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Abstract

In this paper we study the effects of transaction costs on asset prices. We
assume an overlapping generations economy with two riskless assets. The first
asset is liquid while the second asset carries proportional transaction costs. We
show that agents buy the liquid asset for short-term investment and the illiquid
asset for long-term investment. When transaction costs increase, the price of
the liquid asset increases. The price of the illiquid asset decreases if the asset
is in small supply, but may increase if the supply is large. These results have

implications for the effects of transaction taxes and commission deregulation.
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1 Introduction

Transaction costs such as bid-ask spreads, brokerage commissions, exchange fees, and
transaction taxes, are important in many financial markets.! Considerable attention
has focused on their impact on asset prices and subsequent investment decisions. For
instance, how would a transaction tax, such as the one that has been proposed for
the US, affect asset prices?? How would information technology and financial market
deregulation, both of which reduce transaction costs, affect asset prices??

Although transaction costs are mentioned in many asset pricing debates, they are
generally absent from asset pricing models. Starting with Constantinides (1986), some
papers study the optimal policy of an agent who invests in a riskless, liquid asset, and
a risky, illiquid asset.* These papers treat asset prices as exogenous. Amihud and
Mendelson (1986), Aiyagari and Gertler (1991), Huang (1998), and Vayanos (1998)
endogenize asset prices, assuming a riskless, liquid asset, and one or more illiquid
assets.” However, these papers treat the price of the liquid asset as exogenous, and
only determine the price of the illiquid asset relative to the liquid asset. Heaton
and Lucas (1996) assume a riskless, liquid asset, and a risky, illiquid asset. They
endogenize the prices of both assets, but have to resort to numerical methods.

In this paper we develop a general equilibrium model with transaction costs. We
assume an overlapping generations economy with two riskless assets and a numéraire
consumption good. The first asset is liquid while the second asset carries proportional
transaction costs. Agents receive labor income and trade the assets for life-cycle pur-
poses. In contrast to other equilibrium models with transaction costs, we endogenize
the prices of both the liquid and the illiquid asset. Moreover, our model is very sim-
ple and tractable. Our assumptions of riskless assets and life-cycle trading, which are
made for tractability, are admittedly special. At the same time, our assumptions on
agents’ preferences and labor income streams are very general. The only restriction
that we impose, is that without transaction costs there exists an equilibrium where
agents’ wealth is increasing and then decreasing with age.

We show that with transaction costs, agents first buy the illiquid asset, next buy
the liquid asset, then sell the liquid asset, and finally sell the illiquid asset. For a

short holding period transaction costs are important and the liquid asset is the better



investment, despite being more expensive than the illiquid asset. For a long period
transaction costs are less important and the illiquid asset is the better investment.
As in Amihud and Mendelson (1986), each asset has its own clientele.

When the costs of trading the illiquid asset increase, the price of the liquid asset
increases. The price of the illiquid asset changes because of two effects that work in
opposite directions. The first effect is that the price of the illiquid asset decreases
relative to the price of the liquid asset. The second effect is that the price of the liquid
asset increases. If the supply of the illiquid asset is small relative to the supply of
the liquid asset, the second effect is weak and the price of the illiquid asset decreases.
However, if the supply is large, the second effect is stronger and, surprisingly, the
price of the illiquid asset may increase. Even when it decreases, it generally changes
less than the price of the liquid asset.

Our results imply that a change in transaction costs for a significant fraction of
assets may have a stronger effect on the remaining assets rather than on those subject
to the change. Therefore a “partial equilibrium” analysis that assumes that the price
of the remaining assets stays constant, will be incorrect. As a practical application,
consider a transaction tax on most financial securities. We show that the tax increases
the price of the non-taxed securities by as much as it decreases the price of the taxed
ones. Therefore an analysis that erroneously assumes that the price of the non-taxed
securities stays constant in spite of the tax, will overestimate the effect of the tax by
100%.

The rest of the paper is structured as follows. In section 2, we present the model.
In section 3 we state the agents’ optimization problem, and the market-clearing con-
ditions. In section 4 we study the benchmark case of zero transaction costs. In
section 5 we consider the case of nonzero transaction costs. We first study the agents’
optimization problem and construct an equilibrium. We then study the effects of
transaction costs on asset prices and prove our main results. Section 6 concludes, and

all proofs are in the Appendix.



2 The Model

We consider a continuous time overlapping generations economy. Time, ¢, goes from
—oo to oo. There is a continuum of agents. Each agent lives for an interval of
length T'. Between times ¢t and t + dt, dt/T agents are born and dt/T" die. The total

population is thus 1.

2.1 Financial Structure

Agents can invest in two financial assets. Both assets pay dividends at a constant
rate D. The first asset is liquid and does not carry transaction costs, while the second
asset is illiquid. The total number of shares (i.e. the total supply) of the two assets
is normalized to 1. The supply of the liquid asset is 1 — k (0 < k < 1), its price is
p, and its rate of return is r = D/p. Similarly, the price of the illiquid asset is P
and its rate of return is R = D/P. The illiquid asset carries transaction costs that
are proportional to the value traded, i.e. the costs of buying or selling x shares of
the illiquid asset are ex P, with ¢ > 0. We assume that transaction costs are “real”,
i.e. transactions consume resources. In section 5.3.4 we examine the case where
transaction costs are due to taxes that are distributed back to the agents. Finally,
to capture the fact that short-sale costs are much higher than transaction costs,® we
assume that the assets cannot be sold short.

An agent of age ¢ holds x; and X; shares of the liquid and illiquid assets, respec-
tively. His “liquid wealth”, i.e. the dollar value of the shares of the liquid asset, is
a; = pxy, his “illiquid wealth” is A; = PX;, and his total wealth is w; = a; + A;. His
dollar investment in the liquid asset is i; = p(dwz;/dt), and his dollar investment in
the illiquid asset is I, = P(dX,/dt).

Note that we are assuming that asset prices are constant, and are thus focusing
on stationary equilibria. This assumption is not without loss of generality. It is well-
known” that overlapping generations models may have bubbles (such as money) and
multiple equilibria (such as cycles and sunspots). The presence of long-lived assets

rules out bubbles but not multiple equilibria.



2.2 Preferences and Endowments

Agents derive utility from lifetime consumption of a consumption good. An agent of

age t consumes at a rate c¢;, where ¢; > 0. Utility over consumption is

T
/ u(cy, t)dt.
0

We assume that the felicity function, u(c,t), is C? on (0,00) x [0, 7], and that

u 0*u . Ou
%(c7 t) >0, @(C, t) <0, %g% %(c, t) = 0.

Therefore the function ¢ — du(c,t)/dc = q is invertible, the inverse function, v(q,t),
is C'!, and
ov

Agents are born with zero financial wealth and receive labor income over their life-
times. An agent of age t receives labor income at a rate y;, where y; > 0 is a C!

function of ¢.



3 Optimization and Market-Clearing

In this section we state the agents’ optimization problem, and the market-clearing

conditions.

3.1 The Optimization Problem

An agent’s optimization problem, (P), is
T
sup u(cy, t)dt,
(ie, 1) /0

subject to (i, ;) piecewise continuous,

da ,
dtt — Zt) O/O = O’ (31)
dA;
— =7 Ay =0 3.2
dt ty 0 ; ( )
Ct:Tat+RAt+yt—it—[t—€|]t|, (33)

and the short-sale constraints, a; > 0 and A; > 0. Equation 3.3 states that con-
sumption, ¢, is dividend income, ra; + RA; = D(z; + X;), plus labor income, y;,
minus investment in the liquid and illiquid assets, i; and I;, minus transaction costs,

e|l;| = eP|dX,/dt|. We call feasible a control (i, I;) that satisfies all the constraints.

3.2 The Market-Clearing Conditions

The market-clearing condition for the liquid asset is that the total number of shares
that agents hold at a given time is equal to the asset’s supply, 1 — k. To compute the
total number of shares, we note that there are dt/T" agents with age between t and

t + dt, and each holds z; shares. Therefore the market-clearing condition is

T gt
/OxtT:(l—k). (3.4)

Multiplying both sides of equation 3.4 by p, we get

/()Tat%:(l—k)p:(l—k:)g. (3.5)



Equation 3.5 states that the total liquid wealth at a given time is equal to the market
value of the liquid asset. Similarly, we can write the market-clearing condition for the

illiquid asset as

T dt D
A= = k= )
/0 T =R (36)

An equilibrium consists of a quadruplet of rates of return and investments, (r, R, i, I;),
such that (i) ¢; and I; solve (P) for r and R, and (ii) r, R, and the liquid and illig-
uid wealth, a; and A;, defined by equations 3.1 and 3.2, satisfy the market-clearing
conditions 3.5 and 3.6.



4 Equilibrium Without Transaction Costs

In this section we study the benchmark case of zero transaction costs (¢ = 0). The
liquid and illiquid assets are then identical and r = R. For simplicity, we make a
“life-cycle” (LC) assumption, and ensure existence of an equilibrium where agents’
total wealth, wy, is (strictly) increasing and then decreasing with age. To motivate the
formal statement of our (LC) assumption, we study the agents’ optimization problem
and the market-clearing conditions. An agent cares only about his total wealth,
wy = a; + Ay, and chooses total investment, 7; + I;, or equivalently consumption, ¢;.

The optimization problem, (P), simplifies into

T
sup | u(c,t)dt
ce JO
subject to
dw
d_tt :TWt+yt_Ct7 Wo :OJ (4]')

and the short-sale constraint, w, > 0. According to our (LC) assumption, optimal
consumption is such that wealth is increasing and then decreasing. Therefore, the
short-sale constraint is not binding in (0,7"), and optimal consumption is simply given
by

Ju

a—(ct, t)=Xe " = cp = v(Ae 1), (4.2)
c

where the Lagrange multiplier, A, is determined by the intertemporal budget con-

straint
T
/ (c: — yg)e "dt = 0. (4.3)
0
Since the assets are identical, there is only one market-clearing condition. Total

wealth at a given time is equal to the market value of the two assets, i.e.

T dt D
— = 4.4
/0 th r (44)

Our assumption thus is

Life-Cycle (LC) Assumption There exists r* such that if we define c;, \*,
and w; by equations 4.2, 4.3, and 4.1 respectively, then the following are true. First,
there exists 7™ € (0,T") such that

dw} dw;
;;t >0 forall t€]0,7"), and (Zt

<0 forall te (r",T). (4.5)



Second, the market-clearing condition 4.4 holds.

Assumption (LC) is a joint assumption on the felicity function, u(c,t), the labor
income, y;, and the dividend, D. In proposition 4.1 we show that assumption (LC) is
satisfied when there is exponential discounting (u(c,t) = u(c)e™?'), labor income, v,
is decreasing, and financial wealth is large relative to labor income. The proposition

is proven in appendix A.

Proposition 4.1 Assumption (LC) is satisfied when u(c,t) = u(c)e ", y; is decreas-
ing, and
J yee=Ptdt T dt

Yt (4.6)

D >
S e—Btdt o T

To prove proposition 4.1, we first show that wealth is increasing and then decreas-
ing, if savings, defined as the difference between labor income and consumption, are
decreasing. Since labor income is decreasing, savings are decreasing if consumption is
increasing. Using exponential discounting, and denoting the inverse of u/(c) by v(q),

we can write equation 4.2 as

e = v(AeP ), (4.7)

Consumption is thus increasing if » > 3. Equation 4.6 restricts financial wealth to
be large, and ensures that in equilibrium r» > . Note that when labor income is
constant, equation 4.6 becomes D > 0, and is always satisfied.

When financial wealth is small, » may be smaller than 3, and savings may not
be decreasing. Assumption (LC) may or may not be satisfied. In proposition 4.2 we
show that assumption (LC) is satisfied for any financial wealth, when u(c) exhibits
constant elasticity of substitution (u(c) = ¢'=4/(1 — A), A > 0),® and labor income
declines exponentially (y; = ye™%, § > 0). We also present a numerical example where
assumption (LC) is not satisfied. In this example financial wealth is small, u(c) =

log(c), and labor income declines linearly. Proposition 4.2 is proven in appendix A.

Proposition 4.2 Assumption (LO) is satisfied when u(c,t) = c'=4/(1—A)e P, A >
0, and y, = ye™®, § > 0. Assumption (LC) is not satisfied when T = 50, u(c,t) =
log(c)e™Pt, 3 =0.04, y, = y(1 — t/T), and D/y = 0.005.



5 Equilibrium With Transaction Costs

In this section we study the case of nonzero transaction costs (e > 0). We first study
the agents’ optimization problem and derive optimality conditions, i.e. sufficient
conditions for a control (i, I;) to be optimal. We then use these conditions, together
with the market-clearing conditions, to construct an equilibrium for small transaction
costs. We finally study the effects of transaction costs on asset prices and prove our

main results.

5.1 Optimality Conditions

We study the optimization problem, (P), for rates of return 7 and R such that R > r.
We first derive the optimality conditions intuitively, and then show that they indeed
imply that the control (i, I;) solves (P). We define pr and m by u = R — r and
m = p/e. p is the liquidity premium and m is the liquidity premium per unit of
transaction costs.

The optimal investment depends on the holding period. For a short period trans-
action costs are important, and the liquid asset is the better investment despite its
lower rate of return. For a long period transaction costs are less important and the
illiquid asset is the better investment. Therefore an agent buys the illiquid asset until
an age 71, next buys the liquid asset, then sells the liquid asset until an age 71 + A,

and finally sells the illiquid asset. The optimal control (i, I;) is such that
ir =0 forall t € [0,7)U[n+A,T], (5.1)
and

I; >0 forall t€[0,7y), I;=0forall te[n,n+A), [, <0 forallte|[n+AT].

(5.2)
The agent buys his last share of the illiquid asset at age 71 and sells it at age 7 + A.
The minimum holding period of the illiquid asset is thus A. To compute A, we note
that at age 71 the agent is indifferent between the liquid and the illiquid asset. More
precisely, he is indifferent between two investments. The first investment is to buy

one share of the illiquid asset and sell it at 7, + A. The cost of this investment is



(14¢€)P, and the cash flows are the dividend, D, between 71 and 71 + A, and the price
net of transaction costs, (1 —¢€)P, at 73 + A. The second investment is an investment
in the liquid asset that generates the same cash flows as the first investment. The
cost of this investment is the present value of the cash flows. Therefore
(4¢P = /TIJFA De "t 4 (1 — €)Pe™ "™, (5.3)
!

Dividing by P and using the definition of m, we get

1+4+e T2

m =

Equation 5.4 shows that A is decreasing in m, i.e. is decreasing in the liquidity
premium, g, and increasing in transaction costs, e. We should note that at age
71 < 71 the illiquid asset is a strictly better investment than the liquid asset. Indeed,
the holding period is A’ > A and the RHS of equation 5.3 is strictly greater than the
LHS. The opposite is true at age 7/ > 7.

Optimal consumption is given by

?(Ct,t) =X = ¢, =v(Xe D 1), (5.5)
c

Equation 5.5 is analogous to equation 4.2 in the no transaction costs case. The
Lagrange multiplier, A, determines the level of ¢;, and the discount rate, p(t), its

slope. The discount rate p(t) is given by

o) = [ "r(s)ds. (5.6)

The function r(¢) is the rate of return relevant for age ¢, and is given by

r(t) = Rp = 1fe forall t € [0,71), r(t)=rforallte|rn,n+A),

r(t) = Rs = - u forall £ € [r + A7) (5.7)

In the no transaction costs case, p(t) = rt and r(t) = r. With transaction costs, r is
the relevant rate of return only for ¢ € [11, 71 + A), i.e. when the agent invests in the
liquid asset. For t € [0,71) the relevant rate of return is Rp. Indeed, suppose that
the agent decides to postpone consumption of one dollar from age ¢ to t+dt. He then

buys 1/((1+¢€)P) shares of the illiquid asset at age t rather than at ¢4 dt, and receives
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a cash flow of Ddt/((1+ €)P) = Rpdt. Similarly, for ¢t € [1; + A, T] the relevant rate
of return is Rg. Indeed, now the agent sells 1/((1 — €)P) shares of the illiquid asset
at age t + dt rather than at ¢, and receives a cash flow of Ddt/((1 —€)P) = Rgdt.
Our optimality conditions will be 5.1, 5.2, 5.4, 5.5, and the conditions that the
agent has zero liquid and illiquid wealth at age T'. In proposition 5.1 we show that
these conditions imply that the control (i;, ;) solves (P). Proposition 5.1 is proven

in appendix B.

Proposition 5.1 Consider a feasible control (i, 1;). If conditions 5.1, 5.2, 5.4, 5.5,
and ap = Ar = 0 are satisfied, then (i;, I;) solves (P).

5.2 Equilibrium Existence

In proposition 5.2 we construct an equilibrium for small transaction costs. The propo-

sition is proven in appendix C.
Proposition 5.2 For sufficiently small e > 0, there exists an equilibrium, (r, R, i, I;).

To construct the equilibrium we first determine the parameters r, m,® 7, A, and
A. We use equations 5.4 and ar = Ar = 0 of proposition 5.1, and the market-clearing
conditions 3.5 and 3.6. We then construct the control (i, I;) using equations 5.1, 5.2,
and 5.5 of proposition 5.1. More precisely, we first determine ¢; by equation 5.5. We
then determine 7; and I; by the budget constraints 3.1, 3.2, and 3.3, and equations
5.1 and 5.2. For ¢ € [0, 71), for instance, i, = 0 and I; is determined by

dA, Y — Ct
— = RgA
dt B+ 1+¢€’

Ay = 0. (5.8)

(Equation 5.8 follows from equations 3.2, 3.3, and the fact that I, > 0.)

To show that equations 5.4, ar = Ay = 0, 3.5, and 3.6 have a solution, we show
that they have a solution for ¢ = 0, and apply the implicit function theorem. The
solution for € = 0 is the following. First, »r = r* and A = \*, for the r* and \* of
assumption (LC). Next, m = m*, where m* is given by equation 5.4 for r = r* and

A = A*. Finally, m; = 7 and A = A*, where 77 and A* are the solution to

Wee = Wray p- (5.9)



and

N dt D
/ (W —w)E = (1 - k)= (5.10)

* T r*
To motivate equations 5.9 and 5.10, suppose that agents follow the policy of investing
in the “illiquid” asset first, even when € = 0. The liquid wealth of an agent is non-
zero only for t € (77,77 + A), where it is w; — wy.. Equation 5.9 implies that at age
77 + A* liquid wealth is zero, and that equation ar = 0 is satisfied. Equation 5.10
implies that the market-clearing condition for the liquid asset, 3.5, is satisfied. Figure
1 illustrates the determination of 77" and A*. The area under w; is equal to DT'/r*

(from equation 4.4) and the shaded area is equal to (1 — k) DT /r*.

INSERT FIGURE 1 SOMEWHERE HERE

5.3 Asset Prices

In this section we study the effects of small transaction costs on asset prices. We
first study the effect on the price difference between the two assets or, equivalently,
on the liquidity premium. We then study the effect on the price of each asset. We
finally examine the case where transaction costs are not “real” but due to taxes, and

illustrate our results with a numerical example.

5.3.1 Liquidity Premium

Equation 5.4 implies the following simple relation between the liquidity premium,
i, (i.e. the difference between the rates of return on the two assets), the minimum

holding period of the illiquid asset, A, and the transaction costs, €:

—rA
= r%e. (5.11)
In section 5.1 we interpreted equation 5.11 as an optimality condition determining the
optimal A as a function of y and €. We can also interpret equation 5.11 as a pricing
equation, determining the equilibrium p as a function of € and the equilibrium A.
Using the prices, p and P, rather than the rates of return, we can rewrite equation
5.11 as

1 —rA 00
%e = 3 Pe(1 + e ), (5.12)
=0

p—P=P
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Equation 5.12 has a very simple interpretation. An agent with a holding period A
is indifferent between the liquid and the illiquid asset, i.e. is the marginal investor.
For the marginal investor to buy one share of the illiquid asset, the price has to fall
by the present value of the transaction costs that he incurs, Pe(1+ e~"2). Moreover,
since he will sell this share to a new marginal investor, the price has also to fall by the
present value of the transaction costs that the new investor incurs, Pe(1+e "2)e™ "4,
and so on. Equation 5.12 states that the price has to fall by the present value of the
transaction costs that a sequence of marginal investors incur. This result is consistent
with Amihud and Mendelson (1986).

To determine the liquidity premium we thus need to determine the holding period
of the marginal investor, A. For small transaction costs, A is close to A*, defined in

section 5.2. Therefore

p=me+o(e)=r €+ o(e). (5.13)

Equations 5.9 and 5.10 imply that A* decreases in the supply of the illiquid asset, k.
Intuitively, if the illiquid asset is in greater supply, agents have to hold it for shorter

periods. Therefore, equation 5.13 implies that the liquidity premium increases in k.

5.3.2 Liquid Asset

In proposition 5.3 we show that transaction costs increase the price of the liquid asset,

i.e. decrease its rate of return. The proposition is proven in appendix D.

Proposition 5.3 For sufficiently small € > 0, the rate of return on the liquid asset,

r, decreases in €.

A simple explanation for proposition 5.3 is that with transaction costs agents
substitute away from the illiquid asset, and towards the liquid asset whose price
increases. However this explanation is incomplete. Indeed, the price of the liquid
asset may remain unchanged and the price of illiquid asset may sufficiently decrease,
so that agents do not substitute away from either asset. To show why the price of
the liquid asset has to increase, we will show that if it remains unchanged, total asset

demand (i.e. demand for the two assets) will exceed total asset supply.
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Suppose that transaction costs increase from 0 to € and that the rate of return
on the liquid asset remains equal to r*. The rate of return on the illiquid asset has
to increase by approximately m*e, as we showed in section 5.3.1. Agents can still
obtain the rate of return r* by investing in the liquid asset. In addition, the illiquid
asset becomes a strictly better investment than the liquid asset for holding periods
longer than A* as we showed in section 5.1. Since agents face better investment
opportunities, they are more wealthy and consume more at each age t. This is the
wealth effect. Agents also substitute consumption over their lifetime. In order to
benefit from the higher rate of return on the illiquid asset, they buy more shares,
consuming less at the beginning of their lifetime and more towards the end. This is
the substitution effect. Both the wealth and substitution effects imply that agents
consume more towards the end of their lifetime. Since agents finance consumption at
the end of their lifetime by selling shares, they have to buy more shares. Therefore,
total asset demand exceeds total asset supply. Note that, because of transaction costs,
the proceeds of selling shares of the illiquid asset are lower. This direct transaction
costs effect also increases asset demand. In appendix D we decompose the effect of

transaction costs into the wealth, substitution, and direct transaction costs effects.

5.3.3 Illiquid Asset

We now study the effect of transaction costs on the illiquid asset. The effects of
sections 5.3.1 and 5.3.2 work in opposite directions, i.e. transaction costs decrease
the price of the illiquid asset relative to the price of the liquid asset (section 5.3.1) but
increase the price of the liquid asset (section 5.3.2). The overall effect is unambiguous
if the supply of the illiquid asset is small relative to the supply of the liquid asset,
i.e. if £ is small. Since transaction costs concern a small fraction of the assets, they
have a weak effect on the remaining assets, i.e. on the liquid asset. Therefore they
decrease the price of the illiquid asset. However, if k is large, the effect is ambiguous.

In order to study the effect of transaction costs on the illiquid asset for large
k, we proceed more directly and perform the exercise of section 5.3.2. We assume
that transaction costs increase from 0 to € and that the the rate of return on the

illiquid asset remains equal to r7*. We then study whether asset demand increases

14



or decreases. For simplicity we assume that k is very close to 1, i.e. there is no
liquid asset. Because of transaction costs, the illiquid asset becomes a less attractive
investment. Therefore agents buy fewer shares, and substitute consumption towards
the beginning of their lifetimes. However, to economize on transaction costs they sell
these shares more slowly, substituting consumption towards the end of their lifetimes
(and away from the middle). Indeed, the relevant rate of return for the interval during
which agents sell the illiquid asset is Rg = r*/(1 — €) > r*. (Since k is very close to
1 and e is small, this interval is approximately [7*, T, for the 7* of section 4.) Since
agents buy more shares but hold them for longer periods, the substitution effect has
an ambiguous implication for asset demand. The wealth and direct transaction costs
effects also have an ambiguous implication in the sense that the first increases and
the second decreases asset demand. The wealth effect is that agents consume less at
each age t because of transaction costs. It decreases asset demand since agents have
to finance lower future consumption. The direct transaction costs effect is that the
proceeds from selling shares are lower. It increases asset demand since agents need
to buy more shares to finance a given future consumption.

Our exercise does not determine whether transaction costs increase or decrease the
price of the illiquid asset. However, it points to a case where transaction costs may in-
crease the price. Suppose that the interval during which agents sell the illiquid asset is
very long. Then the effect that agents sell shares more slowly may dominate the effect
that they buy fewer shares, i.e. the substitution effect may increase asset demand. In
proposition 5.4 we show that this indeed happens when u(c,t) = (c!=4/(1 — A))e™?,
A >0, and y, = ye™®, § > 0. The proposition is proven in appendix E.

Proposition 5.4 Suppose that u(c,t) = (c!=4/(1 — A))e P and y; = ye™® with
D/jy<1,6= S/T, and d a large constant. Then if T is sufficiently large, k sufficiently
close to 1, and € > 0 sufficiently small, the rate of return on the illiquid asset, R,

decreases in €.

In proposition 5.4 we assume that agents’ lifetime, 7', is long, so that the interval
during which agents sell the illiquid asset can be very long. We also assume that

§ =9 /T. This assumption implies that agents’ labor income at a given fraction,
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f, of their lifetime, i.e. at age fT, is independent of T'. It also implies that 7*/T
is approximately independent of T', i.e. agents buy and sell the illiquid asset during
constant fractions of their lifetime. In the proposition we finally assume that D/y < 1,
i.e. financial wealth is small, and that §is large, i.e. labor income declines fast. These
assumptions imply that agents buy the illiquid asset only during a small fraction of
their lifetime. In appendix E we show that the substitution effect dominates the other

effects, and increases asset demand.

5.3.4 Transaction Taxes

So far we assumed that transaction costs are “real”, i.e. transactions consume re-
sources. However, transaction costs are sometimes due to taxes that are distributed
back to the agents. Equation 5.12, that gives the price difference between the two
assets as a function of the horizon of the marginal investor, is derived from the opti-
mization problem and does not depend on the origin of transaction costs. The origin
of transaction costs matters for the effect on the price of each asset. If transaction
costs are due to taxes, they can affect asset demand also through the distribution of
taxes back to the agents. If the distribution benefits more older (younger) agents, it

will decrease (increase) asset demand and decrease (increase) the price.

5.3.5 A Numerical Example

We illustrate our results with a numerical example. We assume that 7' = 50, u(c,t) =
log(c)e™P, B = 0.04, y; = ye ™, 6 = 0.04, and € = 3%. We also assume that
D/(f] ye=®dt/T) = 1/3, i.e. dividends are 1/3 of total labor income. In figure 2 we
plot the rates of return on the two assets as a function of the supply of the illiquid
asset, k. The solid line represents the benchmark case where there are no transaction
costs and the two assets are identical. The lines with the short and long dashes
represent the rates of return on the liquid and the illiquid asset, respectively, with
transaction costs. Figure 2 shows that the liquidity premium increases in k, consistent
with section 5.3.1. It also shows that the rate of return on the liquid asset decreases
with transaction costs, consistent with section 5.3.2. The effect of transaction costs

on the rate of return on the liquid asset is stronger, the higher k is. This is intuitive
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since an increase in k is a different way to increase transaction costs. In figure 2 the
rate of return on the illiquid asset increases with transaction costs. This is consistent
with proposition 5.4, since o= d/T = 0.0008, i.e. labor income does not decline very

fast.

INSERT FIGURE 2 SOMEWHERE HERE

Figure 2 shows that if k is large (larger than 0.9), an increase in transaction costs
has a stronger effect on the liquid asset than on the illiquid asset. In other words, an
increase in transaction costs for a significant fraction of assets, may have a stronger
effect on the remaining assets rather than on those subject to the change. Therefore a
“partial equilibrium” analysis that assumes that the rates of return on the remaining
assets stay constant, will be incorrect. In fact, the increase in transaction costs can
even concern a smaller fraction of assets, provided that these assets were among the
most liquid. Consider, for instance, a transaction tax on financial securities. Before
the tax the illiquid asset consists of housing and other real estate, so k is around 0.5.
After the tax the illiquid asset also includes most financial securities, and let’s assume
that k is around 0.95. Before the tax the rate of return on financial securities is given
by the value of the line with the short dashes for £ = 0.5. After the tax the rate of
return on the taxed (non-taxed) securities is given by the value of the line with the
long (short) dashes for k = 0.95. Figure 2 shows that the tax decreases the rate of
return on the non-taxed securities by as much as it increases the rate of return on the
taxed ones. Therefore an analysis that erroneously assumes that the rate of return
on the non-taxed securities stays constant in spite of the tax, will overestimate the

effect of the tax by 100%.
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6 Concluding Remarks

In this paper we develop a general equilibrium model with transaction costs. We
assume an overlapping generations economy with two riskless assets. The first asset
is liquid while the second asset carries proportional transaction costs. Agents receive
labor income and trade the assets for life-cycle purposes. Their preferences and labor
income streams can be very general. We show that agents first buy the illiquid asset,
next buy the liquid asset, then sell the liquid asset, and finally sell the illiquid asset.
When transaction costs increase, the price of the liquid asset increases. The price
of the illiquid asset decreases if the asset is in small supply, but may increase if the
supply is large. Our results imply that a change in transaction costs for a significant
fraction of assets may have a stronger effect on the remaining assets rather than on
those subject to the change. This point is important when evaluating the effects of a

transaction tax or of information technology and financial market deregulation.
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Appendix

A Assumption (LC)

We first prove proposition 4.1.

Proof: We first show that for » > 3, w; is increasing and then decreasing. Con-
sider 7 € (0,7T) such that dw,/dt|,—, = 0. Differentiating equation 4.1 w.r.t. ¢ at 7,
and using dw; /dt|—, = 0, we get

d*w, d(ys — ct)

dt? | __ dt
Equation 4.7 and the fact that » > [, imply that dc;/dt > 0. Since, in addition,
dy;/dt < 0, we have d*w;/dt*|,—, < 0. Therefore, dw;/dt > 0 for ¢ smaller than and

t=1

close to 7, and dw;/dt < 0 for ¢ greater than and close to 7. This means that there
exists at most one 7 such that dw;/dt|;—, = 0. Moreover, dw,/dt > 0 for ¢t < 7 and
dw;/dt < 0 for t > 7. Since wg = 0 and, by the intertemporal budget constraint,
wr = 0, there exists one such 7

We now show that there exists r* > 3 such that the market-clearing condition 4.4
holds. Integrating both sides of equation 4.1 and using wg = wr = 0, we conclude

that condition 4.4 is equivalent to

[@-wk=p (A1)

Equation A.1 is the market-clearing condition for the consumption good. It states
that total consumption at a given time is equal to total labor income plus total
dividend. To show that there exists r* > (3 such that equation A.1 is satisfied, we
show that the LHS is smaller than the RHS for » = 3, and goes to oo as r goes to
0o. We then conclude by continuity.

For r = 3, consumption is constant. The intertemporal budget constraint implies

that this constant is
J e Ptdt
c= =,
J e=ptdt
Equations 4.6 and A.2 imply that the LHS of equation A.1 is smaller than the RHS.

(A.2)

To show that
) T dt
lim Ct? = 00,

r—oo fo
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we first note that from Jensen’s inequality
T Tee Ptar (T Teadt T

/ u(c,)e Ptdt < u(fOTL)/ e Ptat < u(foi)/ e Pdt.
0 Jo e Ptdt " Jo 0 0

Therefore, it suffices to show that

T T

lim [ u(c)e Pdt = lim u(c)/ e Pt (A.3)
T—00 0 C— 00 0

i.e. that as the interest rate goes to infinity, the consumer achieves the maximum

possible utility. To derive equation A.3 we consider the following suboptimal policies

¢i(h)

é(h) = % for all £ € [0, ],

h
é(h) = rwy, = r/ %e“h’s)ds for all t € (h,T7.
0

Since ¢;(h) is feasible and ¢; is optimal

T s T a TN L
/ u(cy)e Phdt 2/ u(éi(h))e dt:/ u(=)e dt—{—u(rwh)/ e Pdt.
0 0 0 2 h

Fixing h > 0 and letting r go to co we get

. T —pBt h Yt —pt . T —Bt
lim [ u(c)e 7'dt > / u(;)e dt + lim u(c)/ e Pldt.
0 h

T—00 0 C—00

Letting h go to 0, we obtain equation A.3. Q.E.D.
We now prove proposition 4.2.

Proof: We first show that assumption (LC) is satisfied when labor income declines
exponentially. Assuming that the rate of return r is such that § > w = (6 —1)/A, we
show that total wealth is increasing and then decreasing. We then show that there
exists r* such that the market-clearing condition 4.4 holds.

Equation 4.2 implies that

co= A (A.4)

Combining equations 4.3 and A.4, we get

wHrl—e O
Y1 —ewnr

e . (A.5)

Cy

Equation 4.1 implies that

—(6+r
PR Y 8 e A S A Y
d+r 1 — e(wtnT
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Differentiating, we get

dw; y (1= 0T
e
)

- 1 — e~ (w+n)T

- (5 " (_wef(wﬂ")t . ref(w+r)T) + (567(6+r)t + T6(5+T)T>) )
r

(A7)
Therefore dw;/dt has the same sign as the function

1— e—(6+r)T

f(lf) — 17ﬁ(_we—(w+r)t . re—(w+r)T) + (56—(6+r)t + 7“6_(5+T)T)
_ e w-TTr

that we now study. Since the function x — xe™*/(1 —e™?) is strictly decreasing, and

d > w, we have f(T) < 0. f'(t) has the same sign as
%w(u} ) — 8(0 4 r)e (-, (A8)
Since § > w, expression A.8 is increasing. Therefore f/(t) is positive, or negative and
then positive, or negative. If f/(¢) is positive, f(t) is increasing, and, since f(7") < 0,
f(t) is negative. Therefore w; is strictly decreasing, which is a contradiction since
wo = 0 and wy = 0. If f/(t) is negative and then positive, f(¢) is decreasing and then
increasing. Since f(t) cannot be always negative, it is positive and then negative.
Therefore, w; is increasing and then decreasing. The case where f’(¢) is negative, is
identical.
Instead of using the market-clearing condition 4.4, we will use equation A.1. Using

equation A.5, we can write equation A.1 as

wHrl—e 0T ] _ g=uT B 1—e 9T _ Q (A.9)
d+rl—e T T oT y

The LHS of equation A.9 is continuous in 7, and is equal to 0 for » = 0, and for r
such that 6 = w. Moreover it goes to co as r goes to co. (To prove this we distinguish

the cases A <1, A=1,and A > 1. If A <1, for instance, the LHS is approximately

rl—-1) 1 eFT e 1A 1T
r _eHEenr L o oy o

A

The cases A =1 and A > 1 are similar.) Therefore there exists r* such that equation
A9 holds.

We finally show that assumption (LC) is not satisfied when labor income declines
linearly. Proceeding as in the exponential case, we get

wt+r rT—(1-e"T)
=Y —(w+r)T 2
1 — e (wtr) r2T

e . (A.10)
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Using equation A.10, we can write equation A.1 as

wt+r T—1—-e™)1—e+T 1 B (A1)
1 — e (Wtn)T r2T wT 2y

Solving equation A.11 numerically, we find that »* = 0.006519. Plugging back into

equation A.10 we find that ¢, = 1.04047y > y = yo. Therefore, dw;/dt|;—o < 0, and
assumption (LC) is not satisfied. Q.E.D.
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B Proof of Proposition 5.1

We first note that since condition 5.4 holds for some A > 0, Rg = R/(1+¢€) > r and,
as aresult, Rg = R/(1 —¢€) > r.

Consider a feasible control (i; + %t, I; + .ft) which induces liquid wealth a; + ay,
illiquid wealth A; + flt, and consumption ¢; + ¢;. We will show that it gives lower
utility than (i, I;). Equation 3.3 implies that

Cy = ray + RAt - zt - ft - E(Ut + ft| - |It|)‘

Since u(c, t) is concave in ¢, we get

ou

Ce, 1) < t —
u(ct+ct7 )_U<Ct7 )_'_ ac

(Ct, t)ét

ou . A .
= U(Ct,t) + %(Ct, t) (Tat ‘I— RAt — 1y — ]t — €(|]t + ]t| — |]t|)) . (B].)

Integrating B.1 from 0 to T, we get
T T
/ u(cy + &, t)dt < / u(eg, t)dt + K; + K
0 0

with
T a N
K / u Ct, Tat — Zt)dt

and

T Ou A = 7

We will show that K; and K; are negative.
Integrating the second term of K; by parts, and noting that a, = [; 1sds, we get

T d(2 (ot
K / Ct, Tatdt [@(Ct7 t)&t‘| + / Mdtdt
dc 0 0

dt

Equation 5.5 implies that

K, = /OT %(Ct, 8)(r — r(t))agdt — %(CT,T)aT.
The function r —r(t) is non-zero only in [0, 71]U (71 +A, T'], where it is strictly negative
since Rg > r and Rg > r. Moreover, a; = 0 for all t € [0,74] U [1 + A, T], since
iy = 0 and ag = ar = 0. The short-sale constraint implies then that a, > 0 for all

€ [0, 7] U [r + A, T]. Therefore K; is negative.
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Integrating the first term of K by parts, and noting that dA, /dt = I, we get

T Ju ou 1—c¢ 17
KI__K/t a(cs,s)ds—i—%(cT,T) I )RAt]O—i-

Jc dc R oc
Since Ar = 0, the short-sale constraint implies that flT > 0. Since in addition AO =0,

Y 9 L€\ - (Td A A
/ (/ T (o s)ds + S (er, T) E) Rhdt = [ S5 (eo,t) (I 4+ e(| 1+ 1) = | L))t
t

the term in brackets is positive, i.e. the first term is negative. To study the remaining

terms, we define the functions Kp(t) and Kg(t) by

Kp(t) = (/tT au(cs,s)dS) Bt Lm0 = ) = e )1+ )

dc oc dc
and
Ks(t) = (/tT %(cs,s)d8> R+ %@T,T)u —o- %(Ct,t)(l o).
Inequalities
I, + I,| — |I,| > I, for I, > 0
and

’[t +jt‘ — ’It‘ 2 _jt for It < O,

imply that the remaining terms are smaller than

T1 N T N T1+A N N
/0 Kp(®)ldi + [ Ks(t)ldt + / (Kp() il gm0, + Ks(Dily y)dt, (B2)

where 1x is the indicator function of the set X. We first prove that the terms in

Kg(t) in expression B.2 are negative. Equation 5.5 implies that

dKs(t)  Ou
— = 5, (L= r(t) ~ R).

Since Kg(T) =0 and Rg > r, Kg(t) =0 for all t € [, + A, T and Kg(t) > 0 for all
t € [11, 71 + A]. Therefore the terms in Kg(t) are negative. We finally show that the

terms in Kp(t) are negative. The definitions of Kp(t) and Kg(t) imply that

Ti+A Ju ou ou
Kp(n)—Kgs(m+A) :/ %(cs,s)ds—%(cn,Tl)(1+e)+%(cﬁ+A,7'1—1—A)(1—6).

Noting that Kg(m3 + A) = 0, and using equations 5.3 and 5.5, we conclude that

Kpg(m) = 0. Moreover, equation 5.5 implies that
dKp(t) Ou

dt Oc

Since Kp(m) = 0 and Rg > r, Kp(t) = 0 for all ¢ € [0,7] and Kp(t) < 0 for all

t € [11, 71 + A]. Therefore the terms in Kp(t) are also negative. Q.E.D.

(ci, )((1+ e)r(t) — R).
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C Proof of Proposition 5.2
We first prove lemma C.1 and then the proposition.

Lemma C.1 Consider three piecewise continuous functions, x, v, and w, such that
X and v are strictly positive, 1 is decreasing, and w s increasing. Then

Jo x®w(t)dt _ i X (t)dt
JExdt = JTx(tpt)dt

Proof: We consider the probability distributions P, and P, in [0,7], with cu-

mulative distribution functions

Fy(t) = Ioxts)ds - g Fop(t) = Jo x(s)4(s)ds

o x(®)dt o X@p(t)dt’
respectively. Proving the lemma is equivalent to proving that P, first-order stochasti-
cally dominates P, i.e. F\(t) < Fy(t) for all t € [0, T]. This inequality is equivalent

to
Jo x(s)ds < I3 x(8)ib(s)ds
S x(s)ds = [T x(s)v(s)ds’
which holds since ¥(s) > ¢ (¢) for s € [0,¢] and ¥ (s) < (t) for s € [t,T]. Q.E.D.

We now come to the proof of the proposition.

Proof: We first determine the parameters r, m, 7, A, and A\, using the implicit
function theorem. Our equations are 5.4, and four equations equivalent to ar =
Ar =0, 3.5, and 3.6. We then construct the control (i, I;). Finally, we show that

the control is feasible and that equations ar = Ay = 0, 3.5, and 3.6 are satisfied.

Determination of r», m, 7, A, and \

We will apply the implicit function theorem to the function F' defined by

foT(Ct - Z/t)e_p(t)dt
Jo (e —y) %+ %A, — D
F(Ta )\7m77—17A;€) = m — Le "2 . (C].)

r 1—e—TA

leJrA(Ct — oy — RATl)efr(thl)dt

T1

fTT11+A(Ct - yt)% - %An - (1 - k)D
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at the point A = (r*, \*, m*, 77, A*,0). In equation C.1, R is given by R = r 4+ me, ¢;
by equation 5.5, and A, by

Yt~ G Rp(n-t)
A, = e Bt C.2
' T+e: (C2)

Equation F3 = 0 is 5.4. Equation F} = 0 is analogous to the intertemporal budget
constraint in the no transaction costs case. The difference is that the discount rate
is p(t) instead of rt. Equation F; = 0 will imply the “sum” of ar = 0 and Ap = 0.
Equation Fy, = 0 is the market-clearing condition for the consumption good, first
derived in appendix A as equation A.1. It is modified to include the total transaction
costs that are incurred at a given time. Equation F, = 0 will imply the “sum” of 3.5
and 3.6. Equation F, = 0 will imply that ar = 0. It is derived from the counterpart of
equation 5.8 for the interval [r1, 71 + A). Finally, equation F5 = 0 will imply equation
3.5.

We first show that F' = 0 at A. Assumption (LC) implies that F; = 0 and that
the market-clearing condition 4.4 holds. Condition 4.4 implies in turn that Fy = 0,
as we showed in appendix A. The definition of m* implies that F3 = 0. To show that
Fy = F5 = 0, we consider equation 4.1 for w; and write it as

d(wy — w:;) . . .

= r(wy — wie) + 1w + Y — ¢ (C.3)
Integrating equation C.3 from 7 to 77 + A*, and using equation 5.9 and the fact that
wr. = Azr, we get Fy = 0. Finally, integrating both sides of equation C.3 from 77 to
71 + A*, and using equations 5.9 and 5.10, we get F5 = 0.

We now show that the Jacobian matrix of F' w.r.t. r, A\, m, 7, and A, at A is
invertible. For e = 0, m enters only in F3, and 7, and A enter only in F3, Fy, and F5.
Moreover 0F3/0m = 1 # 0. Therefore it suffices to show that the Jacobian matrix
of Fi and Fy w.r.t. r and A is invertible, and that the Jacobian matrix of F, and Fjx
w.r.t. 7, and A is invertible. We compute the determinants of these matrices. To
simplify notation we denote dv(q,t)/0q by v,(q,t), and omit the superscript * from

r, \, 1, A, ¢, and w;.
Jacobian w.r.t. r and A\

Using equation 5.5, we get
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% % _ —fOT vg(Ae " ) e 2t dt — fOT(ct —y)e "tdt fOT vg(Ae " t)e 2t

5 B —Jo va(AeTT AT Iy va(Ae™™ e g
(C.4)

The determinant C.4 has the same sign as

) <f(;f vg(Ne™ ™ e "Mtdt i vq()\e”,t)emtdt) J(er — yp)e "tedt (©5)

fOT vg(Ae Tt t)etdt fOT vg(Ae Tt t)e2rtdt a fOT vg(Ne Tt t)e 2rtdt
Setting x(t) = —v,(Ae™™ t)e™™ > 0, ¥(t) = e, and w(t) = ¢, we conclude from
lemma C.1 that the first term of expression C.5 is positive. To show that expression
C.5 is strictly positive, it suffices to show that fOT (c; — yp)e "tdt is strictly positive,
since v, < 0. Using integration by parts, we can write this term as

T

{t /Ot(cs —ys)e "ds| — /OT(/Ot(cs —ys)e ds)dt =

0
T T
[—twe ™ —I—/O wee"dt :/0 wee"dt > 0.

Jacobian w.r.t. 7, and A

Differentiating Fy w.r.t. 7, we get

8F4 —r dAT 1— OS_TA
o = (Cripn —Yrign —TAL )™ = (ry — Yy —TAL) =7 dﬁl — +7rFy. (C.6)
Differentiating equation C.2 w.r.t. 71, we get
dA.
— =rA, + Yy — oy (C.7)
dTl

Combining equations C.6 and C.7, and using the fact that F; = 0 at A, we get

6F4 —rA
677'1 = (Crita = Yra — (Cr —yn))e . (C.8)
Using equation C.8, we get
OF;  OF;
o1 OA _
OFs  OFs
or 0A

—rA

(CTH-A —Yn+a — (C’Fl - yﬁ))e (CTH-A —Yn+a — TA‘H)Q_TA

%(Cﬁ—&-A —Yn+a — (Cn - yﬁ)) - %(TAH +Yr — ch) %(CTH—A —Yn+a — TAH)

(C.9)
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To compute this last determinant we multiply the first row by €™ /T and subtract it

from the second. We get

rA —rA rA A dw dwy
?(TAH + Yr = )(Craa — Ynpa — T AL e = —?6 s _ g _ .
=71 =711+A
Since w;, = w;+a and A > 0, assumption (LC) implies that the derivative of w;

is strictly positive at 7, and strictly negative at 71 + A. Therefore expression C.9 is

strictly positive.

Construction of the Control

We define ¢; by equation 5.5. We also define #;, I;, and the continuous functions
ay, Az, as follows. For t € [0,7), iy = da,/dt = 0,

dA, Yt — C
[, =—=RgA C.10
! dt BAL T+ 1+¢’ ( )

and ag = Ag = 0. For t € [1, 71 + A),

d
7;75 = % =ra; + RATI + Yy — ¢ (Cll)
and I; = dA;/dt = 0. Finally, for t € [1, + A, T), iy = da,/dt = 0 and
dA, Yt — Gt
[ = — A . 12
t pr RgA; + 1_e (C.12)

We show in turn that ar = Ar = 0, that (i, ;) is feasible, and that the market-

clearing conditions 3.5 and 3.6 are satisfied.
Wealth at T'

Equation ar = 0 follows from the definition of a; and equation Fy = 0. (Equation
C.10 implies that A,, is the same as in equation C.2.) The definition of A; implies

that
T

Ap = A eRs(T—(n+a) / Ye = G rs(r-v) gy (C.13)
! T1+A 1 — €

To show that Ar = 0, we compute in two ways the following expression

Ly — ¢y (1) /T1+A () T Y — ¢ _ ®
T dt R—r)A, —cp)e” Pdt = —e PWdt. (C.14
0o l+e +n (( JAn+yi=ci) +71+A 1—e¢ (C.14)
Using equation C.2 to rewrite the first term and equation F; = 0 to rewrite the
second, we get
T1+A T _
Ay P / rA, et + L OF Y (C.15)
T1 T1+A 1 — €
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Integrating the second term and using equation C.13, we get Ape=?T). Alternatively,
we note that equation F3 = 0 implies that

T1+A
/ TR )AL e P Odt = eA, (e 4 e Pt (C.16)

1

Using equations C.2 and C.16, we can write expression C.14 as

T T _
/ (ye — ¢ )e POdt 4+ €A, e PM1HA) 4 Me_p(t)dt. (C.17)
0 n+a  1—ce€

Using equations F; = 0 and C.13 we finally get e Ape "), Therefore Ap = 0.
Feasibility

The definitions of ;, I;, a;, and A; imply equations 3.1 and 3.2. They also imply
equation 3.3, provided that I, > 0 for t € [0,77) and I, < 0 for t € [ + A, T].
This property of I; is true for € = 0, since I; = dw;/dt and 77 < 7" < 77 + A*. To
prove that it is true for € close to 0, we proceed by continuity and note that I; + i;
converges uniformly to dw; /dt, and that |dwy /dt| > n > 0for t € [0, 7{]U [y + A%, T].
Coming to the short-sale constraints, A; > 0 since I; > 0 for ¢ € [0, 1) and I; < 0 for

t € [+ A, T]. To show that a; > 0, we again proceed by continuity.
Market-Clearing

To show equation 3.5, we integrate both sides of equation C.11 from 77 to 77 + A*,
and use equations a,, = ar+a = 0 and F5 = 0. To show equation 3.6, we multiply
both sides of equation C.10 by (1+¢€)/T and integrate from 0 to ;. We also multiply
both sides of equation C.12 by (1 —€)/T" and integrate from 7, + A to 7. Adding up

and using A,, = A, 1A, we get

2¢A dt
—TI — RA _I_ - j— C.18
T /[o,n]u[n+A,T1 (Réc+ =)y (C.18)
Subtracting equation F5 = 0 from Fy = 0, we get
dt  2eA RA
)+ T kD AL = 0. C.19
/[O,Tl]u[-rlJrA,T] ) T T T ( )

Equation 3.6 follows from equations C.18 and C.19, and the fact that A, = A, for
te€n,n+ Al Q.E.D.
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D Proof of Proposition 5.3

We will show that 0r/d¢|.—o < 0 and conclude by continuity. To compute 0r/de, we
differentiate w.r.t. € equations F; = 0 and F, = 0. Noting that for e = 0, I} and F,

are independent of m, 71, and A, we get

OF, Or OF, 0\ OF,

oo T onae T ae Y

and the same for F,. Combining these equations, we get

oF1  O0Fy

Oe o\
or oFy,  O0F;

] B2
AR T (D.1)
Oe OF  OF:

or O\

oy,  0F;

or oA

In appendix C we showed that the denominator in equation D.1 is strictly positive.
We will now show that the numerator is also strictly positive. As in appendix C, we
denote dv(q,t)/dq by v,(q,t), and omit the superscript * from r, A\, 7y, A, ¢;, and w;.
We also define the function g(t) by

g(t)=(m—r)t forall t € [0,71), g(t)=(m—r)n foral t €|m,n +A),

gty =m—r)m+(m+r)t—(n+A)) forall t € [m+ AT

Since m = r(1 + e ™) (1 — e ™) > r, g(t) is increasing. To compute the partial
derivatives of F} and Fy w.r.t. €, we use the definition of the discount rate p(t), i.e.
equations 5.6 and 5.7, and the fact that R = r + me. The numerator in equation D.1
is

— [T v et ) e 2t g(t)dt — [ (¢, — y)e Tg(t)dt [ va(Ae T t)e P tdt

— ve(Ae " ) he g (t) L + ZwT“ I vg(Ae™" t)e e
(D.2)
Proceeding as in appendix C, the determinant D.2 has the same sign as
\ JFvg\e™ "t t)e g (t)dt B JFvg(Ne "t t)e g (t)dt
JF vg(Ne=rt t)etdt J vg(Ne=rt, t)e=2rtdt

o (e —y)e Mg(t)dt 2w,
JEvgert te=2rtdt [ vg(Ae=rt t)etdt
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Setting x(t) = —v,(Ae™ " t)e™ ™ Y(t) = e, and w(t) = ¢(t), we conclude from
lemma C.1 that the first term of expression D.3 is positive. To show that expression
D.3 is strictly positive, it suffices to show that [j (¢, —y,)e " g(t)dt is strictly positive,
since v, < 0 and w,, > 0. Using the definition of g(¢) and integrating by parts, we
can write this term as

T

/OT(ct —y)e " (m — r) min(t, 7 )dt + T1+A(ct —y)e " (m+r)(t — (1 + A))dt

= [~(m — ) min(¢, 71)we "L + (m — 1) /T1 we” " dt
0

T
= (m A )t — (1 + A)we ™ o+ (m 1) / et
T1+

Tl T
=(m-—r) / wee " dt + (m + 1) / wee "t (D.4)
0 T1+A

Since m > r, expression D.4 is strictly positive. Q.E.D.

Note that the proof of the proposition uses the market-clearing condition for the

consumption good,
Fy = /OT(ct — yt)% + %Aﬁ - D=0,

while the intuition given after the statement of the proposition uses the market-
clearing condition for the two assets. There is however a close correspondence between
the two conditions. The three effects that increase asset demand, increase demand for
the consumption good as well. The wealth effect is that agents consume more at each
age t. Therefore, it increases total consumption, f(;f c;dt. The substitution effect is
that agents consume less at the beginning of their lifetimes and more towards the end.
The increase in consumption dominates the decrease because of the interest payments
on the savings. Therefore, the substitution effect increases total consumption. The
direct transaction costs effect is that transaction costs reduce the proceeds of selling
the illiquid asset. Since transaction costs use up part of the consumption good, they
increase its demand. The wealth effect corresponds to the second term of expression
D.3. As expression D.4 shows, the wealth effect is larger the more wealth, w,, agents
accumulate over their lifetimes. This is intuitive: the more agents invest, the more

they will benefit from an improvement in investment opportunities. The substitution
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effect corresponds to the first term of expression D.3. As expression D.3 shows, the
substitution effect is large relative to the other effects if v, is large. This is intuitive:
if v, is large, consumption, v(Xe® 1), responds heavily to changes in the discount
rate, p(t). Finally, the direct transaction costs effect corresponds to the third term
of expression D.3. This term is proportional to 2w,, since total transaction costs

incurred at a given time are [ €|l,|dt/T = 2ew., /T.
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E Proof of Proposition 5.4

We will show that if T is large, the limit of OR/0¢€|.—g as k goes to 1 is strictly
negative, and conclude by continuity. We compute this limit in proposition E.1. As
in appendices C and D, we omit the superscript * from r, X\, 7, A, ¢, and w;. We

also denote the 7* of section 4 by 7.
Proposition E.1 Define the function h(b) by

1
h(b) = W [Qb(e_bT —e ) (1 =27 4 e 4 e TH(T — 27))} .

Then the limit of OR/0€|—o as k goes to 1, has the same sign as the expression

1 < h(w)w h(w+r)(w+7‘)>+<h(w+r)(w+7‘) h(5+r)(5+r)>

A

1 —ewT 1 — e~ (w+n)T

1 — e~ (w+n)T 1 — e (6+m)T

2e"Tw
o —(w+r)r = (w+r)T
(w + 1) (1 — e—oT) <(e ¢ )

1 —e™ (w+r)T

T (e O

E.1)

Proof: Differentiating the identity R = r + me for ¢ = 0, we get OR/0e =
Or/0e + m. Equation D.1 implies then that

OF _ OF  OF1
m, 9 ox

oF, OF>  0F,

OR M5" = "9 o
== . (E.2)
Oe oF  OF

or o\

OF, OF

or o\

In appendix C we showed that the denominator in equation E.2 is strictly positive.

Proceeding as in appendices C and D, the numerator has the same sign as

\ (foT v(he ™, e mt — g(B)dt T v (e, e (mt — g<t>>dt>

[Fv,(Ne=mt, t)etdt [Fv,(Ne=t, t)e=2rtdt

0 Vg 0 Vq

(o= p)ertomt = g0t ow, -
[T, (Xe=t, t)e=2rtdt [Fv,(Ne=mt, t)e tdt '
0 Vq 0 Vq

We will compute the limit of expression E.3 as A goes to 0. (Equations 5.9 and 5.10
imply that if &£ goes to 1, A goes to 0.)
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For u(c,t) = (¢!=4/(1 — A))e P and y; = ye~°!, consumption, ¢;, and wealth, wy,
are given by equations A.4 and A.6, respectively. Equations A.4 and A.5 imply that
the Lagrange multiplier, A, is given by

w+rl—e @T

1
ATA = . E4
Y+ 71— et (E4)
Moreover, since v(q,t) = ¢~ /4¢P we have
—rt 1 -1 1 —wt rt
vg(Ae™t) = _Z)\ A e e, (E.5)

To compute expression E.3, we thus need to compute

T
- bt 4
ilin»o e (mt — g(t))dt,

where b is a constant. The definition of ¢(¢) implies that the integral is equal to

T T T
/ e ""mmin(t — 7y, A)dt + / e U rmin(t, ) dt — / eVt — (1 + A))dt.
T 0 T1+A

Integrating by parts the first term, we get

1 1 rt+A
[—Be_btm min(t — 7, A))X et =

_|__
o)y

—le’bTmA + im(e’bT1 — e b)),

We similarly get

for the third term. As A goes to 0, 71 goes to 7. Moreover, equation 5.4 implies that

mA goes to 2. Therefore

lim ' e~ (mt — g(t))dt = h(Db). (E.6)

A—0.Jo

Using equations A.4, A.6, E.4, E.5, and E.6, we can easily compute the limit of
expression E.3 as A goes to 0. Dividing the result by AA, we get expression E.1.
Q.E.D.
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We now prove proposition 5.4.

Proof: We first derive asymptotic expressions for » and 7, as T' goes to co. To
determine r we use equation A.9. Setting r = §— A0/T, i.e. w=w/T, we can write

this equation as

%—i—ﬁ—A%l—e*(S*ﬁT*A@)l—e*d’_1—6*5_9 (E7)
5 o 1 — o—(@+BT—AQ) . T :
7+ 08— A% l—e w ) Y
For T' = 0o, equation E.7 becomes
l—e® 1-¢? D
°c 0t 7 (E.8)

w ) Yy
It is easy to check that the function z — (1 — e™")/x is strictly decreasing, and is

00, 1, and 0 when z is —oo, 0, and oo, respectively. Therefore equation E.8 has a
unique solution @(5) By the implicit function theorem, equation E.7 has a solution

A ~

W =w(d) +o(1). Since D/y € (0,1), w(d) goes to a strictly positive limit, w(o0), as
d goes to oo. Therefore the function 7(4) defined by
1 0

2(8) = = ] §
7(6) ogd)(é)

6 — (9)

goes to 0 as B goes to oo and, as a result, is smaller than 1 for 5 large enough. To
determine 7 we write that dw,/dt, given by expression A.7, is equal to 0 for ¢ = 7.
Setting 7 = 7/T, we can write the resulting equation as

1— e—(5+rT)

= (—d)e“” _ TTe—zL'e—rT(l—f')) + (56—S+ + TTe—Se—rT(l—i—)> —0. (E9)

In equation E.9, r is given by r = § — A0/T. For T' = oo and 7 < 1, equation E.9
becomes
—(8)e PO 4 e = 0,

and has the solution 7(J) < 1. By the implicit function theorem, equation E.9 has a

solution 7 = 7(8) + o(1).
We now come to expression E.1. Since § = §/T, w = &(8)/T+0(1/T), r = B+o(1),

and 7/T = 7(0) 4+ o(1), the third term, that corresponds to transaction costs, goes to

0 as T" goes to co. Moreover, since

h(w+r)(w+7) d h(6+7r)(6+T)
| — o—(w+nT an 1 — e—(6+n)T
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go to 1, the second term, that corresponds to the wealth effect, goes also to 0. The

first term, that corresponds to the substitution effect, is approximately

2e=@OF ) _ ¢=00)) 4 BT (1 — 2e90F0) 4 =) 4 =25 (5)(1 — 27(5))) 1
A(l —e) A’
and has the same sign as
1 — 2 “O70) 4 o=40) 4 o=¢0)5(5)(1 — 27(5)). (E.10)

Expression E.10 goes to
—1 4790 4 79 (00) < 0

as 0 goes to oo, and is thus negative for b large enough. Q.E.D.
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Notes

'For a complete description of transaction costs see Amihud and Mendelson (1991).

For evidence on the magnitude of transaction costs see Aiyagari and Gertler (1991).

2Amihud and Mendelson (1986) regress cross-sectional asset returns on bid-ask
spreads and betas. Using these results, they argue (Amihud and Mendelson (1990))
that a .5% tax would decrease prices by 13.8%. Barclay, Kandel, and Marx (1998)
study changes in bid-ask spreads associated with the use of odd-eighths quotes in
the Nasdaq, and the migration of stocks from Nasdaq to NYSE or AMEX. Using
their results, they argue that a tax would have much smaller effects. Umlauf (1993),
Campbell and Froot (1994), and Stulz (1994) present and discuss empirical evidence

on the effects of transaction taxes in Sweden and the U.K.

3Jones and Seguin (1998) examine how the abolition of fixed commissions on May

1975, affected NYSE prices.

1See, for instance, Duffie and Sun (1990), Davis and Norman (1990), Grossman
and Laroque (1990), Dumas and Luciano (1991), Fleming et al. (1992), Shreve and
Soner (1992), and Schroder (1998).

®Amihud and Mendelson assume risk-neutral agents. Aiyagari and Gertler, and
Huang assume one illiquid asset, which is riskless. Vayanos allows for many risky
illiquid assets. See also Brennan (1975), Goldsmith (1976), Levy (1978), and Mayshar
(1979,1981), for static models with fixed transaction costs.

For evidence on short-sale costs see, for instance, Tuckman and Vila (1992).
"See, for instance, Kehoe (1989).
8For A =1, u(c) = log(c).

YWe can deduce R from m by R = r + me.
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Figure Legends

There is no legend for figure 1.

The legend for figure 2 is:

Figure 2 plots the rates of return on the two assets as a function of the supply
of the illiquid asset, k. The solid line represents the benchmark case where there are
no transaction costs and the two assets are identical. The lines with the short and
long dashes represent the rates of return on the liquid and illiquid assets, respectively,

with transaction costs.
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