
= [(an)nen is convergent] ,

that is,
—[3L € R such that Ve > 0 AN € N such that Vn > N, |a, — L| < €],

that is,
VL € R Je > 0 such that VN € N 3n > N such that |a, — L| > e.

Let L € R. Now we need to prove
Je > 0 such that VN € N 3n > N such that |a, — L| > €.

Let € = 1. (It is not obvious that e = 1 would work, but it has been found by trial and
error.) Now we will show that

VN € N 3dn > N such that |a, — L| > e.
Solet N € N. If L > 0, then choose n to be any odd number > N. Then we have

1 1 1
|an—L|:‘(—1)”<1+—)—L‘:‘—l———L‘:1+—+L>1:e.
n n n

If L < 0, then choose n to be any even number > N. Then we have
1
n—Ll=|(-D)"{1+—-)—L
on = 2= -1 (14 1)

Thus we have shown that for all L € R, there exists a e > 0 (namely € = 1) such that for all
N € N, there exists a n > N (namely any odd number > N if L > 0, and any even number
> N if L < 0) such that |a, — L| > e. Thus the sequence is divergent. O

1 1
1+——L‘=1—|———L>1:e.
n n
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The notation lim a, suggests that the limit of a convergent sequence is unique. Indeed this

n—oo

is the case, and we prove this below.
Theorem 1.2.1 A convergent sequence has a unique limit.

Proof Consider a convergent sequence (an)neny and suppose that it has distinct limits L; and
LQ. Let
- - Lo

2

where the positivity of the € defined above follows from the fact that Ly # Lo. Since L; is a limit,
dN; € N such that for all n > Ny,

>0,

|an —L1| < €.

Since L is a limit, 3N5 € N such that for all n > No,
lan, — La| < e.
Consequently for n > max{Ny, Na},
2¢ =|Ly — Lo| = |L1 — an + an — La| < |L1 — ap| + |an — La| = |an — L1| + |an — La| < € + € = 2,

a contradiction. ]

Exercises.

1. (a) Prove that the constant sequence (1),en is convergent.
(b) Can the limit of a convergent sequence be one of the terms of the sequence?

(c) If none of the terms of a convergent sequence equal its limit, then prove that the terms
of the sequence cannot consist of a finite number of distinct values.

(d) Prove that the sequence ((—1)™),¢n is divergent.

1
2. Prove that lim — # 1.
n—oo MN
3. In each of the cases listed below, give an example of a divergent sequence (an)nen that
satisfies the given conditions. Suppose that L = 1.
(a) For every € > 0, there exists an N such that for infinitely many n > N, |a, — L| < e.
(b) There exists an € > 0 and a N € N such that for all n > N, |a,, — L| < e.
4. Let S be a nonempty subset of R that is bounded above. Show that there exists a sequence

(an)nen contained in S (that is, a, € S for all n € N) and which is convergent with limit
equal to sup S.

5. Let (an)nen be a sequence such that for all n € N, a,, > 0. Prove that if (a,, )nen is convergent
with limit L, then L > 0.

6. A sequence (an)nen is said to be Cauchy if for every € > 0, there exists a N € N such that
for all n,m > N, |a, — am| < €.
Show that every convergent sequence is Cauchy.

HINT: |ap — am| = |an — L+ L — ap| < |an — L| + |am — L.
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1.2.3 Bounded and monotone sequences

It is cumbersome to check from the definition if a sequence is convergent or not. In this section,
we will study a condition under which we can conclude that a sequence is convergent even without
knowing its limit! We will prove that if a sequence is both ‘bounded’ as well as ‘monotone’, then

it is always convergent.

Definition. A sequence (a,)nen is said to be bounded if there exists a M > 0 such that

for all n € N,

lan| < M.

(1.8)

Note that a sequence is bounded iff the set S = {a,, | n € N} is bounded. (See Exercise 11 on

1
4 —

H)‘:1-1—5§2f0ralln€N.

néeN

page 8).
Examples.
1. (1),cy is bounded, since [1| =1 < 1 for all n € N.
2. ( )neN is bounded, since ‘—| = % <1 forallneN.
3. (1+ ) is bounded, since |1+ 1| =1+1 <2 for all n € N.
4. (=" (1+ ))neN is bounded, since |(—1)" (1 +
5. The sequence (an)nen defined by
111
Qn 11 + 22 + 33 +

is bounded. Indeed this can be seen as follows:

|an| = Qn

1 1

]_1
11
S T3
11

(Write down a detailed proof using induction on n.) So all the terms are bounded by %, an

so the sequence is bounded.

PRI
33 nn
PRI
23 2n

0

1 1 1
TEtEomtT

1

2n

)
nn

d

6. The sequence (a,)nen given by a,, = n for n € N, is not bounded. Indeed, given any M > 0,
there exists an N € N such that M < N (Archimedean property with y = M and z = 1).

Thus

=[3M > 0 such that for all n € N,

and so (n)npen is not bounded.

lan| =

[n| =n < M],
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The sequences (1)nen, (%)HGN, (1 + %)neN are all convergent, and we have shown above that

these are also bounded. This is not a coincidence, and in the next theorem we show that the set
of all convergent sequences is contained in the set of all bounded sequences. See Figure 1.6.

convergent bounded

sequences sequences

Figure 1.6: All convergent sequences are bounded.

Theorem 1.2.2 If a sequence is convergent, then it is bounded.

Proof Let (an)nen be a convergent sequence with limit L. Let € := 1 > 0. Then 3N € N such
that for all n > N
lap, —L| <e=1.

Hence for all n > N,
lan| = lan — L+ L| < |an — LI+ |L| < 1+ |L|.

Let M = max{|a1],...,|an|,1 4 |L|}. Then for alln € N
lan| < M

and 80 (@ )nen is bounded. [

Definitions. A sequence (ay)nen is said to be increasing if for all n € N, a,, < ap41. Thus
(an)nen is increasing if

algaggagg....
A sequence (ap )nen is said to be decreasing if for all n € N, a,, > an41. Thus (ap)nen is decreasing
if

a;>ay>as > ....

A sequence is said to be monotone if it is increasing or decreasing.

Examples.
Sequence Is it Is it Is it
increasing? | decreasing? | monotone?
( %)HGN No Yes Yes
(1+2 e No Yes Yes
(D" (1 +41)),en No No No
(Dnen Yes Yes Yes
(n)nen Yes No Yes
(%—i—%—i—% ---—1—7%”)”61\] Yes No Yes

O

The following theorem can be useful in showing that sequences converge when one does not
know the limit beforehand.
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Theorem 1.2.3 If a sequence is monotone and bounded, then it is convergent.

Proof

1° Let (an)nen be an increasing sequence. Since (ay,)nen is bounded, it follows that the set
S ={an | n €N}

has an upper bound and so sup S exists. We show that in fact (a,),en converges to sup S. Indeed
given € > 0, then since sup S — € < sup 9, it follows that sup S — € is not an upper bound for S
and so Jay € S such that supS — € < ay, that is

supS —ay < €.

Since (an)nen is an increasing sequence, for n > N, we have ay < a,,. Since sup S is an upper
bound for S, a,, <supS and so |a, —sup S| = sup S — a,, Thus for n > N we obtain

|an, —sup S| =supS —a, <supS —an <e.
2° If (an)nen is a decreasing sequence, then clearly (—ay,)nen is an increasing sequence. Further-

more if (ap)nen is bounded, then (—ay,)nen is bounded as well (| — an| = |an| < M). Hence by
the case considered above, it follows that (—ay)nen is a convergent sequence with limit

sup{—a, | n € N} = —inf{a,, | n € N} = —inf S,

where S = {a, | n € N} (see Exercise 6 on page 7). So given ¢ > 0, 3N € N such that for all

n> N, |—a,— (—infS)| < ¢, that is, |a, —inf S| < €. Thus (a,)nen is convergent with limit
inf S. [ ]
Examples.

1. We have shown that the sequence (ay,)nen defined by

111
Tt

is monotone (indeed, it is increasing since a,+1 — a

1
+--+—, neN

tn = 33 n'

n:m>0forallneN)and
bounded (see item 5 on page 14). Thus it follows from Theorem 1.2.3 that this sequence® is
convergent.

2. The following table gives a summary of the valid implications, and gives counterexamples to
implications which are not true.

| Question | Answer | Reason/Counterexample |
Is every convergent sequence bounded? Yes Theorem 1.2.2
Is every bounded sequence convergent? No ((—1)™)pen is bounded,
but not convergent.
Is every convergent sequence monotone? No ( #) is convergent,
neN
but not monotone: —1 < % > —%.

Is every monotone sequence convergent? No (n)nen is not convergent.

Is every bounded AND monotone Yes Theorem 1.2.3

sequence convergent?

O

5Although it is known that this sequence is convergent to some limit L € R, it is so far not even known if the
limit L is rational or irrational, and this is still an open problem in mathematics! Also associated with this sequence
o 1
1 1
is the interesting identity E — = / —dz, the proof of which is beyond the scope of this course.
nmn o %

n=1
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Exercises.

1. Let (an)nen be a sequence defined by

2 1
a1 =1and a, = n3+ ap—1 for n > 2.
n

Prove that (a,)nen is convergent.

b

2. If (bn)nen is a bounded sequence, then prove that (%) cyy 18 @ convergent sequence with

limit 0.

3. (a) (%) If (an)nen is a convergent sequence with limit L, then prove that the sequence

($n)nen, where
@“+-+a
Sp = 17”7 n e N’
n
is also convergent with limit L.
(b) Give an example of a sequence (ay)nen such that (s,)nen is convergent but (an)nen is
divergent.

4. (x) Given a bounded sequence (a;,)nen, define
Il = inf{a, | n > k} and ug, =sup{a, | n >k}, keN.
Show that the sequences (1,,)nen, (un)nen are bounded and monotone, and conclude that

they are convergent. (Their respective limits are denoted by liminf a,, and limsup a,,.)
n—oo

n—oo

ot

. (%) Recall the definition of a Cauchy sequence from Exercise 6 on page 13. Prove that every
Cauchy sequence is bounded.

1.2.4 Algebra of limits

In this section we will learn that if we ‘algebraically’ combine the terms of convergent sequences,
then the new sequence which is obtained, is again convergent, and moreover the limit of this
sequence is the same algebraic combination of the limits. In this manner we can sometimes prove
the convergence of complicated sequences by breaking them down and writing them as an algebraic
combination of simple sequences. Thus, we conveniently apply arithmetic rules to compute the
limits of sequences if the terms are the sum, product, quotient of terms of simpler sequences with
a known limit. For instance, using the formal definition of a limit, one can show that the sequence
(an)neN defined by

B 4n? 4+ 9
tn = 3n2 +Tn+ 11
converges to %. However, it is simpler to observe that
0 — n?(4+-5) _ 4+ 5
n?(3+I+4) 3+1417

9 7 11

n2’ n’ n?

where the terms all have limit 0, and by a repeated application of Theorem 1.2.4 given

below, we obtain

. 9 9
i 7}520 (4+ ﬁ) nllrgo4+nlin;oﬁ 440 4
a4 = = = = —.
n—o0 n 7 11
Jim (3+Z+E) lim 3+ lim ~+ lim — S T9T0 3
n  n? 2

N— 00 n— oo n—oo N n—oo 1
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Theorem 1.2.4 If (a,)nen and (bp)nen are convergent sequences, then the following hold:

1. For all & € R, (aan)nen s a convergent sequence and lim «a, = « lim a,.
n—oo n—oo
2. (lan|)nen is a convergent sequence and lim |a,|= ‘ lim a,|.
n—oo n—oo

3. (an + bn)nen is a convergent sequence and lim (a, +b,) = lim a, + lim b,.
n—oo n—oo

n—oo

4. (anbn)nen is a convergent sequence and lim apb, = ( lim an) ( lim bn).

n—oo n—oo n—oo

n—oo n—00

k
5. For all k € N, (aﬁ)neN is a convergent sequence and lim aﬁ = ( lim an) .

1
6. If for allm € N, b, # 0 and lim b, # 0, then (b_> is convergent and moreover,

n

li L

im — = .

n—oo by, lim b,
n—oo

Proof Let (an)nen and (by,)nen converge to L, and Ly, respectively.

1. If & =0, then aa, =0 for all n € N and clearly (0),¢en is a convergent sequence with limit
0. Thus

lim aa, =0=0L, =« lim a,.
n—oo n—oo

If a # 0, then given € > 0, let N € N be such that for all n > N,
|an - La| <7

that is
6 —

laa, —aLly| = |a| |an — La| < | €.

|a
Hence (aay, )nen is convergent with limit aL,, that is,

lim aa, = al, =« lim a,.
n—oo n—oo

2. Given € > 0, let N € N be such that for all n > N,
lan, — Lq| < e.
Then we have for all n > N:
llan| = [La|l < an — La| <e.

Hence (|an|)nen is convergent with limit |L,|, that is,

lim |a,| = |Lq| =
n—oo

lim a,|.
3. Given € > 0, let N7 € N be such that for all n > Ny,

€
n— Lag| < =.
jan — La| < 3
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Let Ny € N be such that for all n > Ns,
€
|bn — Lb| < 5

Then for all n > N := max{Ny, N3}, we have
€

2

€
|an+bn—(La+Lb)| = |an_La+bn_Lb| < |an_La|+|bn_Lb| < 54— = €.
Hence (ay, + bp)nen is convergent with limit L, + Ly, that is,

lim (ap, +b,) = Lo+ Ly = lim a, + lim b,.

4. Note that
|anbn - LaLb| - |anbn - Labn + Labn - LaLb|
S |anbn - Labn| + |Labn - LaLb|
= |an — La| |bn| + | La| |bn — Ls|. (1.9)

Given € > 0, we need to find a N such that for all n > N,
|anbn — Lo Ly| < €.

This can be achieved by finding a N such that each of the summands in (1.9) is less than §
for n > N. This can be done as follows.

STEP 1. Since (by, )nen is convergent, by Theorem 1.2.2 it follows that it is bounded: IM > 0
such that for all n € N, |b,| < M. Let Ny € N be such that for all n > Ny,

€

n— La| < .
|la | <537

STEP 2. Let Ny € N be such that for all n > Na,

€
b, — Ly < ————.
b = Lol < 0T D)

Thus for n > N := max{Ny, Na}, we have
|anbn - LaLb| S |an - La| |bn| + |La| |bn - Lb|

€ €
— M Ly|——
ot | |2(|La| +1)

+

<

€ €
2 2
€.

S0 (anbp)nen is a convergent sequence with limit L, Ly, that is,

lim anby = LoLy = ( lim an) (lim bn) :

n—oo n—0o0 n—oo

5. This can be shown by using induction on k£ and from part 4 above. It is trivially true with
k = 1. Suppose that it holds for some k, then (a¥),cn is convergent and

k
lim af = (hm an) .

n—oo n—oo

Hence by part 4 above applied to the sequences (an)nen and (ak),ecn, we obtain that the
sequence (ay, - a¥),en is convergent and

k k+1
lim anaﬁ = (hm an) (hm a,kl) = (hm an) <lim an) = (hm an) .
n—oo n—oo n—oo n—oo n—oo n—oo
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Thus (af*!),en is convergent and

k+1
lim ot = (hm an) .

n
n—oo n—oo

6. Let N1 € N be such that for all n > Ny,

L
|bn — Lb| < |—2b|

Thus for all n > Ny,
L
|Lb| - |bn| S ||Lb| - |bn|| S |bn — Lb| < —| 2b|7

and so |b,| > Lol et e> 0, and let No € N be such that for all n > No,

2
€|Lp|?
|bn—Lb|<%.

Hence for n > N := max{Ny, N2}, we have

L3 e Lol el 2 1
b Ly|  |bn| |Ls| 2 Lol [Le|]
1 1 1
So <E)neN is convergent and nlL»H;o b = I, T b

n—oo

Exercises.

1. Recall the convergent sequence (an)nen from Exercise 1 on page 17 defined by

2n+1
a1 =1and a, = —+an,1 for n > 2.
3n
What is its limit?
HINT: If (ap)nen is a convergent sequence with limit L, then (a,41)nen is also a convergent
sequence with limit L.

2. Suppose that the sequence (a,)nen is convergent, and assume that the sequence (by,)nen is
bounded. Prove that the sequence (¢, )nen defined by

anbn, + 51

Cp = —5—

" az+n

is convergent, and find its limit.

3. (a) Let (an)nen be a convergent sequence with limit L and suppose that a, > 0 for all
n € N. Prove that the sequence (\/an)nen is also convergent, with limit VL.
HiNT: First show that L > 0. Let € > 0. If L = 0, then choose N € N large enough so
that for n > N, |a, — L| = a, < €2. If L > 0, then choose N € N large enough so that

for n > N, |\/an — VL||\/an +VL| = |a, — L| < eV/L.

(b) Show that (v/n2 +n — n),en is a convergent sequence and find its limit.
HINT: ‘Rationalize the numerator’ by using vn? +n + n.

4. Prove that if (a,)nen and (b, )nen are convergent sequences such that for all n € N, a,, < b,,,
then

lim a, < lim b,.
n—oo n—oo

HinT: Use Exercise 5 on page 13.
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1.2.5 Sandwich theorem

Another useful theorem that is useful in proving that sequences are convergent and in determining
their limits is the so-called sandwich theorem. Roughly speaking, it says that if a sequence is
sandwiched between two convergent limits with the same limit, then the sandwiched sequence is
also convergent with the same limit.

Theorem 1.2.5 (Sandwich theorem.) Let (an)nen, (bn)nen be convergent sequences with the
same limit, that is,
lim a, = lim b,.
n—oo n—oo
If (cn)nen is a third sequence such that
for alln e N, a, <c, < by,

then (cp)nen is also convergent with the same limit, that is,

lim a, = lim ¢, = lim b,.
n—oo n—oo n—oo

Proof Let L denote the common limit of (ay)nen and (by)nen:

lim a, = L = lim b,.

n—oo n—oo

Given € > 0, let N7 € N be such that for all n > Ny, |a, — L| < e. Hence for n > Ny,
L_ang |L_a'n|:|a’n_L|<€7

and so L — a, < €, that is,
L—¢e<an,.

Let N2 € N be such that for all n > Na, |b, — L| <e. So for n > Na, b, — L < ¢, that is,
b, < L+e.
Thus for n > N := max{Ni, N2}, we have
L—e<a,<c,<b,<L+e,
and so L — € < ¢, < L + €. Consequently, ¢,, — L < € and —(¢,, — L) < ¢, and so
len — L] < e.

This proves that (¢, )nen is convergent with limit L. [

Examples.

1. lim —— =0.

It can be shown by induction that for all n € N, n? < 10™.
Consequently, we have

n 1
0 —< —.
- 10n — n

3M| 3

1
Since lim 0 =0 = lim —, from the Sandwich theorem it follows that the sequence (Ln)
n—oo n—oo n 10™ /neN
is convergent and
lim —— =0
n—oo 10™ e

2 3 _4

100’ 1000 10000 " **

Thus the sequence %, is convergent with limit 0.
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2. lim 27 = 1.
2> 1 and so 2= > 1 (for otherwise 2 = (2#)" < 1, a contradiction). Let a,, := 2= — 1 > 0.
Then 2 = (14 a,)™ > 1+ na, (It can be shown using induction that for all real x > —1 and
foralln € N, (1+2)™ > 1+ nx.) Hence

0<a, <

SN

and so using the Sandwich theorem it follows that lim a, = 0. Consequently, lim 9m = 1,
n—oo

that is, the sequence 2,v/2, /2, v/2, ¥/2, ... is convergent with limit 1.
3. For any a,b € R, lim (Ja|” + |b|")* = max{]|al, |b|}.
Clearly,
(max{|al, [b]})" < |a|" + [b]" < (max{]al, [b[})" + (max{|al, [b]})"

and so . )
max{lal,[b|} < (la[™ + [b]")" < 27 max{|al,[b]}.

So using the Sandwich theorem, it follows that lim (|a|™ + |b|”)% = max{|al, |b|}.
In particular, with @ = 24 and b = 2005, we have that lim (24" + 2005")% = 2005, that is,
the sequence 2028, 2005.1436,2005.001146260873, ... is convergent with limit 2005.

4. If a € (0,1), then lim a"™ =0.
Since 0 < a < 1, it follows that 1 < % and so h := % — 1> 0. Then we have

1

a—n:(l—kh)”Zl—&—nhznh

and so

1
nh’

Hence from the Sandwich theorem, it follows that lim a" = 0.

n—oo

0<a™ <

5. lim (et ] =0
" nSoo \n2 41 n2+2 n2+n)
For all n € N, we have

n < 1 n 1 n n 1 < n
n24+n " n2+1 n242 n2+4+n " n24+1’
and since
li =0= 1 .
nLH;o n2+n nLH;o n2+1

1 1 1
it follows from the Sandwich theorem that nhi& (nQ——f—l + 213 N n2—+n) =0. ¢

Exercises.

n! n!
1. Prove that the sequence <—n) is convergent and lim — = 0.
n neN

n—oo N

S|
S|

n! 2
HINT: Observethat 0 < — = — - — - .-+
n" n

SI3

<Z.1....01<

1
n
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2. Prove that for all k¥ € N, the sequence
<1k+2k+3k+'-'+nk)
neN

k2

is convergent and

R
lim =0.

n— o0 nk+2

3. (a) Using induction, prove that if x > —1 and n € N, then
1+x)" > 1+ nz. (1.10)

(b) Show that for all n € N,

1<n» <(1++/n)= < (1+%)2.

HinT: Take x = \/iﬁ in the inequality (1.10).

(¢) Prove that (n#)nen is convergent and find its limit.
4. Let (an)nen be a sequence contained in the interval (a, b) (that is, for alln € N, a < a,, < b).
If (an)nen is convergent with limit L, then prove that L € [a, b].
HinT: Use Exercise 5 on page 13.
Give an example to show that L needn’t belong to (a,b).
5. Let (an)nen be a convergent sequence, and let (by,)nen satisfy |b, — an| < % for all n € N.
Show that (by,)nen is also convergent. What is its limit?
HINT: Observe that —1 + a,, < by, < a, + < for all n € N.

1.2.6 Subsequences

In this section we prove an important result in analysis, known as the Bolzano-Weierstrass theorem,
which says that every bounded sequence has a convergent ‘subsequence’. We begin this section
by defining what we mean by a subsequence of a sequence.

Definition. Let (a,)nen be a sequence and let (ng)ren be a sequence of natural numbers such
that n; < ng <ng < .... Then (an, )ken is called a subsequence of (an)nen.

Examples.

1. (%)nEN’ (n%)neN, (%)neN and (nL")nEN are all subsequences of (%)neN. Also the sequence
(an)nen defined by

1

an, = —, where p is the nth prime in the infinite sequence of increasing primes 2,3,5,7,11, ...
p

is a subsequence of (+) - The sequence

1

)

11
7374)"'

N =

1

is not a Subsequence of (n)nGN'
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2. The sequences ((—1)?"),en (that is, the constant sequence 1,1,1,...) and ((—1)?""1),en

(that is the constant sequence —1, —1,—1,...) are subsequences of ((—1)"),en. O

Exercise(x). Beginning with 2 and 7, the sequence 2,7,1,4,7,4,2,8,2,8,... is constructed by
multiplying successive pairs of its terms and adjoining the result as the next one or two members
of the sequence depending on whether the product is a one- or two-digit number. Thus we start
with 2 and 7, giving the product 14, and so the next two terms are 1,4. Proceeding in this manner,
we get subsequent terms as follows:

2,7

2,7,1,4

2,7,1,4

2,7,1,4,7

2,7,1,4,7
2,7,1,4,7,4
2,7,1,4,7,4
2,7,1,4,7,4,2,8
2,7,1,4,7,4,2,8
2,7,1,4,7,4,2,8,2,8

Prove that this sequence has the constant subsequence 6,6,6, .. ..

HinT: Show that 6 appears an infinite number of times as follows. Since the terms 2, 8,2, 8 are
adjacent, they give rise to the adjacent terms 1,6,1,6 at some point, which in turn give rise to
the adjacent terms 6, 6,6 eventually, and so on. Proceeding in this way, find out if you get a loop
containing the term 6.

Theorem 1.2.6 If (a,)nen is a convergent sequence with limit L, then any subsequence of (G )nen
is also convergent with the limit L.

Proof Let (an, )ken be a subsequence of (an)nen. Given € > 0, let N € N be such that for all

n > N, |a, — L| < e. Since the sequence nq < ns < ng < ..., it follows that there exists a K € N
such that ng > N. Then for all k > K, ny > ng > N. Hence for k > K, |a,, — L| < €, and so
(an,, )ken is convergent with limit L. [
Examples.

1. (%)neN, (n—i)neN, (%)neN and (ni")neN are convergent sequences with limit 0.

2. The sequence ((—1)"),en is divergent since the subsequence 1, 1,1, ... has limit 1, while the
subsequence —1, —1,—1,... has limit —1. O

Theorem 1.2.7 Every sequence has a monotone subsequence.
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We first give an illustration of the idea behind this proof. Assume that (a,)nen is the given
sequence. Imagine that a,, is the height of the hotel with number n, which is followed by hotel
n + 1, and so on, along an infinite line, where at infinity there is the sea. A hotel is said to have
the seaview property if it is higher than all hotels following it. See Figure 1.7. Now there are only

Figure 1.7: The seaview property.

two possibilities:

1° There are infinitely many hotels with the seaview property. Then their heights form a decreasing
subsequence.

2° There is only a finite number of hotels with the seaview property. Then after the last hotel
with the seaview property, one can start with any hotel and then always find one that is at least
as high, which is taken as the next hotel, and then finding yet another that is at least as high as
that one, and so on. The heights of these hotels form an increasing subsequence.

Proof Let
S={meN]|foraln>m, a, < an}.

Then we have the following two cases.

1° Sis infinite. Arrange the elements of S in increasing order: ny; < ng < n3 < .... Then (an, )ren
is a decreasing subsequence of (ay,)nen-

2° S is finite. If S empty, then define n; = 1, and otherwise let n; = max S+ 1. Define inductively
ng+1 = min{m € N | m > ny and a,, > ayn, }.

(The minimum exists since the set {m € N | m > ny and a,,, > ap, } is a nonempty subset of N:
indeed otherwise if it were empty, then ny € S, and this is not possible if S was empty, and also
impossible if S was not empty, since ny > max.S.) Then (an, )ren is an increasing subsequence of
(an)n€N~ [ |

An important consequence of the above theorem is the following result.

Theorem 1.2.8 (Bolzano-Weierstrass theorem.) Every bounded sequence has a convergent sub-
sequence.

Proof Let (a,)nen be a bounded sequence. Then there exists a M > 0 such that for all n € N,
lan] < M. From Theorem 1.2.7 above, it follows that the sequence (a,)nen has a monotone
subsequence (an, )ken. Then clearly for all k € N, |a,, | < M and so the sequence (an, )ken is
also bounded. Since (ap, )ken is monotone and bounded, it follows from Theorem 1.2.3 that it is
convergent. |
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Example. Consider the sequence (a,,)nen of fractional parts of integral multiples of /2, defined
by

an =nv?2 — Ln\/ij, for n € N,

where for € R, || denotes the greatest integer part of x, which is defined as the largest integer
less than or equal to z:

2] =min{z €Z |z <z} —1.
(By the Archimedean property, there exist natural numbers n; and ng such that z < n; and
—x < ng, that is, —my < < n;. Hence the set {z € Z | x < z} is a nonempty subset of Z

(indeed, n1 belongs to it!), and it is bounded below (by —ng € Z), and so the minimum of the set
{z €Z|x < z} exists in Z. Consequently |-] is a well-defined function.)

The terms of the sequence (a,)nen are as follows:

V2 =1.414213... a3 =0.414213. ..
2v/2 = 2.828427 . .. as = 0.828427 ...
3v/2 = 4.242640.. .. as = 0.242640. ..
4V/2 = 5.656854 . . . as = 0.656854 . . .
5v/2 = 7.071067 . .. as = 0.071067 . ..
6v/2 = 8.485281 . .. ag = 0.485281 ...

The sequence (ay)nen is bounded: indeed, 0 < a,, < 1. So by the Bolzano-Weierstrass theorem it
has a convergent subsequence®. %

Exercise. (%) Recall the definition of a Cauchy sequence from Exercise 6 on page 13, where we
had already seen that every convergent sequence is Cauchy. Using Bolzano-Weierstrass theorem,
we can prove the converse. Show that if a sequence is Cauchy, then it is convergent.

HINT: Proceed as follows. Let (a,)nen be a Cauchy sequence. From Exercise 5 on page 17, it
follows that (ay)nen is bounded. By the Bolzano Weierstrass theorem, it follows that (an)nen
has a convergent subsequence, say (an, )reny with limit L. Prove (using the fact that (ap)nen is
Cauchy), that then (an)nen is itself convergent with limit L.

1.3 Continuity

A function f : R — R is a rule of correspondence that assigns to each real number a unique
real number. Many bizarre functions make appearances in analysis, and in order to avoid falling
into pitfalls with simplistic thinking, we need definitions and hypothesis of theorems to be stated
carefully and clearly.

Within the huge collection of functions, there is an important subset: the continuous functions.
Continuous functions play a prominent role in analysis since they possess some useful properties.

In this section we give the formal definition of continuous functions and prove two of the most
important properties: the extreme value theorem and the intermediate value theorem.

61n fact, it can be shown that these fractional parts a, are “dense” in (0,1). Thus given any number L € (0, 1),
there exists a subsequence of the sequence (an)nen above that converges to L.
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1.3.1 Definition of continuity

In everyday speech, a ‘continuous’ process is one that proceeds without gaps of interruptions or
sudden changes. What does it mean for a function f : R — R to be continuous? The common
informal definition of this concept states that a function f is continuous if one can sketch its graph
without lifting the pencil. In other words, the graph of f has no breaks in it. If a break does
occur in the graph, then this break will occur at some point. Thus (based on this visual view of
continuity), we first give the formal definition of the continuity of a function at a point below.
Next, if a function is continuous at each point, then it will be called continuous.

If a function has a break at a point, say ¢, then even if points  are close to ¢, the points f(x)
do not get close to f(c). See Figure 1.8.

Figure 1.8: A function with a break at c. If z lies to the left of ¢, then f(x) is not close to f(c),
no matter how close x comes to c.

This motivates the following definition of continuity, which guarantees that if a function is
continuous at a point ¢, then we can make f(x) as close as we like to f(c), by choosing z sufficiently
close to c. See Figure 1.9.

Figure 1.9: The definition of the continuity of a function at point c. If the function is continuous
at ¢, then given any € > 0 (which determines a strip around the line y = f(c) of width 2¢), there
exists a ¢ > 0 (which determines an interval of width 26 around the point ¢) such that whenever
x lies in this width (so that x satisfies ¢ — § < x < ¢+ 6, that is, |z — ¢| < J), then f(z) satisfies

fle) —e< f(z) < fle) + ¢ that is, | f(z) — f(c)] <e.

Definitions. Let I be an interval in R and let ¢ € I. A function f: I — R is continuous at c if
for every € > 0, there exists a § > 0 such that for all x € I satisfying |z —c| < §, |f(z) — f(c)] < e.

A function f: I — R is continuous (on I) if for every ¢ € I, f is continuous at c.
Examples.

1. f: R — R given by f(z) =1 for all z € R is continuous.
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Let c € R = (—00,00). Given € > 0, let 6 be an arbitrary positive real number; for instance,
let 6 =1. Then if z € R and |z — ¢| < § = 1, we have:

[f(@) = fle)l =1 =1 = 0] =0<e

So f is continuous at c. Since the choice of ¢ € R was arbitrary, it follows that f is continuous
on R. See Figure 1.10.

0 X

Figure 1.10: The continuous constant function 1.

f R — R given by
ifx =

f@) = { (1) ifa:e]l%\{o}.
is not continuous at 0.
Suppose that it is continuous at 0. Then given ¢ = % > 0, let § > 0 be such that if x € R and
|z| = |z — 0] < 4, then |f(z) — £(0)| = | f(z) — 0| = | f(2)| < € = 5. But now take z = € R,
and so |z| = |3| = 2 < 6. Thus |f(z)| = |f(§)| =[1] =1 > L = ¢, a contradiction. So f
cannot be continuous at 0.
However, for all ¢ € R\ {0}, f is continuous at ¢. This can be seen as follows. Given € > 0,
let § = % > 0. Then if € R and |z — ¢| < §, we have
lc|

lel =zl < lle| = Jz][ < le — 2] = o —c| <=

and so
|| > % > 0.

Thus = # 0 and so f(x) = 1. Hence if z € R and |z — ¢| < §, we obtain
If(z) = fle)l=1—=1]=0]=0<e

Consequently f is continuous at c¢. See Figure 1.11.

0 x

Figure 1.11: A function continuous everywhere except at 0.

. f:R — R given by f(z) =z for all z € R is continuous.

Let c € R. Given € > 0, let § = €. Then if z € R and |z — ¢| < §, we have:

[f(z)=flo)=lr—c]<d=e.

So f is continuous at c. Since the choice of ¢ € R was arbitrary, it follows that f is continuous
on R.
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4. f:(0,1) = R given by f(z) = 1 for all z € R is continuous (on (0,1)).

Let ¢ € (0,1). Given € > 0, let § = min{g, %} (> 0). Then if z € (0,1) and |z — ¢| < ¢,

we have
el = ol < llel = ] < e~ ol = o —ef <5 <
and so
Il ), that is, = < -2
- x at 18, — .
2 < T < g

Consequently, if z € (0,1) and |z — ¢| < 6,
1 1

Cle—z[ |z — 2 1 26
T

~allel  Jal el el el e?

So f is continuous at c¢. Since the choice of ¢ € (0,1) was arbitrary, it follows that f is
continuous (on (0,1)). O

Exercises.

1. Let the function f : R — R be given by f(z) = 22

(a) Prove that f is continuous at 0.

(b) (%) Suppose that ¢ is a nonzero real number. Prove that f is continuous at c.
In Exercise 1 on page 31, we will give a slick proof of the fact that f is continuous on R.
2. Let f: R — R be a function that satisfies f(x +y) = f(x) + f(y) for all z,y € R.

(a) Suppose that f is continuous at some real number ¢. Prove that f is continuous on R.

HiINT: Since f is continuous at ¢, given € > 0, 30 > 0 such that for all x € R satisfying
|z —c| <6, |f(z) — f(c)] < e. Show that given any other point ¢’ € R, the function f
is continuous at ¢’ by showing that the same ¢ works (for this €).

(b) Give an example of such a function.

3. Suppose that f : R — R and there exists a M > 0 such that for all z € R, |f(x)| < M|z|.
Prove that f is continuous at O.
HiNT: Find f(0).

4. Let f: R — R be defined by

fz) = 0 if z is rational,
" | 1 if zx is irrational.

Prove that for every ¢ € R, f is not continuous at c.
HiNT: Use the fact that there are irrational numbers arbitrarily close to any rational number
and rational numbers arbitrarily close to any irrational number.

5. Let f: R — R be a continuous function. Prove that if for some ¢ € R, f(¢) > 0, then there
exists a § > 0 such that for all x € (¢ — d,¢+ ), f(x) > 0.

If f and g are functions on R, then the composition of g with f, denoted by g o f, is defined
by
(9o f)lx) =9g(f(z)), zeR.

The following theorem implies that the composition of continuous functions is continuous.
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Theorem 1.3.1 Let c € R. If f : R — R is continuous at ¢ and g : R — R is continuous at f(c),
then go f is continuous at c.

Proof Since g is continuous at f(c), it follows that given ¢ > 0, 3§ > 0 such that for all y € R
satisfying |y — f(c)| < 4,
lg(y) —g(f(c))| <e.
Since f is continuous at ¢, 3§; > 0 such that for all z € R satisfying |z — ¢| < 61,
[f(z) = fo)] <6
Consequently, for all z € R satisfying |z — ¢| < 61, we have |f(z) — f(¢)| < J, and so

l9(f (@) —g(f(e)] <e

that is,
[(gof)(x) = (g f)lc)] <e

Hence g o f is continuous at c. [ ]

1.3.2 Continuous functions preserve convergent sequences

We now give an alternative characterization of continuity.

Theorem 1.3.2 Let I be an interval in R and let ¢ € I. Suppose that f : I — R is a function.
Then f is continuous at c iff

for every convergent sequence (x,)nen contained in I with limit c,

(f(zn))nen is convergent and Jim f(xn) = fle). (1.11)

Proof

ONLY IF: Suppose that f is continuous at ¢ € I and let (x,,)nen be a convergent sequence contained
in I with limit c.

Since f is continuous at ¢ € I, given € > 0, 3§ > 0 such that for all z € I satisfying |z —¢| < 9,

[f(z) = fo)] <e.
Since (2 )nen is convergent with limit ¢, 3N € N such that for all n > N, |z, —¢| < 4.

Consequently for n > N, |f(z,) — f(c)] < e. So (f(zn))nen is convergent with limit f(c).

IF: Suppose that (1.11) holds. Then we need to show that f is continuous at ¢ and we prove this
by contradiction. Assume that f is not continuous at ¢, that is,

= [Ve > 030 > 0 such that Vo € I such that | — ¢| < 4, |f(x) — f(c)] < €]
that is,

Je > 0 such that V6 > 0 3z € I such that |z — ¢| < § but |f(z) — f(¢)| > e.
Hence if § = 1, then we can find @,, € I such that |z, —c| < 8§ =1, but |f(z,) — f(c)| > e

CrAamM 1: The sequence (z,,)nen is contained in I and is convergent with limit c.
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Indeed, we have for all n € N, x,, € I. Furthermore, given any ¢ > 0, we can find N € N such

that % < N (Archimedean property), that is, 4 < (. Hence for n > N, |z, — ¢/ < & < (. So

(Tn)nen is convergent with limit c.
CLAIM 2: The sequence (f(zy))nen does not converge to f(c).

Indeed for all n € N, we have |f(x,)— f(c)| > €. Thus for instance § > 0, but it is not possible
to find a large enough N € N such that for all n > N, |f(z,) — f(c)| < § (for if this were possible,
then we would arrive at the contradiction € < |f(zn) — f(c)| < §).

The CLAIMS 1 and 2 show that (1.11) does not hold, a contradiction. Hence f is continuous
at c. [ |

Exercises.
1. Recall Exercise 1 on page 29: The function f(z) : R — R is given by f(z) = 22. Using the
characterization of continuity provided in Theorem 1.3.2, prove that f is continuous on R.

2. Prove that” if f : R — R is continuous and f(z) = 0 if z is rational, then f(z) = 0 for all
z € R.

HINT: Given any real number ¢, there exists a sequence of rational numbers (g, )nen that
converges to c.

3. Let f: R — R be a function that preserves divergent sequences, that is, for every divergent
sequence (Zn )nen, (f(zn))nen is divergent as well. Prove that f is one-to-one.

HINT: Let x1,x2 be distinct real numbers, and consider the sequence x1, x2,x1, x2,. ...

Using the above theorem, we obtain the following useful Theorem 1.3.3. But before we state
this result, we introduce some convenient notation.

Let I be an interval in R. Given functions f: I — R and g : I — R, we define the following:

1. If o € R, then we define the function af : I — R by (af)(z) =« - f(x), z € I.

2. We define the absolute value of f, |f|: I — R by |f|(z) = |f(z)|, x € I.

3. The sum of f and g, f + g : I — R is defined by (f + g)(z) = f(z) + g(z), z € I.
4. The product of f and g, fg: I — R is defined by (fg)(x) = f(z)g(x), x € I.

5. If k € N, then we define the kth power of f, f*: I — R by f*(z) = (f(z))*, z € I.

6. If for all z € I, g(x) # 0, then we define - : I — R by (é) () = ﬁ, rel

Theorem 1.3.3 Let I be an interval in R and let ¢ € I. Suppose that f : I - R andg: I — R
are continuous at c. Then:

1. For all @ € R, af is continuous at c.

2. |f] is continuous at c.

3. f+ g is continuous at c.

7See Exercise 4 on page 29.
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4. fg is continuous at c.
5. For all k € N, f* is continuous at c.

6. If for all x € I, g(x) # 0, then é is continuous at c.

Proof Suppose that (z,)nen is a convergent sequence contained in I, with limit ¢. Since f and g
are continuous at ¢, from Theorem 1.3.2 , it follows that (f (25 ))nen and (g(xy))nen are convergent
with limits f(c) and g(c), respectively. Hence from Theorem 1.2.4, it follows that:

1. (@ f(xn))nen is convergent with limit a - f(c), that is, ((af)(xn))nen is convergent with
limit (af)(c). So from Theorem 1.3.2 , it follows that «f is continuous at c.

2. (|f(zn)])nen is convergent with limit |f(c)|, that is, (|f]|(zn))nen is convergent with limit
|f](c). So from Theorem 1.3.2 , it follows that |f| is continuous at c.

3. (f(zn)+9(Tn))nen is convergent with limit f(c)+g(c), that is, ((f+g)(zn))nen is convergent
with limit (f + ¢g)(c). So from Theorem 1.3.2 , it follows that f + g is continuous at c.

4. (f(xn)g(xn))nen is convergent with limit f(c)g(c), that is, ((fg)(n))nen is convergent with
limit (fg)(c). So from Theorem 1.3.2 , it follows that fg is continuous at c.

5. ((f(xn))F)nen is convergent with limit (f(c))*, that is, (f¥(x,))nen is convergent with limit
f%(c). So from Theorem 1.3.2 , it follows that f* is continuous at c.

6. (ﬁ) . Is convergent with limit 75 (since for allz € I, g(x) # 0, in particular g(z,) # 0
"’/ ne

and g(c) # 0), that is, ((é) (a:n)) N is convergent with limit (é) (¢). So from Theorem
ne
1.3.2 , it follows that é is continuous at c.

Example. Since f: R — R given by f(z) = = for € R is continuous (see Example 3 on page
28), it follows that for all k € N, z" is continuous. Thus given arbitrary scalars ag, a1, . ..,ay in R,
it follows that the functions ag-1,a1-z,...,ay -z~ are continuous. Consequently the polynomial
function p : R — R defined by

p(x) —ay+az+---+anz¥, zeR

is continuous. O
Exercise. Show that the rational function f: R — R defined by

f(x)

“ 1y TER

is continuous on R.
1.3.3 Extreme value theorem

Below we show that a continuous function on an interval [a, b] attains its maximum and minimum
values. See Figure 1.12.
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Figure 1.12: Extreme value theorem.

Theorem 1.3.4 (Extreme value theorem). If f : [a,b] — R is continuous, then there exist
¢,d € [a,b] such that

fle) = sup{f(x)|x € [a,b]}, and (1.12)
f(d) = f{f(z)]|z € [a,b]}. (1.13)

Note that since ¢,d € [a, ], the supremum and infimum in (1.12) and (1.13) are in fact the
maximum and minimum, respectively.

Proof
STEP 1. We first show that f is bounded, that is, the set

S={f(z) [z € a,b]}

is bounded. Suppose that S is not bounded. Then given n € N, 3x,, € [a, b] such that |f(x,)| > n
(for if this fails for some N € N, then |f(x)] < N for all z € [a,b], and so S would be bounded, a
contradiction). In this way, we get a sequence (2, )nen. Since

a <z, <bforallneN, (1.14)

(Zn )nen is bounded, and so by the Bolzano-Weierstrass theorem (Theorem 1.2.8), it follows that
it has a convergent subsequence (x,, )ren that converges to some limit L. Now we show that
L € [a,b]. If not, then either L >bor L < a. If L > b, then L —b > 0, and so 3K € N such that
for all k > K, |z, — L| < L —b. But then for all £ > K, we obtain

L_xnk§|L_Ink|:|xnk_L|<L_b7

that is, x,, > b, which contradicts (1.14). Similarly, if L < a, then a — L > 0, and so 3K € N
such that for all k > K, |z,, — L| < a — L. But then for all £k > K, we obtain

Ty, — L <|xp, —L|<a-1L,

that is, x,, < a, which contradicts (1.14). Thus L € [a,b]. But by Theorem 1.2.2 it follows
that (f(xn,))ken cannot be convergent, since it is not bounded (indeed, |f(zn,)| > ni!). From
Theorem 1.3.2, we see that this contradicts the continuity of f. So S must be bounded.

STEP 2. Let M := sup{f(z) | © € [a,b]}. We prove that there exists a ¢ € [a,b] such that
fle) = M. For each mn € N, M — % < M, and so M — % cannot be an upper bound for

{f(z) |z € [a,b]}. So Fz,, € [a,b] such that
M—%<f(xn)§M. (1.15)

By the Bolzano-Weierstrass theorem, (z,),en has a convergent subsequence (xy, )ken with limit
¢ € [a,b]. Since f is continuous (f(xn, ))ken is convergent with limit f(c). From (1.15), it follows
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from the Sandwich theorem that f(c) = M. This proves the existence of ¢ € [a, b] such that (1.12)
holds.

STEP 3. Let m := inf{f(z) | z € [a,b]}. The proof that there exists a d € [a, b] such that f(d) =m
is similar to STEP 2 above, and is left as an exercise to the reader. [

Examples.

1. The function f : [0,1] — R given by f(z) = 1 for all = € [0,1] is continuous and for any
¢, d € ]0,1] we have

fle) =1 =sup{f(z) |z €[0,1]} = inf{f(z) [z € [0,1]} = 1 = f(d).
2. The function f : (0,1) — R given by f(x) = x is continuous on (0, 1). If
S={z|ze(0,1)},

then sup S = 1 and inf S = 0, but these values are not attained. Thus the statement of
Theorem 1.3.4 does not hold if [a, b] is replaced by (a,b). O

Exercises.

1. Complete the details in STEP 3 of the proof of Theorem 1.3.4.

2. Give an example of a function f : [0,1] — R that is not continuous on [0, 1], but f satisfies
the conclusion of Theorem 1.3.4.

3. A function f:R — R is periodic if there exists a T' > 0 such that for all z € R, f(z +T) =
f(x). If f:R — R is continuous and periodic, then prove that f is bounded, that is, the set
S ={f(z) | z € R} is bounded.

4. Let f :[a,b] — R be continuous on [a, b], and define f, as follows:

Fu(z) = f(a) if v = a,
H\E) = max{f(y) |y € [a,2]} ifx € (a,b].
(a) Show that f, is a well-defined function.

(b) (x) Prove that f, is continuous on [a, b].

(c) If f: [-1,1] — R is given by f(x) = 2 — 22, then find f..

1.3.4 Intermediate value theorem

We now prove one of the most fundamental (and obvious!) theorems on continuous functions:
a continuous function cannot “hop over” intermediate values. For instance, if the height of a
mountain is 1976 meters above sea level, then given any number between 0 and 1976, say 399,
there must exist a point on the mountain that is exactly 399 meters above sea level. See Figure
1.13.

Theorem 1.3.5 (Intermediate value theorem). If f : [a,b] — R is continuous and y is such that
fla) <y < f(b), then there exists a ¢ € [a,b] such that f(c) =y.
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a ¢ b

Figure 1.13: Intermediate value theorem.

f(b) can be reversed

Note that in the above statement of the theorem, the order f(a) <y <
y < f(a), then we have

without changing the conclusion. Indeed, if y € R is such that f(b) <

(=f)a) < —y < (=£)(0),

and applying the above Theorem 1.3.5 to the continuous function —f (Theorem 1.3.3.1 with
a = —1!), we get the existence of ¢ € [a,b] such that (—f)(c) = —y, that is, f(c) = v.

Proof Suppose that f(a) <y < f(b), and define
S={zelab]|y<fl@)}

S is not empty (since b € S) and S is bounded below by a (since S C [a,b]). Thus S has an
infimum, say c.

We claim that f(¢) = y. Suppose that our claim is false. Then either f(c) <y or f(c) > y.

1° Suppose that f(¢) < y. Thus € := y — f(¢) > 0, and since f is continuous at ¢, 36 > 0 such
that for all x € [a, b] such that |z —¢| < ¢, |f(x) — f(c)] <y — f(c). Since ¢ is the infimum of S,
Jz € S such that c <z < ¢+, that is, x € [a,b], 0 <z —c= |z — | < d and y < f(x). Thus we
have

y—fle) < f(x) = fle) < |f(@) — fc)| <y — f(o),
a contradiction.
2° Suppose that f(c¢) > y. Thus € := f(c) —y > 0, and since f is continuous at ¢, 30 > 0 and

moreover satisfying® 6 < ¢ — a , such that for all = € [a,b] such that |z — | < §, |f(z) — f(c)] <
y— f(c). Let x :=c—$. Then z € [a,] C [a,b]: indeed,

)
agc;a§6—5§cgb
Furthermore,
) )
|t —cl=c—z=c— c=3 :§<5.

Hence f(c) - f(z) < |f(c) = J(2)| = |f(&) = F()] < f(c) — y, and so f(z) > y. Consequently,

r € S and since ¢ = inf S, we have ¢ < z. Thus we obtain
c<x=c— B <,

a contradiction.

81f not, then replace § by % with N € N large enough to guarantee % < N.
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So f(c) =y, and this completes the proof. ]

Examples.

1. Every odd polynomial with real coefficients has at least one real root.
Suppose that p is a polynomial with degree 2m + 1, m € NU {0}. Let

p(z) = ap + a1 + - - + apmx®™ + agm 2™,

where ag;,+1 # 0.

In order to show that p has a real root, we will choose a large enough N € N such that
p(N) and p(—N) have opposite signs, and then restrict our attention to an interval [—N, N].
Then appealing to the intermediate value theorem, we can conclude that p must vanish at
some point in this interval, that is, for some real ¢ € [N, N], p(¢) = 0. The proof is long,
and so we have divided it into a sequence of steps.

STEP 1. For large positive n, p(n) has the same sign as asm+1.

Since

. aq ai a2m
lim (— —_ + —) =0
n— 00 n2m+1 + n?m + + n ?

it follows that there exists N1 € N such that for all n > Ny,

p(n)

a
n2m+1 — Azm41| < | 2m+1|'

2

Now we show that for n > Nj, p(n) has the same sign as agm+1. Since agmy1 # 0, either
a2m+1 > 0 or agm41 < 0. If agy1 > 0, then for all n > Ny

) ) | ) | el s
a2m+1 n2m+1 > 2m—+1 n2m+1 n2m+1 a2m+1 2 - 2 9
and so
0 < a2m+1 p(n) .
2 n2m+1

Thus p(n) is also positive for all n > Nj. Similarly, if ag,,1+1 < 0, then for all n > N

p(n) p(n) laam+1|  azmi1
W — A2m+1 S ‘n2m+1 —aom+1| < 2 = — 5 s
and so
p(n) A2m+1 0
n2m+1 ) <.

Thus p(n) is also negative for all n > Nj.

So it follows that for n > Ny, p(n) has the same sign as agpm+1-

STEP 2. For large positive n, p(—n) has the same sign as —ag+1-

Similarly, using the fact that

. ao ai a2m

1 e =0
i, (g g 4 207 O
we now show that there exists Ny € N such that for all n > N, p(—n) has the same sign as
—ag2m+1- Let No € N be such that for all n > Na,

p(=n)

ag 1
W—’_a?erl <@'

- n2m+1 — A2m+1 2

_ } p(=n)
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If ag;m+1 > 0, then for all n > No

p(—n) p(—n) |a2m+1] _ A2m41
W + aomi1 < W + aom+1| < 5 = 5
and so
p(=n) _Gmy1
n2m+1 2 :

Thus p(—n) is negative for all n > Ny. Similarly, if ag,,+1 < 0, then for all n > Ny

p(=n) p(—=n) lagm+1|  azmi1
T = ‘meﬂ ST T2
and so
pg_n) _a2m+1 > 0.
n m—+1 2

Thus p(—n) is positive for all n > No.

So it follows that for n > N, p(—n) has the same sign as —agm+1.

STEP 3. Application of the intermediate value theorem and the conclusion.

Hence if N := max{N7, Na} + 1, then p(N) has the same sign as agy+1, while p(—N) has
the same sign as —agm,4+1. Thus the continuous function p must vanish a some point in the
interval [—N, N].

The polynomial p(z) = 209 — 21976 4 L= has a real root in [—1,1]: indeed p(1) = 555 > 0
and p(—1) = =24 535 < 0 and so 3¢ € [—1, 1] such that p(c) = 0.

2. At any given time, there exists a pair of diametrically opposite points on the equator which
have the same temperature.

Let T'(©) denote the surface temperature at the point at longitude ©. See Figure 1.14.
(Note that ©(0) = O(27).) Assuming that © is a continuous function of ©, it follows that

Figure 1.14: The point on the equator with longitude ©.

the function f : [0,7] — R defined by f(©) = T(0) — T(© + 7) is continuous as well. If
f(0) = 0, then it follows that the temperatures at 0 and 180° longitude are the same. If
f(0) # 0, then since f(0) and f(m) = —f(0) have opposite signs, by the intermediate value
theorem, it follows that f must vanish at some point, and so the claim follows. O

Exercises.

1. Suppose that f : [0,1] — R is a continuous function such that for all z € [0,1], 0 < f(z) < 1.
Prove that there exists at least one ¢ € [0,1] such that f(c) = c.

HINT: Consider the continuous function g(x) = f(x) — =z, and use the intermediate value
theorem.
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5.

. At 8:00 a.m. on Saturday, a hiker begins walking up the side of a mountain to his weekend

campsite. On Sunday morning at 8:00 a.m., he walks back down the mountain along the
same trail. It takes him one hour to walk up, but only half an hour to walk down. At some
point on his way down, he realizes that he was at the same spot at exactly the same time
on Saturday. Prove that he is right.

HINT: Let u(t) and d(t) be the position functions for the walks up and down, and apply the
intermediate value theorem to f(t) = u(t) — d(t).

Show that the polynomial function p(x) = 223 — 522 — 10z + 5 has a real root in the interval
1,2,

. Let f : R — R be continuous. If S := {f(x) | € R} is neither bounded above nor bounded

below, prove that S = R.

HinT: If y € R, then since S is neither bounded above nor bounded below, there exist
xo, 21 € R such that f(zo) <y < f(z1).

(a) (%) Show that given any continuous function f : R — R, there exists a z¢ € [0, 1] and
a m € Z such that f(zo) = maxo. In other words, the graph of f intersects some line
y = mx at some point ¢ in [0, 1].
HiNT: If f(0) = 0, take 29 = 0 and any m € Z. If f(0) > 0, then choose N € N
satisfying N > f(1), and apply the intermediate value theorem to the continuous
function g(z) = f(z) — Nx on the interval [0, 1]. If f(0) < 0, then first choose a N € N
such that N > —f(1), and consider the function g(x) = f(z) + Nz, and proceed in a
similar manner.

(b) (%) Prove that there does not exist a continuous function f : R — R such that assumes
rational values at irrational numbers, and irrational values at rational numbers, that
is,

f(Q cR\Qand f(R\Q) CQ.

HiINT: Note that for every m € Z, there does not exist a g € R such that f(z¢) = mayo.
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Algebra

In this part of the course, we study two important algebraic objects: groups and vector spaces.
We begin with a discussion about groups.

2.1 Groups

In this section, we study one of the most basic algebraic objects, namely a group. A group is a set
on which a law of composition is defined, such that certain properties hold. The precise definition
is given in the next subsection.

2.1.1 Definition of a Group

By a law of composition on a set S, we mean a rule for combining pairs a,b of S to get another
element, say ¢, of S. We denote the set of all ordered pairs of elements from a set S by S x S,
that is, S x S = {(a,b) | a,b € S}.

Definition. A law of composition on a set S is a function f: S xS — S.

The functional notation ¢ = f(a, b) is not very convenient for what is going to follow, and so
instead, the element obtained by applying the law of composition to a pair (a, b) is usually denoted
using a notation resembling that used for addition or multiplication:

c=axb, or ab, or aob, or a+0b andso on,

with a fixed choice being made for the particular law in question.
Examples.

1. The addition of integers is a law of composition on Z. Indeed, the sum of two integers is yet
another integer, and addition is the function from the set Z x Z to the set Z that assigns
a+ b to the pair (a,b), denoted by (a,b) — a + b.

2. The multiplication of real numbers is a law of composition on R.

39



40 Chapter 2. Algebra

3. If a,b are rational numbers, then let a *b = a + b — ab. The function from Q x Q to Q given
by (a,b) — a b is a law of composition on Q.

4. If a,b are real numbers, then define a * b = va? + b2. Then (a,b) — a * b is not a law of
composition on Q, since 1 € Q, but 11 = /2 ¢ Q. However, (a,b) — a*b is a law of
composition on R.

5. Let n € N, and let S denote the set of all matrices of size n x n with real entries. Then
matrix multiplication is a law of composition on S.

6. Let n € N, and let GL(n,R) denote the set of all invertible matrices of size n x n with
real entries. Then matrix multiplication is a law of composition on GL(n,R). Indeed, if
A, B € GL(n,R), then the matrix AB is again a matrix of size n x n with real entries, and
moreover, since A and B are invertible, it follows that AB is also invertible.

7. Let a, b be real numbers such that a < b. Let Ca, b] denote the set of all continuous functions
on the interval [a, b]. Let addition of functions be defined as follows: if f, g belong to Cla, b],
then

(f+9)(x) = f(x) +g(x), x€[a,b].
Then addition of functions is a law of composition on C|a,b], since the sum of continuous

functions is again continuous; see Theorem 1.3.3.

8. If a,b € N, then let
axb=

(SRS

% is not a law of composition on N, since 1 %2 = % Z N. O

On a set there may be several different laws of compositions that can be defined. Some laws
of compositions are nicer than others, that is, they possess some desirable properties. A group is
a set G together with a law of composition on G that has three such desirable properties, and we
give the definition below.

Definition. A group is a set G together with a law of composition (a,b) — axb: G x G — G,
which has the following properties:

G1. (Associativity.) For all a,b,c € G, (a*b)*xc=ax* (bxc).

G2. (Identity.) There exists an element! e € G such that for alla € G, axe =a = e *a.

G3. (Inverses.) For every a € G, there exists an element? a~! € G such that axa™! = e = a~!xa.

G1, G2, G3 are called group axioms. Sometimes we use the notation (G, *) for the group.

Remarks. Note that hidden in the definition of a group, is the following axiom GO:

GO. For all a,b € G, axb € G. (That is, * is actually a law of composition on G.) ‘

Hence when checking that a certain set G is a group with respect to a certain operation * that
combines pairs of elements from G, we have to check, first of all, that for every a,b € G, a x b
belongs to G.

1Such an element e is called an identity element of the group G.
2depending on a, and such an element a~! is called an inverse of the element a in the group G.
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Examples.

1. Z with addition is a group. Indeed, the addition of integers is a law of composition on Z
that satisfies the group axioms:

G1. For all a,b,c € Z, (a+b) +c=a+ (b+c).

G2. 0 serves as an identity element: for alla € Z, a+0=a =0+ a.

G3. Ifa€Z,then —a€Z and a+ (—a) =0=—a+a.

2. R with multiplication is a not a group. Indeed, although the multiplication of real numbers
is a law of composition on R that satisfies G1 and G2, but the group axiom G3 does not
hold:

Gl1. For all a,b,c € R, (ab)c = a(be).

G2. (If e is an identity element, then we must have ae = a = ea for all ¢ € R, and in
particular, with ¢ = 1, we should have le = 1, and so, e = 1. And so if e is an identity
element, then it must be equal to 1!) 1 serves as an identity element: for all a € R,
al =a = la.

G3. Does not hold, since 0 € R, but for all a™! € R, 0a™' =a"10 =0 # 1 = e. So there is
no inverse of the element 0 € R.

However, the set of nonzero real numbers, or the set of positive real numbers are both groups
with multiplication, since in addition to G1 and G2, now in each case G3 also holds.

3. Let n € N, and let GL(n,R) denote the set of all invertible matrices of size n x n with real
entries. Then GL(n,R) is group with matrix multiplication. Indeed, matrix multiplication
is a law of composition on GL(n,R) that satisfies the group axioms:

Gl. Forall A, B,C € GL(n,R), (AB)C = A(BC), since matrix multiplication is associative.
G2. The identity matrix

10 ... 0

0 1 0
I, =

00 ... 1

serves as an identity element. I,, is an invertible matrix of size n x n with real entries,
and so it belongs to GL(n,R), and moreover, for all A € GL(n,R), Al,, = A = I, A.

G3. If A € GL(n,R), then A is an invertible matrix, and so there exists a matrix A~! such
that AA=! =1,, = A=*A. The matrix A~! € GL(n,R) and serves as an inverse of A.

This group is called the general linear group.

4. Let a,b be real numbers such that a < b. Then C|a, b] is a group with addition of functions.
Indeed, the addition of functions is a law of composition on Cla,b] that satisfies the group
axioms:

G1. For all f,g,h € C[a,b], and any = € [a,b] we have
(f+lg+n)(@) = [l

I
~
—

&
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G2. The constant function 0 defined by 0(xz) = 0 for all x € [a,b], serves as an identity
element. 0 is a continuous function on [a,b] and so 0 € C[a,b]. Moreover, for all
f € Cla,b], we have for all z € [a, b]:

(f+0)(z) = [f(z)+0(z)
= f(@)+0
f(x) (since 0 is an identity element for addition in R!)
= 0+ f(x)
= 0(z) + f(z)
= (04 f)(z).

Hence f+0=f=0+ f.

G3. If f € Cla,b], then define — f by (—f)(x) = —f(z), for = € [a,b]. Given f € C|a,b], we
have for all x € [a, b]:

(f+ =) = fl@)+ (=f)=)
= f@)+(=f(2))
= 0=0(x)=0
= —f(@)+ f(z)
= (=)@)+ f(z)
(=f+ (=)
Hence f+ (—f)=0=—f+ f. %

We note that the groups in the above Examples 1 and 4, also satisfy

‘ G4. (Commutativity.) For all a,b € G, axb=bx*a

u

while the group in Example 3 (with n = 2) does not satisfy G4:
LT[0zt [t o[ o]
0 1 1 1] |11 1 2] |11 0o 1|

This gives rise to the following natural definition.

Definition. A group (G, *) is said to be abelian® if for all a,b € G, a xb = b* a.

Examples.

1. The set of integers Z with addition is an abelian group.
2. The set of positive real numbers with multiplication is an abelian group.

3. Let n,m € N. The set matrices R"*™ of size n X m with entries in R with matrix addition
is an abelian group.

4. Let n € N. The set GL(n,R) with matrix multiplication is a group, but it is not an abelian
group if n > 1. O

Safter the Norwegian mathematician Abel
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We now prove a few elementary theorems concerning groups.

Theorem 2.1.1 There is a unique identity element in a group.

Proof Let e and ¢’ be identity elements in (G, x). Since e € G and €’ is an identity, we obtain
e=cxe.

Moreover, since ¢’ € G and e is an identity, we also have
exe =¢.

Consequently, e = €. [ |

Theorem 2.1.2 Let (G, *) be a group and let a € G. Then a has a unique inverse.

Proof Let the group have the identity e. If a; and as are inverses of a, then we have

a1 = aj*e (since a; € G and e is the identity)

a1 * (a * az) (since as is an inverse of a)

(a1 * a) * ay (associativity)
= exasg (since a; is an inverse of a)

= ag (since ag € G and e is the identity).

Example. If A, B are matrices of size n x n with real entries and I,, — AB is invertible, then
I, — BA is also invertible, and (I,, — BA)~! = I,, + B(I,, — AB)"!A. Indeed, it is easy to check
that

(I, — BA)(I, + B(I, — AB)"*A) = I,, = (I, + B(I, — AB)"'A)(I,, — BA),
and so it follows that I, — BA is invertible. By the uniqueness of the inverse of the element

I, — BA in the group GL(n,R), it follows that (I,, — BA)~' = I,, + B(I,, — AB) "' A. O

Definitions. A group (G, %) is said to be finite, if the set G has finite cardinality. The order of
a finite group (G, %) is the cardinality of G. A group is said to be infinite if it is not finite.

Examples.

1. The set {—1,1} with multiplication is a finite group of order 2.

2. The set Z with addition is an infinite group. O

A finite group can be completely described by writing its group table. This is a table that
displays the law of composition as follows: the elements of the group are listed in the first row and
the first column, and then given a,b € G, the element a x b is entered in the row corresponding to
a and the column corresponding to b, as shown below.
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[ b ]

a axb

We clarify this further by considering a simple example.

Example. The finite group {—1, 1} with multiplication can be described by the group table given
below.

L[t [-1]
1 1] -1
-1 -1 1
The table completely describes the law of composition: 1-1=1,1-(-1)=-1,-1-1=—1
and —1-(-1)=1. O
Exercises.

1. (a) Show that the set Zg of integers modulo 6, with addition modulo 6 is a group. Write
down its group table.

(b) Is Ze with multiplication modulo 6 also a group? If, instead, we consider the set Z§ of
nonzero integers modulo 6, then is Z§ a group with multiplication modulo 67

(c) (%) Let m be an integer such that m > 2, and let Z7, denote the set of nonzero integers
modulo m. Prove that Z}, is a group with multiplication modulo m iff m is a prime
number.

HINT: If m is a prime number, then any r € {1,...,m — 1} is coprime to m, and so
there exist integers s and t such that sm + tr = 1.

2. (a) Given n € N, let S,, be the set of all bijections from the set {1,2,3,...,n} onto itself.

Prove that the set .S,, with the composition of functions is a group. This is called the
symmetric group Sy,.
HinT: Composition of bijections is again a bijection, and composition of functions
on a set is also associative. The identity element is simply the identity map ¢ :
{1,2,3,...,n} — {1,2,3,...,n} given by «(m) = m for all m € {1,2,3,...,n}, while
the inverse of an element f € S, is simply the inverse of that bijection.

(b) What is the order of S,,7
(c) If n = 3, give examples of bijections f and g on {1,2,3} such that fog # go f.
(d) (%) Show that S, is abelian iff n < 2.

(]

Show that S with the operation of matrix multiplication forms a group.

3. Consider the set
a,b € R and a® + b2 #O}

4. Let (G, *) be a group.

(a) Show that if a,b,c € G are such that a b =a * ¢, then b = c.
(b) Show that if a,b € G, then the equation @ * z = b has a unique solution.
(c) Show that if a,b € G, then (axb)~! =b"1xaL.
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2.1.2 Subgroups

Definition. A subset H of a group G is called a subgroup of G, if it has the following properties:

HI1.
H2.

H3.

(Closure) If a,b € H, then axb € H.
(Identity) e € H.

(Inverses) If a € H, then a~* € H.

These conditions ensure that H is itself a group which is contained in the group G, and this
is explained as follows:

HI1.

H2.

H3.

This condition tells us that the law of composition * on the group G can be used to define
a law of composition on H, namely, the function from H x H to H given by (a,b) — a * b,
which is called the induced law of composition. Since % is associative, it follows that the
induced law of composition is associative as well: for all a,b,c € H, a x (b c) = (a *b) * c.

This shows that H, with the induced law of composition, has an identity element. Indeed
the identity element from G (which also belongs to H) serves as the identity element also in
H: foreverya € H,axe=a=-¢exa.

Finally this shows that every element in H possesses an inverse element in H. Of course,
since G is a group, we already knew that a possesses an inverse element a~! € G. But
now H3 says that this inverse element is in H. Thus for all a € H, Ja~! € H such that

axa '=e=a"tx*a.

Thus the conditions H1, H2, H3 imply that the subset H, with the induced law of composition, is
a group. Thus, a subgroup is itself a group which sits in a larger group.

Examples.

1.

The subset of even integers {2m | m € Z} is a subgroup of the group of integers Z with
addition. Indeed, the sum of even numbers is even (and so H1 holds), 0 is even (and so H2

holds), and finally, given the even number 2m, —2m = 2(—m) is even as well (and so H3
holds).

The group of integers with addition (Z,+) is a subgroup of the group of rational numbers
with addition (@, +), which in turn is a subgroup of the group of real numbers with addition
(R, +).

If G is a group with identity e, then {e} and G are both subgroups of G.

The subset of symmetric matrices of size 2 x 2, namely

a b

b d
with real entries is a subgroup of the set of all 2 x 2 matrices having real entries with matrix
addition. Indeed, given any two symmetric matrices

a b a b
bod | ™y g |

a,b,dER}
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their sum
a b n a b | |a+td b4V
b d ood || b+ d+d
is also symmetric, and so H1 holds. Clearly the identity element
0 0
0 0
is symmetric, and so H2 also holds. Finally, the inverse (with respect to matrix addition) of
any symmetric matrix
a b
b d |’

5

which is also symmetric, and so H3 holds.

is the element

5. The subset of upper triangular invertible matrices,

a b
smem={[1 ]
is a subgroup of the group GL(2,R) with matrix multiplication. Indeed, if

a b a b

a b a v aa’ ab 4+ bd
[o dHo d’]:[o dd’ ]EUT@’R)’

and so H1 holds. Clearly

a,b,d € R and ad;«éO}

then

L —|
O =
= O

] eUT(2,R),

|-

and so H2 also holds. Finally,

o=

if [ 8 2 ] € UT(2,R), then [

[SHS

a
0

Exercises.

1. Determine if the following statements are TRUE or FALSE.

(a) The nonnegative integers form a subgroup of Z with addition.
(b) The odd integers form a subgroup of Z with addition.
(¢) If G is abelian and H is a subgroup of G, then H is abelian.

2. Is there an infinite group with a finite subgroup?

3. (a) Consider the group of integers Z with addition. Suppose that H is the subgroup of Z
comprising multiples of 4, and let K be the subgroup of Z comprising multiples of 6.
What is H N K?
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(b) If H and K are subgroups of a group G, then show that H N K is also a subgroup of G.

4. Let C[0, 1] denote the group comprising the set of continuous functions on the interval [0, 1]
with addition of functions defined in the usual way: if f, g belong to C[0,1], then for all

z€[0,1], (f +9)(=) = f(z) + g(x).
(a) Let Hy = {f € C[0,1] | f (%) = 0}. Prove that Hy is a subgroup of C[0,1].

(b) Let Hy denote the set of all polynomial functions, that is, the set of all functions
p: [0,1] — R such that there exists an n € NU {0} and real numbers ag, a1, ag, ..., an
such that p(x) = ag + a1@ + agx?® + -+ + a,a™, for all x € [0,1]. Show that Hj is a
subgroup of C[0, 1].

5. Let G be a group. The center of G is the set Z(G) ={z € G |Va € G, zxa=ax* z}.
(a
(b
(c
(d

Show that Z(G) is not empty.

If G is abelian, then determine Z(G).

Show that Z(G) is a subgroup of G.

() If G is the group GL(2,R) with matrix multiplication, then determine Z(QG).

11 1 0
HINT.Takea—[O 1],[1 1].

Let G be a group and let a € G. We define

0

a” =eanda” =a"

“lyqforneN.

Moreover, if n € N, then we define
a—n _ (an)—l

It can be shown that the usual laws of exponents hold: for all m,n € Z,

am. * an — am+n a.nd am71 — (am.)n.

(Exercise!)

Definitions. Let G be a group and suppose that a € G.

1. If there exists an m € N such that a™ = e, then a is said to have finite order.

2. If @ has finite order, then the order of a, denoted by ord(a), is
ord(a) = min{m € N | a™ = e}.

3. If a does not have finite order, then « is said to have infinite order.

Examples.

1. The element —1 has order 2 in the group of nonzero real numbers with multiplication.
2. The element 2 has infinite order in the group of integers with addition.

0 01
3. The element 0 0 | is an element of order 3 in the group GL(3,R). O
10

1
0
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We now prove that given any element from a group, the set of its powers form a subgroup of
the group.

Theorem 2.1.3 Suppose that G is a group and a € G. Let (a) = {a™ | n € Z}. Then:

1. {a) is a subgroup of G.

2. If a is an element with finite order m, then (a) = {e,a,a® a®,...,a™ 1}.

Proof
1. We prove that H1, H2, H3 hold.
H1. Given m,n € Z, clearly m +n € Z and so a™ * a™ = a™*" € (a).
H2. e = a° € (a).
H3. For any m € Z, —m € Z and so (a™) ' =a 1™ =a"™ € (a).
So {(a) is a subgroup of G.

2. Clearly {e,a,a? a3,...,a™ '} C {a). Conversely, if n € Z, then there exist integers q and r,
suchthat 0 <r<m—1,and n=¢-m+r. So

a" =a?"™ = a? xa" = (a™)?xa” = (e)!*xa" =exa” =a" € {e,a,a® >, ..., am ).

The element [1] in the group Zs with addition modulo 5 has finite order, since
Melle e el] =[]

and the subgroup ([1]) = {[0], [1], [2], [3], [4]} is in fact the whole group. This example motivates
the following definition.

Definition. A group G is said to be cyclic if there exists an element a € G such that G = (a).
Such an element a is then called a generator of the group G.

Exercises.

1. If G is a finite group, then show that every element in the group has a finite order, which is
at most equal to |G|.

HiNT: If @ € G, then consider the set S = {e,a,a? a®,...,al%}, and use the pigeonhole
principle.

2. If G is a group and a € G, then show that for all m,n € Z, a™xa™ = a™™ and (a™)" = a™".
. 1 1.
3. Determine the order of 1 o |Im the group GL(2,R).

4. Prove that in any group (G, *), and for any a,b in G, the orders of a x b and b * a are the
same.

5. Is the group of integers with addition cyclic? What is a generator of this group? Is it unique?
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2.1.3 Homomorphisms and isomorphisms

Definition. Let (G, ) and (G’, ") be groups. A homomorphism ¢ : G — G’ is a function such
that
for all a,b € G, @(a*xb)=p(a) =" o(b).

Examples.

1. Let G be R with addition, and G’ be the set of positive reals with multiplication. The
exponential function from G to G’, given by = +— 2%, is a homomorphism. Indeed, we have
22FY = 229V for all real x,y.

2. Let G be the group GL(2,R) with matrix multiplication, and G’ be the group of nonzero
real numbers with multiplication. Then the determinant function det : G — G’ is a homo-
morphism, since for all 2 x 2 real matrices A, B we have det(AB) = det(A) det(B).

3. Let G be the group C0,1] of continuous functions on the interval [0, 1] with addition, and
G’ be the group R with addition. Then the function f +— f (1) is a homomorphism. Indeed,
if f, g are continuous functions on the interval [0, 1], then (f +g) (3) = f(3) +9 (%), by the
definition of f + g.

4. If G is a group, then the identity map ¢ : G — G defined by ¢(a) = a for all @ € G, and the
trivial map ¢ : G — G defined by ((a) = e for all a € G are homomorphisms. ¢

Thus a homomorphism is a function between two groups that respects the law of composition.
In the next theorem we show that it preserves the identity element and the inverses of elements
as well.

Theorem 2.1.4 Let G be a group with identity e and G’ be a group with identity ¢’. If o : G — G’
is a homomorphism, then:

1. p(e) =¢'.
2. Ifa € G, then (p(a))™! = ¢(a™?).

Proof We have
e’ pe) = p(e) = p(exe) = p(e) ¥ p(e),
and so canceling p(e) on both sides, we obtain ¢’ = p(e). Next,

-1

pla™) " pla) = pla™" xa) = ple) = e

and similarly,
¢ =p(e) = plaxa™) = p(a) ¥ p(a™).

= el = ¢(a) ¥ p(a~1t), and by the uniqueness of the inverse of ¢(a) in G, we
(@) |

Thus ¢(a™1) ' p(a)
obtain (¢(a))~t = ¢

Every group homomorphism ¢ determines two important subgroups: its image and its kernel.

Definitions. Let G, G’ be groups and let ¢ : G — G’ be a group homomorphism.
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1. The kernel of ¢ is the set ker(p) ={a € G| p(a) =€'}.
2. The image of ¢ is the set im(y) = {a’ € G’ | Ja € G such that p(a) = a'}.

Using Theorem 2.1.4, we now prove the following result.
Theorem 2.1.5 Let G, G’ be groups and let ¢ : G — G’ be a group homomorphism. Then:

1. ker(yp) is a subgroup of G.

2. im(y) is a subgroup of G'.

Proof It is easy to check that ker(y) is a subgroup of G. Indeed if a,b belong to ker(y), then
plaxb) = ¢(a) *" p(b) = " ¢ = ¢, and so H1 holds. Moreover, as ¢(e) = ¢’, e € ker(p) and so
H2 holds too. Finally, H3 holds, since if a € ker(y), then p(a™!) = (¢(a))~! = (¢/)~! = ¢/, and
so a~! € ker(p). Hence ker(y) is a subgroup of G.

We now also check that im(y) is a subgroup of G’. If @/, b" belong to im(p), then there exist
elements a, b in G such that p(a) = o’ and ¢(b) = b’. Consequently, p(axb) = p(a)*'@(b) = a'+'V,
and so there exists an element in G, namely a*b, such that p(axb) = a’+'b’, that is, a’ 'V’ € im(p).
Thus H1 holds. Since ¢(e) = €/, it follows that ¢’ € im(y). Finally, if a’ € im(p), then there exists
an a € G such that p(a) = a’, and so a’~! = (¢(a))™' = p(a™!). Hence a’~' € im(p), and H3
holds. So im(¢p) is a subgroup of G'. ]

Examples.

1. Let G be R with addition, and G’ be the set of positive reals with multiplication. The
exponential function from G to G’, given by x — 2% is a homomorphism with kernel the
trivial subgroup comprising the element 0, and the image is the whole group of positive reals
with multiplication, since it can be shown that given any y > 0, there exists a unique real
number (called the logarithm of y to the base 2, denoted by log, y) such that y = 21°82¥,

2. Let G be the group GL(2,R) with matrix multiplication, and G’ be the group of nonzero
real numbers with multiplication. Then the determinant function det : G — G’ is a homo-
morphism. Its kernel is the set of all invertible matrices with determinant equal to 1, and
we denote this subgroup by SL(2,R), and it is called the special linear group:

SL(2,R) = {A € GL(2,R) | det(A) = 1}.

The image of this homomorphism is the whole group of nonzero reals: indeed, given any real
number a not equal to zero, we have that

1 0
A= [ 0 a } € GL(2,R),

and det(4) =1-a—0-0=a.

3. Let G be the group C0,1] of continuous functions on the interval [0, 1] with addition, and
G’ be the group R with addition. Then the function f — f(3) is a homomorphism, and
its kernel is the set of all continuous functions on the interval [0, 1] that have a root at %
(for instance the straight line f(2) = 2 — 1 belongs to the kernel). The image is the set of
all real numbers, since given any a € R, the constant function f(z) = a for all z € [0,1] is
continuous, and f (%) =q. O
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In Example 1 above, the homomorphism between the two groups was also bijective. We give
a special name to such homomorphisms.

Definition. Let G, G’ be groups. A homomorphism ¢ : G — G’ is said to be an isomorphism if
it is bijective.

Examples.

1. Let G be R with addition, and G’ be the set of positive reals with multiplication. The
exponential function from G to G’, given by x — 2% is an isomorphism.

2. If G is a group, then the identity function ¢ : G — G defined by ¢(a) = a for all a € G is an

isomorphism.
3. Let G be the subgroup of GL(2,R) comprising all matrices of the form (1) 915 }, where
2z € R. Let G’ be the group R with addition. Then the function from G to G’, given by
1 =z .
0 1 “
is an isomorphism. O

Isomorphisms are important because their existence between two groups means that the two
groups are essentially the “same”, in the sense that as far as algebraic properties go, there is no
real difference between them.

Exercises.

1. (a) Let G,G’,G"” be groups and let ¢ : G — G' and ¢ : G’ — G"” be group homomorphisms.
Prove that the composition ¢ o ¢ : G — G” defined by (¢ o p)(a) = ¥(¢(a)), a € G is
a group homomorphism.

(b) Describe the kernel of 1 o .

2. A subgroup N of a group G is called a normal subgroup if for every a € N and every b € G,
then b*a*b~! € N. Prove that if G, G’ are groups and ¢ : G — G’ is a homomorphism,
then ker(y) is a normal subgroup of G.

1

3. If G is an abelian group, then show that the function from G to G, given by a +— a~ " is an

isomorphism.

4. Let G, G’ be groups and let ¢ : G — G’ be an isomorphism. Prove that the inverse function
¢ 1:G" — G is also an isomorphism.

5. Let G be a group and let a be an element of G.

(a) Prove that the function from Z to (a), given by m — a™, is a homomorphism from the
group of integers Z with addition to the subgroup (a).

(b) If a has infinite order, then prove that it is an isomorphism.



52 Chapter 2. Algebra

2.1.4 Cosets and Lagrange’s theorem

Given a subgroup H of a group G, define the relation R on G by
aRb if b=axh for some h e H. (2.1)

Then R is an equivalence relation:

El. (Reflezivity) For all a € G, aRa since e € H and a = a * e.

E2. (Symmetry) For all a,b in G, if aRb, then there exists a h € H such that b = a * h and so
bxh~! = a. Since H is a subgroup, and h € H, it follows that h~! € H. Thus bRa.

E3. (Transitivity) For all a,b,c in G, if aRb and bRc, then there exist elements h1, ho in H such
that b = a* hy; and ¢ = b* he. Hence we obtain ¢ = b* hy = (a % h1) *x ha = a * (hq * ha).
Since hi, ho € H and H is a subgroup, it follows that hy * ho € H, and so aRc.

Definition. Let H be a subgroup of a group G, and let R be the equivalence relation given by
(2.1). If a € G, then the equivalence class of a, namely the set

{beG|aRb} ={be G|3he Hsuchthat b=axh} ={axh|he H},
is called a left coset of H, and is denoted by a * H.
We know that the equivalence classes of an equivalence relation partition the set. (Recall that
a by partition of a set S, we mean a subdivision of the set S into nonoverlapping subsets:
S = union of disjoint, nonempty subsets of S.

For example, the sets {1,3}, {2,5}, {4} form a partition of the {1,2,3,4,5}. The two sets, of even
integers, and of odd integers, form a partition of the set Z of all integers.)

Hence we obtain the following result:

Figure 2.1: Distinct cosets partition the group.

Corollary 2.1.6 Let H be a subgroup of a group G. Then the left cosets of H partition the group
G.
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Remarks.

1. The notation a* H denotes a certain subset of G. As with any equivalence relation, different
notations may represent the same subset. In fact, we know that a * H is the unique coset
containing a, and so

ax H=0xH iff aRb.

Corollary 2.1.6 says that if a * H and b* H have an element in common then they are equal.

2. One can also define the relation R’ on G by aR'b if b = hxa for some h € H. The associated
equivalence classes are called right cosets.

Examples.
1. Consider the group G of the integers modulo 6, Zg, with addition modulo 6, and let H be
the subgroup ([2]) = {[0],[2],[4]}. The left cosets, which we now denote by a & H are
0@ H=[2¢ H=[4oH=/{[0],[2],4]}, and
lleH=_389H=5aH={[1],[3],[5]}.
Note that the cosets {[0], [2], [4]} and {[1], [3], [5]} do form a partition of G:
G ={[o], [1], 2, [3], [4], [5]} = {[0], 2, [4]} U{[1], [3], [5]}, and {[0], [2], [4]} n{[1], [3], [5]} = 0.

2. Consider the group G of the integers Z, with addition, and let H be the subgroup of even
numbers {2m | m € Z}. The left cosets, which we now denote by a + H are

=24 H=0+H={2m|meZ}={..,-4,-2,0,2,4,..}y=2+H=...,
co=-1+H=1+H={2m+1|mez}={...,—-3,-1,1,3,..} =3+ H=....

Note that the cosets {...,—4,—2,0,2,4,...} and {...,—3,—1,1,3,...} do indeed partition
the set of all integers. O

Note that in Example 1 above, there are only two distinct cosets, and
|G| =6 =3-2=|H|- (number of cosets of H).

In particular the order of H (namely 3) divides the order of G (namely 6). This is not a coincidence.
We now prove an important result concerning the order of a group G and the number of cosets of
a subgroup H, due to Lagrange.

Theorem 2.1.7 (Lagrange’s theorem) Let H be a subgroup of a finite group G. Then the order
of H divides the order of G.

Proof Note that there is a bijective function from the subgroup H to the coset a * H, given by
h+— axh, for h € H. Consequently, each coset a* H has the same number of elements as H does.

Since G is the union of the cosets of H, and since these cosets do not overlap, we obtain the
counting formula
|G| = |H| - (number of cosets of H).

In particular, |H| divides |G]|. ]
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Corollary 2.1.8 Let G be a finite group and let a € G. Then the order* of a divides the order of
G. In particular a!Cl = e.

Proof Let a have order m. (a) is a subgroup of G, and from Theorem 2.1.3, it follows that
|(a)| = m divides |G|, and so |G| = m -k for some k € N. Thus a/¢l = a™* = (a™)* =eF =¢c. m

The following theorem characterizes all groups whose order is a prime number.

Corollary 2.1.9 If G is a group with prime order p, then G is cyclic, and G = (a) for every
a € G\{e}.

Proof If a # e, then a has order > 1, say m. Since m divides p, and p is prime, it follows that
m = p. As G itself has order p, it now follows that G = {a), and so G is cyclic. ]

Exercises.

1. Determine if the following statements are TRUE or FALSE.

(a) If H is a subgroup of G and a,b € G are such that a # b, then (ax H)N (b* H) = ().

(b) If H is a subgroup of G and a € G is such that a * H has 4 elements, then H has 4
elements.

(¢) If H is a subgroup of a finite group G, then for any a € G, the left coset a * H has the
same number of elements as the right coset H * a.

2. (a) Verify that
— Ty
o= {0 1]

is a group with matrix multiplication.

(b) Show that
o {ls 2]

(¢) Any element of G can be represented by a point in the (x, y)-plane. Draw the partitions
of the plane into left and into right cosets of H.

x,yeRandx>0}

xERandac>0}

is a subgroup of G.

3. Let H and K be subgroups of a group G of orders 3 and 5 respectively. Prove that HNK =
{e}.

HinT: H N K is a subgroup of H as well as K.

4. Prove or disprove that the group S4 has an element of order 16.

*

5. (a) Let p be a prime, and let Z; denote the group of nonzero integers modulo p with

multiplication modulo p. Show that if a is an integer such that a is not divisible by p,
then [a]P~! = [1].

(b) (x) Prove Fermat’s little theorem: for any integer a, a? = a(mod p).
HINT: If ¢ € Z is not divisible by p, then [a] # [0], and so by part (5a) above,
[a]P~1 = [1]. Hence p|(a?~! — 1), and so p|(a? — a).

(c) () Show that 7 divides 22225555 4 55552222,
HINT: Note that 2222 = 7-317+ 3, so that in Z7, [22225555] = [3]°55°. Now use the fact
that [3]% = [1] to conclude that [222255%%] = [35]. Proceeding in a similar manner, show
that [5555%222] = [3?%]. Hence we obtain [2222°%5° 4+ 55552222] = (354 32] = [32-28] = [0].

4By Exercise 1 on page 48, it follows that every element in a finite group has a finite order.
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2.2 Vector spaces

In this section we introduce a very important algebraic object, called a vector space. Roughly
speaking it is a set of elements, called “vectors”. Any two vectors can be “added”, resulting in a
new vector, and any vector can be multiplied by an element from R so as to give a new vector.
The precise definition is given in the next subsection.

2.2.1 Definition of a vector space

Definition. A wvector space V is a set together with two functions, + : V x V — V| called vector
addition, and - : R x V' — V| called scalar multiplication, such that (V,+) is an abelian group,
and the following hold:

V1. Forallv eV, 1-v=w.
V2. Forall ¢, eRand allv e V, a- (8 -v) = (af) - v.
V3. Foralla,feRandallveV, (a+8) - v=a-v+-v.

V4. For all « € R and all vi,v0 € V, o+ (v1 +v2) = - v1 + - va.
V3 and V4 are called the distributive laws. The elements of a vector space are called vectors.

We observe that since (V,+) is an abelian group, a vector space also has the following prop-
erties:
1. For all v1,v9,v3 € V, v1 + (v2 + v3) = (v1 + v2) + vs3.

2. There exists an element 0 € V (called the® zero vector) such that for allv € V, v+0=1v =
0+ wv.

3. For every v € V, there exists a unique® element in V', denoted by —v, such that v + (—v) =
0=—v+w.

4. For all vi,v9 € V, v1 + v9 = v3 + v1.

Examples.

1. Let n,m € N. The set R™*™ of n x m matrices having real entries with matrix addition is
an abelian group. Define scalar multiplication as follows: if @ € R and

a1 e QA1n aaqq . aQ1n
ifoeRand A= € R™"™ then a-A= . (2.2)

Ami  --- Qmn ami ... Qlmn

Then o - A € R"™™, and moreover V1, V2, V3, V4 are satisfied:

5Since there is a unique identity element in a group, the zero vector is unique!
6In a group, every element has a unique inverse!
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V1. If A € R™"™ then clearly

a1 e QA1n 10,11 . 1a1n ail . A1n

Ami -+  Gmn lami ... lamn Am1 -+  Gmn

V2. For all o, 8 € R and all A € R**™,

ail1 ... Qin
a-(ﬂ-A) = a-|pB-
Aml -+ Qmn
[ Bair ... Pain
= - : :
L Bami .. Bamn
[ a(Barr) ... «a(Bain) |
| a(Bam1) ... o(Bamn) |
[ (aB)air ... (aB)ain |
| (@B)am1 ... (aB)amn |
a1 ... Qin
= (ap)-
Am1 -+ Gmn
— (ap)- A
V3. For all o, € R and all A € R**™,
a1 ... Qin
(a+p)-A = (a+0):
Am1 -+  Qmn
[ (a+B)an ... (a+Ba,
| (@+B)amr .. (a+ B)amn
[ aai 4+ Pan ... e, + Bar,
| atm1 + Bamt ... Qmp + Bamn
[ aai; ... aai, | Bai1 ... Pain
= | SRS :
| Qm1  --. Qmp | Bam1 ... Bamn
a1 ... Gin ] a1 ... Gin
= «- + ﬂ .
m1 -+ G | Am1 -+ Qmn

= a-A+(-A
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o7

V4. For all « € R and all A, B € R**™,

a-(A+ B)

a1
a-
am1
[ a1 + b1
o :
L am1 + bml

afa1r + b11)

L a(aml + bml)

aar + abiy

Q1 + by

A1n b11
+ .
Qmn bml

G1n + bln

amn + bmn

a(aln + bln)

&(@mn + bmn)

aayy, + abyy,

QA + by

aall Qa1n abqy
+ .
| Qm1 Qi abm
an a1n b11
a- +5-
Am1 e Amn, bml
a-A+ (- B.

bln

bm.n

Hence R™*™ is a vector space with matrix addition and with scalar multiplication defined
by (2.2). If n = 1, then we denote the vector space of column vectors R™*! by R™.

2. Let a,b be real numbers with a < b. The set C[a, b] of continuous functions on the interval
[a, b] with addition of functions is an abelian group. Let scalar multiplication be defined as

follows:

if « € R and f € Cla,b], then («

Then « - f € Cla,b], and moreover V1, V2, V3, V4 are satisfied:
V1. Let f € Cla,b]. For all x € [a, b], we have

andsol-f=Ff.
V2.

and so («

(B-f) =
V3.

(1- f)(x) =1/ ()

(a-(B-f))(x)

(aB) - f.
Let a, 8 € R and f € Cla,b]. For all z € [a, ], we have

((a+p8)-flx) =

Let a, 8 € R and f € Cla,b]. For all z € [a, ], we have

a(f - f)(z)
a(Bf(x))
= (af)f(x)
= ((ef)- f)(=),

(a+B)f(x)
af(x) + Bf(x)

(a- f)(x)+ (8- f)(z)
(a-f+8-f)=),

f)(x) = af(;v), x € [a,b].

(2.3)
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andso (a+08)-f=a-f+5-f.
V4. Let o € Rand f,g € Cla,b]. For all z € [a,b], we have

(- (f+9)=) = alf+g)(x)
a(f(z) +g(x))
af(z) +ag(z)
Nix) + (a-g)(x)
= (a-f+a-g)(x),

(a-

andsoa-(f+g)=a-f+a-g.

Hence Cla, b] with addition and scalar multiplication is a vector space. O

We now prove a few elementary properties of vector spaces.

Theorem 2.2.1 Let V be a vector space. Then the following hold:

1. ForallveV,0-v=0.
2. Foralla e R, a-0=0.
3. IfveV, then (—1) v = —v.

Proof Please go through the entire proof carefully, noting which symbols refer to the number
0 € R, and which refer to the zero vector 0 € V.

1. To see this, we use the distributive law to write
0-v+0-v=(0+0)-v=0-v.
Now add —(0 - v) on both sides, to obtain 0-v = 0.

2. Similarly, -0+ a-0=a-(0+0) =«-0, and hence a- 0 = 0.

3. Finally, we have

v+(-1)-v = 1-v+(—1) v (since 1-v="0)
(1+ (—1)) - v (distributive law)
= 0-v (since 1+ (—1)=0)
= 0 (since 0-v = 0),

and so v+ (—1)-v=0=(—1)-v+v. Hence (—1) - v is an inverse of v. But the inverse of an
element from a group is unique, and so (—1) - v = —wv. ]

Exercises.

1. Let n € N.

(a) Is the set of invertible n x n matrices having real entries with matrix addition and with
scalar multiplication defined by (2.2) a vector space?
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(b) Is the set of invertible n x n matrices having real entries with matrix multiplication and
with scalar multiplication defined by (2.2) a vector space?

2. Let V be a vector space. Prove that if & € R and v € V are such that « - v = 0, then either
a=0orv=0.

HINT: If a # 0, then o~ ! € R. Premultiply both sides of o - v = 0 by o~ .
3. (%) Consider the set R> of all sequences with addition defined as follows:
if (an)nen; (bn)nen € R, then (an)nen + (bn)nen = (@n + bp)nen, (2.4)
and scalar multiplication defined as follows:
if « € R and (ap)nen € R*, then a - (ap)nen = (@an)nen- (2.5)

Prove that R* is a vector space with the above addition and scalar multiplication.

2.2.2 Subspaces and linear combinations
Definition. Let V be a vector space. A subset U is called a subspace of V' if

S1. 0€U.
S2. If vy,v9 € U, then v1 + vy € U.

S3. If ve U and a € R, then a-v € U.

Subspaces of a vector space are just like subgroups of a group, that is, a subspace of a vector
space is itself a vector space with the same addition and scalar multiplication as with V' (this is
easy to check). So a subspace is really a smaller vector space sitting inside a larger vector space.

Examples.

1. If V is a vector space, then the subset U comprising only the zero vector, namely U = {0},
is a subspace of V.

Also, the entire vector space, that is U =V, is a subspace of V.
If a subspace U of V is neither {0} nor V, then it is called a proper subspace of V.

2. Consider the vector space R?*? with matrix addition and scalar multiplication defined by
(2.2). Then the set of upper triangular matrices

a b
Ul—{[o d} a,b,dER}
is a subspace of R?*2,
Also, the set of symmetric matrices
a b
Ug—{[b d} a,b,dER}

is a subspace of R?*2,
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3. Let a,b € R and a < b. Consider the set of all polynomial functions

_ ' dn € NU {0} and ag, a1, as,...,a, € R such that
Pla, b = {p. [, 0] = R ‘ p(z) = ag + a1 + agx? + -+ + apz™ for all z € [a, b]
Then U = Pla,b] is a subspace of the vector space C[0,1] with addition of functions and
scalar multiplication defined by (2.3). O

Definitions. Let V' be a vector space.

. Ifvy,...,v, are vectors in V and a4, . .., o, belong to R, then the vector a1 -v1 +- -+ ay vy

is called a linear combination of the vectors vi,...,vUn,.

. Let S be a nonempty subset of a vector space V. The span of S, denoted by span(S5), is

defined as the set of all possible linear combinations” of vectors from S:

span(S) ={a1-v1+- 4+ ap vy, | RnEN, v1,...,0, €S, a1,...,a, € R}

Examples.

1. Let m € N. Any vector in the vector space R™ is a linear combination of the vectors

1 0

0 0
vi=| .|, V=

0 1

Hence span({v1,...,vm}) = R™.

2. Let a,b € R with a < b. Any polynomial p on the interval [a,b] is a linear combination of

the functions from the set S = {1,z,2%,...}. Hence span(S) = P[a,b] in the vector space

Cla, b]. O

The span of a set of vectors turns out to be a special subspace of the vector space.

Theorem 2.2.2 Let V be a vector space and S be a nonempty subset of V. Then span(S) is the
smallest subspace of V' that contains S.

Proof We first show that span(S) is a subspace of V.

Let v € S§. Then 0 =0-v € span(S). If u,v € span(S), then we know that

U=qa1- U+ Fay-u,andv=p01 v+ + O - Uy

for some vectors uq,...,uUn,v1,...,Uyn € S and scalars aq,...,a,, 01, .., 0m € R. Consequently,

u+v=ca1-ur+- - +an U, +01-v1+ -+ Bm - vm € span(S).

"Note that although S might be infinite, a linear combination, by definition, is always a linear combination of a

finite set of vectors from S.
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Finally, if v € span(S), then we know that v = ay - v1 + -+ + ay, - v, for some vy,...,v, € S and
scalars ay,...,a, € R, and so for any 0 € R, we have

Bv=0-(ar-v1+Fanv,) =B (ar1-v1)+ -+ (anvn) = (Bar)-vi+- - -+ (Bay) v, € span(S).

So span(.S) satisfies S1,52,5S3, and so it is a subspace of V. Moreover, if v € S, thenv =1-v €
span(S), and so S C span(S). Thus span(S) contains S.

If U is another subspace that contains the vectors from S, then from S2 and S3 it follows that
it certainly contains all linear combinations of vectors from S belong to U, and so span(S) C U.

Hence span(S) is the smallest subspace of V' containing S. [
Definitions. Let V be a vector space, and suppose that vq,...,v, are vectors that belong to V.
1. The vectors vq,...,v, are called linearly independent if the following condition holds:
if daq,...,a, € Rsuch that oy -v1 +---4+ap v, =0, thena; =--- =a, =0.

An arbitrary subset S of vectors from V' is said to be linearly independent if every nonempty
finite set of vectors from S is an independent set of vectors.

2. The vectors vy, ..., v, are called linearly dependent if they are not linearly independent, that
is,
daq,...,a, € R, not all zeros, such that oy - vy + -+ 4+ «ay, - v, = 0.

An arbitrary subset S of vectors from V' is said to be a linearly dependent if there exists a
nonempty finite set of dependent vectors from S.

Examples.

1. Let V be a vector space. Then any finite set of vectors from V containing the zero vector is
linearly dependent. Indeed if v1,...,v, € V and v = 0, then

O-v1+--+0-vp1+1- 04 +0- Vg1 +---+0-v, =0.

2. The vectors

1 0
0 :
v = . g ey Um = .
: 0
0 1
are linearly independent in R™. Indeed if a; - v1 + -+ + auy + Uy, = 0, then
(5] (1) 0 0
= Q7 . + -t ay - 0 = ’
Qi 0 1 0

and soo; =---=a,, = 0.

3. Let a,b € R with a < b. The functions 1,z on the interval [a, b] are linearly independent.
Indeed, if for all z € [a,b], @ -1+ -z = 0(z), then in particular, we have

a+ Ba=0and a+ 6b=0,
and since a # b, it follows that « = 5 = 0. O
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Exercises.

1. Determine if the following statements are TRUE or FALSE:

(a) The union of two subspaces of a vector space V is a subspace of V.

(b) The intersection of two subspaces of a vector space V' is a subspace of V.

1 1 0
(c) | 2 | €span 31,1 in the vector space R3.
3 4 1
1 1 0
(d) The vectors | 0 |, | 2 |, | 3 | are linearly independent in the vector space R3.
1 1 0

(e) If vy, vq,v3,v4 are linearly independent, then vq,vs,vs are linearly independent.

(f) If v1, ve, v3,v4 are linearly dependent, then vy, v9,v3 are linearly dependent.

2. (a) Prove that if ¢; and to are distinct real numbers in R, then
1 1 .
wo({la ][0 ]}) =

(b) (%) Prove that R? is not the union of a finite number of proper subspaces.

in the vector space R2.

HiINT: Consider the infinite subset S = { [ 1 } ‘ te R}.

3. (x) Let R* be the vector space of all sequences, with addition and scalar multiplication
defined by (2.4) and (2.5), respectively. We define the following subsets of R*°:

(a) £ is the set of all bounded sequences.
(b

)

) ¢ is the set of all convergent sequences.

(¢) ¢ is the set of all convergent sequences with limit 0.
)

(d) coo = {(an)nen € R*® | IN € N such that Vn > N, a,, = 0}, is the set of all sequences
that are eventually zero.
Prove that cog C ¢g C ¢ C £°° C R*°, and that each is a subspace of the next one.
4. Consider the vector space C|0, 1] with addition of functions and scalar multiplication defined

by (2.3). Let S(y1,y2) = {f € C[0,1] | f(0) = y1 and f(1) = y2}. Show that S(y1,y2) is a
subspace of C[0,1] iff y; = 0 = ys.

2.2.3 Basis of a vector space

Definition. Let V be a vector space. Then a set of vectors B is said to be a basis of V if

B1. span(B) =V, and

B2. B is linearly independent.
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Example. The vectors

1 0
0 0
vi=1| .|, vm=
0 1
form a basis of R™. O

Theorem 2.2.3 Let V be a vector space and B be a basis of V' such that B has n elements. Then
any linearly independent set S of n vectors is also a basis of V.

Proof We simply prove that span(S) = V. This is proved as follows: we claim that for each
k € {0,1,...,n}, there is a set S, with n elements such that it has n — k elements from B and
the other k elements belong to S, and such that span(Sy) = V. We prove this claim by induction
on k.

For k = 0, we simply define Sy = B. Then Sy is a set with n elements such that it has
n — 0 = n elements from B and the other 0 elements belong to S, and since B is a basis,
V = span(B) = span(Sy).

Suppose that the claim is true for some k. Thus Sy is a set with n elements such that it has

n — k elements vq,...,v,_; from B and the other k elements, say u1,...,ux, belong to S, and
such that span(Sy) = V. Now suppose that u, is an element from S such that it does not belong
to {u1,...,ux}. Since span(Sx) =V, there exist numbers a1, ..., an—k, 51, .., 0k € R such that

Up =Qp v+ Qo Ung + B un + o+ B g

Then we have the following two cases:

1°Tfa; =+ = ap_g =0, then we get that 1w, — 31 - u; —--- — Bg - ux = 0, which contradicts
the linear independence of S. So this case is not possible.

2° Hence there must exist an «; # 0. So the spans of the sets

Sk = A{vi,...,0-1,05,0541, -, Un—k, U1, ..., U}, and

Skv1 = {v1, . V1, U Vg, - Up s UL, U S

are the same. (Why?) Moreover, Si4+1 has n elements, n — k — 1 of these belong to B, and the
other elements (namely, u,,u1,...,ux) belong to S.

Hence by induction, for k¥ = n, we obtain that S;, has n elements, such that 0 of these are in
B, and the other n — 0 elements are in S, and such that span(S,) = V. But S has n elements,
and so S, = S. Thus span(S) =V. ]

Given a vector space, there are of course many bases. However, the next result says that the
cardinality of the basis is unique for any given vector space.

Corollary 2.2.4 If a vector space V has a basis with n elements, then every basis of V' has the
same number of elements.

Proof Suppose that B is a basis of V with n elements and suppose that B’ is another basis of V.
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Let B’ have > n elements. Then take any n distinct elements v1,...,v, from B’. From the
previous theorem, it follows that these span V, and so if v € B’ \ {v1,...,v,}, it can be written
as a linear combination of {v1,...,v,}, which contradicts the independence of B’'.

If B’ has < n elements, then by interchanging the roles of B and B’ and proceeding as above,
we once again arrive at a contradiction. ]

The above result motivates the following natural definitions.

Definition. Let V be a vector space.

1. If there exists a basis B of V such that B has n elements, then n is called the dimension of
V, and it is denoted by dim(V).

2. If a vector space has a basis with a finite number of elements, then it is called a finite
dimensional vector space. .

3. If a vector space is not finite dimensional, then it is called an infinite dimensional vector
space.

Exercises.

1. Prove or disprove that

1 1 1
B= NI
0 0 1

is a basis for R3.

2. Prove that if B is a basis of a finite dimensional vector space V, then every element v € V
can be written as a unique linear combination of the vectors from B.

3. (%) Show that C[0, 1] is infinite dimensional.

HINT: One can prove this by contradiction. Let C[0, 1] be a finite dimensional vector space
with dimension d, say. First show that the set B = {x,22,... 2%} is linearly independent.
Then by Theorem 2.2.3, B is a basis for C[0, 1], and so the constant function 1 should be a
linear combination of the functions from B. Derive a contradiction.

4. (a) (%) For k € N, let ey, denote the sequence with the kth term equal to 1, and all other
terms equal to zero:

— (an) h |1 ifn=k,
€r = \An)neN, WOEre a, = 0 lfn?ék,

and let B = {ey, | k € N}. Prove that B is a basis for the vector space cqg, comprising
all sequences that are eventually zero.

(b) (%) Is B = {e | k € N} also a basis for the vector space R>?

HiINT: Consider the constant sequence (1)en-
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2.2.4 Linear transformations

Definition. Let U,V be two vector spaces. A function T : U — V is called a linear transformation
if it satisfies the following two properties:
L1. For all uy,ug € U, T'(u1 + u2) = T'(u1) + T (u2).

L2. Forallu e U,and all @« € R, T'(a - u) = o - T'(w).

Thus just like group homomorphisms that are functions that respect group operations, linear
transformations are functions that respect vector space operations.

Examples.

1. Let m,n € N. Let
a1 QA1n
A — : : c Rmxn
am1 e Amn,

Then the function T4 : R — R™ defined by

- n -
E A1kTk
T a1121 + -+ A1 Tp =1 T
Ta| = : = : for all ; eR", (2.6)
Tn Am1T1 + -+ GmnTn 2 Tn
E AmkTEk
k=1 _

is a linear transformation from the vector space R™ to the vector space R™. Indeed, we have

- -
> aw(zn + vr)
1 Y1 1+ Y1 k=1
Tal ) |+ = Ta : = :
x Yy Tn+y "
! ! S > ami(@r + i)
L k=1 J
B n T r n n T
Z(amﬂik + a1kyr) Z a15Tk + Z a1k Yk
k=1 k=1 k=1

n n
§ (amkxk + amkyk) § AmkTk + § AmkYk
k=1 k=1

L k=1 i i
r n T r n 7
S ane S o
k=1 k=1 T hn
= + : =Ty + T4

2 Tn Yn
E AmkTk § AmkYk
k=1
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for all
Z1 1
. n
’ : eR 9
Tn Yn
and so L1 holds. Moreover,
I - _ n -
_ E A1 O [0 E A1k
T Ty k=1 k=1
Ta| o = Ta| i |= 5 - :
T axy, n n
- E Ak Tk o E AmkTk
k=1 ] L k=1 J
— _
E A1kTk
k=1 L1
= « . =a- TA )
n xn
§ AmkTk
L k=1 J
for all o € R and all vectors
x1
€ R",
Ty

and so L2 holds as well. Hence T4 is a linear transformation.

2. The function T : C|0, 1] — R given by

Tf=f (%) for all f € C[0,1],

is a linear transformation from the vector space C0, 1] to the vector space R. Indeed, we
have

17+9)=(r+9) (3) =1 (5) +9(3) =T+ 1), oran fg € c0.1]

and so L1 holds. Furthermore

1 1
T(a-f)=(a-f) (§> =af <§) =aoT(f), for all @« € R and all f € C[0,1],
and so L2 holds too. Thus T is a linear transformation. O

Just as in the case of homomorphisms between groups, there are two important subsets asso-
ciated with a linear transformation between vector spaces, whose definitions are given below.

Definitions. Let U,V be vector spaces and T': U — V a linear transformation.

1. The kernel of T is defined to be the set ker(T) = {u € U | T'(u) = Oy}, where Oy denotes
the zero vector in V.

2. The image of T is defined to be the set im(T') = {v € V | Ju € U such that T'(u) = v}.
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Examples.

1. Let A € R™*™ and let T4 : R® — R™ be the linear transformation defined by (2.6). The
kernel of the linear transformation is the set of all vectors

Z1
T = cR"
xn
such that the system of linear equations
a1+ +apr, = 0
Am1T1 + -+ G, = 0
is simultaneously satisfied.
The range of T4 is the set of all vectors
n 1
Y= c Rm
Ym |
such that there exists a vector }
€
T = g e R"
xn a
such that
01171 + -+ a1n®n = Y1
Am1T1 + -+ Gmn®n = Ym.

2. The function T : C[0,1] — R given by T'f = f (3) for all f € C[0,1], is a linear transfor-
mation from the vector space C]0, 1] to the vector space R, with kernel equal to the set of
continuous functions on the interval [0, 1] that vanish at the point 3. The range of T is the
whole vector space R. O

Analogous to Theorem 2.1.5 for homomorphisms between groups, we now prove the following
result.

Theorem 2.2.5 Let U,V be vector spaces and T : U — V a linear transformation. Then:

1. ker(T) is a subspace of U.

2. im(T) is a subspace of V.

Proof In each of the cases, we check that S1, S2, S3 hold.
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Let Oy,0y denote the zero vectors in the vector spaces U,V respectively. It is easy to
check that ker(T') is a subspace of U. Indeed, as T(0y) = T(0y + Oy) = T(0y) + T(0y), it
follows that T(0y) = Oy, and so Oy € ker(T'). Thus S1 holds. If uy,us belong to ker(T), then
T(u1 4 ug) = T(u1) + T(u2) = Oy + 0y = Oy, and so S2 holds as well. Finally, S3 holds, since if
a € R and u € ker(T'), then T(ov - u) = a- T'(u) = o - Oy = Oy . Hence ker(T") is a subspace of U.

We now also check that im(7") is a subspace of V. Since T(0y) = Oy, it follows that 0y €
im(T), and so S1 holds. If vy, ve belong to im(T"), then there exist elements w1, us in U such that
T(u1) = v1 and T'(u2) = ve. Consequently, T'(u1 + u2) = T'(u1) + T'(u2) = v1 + v2, and so there
exists an element in U, namely u; + ug, such that T'(uy + ue) = v1 + v, that is, v1 + vo € im(7).
Thus S2 holds. Finally, if @« € R and v € im(T'), then there exists a u € U such that T(u) = v,
and so a-v=ca -T(u) =T(a-u). Hence a-v € im(T), and S3 holds. So im(7T') is a subspace of
V. [ ]

Exercises.

1. Find the kernel and image of the linear transformations 74 : R? — R2, where A € R?*? is

given by:

-]y 1
wa-[id
aas(gy

Each vector [ Z } in R? can be represented by a point in the (x,y)-plane. In each of the

cases, draw a picture of the subspaces ker(T'4) and im(74) in the plane.

2. Consider the vector space R? with matrix addition and the usual scalar multiplication defined
by (2.2). Define the function 7' : R? — R? as follows:

2
T

l T2 ] ifa:lxg;éO,

X2
if [xl } € R?, thenT{ 1 } =
To €2

X1 . _
[ . ] if 120 = 0.

Show that T satisfies L2, but not L1, and hence it is not a linear transformation.

3. (x) Let ¢ denote the vector space of all convergent sequences. Counsider the function T : ¢ — R
given by
T((an)nen) = lim a,, for all sequences (a,)nen € c.
n—oo
(a) Prove that T is a linear transformation from the vector space ¢ to the vector space R.
(b) What is the kernel of T
(c¢) Show that im(T") = R.



Solutions

Analysis

Solutions to the exercises on page 6

1.

(a) S =(0,1].

An upper bound of S. 1 is an upper bound, since for all x € S = (0, 1], we have z < 1.
In fact any real number u > 1 is an upper bound.

A lower bound of S. 0 is a lower bound, since for all x € S = (0, 1], we have 0 < z. In
fact any real number [ < 0 is a lower bound.

Is S bounded? Yes. S is bounded above, since 1 is an upper bound of S. S is also
bounded below, since 0 is a lower bound. Since S is bounded above as well as bounded
below, it is bounded.

Supremum of S. supS = 1. Indeed, 1 is an upper bound, and moreover, if u is also an
upper bound, then 1 < wu (since 1 € S).

Infimum of S. inf S = 0. First of all, 0 is a lower bound. Let [ be a lower bound of
S. We prove that { < 0. (We do this by supposing that [ > 0, and arriving at a
contradiction. The contradiction is obtained as follows: if [ > 0, then we will see that
the average of 0 and [, namely %, is an element in S that is less than the lower bound
[, which is a contradiction to the definition of a lower bound!) If [ > 0, then 0 < é
Moreover, since { < 1 (I is a lower bound of S and 1 € S) it follows that é < % < 1.

Thus é € S. But since [ > 0, it follows that é < I, a contradiction. Hence [ < 0.

If sup S ewists, then is sup S € S? Yes, supS=1¢€ (0,1] = S.

If inf S exists, then is inf S € S? No, inf S=0¢ (0,1] = S.

Mazimum of S. maxS =1, sincesupS =1¢€ S.

Minimum of S. min S does not exist since inf S =0 ¢ S.
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(b)

S =10, 1].

An upper bound of S. 1 is an upper bound, since for all z € S = [0, 1], we have z < 1.

A lower bound of S. 0 is a lower bound, since for all z € S = (0, 1], we have 0 < z.

Is S bounded? Yes, since S is bounded above (1 is an upper bound) and it is bounded
below (0 is a lower bound).

Supremum of S. supS = 1. Indeed, 1 is an upper bound, and moreover, if u is also an
upper bound, then 1 < u (since 1 € S).

Infimum of S. inf S = 0. Indeed, 0 is an lower bound, and moreover, if [ is also an
lower bound, then I <0 (since 0 € S).

If sup S euwists, then issupS € S? Yes, supS=1¢€[0,1]=S.

If inf S exists, then isinf S € S? Yes, inf S=0¢€ [0,1] = S.

Mazimum of S. maxS =1, sincesupS =1¢€ S.

Minimum of S. minS = 0, since inf S =0¢€ S.

S =(0,1).

An upper bound of S. 1 is an upper bound, since for all z € S = (0,1), x < 1.

A lower bound of S. 0 is a lower bound, since for all z € S = (0,1), 0 < z.

Is S bounded? Yes, since S is bounded above (1 is an upper bound) and it is bounded
below (0 is a lower bound).

Supremum of S. sup S = 1.

First of all, 1 is a upper bound. Let u be an upper bound of S. We prove that 1 < u.
(We do this by supposing that u < 1 and arriving at a contradiction. The contradiction
is obtained as follows: if v < 1, then we will see that the average of u and 1, namely
“TH, is an element in S that is larger than the upper bound u, which is a contradiction
to the definition of an upper bound!) Since u is an upper bound and since % €S, it
follows that 0 < u (since 0 < 3 < w). Soif u <1, then 0 < u = 4% < 2l < Ll — 7,
Hence “T“ €S. But u < “—erl contradicts the fact that u is an upper bound of S.

Infimum of S. inf S = 0.

First of all, 0 is a lower bound. Let [ be a lower bound of S. We prove that [ < 0. If
[ >0, then 0 < % Moreover, since % € S and [ is a lower bound of S, it follows that
[ < % Thus we have 0 < % <l < % < 1, and so % € S. But % < [ contradicts the fact
that [ is a lower bound of S.

If sup S exists, then is supS € S¢ No, supS =1¢ (0,1) = S.

Ifinf S exists, then is inf S € S¢ No,inf S=0¢ (0,1) = S.
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Mazimum of S. max .S does not exist, since supS =1¢ S.

Minimum of S. min S does not exist, since inf S =0 & S.

S={t|nez\{0}}={%|neN}u{-%|neN}.

An upper bound of S. 1 is an upper bound, since for all n € N, % <1 and —% <0< 1.

A lower bound of S. —1 is a lower bound, since foralln € N, —1 <0 < % and —1 < —4.

n

Is S bounded? Yes, since S is bounded above (1 is an upper bound) and it is bounded
below (—1 is a lower bound).

Supremum of S. sup S = 1. 1is an upper bound. Moreover, if u is also an upper bound,
then since 1 = % €S, 1<u.

Infimum of S. inf S = —1. —1 is a lower bound. Moreover, if [ is also a lower bound,
then since —1 = }1 € S, it follows that [ < —1.

If sup S ezists, then is supS € S? Yes,supS=1¢€ S.

Ifinf S ezists, then is inf S € S? Yes, inf S=—-1¢€ S.

Mazimum of S. maxS =1, sincesupS =1¢€ S.

Minimum of S. min S = —1, since inf S = -1 € S.

S={-1|neN}.

An upper bound of S. 0 is an upper bound, since for all n € N, —% <0.

1

A lower bound of S. —1 is a lower bound, since for alln € N, -1 < —=

Is S bounded? Yes, since S is bounded above (0 is an upper bound) and it is bounded
below (—1 is a lower bound).

Supremum of S. sup S = 0. 0 is an upper bound. Moreover, if u is an upper bound and
if u < 0, then let N € N be such that }u < N (Archimedean principle with y = }u

and z = 11), and so we obtain u < —4 € 9, a contradiction to the fact that u is an
upper bound of S. Thus if u is an upper bound, then 0 < w.

Infimum of S. inf S = —1. —1 is a lower bound, and if [ is another lower bound, then
since —1 = —% € S, it follows that [ < —1.

If sup S ezists, then is supS € S? No, since supS =0¢ S.

Ifinf S ezists, then is inf S € S? Yes, inf S=—-1¢€ S.
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Mazimum of S. max .S does not exist since supS =0¢ S.

Minimum of S. min S = —1 since inf S = —-1¢€ S.

s={z#Inen}.

An upper bound of S. 1 is an upper bound, since for all n € N, o < L

A lower bound of S. % is a lower bound because for alln € N, % < nLH (since n+1 < 2n,
that is, 1 < n).

Is S bounded? Yes, since S is bounded above (1 is an upper bound) and it is bounded
below (4 is a lower bound).

Supremum of S. supS = 1. 1 is an upper bound of S. If w < 1 is an upper bound,
then let N € N be such that —%= < N (Archimedean property). Then u <

u—1
contradicting the fact that u is an upper bound.

N
N+1’

Infimum of S. inf§ = % % is a lower bound, and if [ is a lower bound, then since
% = ﬁ € S, it follows that [ < %

If sup S exists, then is supS € S? No, since supS =1¢ S.

Ifinf S ezists, then is inf S € S¢ Yes, since inf S = % es.

Mazimum of S. max .S does not exist since supS =1¢ S.

Minimum of S. min S exists since inf S = % €s.

S={zreR|z?<2}.

An upper bound of S. /2 is an upper bound. (z > /2 implies 22 > 2, and so z & S.
In other words, if x € S, then z < \/5, that is, V2 is an upper bound of S.)

A lower bound of S. —\/2 is a lower bound. (z < —+/2 implies that —z > /2 >1 > 0.
So using the fact that if @ > b and ¢ > 0, then ac > be, we get 22 = (—z)(—x) >
(—;v)\/§ > /2v2 =2, and so, z ¢ S. In other words, if x € S, then z > —+/2, and so
—+/2 is a lower bound.)

Is S bounded? Yes, since S is bounded above (1/2 is an upper bound) and it is bounded
below (—+/2 is a lower bound).

Supremum of S. sup S = /2. First of all, v/2 is an upper bound of S. Let u be an
upper bound such that v < /2. Then % €S. (As 0 € S and u is an upper bound

of S, 0 < u. Asu<\/§,u<%<\/§. Hencewehave0<%‘/§<\/§,and
2
0 (u+2\/§) - (u+2\/§) <u+2\/§) < (u+2\/§) V2 < /2v2 = 2. Thus %\/§ € S.) But
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u < %‘/ﬁ contradicts the fact that u is an upper bound. So if u is an upper bound of

S, then V2 <.

Infimum of S. inf S = —v/2. —+/2 is a lower bound. Let [ be a lower bound such that
—+/2 < 1. Then we have —I < /2, and since sup S = /2, it follows that — cannot be
an upper bound of S. So there exists an z € S such that —] < x. But since x € S,
we have (—z)? = 22 < 2. So it follows that —x € S. As [ is a lower bound, | < —=,
that is, x < —I[. From —I < x and x < —[, we arrive at the contradiction that — < —I.
Consequently, if [ is a lower bound, then | < 2.

Ifsup S exists, then is sup S € S? Yes, supS =2 € S.

Ifinf S exists, then is inf S € S? Yes, inf S = —v/2 € S.

Maximum of S. max S = V2.

Minimum of S. min S = 2.

S = {0,2,5,2005}.

An upper bound of S. 2005 is an upper bound, since 0 < 2005, 2 < 2005, 5 < 2005 and
2005 < 2005.

A lower bound of S. 0 is a lower bound, since 0 < 0,0 < 2,0 < 5 and 0 < 2005.

Is S bounded? Yes, since S is bounded above (2005 is an upper bound) and it is bounded
below (0 is a lower bound).

Supremum of S. sup .S = 2005. 2005 is an upper bound, and if w is also an upper bound,
then since 2005 € S, it follows that 2005 < u.

Infimum of S. inf S = 0. 0 is an lower bound, and if [ is also an lower bound, then
since 0 € S, it follows that [ < 0.

If sup S euwists, then is sup S € S¢ Yes, sup S = 2005 € {0,2,5,2005} = S.

If inf S ewists, then isinf S € S% Yes, inf S =0 € {0,2,5,2005} = S.

Mazimum of S. max.S = 2005 since sup S = 2005 € S.

Minimum of S. minS = 0 since inf S =0 € S.

S={(-1)"(1+2) |neN}L
(This set has the elements —%, %, —%,

ot

)

An upper bound of S. % is an upper bound.
If n € Nand nis even, then (-1)" (1+3)=1+1<1+1=

N
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If n € Nand nis odd, then (-1)" (1+1)=-1-1 <0< 3.

A lower bound of S. —2 is a lower bound.
If n € Nand nis even, then (-1)" (1+ 1) =1+1 >0> -2.
Ifn € Nand nisodd, then (-1)" (1+1)=-1-L1>-1-1=-2

Is S bounded? Yes, since S is bounded above ( % is an upper bound) and it is bounded
below (—2 is a lower bound).

Supremum of S. sup S = % % is an upper bound, and if u is also an upper bound,

then since 3 = (—1)2 (1+3) € S, it follows that 3 < u.

Infimum of S. inf S = —2. —2 is a lower bound, and if [ is also a lower bound, then
since —2 = (—1)* (1+ 1) € S, it follows that [ < —2.

If sup S exists, then is supS € S? Yes, sup S = % es.

Mazximum of S. max § = %

Minimum of S. min S = —2.

S ={2?|z€R}.

An upper bound of S. There does not exist an upper bound of S. Let u € R be an
upper bound of S, then u + % € R, and so u? + u + i = (u+ %)2 € S. But since

u? + % > 0, it follows that u < u? 4+ u + i = (u + %)2 € S, contradicting the fact that
u is an upper bound of S. Thus S does not have an upper bound.

A lower bound of S. 0 is a lower bound of S, since for all z € R, 0 < z2.

Is S bounded? No, since the set is not bounded above.

Supremum of S. sup S does not exist, since the set does not have an upper bound, and
so it cannot have a least upper bound. (Recall that every least upper bound is an upper
bound).

Infimum of S. inf S = 0. 0 is a lower bound, and if [ is also a lower bound, then since
0=0%¢€ S, it follows that [ < 0.

If sup S exists, then is sup S € S? sup S does not exist.

If inf S exists, then isinf S € S? Yes, inf S=0¢€ S.

Mazimum of S. max .S does not exist, since sup .S does not exist.

Minimum of S. minS = 0, since inf S =0 € S.
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2.

(k) S:{%MER}.

An upper bound of S. 1 is an upper bound of S, since for all z € R, lfﬁ% < 1.

A lower bound of S. 0 is a lower bound of S, since for all x € R, 0 < 11%

Is S bounded? Yes, since S is bounded above (1 is an upper bound) and it is bounded
below (0 is a lower bound).

Supremum of S. supS = 1. 1 is an upper bound. Let u be an upper bound and let
u < 1. Since 0 = 12% € 5,0 <wu. Let N € N be such that , /;%- < N. Then we have

u < % € S, a contradiction to the fact that u is an upper bound of S. Hence if u is
an upper bound of S, then 1 < w.

Infimum of S. inf S = 0. 0 is a lower bound, and if [ is also a lower bound, then since
2
0= &W € 9, it follows that I < 0.

If sup S ezists, then issupS € S? No,supS =1¢ S.

If inf S exists, then isinf S € S? Yes, inf S=0¢€ S.

Mazimum of S. max .S does not exist, since sup .S ¢ S.

Minimum of S. minS = 0, since inf S =0 € S.

(a) FALSE (if S = {1}, then u = 3 is an upper bound of S, and although v’ =2 < 3 = u,
u/(= 2) is an upper bound of {1} = 5).

(b) TRUE (if € > 0, then u. — € < u,, and so u, — € cannot be an upper bound of S).

(¢) FALSE (N has no maximum).

(d) FALSE (N has no supremum).

(e) FALSE ([0,1) is bounded, but it does not have a maximum).

(f) FALSE (0 is bounded, but it does not have a supremum).

(g) TRUE (least upper bound property of R).

(h) TRUE (the supremum itself is an upper bound).

(i) TRUE (definition of maximum).

(j) FALSE (the set [0, 1) has supremum 1, but 1 ¢ [0, 1)).

(k) FALSE (—N is bounded above since 0 is an upper bound, but | -N| = N is not bounded).

(1) TRUE (I < z < u implies z < w and —z < —[, and so we have

x <u<max{—l,u} and —z < - <max{-1,u}.

Thus |z| < max{—I,u} and so max{—l,u} is an upper bound of |S|. Moreover, for
every y € |S|, we have y = |x| for some z € S, and so y = || > 0. Thus 0 is a lower
bound of |S].)

(m) FALSE (if S = {0,1}, then inf S =0 < £ <1=sup$, but 3 ¢ S).
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3. Since S is bounded, in particular, it is bounded above, and furthermore, since it is nonempty,
sup S exists, by the least upper bound property of R.

Since S is bounded, in particular it is bounded below, and furthermore, since it is nonempty,
inf S exists, by the greatest lower bound property of R.

Let z € S. Since inf S is a lower bound of S,

inf § <. (2.7)
Moreover, since sup S is an upper bound of S,

x <supS. (2.8)

From (2.7) and (2.8), we obtain inf S < sup S.
Let inf S =sup S. If x € S, then we have

inf S <z <sups, (2.9)

and so inf § = (= sup S) (for if inf S < z, then from (2.9), inf S < sup S, a contradiction).
Thus S is a singleton set. Conversely, if S = {x}, then clearly x is an upper bound. If u < x
is an upper bound, then x < u < x gives x < z, a contradiction. So sup S = z. Clearly
x is also a lower bound. If [ > z is also a lower bound, then x > [ > x gives ¢ > x, a
contradiction. So inf S =z =sup S.

4. Since sup B is an upper bound of B, we have x < sup B for all z € B. Since A C B, in
particular we obtain < sup B for all x € A. So sup B is an upper bound of A, and so by
the definition of the least upper bound of A, we obtain sup A < sup B.

5. Since A is bounded above, AM 4 € R such that Vz € A, x < M 4.

Since B is bounded above, 3Mp € R such that Vy € B, y < Mp.
Consequently if r € Aand y € B, x +y < Ma + Mp.

SoVze€ A+ B, z< Ms+ Mp, and so M4+ Mp is an upper bound for A+ B. So A+ B is
bounded above.

Clearly A + B is nonempty. Indeed, A is nonempty implies that Jx € A; B is nonempty
implies that Jy € B; thus x +y € A+ B, and so A + B is not empty.

Since A + B is bounded above and it is not empty, by the least upper bound property of R,
it follows that sup(A + B) exists.

Since sup A is an upper bound of A, Vz € A, x < sup A.
Since sup B is an upper bound of B, Vy € B, y < sup B.
Soforallz € Aand y € B, v +y < sup A + sup B.

Since every z € A+ B is such that z = z +y with € A and y € B, it follows that for
all z € A+ B, z < supA +supB. So sup A + sup B is an upper bound of A + B, and
consequently, by the definition of the least upper bound of A + B,

sup(A + B) < sup A + sup B.

6. Let [ be a lower bound of S: Vx € S, <z. SoVz € S, —z < —I[, in other words,
Yy e =S, y < —I.

Thus —S is bounded above because —[ is an upper bound of —S.

Since S is nonempty, it follows that 3z € S, and so we obtain that —z € —S. Hence —S is
nonempty.
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As —S is nonempty and bounded above, it follows that sup(—S) exists, by the least upper
bound property of R.

Since sup(—S) is an upper bound of —S, we have:

Vy € =S, y < sup(-S5),
that is,

Vo € S, —x < sup(->95),

that is,
Ve e S, —sup(—9) < z.

So —sup(—9) is a lower bound of S.
Next we prove that —sup(—95) is the greatest lower bound of S. Suppose that I’ is a lower
bound of S such that —sup(—S) < I’. Then we have
Vo €S, —sup(=S) <!’ <u,
that is,
Vz € S, —x < —I' < sup(—5),
that is,
Vy € =S, y < =1’ < sup(—29).
So —1’ is an upper bound of —S, and —I’ < sup(—S), which contradicts the fact that sup(—>S5)
is the least upper bound of —S. Hence I’ < —sup(—59).
Consequently, inf S exists and inf S = — sup(—S9).
. (S is nonempty and bounded below (0 is a lower bound), and so by the greatest lower bound
property of R, inf S exists.)
Ir: Let inf S > 0. Since inf S is a lower bound, it follows that

Vr e S, infS < x,

that is,
1 1
V. S, - <
re "z ~ inf S’
that is,
VyeSTh y< !
y ’yfinfS'

So L= is an upper bound of S~*. Thus S~! is bounded above.

ONLY IF: Suppose S~ is bounded above (with an upper bound u, say). Then
VyeSy<u,
that is,
1
Vo €5, o <. (2.10)

1

Since S is not empty, 3z, € S and so -~ < u. But z, € S implies that z. > 0, and so

i > 0. Consequently u > 0. Hence from (2.10), we have
1
Ve e s, — <u.
U
Thus % is a lower bound of S, and so

<inf S.

SN
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But u > 0 implies % > 0, and consequently inf S (2 %) > 0.

If inf S > 0, then as in the IF part, we see that ﬁ is an upper bound of S~! and so we
obtain

sup St < (2.11)

inf S°
Furthermore, since u := sup S~! is an upper bound of S~!, as in the ONLY IF part, we see
that % = Sup% is a lower bound of S, and so

1
< inf
S5 S inf S,
that is,
1
< -t .
f g = sup S (2.12)
From (2.11) and (2.12), it follows that
1
-1 _
sup 57 = inf S°
(a) fz € ﬂ (0 l) then
) n )
neN
1
for all n € N, O<m<E. (2.13)

Let N € N be such that % < N (Archimedean property). Thus % < z, which contra-

dicts (2.13). So
-3z € 0 —1 that is 0 —1 =0
"n ’ ’ ‘n '

neN neN

(b) Clearly {0} C [0,2] for all n € N and so

‘n

{0} c N [0, %] . (2.14)

neN

1
Let z € ﬂ [O’E]' Then z € [0,1] and so ¢ > 0. If x > 0, then let N € N be
neN
such that % < N (Archimedean property), that is, % <z. Sozx ¢ [0, %], and hence

1 1
T & ﬂ [0, E} Consequently, if x € ﬂ [0, E]’ then x = 0, that is,
neN neN

N {0, H c {o}. (2.15)

neN

From (2.14) and (2.15), [ ) [o, %] = {0}.

neN
(c) LetneN. Ifze [L,1-L] then0<i <z<1-1<1 andsoxe(0,1). Hence
1 1
—1—-— 0,1). 2.16
Ulzi-3]con (2.16)

neN
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Ifz € (0,1), then 0 < < 1. Let N7 € N be such that % < N7 (Archimedean property),
that is, g~ < z. Let Ny € N be such that - < N2 (Archimedean property), that is,

r<1-— NLQ Thus with N := max{Ny, Na}, we have
1 1 1 1

< cp<l-—<1-——
NN, OF N, > N

. 1 1 1 1
that is, z € [N’l_ N} C nLEJN [;,1 — ﬁ] So we have

oncly [%,1— 1} : (2.17)

1 1
From (2.16) and (2.17), we obtain (0,1) = | J [E’ 1- —}
neN

(d) If z € [0, 1], then for any n € N,
1 1
—— <0< <1<+ —,
n n

and so z € (—1,1+ 1). Hence

0,11 ¢ <—%,1+%>. (2.18)

neN
1 1
Letxeﬂ ——,14 — ). Then
n n

—lgxgl—&—lforallneN. (2.19)
n n

We prove that this implies that 0 < x < 1. For if z < 0, then let N7 € N be such that
—% < Ny, that is, z < —N%, a contradiction to (2.19). Similarly, if = > 1, then let
N> € N be such that ﬁ < Ny, that is, z > 1+ N%, a contradiction to (2.18). Hence
we see that neither x < 0 nor x > 1 are possible, and hence x € [0, 1]. Thus

N <—%,1+%> c [0,1]. (2.20)

neN

. 1 1
(2.18) and (2.20) imply nrgN <_E’ 1+ ﬁ) =[0,1].

9. If v € (w9 — 6,20 + 0), then zg — § < x < xo +J. Adding —xg, we obtain —§ < x — z¢ < 4.

Sox—z9 < 9§, and —(x — z9) < . Thus |z — x| < §, and z € {z € R | |z — mo| < d}.
Consequently (xo — 0,20 +0) C {z € R| |z — zo| < d}.
If x € {x € R| |x —xo| < &}, then |x — 20| < §. Since for any real number r, |r| > r
and |r| > —r, we obtain that x — xo < |z — xo| < § and —(xz — x¢) < |z — 29| < . Hence
—0 <z —xo < 6. Adding xg, this yields g — 0 < x < g + 0, that is, x € (zg — J, 0 + 9).
So{z €R ||z — x| <} C (g — 0,20 + 9).

Thus (zg — 6,20+ 6) = {x € R | | — 20| < 6}
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10. From the inequality (1.7) on page 6, we have that |z| = |z — y + y| < |z — y| + |y|, that is,

11.

lz| — [yl < |z -y (2.21)
for all z,y € R. Interchanging z and y in (2.21), we obtain
yl—lzl <ly—zl=[-(z-yl=|-1z—yl=1-|z -yl =l -yl

and so,

=z = [y]) < [z —yl (2.22)
for all z,y € R. From (2.21) and (2.22), we obtain ||z| — |y|| < |x — y| for all z,y € R.
If S is bounded, then it is bounded above and it is bounded below. Thus S has an upper

bound, say u, and a lower bound, say [. So for all z € S, < z < u, that is, * < u and
—z < —I[, and so we have

x <wu<max{—l,u} and —z < —I <max{—I,u}.

Thus |z| < max{—I,u} =: M.

Conversely, if there exists a M such that for all z € S, || < M, we have —M <2 < M. So
—M is a lower bound of S and M is an upper bound of S. Thus S is bounded.
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Solutions to the exercises on page 13

1. (a) We prove that (1)nen is convergent sequence with limit 1. Given € > 0, let N € N, say
N =1. Then for all n > N = 1, we have

lap, — L =1]1-1] =10 <e.

(b) Yes. For instance, the constant sequence (1),en converges to 1.

(c) Suppose that the terms of the convergent sequence (an,)nen (With limit, say, L) lie in
the finite set {v1,...,vm}. If L & {v1,..., v}, then with

e:=min{|vy — L|,...,|vm — L|} > 0,

let N € N be such that for alln > N, |a, —L| < €. In particular, withn = N4+1 > N, we
have |[ayy+1—L| < e. But ant1 € {v1,...,vm}. Let ant1 = vy for some k € {1,...,m}.
Then we have

vk — L| = lan41 — L| < e =min{|v; — L], ..., |vm — L|} < |vx — L],
a contradiction. So L € {v1,...,vn}, that is, L must be one of the terms. Thus we
have shown that
terms of the sequence . L must be one
take finitely many values of the terms |’
that is,
L is not equal to terms of the sequence cannot

=

any of the terms consist of finitely many values

(d) Suppose that ((—=1)"),en is a convergent sequence with limit L. Then from part lc
above, it follows that L = 1 or L = —1: indeed the terms of the sequence take finitely
many values, namely 1 and —1, and so L must be one of these terms. So we have the
following two cases:

1° If the limit is 1, then given e = 1 > 0, let N € N be such that for all n > N,
[(=1)™ — 1] < e = 1. Let n be any odd number > N. Then we have 2 = | — 2| =
| -1-1]=|(-1)" — 1] < e = 1, a contradiction.

2° If the limit is —1, then given e = 1 > 0, let N € N be such that for all n > N,
[(=1)™ — (—1)] < e = 1. Let n be any even number > N. Then we have 2 = |2| =
[14+1]=|(-1)" — (-1)] < e =1, a contradiction.

So ((—1)™)nen is divergent.

1
2. If lim — =1, then given any € > 0, there exists an IV € N such that for all n € N such that

n—oo N
n>N,
——1| <e
n
Let € = 1. (This choice is motivated by Figure 2.2, from which we see that, for instance

2
€ = 1 won’t give us a contradiction, but € = 1 would.) Then there exists a N, € N such that

2
for all n > N,

1 1 < 1
Z_ €= =
n 2’
that is,
1 1
1——= ——1}<1.
n n 2
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Figure 2.2: (%)neN'

Consequently, for all n > N,,
1 1
1——< -
n 2
that is, n < 2. In particular, since n = N, + 1 > N,, we obtain N, + 1 < 2, that is, N, < 1.
But there does not exist any natural number NV, that is less than 1. Hence we arrive at a

1
contradiction, and so lim — # 1.
n—oo M

(a) We have seen that the sequence ((=1)" (1+ 1)), o is divergent. Given any € > 0, let

N € N be such that % < N. Then for all even n > N (there are obviously infinitely
many such n), we have

1 1 11
w— Ll =" (1+=)—1l=l1+--1l=-< = <e

(b) Again, for the divergent sequence ((—1)" (1 + 1)) with e =4 >0, forall N ¢ N

and all n > N, we have

neN’?

lan — L| <lan| +|L| <2+1=3<4d=c¢

. S is nonempty and bounded above, and so by the least upper bound property of R, it follows

that sup S exists.

Given n € N, we have % > 0, and so sup S — % < supS. Thus S — % is not an upper

bound of S. Hence there must exist an element in S, which we denote by a.,, such that

1

—[an, <sup S — ], that is, a,, > sup S — % In this way we construct the sequence (an)nen.

As sup S is an upper bound of S and so we also have a,, < sup S for all n € N. Consequently,
1 1
VneN, supS——<a, <supS <supS+ —,
n n

that is,
1 1 . 1
VYneN, ——<a,—supS < —, thatis,|a, —supS| < —.
n n n

Given € > 0, let N € N be such that N > 1. Then for all n > N, we have

1 1
lan, —sup S| < S <y <e

Hence (ay,)nen is convergent with limit equal to sup S.

Suppose L < 0. Then € := —% > 0, and so there exists a NV € N such that for all n > N,
la, — L| < e = —%. Hence with n = N +1 (> N), we obtain
L
an+1 — L < |aN+1 — L| < —E,

that is, ay4+1 < % < 0, a contradiction.
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6. Let (an)nen be a convergent sequence with limit L; Given e > 0, there exists a N € N such

that
forall n > N, |an — L| < % (2.23)
Hence if n,m > N, then
|a71_@m| - |an_L+L_a/m|
< lan —L|+|L —ay| (triangle inequality)
= |an — L| + |am — L| (using |r| = | — r| for all real r)
< % + % (using (2.23)).

Consequently (a,)nen is a Cauchy sequence.

Solutions to the exercises on page 17

1. We prove that the sequence is monotone and bounded, and hence it must be convergent.
We prove that |a,| < 1 for all n € N. We prove this using induction. We have |a1| = |1] = 1.
If k € N is such that |ax| < 1, then

2k +3
3k+3

Qg

2k +3 2k +3
= lak| =

_ kS <1-1=1
3k + 3 3k+3>|“’“| ’

lan| = \

and so the claim follows from induction. So the sequence is bounded.

Since n > 1, it follows that 2n + 1 < 3n, and so 2’31—:;1 < 1 for all n € N. Furthermore, note
that for allm € N, a,, > 0 (induction!). Hence for alln > 2, a,, = 2221%,1 <la,_1=an_1.
So (an)nen is decreasing.

As the sequence is bounded and monotone, it is convergent.

2. Let M > 0 be such that for all n € N, |b,| < M. Given € > 0, let N € N be such that
M < N, that is, & < 75. Then for all n > N,

M M
— =0 — < — — < M- = €.
_n<N< €

£
n M

bn _ |bn|
- n

Hence (1’7—’;) is convergent with limit 0.

neN

3. (a) Given € > 0, dN; € N such that ¥n > Ny, |a, — L| < 5. Since (an)nen is convergent,
it is bounded: IM > 0 such that Vn € N, |a,| < M. Choose® N € N such that

Ni{(M + |L
maX{Nl,M}<N7
2
and so,
Ni(M + |L €
N>N1 andw<§.

8This is arrived at by working backwards; we wish to make ‘% — L| less than € for all n > N, so we

manipulate this (as shown in the chain of inequalities that follow) to see if can indeed achieve this by choosing the
N large enough.
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Then for n > N, we have:

a1 +---+an, +an 41+ +ay
n

_L‘

ar+---+an, +an, 41+ +a, —nlL

n

lar + -+ +an, + any+1 + -+ ap — nl|

n
< lay — L|+---+ |an, — L| + |lany+1 — L]+ -+ - + |an — L]
B n
< (lar| + L] + -+ lan, [ F L)+ 5+ + 5
B n
o MM AL+ (= N5
- n
< MO (M) e
n n 2
Ni(M +|L)|) €
< L TV g2
N + 2
< £4¢
2 2
= e
So (%)nel\] is a convergent sequence with limit L.

(b) If a, = (—1)", n € N, then (an)nen is divergent, but the sequence with nth term

at-tan (DD 4 (D" {

n n

0 if nis even
—% ifnisodd ’

is convergent with limit equal to 0. Indeed, given € > 0, let N € N be such that % < N.

Then for n > N, we have
0 if nis even
|a”_0|_|a"|_{% if n is odd }<

So (a1+--'+¢ln

— )n cy Is convergent with limit 0.

1
— <
n

1 <
N

€.

4. Since (ay)nen is bounded, it follows that there exists a M such that for all n € N, |a,,| < M,
that is, —M < a, < M. If k € N, then in particular, for all n > k, - M < a,, < M, and so
the set {a,, | n > k} is bounded. By the least upper bound property of R, it then follows that
inf{a, | n > k} and sup{a, | n > k} exist, that is, I, and uy are well-defined. Furthermore,

for each k,

—M < inf{a, |n >k} <sup{a, |n >k} < M,

and so we see that the sequences ({x)ren and (ug)ren are bounded.

Clearly {a, | n >k + 1} C {a,, | n > k}, and by Exercise 4 on page 7, we then obtain that

ug+1 = supf{a, | n > k+ 1} <supf{a, | n > k} = ug,

and so (ug)ken is a decreasing sequence.

Similarly, {—a, | n > k+ 1} C {—a, | n > k}, and so we have

sup{—a, |n > k+ 1} <sup{—a, | n > k}.

Using Exercise 6 on page 7, we obtain

inf{a, |n>k+1} = —sup{—a, | n>k+1} > —sup{—a, | n > k} = inf{a, | n > k},
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that is, {41 > lx. Consequently, (Ix)ren is a increasing sequence.
As the sequences (uk)ren, (Ik)ken are both bounded and monotone, by Theorem 1.2.3, it
follows that they are convergent.

. Let (an)nen be a Cauchy sequence. Then given € := 1 > 0, there exists a N € N such that
for all n,m > N, |a, — am| < € = 1. In particular, with m := N +1 (> N), |a, —an+1] <1
for all n > N, that is,

lan| = lan+1 + an — ans1| < lani1| + |an — ans1] < lay41|+1  for all n > N.

Defining M = max{|a1],...,|an|, |ant1| + 1}, we see that |a,| < M for all n € N, and so
(an)nen is bounded.
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Solutions to the exercises on page 20
1. First we prove the
CLAIM: (ay)nen is convergent with limit L, then (a,41)nen is also convergent with limit L.

Proof Let ¢ > 0. Then 3N € N such that for all n > N, |a,, — L| < €. Thus for all n > N,
we have n +1 > N+ 1> N, and so |an+1 — L| < e. Hence (an41)nen is convergent with
limit L.

Alternately, observe that (a,+1)nen is a subsequence of (a,)nen, and use Theorem 1.2.6. =

We now apply this result to our sequence (a,, )nen, which satisfies:

2n+1)+1
p+1 = ﬁan

o

+

Slw 3
+
[a—

|
S
3

w
+
3w

for all n € N. Since the sequence (%)nGN is convergent with limit 0, by the theorem on
3

algebra of limits, it follows that the sequence (ii? ) is convergent with limit

neN

Again applying the theorem on algebra of limits, we obtain

2430 _ 2

3+3-:0 — 3°

n

L = lim ap41
n—oo

Hence $L =0, that is, L = 0. So lim a, = 0.

n—oo

2. We have
ba 1

_Gpby +5n  an- 5
a2+n  ap-an-Lt+1

Cp =

for all n € N.

N. The sequence (an . b;" + 5)n€N

The sequence (a,)nen is convergent with limit, say L. Since (by)nen is bounded,

the sequence (7")” cn 1s convergent with limit 0 (see Exercise 2 on page 17). Hence

(an . b—")neN is convergent with limit L -0 = 0. The sequence (5),en is convergent with

is convergent.

n

limit 5. So the sequence (an . %" + 5) is convergent with limit 0 + 5 = 5.

neN

2
D. The sequence (%" + 1) has nonzero terms for all n € N and it is convergent with
neN
the nonzero limit 1.

2 2
Wehaveaﬂ—"—i—lZlforallneN,andso%"—i—l;é()forallneN.
Since the sequence (a,)nen is convergent with limit L, it follows that the sequence
(a2)nen is convergent with limit L?. Since (%)n ¢y 18 convergent with limit 0, it follows
that (a2 - %)n ¢ is convergent with limit L?.0 = 0. Finally, as (1),en is convergent with
2
limit 1, it follows that the sequence ( Za 4 1) . is convergent with limit 0+1 = 1(5£ 0).
ne
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From the parts N and D above and the theorem on the algebra of limits, it follows that
(Cn)nen is convergent with limit 2 = 5.

3. (a) We begin by showing that L > 0. If L < 0, then € := —% > 0. Let NV € N be such that
for all n > N, |a, — L| < € = —%. Then we have

L

n_L< n_L<__7
an =L < Jan = L < =3

and so a, < % < 0 for all n > N, a contradiction to the fact that
a, > 0 for all n € N.

So L > 0.
Now we show that (,/@n)nen is convergent with limit v/L. Let € >). We consider the
only two possible cases, namely L =0 and L > O:

1° If L =0, then let N € N be such that for all n > N,
lan — L| = |an — 0] = |an| = an < €2.

Then for n > N, we have \/a, < ¢, that is,

|V6Ln - \/Z| = |\/an - \/6| = |\/an| = \/a, <E€.

S0 (\/@n)nen is convergent with limit /L.
2° If L > 0, then let N € N be such that for n > N, |a, — L| < eV/L. Then for all

n > N, we obtain

e > |a,—Lj

\(vVan — VL) (van + VL)
= |\/an - \/ZH\/an + \/Z)|
|\/ ap — \/ZK\/ (7% + \/E)

and so VI VI
ev L ev L

\an — VIL| < < = €.
| | Van +VvL ~ VL

Hence (y/an )nen is convergent with limit /L.
(b) For all n € N, we have

VnZ4n+n

vnl4+n—n = (Vn?+n—-n) ———
( ) vnZ+n+n

n?4+n—n?

vVn2+n+n
n

vVn2+n+n
n(1)
n(%\/nQ —l—n—|—1)
1

ni—gn +1
1
1+1+41
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4. Cons

As (1)pen is convergent with limit 1 and (%)n cn 18 convergent with limit 0, it follows
that (1 + %)HGN is convergent with limit 1. Furthermore 1 + % > 0 for all n € N,

and so by the previous part, it follows that (1/1 + %) N is convergent with limit

ne

V1 = 1. Hence ( 1+41 —|—1) N is convergent with limit 1 +1 = 2(# 0). Also
ne

W1+ % +1 > 1> 0. Thus by the theorem on algebra of limits, we conclude that

the sequence <ﬁ> is convergent with limit %, that is, (Vn? +n — n)pen is
™ neN

convergent with limit %

ider the sequence (b, — an)nen- As a, < by, it follows that b, — a, > 0 for all

n € N. From the theorem on algebra of limits, it follows that the sequence (b,, — ap)nen is
convergent (being the sum of the convergent sequence (b, )nen and the convergent sequence

(—an

lim

n—oo

Jnen). Moreover, its limit is lim b, — lim a,. From Exercise 5 on page 13, we obtain
n—oo n—oo
b, — lim a, >0, that is lim b, > lim a,.

n—oo n—oo n—oo

Solutions to the exercises on page 22

1. For all n € N, we have

| —
oM 12 onzlm Lo 4L
n" n n n no-n n
Since (0)nen and (%)n cn are both convergent with the same limit 0, from the Sandwich
theorem, it follows that (Z2) o 18 convergent with the limit 0.

2. Let k € N. For all n € N, we have

Thus

for all n € N. Since the sequences (0)nen and (%)n

B e e e e L A e o e ol e PR SR

0 =—.
nk+2 = nk+2 = k2 T g

B e A ok et

0
k2

<

S

cny are both convergent with limit 0, from

the Sandwich theorem, we obtain that

3. (a)

iy 204804l
nl—{go nk+2 =0.

We prove the claim using induction. Let z > —1. Clearly (1+z)! =1+2x=1+1-2.
If for some k € N, (1 +2)* > 1 + kx, then we have

(I+2)"* = (1+2)f(1+a)
> (14 kz)(1+ z) (by the induction hypothesis and since 1+ 2 > 0)
= 1+ka+az+a?
= 1+ (k+ 1)z +2?
> 1+ (k+ 1)z

Hence by induction, the result follows.
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(b) For alln € N,
nw > 1 (2.24)

(for if n < 1, then n = (n#)" < 1" = 1, a contradiction!). Clearly for all n € N,

— (Vi) = VA < (L+ V)t (2.25)

n
Finally,
(1+i)n>1+ S L+ /n,
vn) — vn
and so
2 n 2
L R > (14 vn)*. (2.26)
a Vn '
Combining (2.24), (2.25), and (2.26), we obtain
1<nv < (14 Vn)" < LY’ (2.27)
nw n — .
< \/ﬁ
for all n € N.
1
(¢) Since lim — = 0, using Exercise 3a on page 20, it follows that lim —= = 0. Hence

n—oo N n—oo \/—

2
1
lim <1+%> :(1+0)2=1:nllngol.

Using (2.2 ) it follows from the Sandwich theorem that (n«),ey is convergent and
1

4. Counsider the sequence (a, — a)nen. As a, € (a,b) for all n € N, we have a, —a > 0.
From the theorem on algebra of limits, it follows that the sequence (a,, —a)nen is convergent
(being the sum of the convergent sequence (a,)nen and the convergent sequence (—a)nen).
Moreover, its limit is L — a. From Exercise 5 on page 13, we obtain L —a > 0, that isa < L.

Next consider the sequence (b — ap)nen. As an € (a,b) for all n € N, we have b — a,, > 0.
From the theorem on algebra of limits, it follows that the sequence (b — a,,)nen is convergent
(being the sum of the convergent sequence (—ay,)nen and the convergent sequence (b)nen).
Moreover, its limit is —L + b. From Exercise 5 on page 13, we obtain —L 4+ b > 0, that is
L<b.

Consequently a < L < b, that is, L € [a, b].
Consider the sequence (1),en contained in (0,1). It is convergent with limit 0 ¢ (0,1).

5. For all n € N, we have —% <b,—a, < %, and so by adding a,,, we have —% +a, <b, <
% + ay. By the theorem on algebra of limits, we know that

. 1 . 1 . .
lm (——4+a, | = lim ——+ lim a, = 04 lim a,
n—oo n n—oo n n— oo n—oo
= lim a,
n—oo
. 1 .1 . .
lim (— —i—a,n) = lim —+ lim a, = 0+ lim a,.
n—oo n n—oo N, n— 00 n— 00

So by the sandwich theorem, it follows that (b, )nen is convergent with the limit lim ay,.

n—oo
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Solution to the exercise on page 24

Observe that
the terms 2, 8,2, 8 appear adjacently

and so the terms 1,6, 1,6 appear adjacently
and so the terms 6,6, 6 appear adjacently

and so the terms 3,6, 3,6 appear adjacently
and so the terms 1,8, 1,8 appear adjacently

and so the terms 8§, 8, 8 appear adjacently
and so the terms 6,4, 6,4 appear adjacently
and so the terms 2,4, 2,4 appear adjacently
and so the terms 8, 8, 8 appear adjacently

Hence we get the loop
..,8,88 - —...,6,4,6,4,---—...,2,424,---— ... 888, - —,
which contains 6, and so 6 appears infinite number of times. Thus we can choose indices
ny<ng <nzg<...

such that for all k£ € N, a,,, = 6. So (6)ken is a subsequence of the given sequence.

Solution to the exercise on page 26

Let (an)nen be a Cauchy sequence. From Exercise 5 on page 17, it follows that (a,)nen is bounded.
By the Bolzano-Weierstrass theorem, it follows that (a,)nen has a convergent subsequence, say
(an,,))ken with limit L. Using the fact that (an,)nen is Cauchy, we now prove that (an)nen is itself
convergent with limit L.

Let ¢ > 0. Since (ap)nen is Cauchy, there exists a N € N such that for all n,m > N,
lan — am| < §.

As (an, )ken is convergent with limit L, there exists a K € N such that for all ng > N and
lan, — L| < §. Then for all n > N, we have

lan = L] = |an — @ny + any — L
< an = Gng| + lan, — L] (triangle inequality)
€ €
< —4-=e
227 ¢

Consequently, (an)nen is convergent with limit L.
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Solutions to the exercises on page 29

1. (a) Let € > 0. If § := /¢, then we note that § > 0. Moreover, if x € R and |z — 0| = |z| <
§ = /€, then we obtain

|2 — 02| = |2®| = |a| - |2] <6 -6 = Ve Ve=e.

So f is continuous at 0.
(b) Let ¢ € R and suppose that ¢ # 0. Let ¢ > 0. If z € R, then

2? =l =@ - )@ +o)l =z~ o+
If € R is such that |z — ¢| < §, then

r<c+d<|c+d| <l +|0] =|¢|+ 9, and
—x<d—c<|0—c|<|§|+]|—¢c =04+

Thus if 2 € R satisfies |x — ¢| < §, then |z] < § + |¢|, and so
|z +c| <[z + ] <0+ e[ +[c] = 6 +2[c|.

So if |x — ¢| < §, we have |22 — 2| = |x —c| - |z +¢| < - (6 + 2|c|). Thus in order to
make |22 — c?| less than e, we choose § such that §(d + 2|c|) < e: indeed, let

€
d ;= mi — 1.
mm{2|c|+1’ }

Since € > 0, it follows that ¢ is positive. Furthermore, if x € R satisfies |[x — ¢| < §,

then we obtain .

2|c] +1

|z% — ?| < 6(6 + 2|c]) < (1+2|c]) =e.

2. (a) Let ¢ € R and € > 0. Since f is continuous at ¢, there exists a ¢ > 0 such that for all
x € R satisfying |z —c| < 0, | f(z) — f(¢)| < €. Then for all € R satisfying |z — ¢’| < 4,
we have’

[f(@) = F( )] = [f(2) = f() + fle) = fOl = f(x = +¢) = f(o)| <,

since |(z — ' +¢) —c| = |z — | <. So f is continuous at ¢’. Since the choice of ¢’ € R
was arbitrary, it follows that f is continuous on R.

(b) Let o € R, and let f: R — R be given by f(x) = az, for all z € R. Then
fle+y)=alz+y)=ax+ay=f(z)+ f(y)

3. We observe that as |f(0)] < M|0] = M -0 =0, it follows that |f(0)| = 0, that is, f(0) = 0.

Given € > 0, we define § = 17. Then for all x € R satisfying |z| = |z — 0] < §, we have

£@) = FO) = 1/() = 0] = (@) < Mla| = MJz — 0] < Ms = M- =
Hence f is continuous at 0.

4. Let ¢ € R. Suppose that f is continuous at ¢. Consider € = % > 0. Then 36 > 0 such that
for all z € R satisfying |z — ¢| < 8, |f(z) — f(c)| < e = 3. We have the following two cases:

9Here we use the fact that f is ‘additive’. First of all, f(0) = f(0+ 0) = f(0) + f(0), and so f(0) = 0. Hence it
follows that — f(c’) = f(—¢'), since 0 = f(0) = f(¢' — ') = f(¢') + f(—’). Finally we have f(z) — f(c') + f(c) =
f@) + (=) +f(e) = flz =)+ fle) = flx =" + o).
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1° ¢ € Q. Then there exists z € R \ Q such that |z — ¢| < 4.
But |f(z) — f(¢)] =[1 -0 = 1| =1 > i, a contradiction.

2° ¢ € R\ Q. Then there exists x € Q such that |x — ¢| < 4.
But |f(z) — fle)|=10-1=|-1=1> %, a contradiction.

Hence f is not continuous at c.

5. Since f(Qc) > 0, there exists a 0 > 0 such that for all z € R satisfying |z — ¢| < 4,

f(e) = (@) <|f(e) = f(@)] = [f(2) = fo)| < ==,

f(e
and so f(x) > % > 0.

Solutions to the exercises on page 31

1. Let (x,,)nen be a convergent sequence with limit c¢. Then (22),,¢cy is also convergent with limit
c2. Thus (f(zn))nen is convergent with limit f(c). So by Theorem 1.3.2, f is continuous.

2. If n € N, then there exists ¢, € Q such that |, — c| < L.
CLAIM: (¢n)nen is convergent with limit c.

Proof Let e > 0. By the Archimedean principle, there exists an N € N such that % < N.
Thus for n > N,

| |<1<1<
n — C — — < €.
¢ n N

This proves the claim. [ |

Since f is continuous at ¢, by Theorem 1.3.2, we have f(c) = lim f(g,) = lim 0=0.

n—oo

3. If 1 # x2, then the sequence x1,x2,x1,22,... is divergent. (Indeed, the subsequence
r1,T1,%1,... converges to x1, while the subsequence x2,xs,xs,... converges to zs, and so
by Theorem 1.2.6, it follows that the sequence x1, x2, z1, 22, ... is divergent.)

Thus the sequence f(z1), f(x2), f(x1), f(z2),... is divergent. Consequently f(z1) # f(x2):
for otherwise if f(x1) = f(x2), then the sequence

f(z1), f(z2), f(x1), f(x2)

f(z1), f(z1), f(x1), f(x1)

is a constant sequence, and so it is convergent with limit f(z1) (= f(x2)).

So we have shown that if 1 # zo, then f(x1) # f(x2), that is, the function f is one-to-one.
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Solution to the exercise on page 32

We apply Theorem 1.3.3 several times in order to prove this.

Since the function = — x is continuous on R, it follows that the function x — x2 is continuous

on R as well. Moreover the function z +— 1 is continuous on R, and so we obtain that the function

2 — 1+ 22 is continuous on R. As 1 + a2 > 1 > 0 for all real z, we conclude that the function
2

T — 14-% is continuous on R. Hence the function z — 22 - H_lzg = 1457 Is continuous on R, that

is, f is continuous on R.
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Solutions to the exercises on page 34

1. Let m := inf{f(x) | = € [a,b]}. We prove that there exists a d € [a, b] such that f(d) = m.
For each n € N, m < m+ X, and so m + % cannot be a lower bound for {f(z) | z € [a,b]}.
So there exists an z,, € [a,b] such that

m < f(z,) <m+ % (2.28)

By the Bolzano-Weierstrass theorem, (z,)nen has a convergent subsequence (z,,, )ken With
limit d € [a,b]. Since f is continuous at d, it follows that (f(zn,))ken is convergent with
limit f(d). From (2.28), using the Sandwich theorem, we conclude that f(d) = m.

2. Let f:[0,1] — R be defined by

] 0 fora110§x<%,
f(x)—{ 1 forall%ﬁxgl.

Then f is not continuous at %: indeed the sequence (% — n%rl) . is contained in [0, 1],
ne

14 Com—

1

N[ =

Figure 2.3: A discontinuous function on [0, 1] that attains its extreme values.

and it is convergent with limit % —-0= % However,

. 1 1 . 1
73520f<5— n+1> =JLH;OO=0#1=f<5)-
But {f(z) | z € [0,1]} = {0,1}, and so

sup{ f(«) | = € [0,1]} = sup{0, 1} = 1 = £(1), and
inf{f(z) | z € [0,1]} = inf{0,1} = 0 = £(0).

3. Consider the function g : [0,7] — R, given by
g(z) = f(z) for all z € [0, T7.

Then ¢ is continuous on [0, 7.

(Indeed, the continuity of g on [0, 7] is a trivial consequence of the continuity of f on R: If
¢ € [0,T], and € > 0, then there exists a positive § such that for all € R satisfying |z—¢| < 9,
|f(z)—f(c)| < e. Hence for all zz € [0, T satisfying |x—c| < §, |g(z)—g(c)| = |f(z)—f(c)] <.
So ¢ is continuous at ¢. But the choice of ¢ was arbitrary, and so ¢ is continuous on [0, T7].)

Applying the extreme value theorem to g, we conclude that there exist ¢, d € [0, T] such that

g(c) = max{g(x) |z €[0,T]} and
g(d) = min{g(z) |z €[0,T]}.

So for all x € [0,T], g(d) < g(z) < g(e), that is, f(d) < f(x) < f(c). So far we have proved
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4.

9:f|[o,T]
ANV NANYA
x NG \ \ w \
-T 0°¢ T 2T 3T AT

Figure 2.4: A continuous periodic function is bounded.

the fact that f is bounded on [0,7]. We now prove that f is bounded on R by using the
periodicity of f. See Figure 2.4.

Now if x is any real number, there exists a n € Z such that x = nT + r, where r € R is such

that r € [0, 7). (Indeed, we have
x T

7= lz/+e
where © € [0,1). Consequently, we obtain x = nT 4 r, where n := L%J €Zandr:=T-0 ¢
[0,T7).) Thus f(z) = f(nT+r) = f(r). As f(d) < f(r) < f(e), it follows that f(d) < f(z) <
f(c). Since the choice of € R was arbitrary, it follows that f(d) < f(z) < f(c) for all
x € R. So f(c) and f(d) are upper and lower bounds, respectively, of the set {f(x) | € R},
and so it is bounded.

(a) If x € (a,b], then let f|[,; denote the restriction of f to [z,b], defined by f(;4(y) =
f(y) for all y € [z,b]. We note that f[f, s is a continuous function. Applying the
intermediate value theorem to f](; ), we see that

max{ f|iz.4)(y) | y € [a, 2]} = max{f(y) |y € [a, 2]}
exists, and so f, is well-defined.

(b) First we observe that f, is an increasing function, that is, if z < y then, f.(z) < f.(y).
Furthermore, since sup(A U B) = max{sup 4, sup B} (why?), it follows that if z < v,
then

fe(y) < max{f.(x), max{f(z) | z € [z,y]}.

Let ¢ € [a,b], and let € > 0. Choose ¢ > 0 such that for all z € [a, b] such that |z—¢| < ¢,
|f(z) — f(c)] < e. Let x € [a,b] be such that |z — ¢| < §. Then we have the following

two cases:
1° Let ¢ < x < ¢+ 6. Then we have
fo(@) = max{fi(c),max{f(z) | = € [c, 2]}
< max{f.(c), f(c) + €}
< max{fi(c), fi(c) + €}
= fulo) +e

and so [f.(x) = fu(c)| = fu(z) — fiule) < e
2° Letc—d <z <c Ifa=c, then |f.(z) — fi(c)] =0 < e trivially. If ¢ — § < = < ¢,
then for any z € (¢ — 6, ¢), we have
|f(2) = f(2)] = [f(2) = fc) + f(c) = f(x)
and so f(z) < f(x) + 2¢. Thus
file) = max{f.(x), max{f(z) | z € [z, c]}}
max{ f.(z), f(z) + 2¢}
max{ f.(z), f+(z) + 2¢}
fe(w) + 2,

and so [ £ (@) = £u(c)| = fu(¢) — fu() < 2e.

< [f(z) = fl+1f(e) = f(2)] = 26

VANVAN
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Hence for all z € [a, b] satisfying |z — c| < §, we have | f.(z) — f«(c)| < 2e. Consequently
f+ 1s continuous at c¢. Since the choice of ¢ was arbitrary, it follows that f, is continuous
on [a,b].

(c) f« is given by

r—a? ifo<z<?i
= - - 2
J+(@) {i if L <o <1
See Figure 2.5.
1 f
1
0 1 ‘
5 1
fx
1
1
O T T
1
5 1

Figure 2.5: f and f..

Solutions to the exercises on page 37

1. Since the function f : [0,1] — R and the function z — z from [0, 1] to R are both continuous
on the interval [0, 1], it follows that also the function ¢ : [0,1] — R defined by

g(x) = f(z) —z, for all x € [0, 1]
is continuous on [0, 1]. Since 0 < f(z) <1 for all = € [0, 1], we have
9(0) = £(0) =0 = f(0) = 0, and
g(1) = f(1) 1 <0,
S(() ;)y the intermediate value theorem, there exists a ¢ € [0, 1] such that g(c) = 0, that is,
fle) =c.

2. Let the weekend campsite be at altitude H. Let u : [0,1] — R be the position function for
the walk up, and d : [0, %] — R be the position function for the walk down. (We assume
that these are continuous functions.) Consider the function f : [0, %] — R given by

1
Ft) = u(t) — d(t), te {o, 5} |
Then f is also continuous, and moreover

f(0) =u(0) —d(0) =0—- H=—H <0, while

((0)+C)40) ) -+

See Figure 2.6. Hence by the intermediate value theorem, it follows that there exists a

c € [0,1] such that f(c) = 0, that is, u(c) = d(c). So at time c past 8:00, the hiker was
exactly at the same spot on Saturday and Sunday.
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Figure 2.6: The walks up and down.

3. The polynomial function p : [-1,2] — R is continuous on the interval [—1,2]. Moreover,

5.

p(=1)=2-(-1)*=5-(=1)*-10- (1) +5=-2-5+10+5=8 >0, and
p(2)=2-(2)-5-(2)>-10-(2)+5=16—-20—-20+5=—-19 < 0.
Since p(—1) > 0 > p(2), from the intermediate value theorem applied to the continuous

function p on the interval [—1, 2], we conclude that there must exist a ¢ € [—1, 2] such that
p(c) = 0. So p has a real root in the interval [—1,2].

. Obviously S C R. We now show the reverse inclusion. Let y € R.

As S is not bounded above, y is not an upper bound of S, that is, there exists a g € R such
that f(zo) < y.

Similarly, since S is not bounded below, ¥ is not a lower bound of S, and so there exists a
x1 € R such that f(z1) > y.

Now consider the restriction of f to the interval with endpoints xy and x; with the end-
points included in the interval. Applying the intermediate value theorem to this continuous
function, it follows that there exists a real number ¢ such that f(c) = y.

This shows that S = R.

(a) The following three cases are possible:

1° £(0) =0. Then let o =0 and let m € Z. Clearly f(xzo) = f(0) = 0 = m0 = muxy.

2° f(0) > 0. Choose N € N satisfying N > f(1) (that such a N exists follows
from the Archimedean property). Consider the function g : [0,1] — R defined by
g(xz) = f(x) — Nz, z € [0,1]. As the functions f and = — Nz are continuous, so is
g. Note that g(0) = f(0) — NO = f(0) > 0, while g(1) = f(1) — N < 0. Applying
the intermediate value theorem to g (with y = 0), it follows that there exists a
xg € [0, 1] such that g(zo) = 0, that is, f(xzg) = Nxo.

3° f(0) < 0. Choose a N € N such that N > —f(1) (again the Archimedean property
guarantees the existence of such a N), and consider the continuous function g :
[0,1] — R defined by g(z) = f(x) + Nxz. We observe that g(0) = f(0) < 0, and
g(1) = f(1) + N > 0, and so by the intermediate value theorem, it follows that
there exists a zg € [0,1] such that g(xo) = 0, that is, f(z¢) = —Nxo.

This completes the proof.

(b) Suppose that such a continuous function exists. From the part above, it follows that
there exists a zp € R and a m € Z such that f(zg) = mxzo. We have the following two
possible cases:

1° 29 € Q. But then f(x¢) is irrational, while mz is rational, a contradiction.
2° zo € Q. But then f(z¢) is rational, whereas mz is irrational, a contradiction.

So f cannot be continuous.
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Algebra

Solutions to the exercises on page 44

1. (a) Addition modulo 6 is a law of composition on Zg, since if [a], [b] € Zg, then [a] & [b] =
[a + b] € Zg. Moreover, we verify below that the group axioms are satisfied.

G1. Addition modulo 6 is associative: if [a], [b], [¢] € Zg, then

([o] ® [b]) @ [¢]

[
[
= Ja+ (b+¢)
[
[

G2. [0] is the identity element: for all [a] € Zg, we have
0] ® [a] = [0+ a] = [a] = [a+ 0] = [a] @ [0].
G3. If [a] € Zg, then [—a] € Zg, and
[a] @ [=d] = [a + (-a)] = [0] = [-a + a] = [~a] @ [a].

So Zg with addition modulo 6 forms a group.
We give its group table below:

(@ [ ORI BI]HE]B
0 0 1 2 3 4 5
1 1 2 3 4 5 0
2 2 3 4 5 0 1
3 3 4 5 0 1 2
4 4 5 0 1 2 3
5 5 0 1 2 3 4

(b) No; multiplication modulo 6 is a law of composition on Zg that satisfies G1 and G2,
but G3 is not true:

G1. Multiplication modulo 6 is associative: if [a], [b], [c] € Zg, then

([dob)e[d = lab]]d
= [(ab)d]
= [a(be)]
= [df®[bd]
= [de (e
G2. (If e = [k] is the identity element for some integer k, then for all [a] € Zg, [a] @ e =
[a] = e®]a]. In particular, with [a] = [1] € Zg, we obtain e = [k] = [1k] = [1]Q[k] =
[1] ® e = [1]. So if there is an identity element e, then it must be [1].) Indeed [1]

serves as an identity element, since for all [a] € Zg,
[ @l] =la-1] = [a] = [1-d] = [a] ©[a].

G3 is not satisfied. For instance, [0] € Zg, but for all [a] € Zg, [0] ® [a] = [a] ® [0] =
[0] # [1]. So there does not exist an inverse of the element [0] in Zg.
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Hence Zg with multiplication modulo 6 is not a group.

Z§ with multiplication modulo 6 is also not a group, since multiplication modulo 6 is
not a law of composition on the set Z§: indeed, [2],[3] € Z§, but 2] ® [3] = [2-3] =
[6] = [0] & Zg.

Ir: Let m be a prime number.

First we show that multiplication modulo m is a law of composition on Z),. Let
[a], [b] € ZZ,. Then a and b are not divisible by m, and since m is prime, it follows that
ab is also not divisible by m. Thus [a] ® [b] = [ab] # [0], and so [a] @ [b] € Z},.

Next we show that the group axioms are satisfied:

G1. If [al, [b], [c] € Z,, then

([dob)o[d =

[
[
= [a
[
[

G2. [1] # [0] and so [1] € Zf,. Furthermore, For all [a] € Z,, we have
[d @[] =la-1] =[a] = [1-a] =[] ©a].

G3. If [a] € Zz,, then m does not divide a (for otherwise [a] = [0]). As m is prime, it
follows that ged(a,m) = 1. (Indeed, ged(a,m) divides m, and since m is prime,
the only factors of m are 1,m, —1,—m. As ged(a,m) > 0, the only possible values
are m and 1. Also, ged(a, m) divides a, and since a is not divisible by m, it follows
that ged(a, m) # m. So the only possible value of ged(a,m) is 1.) So there exist
s,t € Z such that

as+mt = 1.
Consequently
[s] @ [a] = [sa] = [as] = [a] ®[s]
= [as]
= [1—mi]
= [} &[m(-t)]
= []&[0]
= [1].

Furthermore [s] # [0], since otherwise m|s, and so m|as + mt, that is m|1, a
contradiction. Hence [s] € Z},, and so [s] is the inverse of [a].

Hence Z7, with multiplication modulo m is a group.

ONLY IF: Suppose that m = p - ¢, where p,q € {2,3,...,m — 1}. Clearly, as m does
not divide p or ¢, it follows that [p] # [0] and [q] # [0]. So [p], [¢] € ZF,. However,

Pl =Ip-ql = [m] = [0] € Z,,

and so multiplication modulo m is not a law of composition on Z},. Consequently, Z;,
with multiplication modulo m is not a group.

Composition of functions gives a law of composition on the set S,, of all bijections from
{1,2,3,...,n} onto itself. Indeed if f,g are bijections from {1,2,3,...,n} onto itself,
then f o g is again a bijection from {1,2,3,...,n} onto itself:
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=

~

i. fog is one-to-one. Let k1,ka € {1,2,3,...,n}. If (fog)(ki1) = (f o g)(ka), then
f(g(k1)) = f(g(kz2)), and since f is one-to-one, we get g(k1) = g(ks). Furthermore,
since g is one-to-one, k1 = ko.

iil. fogisonto. If k¥ € {1,2,3,...,n}, then since f is onto, there exists a k' €
{1,2,3,...,n} such that f(k’) = k. Moreover, since g is onto, there exists a
k" € {1,2,3,...,n} such that g(k"”) = k. Thus (fog)(k") = f(g(k")) = f(K') = k.
So f o g is onto.

Next we show that the group axioms are satisfied:
G1. If f,g,h € Sy, then for all k € {1,2,3,...,n},

((fog)oh)(k) = (f o g)(h(k)) = [(g(h(k))) = f((g o h)(k)) = (f o (g0 h))(k).

So (fog)oh= fo(goh).

G2. The identity function ¢ : {1,2,3,...,n} — {1,2,3,...,n} defined by (k) = k for
all k € {1,2,3,...,n}, serves as the identity element in S,,. Indeed, for all f € S,,
we have

(f o) (k) = f((k)) = f(k) = (f(k)) = (o f)(k), Vke{1,2,3,....,n}.

Thus for=f =10 f.

G3. If f € S,,, then since f is a bijection, it follows that for all k € {1,2,3,...,n}, there
exists a unique element k' such that f(k’) = k. Define f~!: {1,2,3,...,n} —
{1,2,3,...,n} as follows: if k € {1,2,3,...,n}, then f~Y(k) = Kk, where k' €
{1,2,3,...,n} is such that f(k’) = k. Then for all k € {1,2,3,...,n}, we have

(fof™Nk) = F(f7H k) =k =uk) =k=f1(f(k)) = (f~" o k),
andso fof l=1=f"1of.

Hence S,, with the composition of functions is a group.

The number of bijections from a set with n elements onto itself is n!, and so the order
of Sy, is nl.

Indeed, in order to specify the bijection f, one needs to specify f(1),..., f(n). The
number of ways of specifying f(1) is n (as it can be any one of the numbers 1,...,n). As
f is one-to-one, f(2) can be only be any one of the elements of the set {1,2,3,... n}\
{f(1)} (which has n — 1 elements). Proceeding in this way, the number of distinct
bijections we get aren-(n—1)----- 2-1=nl

Let f:{1,2,3} — {1,2,3} be the function

~
~—~
N
S~—"
I
W o= N

Then
(fog)1)=f(9(1))=f(1)=2#3=9(2) =g(f(1)) = (g0 f)(1),

andso fog#go f.
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(d) IF: Sy has the only element ¢ : {1} — {1}, and so Lot =t =t 0. Thus S; is abelian.
S has the two elements ¢ : {1,2} — {1,2}, and r : {1,2} — {1, 2} given by

r(l) = 2

Since 1 or = r o1 we see that S is abelian.
So if n < 2, then S, is abelian.

ONLY IF: If n > 2, then consider the bijections f : {1,2,3,...,n} — {1,2,3,...,n}
and ¢g:{1,2,3,...,n} — {1,2,3,...,n} given by

F(1) =2 o=
f(2)=1 and zgg ;;
f)=n vne {3, ..,n} g(n) =n Yne {1,2,3,...,n}\ {1,2,3}

Then
(fog)1)=f(g9(1)=f(1)=2#3=9(2) =g(f(1)) = (g0 f)(1),

and so fog# go f. Thus S, is not abelian.

Hence S, is abelian iff n > 2.

a b a b
] w]es
a b a b aa’ — bb’ ab’ + ba’
-b a = a | | —(ab +bd) ad —bY |’

(aa’ —bb')? + (abl +ba’)?> = a*a’® — 2aa’bb’ + b2V + a®V? — 2ab'ba’ + b2 a’?
— &2(a/2 _|_b/2) _|_b2(b/2 T &/2)
— (CL2 4 bQ)(&/Q + b/Q)
# 0.

Hence matrix multiplication is a law of composition on S. Next we verify that the group
axioms are satisfied:

3. We note that if
then

and

G1. Matrix multiplication is associative, and so for all A, B,C € S, (AB)C = A(BC).
G2. Let I denote the identity matrix. Then we have

1 0 1 0
SR
and moreover, 12 + 0% = 1 # 0. So I belongs to S. Furthermore, for every A € S,

Al = A=1TA.
G3. Let

Then a? + b% # 0. If

—a _ _b
B = |: a2+bb2 a2+b2 :|
. — a )
a2+b2 a2+b2
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then

a 2+ b 2_ a? + b2 1 20
a? + b2 a2+b2)  (a®+b%)?  a?402 "

So B € S, and furthermore, AB = I = BA.

So S is a group with matrix multiplication.

4. (a)

(b)

Let a,b,c € G, and suppose that a *xb = a * c. Since a € G, there exists a~! € G such

that a*a~' = e = a~! * a, where e denotes the identity element in G. Then we have

b = exb (since e is the identity element)
(a ' xa)xb
= alx(axb)

= ail*(a*c)

since a~! is the inverse of a)
associativity)

since a x b = a * c)

~—~ Y~ o~

= (a7 'xa)*c (associativity)
= exc (since a ! is the inverse of a)

= ¢ (since e is the identity element).
Clearly
ax (@t xb)=(axa ) xb=exb=0,
and so = a~ ! * b is a solution to a x x = b.
If there are two solutions, say x1 and x2, then

axry =b=ax*uxs,

and by part 4a above, it follows that 1 = 5. Hence a * x = b has the unique solution
r=a"1xb.
Since a,b € G, there exist elements a~',b~! € G such that

axal=e=a'xaand bxb P =e=0b"1xb.
We have

(axb)* (b xa™t) bx (b xa™t)) (associativity)
(

*(
*(

= ax(exa™') (since b~ is the inverse of b)
a

bxb~ ) a™') (associativity)

= ax (since e is the identity element)

e (since a™! is the inverse of a),

and
b txa ) x(axb) = ((b7'x ) xa)*b (associativity)
= (b'x ( xa))*xb (associativity)
= (b'xe)xb (since ! is the inverse of a)

= b lxb (smce e is the identity element)
e (since b™! is the inverse of b).

Thus b~ * ¢! is an inverse of a * b. Since the inverse of a b is unique, it follows that
(axb) "t =b"txa L.
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Solutions to the exercises on page 46

1.

(a)
(b)

()

FALSE. Although H1 and H2 hold, H3 does not hold. Indeed, 1 is a nonnegative integer,
but its inverse —1 is not a nonnegative integer.

FALSE. H1 and H2 are not true. Indeed, the sum of the odd integers 1 and —1 is 0,
which is not an odd integer. So H1 and H2 do not hold. But H3 is true, since if m is
an odd integer, then so is —m.

TRUE. For all a,b € H, we have that a,b also belong to G, and as G is abelian, we
know that a *b = b * a.

2. Yes. For instance, given any infinite group G, the set {e} comprising the identity element e
is a subgroup of the group G. Thus {0} is a finite subgroup of the infinite group Z of integers
with addition. The subgroup {—1,1} of the set of nonzero real numbers with multiplication
is another example.

3.

4.

(a)

(a)

We note that

H={4m|meZ}={ . —12,-8,-4,0,4,8,12,...}, and
K={6m|meZ}={...,—18,-12,-6,0,6,12,18,...}.

Cam: HNK ={12m|mezZ}={...,—-12,0,12,...}.

Proof Ifk € HNK, then k € H and k € K. Hence 4|k and 6]k. So there exist integers
k1 and ko such that & = 4ky and k = 6ks. Thus 4k; = 6ks and so 2k; = 3ks. Since
integers possess a unique factorization into primes, it follows that 2|ks. Consequently,
ko = 2k}, and so k = 6ke = 6(2k5) = 12k5. Hence k € {12m | m € Z}. So we have
shown that H N K C {12m | m € Z}.

Conversely, if k € {12m | m € Z}, then k = 12m for some m € Z. Thus k = 4(3m) =
6(2m), and so k is a multiple of 4 and 6. Consequently k belongs to H as well as K.
Hence {12m |m e Z} C HN K. [ ]

We check that H1, H2, H3 hold:

H1. If a,b € H N K, then a,b belong to both H and K. As H is a subgroup and
a,b € H, it follows that a * b € H. Similarly, as K is a subgroup and a,b € K, it
follows that a x b € K as well. Hence axb € HN K.

H2. As H is a subgroup, e € H. Also, as K is a subgroup, it follows that e € K as well.
Thusee HNK.

H3. Ifae HN K, then a € H and a € K. Since H is a subgroup and a € H, it follows
that a=! € H. Also, since K is a subgroup and a € K, it follows that a=! € K.
Consequently ™' € HN K.

So H N K is a subgroup of G.

We check that H1, H2, H3 hold:

H1. If f,g € Hy, then f and g are continuous on the interval [0,1], and moreover,
f (%) =0and g (%) = 0. As f,g are continuous on the interval [0, 1], it follows
that f + g is also continuous on [0, 1]. Furthermore,

(f+9) <%) =f(%)+g<%> =0+0=0.

Consequently, f + g € H;.
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H2. The constant function 0 : [0,1] — R, defined by 0(z) = 0 for all € [0, 1], is the
identity element in the group C[0, 1] with addition of functions. Moreover,

0 L =0
2 - b)
and so 0 € Hj.

H3. If f € Hy, then f (1) = 0. The inverse of f in C[0, 1] is the function —f : [0,1] — R,
defined by (—f)(x) = —f(z) for all z € [0,1]. As

n(3)-o(3)- e

it follows that —f € H;.
So Hj is a subgroup of the group C[0, 1] with addition of functions.

(b) We check that H1, H2, H3 hold:

H1. If p,q € Ho, then p and ¢ are continuous on the interval [0, 1], and moreover, there
exist n,m € NU {0} and real numbers ag, a1, as, ..., an, bo,b1,...,bm, such that

p(x) = ap + a1x + agax® + -+ + apa™, for all x € [0,1], and
q(z) = by + iz 4 boa® + - - - + bpz™, for all z € [0,1].

If n < m, then for all z € [0, 1],

(P + q)(2) = p(x) +q(2)
=aog+a17 + asx® + -+ apz"™ + bg + bz + box® + - + byz™
= ag +bo + (a1 + b1)x + (az + b2)x® + -+ (an + bp)2" + bpy1z™ ! 4+ + b2t

and so p+ q € Hs.
On the other hand, if n > m, then for all z € [0, 1],

(P + @)(2) = p(x) + g(2)
=ag + a17 + asx® + -+ apx" + b + byx + box® + - + byz™
=ag + by + (ay +b1)x + (ag + b2)x? + - + (A + bp)T™ + A1 2™+ - 4 apa?

and so p+ ¢q € Hs.

H2. The constant function 0 : [0,1] — R, defined by 0(z) = 0 for all € [0, 1], is the
identity element in the group C[0,1] with addition of functions. Clearly, 0 € Hy
(with n =0 and ag = 0).

H3. If p € Hj, then there exists an n € N U {0} and real numbers ag, a1, as,...,an,
such that p(z) = ag + a17 + agz?® + - - - + a, 2™, for all x € [0,1]. The inverse of p in
C10,1] is the function —p : [0,1] — R, defined by (—p)(z) = —p(z) for all z € [0, 1].
As

(=p)(x) = —p(2)
= —(a0+a1x+a2x2+---+anx")
= —ap+ (—a1)z + (—ag)x* + - + (—an)z",

for all x € [0,1], it follows that —p € Hs.
So Hj is a subgroup of the group C[0, 1] with addition of functions.

5. Let e denote the identity in the group G.
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(a) Since e € G, and for every a € G, a*e = a = e x a, it follows that e € Z(G). Thus

Z(G) is not empty.

(b) Clearly Z(G) C G.

Let z € G. For every a € G, z*a = a * z, since G is abelian. So z € Z(G). Hence
G C Z(@).
Thus Z(G) = G.

(c) We check that H1, H2, H3 hold:

H1. If 21, 29 € Z(G), then for every a € G, we have

(z1*x29)xka = 21 %(22%a) (associativity
since z2 € Z(Q))

( )
( (
(z1 *a) *x zo  (associativity)
( (
( )

21 * (a * 22)

= (axz1)*2z2 (since z; € Z(G))

= ax*(z1%2) (associativity).

Thus z1 * 22 € Z(G).
H2. e € Z(QG) since for every a € G, exa=a =axe.
H3. Let z € Z(G). Then for every a € G, we have a~! € G, and so

zxa t=a v xz.

Consequently (2 * a™!)™! = (a7! % 2)71, that is, (a 1)t x 271 = 271 % (a7 1)~ L.
But a xa™! = e = a! % a, and from the uniqueness of inverses, it follows that
(a1)™' =a. Thus we obtain ax 271 = (a7 )" tx2z7 =z tx(a )t =2" xa.
Hence 27! € Z(G).

So Z(G) is a subgroup of the group G.

If 2 = [ f; g } € Z(GL(2,R)), then since

1 1
a= [ 0 I}GGL(Q,R),

IR R RN E L

a a+p | | at+y B+
vy oy+d6 | ~ ) ’

and so it follows that v =0 and o = §. Also, since

it follows that

Thus

1 1

el vl el

2 2)-[2 2

b= [ Lo } € GL(2,R),

it follows that

Q@ Q a [B+a

and so it follows that 8 = 0. Hence we have shown that

Z(GL(2,R)) C {a-I: [ g 2 }

aeR\ {0}} : (2.29)
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Let « € R\ {0}. Then - I € GL(2,R), and for all

{p q}eGL(ZR),
r s
we have
a 0 p q| | ap ag| | pa qx | | p ¢ a 0
0 « r s| |ar as | |ra sa| |r s 0 a |’
Hence - I € Z(GL(2,R). Thus
a 0
0 «
)

we conclude that

aeR\ {O}} C Z(GL(2,R). (2.30)
From (2.29) and (2.30

Z(GL(2,R)) = {[ o 2 }

aeR\{O}}.

Solutions to the exercises on page 48

1. We know that S = {e,a,a? a% ...,al%l} C G, and that S has |G| + 1 elements, while
G has |G| elements. So from the pigeonhole principle, it follows that there exist distinct
k1,ko € {0,1,2,3,...,|G|} such that a¥* = a*2. We may assume that ks > k1 (otherwise we
can interchange them), and so a*>~% = e. As ky — k1 € N, it follows that a has finite order.
Furthermore, as ko < |G| and k1 > 0, we obtain ks — k1 < |G|. Thus

ord(a) =min{m e N | a™ =e} < ky — k1 <|G|.
So a has order at most equal to |G].

2. CrAamM: For all m,n € N, a™ x a" = a™ "™,

Proof We prove this in several steps.

STEP 1. Let m > 0. We show that a™ xa™ = ™" for all n > 0 by induction on n. Clearly

a"xa’ =amxe=am=am"",
and so the result is true for n = 0. If a™ * a* = a™** for some k > 0, then we have
a™xa"tl = o™« (a¥*a) (definition of a*t1)

= (a™xa®)xa (associativity)

= o™ Fyq (induction hypothesis)
= qmthH (definition of a(m*R+1)
a}m+(k+1).

So by induction, we have a™ * a™ = a™"™" for all n > 0. But the choice of m > 0 was
arbitrary, and so we have shown that

for all m > 0, and all n > 0,a™ % a™ = a™ ™. (2.31)

STEP 2. Let m < 0 and n > 0. Then we have the following two cases:
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1° If n +m > 0, then from (2.31), we have a=™ % a"t™ = o=+t = ¢ and so
a~™ % a"™™ = a™. We observe that a™ *a™™ = (a=™) ! % a~™ = e. So we obtain
a"tm =exa™ = (a™ xa"") xa™™ =a™ x (a”" xa"T™") = a™ x a".

2° If n 4+ m < 0, then from (2.31), we have a™ * a=""™ = a"t(="=™) = ¢=™ and so
a" *a~""™ = a~™. So by premultiplying by a™ = (a~™)~! and postmultiplying by
a"t™ = (a=""™)~! we obtain a™ *x a" = a"t™ = ™ *",

Hence we have shown that for all m < 0, and all n > 0, a™ * a™ = a™*". Combining this
result with the result from STEP 1, we obtain

for all m € Z, and all n > 0,a™ * a™ = ™", (2.32)

STEP 3. Let m € Z and n < 0. Then from STEP 2, we have a”t" % =" = o(m+")—n = g™
By postmultiplying both sides by a™ = (a=™)~!, we then obtain a™*" = a™ x a™. Hence we
have shown that for all m € Z and all n < 0, a™*a™ = a™". Combining this result with the
result from STEP 2, namely (2.32), we obtain that for all integers m and n, a™ *a™ = a™*™.

Next we prove the following claim.

CramM: For all m,n € N, (™) = a™"

Proof First we show that for all m € Z and all n > 0, (a™)" = a™", by induction on n.
Let m € Z. We have (a™)? = e = a” = a™?, and so the statement holds with n = 0. If for
some k > 0 there holds that (a™)* = a™*, then we have

_ am(kJrl) )

(am)kJrl _ (am)k xa™ = amk xa™ = akarm
So by induction, we have that (a™)” = a™" for all n > 0. But the choice of m € Z was
arbitrary, and so it follows that for all m € Z and all n > 0, (™)™ = a™".

If n» < 0, then we have (a™)" = ((a,m)(_”))f1 = (@)t = (=™~ = ™" where
the last equality follows from the following fact: for all k € Z, (a=%)~! = a* (Indeed, for
k < 0, we know that a* = (a=%)~1, by the definition of a* for a negative k. If k > 0,
then —k > 0, and so a=® = (a=(=#))~1 = (a*)~'. Hence by taking inverses, we obtain

aF ) m

(@) —((a’“)*)

3. We have
111t 11
-1 0] T [ -10]
- _2 - _1_ - -
111> 11 1 1] [ 11 1 1] [0 1
1 0] T |10 |-1o0o]T[-1o0[-1o0]T]-1 1]
117 1 o1)Pr1o1] o 1)1 1] [-1 0
1 0] T |10 |-1o0o]T -1 —1]|-to]T[0 -1]
111 [ 1 Prro1] -1 o0 [ 1] [-1 -1
1 0] T |-1o0]|-10o]7[o0o —1]|-1to]T[1 o |
117 1 o1'rr 1] -1 -1 1 1] [o 41
1 0] T |10 |-1o0o]7[1 o]f|-to]T|[1 1]
1171 71 1P 1] o -1 1 1] _[10
-1 0] T |-1to]|-to]T[1 1 ]|-to]T][o0 1]
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Thus

() e e R I ER

4. If a = b has finite order, say m, then (a x b)™ = e, that is,
(axb)*---x(axb) =e,

m times
and so
ax(bxa)*---x(bxa)xb=e,
(m—1) times
that is,
a*x(bxa)™ ' xb=e. (2.33)

Hence by premultiplying (2.33) by b, and postmultiplying by b=1, we obtain
(bxa)*(bxa)™ ! =e,

that is, (bxa)™ = e. So we see that bxa has finite order, and ord(bxa) < m. By interchanging
the roles of a and b, we obtain that m < ord(b % a), and so ord(b * a) = m.

So we have shown that
if @ * b has finite order m, then b * a has finite order m.
By interchanging a and b, we obtain
a * b has finite order m iff b * ¢ has finite order m.
Hence if a * b has infinite order, then b * a has infinite order as well.
So the orders of a *x b and b * a are the same.

5. Yes, since (1) = Z.
1 is a generator of Z with addition.

As (—1) = Z, we see that —1 is also a generator of Z with addition. So the cyclic group Z
with addition does not have a unique generator.

Solutions to the exercises on page 51
1. (a) For all a,b in G, we have

(Yop)axb) = P(plaxd)) (definition of o )
= (p(a) «" (b)) (since ¢ is a homomorphism)
= P(p(a)) *" (b)) (since ¥ is a homomorphism)

(o p)(a) *" (o )(b)  (definition of 1 o p),

and so ¥ o v : G — G is a homomorphism.
(b) We have

{aeGl(Wop)(a)=¢"
{aeGlP(p(a) ="
{a e Glpla) € ker(y)}
= ¢ (ker(v)).

ker(¢) o )
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2. If a € ker(yp), then ¢(a) =¢’. Thus for all b € G,
p(braxb™1) = p(b)¥ p(a)¥' (™) = p(b)¥'e'+'p(b™") = p(b)*'p(b™") = @(b)¥ (p(b)) " = ¢/,
and so b* a* b~ ! € ker(p). Since the choice of a € ker(y) was arbitrary, it follows that
Va € ker(p) and Vb € G, bxaxb " € ker(yp),

and so ker(y) is a normal subgroup of G.

3. For all a,b € G, we have

olaxb) = (axb)~" (definition of )
b='xa™! (Exercise 4c from the exercises on page 44)

a”txb~!  (since G is abelian)
o(a) *x (b)  (definition of ¢),

and so ¢ : G — G is a homomorphism.

Let a,b € G and a #b. Then a=! # b1 (for otherwise, a = (a=1)~! = (b=1)~! = b). Hence
pla)=a"t#b"1 = p(b), and so ¢ : G — G is one-to-one. For all a € G, we have a~! € G
and p(a™t) = (a7!1)"! = a, and so ¢ : G — G is onto. As ¢ : G — G is one-to-one and
onto, it is a bijection.

Consequently ¢ : G — G is an isomorphism.

1

4. First we show that ¢! : @’ — G is a homomorphism.

Let o', € G'. Since ¢ : G — G’ is a bijection, it follows that there exist unique a,b € G
such that p(a) = a’ and ¢(b) = b'. We have

plaxb) =(a) " p(b) =a" +' b,

and so ¢ Ha' ¥ V) =axb= ¢ a')x o (V). So ot

If @’ # ', then clearly ¢~ '(a’) # ¢~ 1(b) (for otherwise a’ = p(p~1(a’)) = (=1 (b)) = V).
Thus ¢! : G’ — G is one-to-one. For all a € G, we have p~1(p(a)) = a, and so o~ : G' —
G is onto. Hence =1 : G’ — G is a bijection.

1

is a homomorphism.

Consequently ¢~! : G — G is an isomorphism.

5. Let us denote the homomorphism m — a™ from Z to {(a) by ¢.

(a) For all m,n € Z, we have p(m+n) = a™t" = a™xa" = p(m)*p(n), and so ¢ : Z — {a)
is a homomorphism.

(b) If m # n, then p(m) = a™ # a™ = p(n) (for otherwise, if m > n, then a™ ™" = ¢, and
if m < n, then a”™™ = e; in either case we get a contradiction to the fact that a has
infinite order). Hence ¢ is one-to-one.

Furthermore, if b € (a), then b = a™ for some m € Z. We have p(m) = o™ = b, and so
® is onto.
So ¢ is a bijection and consequently, ¢ : Z — (a) is an isomorphism.
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Solutions to the exercises on page 54

1. (a) FALSE.

For example, consider the group Z of integers with addition, and let H be the subgroup
of even integers. Then 0 # 2, but 0+ H =2 + H (both these cosets are equal to H).

(b) TRUE.
Consider the function f : H — a x H given by h — a % h, for all h € H. Then it
can be seen that f is a bijection as follows. If a € G and hi,he € H are such that
a * h1 = a * hg, then by premultiplication with a~!, we obtain h; = hy. Thus f is
one-to-one. Furthermore, if b € a * H, then there exists a h € H such that b = a * h.
Consequently f(h) =a+h =0. Hence f is onto. So f is a bijection, and it follows that
the cardinalities of H and a x H are the same.

(c) TRUE.

As in part 1b above, one can show that the function g : H — H *a, given by h +— hxa,
for all h € H, is a bijection. Thus a * H, H and H * a all have the same cardinalities.

2. (a) Matrix multiplication is a law of composition on G:

/ /

ifA:{g %] andB:[% yl ] belong to G, then z > 0 and z’ > 0.

We have

oy Y| | x zy+y ,
AB_{Ol][O 1]—[0 1 and zx' > 0,
and so AB € G. Moreover the group axioms are satisfied:

G1. As matrix multiplication is associative, it follows that in particular for elements
A, B, C from G, there holds (AB)C = A(BC).
G2. The identity matrix

10
I:[O 1}eG (z:=1>0,y:=0),

and furthermore, for all A € G, clearly we have AT = A = TA.
G3. If
x
0

_

|<c.

then x > 0. Thus % > 0, and

—
O8I
HHI‘@

.

m
)

Moreover,

e =l vl

So G is a group with matrix multiplication.
(b) Clearly H C G. We now check that H1, H2, H3 are satisfied:

H1. If )
z 0 z 0
o V[T e

O8I~
.

8 I
_
| — |
o8
— <
—_
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then z > 0 and 2’ > 0. We have

and zz’ > 0. So )
xz 0 ' 0
[0 1“0 1}€H'

H2. Clearly the identity element from G, namely the identity matrix

10
=[a1]

also belongs to H.
H3. If

z 0
[0 I}EH,
then =z > 0. So%>0, and the inverse of
z 0
0 1

in the group G, namely the matrix

—
[«
= O
-

also belongs to H.
Thus H is a subgroup of the group G.
(¢) Let

_ | o Yo
a—[o 1]6(?.

Then the corresponding left coset of H is
To Yo z 0
0 1 0 1
= {[xgo ylo] xERandx>O}.

Thus the left coset aH is a straight line parallel to the z-axis, and it passes through
the point (xg,yo). See Figure 2.7. The right coset of H corresponding to the element

_ | o Yo
a—[o 1]€G

B z 0 To Yo
mo= {150 T
= {[xgo xi/o} xERandx>0}.

Thus the right coset Ha is a straight line passing through the origin and the point
(z0,Y0). See Figure 2.8.

aH

xERandac>0}

is

xERandac>0}
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|
|
|
|
|
|
|
04 T
|
|
|
|
|
1
|
|

Figure 2.7: Partition of the group G (represented by the right half plane: x > 0, y € R) by left
cosets aH, a € G (represented by lines parallel to the z-axis).

0

Y

Figure 2.8: Partition of the group G by right cosets Ha, a € G.

3. HN K is a subset of the group H. Furthermore, the following hold:
H1. Ifa,b € HN K, then a,b € H and a,b € K. As H and K are subgroups of G, it follows
that axbe H and axbe K. Henceaxbe HNK.

H2. The identity element in the group H is the identity element e from G. As K is a
subgroup of G, it follows that e also belongs to K. Thus e € HN K.

H3. Ifa € HNK, then a € H and a € K. As H and K are subgroups, a~! € H and
a~! € K. Consequently a=! € HN K.

So H N K is a subgroup of H.

By interchanging the roles of H and K, it follows that H N K is also a subgroup of K.

Thus by Lagrange’s theorem, we have that

|H N K| divides |H| = 3, and |H N K| divides |K| = 5.

As ged(3,5) = 1, it follows that |H N K| divides 1. So |H N K| = 1, and so it comprises just
one element. As e € HN K, it follows that H N K = {e}.

4. The cardinality of the group Sy is 4! = 24. As 16 does not divide 24, it follows from Corollary
2.1.8 that S4 cannot have an element of order 16.

5. (a) If p does not divide a, then [a] # [0], and so [a] € Zy;. The set Zy = {[1],...,[p — 1]}
has cardinality equal to p — 1. As [1] is the identity element in the group Z,, with
multiplication modulo p, from Corollary 2.1.8 it follows that [a]P~! = [1].
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(b)

If p divides a, then p also divides aP, and hence it divides a? — a as well, that is,
a? = a(mod p).

If p does not divide a, then [a] # [0], and so by part 5a above, [a]P~ = [1]. Hence
[aP~1] = [1], and so [aP~! — 1] = [0]. Thus p divides a?~* — 1, and consequently, it also
divides a(aP~! — 1) = a? — a. So a? = a(mod p).

Note that 2222 = 317 - 7 + 3, so that in Z~,
[22225555] — [2222]5555 — [3]5555'

As [3] # [0] in Z7, from part (5b) above, it follows that [3]"~! = [3]® = [1]. Thus we
obtain

[22225555] — [3]5555 — [3]925~6+5 — ([3]6)925[3]5 — [1]925 [3]5 — [1] [3]5 — [3]5.

Proceeding in a similar manner, we can show that [5555%222] = [3%]. Indeed, 5555 =
793 - 7+ 4, so that
[55552222] — [5555]2222 — [4]2222.

Again, [4] # [0] in Z7, and so by part (5b), [4]7~1

|
=
[=2]

|
=
)

[¢)

=

Q

o

[55552222] _ [4]2222 — [4]370~6+2] — ([4]6)370[4]2

Il
=
=

[V}

I

=
[\v]

I

|
&2

[\v]

I
—

|

LW
N—
N

|
o
N

Finally,
(22225955 4 55552222] = [3° + 3%] = [3% - 28] = [0],

which proves that 7]2222%555 4 55552222,
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Solutions to the exercises on page 58

1. (a) NO.
For instance the sum of two invertible matrices may not be invertible. The identity
matrix 7 is invertible, and so is its additive inverse, —I. However, I 4+ (—1I) = 0, which
is not invertible. So matrix addition, (A4, B) — A + B is not a law of composition on
the set of invertible matrices, and so it does not form an abelian group. Consequently
it is not a vector space.

Alternately, we can observe that the scalar multiplication of the real number 0 with an
invertible matrix is the zero matrix, which is not invertible.

(b) NO.
The scalar multiplication of the real number 0 with an invertible matrix is the zero
matrix, which is not invertible.
2. Let a € R and v € V' be such that
a-v=0. (2.34)
Then if a # 0, then we obtain

0 = a !0 (Theorem 2.2.1)
1 (a-v) (using (2.34))

a la) v (using V2)

(
(

= v (using V1).

1)-v (since ala=1)

This proves the claim.

3. First we check that R*, with addition defined by (2.4), is an abelian group. Clearly (2.4)
gives a law of composition on R*>°. Moreover, we have:

G1. For all (ap)nen, (bn)nen; (¢n)nen in R, we have

an + bn)nEN + (cn)neN
(an + bn) + Cn)nEN

((an)nen + (bn)nen) + (¢n)nen (
(

= (an + (bn + Cn))nEN
(
(

an)nEN + (bn + cn)neN
an)nEN + ((bn)nEN + (cn)nEN)~

G2. The sequence (0),¢cn serves as the identity element: for all (a,)nen € R, we have
(an)nen + (0)nen = (an + 0)nen = (an)nen = (04 an)nen = (0)nen + (an)nen.
G3. If (an)nen € R, then (—ay)nen € R®, and furthermore,
(an)nen+(—an)nen = (an+—an)nen = (0)nen = (—an+an)nen = (—an)nen+(an)nen.
G4. Finally, commutativity holds, since for all (ay)nen, (bn)nen € R®, we have
(an)nen + (bn)nen = (an + bn)nen = (bn + an)nen = (bn)nen + (@n)nen-
Next we check that V1, V2, V3, V4 are also satisfied:

V1. For all (ap)neny € R®, 1 (an)nen = (1an)nen = (@n)nen.
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V2. For all a, 8 € R and all (a,)nen € R,
« - (ﬂ . (an)nEN) =« (ﬂan)nGN - (a(ﬂan))716N - ((aﬂ)an)neN - (046) : (an)nEN-
V3. For all a, 8 € R and all (a,)nen € R,

(a + ﬁ) : (an)neN = ((a + /B)an)neN = (aan + 6an)n€N = (aan)neN + (ﬁan)neN
= - (an)neN + ﬂ (an)nGN-

V4. For all @ € R and all (an)nen, (bn)nen € R,

a - ((an)neN + (bn)nEN) = - (an + bn)nEN = (a(an + bn))TLEN
= (aan + aby)nen = (Qn)nen + (Abn)nen

= - (an)neN +a- (bn)neN-
So R* is a vector space with addition defined by (2.4) and scalar multiplication defined by
(2.5).
Solutions to the exercises on page 62

1. (a) FALSE.
Consider the subspaces

o=y {[ ]} <[ 9])

U1:=|:(1):|€U1CU1UUQand’U22=[(1)]EUQCUlUUQ,

of R2. Then

but
1
V1 4 Vg = [ 1 } Z U1 UUs,

[ Jem [ ]p o [ Jewm{[ Y]}

Thus S2 is not satisfied, and so U; U U, is not a vector space.

since

(Each vector [ 5 ] in R? can be represented by a point in the (z,y)-plane, and the

above can be seen pictorially in Figure 2.9).
(b) TRUE.
Let Uy, Us be susbpaces of the vector space V. We check that S1, S2, S3 hold for
U1 n UQI
S1. As Uy, U, are susbpaces, 0 € Uy and 0 € Us. Thus 0 € U; N Us.

S2. If v1,ve belong to Uy NUs, then v, vs belong to Uy and vy, vs belong to Us. As Uy
is a subspace, v1 + vo € U;. Moreover, as Us is a subspace, v; + v2 € Us. Hence
v +ve € Uy NUs.

S3. Let « € Rand v € UyNUs. Thus v € Uy and v € Us. As Uy is a subspace, it follows
that a - v € U;. Also, as U; is a subspace, it follows that « - v € Us. Consequently
a-veUNUs.

So U; N Us is a susbpaces of the vector space V.
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R2

V2 e U1+ U2

Ui

U1

U,

Figure 2.9: The union U; U Uy of subspaces U; and Us is not a subspace.

(¢c) TRUE.
Indeed, o
1 1 0
2 | =1-{3|+(-1)-]1
3 | 4] 1
(d) FALSE.
We have L
1 1 0 0
B)-10|+(-3)-|2]|4+2)-|3|=]|0
1 | 1] 0 0
(e) TRUE.

Suppose that there exist scalars such that ay - v1 + as - v9 + a3z - v3 = 0. Then we have
a1V tag-vetag-vs+0-vg=a1-v1+as-vat+az-vs+0=a;-v1+azvet+ag-v3 =0,

and by the independence of vy, v, v3, vy, it follows that a3 = as = a3 = 0. So vy, va, v3
are linearly independent.

(f) FALSE.
For instance, in R3, the vectors

1 0 0 1
vi:=1| 01, wvei=|11], v3:=101], wvg:=111,
0 0 1 1

are linearly dependent, since 1-v1 +1-vy +1-v3 4+ (—1) - v4 = 0, while the vectors
v1, U2, v3 are linearly independent.

2. (a) Clearly,
([ ][ e

(In order to prove the reverse inclusion, observe that if

HEHEAN]

then we obtain the linear equations

a+pf = =z,
O[t]_ +6t2 = Y,
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which have the solution o = % and 8 = ff%tg) We now complete the proof as
follows: suppose that

[m ] e R2.
Yy
As t; — to # 0, we have
x Yy — xto 1 xt; —y 1 1 1
= . (S 5 .
{y} t1 — 1t {tl}—ktl—tz [tQ} span({[tl] [tQ]}>

2 1 1
& ({[ 4]0 ]]):
Hence the claim follows.

Suppose that Uy, ..., U, are subspaces of R?, such that U; U---UU, = R?. Since the

infinite set
= {[1]])

is contained in R2 = U; U --- U U,, it follows that infinitely many elements from S
belong to one of the subspaces, say Uy for some k € {1,...,n}. Thus there exist real

numbers t1,ts such that
1 1

As Uy, is a subspace of R?, it follows that

m({[2] [

From the result of the part above, we obtain R?2 C Uy, and so U, = R?, that is Uy, is
not a proper subspace.

3. £ is a subspace of R>*°. We have:

S1.

S2.

S3.

The sequence (0),en is the zero vector in R*, and it belongs to £°°, since it is bounded:
indeed for all n € N, the nth term of the sequence (0),en is equal to 0, and 0] =0 < 1.

If (an)nen, (bn)nen belong to £°°) then there exist M7, Ms > 0 such that for all n € N,
lan| < My and |a,| < Ms. Hence for all n € N, |ay, + by| < |an| + |bn] < M7 + Ms, and
so the sequence (a,, + by )nen is bounded, that is, (an)nen + (bn)nen belongs to £°°.
Let a € R and (ap)neny € £°°. Then there exists an M > 0 such that for all n € N,
lan] < M. Thus for all n € N, |aa,| = |aflan] < (Ja| + 1)M, and so the sequence
(ap )nen is bounded, that is, a - (ap,)nen belongs to £°°.

So £°° is a subspace of R*°.

c is a subspace of £°°. Indeed, there holds:

S1.
S2.

S3.

The sequence (0),en is the zero vector in £°°, and it belongs to ¢, since it is convergent.

If (an)nen, (bn)nen belong to ¢, then by Theorem 1.2.4, it follows that the sequence
(an + bp)nen is also convergent, and so (an )nen + (bn)nen belongs to c.

Let @ € R and (an)neny € ¢. Then by Theorem 1.2.4, the sequence (aap)nen is also
convergent, that is, a - (an)nen belongs to c.

Thus c is a subspace of £°°.

o is a subspace of c. We have:



118

S1.

S2.

S3.

The sequence (0),en is the zero vector in ¢, and it belongs to ¢, since it is a convergent
sequence with limit equal to 0.

If (an)nen, (bn)nen belong to cg, then by Theorem 1.2.4, it follows that the sequence
(an + bp)nen is also convergent and

lim (ap, + b,) = lim a, + lim b, =04+0=0,

n—oo n—oo n—oo

and so (@ )nen + (bn)nen belongs to co.
Let a € R and (ap)nen € ¢o. Then by Theorem 1.2.4, the sequence (aay,)nen is also

convergent and
lim aa, =« lim a, = a0 =0,

n—oo n—oo

that is, « - (an)nen belongs to co.

Hence cq is a subspace of c.

coo is a subspace of ¢g. Indeed, there holds:

S1.

S2.

S3.

The sequence (0),en is the zero vector in ¢g, and it belongs to cqg, since for all n > 1,
a, = 0.

If (an)nen, (bn)nen belong to cqg, then there exist N1, No € N such that
VYn> Ny, a, =0 and Vn > Ny, b, =0.

Thus with N := max{Ny, N2} € N, for all n > N, we obtain a, + b, = 0+ 0 = 0.
Hence (an)nen + (bn)nen = (an + by )nen belongs to coo-

Let a € R and (an)nen € coo- Then there exists an N € N such that for all n > N,
an = 0, and so aa,, = a0 = 0. Thus (ay)neny = @ - (an)nen belongs to coo.

Hence cqp is a subspace of cg.

(The examples

1
(—) ceo, Wmen€e, (“1)")nen € 6%, (M)uers € R®,
n neN

show that each of the inclusions are strict.)

4. Ir: Let y; = 0 = yo. Then we have:

S1.

S2.

S3.

The zero function 0 € S(0,0), since 0 is continuous on [0, 1] and moreover, 0(0) = 0
and 0(1) = 0.

If f,g € S(0,0), then f+g € S(0,0). Indeed, as f, g are continuous on [0, 1], so is f +g,
and also (f +¢)(0) = f(0)+g(0) =0+0=0and (f+g¢)(1) = f(1)+g(1) =0+0 = 0.
Let f € S(0,0) and @ € R. Then « - f is continuous on [0,1], and furthermore,
(- )(0) =af(0)=a0=0and (o f)(1) =af(l) =a0d =0.

Hence S(0,0) is a subspace of C[0, 1].

ONLY IF: Suppose that S(y1,y2) is a subspace of C[0,1]. If f € S(y1,92), then 2. f €
S(y1,y2). Thus (2-f)(0) = y1 and (2-f)(1) = y2, and so 2y; = y1 and 2ys = yo. Consequently
y1=0=ya.
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Solutions to the exercises on page 64

1. We have:
Bl1. If
x
y | R’
z
then
T 1 (1] 1 1 1 1
y | =@=y)| 0 [+(@y—2)| 1 [+z| 1 | €span 0|, 1],]1
z 0 | 0] 1 0 0 1
Thus o
1 1 1
span 0,1 |,]1 =R3.
| 0] 0 1
B2. If «, 3,y are scalars such that
1 [ 1 1 0
a- |0 |+8- |1 |+~r- |1 ]|=|0],
0 | 0 1 0
then we obtain
at+pB+y = 0,
f+y = 0,
v = 0

and so it follows that « = 3 =~y = 0. So B is linearly independent.
Since B1, B2 hold it follows that B is a basis.

2. Suppose that B = {v1,...,v,} is a basis of the vector space V, andlet v € V. Asv eV =

span(B), it follows that there exist scalars ag, ..., a, such that v = aq -v1 + -+ + @, - Up.
So v is a linear combination of vectors from V. In order to prove uniquness, suppose that
there exist scalars o, ..., ] such that

Qv+ QU =0 =) v Al v
So we obtain (o —a})-v1+ -+ (ap — o)) - v, = 0, and by the independence of vy, ..., vy,

it then follows that o —af =+ =, — o), =0, thatis a1 = of, ..., ap, = .

3. We prove this by contradiction. Suppose that C]0,1] is a finite dimensional vector space
with dimension d, say.

Consider the d functions f1, ..., fq defined by

fi(z) ==
fo(z) = 2?
N
fa(a) =z for all » € [0, 1]. (2.35)
fa(x) = 24
The functions fi,..., fq are all polynomials and so they are all continuous on [0, 1], that is,

fi,--., fa € C[0,1]. Now we prove the following.
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4.

CLAM: The functions fi,..., fq given by (2.35) are linearly independent in C[0, 1].

Proof Suppose that there exist scalars az, ..., aq, not all zeros, such that
ar-fit+t - +ag- fa=0.
Then for all z € [0,1], (a1 - f1 + -+ + aaq - fa)(x) = 0(z), that is,
for all z € [0,1], oz +--- +agz? =0.
Let k € {1,2,...,d} be the smallest number such that oy # 0. Then we obtain
for all z € [0,1], apz® + app12" + - 4 agad =0,

and so for all z € [0,1], 2*(ar + 17 + apre2® + -+ + agz?*) = 0. For all n € N,
0< % < 1, and so we have

k 2 d—k
1 1 1 1
for all n € N, — apt+app1 | — | +agge | —) +-Fag | — =0,
n n n n

that is,
1 1\2 1\ 4k
foralln e N,  ap + aks <—> + ap+2 <—) + - 4 ag <—> =0.
n n n
Hence
0 = IlmO0
1 1\2 1\ 4k
= lim (Ozk—FOék.H <—> + Qg2 (—) + - +ag <—> )
n—oo n n n
= o +04+---+0
= O,
a contradiction. So f1,..., fq are linearly independent in C[0,1]. ]

Consequently, by Theorem 2.2.3, it follows that {fi,..., fq} is a basis of C[0,1], and in
particular, they span the whole space C[0, 1].

The constant function 1 : [0,1] — R, defined by 1(z) =1 for all 2 € [0, 1] clearly belongs to
C0,1], and so, from the above, there must exist scalars f1,. .., 84 such that

V=B fit+Pafa
Thus for all z € [0,1], 1(z) = (B1 - fr + -+ Ba - fa)(x), that is,
forall z € [0,1], 1=z + -+ gz’

In particular, with 2 = 0, we obtain 1 = 0, a contradiction. So Cf0,1] is not a finite
dimensional vector space.
(a) We have

B1. Let (an)nen € coo- Then there exists an N € N such that for all n > N, a,, = 0.
Clearly
(an)neny = a1 -ey1+---+ay - e, €span({ex | k € N}).

So ¢op C span(B).
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B2.

On the other hand, suppose that ki,...,k, € N, and a1,...,a,, be scalars. If
N := max{ki,...,kn}, then for all n > N, the nth term of the sequence

al.ekl_'_..._’_oém.ean

is ay0+ -+ a,0 = 0. Thus ag -ex, + -+ am - e, € cop. Consequently
span(B) C coo-
So span(B) = cgo.
Suppose that k1 < --- < k,,, are natural numbers, and a4, ..., a,, be scalars, not
all zeros, such that

a1 €py + o F o ek, = (0)nen.
Let I € {1,...,m} be the largest number such that a; # 0. Then equating the
kith term on both sides, we obtain that «; = 0, a contradiction. So B is linearly
independent.

(b) Indeed, if B were a basis for R*, then the sequence (1),en would be a linear combination

of elements from B. But as seen above, any linear combination of elements from B is
in coo, that is, it is a sequence that is eventually zero. Clearly (1),en & coo, and so it
is not a linear combination of elements from cqg.

Solutions to the exercises on page 68

1.

(a) We have

ker(TA) =

LSTE R e R

— A A

3]}

We depict this set in the (x,y)-plane in Figure 2.10.

Y

R2

ker(T'4)

Figure 2.10: Kernel of Ty4.

Y

and so R? C im(T4). Hence im(T4) = R?. We depict this set in the (x,y)-plane in
Figure 2.11.
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Figure 2.11: Image of T'4.

(b) We have

ker(Ta) = { TA[ﬂ:HH
NHIEIRG
_ { | x+y=0}~

We depict this set in the (z,y)-plane in Figure 2.12.

< R R 8

Y

R2

ker(T'4)

Figure 2.12: Kernel of T4.

We have
im(Ty) C S = H g ] € R?

xeR},

for all {ﬂeﬂz& TA[ﬂz{xgy}eS.

[3]=m 5]

it follows that S C im(74). Hence im(T4) = S. We depict this set in the (z,y)-plane
in Figure 2.13.

since

Conversely, since
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RQ

im(T4)

Figure 2.13: Image of T4.

(c) We have

e = {[7]]n[;]-]
- {[:]

= R2.

We depict this set in the (z,y)-plane in Figure 2.14.

Y

Figure 2.14: Kernel of T4.

Clearly
im(Ty) = [ X ] .
We depict this set in the (z,y)-plane in Figure 2.15.

2. L1 is not satisfied, since

while

gk

xeRandyER}
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R2

im(Ty)

Figure 2.15: Image of T4.

If « € R\ {0} and [ il } € R?, then we have
2

(e fn]) = ]

QQI?
[ T2 ‘| if T1T2 750

[0 %1%)]

|: o ] if 1Ty = 0

1}2
a-[é] if x10 #£0
T2

a-{xl] if 129 =0

If «a =0, and [ 21 ] € R?, we have
2

(e ln ) =] =[] (e

Thus for all @ € R, and all [ ;Cl ] € R?,
2

To To
and so L2 holds.

3. (a) We verify that L1 and L2 hold:
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L1. For all (apn)nen and (by,)nen in ¢, we have

T((an)nEN + (bn)neN) = T((an + bn)neN)
= nli—{go(an + bn)

= lim a, + lim b, (Theorem 1.2.4)

n—oo n—oo

= T((an)nEN) + T((bn)neN)

L2. For all « € R, and all (ay,)nen € ¢, we have

T(Oé . (an)nGN) = T((aan)nEN)

= lim aa,
n—oo

= « lim a, (Theorem 1.2.4)

n—oo

= «- T((an)nGN)-

So T is a linear transformation from c to R.
(b) We have

ker(T) = {(an)neN cc | T((an)neN) = O} = {(an)neN €c | nh_{go Ap = 0}7

and so ker(T') is the set comprising all convergent sequences with limit 0, that is, the
subspace c¢g.

(¢) Clearly, im(T) C R. Moreover, if L € R, then the constant sequence L,L,L,... is
convergent with limit L. Thus T((L)nen) = L, and so L € im(T). So R C im(T).
Consequently, im(7) = R.
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image of a homomorphism, 50

image of a linear transformation, 66
increasing sequence, 15
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