Technical appendix to
“Designing Targeting Rules for International Monetary
Policy Cooperation”
by Gianluca Benigno and Pierpaolo Benigno

Derivation of the quadratic loss functions, equations (3.21), (3.32),
(3.33) in the main text.

In this appendix, we show how to derive a second-order approximation to the sum
of the utilities of the consumers belonging to each country (the objective function of
the policymaker) which results in a quadratic form and can be correctly evaluated
by a log-linear approximation to the structural equilibrium conditions. The method
used here follows Benigno and Woodford (2003). In particular we are going to derive
equations (3.21), (3.32), (3.33) in the main text.

First we recall that each individual has an utility function of the form

Ul =E, {Z BTUCE) = Viyr (5) . €5)] } :

where the index j denotes a variable that is specific to household j and the index i
denotes a variable specific to the country H or F' in which j resides. We assume the
following functional forms
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The objective function of the monetary policymaker of country H is to maximize the
sum of the utilities of its consumers given by

W = Eq {i:: B {U(Ct) —n /On V(i (h), £t>dh1 } ) (2)

since C’tj = ()} for all j belonging to each country because of the complete-market
assumption.
The objective of the policymaker of country F' is

W* = Eq {,i;ﬁt [U(Og‘) — (1 - n)—l/

n

u(cy)

1

Vi), fsz‘)dh} } . 3)

All the variables have the same definitions as in the main text. We further define the
inefficient wedges, u, and 4}, as a combinations of the mark-ups and the distorting
taxes in the following way
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We approximate the model around a steady state in which the three pairs of exogenous
variables (at, a;), (G, G7), (1, pf) all take constant values equal across countries
and such that @, G > 0 and i > 1 at all times. We further focus on a steady-state
in which Uy; = Pus/Pus1 = 1 and Iy, = Pr,/Pr, ; = 1 at all times. The

risk-sharing condition implies that
Uc(Cr) = Uc(CY)

and in the steady state C = C*. Given that Il; = 1 and Iz, = 1 in the steady
state, the countries’ real marginal costs are constant and such that

Uc(C) _

o =Y (77’ C +G.€) (4)
for country H and -
Uc(C P
C;—E e =, (P7'C +G.¢) (5)

for country F', where pgy = Py /P and pr = Pr/P. We note that given the definition
of the general price index we can write

1=npy " + (1 —n)ps’. (6)

Given the functional forms assumed, equations (4), (5) and (6) imply that py = pr =
1 and that Y = Y. As well T = 1, where T' = pr/py. We further note that unless
it = 1, the steady-state output and consumption are inefficiently low. For later use,
we define s, = C/Yy = C*/Y}.

First we consider the welfare of the consumers in the home economy and take a
second-order approximation to its elements. A second-order approximation to U(C})
around the above defined steady state yields to

U(C) = TeClC: + (1 - p)CH] + tip+O(E]F) (7

where t.i.p. denotes terms that are independent of policy and O(]|¢|[®) denotes terms
that are of third order or higher in the norm of the shocks. Here and in what
follows hats variables denote log-deviation of the variable from the steady state, e.g.
C,=InC, /C'. A second order expansion to the term V (y;(h),&,) yields to

V(). &) = VY [5u(h) + %(1 +m)g; (h) = naege(h)] + tip+O([IE]°).  (8)

From (8), we can obtain that
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where following Woodford (2003, ch. 6) we have defined

Evin(0) = [ gun)a,
0
and used the following relations

En[g:()]* = varyge(h) + [Enge(h)], (10)

Fiag = Buih) + 5 (T ) varint) + O] (1)

Equation (11) is derived from a second-order expansion of the output aggregator:
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Using the steady-state relations, we can combine (8) and (9) to get the utility flow
at time ¢
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We can then plug (12) into (2) and obtain that a second-order approximation to the
welfare criterion for the home country can be written as
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where following Woodford (2003, ch. 6) we have used the fact that
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We can write (13) in a vector-matrix notation as
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We can repeat the same steps and obtain a second-order approximation to the welfare
of country F' as
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which can be re-written in a compact form as

o > 1 1 .
W= UCCEO{Z B2y w, — 5@22% — 026, — E’Z:rfﬂ-;?,t} +tip. + O([E]P). (16)

t=0
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We now derive a second-order approximation to the structural equilibrium conditions.
Let us focus on country H. As shown in the text (equation 1.5), the first-order
condition for sellers that can reset their price at time t, is

B, {im HTUo(Cr) <w > Vor [mm Pur _, Vil (), &)} } o

P Py r Pyr Pr Uc(Cr)
(17)
where ) .
) = (2 ) i
H,T
and
Pp,” = aPy,7 + (1= a)p; 7 (h), (18)

is the law of motion of the producer price index. Following Benigno and Woodford
(2003), we take a second-order approximation to equation (17) combined with a



second-order approximation to equation (18). We integrate the resulting equation
forward starting from period 0 and obtain

Vo = EO{Z B Y + pCi — Py + by — nay] +
=0
5[77YH¢ + pCy = Pry + 1y — nay] - [=pCy 4 (2 + )Y

o(l+mn)
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+Prs + fy — 1G] +
where V; is defined by
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where

Ve =7 itﬁaﬁ(l — 20 —no).

We can write equation (19) in a vector-matrix notation as

> 1 1
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t=0

+s.0.t.1.p.4+O(|[€]]?), (20)

where s.0.t.i.p. denotes second-order terms independent of policy and
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Repeating the same steps for the foreign country, we can obtain the second-order
approximation to country F’s AS equation as

Vo = Eo{z B0, + be&, + §$23x$t + B, + §b7rf7r}2,t]
t=0
Fs.0.61p+O(E]1P), (21)
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where V,* is defined by
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with
Zy = [_P(ét* - &:) + (2 + n)?ﬁ,t + Drt + ﬂ: - 77&:] + UkEtW},tH + OﬁEtZt*H‘

We now take a second-order expansion of the demand equation for the goods produced
in the home country, which is the LHS equation of (2.8) in the main text

P —0
YH,t = ( H’t) [nC’t + (1 — n)Cf] + Gt,

I
obtaining
. X . e A Sen(1—=nse) A g
Yu: = —0spus +ns.Cr+ (1 —n)s.Cy + Gy + T(Ct) +
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—5.(nCy + (1 = n)CHGy + 501Gy + 5.0t 1.p.+0(|[€]]%), (22)

where G = (G; — G)/Y . Equation (22) can be rewritten in a vector-matrix form as

S Bl + i, + %:L’;Dxxt 42 DeE] + sotip+O(E]F) =0,  (23)
=0
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d,=[-1 ns. —0s. 0 (1—n)s. 0 0],
d=[0001000 0]
[ 0 0 0 0 0 0 0]
0 mns.(l—mns.) —0s.(1 — sc)n 0 —n(1 —n)s? 0 0
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D,=1]0 0 0 0 0 00
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0 0 0 0 0 00
K 0 0 0 0 00
[0 0 0 0 0 0]
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00 0s. 0 00
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00 0 0 00
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As well, we take a second-order expansion of the demand equation for the goods
produced in the foreign country, which is RHS equation of (2.11) in the main text

P —0
vz, = ( ) G+ (1 - n)Cy] + G

3
obtaining
. . . (1 —ns,)  ~
Yi, = —0scpry +ns.Cy + (1—n)s.C; 4+ G} + M(COQ +
(=)= (1=n)s.) A, o
42 (1= n)( 5 (1=n)s )(C't)2 —n(1—n)s2CrCy +
Se(1—5¢) 9. A A A
—i—%@%%t — 5c(1 = 50)0nCiprr — sc(1 — 5.)0(1 — n)Cf pre —
—5c(nCy + (1 = n)C7)G; + 5.0 G + s.0.b4.p.4+0(][€]]%), (24)
where G* = (G — G)/Y . Equation (24) can be rewritten in a vector-matrix form as
o 1 .
S BUfwt fE+ yriFan + HRE] +sotip Ol =0, (25
t=0
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ff=0000000 1,
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0 0 00 0 0 0 |
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We now derive the relation between relative prices and terms of trade exploiting the
definition of the price index (1.1) in the main text and the fact that T'= Pr/Py

P\ )
<?tt> =n+(1—n)T}°.
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We obtain that

i L1 .
Py =—(1—n)T, — 5%(1—7’&)(1—9)Tf+(9(H£H3), (26)
> 1
S Bk + 5o How] + O(IEI) = 0, (27)
t=0
where
h.,=[00 —1 000 —(1-n),
[0 00000 0 i
0 00O0O0OO O 0
0 00O0O0ODO O 0
H.=100 0000 0
0 00O0O0ODO O 0
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Again starting from (1.1) in the main text, we can take a second-order approximation

to o1
P - _
<?Ftt> =nT? ' 4+ (1 —n)
obtaining
i L1 .
pry =T, — 5n(1 —n)(1 = O)T7 + O(JI¢]*), (28)
N i 1
S 8 llee + SaiLaw] + O(IEII) =0, (29)
t=0
where

I,’=[00000 —1 nl,

000000 0
000000 0
000000 0
L,=[00000 0 0
000000 0
000000 0
(000000 —n(l—n)(1-06) |

The final equation that we need to consider is the risk-sharing condition, equation
(1.3) in the main text
Uc(Ch) = Uc(CY)
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which is exactly log-linear with isoelastic preferences
C, = Cy, (30)
and can be written as

iﬁt [ma,] = (31)
t=0

where

=[0100 —10 0]

We now proceed to construct a quadratic approximation to the welfare criteria for the
home and foreign countries. To this purpose, we combine constraints (20), (21), (23),
(25), (27), (29), (31) to get rid of the linear terms in the expansions (14) and (16). In
particular we need to take a particular linear combination of those constraints. We
collect the vectors that multiply the endogenous variables in the linear components
of the above constraints in the following (7x7) matrix

['=[ag by dy fo he Lo my).

In order to get the right weights to eliminate the linear terms in the welfare approx-
imation of the Home country, equation (14), we solve the following system of linear
equations for the vector ¢

I'¢ = z,.

As well, we solve the system
I'¢h =z

to eliminate the linear terms in the second-order approximation to country’s F' wel-
fare, equation (16). We obtain

1o o \
W = —5UcCE{) _B'[rQure + 20/Qe€ + r, Wiy + amy W]} +
t=0
+Ko + t.1p.+O(|[€]]%), (32)

where

Qo = Zs + G A: + (By + (3D + (4 Fl,
Qe = Z¢ + (1 Ae + (B + (3D + (4 F,
r), = Zm, + (10,
Qry = <2b7rf7
and K is defined as
Ko = UcCl¢ Vo + GV -
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For country F' we obtain that

1 B 3 o0
W = —SUcCE{Y BleiQua +201Q, + a7, mhyy + 62, mi]} +
t=0
K+ tipAO([E]P), (33)

where
Qr =77+ (A + By + (3D, + (i F,

Q¢ = Z¢ + (1 Ae + (3 Be + (3D¢ + (i F,
@, = Ci0m,,
n; = %y + Cobry,
Ky = UcC[GVh + GV

We further note that by using the set of structural equilibrium conditions (22), (24),
(26), (28) and (30) up to first-order terms we can write

w = Noye + Ne&y + O([€]1), (34)
where 3, = [C; T;] and
[ s, s0(1—n) ]|
1 0
0 —(1—n)
N, = | s —s.0n ,
1 0
0 n
L 0 1 -
[0 01 0 0 0]
000O0O0O 0
000O0O0O0
Ne=10000 01
000O0O0O0
000O0O0O0
(00000 0]

By substituting (34) into (32) and (33), we obtain that

17 = > = ~ *
W= —30cCEAY Bl Qutn + 2QeE + 4T + 4, 77)

t=0

+Eo + t.ip.+O( €] P), (35)
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W = —UcCE{Y B Qo + 2008, + ar, Ty + a7, midl}
t=0

+ K¢+ tip+O([[€]]*), (36)

where

Qo = NyQu Ny,
Q¢ = N;QuNe + N, Qe
Qs = NJQ}N,,
Qi = Ny Q3 Ne + N; Qs
Starting from equations (35) and (36) which are written using matrix notation, we

build a more transparent quadratic form in terms of target variables. To this end, we
note that the world welfare

WY =nW + (1 —n)W*,

which is defined as the weighted average of country H’s and F’s welfares with weigths
n and (1 — n), can be written as

1o - ~ ~ *
ww = —§UCCEO{Z By QY v + Qyzlngvét + quhW%,t + qr;ﬁFZ,t] +
t=0

+ K + tip40O(][€]]*), (37)
where the elements of the matrices are the followings

“w (sen+p)?+ Tt (m—=1) (se—p)sen+p) — T (B—1)p(l—s)

x,11

Y

S+ p
AW

z,12 — 0,
AW

z,21 = 07

AW (1_n)n9(5c77 +p) (1 +nsd) +p " (p—1)(se —p)(1+ns0) —p (n—1)(1—s.)

z,22 — s+ p
and
AW 1
=n —1)(p—5c) — (sen +p)),
Q¢ Scn+p[u (m—1)(p—5c) = (5cn + p)]
- 0l (1 — 1) s,(1
O, = " (7 — 1) se( +?7)’
’ Sel) + p
AW 1 ——1 (= 1 /-
ng:nm[u (B —=1) (sen+p) — o~ (m—1)np +n(sen + p)l,
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QNZV,M =n"'(1- n)@gv,na
Qs =n (1= n)Q¢hs,
Q?ﬁe =n"H(1- n)@gv,u,

=

nggz =(1- n)QQ?fu,

Oty = (1= QL+ nl1 = )i (i = 1)
ng,m = _ngﬂl’
nggs - _QEVQZ’
@gv,zﬁ = _QEVQ?)’
¢ = (T (a—1) s+ s+ p— it W‘”’””M’
¢ = (7 (1) s+ sen+p— it (5—1)p) “‘”)m’

Ky =nKoy+ (1—-n)K;.

We observe that we can write (37) in the form
1. = ,
W = —SUcCE{Y 8L} + K + tip+O([g]),
=0

where

LY = XC"(CA’t — C’Z")Q + S\;U(ﬁ — Ttw)z B n)\j‘r’hﬁﬁ + (1 —n) wfﬂ*p?t,

T
w — AW W AW
)‘c = Wz,11» )‘q = Wz,22)

w _ -1 W W -1 W

>\ﬂ'h =n qﬂ'h,’ )\7rf _(1_n) q7rf’

where (Y, is defined as

C’%/”V,t = —(n)\f;u)_l[QZVndW,t + Q?ﬁﬂw,t + Q?ﬁ:aéw,th

and T} as
S TN AW~ AW - AW A
T = —(A,) 1[Q§,21CLR¢ + Qgaallpy + Q¢ asGRil,

(39)

(40)

where ay,; = na, + (1 —n)a;, and ap; = a; — a;. (The same definitions apply to the

other shocks)
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We further note that

Tw

Aq (1 = n)nb[z1 A2 + z),

where

(1+ 0s) (= 1) (1= s)san(pf — 1)

Zo =
sen +p ’ (sen + p)?

21

with the consequence that when pf = 1, then 25 = 0 and z; = 6.
We can now write (38) in another form, noting that

?ﬁit = SCOZ" +(1- n)@scﬂw + Gt,
}713“1,}1; = 5,0 — nfs.T" + G,
and that

(Co = C)? = ns (Vg — Vi) + (L= n)s (Vi — Yi)* — n(1 —n)6*(T, — T)*.

From the above conditions, it follows that
LY =0\ (Vi — Y2+ (1= n)AY (Y7, — V&)
n(1 =\ (T, = T1")? + 02wy, + (1= n)AY 73,

where now

)\;” = 352)\?,
0(1 — 0p)
(sen+p)

In particular we have defined

)\;UE

Vi, = criy + ey + cafiy + i + ;G + oG,
?}g‘ljt = dlét + dQ&: + d3ﬂt + d4,[1/;< + d5ét + dﬁé:,
SCQEV,H (A (nz1 + (1 —n)0) + nz)

G= nAg(zl)\g’ + 22) )
C2 = —SCQZ/H(l —n) [\ (21 — 0) + 2]
o nAl (21 + 22) )
c3 = SCQ?]M (A (nz1 + (1 —n)0) + nz)
3= — |

nAL (1 AY + 22)
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5eQPa(1 = n) [N (21 — 0) + 2]
nAL (1 AY + 22) ’
B CQ£ 132 (nz 4+ (1 —n)d) + SCQN?/,B?IZQ +n(l—n)sAnt (i —1) (5177_7«%

©=- nAy (z1Ay + 22)

Cyp = —

+1,

Ce = —

cQng)\w( —n)(z —0)+ SCQZ/B(I —n)ze —n(l —n)s At (i — 1) (Slc;iep)
nAL (21 AY + 22) ’

SCQEV,M A (21— 0) + 29

A (21N + 22) ’
QU AL = )z + 6] + (1= m)2)
nAL (1S + 22) )

e = 5eQ8 N (21— ) + 2]
= AP (A + 2) :

SCQEV,H AY(1 —n)zy +nb] + (1 — n)z
nAy (z21Ay + 22) ’

cQg 13 (21— 0) + ScQg 1372 — NSACET (B — 1) (;#frep)
>\;L:U(21>\C + Zg) ’

dlE—

dQE—

d4E—

seQUAL (1= n)z1 + nb) + 5.Qf (1 = n)zo + n2s NI (1= 1) s
nAL (21 AY + 22)

We can further use (35) and (36) to get the relative welfare criterion
Wh=w —w*

defined as the difference between the country H’s and F’s welfare criteria. We obtain

[e.9]

1- = .
we— Lo.cn, {Z gth} + KP4 tip+O(€ll).

t=0

where
Lf = th Yt + 2th?§t + C]mﬂTHt + q7rf7TFt7 (42)

and the elements of the matrices are

~r
z,11 — 07
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~ /]—19
= m[(l —5c) + (sen + p)(1 — Os.)],

AR _ AR
z,21 T Wx,12»
SR (1—2n)p"'0

for = gy [0 ms(1 = 050 +6(1 = 5]

~ n .
lel:_—(l—i— 0 )/L 1(1—986),
or __715 A1 +n)

&1z (1 +nbds.)’

OF . — P9 +mls.—n__4

£13 (1+nbs,.) ’

Q?,M = _Q?,u,

ng = _ng,

Q?,w = _Q?:l?ﬂ
@221 =(1- n)QQSH,
ng =(1- n)GC?Qu,

~ 1+nls.—n__
£,23 ( n) (14 nbs,.)

Q£24—n( n)” Q§21,
Qg o5 = n(1 — ”)ﬂQg 22
Qg a6 = (1 —n)” 1@5 235

B Y (1—fs)————
I = ° )sck(l—i—n@sc)’
R _p-1(1—gs, g

(:Zﬂ'f H ( S )Sck*(1+n980)7

K =Ky— K.
We can further write

Lt =200 (G = CIYT, = T7) + NH(Ty = T 4+ Af iy + A7 w5

where
R _ AR
Ay = z,12»
R _ AR
Ay = z,229
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Th

R _ R R _ R
A, = qﬂ'h )\7Tf = Qﬂ'f7
and CF is defined by
CF = —(\B) Y braws + battwws + bsGiwrd), (44)

with .
by =(1— n)ilQ?Jla
by = (1 — ”)_1(2?,227 by = (1 - ”)_1(2?,23-

T is defined as

T = —(qu)_l[bmgt + bsjip, + DG rl, (45)
by = b0,
i1 (1 — ph)
bs = by, by = by + L= P0)
5= b, e

and finally ) .
thTz = —(1 — 271)(/\5)_1[[)1&3715 + bgﬂRyt + b3GR7t].

As another way to write the relative welfare criterion we can define
?H’t = 5.Cf + (1 —n)0s, I + Gy,

Y/F,t = 5.C% — nfs T + G,

and observe that
20(Co—CEYT—T7) = 572 (Va— Vi) =7 2V, — Vi) = (1—2n) 0T~ T7 2. (46)
By using (46) into (43), we obtain

A ~ N ~ ~R, ~ ~
Lt = A (Vi = Vi) = A (Vi = Vi) + A (T = T Af il + N iy, (47)

h

where
R _ \R _ .—2\R
)\yh = )\yf =5, )\yq/Q,

0(1 —2n)p~"'(1 — 0s.)(1 — Op)
(14 nbs,.)

A =M1 —m)AE =

q q )

TP = () NETY? — 6(1 — 2n)AE T,

Now we note that

—(AE) M hade + hafiy, + hsGy + heGi).
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Vi = —(\) ket + kafiy + ksGy + koG,
hy = scby,
hs = s.ba,
0(1 —n)s.i" (1 —0p)
(1+nbs.)
(1 —n)s.p" (1 —0p)
h6 = — s
(1+nbs.)

ko = s.bq,

Y

hs = —(A[,) + scbs +

k4 = Scbg,

where

~ —_ 0L —_ ~
7R = (3F 0(1—2n)n"'(1—6p)

-1

«) (14 nbs.)
We are now ready to retrieve in a more transparent form the welfare of the single

countries. Indeed, we note that the welfare of country H can be written as

W=w"+@1-nW"

By using (41) and (47), we obtain that

1. _ e’}
W = —SUcCEY_ B'Li} + Ko + tip+O(|l€]*). (48)

t=0
where
Ly = Ay, (?Ht - Y/Hh,t)2 + )‘yf (Yl:"kt - }71?,1:)2 + )‘q(Tt - Tth)2 + >\7Th7T12‘I,t + )\Wf,]r}:—?,t? (49)
Ay, = [nA) + (1 - n))\i],
Ay = (L= m)(00 =A%),
_ w R
A7rh = <n>\7rh + (1 - n)Aﬂ'h)7
Ay = (L= m)AZ + (1= m)AR),
A= (n(1 = )N + (1 —n)X,),
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Y/Hh,t = ()\yh)fl(”)\;?ﬁt +(1 - n))‘ffh?}?t)v
?F,t = (/\yf)_l(l - n)(/\z]}}ﬁt - /\gifflﬁt)?
T - wrpw B 7
T = () 0T+ (L= m)Ay T,
The welfare of country F' can be written as

W =w" —awh

and we obtain that

1. & ,
W* = _§UCCEO{Z ALy} + Ko + tipA+O(J[€]]%), (50)
t=0
L: = Azh (}/\/H7t - y[;,t>2 + )\Zf (Y;,t - }’V/Ff;t>2 + )\Z(ﬁ - th)z + A:'hﬂ—?{,t + )\;krfﬂ*F?,t? (5]‘)

* w R
)\yh = n()\yh - )\yh)7
[(1=n)Ay, + 0y,
/\;h = (n/\ﬁh — n/\fh),

* w R
A7I'f — ((1 - n))\ﬂ'f _n>\7'l'f)7

*
Ay

* __ w iR
/\q = ()\q — n/\q ),

fﬂf;t = ()\;h)’l(n)\;”h?;ﬁt — n)\f Y/If;t),

h
Vi, = () (= )Xy Vi, + nAl Vi),
T/ = () O = nd, T,

We are assuming that policymakers are committed to additional commitments at
time 0 on the variables, F}, K;, F} and K;. This assumption boils down to ask that
each policymaker takes as given V) and V' as functions of predetermined and exoge-
nous variables and of the strategy of the other policymaker.! These functions will be
self consistent, reflecting the time consistency of the solution searched, meaning that
they will be the same functions that will be obtained under the equilibrium at later
times. By inspecting the definitions of V{, and V{j we note that indeed they depend
on transitional elements that are related to the specialty of time 0. The timeless per-
spective assumption implies that, in the above-derived welfare functions, the terms
Ky, K can be considered as given when maximizing the welfare. It follows that an
equivalent way to represent the maximization of the welfare of each country is to

!They can also be considered as only functions of the exogenous and predetermined variables.
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minimize the discounted sum of the quadratic losses, L; and L; for policymakers H
and F) respectively.

The loss functions (41), (49) and (51) correspond to equations (3.21), (3.32), (3.33)
in the main text.

A linear-quadratic model (section 3 of the paper). Derivation of equa-
tions (3.22), (3.23) and (3.24).

The loss functions (49), (51) and (41) are indeed quadratic and can be correctly
evaluated by a log-linear approximation to the equilibrium conditions (20), (21), (23),
(25), (27), (29), (31). Up to first-order terms, these equilibrium conditions imply in
the same order

TH = k(nYH,t + Pét — Dy + [y — NG — pge) + BEMH 141 (52)
Try = k*<77}>;,t + Pé: — Prg + iy —nai — pgy) + BET R (53)
Y/H,t = —0s.pus + ns.Cl + (1-— n)scét* + G, (54)

?;’t = —0s.prs + ns.Cy + (1-— n)scéf + @f (55)

Py = —(1—n)T, (56)

pre = nT, (57)

C,=Cr (58)

We can use equations (54)-(58) into (52) and (53) to obtain
Te = k[(n+ ps; Wae + (1 —n)(1 = 0p)T, + fi, — nie — piw,e — ps. ' Gi] + BET 1441,

Ty = k(0 + ps.)Yi, — 01 — 0p)T, + iy — na; — pawy — ps. *G5) + BEm 41,
T, =0""s. Yy — Vi)

which can be further rewritten as

mrg = &|(YVie — Vi) + 1 —n)0(Ty — T1) + w) + BEmp e, (59)
Ty = K [(Vi, — V) — n(T, = T°) + u}] + BEmhy 1, (60)
(T —T") = 0 s, (Ve — Vi) — (Vi — Y2 (61)

where we have defined x" = k*(ps_ ! +n) and ¢ = (1 — pf)/(ps. ' + n) and
Uy = (Psc_l + 77)_1[/115 —nay — Psc_lét + (7 + psc_l)?ﬁt + (1T —=n)(1 - Hp)Ttw],

(ps.t+n) iy — na; — ps.'Gy + (n+ ps. V)Y, — n(1 — 0p)T}").

<
%
If
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Equations (59), (60), (61) corresponds to equations (3.13), (3.14) and (3.15) in the
main text. To these equations, we need to add the log-linear approximation to the
constraint given by the timeless perspective equilibrium (V5 and V;), which up to a
first-order terms requires an initial constraint on 7o = Tuo and 75 = T, Where
as in Woodford (2003, ch. 7), Ty and 7}, have to be interpreted as function of the
predetermined or exogenous variables that will be self-consistent in the equilibrium
considered. In particular we note that

w = [Eawy + iy + EGwal + (L= n)[v1Gre + Yofiny +73Gre),  (62)

uy = [51&W,t + 52ﬂw,t + §3GW¢] - ”[71&1%,15 + VQﬂR,t + 73GR¢]7 (63)
where L
¢ = M- (=1 p(1—s)
b Ae (8en + p)?
_BN(sen+p)? =t (p—1) p(1 = se)

2= A (5cn + p)? ’

£ = T (p=1)plp+n)
° A (sen + p)?

, = n(l— n)qiﬂ‘l (R—1)(@1—s)

)

Y

Ay (8e1+ p)?

_n(d=n)0la (L +nfs)(sen+p) — 0t (p—1) (1 = s.)]
Yo = Tw )
Ag (8¢ + p)?

Y= _n(l—n)p (= 1) (1 +0n)
’ Ny (sen + p)?

Analysis of the gains from cooperation (section 3.2 and section 4 of the
paper)

This subsection presents the details of the results of section 4 of the paper. In a
non-cooperative equilibrium, each country minimizes its loss function by choosing its
path of GDP inflation as a function of the shock, taking as given the strategy of the
other policymaker. In particular, in a non-cooperative equilibrium where each country
commits from a timeless perspective, the policymaker in country H minimizes the
loss function (49) under the constraints (59)—(61) and the constraint that 75 ¢ = 7g.
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The lagrangian of this problem can be written as

1 ~ 1
= EOZB Ay, ( YHt Ylg,t>2+§/\yf(YFt Ylf“lt) + >‘( Th) +§)‘7rh7T12LI,t

e ]+ praln e — (Vi = Tiho) = (U= )T — T — Br i) +
— 1)) +

+902,t[ o 17"}1& (Y/I;t - ?I{“lt) + m/’<Tt - Tth) — PR 17T}<7t+1] +n(l - )@3,t[(ﬁ
_eilsgl(YH,t - YHh,t) + 9713;1<Y;¢ - Y/lgt)] — P11k "

The first-order conditions are

Ay (YHt - Y/Hht) — Y1 9_13;1”(1 - n)@s,t =0, (64)

)\yf<}>f>7‘k,t - Y/}?t) — Pyt 9715;171(1 - n)803,t =0, (65)

)‘q(Tt - Tth) - (1= n)¢§01,t + n¢@2,t +n(l— n)@s,t =0, (66)

AmnTHE T Kﬁl(%,t - 901,t—1) =0. (67)

We now define P14 = ‘Pl,t/n and Doy = sz,t/(l —n), S‘yh = Ay, /1, S‘yf = )‘yf/(l —n)

and A, = \,/(n(1 — n)). We can then combine (64), (65) to get

n:\yh (YHt - {/I};t) + (1 - ”)S‘yf (Y;t - Y/f@t) - ”@1,1: —(1- n)@u = 0. (68)
We take also the difference of (64) and (65) and substitute in (66) for o3, obtaining

M Vit = Vi) = Ay (Vi = Vi) = (L4071 0) (@1 — @og) +0 715 AT = ) = 0.

(69)
We can substitute (69) into (68) obtaining
Pre = [+ =m)1+07s0) N, (Vi — Yigy) +
(1= )y 07 s (14 07 s ) (Y — Vi)
(1= n)0 s AL+ 07 s ) N T - T (70)

We note that

()A/I::t - Y/I?t) - Y/H,t - SCQTt - (GH,t - éF,t) - ?Ifjt
= (Yue— Vi) = s (T = T)) + (Vii, = Viit, — s0T) = (Guy — Gry))

We can then substitute into (70) obtaining
Pro = Ve = YE) +02(T — T)) + 034, (71)
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where
91 = [n+ (1—n)(1+0 s ) A, + (1—n)A,0 s (1 + 07 s )7,
v = (1 — n)@flsglj\a(l + 9713511#)’1 —0(1— n)S\ny*lw(l + 971851@71’
3= (L= n)A, 07 s 1+ 07" s )7,
A = (Y/Hh,t - ?ﬁt — 50T} — (Guy — Gry)).
Finally, we can combine (71) with (67) obtaining
K e T + AV, — Vi) + 02A(T, — T) + 9344, = 0. (72)
We can repeat the same steps for the foreign country obtaining a rule of the form
KA ey + OTAYE, = Vi) + 05A(T, - TY) + 95047 =0, (73)

for certain parameters \ . ;» U1, U3, U3 and variable A7. We finally recall from the
analysis of section 4 in the text, that the two targeting rules that implement the
cooperative solution have the following form

KAy THt + )\Z’A(Y/H,t — ?ﬁ’t) — (1 = n)yA(T, — T*) = 0, (74)
KNS Ty + A AYE, — Vi) +nyA(T, = T7) = 0. (75)

where v = s (i — 1)(1 — s.)(sen + 6~ ~. To study under which conditions
there are no gains from cooperation, we study when the targeting rules (72) and (73)
determine the same equilibrium as the targeting rules (74) and (75). In the first two
cases, indeed, the targeting rules (72) and (73) coincide with the targeting rules (74)
and (75), respectively.

Case I: § =1, s. = 1, with only productivity shocks a; and a;.

A first case in which the targeting rules coincide and then there are no gains from
cooperation is when the loss functions, L and L*, coincide. This is the case when
L;=L; =LY, i.e when L = 0 for each ¢. In particular L = 0 if and only if s. = 1,
f = 1 and there are only productivity shocks a; and a;. It is then the case that under
these conditions (72) and (73) coincide with (74) and (75).

Case II: 0p =1, s, = 1, with only productivity shocks, a; and a;.

The second case in which there are no gains from cooperation corresponds to the
case of independent economies. Under productivity shocks and symmetric demand
shocks, there are no gains from cooperation when s, = 1 and pf = 1.
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First we show that when pf = 1 it is possible to write the loss function for the
cooperative problem as

LY =0 (YVie = Vi) + (L= )Ny (Vi — Yi)? + A0 w4 AY T
Moreover we note that L' can be written as
R (y % R (Vs _ v R
L= N (Vi = Yi )P = N (Ve = Y2+ AT wp, + AT
We can then write L, and L} as

Lt = )\yh (?H,t - }N/Hh,t>2 + )\yf (Yl;kt Y#t) + )\Whﬂ-Ht + )‘Tl'fﬂ-Fta

L: = )‘Zh(YH,t - Y/Iirc,t)2 + )‘Zf (?}?,t - Y/J!,t)2 + >‘* 7THt + /\wfﬂ'Fta
where now
Y= Ay~ (n>‘w Yﬁt‘i’( )AR Ylft)

Y/Ft = ()‘yf)_l( )()‘w le“ut - )‘R Ylﬁt)

~R
Vi = () Ay Vi, = nA) Y ),

~f
Yip, = ()‘Zf)il[( ))‘w Yﬁt + n)\ YFt]

It is now there case that the targeting rules in the non-cooperative equilibrium
have the form

K\r, TH .+ )\yhA(f/H,t — ?H’t) =0,

I{*A;krf,]r*F,t + AZfA(Y;,t - YF,t) = O?
while in the cooperative solution they have the form

K\ Tt + )\Z)A(YH,t - ?ﬁ},t) =0,

KA Ty + Ny AYE, —Yiy) =0.
It is clear that under the assumption 6p = 1 there are no gains from coordination

~h ~ ~h -
ifand only if Y, = Vi, Y, = Vi, Ay, = A), Ay =AY, Ar, = A0 AL, = AL, For

T

this to be the case it should be that s. = 1, with only productivity shocks a; and a;.
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Case III: s. = 1, with only symmetric productivity and demand shocks a, = a7,
9 = 9
Under these assumptions the central planner loss function boils down to

LY =Xy (Vi =Y P+ (1=n) Ay (Vi =Y ) 4n(1—n) A TP 4nAe 7 +(1—n) A2 7%,

where

r =

dW,ta
n+p

while the structural equilibrium conditions collapse to
THt = H[(YH,t —Y") + (1 —n)oTy) + BETH 11,

Thy = “*[(Y;t Yw) - ant] + 5Et7TFt+1;
Tt =9t S, (YH,t — YF*’t).

It is then the case that the targets my; = 0 and 7}, = 0 implement the optimal
cooperative equilibrium. It can be also shown that the loss functions L; and L} can
be written as

Ly = >‘yh (YHﬂf - Y/;fw)2 + )\yf (Y;t Yw) + )‘ T2 + )\Whﬂ-Ht + )‘Wfﬂ-Ft

Ly =X (Ve = Y2+ A5 (Vi = V)2 + NT7 + As, 7, + N, T,
from which it follows that the targets 7y, = 0 and 7}, = 0 are also a Nash equilib-
rium. Thus there are no gains from cooperation in this case.

Analysis of the optimal cooperative allocation in the general case (sec-
tion 4 of the main text)

In a cooperative equilibrium, each country minimizes the social loss function by
choosing its path of GDP inflation as a function of the shocks. In particular, in
a cooperative equilibrium where each country commits from a timeless perspective,
the policymakers in country H and F' minimize the loss function (41) under the
constraints (59)-(61) and the constraint that 70 = Ty o and 75y = Tr

1 w
n(l— n))\q %2

1 w
L= EOZ@ yHt 2( ))‘ yFt+2

1 1 . _ _
+ zn/\w 7THt + 2( - ”))‘:fﬂF?t] + ny [k g = Yae — (L= n)Yg — B g ]+

+ (1= n)pg [k 7 — Ypoy +n2bg — BE™ 17T*Ft+1] +n(1 —n)p; [q+
-0 _lyHt +07 y;‘t} - ”901,71“_17TH,0 — (1 - ”)902,7 K 17}0

26



with yp, = (YH,t—Yﬁ”t), Yiy = (Yﬁt—YZ}{’t) and ¢; = (1;—T}") and where P14, P2, and

@3, are the lagrangian multipliers associated with (59), (60) and (61) respectively.

©1._1, P21 are the multipliers associated with the initial conditions 740 and 77 .
The first-order condition with respect to ym, y3, and g; are

)‘ng,t = Q1T (1- ”)9_1351903,t> (76)
Az}y;,t = Yoy — n9_15c_1§03,t’ (77)
/\ZJ% = WPl,t - ¢S02,t — P3¢ (78)
while the ones with respect to mg, and 73, are
’ﬁ)‘ﬁhﬂH,t =Pt~ P15 (79)
/’i*)‘?fﬂ;‘,t = Yo — P2t 15 (80)

for each t > 0.
We first characterize the properties of the optimal cooperative outcome. By taking
a weighted average with weights n and (1 —n) of (76) and (77), we obtain

Aylnyre + (1= n)yp,] = npy, + (1 —n)ey. (81)
We then take the difference of (76) and (77) and combine it with (78), obtaining
()‘Z} + 972352)‘3)((@&16 - y;t) =(1+ eilscﬁliﬂ)(%,t - ‘P2,t>a (82)

where we have used the fact that ypm, — Ypy = 0s.q;. We further note that we can
write (82) as
Ay e = Yig) = Y0 = (P10 — $a4) (83)
where we have used the relation Ay = 0s_"[s2A\) — i (7 — 1)(1 — s¢)scn(sen +
p)~'] and defined v as v = s (i — 1)(1 — s.)(sen + 60751
By using (81) and (83), we can obtain

Ay — (L =n)vq = @14,

AyYEe + Y0 = Pays
which combined with (79) and (80) yields the following relation

KAm, T+ Ay Aymg — (1= n)yAg =0, (84)

KL Ty + Ay Ayl + nyAg = 0. (85)

Optimality of the flexible price allocation (section 3 and 4 of the main
text)
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By inspecting (41), (59), (60) and (61), we have that when v, = u} = 0 it is
optimal to set mg; = 75, = 0 V¢ > 0. This occurs under the following combinations
of shocks and parameters:

Symmetric Shocks: a) s. = 1 with symmetric productivity shocks a; = a;;

b) 7 = 1 with symmetric productivity and public expenditure shocks a; = a7,
ét == GAI

In this case it is easy to check that from (62) and (63) & = 0, §&, = 0 and
¢, = 0. In general symmetric mark-up shocks imply a departure from the flexible
price allocation.

Asymmetric Shocks: a) s. = 1 with asymmetric productivity shocks a; and
ay.

b) ft =1 with asymmetric productivity and public expenditure shocks, i.e. a, a;,
and Gy, Gf.

Again by inspection of (62) and (63), we obtain v; = 0 and 75 = 0 depending on
the cases.

Properties of the Nominal Exchange Rate under Cooperation (section
3 of the main text)

First we note that kA7, = k*A7 . We now use (82) with yp; — y5, = 0s.q: to get
that
(L+0 s, ')

(AY + 07257202 )0,
By combining the previous equation with (79) and (80) and with the law of motion
of the terms of trade we get that

1 (1+07's 1) -
= - < — + 1"
St (KA;Uh e 6’_230_2/\2’)936 (P14 — Pa) t

qr = (901,t - 902715)-

When 7 = 1 we obtain that

1 1 52 n R
ot (0 050) (p+mnse) (Prs = #2i) 1+ 6s.n <aR’t Ryt

Note that in this case u; = fi, and uf = fi;. It is easy to see that when there
are only mark-up shocks then a fixed exchange rate regime would be optimal when
L — _L When there are no mark-up shocks it then follows htat

St 77 (dR’t - GARﬂf) .

o Os.’
- 14 0s.n
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On the other hand when s. =1 and @ > 1

1 1 1 w
= (373) GramarE ATy e T

where T, ¢+’ is a combination of asymmetric productivity, mark-up and public expen-
diture shocks. Note that in this case u; = Eyfi, + £3Gy and uf = &, + £,G. When
there are no mark-up or government expenditure shocks then the nominal exchange
rate follows

Determinacy of Optimal Cooperative Solution in the General Case
(i # 1) (Section 4 of the main text)

We show that the first-order conditions (76)—(80) combined with the constraints
(59)-(61) and the initial conditions ¢, _; and ¢, _; yield to a determinate equilibrium.
First we use (76)—(80) and (61) to write (59) and (60) in terms of only the lagrangian
multipliers and the shocks as it follows

SH

1 %€k 1 —n)vék 1
Eip1441 = (1+5+ 15 >@1t+%9@ 6@175 1+ = ﬁ (86)
1 93&k* noéK* 1 Er* o,
Et802,t+1 = (1 + E + 35 ) 2.t 2T<P1,t - Eﬁpz,t—1 + ?ut (87)
where o
= n)\;1 + (1 —=n)A, (fsc+ V)2,
1 -1
o= M= A, (Osc+ ),
95 = (1—n)A " 40X, (Bs.+ )%,
E=kRA,, =K )\ff,
Ay = 02820, + ),
where A7, A7 . Ays Ags 5\q are defined in the technical appendix. In particular, under

reasonable parameters’ restriction, A7 > 0, )\jff >0, Ay >0, S\q > (0 which imply
that £ > 0, ¥; > 0 and J3 > 0. We can write (7) and (8) in the following form

A A B
Bz = [ A; - ] 2+ [ 01 ] € (88)
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where z; = [¢, ¢, ] and ¢, = [@y; o4]; € = [ue wi], A; with j =1,2,3, and B, are
two by two matrices. In particular

Ay
G21 Q22

Il
1

pu] e[ wefit

with

1 9
a;n = (1+—+ 1£H>>0

a2 =

a1 5

Qyy = (1+%+ﬁ3§{*) >0

and B is a block-diagonal matrix with elements ¢k, £x*. In order to study determi-
nacy, we need to inspect the roots of the characteristic polynomial associated with
the matrix A which is

P() = ¢* — (a1 + az)® + (a11a22 — anars + 2870 — (a1 + ag)B ¢ + 872

First we note that

V1athsthy = 5_27 (89)
1+ g+ g+ Uy = an +az > 2(1+ ) (90)

moreover if P(1)) = 0 then P(¢)"'87") = 0 so that we can further conclude that
Y1y = 571 Y3ty = 571- (91)

Moreover, by Descartes sign rule all the roots are positive. We note that
P(1) = (1+B7) = (148" (an + az) + a11a2: — aziar2
e, >0
PO)=p%>0

The fact that all the roots are positive and that P(1) > 0, P(0) > 0 imply that there
are either 0 or 2 real or complex roots or 4 complex roots within the unit circle.
Conditions (90) and (91) exclude the first and latter possibilities. From conditions
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(91), we can further conclude that the two roots are within the unit circle. The
unique and stable solution of the system is obtained with the following steps. Let V'
the two by four matrix of left eigenvectors associated with the unstable roots. By
pre-multiplying the system (88) with V' we obtain

Etkt—l—l = Al{?t + VBQ (92)
where A is a two by two diagonal matrix of the unstable eigenvalues on the diagonal

and k; = Vz,. The unique and stable solution to (92) is given by

o0

kt = — Z A_jVBEt€t+j

J=0

which implies that

oy =—Vi Vo, = V'Y ATV BEe, (93)

Jj=0

where V; and V; are such that V' = [V} V5]. Equation (93) characterizes the optimal
path of the vector ¢, given initial condition ¢_;; the paths for yy, v}, 7m, 7}, ¢: can
be derived using the conditions (76)—(80).

Targeting Rules in the General Case (Section 4)

To derive the desirable targeting rules for the general case we use the first-order
conditions (76) to (80). First, we take a weighted average with weights n and (1 —n)
of (76) and (77), obtaining

Ay [nyme + (1 =n)yp] = npy, + (1 —n)p,,. (94)

We take the difference of (76) and (77) and combine it with (78), obtaining

NS 40722 N) (Wae — ying) = L+ 07" s7"9) (01, — 0a4), (95)

where we have used the fact that ym, — Ypy = 0s.q;. We further note that we can
write (82) as
Ay Wre = Yig) = 10 = (P10 — Po4) (96)
where we have used the relation \; = 0s;'[s2A) — i (7 — 1)(1 — s¢)sen(sen +
p)~'] and defined v as v = Y ~'s; n(f — 1)(1 — s.)(sen + 0~ 1)~L. By using (81) and
(83), we can obtain
ANy — (1= n)yva = @1,

A Yry +1YG = Qo
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which combined with (79) and (80) yields the following relation

KA Tt + Ny Ayme — (1 —n)yAg =0, (97)
KAL Ty + A Ay, + nyAg = 0. (98)
We now use the following price relations, the terms of trade identity in first difference
T, =T, 1+ AS, + Thy — THt, (99)
and the PPP as well in first difference

= nmas + (1 —n)(AS; + 1) = AS; + 7. (100)

Using (99) and (100), we can rewrite (74) and (75) as
(kAy, +Y)Tre + N Ay — (7 — ) = 0, (101)
(KXY, 4 )T, + A Ay, — y(nt = 75) =0, (102)

where 7, = (1 — n)(Ttw — T,fﬁl) and 7y = —n(Ttw - Tﬁl)-

Proof of determinacy of the solution implemented by the targeting rules
in the general case

We now show that the targeting rules (101) and (102), combined with the condi-
tions (99) and (100) and the constraints (59) to (61) yield to a determinate equilibrium
that coincides with the optimal cooperative solution. We follow here an argument
similar to Woodford (2003, ch. 6). It is easy to see that (101) and (102) combined
with the conditions (99) and (100) imply (74) and (75). Let us define ¢, , and ¢y,
for all t > —1 as

P10 = Nyyme — (1 —n)vaq, (103)
oy = Ny Yy + 1Y, (104)
from which it follows that
“/\:hWH,t = _(901,t - 901,t—1)7 (105)
“*/\iﬂ'},t = _(90271: - ‘P2,t—1)- (106)

Using (61) and (103)-(106), we can then retrieve the system of equations (76)—(80)
which yields to a determinate equilibrium given the initial conditions

1.1 = ANy 1 — (1 =n)yg1,

Po—1 = Ay Yp_1 T nYg-1.
Indeed the lagrangian multiplier ¢; ; and ¢, ; measure the commitment to expec-
tations taken in periods before time 0. The timeless perspective optimal policy is the
one that assigns a particular value to the commitment to expectations prior to period
0 such that the resulting optimal policy is time invariant.
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