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1 Introduction

Financial assets differ in their liquidity, defined as the ease of trading them. For
example, government bonds are more liquid than stocks or corporate bonds.
A large body of research has attempted to measure liquidity and relate it
to asset-price differentials. An important and complementary question is why

liquidity differs across assets.

A leading theory of liquidity is based on asymmetric information. For example,
[15], [21] show that market makers can widen their bid-ask spread to compen-
sate for the risk of trading against informed agents. This increases trading costs
for all agents, including the uninformed. In many cases, however, asymmetric
information cannot be the explanation for liquidity differences. For example,
AAA-rated bonds of US corporations are essentially default-free, but are sig-
nificantly less liquid than Treasury bonds. Since both sets of bonds have essen-
tially riskless cash flows, their value should depend only on interest rates. But
information about the latter is generally symmetric, and in any event, possible
asymmetries should be common across bonds. An even starker example comes
from within the Treasury market: just-issued (“on-the-run”) bonds are signif-

icantly more liquid than previously issued (“off-the-run”) bonds maturing on

nearby dates.!

In this paper we explore an alternative theory of liquidity based on the notion
that asset trading can involve search, i.e., locating counterparties takes time.
Search is a fundamental feature of over-the-counter markets, where trade is
conducted through bilateral negotiations rather than a Walrasian auction. 2
We show that liquidity, measured by search costs, can differ across otherwise
identical assets, and this translates into equilibrium price differentials. We also
perform a welfare analysis, showing that the concentration of liquidity in one
asset dominates equal liquidity in all assets.

I Evidence on the default risk of corporate bonds is in [25], on the trading costs of
corporate bonds in [5], on the trading costs of government bonds in [12], and on the

on-the-run phenomenon in [13], [34].

2 Examples of over-the-counter markets are for government, corporate, and munic-
ipal bonds, and for many derivatives. We elaborate on the role of search in these
markets in Section 2. See also the discussion in [10].



We assume that a constant flow of investors enter into a market, seeking to buy
one of two infinitely-lived assets with identical payoffs. After buying an asset,
investors become “inactive” owners, until the time they seek to sell. That event
occurs when the investors’ valuation of asset payoffs switches to a lower level.
The switching rate is inversely related to investors’ horizons, and we assume
that horizons are heterogeneous across investors. To model search, we adopt
the standard framework (e.g., [8]) where investors are matched randomly over
time in pairs. We also assume that markets are partially segmented in that
buyers must decide which of the two assets to search for, and then search for

that asset only.

We show that there exists an asymmetric (“clientele”) equilibrium, where as-
sets differ in liquidity despite having identical payoffs. The market of the more
liquid asset has more buyers and sellers. This results in short search times, i.e.,
high liquidity, and high trading volume. Moreover, prices are higher in that
market, reflecting a liquidity premium that investors are willing to pay for the
short search times. The tradeoff between prices and search times gives rise to
a clientele effect: buyers with high switching rates, who have a stronger prefer-
ence for short search times, search for the liquid asset, while the opposite holds
for the more patient, low-switching-rate buyers. The clientele effect is, in turn,
what generates the higher trading volume in the liquid asset: high-switching-
rate buyers turn faster into sellers, thus generating more turnover. Critical
to the clientele equilibrium is the assumption that buyers cannot search for
both assets simultaneously. Indeed, we show that under simultaneous search,
investors would buy the first asset they find, and assets would have the same

liquidity and price. 3

The liquidity premium increases as the distribution of investors’ switching
rates becomes more dispersed around its median, and is equal to zero when

investors are homogenous. One might expect the premium to increase with an

3 Additionally, the clientele equilibrium might not exist if buyers’ bargaining power,
defined as the probability that they get to make the take-it-or-leave-it offer in a
match, is increasing in the switching rate. Intuitively, if high-switching-rate buyers
can extract most of the surplus, sellers in the liquid market have a low reservation
value. This encourages buyer entry into the liquid market, and can possibly reduce
the measure of sellers below that in the illiquid market, contradicting the existence
of clientele equilibrium.



upward shift in the switching-rate distribution, consistent with the notion that
short-horizon investors value liquidity more highly. Surprisingly, however, the
premium can decrease because shorter horizons generate more trading, and

this reduces search times and trading costs.

In addition to the clientele equilibrium, there exist symmetric ones, where
the two markets are identical in terms of prices and search times. Comparing
the two types of equilibria reveals, in the context of our model, whether the
concentration of liquidity in one asset is socially desirable. As a benchmark
for this comparison, we determine the socially optimal allocation of entering
buyers across the two markets. Under this allocation, the measure of sellers
differs across markets, and so do the buyers’ search times (which are decreasing
in the measure of sellers). Such a dispersion is optimal so that markets can
cater to different clienteles: buyers with high switching rates go to the market
with the short search times, while the opposite holds for low-switching-rate

buyers.

In the symmetric equilibria the buyers’ search times are identical across mar-
kets, while in the clientele equilibrium some dispersion exists. A sufficient
condition for the clientele equilibrium to dominate the symmetric ones is that
this dispersion does not exceed the socially optimal level. To examine whether
this is the case, we consider the social optimality of buyers’ entry decisions in
the clientele equilibrium. We show that despite the higher prices, buyers do
not fully internalize the relatively short supply of sellers in the liquid market,
and enter excessively in that market. This pushes the measure of sellers in the
liquid market below the socially optimal level, and has the same effect on the
dispersion in buyers’ search times. Thus, the clientele equilibrium dominates

the symmetric ones.

This paper is related to [28], which studies the concentration of liquidity across
two markets. [28] shows that the markets can coexist, but the equilibrium is
generally dominated by shutting one market and concentrating all trade in the
other. The main difference with [28] is that we consider the concentration of
liquidity across assets, rather than across market venues for the same asset. In

particular, when one asset is traded in different venues, sellers have the choice



of venue. By contrast, when venues correspond to physically different assets
(e.g., Treasury vs. corporate bonds), sellers do not have such choice because
they can only sell the asset they own. For example, in the clientele equilibrium,
sellers of the less liquid asset cannot convert it to the liquid asset and sell it
at the higher price. If such conversion were possible, we would effectively be

back to the one-asset case.

[1] studies the concentration of liquidity under asymmetric information. It
shows that if uninformed traders have discretion over the timing of their trades,
they will all trade when the market is the most liquid. This reduces the infor-
mational content of order flow, feeding back into market liquidity. [6] shows
that uninformed traders can all choose to trade in one of multiple locations
for similar reasons. As [28], these papers concern the concentration of liquidity

across market venues (defined by time or location) rather than assets.

Search-theoretic approaches to liquidity have been explored in the monetary
literature following [20], [29].% [2] shows the coexistence of currencies that
differ in liquidity and price, and [33] analyzes the relative liquidity of currency
and dividend-paying assets. In our model there is no room for currency, and

the focus is on the relative liquidity of dividend-paying assets.

9], [10], [11] integrate search in models of asset market equilibrium. This paper
builds on their framework, extending it to multiple assets and heterogeneous
investors. Independent work in [35] also considers multiple assets. Investors are
homogeneous, however, and differences in liquidity arise because of exogenous
differences in assets’ issue sizes. Work subsequent to this paper in [32] shows
that differences in liquidity can arise even with identical horizons and issue

sizes, provided that there are short-sellers.

Finally, our welfare analysis is related to [8]. [8] shows that search can drive
a wedge between workers” wages and marginal products, and this can distort

the choice between different labor markets. In our model a similar distortion

applies to the choice between the markets of different assets.®

4 See also [22] which links liquidity to search in a partial equilibrium setting.
5 For search models where agents choose between sub-markets, see also [19], [24],



The rest of this paper is organized as follows. Section 2 presents the model. Sec-
tion 3 determines investor populations, expected utilities, and prices, taking
the allocation of investors across markets as given. Section 4 endogenizes this
allocation and determines the set of market equilibria. The welfare analysis is
in Section 5. Section 6 considers several extensions, and Section 7 concludes.

All proofs are in the Appendix.

2 Model

Time is continuous and goes from 0 to oo. There are two assets, 1 and 2,
traded in markets 1 and 2, respectively. Both assets pay a constant flow ¢ of

dividends and are in supply S.

Investors are risk-neutral and have a discount rate equal to . Upon entering
the economy, they seek to buy one unit of either asset 1 or 2. After buying
the asset, they become “inactive” owners, until the time when they seek to
sell. Thus, there are three groups of investors: buyers, inactive owners, and
sellers. To model trading motives, we assume that upon entering the economy
investors enjoy the full value § of the dividend flow, but their valuation can
switch to a lower level § — x with Poisson rate x. The parameter x > 0 can
capture, in reduced form, the effect of a liquidity shock or a hedging need
arising from a position in another market. Buyers and inactive owners enjoy
the full value ¢ of the dividend flow. Buyers experiencing a switch to low
valuation simply exit the economy. Inactive owners experiencing the switch

become sellers, and upon selling the asset, they also exit the economy.

There is a flow of investors entering the economy. We assume that investors
are heterogeneous in their horizons, i.e., some have a long horizon and some
a shorter one. In our model, horizons are inversely related to the switching
rates k to low valuation. Thus, we can describe the investor heterogeneity by a

function f(k) such that the flow of investors with switching rates in [k, k + dk]

is f(k)dr. The total flow is [T f(r)dk, where [k, ] denotes the support of

26], [27).



f(k). To avoid technicalities, we assume that f(k) is continuous and strictly

positive.

The main feature of our model is that the market operates through search.
Search is a fundamental feature of over-the-counter markets, such as those
for government, corporate, and municipal bonds, and for many derivatives.
Indeed, trades in these markets are negotiated bilaterally between dealers and
their customers. And while a customer can easily contact a dealer, dealers
often need to engage in search to rebalance their inventories. For example,
after acquiring a large inventory from a customer, a dealer needs to unload the
inventory to a new customer. This can involve search, and the dealers’ ability
to search efficiently, by knowing which customers are likely to be interested in

a specific transaction, affects the prices they quote in the market. 6

To model search, we adopt the standard framework (e.g., [8]) where buyers and
sellers are matched randomly over time in pairs. This framework is, of course,
a stylized representation of over-the-counter markets because it abstracts away
from the role of dealers. In some fundamental sense, however, dealers come
into existence precisely because customers need to search for counterparties.
The existence of dealers cannot eliminate the search cost, but only can reduce
it and express it in a different form, e.g. bid-ask spread. Thus, modelling over-
the-counter markets in a “pure” search framework allows us to study the effects
of the search friction in a more fundamental manner. Of course, incorporating

dealers could be an interesting extension of our research. ”

We assume that markets are partially segmented in that buyers must decide

which of the two assets to search for, and then search for that asset only.

6 According to [14], pp.436-437: “Liquidity in the corporate bond market is not
derived by knowing what is available and what is being sought in the form of active
bids and offerings... Instead, it is derived by knowing what may be available from,
or what may be sold to, public investors.... A corporate bond dealer will quote some
bid price if a customer wants to sell an issue, but he is likely to quote a better price
if he thinks he knows of the existence of another buyer to whom he can quickly
resell the same issue.”

7 Tt could also relate our approach to the inventory literature in market microstruc-
ture (e.g., [3], [18]). That literature assumes that buyers and sellers arrive randomly
in the market and can trade with dealers who face costs to holding inventory. [11]

consider a search-based model of asset trading with a continuum of competitive
dealers.



This assumption is critical. Indeed, Section 6.1 shows that if investors can
search simultaneously for both assets, they buy the first asset they find, and
assets have the same liquidity and price. One interpretation of our assump-
tion is that investors are mutual-fund managers who are constrained to hold
specific types of assets. (For example, government-bond funds are restricted
from investing in corporate bonds.) Managers can, however, decide between
asset types when the fund is incorporated. An alternative interpretation is
that dealers/brokers specialize in different asset types. Market segmentation
could then follow from the costs of employing multiple dealers. One such cost
is complexity: an investor who wants to buy one unit of an asset through mul-
tiple dealers would have to give each dealer an order contingent on the other

dealers’ search outcomes. ®

Summarizing, we can describe the economy by the flow diagram in Figure
1. To each asset, are associated three groups of investors: buyers, inactive
owners, and sellers. Investors entering the economy come from the pool of

outside investors, and investors exiting the economy return to that pool.

To describe the search process, we need to specify the rate at which buyers
meet sellers. We assume that an investor seeking to trade meets investors from
the overall population according to a Poisson process with a fixed arrival rate.
Consequently, meetings with investors seeking the opposite side of the trade
occur at a rate proportional to the measure of that investor group. Denoting
the coefficient of proportionality by A, and the measures of buyers and sellers
of asset ¢ by ui and pi, respectively, a buyer of asset i meets sellers at the rate

Aty and a seller meets buyers at the rate Auj. Moreover, the overall flow of

meetings for asset i is Auiul.

The function M (u}, put) = Auiu’ describes the search technology in our model.
While the assumed form of M is partly motivated from tractability, it also

embodies a notion of increasing returns to scale: doubling the measures of

8 The two interpretations are somewhat related: dealers could specialize to better
serve the investors who are constrained to hold specific asset types. We should add
that our assumption does not preclude investors from searching for one asset, and
then switching and searching for the other. It restricts investors from searching
simultaneously for both assets at a given point in time.
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Fig. 1. Flow Diagram for the Two Markets

buyers and sellers more than doubles the flow of meetings. Increasing returns
seem realistic for financial-market search because they imply that an increase
in market size reduces search times of both buyers and sellers. This fits with
the well-documented notion that trading costs are decreasing with trading

volume.

When a buyer meets a seller, the price is determined through bilateral bar-

gaining. We assume that the bargaining game takes a simple form, where one



party is randomly selected to make a take-it-or-leave-it offer. The probabil-
ity of the buyer being selected is z/(1 + z), where the parameter z € (0, 00)

measures the buyer’s bargaining power.

Because buyers differ in their switching rates x, they have different reservation
values in the bargaining game, and this can introduce asymmetric information.
We mainly focus on the symmetric-information case, where switching rates are
publicly observable. For example, switching rates could correspond to buyers’
observable institutional characteristics (e.g., insurance companies have a long
horizon, while hedge funds a shorter one). When & is publicly observable, the
bargaining-power parameter z could in principle depend on k. We mainly focus
on the case where z is constant, but allow it to depend on x in Section 6.2.
Finally, in Section 6.3 we consider the asymmetric-information case, where

switching rates are observable only to buyers.

3 Analysis

In this section we take as given the investors’ decisions about which asset
to search for, i.e., which market to enter. We then determine the measures
of buyers, inactive owners, and sellers in each market, the expected utilities
of investors in each group, and the market prices. Throughout, we focus on

steady states, where all of the above are constant over time.

3.1 Demographics

We denote by (k) the fraction of investors with switching rate x who decide

to enter into market i. We also denote by u’ the measure of inactive owners
in market ¢, and recall that the measures of buyers and sellers are denoted by

pi and pi, respectively.

Because buyers and inactive owners are heterogeneous in their switching rates

k, we need to consider the distribution of switching rates within each pop-

10



ulation. This distribution is not the same as for the investors entering the
market, because investors with different switching rates exit the market at
different speeds. To describe the distribution of switching rates within the
population of buyers in market i, we introduce the function yu}(x) such that
the measure of buyers with switching rates in [k, k + dk] is p}(r)dr. We sim-
ilarly describe the distribution of switching rates within the population of
inactive owners in market ¢ by the function u’ (k). These functions satisfy the

accounting identities

iué(ﬁ)dﬁ = 1, (1)
[ vitwin = i, 2)

To determine p}(k), we consider the flows in and out of the population of
buyers with switching rates in [, k + dk]. The inflow is f(k)v'(k)dk, coming
from the outside investors. The outflow consists of those buyers whose val-
uation switches to low and who exit the economy (xuj(k)dr), and of those
who meet sellers and trade (Auj(k)u'dr). (We are implicitly assuming that
all buyer-seller matches result in a trade, a result we show in Proposition 1.)

Since in steady state inflow equals outflow, it follows that

f(r)V' (k)
K4 Aul

(k) =

To determine pf(x), we similarly consider the flows in and out of the pop-
ulation of inactive owners with switching rates in [, k + dk]. The inflow is
Mg (k) pidr, coming from the buyers who meet sellers, and the outflow is
k! (k)dk, coming from the inactive owners whose valuation switches to low

and who become sellers. Writing that inflow equals outflow, and using (3), we

11



find

_ ML f(R)v (k)
K (K + k)

Ho(K) (4)

Market equilibrium requires that the measure of asset owners in each market
is equal to the asset supply. Since asset owners are either inactive owners or

sellers, we have

po + iy = S. (5)

Combining (2), (4), and (5), we find

R

At f(w)V' (k) i
/Kw+wgw+%_s (6)

Eq. (6) determines y'. Eqs. (1) and (3) then determine pf, and (2) and (4)

determine pl.

3.2 Expected Utilities and Prices

We denote by vj(x) and v’(k), respectively, the expected utilities of a buyer
and an inactive owner with switching rate x in market . We also denote by v’
the expected utility of a seller, and by p’(x) the expected price when a buyer
with switching rate x meets a seller. (The actual price is stochastic, depending

on which party makes the take-it-or-leave-it offer.)

To determine v} (x), we note that in a small time interval [¢, ¢+ dt], a buyer can
either switch to low valuation and exit the economy (probability xdt, utility
0), or meet a seller and trade (probability Auidt, utility vi(x) — p‘(k)), or
remain a buyer (utility v}(x)). The buyer’s expected utility at time ¢ is the

12



expectation of the above utilities, discounted at the rate r:

vp(k) (1 = rdt) [kdtO + Nldt (v} (k) — p'(k)) + (1 = Abdt — rdt)vj(r)] .(7)

Rearranging, we find that vj(k) is given by

rvy (k) = —kvy(K) + Mt (v (k) — p'(K) — v (K))- (8)

The term rvi(x) can be interpreted as the flow utility of being a buyer. Ac-
cording to (8), this flow utility is equal to the expected flow cost of switching
to low valuation and exiting the economy, plus the expected flow benefit of

meeting a seller and trading.

Proceeding similarly, we find that v!(x) and v’ are given by

rv(K) = 0 + K (vy — (k) (9)

and

v, =0 — 2 + A (B (p' (k) — v3), (10)

respectively, where FE} denotes expectation under the probability distribution
of k in the population of buyers in market i. According to (9), the flow utility
of being an inactive owner is equal to the dividend flow from owning the asset,
plus the expected flow cost of switching to a low valuation and becoming a
seller. Likewise, the flow utility of being a seller is equal to the seller’s valuation
of the dividend flow, plus the expected flow benefit of meeting a buyer and
trading.

The price p'(k) is the expectation of the buyer’s and the seller’s take-it-or-
leave-it offers. The buyer is selected to make the offer with probability z/(1 +
z), and offers the seller’s revervation value, v’. The seller is selected with

probability 1/(1 + z), and offers the buyer’s reservation value, v,(k) — vp(&).

13



Therefore,

z - 1
= v
142 °% 14z

P (%) (Vg () — vy(5)). (11)
Proposition 1 Egs. (8)-(11) have a unique solution (v(k),v:(k),v:, p'(k)).

This solution satisfies, in particular, vi(k) — vi(k) — vl > 0 for all k.

Since v} (k) — vi(k) — vl > 0 for all k, any buyer’s reservation value exceeds a
seller’s. Thus, all buyer-seller matches result in a trade, a result that we have
implicitly assumed so far. The intuition is simply that any buyer is a more
efficient asset holder than a seller: the buyer values the dividend flow more
highly than the seller, and upon switching to low valuation, faces the same

rate of meeting new buyers as the seller.

4 Equilibrium

In this section, we endogenize investors’ entry decisions, and determine the set
of market equilibria. An investor will enter into the market where the expected
utility of being a buyer is highest. Thus, the fraction v!(x) of investors with

switching rate x who enter into market 1 is given by

vik) =1 if vi(k) > vi(k (12
0<vir) <1 if vi(k)=vi(k (13
vik) =0 if vi(k) <vi(k (14

Definition 1 A market equilibrium consists of fractions {v'(k)}i=12 of in-
vestors entering in each market, measures {(uy, 1’ ') }iz1.2 of each group of
investors, and expected utilities and prices {(vi(k),v:(k),vi, p'(k)) }iz1.2, such

that

(a) {15, 1) Yizr2 are given by (1)-(4) and (6).
(b) {(vi(r), vo(k), v, p'(K)) }im12 are given by (8)-(11).
(c) v'(k) is given by (12)-(14), and v*(k) =1 — v} (k).

14



To determine the set of market equilibria, we establish a sorting condition.
We consider an investor who is indifferent between the two markets, i.e., k*

such that v} (k*) = vZ(k*), and examine which market other investors prefer.

Lemma 1 Suppose that vi(k*) = vZ(k*). Then, vi(k) — vi(k) has the same

sign as (puy — p3) (K — K*).

According to Lemma 1, the measure of sellers serves as a sorting device. If,
for example, market 1 has the most sellers, then investors with high switch-
ing rates will have a stronger preference for that market than investors with
low switching rates. The intuition is that high-switching-rate investors have a
stronger preference for short search times, and buyers’ search times are short

in a market with more sellers.

Lemma 1 implies that there can only be two types of equilibria. First, one mar-
ket can have more sellers than the other, in which case it attracts the investors
with high switching rates. We refer to such equilibria as clientele equilibria, to
emphasize that each market attracts a different clientele of investors. Alter-
natively, both markets can have the same measure of sellers, in which case all
investors are indifferent between the two markets. We refer to such equilibria
as symmetric equilibria, to emphasize that markets are symmetric from the

viewpoint of all investors.

4.1 Clientele Equilibria

We focus on the case where market 1 is the one with the most sellers. This

is without loss of generality as any equilibrium derived in this case has a

symmetric counterpart derived by switching the indices of the two markets.

Theorem 1 There exists a unique clientele equilibrium in which market 1 is

the one with the most sellers.

A clientele equilibrium is characterized by the switching rate x* of the investor

who is indifferent between the two markets. Investors with x > k* enter into

market 1, and investors with K < k* enter into market 2. According to Theorem

15



1, such a cutoff k* exists and is unique.

Theorem 2 The clientele equilibrium where market 1 is the one with the most

sellers, has the following properties:

(a) More buyers and sellers in market 1: py > pi and pl > p?.
(b) Higher buyer-seller ratio in market 1: p}/ul > pi/p?.

(c) Higher prices in market 1: p'(k) > p*(k) for all k.

According to Theorem 2, market 1 has not only more sellers than market
2, but also more buyers, and a higher buyer-seller ratio. Moreover, the price
that any given buyer expects to pay is higher in market 1. The intuition is
as follows. Since there are more sellers in market 1, buyers’ search times are
shorter. Therefore, holding all else constant, buyers prefer entering into market
1. To restore equilibrium, prices in market 1 must be higher than in market
2. This is accomplished by higher buying pressure in market 1, i.e., higher

buyer-seller ratio.

In the resulting equilibrium, there is a clientele effect. Investors with high
switching rates, who have a stronger preference for short search times, prefer
market 1 despite the higher prices. On the other hand, low-switching-rate
investors, who are more patient, value more the lower prices in market 2. The
clientele effect is, in turn, what accounts for the larger measure of sellers in

market 1 since the high-switching-rate buyers turn faster into sellers.

Our model of search provides a natural measure of liquidity. Since investors
cannot trade immediately, they incur a cost of delay. A measure of this cost is
the expected time it takes to find a counterparty, and conversely, a measure
of liquidity is the inverse of this expected time. Since a buyer in market ¢
meets sellers at the rate A\u’, the expected time it takes to meet a seller is
¢ = 1/(M\ul). Likewise, the expected time it takes for a seller to meet a buyer
is 70 = 1/(Auj). Since the measures of buyers and sellers are higher in market
1, the expected times 7¢ and 7¢ are lower in that market, and thus market 1
is more liquid. Note that because there are more buyers and sellers in market

1, the trading volume, defined as the flow Auju’ at which matches occur, is

16



higher in that market.

Since market 1 is more liquid than market 2, the price difference between the
two markets can be interpreted as a liquidity premium: buyers are willing to
pay a higher price for asset 1 because of its greater liquidity. In generating
a liquidity premium, our model is analogous to the literature on asset pric-
ing with transaction costs (e.g., [4], [7], [16], [17], [23], [30], [31]). The main
difference with that literature is that we endogenize transaction costs. In par-
ticular, we do not assume that these differ exogenously across assets, but show
that differences can arise endogenously in equilibrium, even when assets are

otherwise identical.

To gain more intuition into the liquidity premium, we compute the equilibrium
in closed form when search frictions are small, i.e., the parameter \ character-
izing the rate of meetings is large. For small frictions, the market converges to
Walrasian equilibrium (WE). In the WE both assets trade at the same price,
determined by demand and supply. If the measure D), of high-valuation agents
exceeds the total asset supply 25, there is “excess demand”: high-valuation
agents are marginal and the WE price is equal to their valuation 6/r. If in-
stead Dy, is lower than 2S5, there is “excess supply”: low-valuation agents are
marginal and the WE price is equal to their valuation (6 — x)/r. In what
follows, we focus on the case D;, = 25, where there is no excess demand or
supply. This symmetric case has the advantage that calculations are the sim-
plest.® We denote the population density of high-valuation agents by g(k), so

that these agents’ measure is

9 One simplifying feature of the case D; = 28 is that when \ goes to oo, the
measures of buyers and sellers are of order 1/v/X. Thus, the rates of meeting buyers
and sellers are of order A x (1/4/X), and converge to co. When Dj, > 28, sellers are
the short side of the market and their measure is of order 1/\, while the measure

of buyers is of order 1. Thus, the rate of meeting buyers converges to oo but that
for sellers remains finite. When Dy, < 25, the opposite is true.
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Since the inflow into the group of high-valuation agents with switching rates in
[k, k4 dk] is f(k)dk, and the outflow generated by switching to low valuation

is kg(k)dk, we have g(k) = f(r)/k.

Proposition 2 Suppose that Dy, = 2S. When \ goes to infinity, p*(x) and

SN T _z :
p*(k) converge to the common limit T — t15- Moreover, the following asymp-
totics hold:
o 1
L= +ol|—= 15
BT (ﬁ) (15)
1
K*=R+o ( (16)
A

where o(1/v/\) denotes terms of order smaller than 1/v/X, and (', o2, &) are
defined by

al = jg(li)lid/i (18)

o = /g(fi)fid/{ (19)

/Rg(l{)dI{:/g(li)dI{. (20)

When search frictions are small, the measures of sellers in the two markets,

{8 }iz1.2, are of order 1/4/\, and the same can be shown for the measures of
buyers. The switching rate x* of the agent who is indifferent between markets
converges to the median & of the distribution g(k), meaning that the measures
of high-valuation agents are equal across markets. Intuitively, since the mea-
sures of buyers and sellers converge to zero, the set of high-valuation agents
in each market coincides in the limit with the set of owners. Moreover, the

measures of owners are equal across markets because assets are in identical
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supply.

The liquidity premium p'(x)—p?(x) is of order 1/+/A. Corollary 1 explores how
the premium depends on the distribution g(k) of high-valuation investors, and
on the bargaining-power parameter z. To state the corollary, we consider the
set @, of real functions ¢ such that (i) ¢ has support [a, b], (i) [° $(y)dy = 0,
and (iii) there exists ¢ € (a,b) such that ¢(y) < 0 for y € (a,c) and ¢(y) > 0
for y € (¢,b). Adding a function ¢ € ®,; to a distribution shifts weight to the
right, while keeping total weight constant.

Corollary 1 Suppose that D), = 2S5 and X is large.

(a) The liquidity premium decreases when g(k) is replaced by g(r) + ¢(k) —
o(k), for ¢ € P, and ¢ € Pz

(b) The liquidity premium can increase or decrease when g(k) is replaced by
g(k) + ¢(k), for ¢ € Oy %.

(c) The liquidity premium decreases when z increases.

According to Property (a), the liquidity premium decreases when the distri-
bution g(k) becomes more concentrated around its median. In the extreme
case of a point distribution, the liquidity premium is zero because investors
are homogeneous. As heterogeneity increases, holding the median constant,

the measure of sellers increases in market 1 and decreases in market 2. This
increases the gap between the buyers’ search times across markets, raising the

liquidity premium.

Property (b) concerns a shift in weight towards larger values of x. One might
expect the liquidity premium to increase since with shorter horizons investors
should value liquidity more highly. The premium can decrease, however, since
shorter horizons imply more trading volume and lower search costs. Property
(b) highlights the importance of endogenizing transaction costs: with exoge-
nous costs, a decrease in horizons generally leads to an increase in the liquidity

premium.
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Property (c) shows that the liquidity premium decreases in the buyers’ bar-
gaining power. The intuition is that buyers’ utility from a transaction is more
sensitive to liquidity than sellers’ utility. Indeed, sellers exit the market after
a transaction, while buyers benefit from the market’s future liquidity when
turning into sellers. When buyers’ have more bargaining power, the price is

driven more by sellers’ utility, and is thus less dependent on liquidity.

Note finally that in order 1/ VA, the liquidity premium does not depend on x,
and the same can be shown for the prices (p*(k), p*(x)). Thus, when frictions
are small, prices are almost independent of buyers’ switching rates, and asym-
metric information on switching rates has no effect. We return to this point

when studying the asymmetric-information case in Section 6.3.

4.2 Symmetric Equilibria

In a symmetric equilibrium the measure of sellers is the same across the two
markets. For investors to be indifferent between markets, the prices must also
be the same. These requirements, however, do not determine a unique sym-

metric equilibrium.

Proposition 3 There exist a continuum of symmetric equilibria. In any such

equilibrium, p'(k) = p*(k) for all k.

The intuition for the indeterminacy is that there are infinitely many ways to
allocate investors in the two markets so that the measure of sellers, and an
index of buying pressure that determines prices, are the same across markets.
One trivial example is that for any switching rate, half of the investors go to

each market, i.e., v'(k) = 1/2 for all k.

5 Welfare Analysis

In this section we perform a welfare analysis of the allocation of liquidity

across assets. We examine, in particular, whether it is socially desirable that
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liquidity is concentrated in one asset, possibly at the expense of others. In the
context of our model, this amounts to comparing the clientele equilibrium,

where concentration occurs, to the symmetric equilibria.

We use a simple welfare measure which gives the utilities of all investors
present in the market equal weight, and discounts those of the future entrants
at the common discount rate r. Discounting is consistent with equal weighting
since future entrants can be viewed as outside investors whose utility is the

discounted value of entering the market. Our welfare measure thus is

K

W= 5 | [oi(s)ub) + ol (s + i+ [ o) () ()

=12 |5

where the last term reflects the welfare of the stream of future entrants. Lemma

2 shows that welfare takes a simple and intuitive form.
Lemma 2 Welfare is

20 x
W=—8- ;(HJ; + p13). (21)

The first term in (21) is the present value of the dividends paid by the two
assets. Welfare would coincide with this present value if all asset owners en-
joyed the full value 0 of the dividends. Some owners, however, enjoy only the
value 0 — . These are the sellers in the two markets, and welfare needs to be

adjusted downwards by their total measure.
5.1 Entry in the Clientele FEquilibrium

We start by examining the social optimality of investors’ entry decisions in
the clientele equilibrium. This serves as a useful first step for comparing the
clientele equilibrium to the symmetric ones. Investors’ entry decisions are char-
acterized by a cutoff k* such that investors above x* enter into market 1, and

those below k* enter into market 2. To examine whether private decisions are
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socially optimal, we consider the change in welfare if some investors close to
k* enter into a different market than the one prescribed in equilibrium. More
specifically, we assume that at time 0, some buyers with switching rates in
[k*, k* 4 dk] are reallocated from market 1 to market 2, but from then on en-
try is according to x*. This reallocation causes the markets to be temporarily

out of steady state and to converge over time to the original steady state.

To compute the change in welfare, we need to evaluate welfare out of steady
state. We first consider the non-steady state that results when the measure of
buyers in market ¢ with switching rates in [k, k + dk] is increased by € relative

to the steady state. Denoting welfare in the non-steady state by W(e), we set

dW(e)
de

Vi(k) =

e=0

The variable V;'(x) measures the increase in social welfare by adding buyers
with switching rate x in market 7. It thus represents the social value of these
buyers. Proceeding similarly, we can define the social value V'(k) of owners

with switching rate x, and the social value V! of sellers.

Proposition 4 The social values (Vii(rk), V. (k), V) are given by

rVy (k) = —kVy (k) + A (Vo (k) = Vi (k) = V7)), (22)
rV, () =0 + k(VY = Vo (k) (23)
Vi =0 —x+ M (Vo (k) = Vi(k)) = V2. (24)

Egs. (22)-(24) are analogous to (8)-(10) that determine investors’ expected
utilities. To compare the two sets of equations, we reproduce (8)-(10) below,

using (11) to eliminate the price:

z

(i) — vj(s) - ), (25)

rup(k) = —kvy (k) + M
rvp(K) = 0+ (v, — vy (k)), (26)
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. 1 o , »
rol =86 —x+ )\MZE(Eé(Ug(@ — vy(K)) = vj)- 27)

The key difference between expected utilities and social values concerns the
flow benefit of meeting a counterparty. Consider, for example, the flow benefit
associated to a buyer. In computing the buyer’s expected utility, we multiply
the buyer’s rate of meeting a seller, Ay, times the surplus realized by the
buyer-seller pair, v’ (k) — vi(x) — v’, times the fraction of that surplus that the
buyer appropriates, z/(1+ z). In computing the buyer’s social value, however,
we need to attribute the full surplus to the buyer. This is because the social
value measures an investor’s marginal contribution to social welfare. Since a
trade involving a specific buyer is realized only because that buyer is added
to the market, the buyer’s marginal contribution is the full surplus associated

to the trade. The same is obviously true for the seller. !0 !

Proposition 5 In the clientele equilibrium where market 1 is the one with the
most sellers, the social value of buyer k* is higher in market 2, i.e., V;}(k*) <

Vi (k7).

Since the social value of buyer «* is higher in market 2, welfare can be improved
by reallocating some buyers close to £* from market 1 to market 2. Thus, in
the clientele equilibrium, there is excessive entry into market 1, i.e., the more
liquid market. The intuition is as follows. Since buyer x* is indifferent between
the two markets, the buyer’s flow benefit of meeting a seller is the same across
markets. A seller’s flow benefit of meeting a buyer, however, is higher in market
1. This is because the seller’s rate of meeting a buyer involves the measure

of buyers rather than that of sellers, and the buyer-seller ratio is higher in

10 Additionally, in computing the buyer’s social value, we need to consider not the
buyer’s rate of meeting a seller, but the marginal increase in the rate of buyer-seller
meetings achieved by adding the buyer in the market. The two coincide, however,
because the search technology is linear in the measures of buyers and sellers.

Tt is worth explaining why our search model generates discrepancies between
expected utilities and social values, while the standard Walrasian model does not.
In the Walrasian model, the surplus that a buyer-seller pair bargain over is zero,
since either party can leave the pair and obtain immediately the market price from
another counterparty. In the search model, by contrast, the surplus is non-zero,
since finding another counterparty is costly. It is because each party gets only a
fraction of this non-zero surplus that discrepancies between expected utilities and
social values arise.
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market 1. Since a seller’s flow benefit is higher in market 1, the discrepancy
between the seller’s social value and expected utility is larger in that market.
(Recall that social value attributes the full benefit of a meeting to each party,
while expected utility attributes only a fraction.) Conversely, since buyers
bargain on the basis of a seller’s expected utility rather than social value, the
discrepancy between their own social value and expected utility is smaller in
market 1. Given that for the indifferent buyer, expected utility is the same
across the two markets, social value is greater in market 2. Intuitively, sellers
are more socially valuable in market 1 because they are in relatively short
supply in that market. Buyers internalize this through the higher prices, but

only partially, and thus they enter excessively into market 1.

5.2 Clientele vs. Symmetric Equilibria

We start with a methodological observation. Both the clientele and the sym-
metric equilibria are dynamic steady states, and comparing these can be mis-
leading. Indeed, an action aiming to take the market from an inferior steady
state to a superior one, must involve non-steady-state dynamics. For such an
action to be evaluated based only on a comparison between steady states,
these dynamics must be unimportant relative to the long-run limit. This is

the case when the discount rate r is small, which we assume below.

Both the clientele and the symmetric equilibria are fully characterized by the
decisions of investors as to which market to enter. We next determine, and use
as a benchmark, the socially optimal entry decisions in steady state. These

are the solution to the problem

max W,
V(i)

where W is given by Lemma 2, u’ by (6), and v?(k) = 1 — v!(k). We solve
this problem, (P), in Proposition 6.

Proposition 6 The problem (P) has two symmetric solutions. The first sat-
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isfies pl > p?, v(k) =1 for k > k%, and v'(k) = 0 for k < K%, for a cutoff

ky,. The second is derived from the first by switching the indices of the two

markets.

Proposition 6 implies that it is socially optimal to create two markets with

different measures of sellers. This is because the two markets can cater to
different clienteles of investors: buyers with switching rates above a cutoff s ,

who have a greater preference for lower search times, are allocated to the

market with the most sellers, while the opposite holds for buyers below ;.

The cutoff }, determines the heterogeneity of the two markets. Increasing . ,
reduces the entry into the more liquid market, say market 1. This increases
the ratio of sellers p}/u?, and makes the markets more heterogeneous from a

buyer’s viewpoint.

We next treat the cutoff above which buyers enter into market 1 as a free
variable, and denote it by ¢. Social welfare is maximized for ¢ = k. As ¢ de-
creases below 7, the two markets become more homogenous from a buyer’s
viewpoint, and welfare decreases. Consider now two values of ¢: the cutoff
k* corresponding to the clientele equilibrium, and the cutoff x’ for which the

measure of sellers is the same across the two markets. Since in the clientele
equilibrium there is excessive entry into market 1, markets are not hetero-

geneous enough from a buyer’s viewpoint, and thus x* < k7. At the same
time, since there is some heterogeneity, k* > k. Therefore, welfare under the

clientele equilibrium exceeds that under the allocation corresponding to x'.

Interestingly, welfare under the latter allocation is the same as under any of
the symmetric equilibria. To see why, note that both types of allocations have
the property that the measure of sellers is the same across the two markets.

Consider now an arbitrary allocation with this property, and denote by us =
pl = p? the common measure of sellers. The aggregate measure of inactive
owners (i.e., the sum across both markets) depends on this allocation only
through pus, since pi, is the only determinant of the buyers’ matching rate. Since

the aggregate measure of inactive owners plus sellers must equal the aggregate
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asset supply, jis is uniquely determined regardless of the specific allocation. 2
Since, in addition, welfare depends only on pus, it is also independent of the

specific allocation. Summarizing, we can show the following theorem:

Theorem 3 All symmetric equilibria achieve the same welfare. Moreover, for

small r, they are dominated by the clientele equilibrium.

6 Extensions

6.1 Market Integration

Our analysis assumes that markets are partially segmented in that buyers
must decide which of the two assets to search for, and then search for that
asset only. For example, a buyer deciding to search for asset 1 is precluded
from meeting sellers of asset 2. In Proposition 7 we show that this assumption
is critical for the existence of equilibria where assets differ in liquidity and

price.

Proposition 7 If buyers can search simultaneously for both assets, then they
buy the first asset they find. Moreover, prices and sellers’ search times are

identical across assets.

Proposition 7 shows that under simultaneous search, each asset’s buyer pool
consists of the entire buyer population. In particular, there cannot be equilibria
where some buyers decline to buy one asset because they prefer to wait for
the other. Indeed, waiting for one asset could be optimal if sellers sell that
asset cheaply. But then, the asset would attract a large buyer population, and

sellers’ reservation value would be greater than for the other asset.

12 To show this formally, we add (6) for market 1 to the same equation for market
2, and find

f s f (k)
_ 2us = 25.
/R(Au5+/€)dﬁ+ 7 S

K

This equation determines us uniquely, regardless of the specific allocation.
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A broad implication of Proposition 7 is that search can explain differences
in liquidity across otherwise identical assets, but only when combined with
some notion of segmentation. In this paper, segmentation takes the form that
buyers are constrained to search for a specific asset (but can choose which
one). Work subsequent to this paper in [32] considers two types of buyers:
agents who establish long positions and can search for both assets, and agents
who need to cover previously established short positions. A short position is
established by borrowing an asset and selling it in the market. Segmentation

arises because of the institutional constraint that short-sellers can deliver to
their lender only the exact same asset they borrowed. Thus, in line with this

paper, short-sellers can only buy a specific asset, but can choose which one at

the borrowing stage.

In addition to assuming that buyers can only search in one market, we are im-
plicitly assuming that sellers can only sell in the market where they originally
bought. In some sense, this captures the difference between multiple market
venues for the same asset (e.g., [28]) and multiple assets. When one asset is
traded in different venues, sellers can sell in any venue and not necessarily
where they bought. By contrast, when venues correspond to different assets,
sellers must sell in the venue where they bought because they can only sell the
asset they own. For example, in the clientele equilibrium, a seller of asset 2
would be better off converting it into asset 1: this would enable him to access
the buyers searching for asset 1, and to sell faster at the higher price. Such
conversion, however, is not feasible because the assets are physically different

(e.g., Treasury and corporate bonds are different certificates).

6.2 Type-Dependent Bargaining Power

In this section we extend our analysis to the case where the bargaining-power

parameter z is a function of x, rather than a constant.

Proposition 8 Suppose that z(k) is decreasing. Then, there exists a unique

clientele equilibrium in which market 1 is the one with the most sellers. In this
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equilibrium, p' (k) > p*(k) for all K, if 1i(zﬁ()§) < 2(R).

Proposition 8 shows that a clientele equilibrium can exist when z is a function
of k, provided that it is a decreasing function. Indeed, suppose instead that it
is increasing, i.e., buyers with high switching rates have high bargaining power.
Then, sellers in the more liquid market 1 have low utility relative to sellers
in market 2 because they receive a small fraction of the surplus. This induces
more buyer entry into market 1 (relative to the case where z is constant). Due
to this entry, the measure of sellers in market 1 can become lower than in

market 2, contradicting the existence of clientele equilibrium.

When z is a function of x, the clientele equilibrium can have different proper-
ties than in Theorem 2. Implicit in the existence result, is the property that
market 1 has the most sellers. For prices, however, results are less clearcut.
We can show that regardless of the form of z(x), the indifferent buyer x* pays
a higher price in market 1 than in market 2, reflecting the shorter search time.
The same holds for buyers x < k*: they would pay a higher price if they enter
into market 1 (rather than market 2 as they do in equilibrium). Buyers k > x*,
however, might end up paying more if they enter into market 2. Intuitively,
these buyers’ low bargaining power can hurt them more in a market with few
sellers. Our numerical solutions suggest that this phenomenon occurs only for
a small set of parameters, and Proposition 8 rules it out if z does not decrease
too quickly with k. An additional property in Theorem 2 that does not always
extend is that the buyer-seller ratio is higher in market 1. The intuition is
analogous to that in the previous paragraph: if z is decreasing in k, buyer

entry in market 1 is limited.

6.3 Asymmetric Information

In this section we extend our analysis to the case where buyers’ switching
rates are not publicly observable. We start by examining whether a clientele
equilibrium exists. Assuming that market 1 is the most liquid, and denoting

' 1

by &' the maximum switching rate of an investor in market i, we have &' = &
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and %2 = x*. The buyer with switching rate & has the lowest reservation value
in market 7. Indeed, reservation values decrease in switching rates since high-
switching-rate buyers turn faster into sellers and have to re-incur the search

costs.

For simplicity, we restrict the clientele equilibrium to be in pure strategies,
i.e., all sellers in a given market make the same offer. In a pure-strategy equi-

librium, the sellers’ offer must be accepted by all buyers entering a market.
Indeed, suppose that buyers with switching rates above a cutoff ¢! < &' reject
the sellers’ offer in market i. Then, the density function uj(x) of buyers in
market ¢ would increase discontinuously at ¢, as buyers above ¢ would exit
the buyer pool at lower rates.'® This discontinuity would induce the sellers

to slightly lower their offer, to trade with buyers above £°.

Since all buyer-seller matches result in a trade, the equations for the measures
of buyers, inactive owners, and sellers are as in Section 3.1. The equations
for the expected utilities and prices are, however, different, because the price

is the same for all buyers entering a market. More specifically, the sellers’
offer in market 4 is v’(8') — vj(%'), i.e., the reservation value of the highest-
switching-rate buyer, and the buyers’ offer is v?, i.e., the reservation value of a
seller. Since buyers make the offer with probability z/(1+ z), and sellers with
probability 1/(1 + z), the expected price in market ¢ is

P = v+ (5 (F") — vy (R")). (28)

The expected utility of a buyer in market 7 is given by

rop(k) = —kuy(k) + At (vg(k) — p' = vy (), (29)

the expected utility of a seller by

rog =0 — & + Ay (p' —v}), (30)

13 More specifically, ui (x) would be given by (3) for k < ¢!, and (k) = f(k)V(k)/K
for k > ¢, as buyers above ¢ would exit the buyer pool only because of a switch to
low valuation.
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and the expected utility of an inactive owner by (9).

For a clientele equilibrium to exist, each seller must find it optimal to make
an offer which is accepted by all buyers. Suppose that upon meeting a buyer,
a seller decides to make an offer which is accepted only when the buyer’s
switching rate is up to k. Then, the offer is v’ (r) — vi(k), and if it is rejected
the seller re-enters the search process with expected utility v. Thus, the seller

finds it optimal to trade with all buyers if

R € argmax, | Py (k) (v)(k) — vj(k)) + (1 — Pi(x))vi] (31)

where P} (r) denotes the probability that a buyer in market 7 has switching

rate up to k.

Additionally, in a clientele equilibrium, buyer x* must be indifferent between
the two markets. In the asymmetric-information case, an indifferent buyer
might not exist. Indeed, suppose that the seller has all the bargaining power
(z = 0). Then, buyer k* receives zero surplus in market 2 (because the price is
equal to his reservation value), but positive surplus in market 1. To formulate
a sufficient condition for the existence of an indifferent buyer, we treat the
cutoff above which investors enter into market 1 as a free variable, and consider
population measures and expected utilities as functions of that variable. We

also consider the value k' of the cutoff for which the measures of sellers are
equal in the two markets. Then, the sufficient condition is that when the cutoff

takes the value /', buyer x’ prefers entering into market 2. We refer to this
condition as Condition (C). Proposition 9 confirms that a clientele equilibrium

exists under Conditions (31) and (C), and has the properties in Theorem 2. 4

Proposition 9 If Conditions (31) and (C) hold, a clientele equilibrium ezists

and has the following properties:

(a) More buyers and sellers in market 1: pp > ui and pl > p?.

4 71n fact, some properties of a clientele equilibrium can be proven more generally,
without using Conditions (31) and (C). These are that market 1 has more buyers
and higher trading volume, and has a higher buyer-seller ratio and higher prices if
it has more sellers.
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(b) Higher buyer-seller ratio in market 1: u}/pt > u2/u?.
(c) Higher prices in market 1: p* > p*.

Conditions (31) and (C) hold, for example, when search frictions are small
and D;, = 295, i.e., the parameters in the asymptotic analysis of Section 4.1.
This is not surprising: the asymptotic analysis shows that for small frictions,
prices are almost independent of buyers’ switching rates. Therefore, when
switching rates are observable only to buyers, the outcome should be the same
as under symmetric information: a clientele equilibrium should exist and have

the properties in Theorem 2.

Proposition 10 If D, = 2S and X is large, then Conditions (31) and (C)
hold.

Having established the existence of a clientele equilibrium, we next examine
its welfare properties. As shown in Section 5, a sufficient condition for the
clientele equilibrium to dominate the symmetric ones is that entry into market
1 is at or above the socially optimal level. To examine whether this condition
holds in the asymmetric-information case, we compare entry decisions with the
symmetric-information case. Under asymmetric information, buyer x* receives
positive surplus from the seller’s offer when entering into market 1, because
the same offer must also be accepted by buyer . This induces more entry into
market 1. At the same time, a seller’s outside option is reduced by his inability
to price-discriminate, and this lowers the offer a buyer can make, thus raising
the buyer’s utility. Whether this induces more or less entry into market 1
depends on the relative heterogeneity of investors in the two markets. When,
for example, £* is close to &, market 1 is more homogeneous. Thus, the inability
to price-discriminate hurts more the sellers in market 2, inducing more entry
into that market. The overall effect is ambiguous. Suppose, for example, that
f(k) = ck®, where a € R measures the tilt of the distribution towards high
switching rates, ¢ is a normalizing constant (so that Dj = 2S5), and §/k = 2.
Then, entry into market 1 is greater in the asymmetric-information case as

long as « is smaller than 0.51.

Even when entry into market 1 is lower in the asymmetric-information case,
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it can still be socially excessive, because it is so under symmetric information.
For example, when f(k) = ck®, entry into market 1 is socially excessive for

all values of @ and /K. '°

7 Conclusion

In this paper we explore a theory of asset liquidity based on the notion that
trading involves search. We assume that investors of different horizons can
invest in two identical assets. The asset markets are partially segmented in that
buyers must decide which of the two assets to search for, and then search for
that asset only. We show that there exists a “clientele” equilibrium where all
short-horizon investors search for the same asset. This asset has more buyers
and sellers, lower search times, and trades at a higher price relative to its
identical-payoff counterpart. Thus, our model can provide an explanation for
why assets with similar cash flows can differ substantially in their liquidity
and price (e.g., AAA-rated corporate bonds vs. Treasury bonds, and on- vs.
off-the-run Treasury bonds). This phenomenon cannot be readily explained
with theories based on asymmetric information. Our model also allows for a
welfare analysis of the allocation of liquidity across assets. We show that the
clientele equilibrium dominates the ones where the two markets are identical,

implying that the concentration of liquidity in one asset is socially desirable.

15 There might, however, be counterexamples for more complicated distributions.
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A  Appendix

Proof of Proposition 1: Using (11), we can write (8) and (10) as

4
1+ 2

ruy(k) = —kvy(K) + A (v (K) — vy(r) — v3) (A1)

. 1 . . .
ok = 8 = o M (By(oi() = vj(s) — o). (A.2)

Subtracting (A.1) from (9), we find

r(vg(k) — v (K)) = & + K(v] — vy (k) + vy(K)) — Mo (v5(k) — vy(k) — v3)

1+=2

_ 6+ (“+)‘Ni1iz) vl

= vi(k) — o ' A3
) i) = (A3)
Plugging (A.3) into (A.2), we find
, 1 o 1 ;0
UR A S5 — rut ) EY : =0 =-—— (A4
TUg T+ :ubl —l—Z( Tvs) b [T+H+ /\Mélj_z‘| Us r ,era( )

where

. N 1
=14 A\ Ei _ |,
@ o1 "lr+/~c+/\u;1jj

Given v!, the variables vi(k), vi(x), and p'(x) are uniquely determined from
(9), (A.1), and (11), respectively. In the rest of the proof, we compute v} (x)
and p’(k) for use in subsequent proofs. Plugging (A.4) into (A.3), we find

W) () = LT (A5)
T (et M) Q@
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Subtracting (A.4) from (A.5), we find

Vi (k) — vi(K) — v = :

(r+ 5+ i) Q - (40)

14z

Plugging (A.6) into (A.1), we can compute v} (k):

. . . A X
roy (k) = —kuy(K) + A : )
p(K) p(K) Ml‘i‘z(r—i—ﬁ—i-)\/ﬁéliz)@
. Mt —Z—
= vi(k) = e ) (A7)
(ot m) (r s Mk @

Plugging (A.4) and (A.5) into (11), we can compute p'(k):

1 r 1
pi(r) = & & T
r

o . (A.8)

Proof of Lemma 1: Since v} (k*)

= vZ(k*) > 0, the difference v} (k) — vZ(k)
has the same sign as

LG A
v (k%) vp(s*)

(A.7) implies that

1+z

vé(fi)_vi(ﬁ)_r+n*[r+ﬁ*+miz rwwuzzl

_ 142

,Ul}('%*> Ug(’f*) T+ K T_‘_K—{_)\'uélj-z ’I“—|—K,—|->\,U§1j_z
TR AMpg — p2) 7 (k= £) (A.9)

rt+k <r+’f+>‘/ii1j-z) (T+H+AM§1L)7

which proves the lemma.

To prove Theorem 1, we first prove the following lemma:
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Lemma 3 Suppose that investors’ entry decisions are given by v'(k) =1 for
k > k*, and v'(k) = 0 for k < k*, for some cutoff k*. Then, p} and p? are

uniquely determined, pl is increasing in k*, and p? is decreasing in K*.

Proof: Using (6), and setting i = 1, v!(k) = 1 for k > k*, and v'(k) = 0 for

Kk < Kk*, we find

[ Aulf(k) B
/ prp Aﬂi)d/{ +uh=S. (A.10)

The LHS of this equation is strictly increasing in pu!, is zero for p! = 0, and
is infinite for u! = oo. Therefore, (A.10) has a unique solution p!. Moreover,

differentiating implicitly w.r.t. k*, we find

Augf(k*)
iy wG EET R}
de* 1+ f H-I-)\,u ) sdK

Proceeding similarly, we find that p? is uniquely determined by

AP (A11)

Differentiating implicitly w.r.t. x*, we find

A f (%)
d/"Lg _ *( *+)\l~‘ ) 0
e =T Cay < 0.
+ I e ds

Proof of Theorem 1: The cutoff k* is determined by the indifference con-

dition v{ (k*) = vZ(k*). Using (A.7), we can write this condition as
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(A.12)

s _ Tk
(r—ir/ﬁ—l—)\/@ljz) Qr <r+/<;—|—)\u§1frz) Q)?
1 2
1 u
<:> zs = ZS 9 (A13)
r R A M BN R A2+ A B
where
, 4 K4 A2
E'=E PoTiz |
Tt KA AT
Multiplying by the denominators in (A.13), we find
1
(r 4 17) (s = ) + Ay (e BY = ey B') = 0. (A.14)
Since
fr+ R+ Al Tiz b (K)dk = 1 G (r R A 1;)
b M%K* (k+ Apb) (r—i—m—i—)\uiljz)

E:l/
Mo TR AT

and

7’+/<o +>\N51+Z) J
Ii?
T+/@+)\p81+z)

e
M%E /f+>\u5

(A.14) can be written as

pl — 2+l 1 7 Af(x) <T+H*+/\Mgliz> dr
TR+ 2) ) (e 2) (s A2
A (k) <r+/<*~|—)\lt;1iz> dr = 0. (A.15)

1
2

— Mg * /

(r+ )+ 2) L (ke + Md) (r+ 5+ Apd )

To prove the proposition, we consider (A.15) as a function of the single un-
i.e., treat py and pf as implicit functions of £* (Lemma 3). To show

known x*,
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that an equilibrium exists, it suffices to show that (A.15) has a solution x*
satisfying u! > p?. For x* = k, the LHS is negative, since (A.11) implies that
= S > ul. Conversely, for k* = &, the LHS is positive. Therefore, (A.15)

has a solution x* € (&, %). To show that u! > p?, we note that

= Af(K) (r+n*+Aui1iz) T Af(R)R
/ >d/<—/(

(/ﬁ—i—)\ui) (T+H+)\H31+z S (k4 Aug)r

7"+)\,u5 K — K")
/ Hz)( dr > 0,
(k+ Aub)k r—i—m—i—)\,ugliz

and

Kk < 0.

() (7“—|—/€*—|—)\M§1ZZ) " M (K)K*
/( ¥ dli—/(d

K+ Ap?) (7’+f-€+)\,u§1jz) K+ A2k

Plugging into (A.15), we find

K T M) [ M)
Mi_ﬂg+(r+ﬁ*)(1+z) Miﬁ/(/{—f—)\ug)md’{&_ 2/(/@—}-)\@)/{61&

> 0.

Combining with (A.10) and (A.11), we find

1 2 K" (S o S
- 2o 22—
Mo T T e T+ 2) [“S(uz ) ’“‘S(@ )

K" S(us + 13)
—1
re )4 2) [ pged

>0

> 0.

= (s = 13) [H (
Since the term in brackets is positive, we have ul > u2.

To show that the equilibrium is unique, it suffices to show that for any «* that
solves (A.15), the derivative of the LHS w.r.t. k* is strictly positive. Denoting
the LHS by F(x*, ul, u?), we have

dr* Ok* oul drk* o2 dr*’

S S

dE(K" py, 1) _ OF (K" gy i) | OF (K7 gy 1) ity OF (K7, s, 113) diss

37



We will show that the partial derivatives w.r.t. x* and p! are strictly positive,
while that w.r.t. u? is strictly negative. Since dul/dx* > 0 and du?/dx* < 0,
this will imply that dF(k*, ul, u?)/dk* > 0. Setting

hl(/i) = )‘f(’i)
(k4 i) (r+ 5+ i)

we have
OF (K", iy, 13) _ A f () A2 f (k%)
D™ (r+/~c*)(1+2)(/€*+/\l@) (r+ &%) (1 + 2)(K* + Auy)
Slu’Sliz L _ 7 2
+(r+/i (1+2) /h H/h(ﬁ)dﬁ

To show that the RHS is positive, it suffices to show that the term in brackets
is positive. The latter follows by writing (A.15) as

N VT, "
ui—uint us/h2 K)dk — 2 T lqul;Z /h1 —/h2(/£)d/£ =0

and recalling that p! > 2. We next have

x 12 RN A
aF(/ﬁ: 7“57”3) =1+ r K7 MS 1+Z /hQ dI{ o ﬂ's 142 /hl(li)dli
op T TSy

G+ K" At A A
2 ( Hotes /h (/@)[ + L ]dlﬁ.

r+/~i*)(1+z)n K+Aps R+ AT

To show that the RHS is positive, it suffices to show that the sum of the first
three terms is positive. The latter follows by writing (A.15) as

z K

1 r+ R +)\'u81+z/ 2 s / 1
1 B2 (k) drs — L (k)d
P 1 (£ 2) g “S<r+m)(1+z> / (r)dr
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1 K
2 1
— 1 /h dr| = 0.
po |1+ 7 ey (k) Ii] 0
An analogous argument establishes that OF (k*, ul, u?)/0u? < 0. 1

Proof of Theorem 2: Property (a) follows from p! > p? and Property (b).
To prove Property (b), we note that since k > £* in market 1 and k < k* in

market 2, E' <1 and E* > 1. (A.14) then implies that

. 1
(r+ &) (s — p2) + Am(uiui — pipy) <0

1 *
= Am(uiui — papg) > (r+ K5) (s — p2) >0,

which, in turn, implies Property (b).

We finally prove Property (c). Substituting the price from (A.8), we have to

prove that
1l  q1__r 1
L2 r+R+Aug 155 Itz r+s+Au3 155
Q' ) e

Dividing both sides by (A.12), we can write this inequality as G(ul) < G(u?),

where

r 1 *
L s r+n+/\uljz] [T + R A 1erz}

G(n) = .

Given that pu! > p?, the inequality G(u!) < G(u?) will follow if we show that

G(p) is decreasing. Simple calculations show that

Gy = " r L G R =)
2 z z 2 *
® (1+2)(T+’f+)\/i1+z) (1+z)(r+/<a+/\u1+z> (r + Kk*)
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The term in brackets in increasing in both x and x*, and is equal to z/(142) >

0 for k = k* = 0. Therefore, it is positive, and G(u) is decreasing. ]

Proof of Proposition 2: To determine (a',a? &), we use (A.10)-(A.12).
Recalling that g(k) = f(k)/k, we can write (A.10) and (A.11) as

/ g(lil dr + pt = S, (A.17)

S 1455

/ 98 s 2= 8 (A.18)
1+ A

Multiplying both sides of (A.12) by Az/(1 + z), and taking inverses, we find

(r+w)1+2)| o1 (r+r)(14+2)]
l1 R VI 1 Q' = l1+ i Q2. (A.19)

Moreover, using (1) and (3), we can write Q! and Q? as

fﬁ g(k)k dr

K* 1+L1 1
1_ Ak 1
@i EER (TL(H)] (A.20)
f: %d/ﬁ )
2 _ Aus 2
e )‘(Mg>22 By 1+ W] ) (A.Ql)

We next set p = o'/v/A + o(1/vV/X) and k* = & + v/VA + o(1/v/}), and
consider the asymptotic behavior of (A.17)-(A.19) when A goes to co. Taking
limits in (A.17) and (A.18) when A goes to oo, we find

40



i.e., (20). Taking limits in (A.19), we find

F KIKkAK R K)kdK
I ?éli?d e ?((12;2 | (A.22)

Equating terms of order 1/v/X in (A.17) and (A.18), we find

1 X
3 /g(/{)/{d/i —vg(k) +at =0, (A.23)

R

—;2 /g(li)lidli +7g(k) +a* = 0. (A.24)

K

Combining (A.22)-(A.24), we find (18), (19) and v = 0. Given (18) and (19),

(A.20) and (A.21) imply that limy .., Q" = 1+ 1/z for i = 1,2. Therefore,
(A.8) implies that

lim

A—00 A—00

ror Q'

r 1
; _ ) %1_1+zr+n+)\u§1iz 0 x 1 0 x =z
(k)= lim |- — = - - _Z c=-——= .
rl+< r rl+z

(A.8) also implies that

1+2z

1— 1 1— - 1
€T 142 r+r+Au2 1_7_2 14z r+r+Apl =2
T

Q? Q!
T _1 r 1 _1 r 1 ] g?
TQ2 I AH’ z1+ % )\H’ 21+ (T+H)(1z+z) ] Ql
e | 1 L 1] 1 )
T rO? r+m)(1+2) (rtm)(112) ) (142)
rQ L M2 T+ A3z L Atz 1+ Apfz _1+ A2z

where the last step follows from (A.12). Therefore,

T

pl(’i) —PQ(“) = m

, ] 1+ (r+£)(1+2)

_r_ll Volz
Va2z Valz

TR

()
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Simple algebra shows that this is equivalent to (17). ]

Proof of Corollary 1: Since A is large, it suffices to show Properties (a)-(c)
for the highest-order term (i.e., 1/+/A) in (17). Property (c) follows immedi-

ately since z does not enter in (!, a?, &). For Properties (a) and (b), we note

that

(a')? = /g(/{)/@'d/ﬁ = [/g(ka)d/@] f,fﬁg(ﬂ = SE,(k > k)

and

(052)2 = SEy(k < R),

where E; denotes expectation under g. We denote the new distributions by gy,
and the new values of (o', a® &) by (ay, a3, ig). The distribution in case (a)
does not affect the median (kg = k), but concentrates more weight towards

it. Therefore,

(17) then implies that the liquidity premium is lower under g, than under g.
To prove the result in case (b), we consider the distribution g4(k) = g(k —y),
which shifts weight up uniformly by y. (This distribution is of the form g(x)+
¢(k), provided that ¢(k) is defined as g(k —y) — g(x) and all distributions are
considered in the common support [k, % + y|. A sufficient condition for ¢(k)
to change sign only once is that g(k) = cx® for any two constants («, c).) We

have Ry = A + ¥,
(ag)? = S[Ey(k = &) + 9],

(0g)" = S[Ey(rk < &) +].
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To show that the liquidity premium can be higher or lower under g4, we
differentiate the higher-order term in (17) w.r.t. y at y = 0. Setting &' =

E,(k > k) and #? = E,(rk < ), the derivative has the same sign as

The term in brackets is negative for a distribution with 4 =~ 4! (i.e., almost all
mass concentrated on the upper bound of the support). On the other hand,
the term is positive for a distribution with & ~ &%, provided that r and &%/&!

are close enough to zero. Therefore, the derivative can have either sign. (]

Proof of Proposition 3: In a symmetric equilibrium, (A.12) must hold for
all k*. This is equivalent to u! = p? = p, (from Lemma 1) and Q' = Q.
It is easy to check that there is a continuum of functions v'(k) such that
these two scalar equations hold. Plugging these equations into (A.8), we find

pt(k) = p*(k) for all k. ]

Instead of proving Lemma 2, we prove a more general lemma that (i) covers
non-steady states (where population measures, expected utilities and prices
vary on time), and (ii) does not require that the measures of inactive owners
and sellers add up to the asset supply, as must be the case in equilibrium. We

extend our welfare criterion to non-steady states as

K

k()12 0) + 0 ) () + gt [ ] [ k() F () ()i | €70
t

K

where the second subscript denotes time.
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Lemma 4 Welfare is

W, = Z/ ,uo v+ us ) xui’t,} ey (A.25)
t

i=1

Proof: It suffices to show that

W —rt 2 ) .
AeT) de =3 [0l + ) — ] e (A.26)

=1

since this integrates to (A.25). Using the definition of W,, we find

(Wte—rt

Z Az frt

1=1,2

i dvllz,t(’f) i i Hp t(’f) dvé,t(’{) i i d/ié,t(’f)
A= [ [0 4 oo V) 1 ) 0o
d'U; 7 7 dlj’é 7 7 7 7 K]
ot et ) () + b (R ()] + 0 1

— [ vl ()£ )0 () (A.27)

To simplify (A.27), we compute the derivatives of the population measures
and expected utilities. The derivative of a population measure is equal to
the difference between the inflow and outflow associated to that population.

Proceeding as in Section 3.1, we find

dpii () ; Z. S
S — () R) = et () = Mt ()i (A28)
iy, (K) ; i

d];f - )‘Nb (K ):us,t - /Wo,t(/f), (A.29)
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and

K

— [ [t sl) = M ()i | s (A.30)

K

%

d/"Ls,t
dt

To compute the derivatives of the expected utilities, consider, for example,

vp+(k). For non-steady states, (7) generalizes to

0 () = (1= ) [t + Mt (0] () — pi(x) + (1 — Mukdlt — wdt ), (s)]

Rearranging, we find

i dvy, () i i (i i i
roga(e) = B ) (0 () — i) — o). (A3D)

We similarly find

dvl (k)

() = =25 = 6+ (v, — 0] (k). (A.32)
and
. dv’ (. , ,
Pl = et =0 = [ A () (Bi() — vl ). (A.33)

Plugging (A.28)-(A.30) and (A.31)-(A.33) into (A.27), and canceling terms,

we find

Al = _5:“2,75 — (0 - x)ﬂi,tv

which proves (A.26). ]

Proof of Proposition 4: We only derive (22), as (23) and (24) can be derived

using the same procedure. Suppose that at time ¢ the measure of buyers with
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switching rates in [k, k + dk| in market ¢ is increased by €, while all other

measures remain as in the steady state. That is,

(A.34)

p, (') = pi (') for &' ¢ [k, K + dr], ph (k") = pi (k') for all &', and pl, = i,

where measures without the time subscript refer to the steady state.

We determine the change in population measures at time ¢+ dt. Consider first

the buyers with switching rates in [k, k + dk]. (A.28) implies that

b ovar (K) = by () + [F () (k) — mpsy (k) — Msy ()il | d. (A.35)

Plugging (A.34) and yu}, = p!, into (A.35), and using the steady-state version
of (A.35), i.e.,

FR) () = wp () = At ()il = 0,

we find

1 ; € .
Hovar () = (k) + == (1 = wlt — Apdt).

Thus, the measure of buyers with switching rates in [k, k + dk| increases by
€(1 — kdt — \'dt) = eAj(k). In a similar manner, (A.29) implies that the
measure of inactive owners with switching rates in [k, kK + dk] increases by
eApldt = eAl(k), and (A.30) implies that the measure of sellers decreases
by e\uidt = eAl. Finally, the measures of buyers and inactive owners with

k' ¢ [k, Kk + dk] do not change in order dt.

(A.25) implies that

2

Wi=>_ {5(M2,t + Ni,t) - xﬂé,t} dt + (1 — rdt)Wia-

=1
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The derivative of W; w.r.t. € at € = 0 is Vj/(k). The derivative of the term in
brackets is zero since pf,, = pf, and i}, = . Finally, the derivative of Wiy a

is Aj(k)Vy (k) + A4 (5) V5 (k) — ALV Thus,

Vi (k) = (1= rdt) [AL(R)Vy (5) + A (k) Vi(r) — ALV]].

Rearranging, we find (22). i

Proof of Proposition 5: (22)-(24) are the same as (25)-(27), except that
z2/(1 4+ z) and 1/(1 + z) are replaced by 1. Therefore, we can proceed as in
Proposition 1 and replace (A.7) by

A\l

(r+ &) (r 4 K + Aui) {1 + M B [mﬂ |

Vi (k) =

Using this equation, inequality V' (k*) < V;2(x*) is equivalent to

s 12
= < ) , A.36
4R Al A EL T+ R A+ MEER ( )

where

w— b r+ K+ Ak |

Dividing both sides by (A.13), we obtain the equivalent inequality

r R AT A M B R Al Mg B (A3
T4 K4 Ak AN EL T4 RE A+ A\EE2 '

Since for Kk > K*,

R R e

N Y R R R e

47



we have E! > E'. A similar argument implies that £? < E?. Therefore, to

show (A.37), it suffices to show that

PR AL A= BNk Ak 4 A B2

142 1+2 142 142
r+ Kk 4 Al + A E? r+ RS A+ ApEE?
which is equivalent to
(5 [0 = i)+ (B — 2B
S S 1 + z b b 1 + z
-1
AR E — b BT > 0. (A.38)
142
(A.14) implies that
1 *
A (o B — pgpiy B%) = (r + &%) (11 — p13)- (A.39)

1+ 2

Substituting p?u; E' — plu? E* from this equation into (A.38), we find the

equivalent equation

ZQ

z
+ (B — 1y E?) —— > 0.

12
(s — 113) 52

1+~

This equation holds because (i) pl > p? and (i) gt E' > pZE? (from (A.39)
and 11y > 1i3). N

Proof of Proposition 6: From Lemma 2, maximizing W is equivalent to
minimizing p! +p2. We first minimize p! + p2 through the choice of a “trigger”
allocation, i.e., a cutoff ¥ such that v'(k) = 1 for k > k¥, and v'(k) =
0 for k < k%. We show that this constrained problem, (P.), has a unique
solution. We next show that this solution, together with the symmetric one
derived by switching the indices of the two assets, are the only solutions to

the unconstrained problem (P).
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Lemma 3 implies that the derivative of p! + u? w.r.t. k¥ is

[ (i

KE + )\Mi +f” Af(zif;;+)kus)dﬁ KE + )\Ms +f W Af(’;)fr’f\:’)’\“s)d/i

WAGH

*
"iw

(A.40)

Multiplying by the denominators, we find that the term in brackets has the

same sign as

A (R) (R + Aud)
(K + Auz)?

1 Af(R) (R, + M)
(k4 Aul)?

=
©»

IS
g*

Fw;ﬂs /'Ls—i_lus */

Proceeding as in the existence proof of Theorem 1, we can show that there
exists k¥ € (k,%) such that F,, = 0, and moreover, that for any such s’ we
have p! > p2. Proceeding as in the uniqueness proof of Theorem 1, we can
show that for any ! solving F,, = 0, the derivative of F,, w.r.t. K} is positive.

This implies that x; is unique. It also implies that F,, is negative and then

w

*

. . 1 2
~, corresponds to a minimum of i, 4 p3.

positive, and thus &

To show that the solution to (P,.) and its symmetric counterpart are the only
solutions to (P), we proceed by contradiction, assuming that u! + p? is lower
for some non-trigger allocation v!(x). We denote the measures of sellers under
v(k) by {pl, }iz1.2. Without loss of generality, we assume that ul, > u2,, and

first consider the case u!, > p?,. Define & by

,/ k(K +Ausy / +Msy o (A41)

and consider the corresponding trigger allocation. Since p?, solves (6) under

the trigger allocation, it coincides with that allocation’s u?. (A.41) implies

that

f (f(“))dm - / SR (A.42)

k(K + A2,



Since v!(k) gives non-zero weight to values below & (being a non-trigger al-
location), and the function 1/(k + Aul,) is decreasing in r, (A.42) implies
that

/ : J(x) / vi(x) dr. (A.43)

k(K 4+ Auz,) (k + Ausy (K + Ausy K+ Ay,)

Multiplying (A.43) by A(pl, — p2,), and subtracting it from (A.42), we find

T f(k) P ()
/ s L / e (A.44)

k(K + Au,) + Au,)

(6) then implies that pl, is greater than the trigger allocation’s u!, a contra-
diction. When pl, = p2,, ul, is equal to the trigger allocation’s pu!. Therefore,
the allocation v'(k) achieves the same welfare as the trigger allocation, but
since the latter satisfies u! = p?2, it is suboptimal from the first part of the
proof. |

Proof of Theorem 3: Denote by W(¢) the welfare under the trigger allo-
cation with cutoff ¢. From Proposition 6, W(¢) is increasing for ¢ < s, and
decreasing for ¢ > k. The cutoff £’ for which the measure of sellers is equal
across markets obviously satisfies k' < k*, where k* is the clientele-equilibrium

cutoff. Moreover, for small r, we have k* < k. Indeed, for r = 0, (A.36) takes

the form
1 2
MS lj/S
- < . . (A.45)
K* + Al + A\t Bl {";I/\Aﬁ] K* + A2 + A\ E? {’ZIQ’L‘;]
Since
J[E A A] L FR i F(R) (K + M)
By \m—— | =3 T /
Rt PRSI (K + Aug)?

20



and

Y

o [ ] /f de
RV (k + Ap2)?

(A.45) implies that the term in brackets in (A.40) is negative when & is
replaced by k*. Therefore, W({) is increasing at x*, implying that x* < k.
we have W(K') <

Since v’ < k* < k¥, and W({) is increasing for ¢ < k.

w? w?

W(k*). Since, in addition, W(x') is equal to the welfare W, in any symmetric
equilibrium (see Footnote 12), we have W, < W(k*). ]

Proof of Proposition 7: With simultaneous search, the expected utility of

a buyer with switching rate x does not depend on ¢, and is given by

2

rop(k) = —kop(K) + > V' (k)AL (vg(/ﬁ) —p'(k) — Ub(/{)> , (A.46)

=1

where v%(k) is the probability that the buyer accepts to trade upon meeting
a seller of asset i. This probability is one if the surplus v (k) — vy(rk) — % is
positive, and zero if it is negative. (Note that v!(k) and v?(k) do not have to
sum to one if the buyer accepts to buy both assets.) The utility v’(k) of an
inactive owner, the utility v’ of a seller, and the price p’(x) can depend on 4,
and are given by (9), (10) and (11). In (10), g is the measure of buyers in the
set B' = {k: v'(k) — vp(k) — v’ > 0}, and in (11), v}(x) is replaced by vy(k).

We first show that v’ < §/r. Using (11), we can write (A.46) as

rop(k) = —kop(K) + > V7 (k)M

= i (v00) = () — o)
> —rup(k) + V(1) At (“3(*’") —wl(K) ”i)
1+2

o1



Therefore, for k € B,

rup(K) > —kvp(K) + At

—— (va() = w(m) = v).

Subtracting this equation and (A.2) from (9), and taking expectations over

B', we find

Bl (v (k) —vp(K)) — 0 < , , )
Substituting back into (A.2), we find

. /\:“211 T 8

rvs <0 —x+ s — = v, < —.

r+/§+)\uél+z+)\uzm T

We next show that in equilibrium all buyers realize positive surplus from at
least one asset. Indeed, suppose that there exists x such that v’ (k) — vy(k) —
vl <0 for i = 1,2. Since v'(k) = 0 for i = 1,2, (A.46) implies that vy(k) = 0.
(9) then implies that

i
0 —rul
r+K

vo(k) — vp(k) — v =

Since v < §/r, the surplus is positive, a contradiction.

We finally show that in equilibrium all buyers realize positive surplus from
both assets. If not, there exists x such that, e.g., v}(x) — vy(k) — v} < 0. Since

all buyers realize positive surplus from at least one asset, we have v?(x) —

vp(k) — v2 > 0. Subtracting one equation from the other, and using (9), we
find
§—rv:  §—ro!

V2 (k) — 02 — (vi(K) —0}) > 0= - >0=v!l>v
r+K r+K

2
s*

The same reasoning implies that B' C B2 Writing (A.2) as

o2



= —z+ )
T, T+ 1

J W) = vh() = wpn(r)

B

z

5 — rot

1 S
:5—x+A1+ZB/[T+K _Ub(“)] i (k)dr,

and subtracting this equation for ¢ = 1 from its counterpart for ¢+ = 2, we find

1

1 r(vl —v?)
2 .1 =\ / s s d A
rv; = v) 1—i-zB1 r+K Ho(r)dre + 142

[ i) = vale) = o))l

1 r(vl —v?)
>\ / s Y% dr,
1+231 TR () drs

a contradiction since v! > v2. Therefore, all buyers buy the first asset they find,
and sellers’ search times are identical across assets. Moreover, since sellers’

utilities are identical across assets, so are prices. [

Proof of Proposition 8: When z is a function of x, (A.7) and (A.8) generalize

to
(k) = WIECRPR (A.A47)
(r+ k) [r%—m—l— uSHZ(H)}Q
1— T( ) : (r)
6 @ TR e 2B
(K) = — — — . s A .48
pir)=——~ o : (A.48)
where
- Ho 1+ 2(k)](r + k) + Muiz(k) |

(A.9) generalizes to

" 1+z (k) %\ 1+2(k*)
'Ul%('%) UI?(’%) _ rt+K )\<’u ’us 1+z(n 1+z(f~i [ z(K) <7a+"€ ) z(k*) }

vi(k*)  V3(k*Y)  r+k [r + K+ Al lj—:,‘c } {7’ + K+ A 1+z(ﬁ) )}
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Therefore, Lemma 1 holds if the function (r+ k) H(Zﬁ(f ) is increasing in x. (A.15)

generalizes to

*

1 71 M (R) [r 4 5+ M2 25
rst) (e M) [+ 2(R))(r + k) + Apdz(w)]
(
)

: / M) [+ 5"+ M|
rR0) (6 + Al [T+ 2(8)](r + K) + Auiz(r)]

dr

ui—u§+ui(

=

dr = 0.

2
— Mg
(

Proceeding as in Theorem 1, we can show that this equation has a solution.

The proof that u! > u? goes through if

e .

1+ 2(0)](r + &) + Mas2(r)]  [1+ 2(w)]w

is positive for k > k* and negative for x < k*. This is equivalent to the

function

(14 z(r)|(r + k) + Musz(K)

being increasing in . Finally, the uniqueness proof in Theorem 1 goes through
if the function (r+k) H(Z (;” ) is increasing in . Therefore, if z(k) is decreasing in

k, Lemma 1 and Theorem 1 hold, meaning that a clientele equilibrium exists

and is unique.

(A.16) generalizes to

N z(K) * z(Kk*)
G/([L) _ _T + K 1— r _ T)\M 1+2z(k) [T +r + )\'u 1+z(n*)}
2(k 2(k) 12
p [+ 2(8)] [r+ 5+ Ap2eds] 1+ 2(k)] [r 4 4 A2 ] (k)

To show that G'(p) < 0, it suffices to show that the term in brackets is positive

when &, K* are set to zero, holding z(k), z(k*) fixed. Solving for z(x*), the term

o4



of brackets is positive if

z(K") _ 1 |+ A

L+ 2z(k*) A | A

[r[1+ 2(k)] + Apz(k)] — 7] .

This condition holds when z(k) is decreasing and 1-1%(2:) < z(R). ]

Proof of Proposition 9: To show that a clientele equilibrium exists, it suf-

fices to find £* such that when (a) entry decisions are given by v*(x) = 1 for

k > k%, and v!'(k) = 0 for k < k*, (b) population measures are as in Sec-

tion 3.1, and (c) expected utilities and prices are given by (9) and (28)-(30),
1

v} (k) — vi(k) has the same sign as xk — k*. Simple algebra shows that the

solution to the system of (9) and (28)-(30) is

N e (A ki) — i) Ad
vy(K) = : — P P (A.49)
(s M) (r+ 7+ Ml + i)
A 5 K(r+FR+ M)
Vo) = — — ( - ) — (A.50)
ror(r+ k) (r+mZ+Au§)1+Z+Augl+z)
;0 (7’+Ei—|—)\uiljz)x
US - - . i1 . 9 (A.51>
" T(T+W+)‘%1+z +)‘“§14Zrz>
pz':é_ (Tliz+ﬁi+)\uéliz)$ (A.52)
r r(r—i—ﬁi—l—)\ugi—i-)\ugljz)
To show that there exists x* such that
v (k) — v (K*) = 0, (A.53)

we treat k* as a free variable and (%', u%, ) as functions of x*. Condition (C)

implies that the LHS of (A.53) is negative for x* = x'. To show that it is
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positive for k* = K, we write it as

’

(HE, b 1) — HR, 12, 13)]

=R

where

Mis [ (4 O+ i) — o]

H(gvlj/s?/JJb) = :
(r 5%+ Mta) (7 + €+ Mt + Mests)

The function H is increasing in ¢ and ps, and decreasing in ;. For k* = R,
we have ’! = ®2 =&, ul = 5, 2 < S, pui =0, and pf > 0. Therefore, the
LHS of (A.53) is positive, and thus this equation has a solution £* € (k,R).

Since k* > &', and since ! is increasing in £* and p? is decreasing, we have

fus > i,

The sign of v} (k) — vZ(k) is the same as of

ohm) _ wR(R).

From (A.49), this has the same sign as

(r+ R+ Ay = 55) (r bt ) (R A = ) ()

142 1+2 142 1+z
(r o ks = ) (b ) (ot o+ Mo = ) (o )

After some algebra, we find that this has the same sign as

z
1+2

1
~(r+r+ M) + A — 1)

w+m+kﬁﬂ-

Since p! > p2, this has the same sign as k—x*, and thus a clientele equilibrium

exists.
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We next prove Properties (a)-(c). Property (a) follows from p! > p? and
Property (b). To prove Property (b), we note that since H is increasing in ¢,

H(K", prg py) < H(, prg, py) = vy (57) = vy (57) = H(s", i, 1),

Since

r z
)\Ns r+r* 1+2

P RS M Mt

H(H*a,usnub) =

Y

we can write the above inequality as

1 p?

<
r—l—ﬁ*—l—)\u;liz—l—)\/@ljz r+f€*+)\,u§$+>\u§

PP
z

1+

Multiplying by the denominators, and using u! > 2, we find Property (b).

We finally prove Property (c). Substituting the price from (A.52), we have to

prove that
z =1 1_=z z =2 2_z
s TR AT _ I TR AT '
PR M Az R M
Dividing both sides by v}(k*) = vZ(k*), we can write this inequality as

K (R, py) < K(7?, 1), where

r2— 4+ 0+ A=) (r+r*+ A\
R(6.0) = (rz s ) ( 2

(r+ 04+ Mgz — 5 ) A

Since K is decreasing in ¢ and p, and since &' > &2 and p! > p?, the inequality

holds. |

Proof of Proposition 10: Condition (31) can be written as

57



vp(F') = oj(R) > [Pi(r) (wh(k) — vj(k)) + (1 = Pi(x))vi]
& (1= Pi(r))(v(r) = vj(k) = v}) > vi(r) = v}(k) — (W) — v (EY)54)

To show that this holds, we use (A.49)-(A.51). Combining (A.49) and (A.50),
we find

' [(r+Ei—|—>\ui z )(Fc—ir)\ui)—)\ui r }x

142z

vy (k) — v(K) = — , — LelT(A55)
b T (r4 K4 Aul) (r+ﬁ+/\ugliz+/\u;1jz)
which for © = &' simplifies into
o S R 4+ i) @
v (R) = u(R) = — — ( - ) —. (A.56)
r r<r+/<ﬂ+)\/ﬁ)m+/\,u;1+z)

(A.51) and (A.55) imply that

(r+% 4+ M\l x

(r s+ M) (r + 7+ M + i)

vo(k) = vy(K) — v =

and (A.55) and (A.56) imply that

(Rt — K)z

(k) = vy(w) = (v(R') — vy(R")) = : : : —.
’ ’ (r+ f+ Mid) (r+ 7 + Mt + i 122

(A.54) is thus equivalent to

R 14 X
s v 1 (A.5)
=i _ 0] T = =i i’ ’
RE—h [T b v R'— K r+ R+ A
where k' denotes the minimum switching rate in market ¢ (@1 = k* and K% =

£). Proposition 2 shows that when A goes to oo, Ayl is of order v/ and thus
converges to co. Therefore, the RHS of (A.57) converges to zero and the LHS

o8



converges to

1Oy
K= 5 F(0)dy

L'(k) =

This function is continuous in the compact set [£', %], and strictly positive
since f(k) > 0. Therefore, it is bounded away from zero, implying that (A.57)
holds for large .

We next show Condition (C). From the definition of x’, we have p! = p? = pu,.

Using (A.49), we can then write inequality v} (k') < vE(K') as

PR A — T < r A M — R
rH R MG M TR N A

Simple algebra shows that this is equivalent to

Nt = i) e (4 1+ Mty > (7 — 6) (1 + K+ Nyid). (A.58)

z
1+ 2

Proceeding as in Proposition 2 we can show that when A goes to oo, k' con-
verges to K, jis is asymptotically equal to a/ VA, and 1 is asymptotically equal
to 7' /v/\, with

Since y! > 2, (A.58) holds for large \. ]
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