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Appendix

In this Appendix we de�ne the symmetric steady state around which we will approximate the economy.

We will analyze the behavior of the economy in the neighborhood of a symmetric deterministic steady

state in which in�ation and depreciation rates are zero. Monetary policy shocks are assumed to be zero

and there are no productivity shocks. Nominal interest rates are equal to the preferences�discount rate.

From (7) in the main text and the foreign counterpart we obtain
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The �rm�s discount factors are

�t;t+s = �
�
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Then from the �rm�s �rst order conditions we have that in steady state each �rm charge the same price

in the domestic and foreign markets.
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Note that in steady state the law of one price holds. Moreover we can write the price indices as

P
1�&

= nP
1�&
H + (1� n)

�
SP

�
F

�1�&
P

�1�&

= n

�
PH

S

�1�&
+ (1� n)

�
P
�
F

�1�&
which implies that in the steady state the real exchange rate is pegged to one (the steady state value for

the real exchange rate is well de�ned):
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from which using the optimal risk sharing condition it follows that
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In steady state, the demand for domestic and foreign produced goods are given by
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In equilibrium (8) in the main text and the corresponding foreign condition imply that
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Substituting (A.1), (A.2), (A.3) and (A.4) we obtain:
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Note that PH

P
and PF

P
are both function of T � PF

PH
so that the previous two equations uniquely determine

T and C.

Aggregate Supply

In this appendix, we present the log-linear approximation of the supply equations (17) and (18) in

the main text. The derivation of (19) and (20) follows similarly. Since marginal costs are constant we

can separate the maximization problem in the domestic and in the foreign market. When a domestic �rm

maximizes in the domestic market, the optimal price ept (h) is given by
ept (h) = �
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where
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and
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Rearranging (A.5), we obtain that
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We now take a log linear approximation around the steady state previously de�ned. We de�ne bp(h)t;t+s =
ln(ept(h)=PH;t+s) and we obtain
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Log linearizing (8) and (12) in the main text and substituting into (A.7)
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and from log linearizing (A.6)
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Substituting all these expression in the log-linearized �rst order condition, we get

�H;t � �Et�H;t+1 = ��H;t
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Note the dependence on the pricing decision in the foreign country. Similar steps are needed in order to

compute the supply curve for goods sold in the foreign country. The only di¤erence is the presence of a

term that depends on the deviations from the law of one price; rearranging the �rst order condition we

get
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Let RSh � SP�
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then, log-linearizing around the steady state we obtain
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Following the same steps as before we have
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Combining (A.8) and (A.9) we obtain the supply curve reported in the text
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Similar steps are needed in order to get (19) and (20). Here we report the coe¢ cients of the two supply

relations.
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Now de�ne the index as TR � P�
H

PH
PF
P�
F
so that

bTRt = bTt + bT �t = bTRt�1 + ��F;t � ��F;t�+ ���H;t � �H;t�
The two terms in parenthesis measure the extent of pricing-to-market for the foreign and the Home �rm

respectively (the extent of pricing to market measure the di¤erence of the in�ation rate for goods sold in

the foreign market and the in�ation rate of goods sold on the domestic market). As we noted before a

genuine pricing to market component emerges in this context if a �rm, in setting its prices, faces di¤erent

degrees of nominal price rigidities depending on the destination of the good. When �H = �H
�
then, for

supply considerations, the domestic and foreign market are seen as identical for the Home �rm and the

extent of pricing to market measures the local currency pricing dimension. As long as prices are preset in

the currency of the buyer, then an unanticipated movement in the exchange rate will drive a temporary

wedge between the home and the foreign price. But in this case there is no pricing to market behavior

because �rms do not choose to set di¤erent prices. Similarly for the Foreign �rm when �F = �F
�
.

�H;t � ��H;t = �H dRSht + � �Et��H;t+1 � Et�H;t+1�
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�F;t � ��F;t = ��F dRSf t + � �Et�F;t+1 � Et��F;t+1�
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and �j � (1��j�)(1��j)

�j for j = H;H�; F; F �. When �H 6= �H
�
,

then the �rms takes into account the asymmetric e¤ects of shocks in their pricing decision. They optimally

choose to charge a di¤erent price for the same good in di¤erent markets since prices have di¤erent degrees

of nominal price stickiness according to the destination of the good. Indeed
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�
+�
�
Et�H;t+1 � Et��H;t+1

�

�F;t � ��F;t = ��F dRSf t + fF � bC; bX�; bT ; bT �; cRS; dRSf t; �F � �F�
�
+

�
�
Et�F;t+1 � Et��F;t+1

�
where fH and fF are two functions equal to zero when �H = �H

�
and �F = �F

�
and they measure the

pricing to market dimension of the pricing decision. From this it follows that identical CES preferences

do not necessarily rule out pricing to market. In particular, we have that
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�

C
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2664 �H;t � ��H;t � �
H� dRSht
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�
Et�H;t+1 � Et��H;t+1

�
3775 : Note that fH = 0 when

�H = �H
�
.

Aggregate Demand
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Log linearizing (11) in the main text we have an equilibrium relation between domestic and foreign

nominal interest rates that links the interest rate di¤erential to the di¤erences of expected consumption

growth and consumer based-in�ation indexes among countries:

bit �bi�t = �
h�
Et bCt+1 � bCt�� �Et bC�t+1 � bC�t �i+ Et ��t+1 � ��t+1� (A.10)

We can obtain a similar log-linearized equilibrium condition in a incomplete market setting in which each

country issues its nominal bond denominated and traded in the country of origin. If we interpret (A.10)

in this way, we can see that, in a stochastic setup with pricing to market, the linearized uncovered interest

rate parity does not hold. Note the following considerations:

� When there are complete markets then (10) holds. Using (10) and (23), we can rewrite (A.10) in

the familiar way

bit �bi�t = Et (RSt+1 �RSt) + Et
�
�t+1 � ��t+1

�
= (A.11)

= Et (RSt+1 �RSt) + Et (RSt �RSt+1 +�St+1) = Et�St+1

Note that the linearized stochastic uncovered interest parity holds independently from the fact that

the law of one price holds;

� In an incomplete market setting, when the law of one price holds, with unit intratemporal elasticity

of substitution between home and foreign goods then the stochastic uncovered interest parity holds.

Indeed, unit intratemporal elasticity of substitution insures that expected consumption growth is

the same across countries (see Corsetti and Pesenti, 2001).

Taylor Rules

Here we explicitly analyze the dynamics of the system under the Taylor rules. In the case in which

the degrees of rigidity are equal across countries, we can restrict the analysis to the following equilibrium
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conditions1

�t � ��t = �cRSt + �Et(�t+1 � ��t+1),
cRSt = cRSt�1 + ��t � �t +�St,

Et�St+1 = �(�t � ��t ) +  
�bTWt � eTt�+ b"Rt ;

bTWt = bTWt�1 �
 
�H +

�H� (& � �)
1 + ��

!�bTWt � eTt�+ � �bTWt+1 � bTWt �
from which it is possible to determine the equilibrium paths of the real exchange rate, the nominal exchange

rate, the in�ation rate di¤erential and the relative price index bTWt . Given the Markovian nature of the

process eTt and b"Rt ; a rational expectations equilibrium assumes the following form

cRSt = a1cRSt�1 + b1 bTWt�1 + c1 eTt + d1b"Rt ,
�t � ��t = a2cRSt�1 + b2 bTWt�1 + c2 eTt + d2b"Rt ,
�St = a3cRSt�1 + b3 bTWt�1 + c3 eTt + d3b"Rt
bTWt = a4cRSt�1 + b4 bTWt�1 + c4 eTt + d4b"Rt .

From (A.14), we have that the relative price index bTWt has always a unique and stable rational expectation

solution of the form

bTWt = �1 bTWt�1 + �1�� + �� (& � �)
1 + ��

�
Et

+1X
j=0

(��1)
j eTt+j ,

where �1 is the stable eigenvalue of (A.14), with 0 < �1 < 1. Furthermore if the process followed by eTt
is Markovian of the form

eTt = �2 eTt�1 + �2;t
with 0 < �1 < 1, then

bTWt = �1 bTWt�1 + � eTt,
1 We have de�ned b"Rt � b"Ht � b"Ft :
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where we have de�ned

� �
�1

�
� + ��(&��)

1+��

�
1� ��1�2

, 0 < � < 1.

Moreover, in a unique and stable rational expectations equilibrium, it is always the case that a1 = a2 =

a4 = 0; a3 = �1 and

b1 =
b4 (�b4 � 1)

1� �b4 � �b4 + �b24 � b4 + ��
;

b2 =
b4 �

1� �b4 � �b4 + �b24 � b4 + ��
;

b3 =
b4 (�b4 � 1� �)

1� �b4 � �b4 + �b24 � b4 + ��
;

b4 = �1

The coe¢ cients on the shocks are such that d4 = 0, c4 = � and

c1 = � (�� �2)�b2c4 + b3c4 (��2 � 1) +  (1� ��2) (c4 � 1)
(�� �2)� + (1� �2)(1� ��2)

,

c2 =
(1� �2)�b2c4 + b3c4� +  � (1� c4)
(�� �2)� + (1� �2)(1� ��2)

,

c3 =
(1� �)�b2c4 + (1� ��2 + �) (b3c4 +  (1� c4))

(�� �2)� + (1� �2)(1� ��2)
,

d1 =
�R� � 1

(�� �R)� + (1� �R)(1� ��R)
;

d2 =
��

(�� �R)� + (1� �R)(1� ��R)
;

d3 = � � + 1� �R�
(�� �R)� + (1� �R)(1� ��R)

Note that both countries follow an in�ation-targeting instrument rules, i.e.  = 0, we will have that the

real exchange rate is completely isolated from productivity shocks. In the case in which there are only

monetary shocks (i.e.var( eT ) = 0) or there is no weight on output stabilization (i.e.  = 0) then we have
the following expression for the real exchange rate variance

var(cRSt)=d21var(b"Rt )
From the expression for d1; we can see that an increase in the in�ation stabilization parameter reduces

this variance. Indeed for �!1; var(cRSt)= 0.
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Managed Exchange Rate Regimes

In the case of managed exchange rate, our equilibrium conditions change into

�t � ��t = �cRSt + �Et(�t+1 � ��t+1),
cRSt = cRSt�1 + ��t � �t +�St,

�indext =

 
�H +

�H� (& � �)
1 + ��

!�bTWt � eTt�+ �Et�indext+1

Et�St+1 = �(�t � �t) +  
�bTWt � eTt�+ ��St + b"Rt ;

bTWt = bTWt�1 + �indext

which can be compacted in a system of the form (�indext � n�F;t+(1� n)��F;t�(1� n)��H;t�n�H;t)

Et

2664 ymt+1

zmt

3775 =
2664 Mm

1 Mm
2

Mm
3 Mm

4

3775
2664 ymt

zmt�1

3775+
2664 mm

1T

0

3775 eTt +
2664 mm

2"

0

3775b"Rt , (A.12)

where ym0t = [�Rt �St; �
index
t ], zm0t�1 = [cRSt�1, bTWt�1], Mm

1 is a 3 � 3 matrix, Mm
2 , M

m
0

3 are 2 � 2

matrices, Mm
4 is a 2 � 2 matrix, mm

j are 3 � 1 vectors and 0 is 2 � 1 vector. Under the condition for

determinacy, there are three eigenvalues outside the unit circle. Let denote these eigenvalues as !1, !2 !3

and collected in the diagonal matrix �. Let V a 3� 5 matrix of the left eigenvectors associated with the

unstable eigenvalues, with the property that VM =�V: Furthermore we decompose V in two matrices

with V = [V1 V2] where V1 is 3 � 3 and V2 is 3 � 2: Now, if eTt and b"Rt follow a Markovian process we

have that the solution for yt is of the form

ymt = 	m1 z
m
t�1 +	

m
2T
eTt +	m2"b"Rt ;

where 	m1 � �V �11 V2 and 	m2T � V �11 (I�1��)�1V mm
T and 	m2" � V �11 (I�2��)�1V mm

" . Further-

more from the system (A.12), we have

zmt = Mm
3 y

m
t +M

m
4 z

m
t�1;

= (Mm
3 	

m
1 +M

m
4 )z

m
t�1 + (M

m
3 	

m
2T
eTt +Mm

3 	
m
2"b"Rt ),

= Zm1 z
m
t�1 + Z

m
2T
eTt + Zm2"b"Rt ,
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where Zm1 and Zm2 have been appropriately de�ned. Reminding that z0 = [cRSt bTWt ]; it can be possible
to rewrite the solution

Am(L)cRSt = RmT (L) eTt +Rm" (L)b"Rt ,
Am(L) bTWt = UmT (L) eTt + Um" (L)b"Rt ,

where A(L) is a second-order polynomial with Am(L) = det[I � LZm1 ] and R
m
T (L); R

m
" (L); U

m
T (L);

Um" (L) are �rst-order polynomials. The real exchange rate is then a stationary variable and behaves

according to an ARMA process in which the AR component is of the second order (for �, 6= 0).

In the case of managed real exchange rate regime, our equilibrium conditions change into

�t � ��t = �cRSt + �Et(�t+1 � ��t+1),
cRSt = cRSt�1 + ��t � �t +�St,

�indext =

 
�H +

�H� (& � �)
1 + ��

!�bTWt � eTt�+ �Et�indext+1

Et�St+1 = �(�t � �t) +  
�bTWt � eTt�+ #cRSt + b"Rt ;

bTWt = bTWt�1 + �indext

which can be compacted in a system of the form

Et

2664 yrt+1

zrt

3775 =
2664 Mr

1 Mr
2

Mr
3 Mr

4

3775
2664 yrt

zrt�1

3775+
2664 mr

1T

0

3775 eTt +
2664 mr

2"

0

3775b"Rt ,
where yr0t = [�Rt �St; �

index
t ], zr0t�1 = [cRSt�1, bTWt�1], Mr

1 is a 3 � 3 matrix, Mr
2 , M

r
0

3 are 2 � 2

matrices, Mr
4 is a 2� 2 matrix, mr

j are 3� 1 vectors and 0 is 2� 1 vector. Doing all the steps as before

we obtain that a solution for cRSt is given
Ar(L)cRSt = RrT (L)

eTt +Rr"(L)b"Rt ,
Ar(L) bTWt = UrT (L) eTt + Ur" (L)b"Rt ,
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where Ar(L); UrT (L) are �rst-order polynomial (the second column Z
r
1 is a zero vector) with A

r(L) =

det[I�LZr1 ] and RrT (L); Rr"(L); UrT (L); Ur" (L) are �rst-order polynomials. As before, the real exchange

rate is then a stationary variable and behaves according to an ARMA process in which the AR component

is of �rst order. Note that this AR component would be zero in the case in which there is no weight on

output gap stabilization.

Interest Rate Smoothing

Under the class of interest-rate smoothing rules, the relevant equilibrium conditions for the determi-

nation of the terms of trade and the exchange rate are

�t � ��t = �cRSt + �Et(�t+1 � ��t+1),
cRSt = cRSt�1 + ��t � �t +�St,

�indext =

 
�H +

�H� (& � �)
1 + ��

!�bTWt � eTt�+ �Et�indext+1

Et�St+1 = 

�bit�1 �bi�t�1�+ �(�t � �t) +  �bTWt � eTt�+ b"Rt ;

bTWt = bTWt�1 + �indext

bit �bi�t = 

�bit�1 �bi�t�1�+ �(�t � �t) +  �bTWt � eTt�+ b"Rt

which can be compacted in a system of the form

Et

2664 yst+1

zst

3775 =
2664 Ms

1 Ms
2

Ms
3 Ms

4

3775
2664 yst

zst�1

3775+
2664 ms

1T

0

3775 eTt +
2664 ms

2"

ms
3"

3775b"Rt ,
where yr0t = [�

R
t �St; �

index
t ], zr0t�1 = [cRSt�1, bTWt�1;bit�1 �bi�t�1], Ms

j is a 3� 3 matrix, while ms
j is a

3� 1 vector. Following the same steps as in the case of the managed-exchange rate regimes, we obtain

yst = 	s1zt�1 +	
s
2T
eTt +	s2"b"Rt ;

zst = Zs1z
s
t�1 + Z

s
2T
eTt + Zs2"b"Rt ,

where the matrices have the same interpretations as in the previous case, clearly starting from di¤erent

matrices Ms.
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The second column of Zs1 is of zeros. It follows that the only source of inertia in the system is coming

only from the interest rate smoothing component. We can rewrite the solution as

As(L)cRSt = RsT (L)
eTt +Rs"(L)b"Rt ,

As(L) bTWt = UsT (L) eTt + Us" (L)b"Rt ,
As(L)

�bit �bi�t� = F sT (L) eTt + F s" (L)b"Rt ,
where As(L) is a �rst order polynomial, RsT (L); R

s
"(L); U

s
T (L); U

s
" (L); F

s
T (L) and F

s
" (L) are second-

order polynomials. The inertia component is only of the �rst order.

We now report the proofs of the propositions in section 7.

PROPOSITION 1:

Proof. To capture the dynamic of the relative prices we de�ne the following two variables:

bTRt � bTt + bT �t
bTWt � n bTt � (1� n) bT �t

From (21) and (22) and substituting (17), (18), (19) and (20) in the main text, we obtain that

bTRt = bTRt�1 + �F;t � ��F;t + ��H;t � �H;t
bTWt = bTWt�1 + n�F;t + (1� n)��F;t � (1� n)��H;t � n�H;t

Substituting the supply curve expressions

bTRt = bTRt�1 � �H bTRt + � �bTRt+1 � bTRt � (A.13)

and

bTWt = bTWt�1 �
 
�H +

�H (& � �)
1 + ��

!�bTWt � eTt�+ � �bTWt+1 � bTWt � (A.14)

It is easy to see that from inspection of equation (A.13) and (A.14) that the dynamics of relative

prices do not depend on monetary policy and monetary shocks. Note that only relative productivity
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shocks a¤ect their dynamics. Note that the orthogonality property of the relative prices is robust to the

speci�cation of the monetary policy rule. Two are its main determinants: the assumption of full pricing

to market and the structure of nominal price rigidities across countries and markets.

PROPOSITION 2

Proof. Note that as long as �H = �F = �H
�
= �F

�
we can consider rules with  = 0 since

yHt � yFt = &
�bTWt � eTt�

and because of proposition 1, relative prices are orthogonal to monetary policy and monetary shocks. The

system of di¤erence equation that determines the dynamics of the real exchange rate and of the nominal

exchange rate is given by

EtcRSt+1 � 1 + � + �
�

cRSt + 1

�
cRSt�1 = Et�St+1 �

1

�
�St

We can rewrite the system in a matrix form after having de�ned Et bQt+1 = cRSt:
Etzt+1 = Bzt + S"t

where zt � [RSt; Qt;�St], "t =
hb"Ht ;b"Ft iand

B =

26666664
1+�+�
� � � �� 1

� �� 1
�

1 0 0

�� � �

37777775

S =

26666664
1 �1

0 0

1 �1

37777775
In order for the system to be determined we need two eigenvalues greater than 1 and one less than 1 in

absolute value (associated with the state variable Qt+1). The characteristic polynomial associated with

the matrix B is given by

��3 + �2 1 + � + �
�

� �
�
1 + ��

�

�
= 0
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from which it is easy to see that the stable eigenvalue is �1 = 0: The other two eigenvalues are determined

by solving the second order polynomial. Note that

�2 � �1 + � + �
�

+

�
1 + ��

�

�
= 0

When we evaluate this polynomial at 1 and �1 we obtain that

P (1) > 0 P (�1) > 0 when � > 1 =) �2; �3 > 1

P (1) > 0 P (�1) < 0 when � < 1 =) 0 < �2 < 1; �3 > 1

so that the equilibrium is determined when � > 1. Let the eigenvector matrix be

E =

26666664
0 e1;2 e1;3

�1 e2;2 e2;3

1 1 1

37777775
For the given eigenvector matrix E; let�s de�ne V � E�1S where vi;j are the elements of V . Then we

obtain

cRSt+1 = � 1X
s=t+1

2664
�
1
�2

�t�s
e2;1Et

�
v2;1b"Hs + v2;2b"Ft+s�+�

1
�3

�t�s
e3;1Et

�
v3;1b"Hs + v3;2b"Ft+s�

3775

d�St+1 = v1;1b"Ht+s � v1;2b"Ft+s � 1X
s=t+1

2664
�
1
�2

�t�s
e2;1Et

�
v2;1b"Hs + v2;2b"Ft+s�+�

1
�3

�t�s
e3;1Et

�
v3;1b"Hs + v3;2b"Ft+s�

3775
from which it easy to see that there is no persistence in the real exchange rate unless the monetary shocks

are serially correlated.
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