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Appendix to: �Monetary Policy Rules and the
Exchange Rate�

(details of the model for the referees)

In this appendix we describe the model in details.
Preferences
The world economy is populated by a continuum of agents on the interval

[0; 1]. The population on the segment [0; n) belongs to the country H, while the
segment [n; 1] belongs to F . A generic agent j belonging to the world economy
is both producer and consumer: a producer of a single di¤erentiated product
and a consumer of all the goods produced in both countries H and F . All goods
are traded. Preferences of the generic household j are given by

U jt = Et
1X
s=t

�s�t
�
U(Cjs) + L

�
M j
s

P is
; �i
�
� V (yjs; zis)

�
,

where the upper index j denotes a variable that is speci�c to agent j, while the
upper index i denotes a variable that is speci�c to country i. We have that i = H
if j 2 [0; n), while i = F if j 2 [n; 1]. Et denotes the expectation conditional on
the information set at date t, while � is the intertemporal discount factor, with
0 < � < 1.
Agents obtain utility from consumption and from the liquidity services of

holding money, while they receive disutility from producing goods.1 We have
that U is an increasing concave function of the index Cj de�ned as

Cj � (CjH)
n(CjF )

1�n

nn(1� n)1�n (1)

and CjH and CjF are indexes of consumption across the continuum of di¤erenti-
ated goods produced respectively in country H and F . Speci�cally,

CjH �
"�
1

n

� 1
�
Z n

o

cj(h)
��1
� dh

# �
��1

, CjF �
"�

1

1� n

� 1
�
Z 1

n

cj(f)
��1
� df

# �
��1

,

(2)
where � > 1 is the elasticity of substitution across goods produced within a
country; the elasticity of substitution between the bundles CH and CF is 1.
2The parameter n denotes both the population size and the �economic� size
of country H, where the �economic size� is the share of the bundle of goods
produced within that country in the consumption index.
L is an increasing concave function of the real money balances, while �i is

a country-speci�c shock to the liquidity preference; we will interpret it as an

1We have assumed that the utility function is separable in these three factors.
2This model can be easily generalized to the case in which the elasticity of intratemporal

substitution is di¤erent from 1.
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exogenous disturbance to money demand. Agents derive utility from the real

money balances, M
j
t

P i where P i is de�ned as3

P i � (P iH)n(P iF )1�n,

P iH �
��
1

n

�Z n

o

pi(h)1��dh

� 1
1��

, P iF �
��

1

1� n

�Z 1

n

pi(f)1��df

� 1
1��

,

where pi(h) is the price of good h sold in country i. We assume that prices are set
in the producer currency and that the law of one price holds: pH(h)=S = pF (h)
and pH(f) = S � pF (f), where S is the nominal exchange rate (the price of F
currency in terms of H currency). Given these assumptions and the structure
of the preferences, purchasing power parity holds, i.e. PH = SPF .
We de�ne the terms of trade T of country F as the ratio of the price of

the bundle of goods produced in country F relative to the price of the bundle
imported from country H. We have then T � PFF =PFH = PHF =P

H
H .

Finally V is an increasing convex function of agent j�s supply of its product
yj . Assuming that agents have disutility of working g(N j), where N j is the
number of hours worked by agent j, and that the production function is yj =
f(N j), we can interpret V (yj) as being equal to g(f�1(yj)). zi is a country-
speci�c stochastic disturbances and can be interpreted as a productivity shock.
For a given Cj , household j chooses CjH and CjF by minimizing the total

expenditure P iCj under the constraint given by (1). Similarly, for given CjH
and CjF , household j allocates the expenditure among the di¤erentiated goods by
minimizing P iHC

j
H and P

i
FC

j
F under the constraints given by (2). The demands

of the generic good h, produced in country H, and of the generic good f ,
produced in country F are

cj(h) =

�
p(h)

PH

���
T 1�nCj , cj(f) =

�
p(f)

PF

���
T�nCj , (3)

where we have suppressed the upper-script in the relative prices�argument given
that relative prices are the same independently of the currency in which they
are expressed.
We assume that each �scal authority allocates a level of public expenditure

only among domestics goods. The public expenditure production functions are
given by

GH =

�
1

n

Z n

0

g(h)
��1
� dh

� �
��1

, GF =

�
1

1� n

Z 1

n

g(f)
��1
� df

� �
��1

;

and they imply the following demands for the generic goods h and f

g(h) =

�
p(h)

PH

���
GH , g(f) =

�
p(f)

PF

���
GF . (4)

3The price index P i is properly de�ned as the minimum expenditure in country i required
to purchase goods resulting in the consumption index of Cj , such that Cj = 1. Similar
de�nitions are given for P iH and P iF .
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Combining (3) with (4) we can write total demand of good h and f as

yd(h) =

�
p(h)

PH

���
[T 1�nCW +GH ], yd(f) =

�
p(f)

PF

���
[T�nCW +GF ]

(5)
where world consumption CW is de�ned as

CW �
Z 1

0

Cjdj.

Assets Market
In each period t the economy faces one of the �nitely many events �t 2 �

(where � is the set of �nitely many states). We denote by �t the history of
events up through and including period t. Looking ahead from period t the
conditional probability of occurrence of state �t+1 is �(�t+1 j �t). The initial
realization ��1 is given.
There are complete markets in this economy both at the domestic and inter-

national levels. We represent the asset structure by having complete contingent
one-period nominal bonds denominated in the Home currency (see Chari et al.
1998). We let BjH;t (�t+1) denote the consumer�s holdings at time t of this bond,
which pays one unit of the Home currency if state �t+1 occurs (at time t + 1)
and 0 otherwise, and we let qt(�t+1 j �t) denote the price of one unit of such a
bond at date t and state �t in units of the Home currency. The Home consumer
maximizes utility subject to the sequence of budget constraints

X
�t

qt(�t+1 j :)BjH;t (�t+1)
PHt

+
M j
t

PHt
�W j

t�1 + (1� � i)
pHt (j)yt(j)

PHt
� Cjt +

TRH;jt

PHt
,

with

W j
t�1 �

BjH;t�1
PHt

+
M j
t�1
PHt

:

For the Foreign consumer we have the following sequence of budget constraints

1

StPFt

"X
�t

qt(�t+1 j :)BjH;t (�t+1)
#
+
M j
t

PFt
�W j

t�1+(1�� i)
pFt (j)yt(j)

PFt
�Cjt+

TRF;jt
PFt

,

with

W j
t�1 �

BjH;t�1
StPFt

+
M j
t�1
PFt

,

TRi;jt are nominal lump sum transfers from the �scal authority of country i in
which j resides to the household j, while � i is a country-speci�c proportional
tax on nominal income.
The budget constraint at date t of the �scal authority of country i for i = H

or F is

� i
Z
j2i
pt(j)yt(j)dj =

Z
j2i
M j
t �

Z
j2i
M j
t�1 +G

i
t +

Z
j2i
TRi;jt ,
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We set the initial conditions BjH;�1 = 0 8j 2 [0; 1].
Consumer Optimization
Given the sequences of prices and incomes and the initial conditions, the

allocation of consumption is completely characterized by the utility function
and the resource constraint.4

Since households have identical preferences, the law of one price holds and
markets are complete, the assumption that the initial wealth is identical among
all the agents implies that there is perfect risk sharing of consumption within
and across countries.
The Euler equation between any state at date t and the state �t+1 at date

t+ 1, for any state �t+1 at time t+ 1 and for any agents j 2 [0; 1], is

qt(�t+1 j :)
PHt

UC(C
j
t ) = ��(�t+1 j :)

UC(C
j
t (�t+1))

PHt+1(�t+1)
.

From here onward, we suppress the upper index j in describing the allocation
of the general consumption index.
The risk-free nominal interest rate is the inverse of the price of a bond that

delivers one unit of the currency in which is denominated independently of the
state. We have that

1

1 + iHt
=

X
�t+1

qt(�t+1 j :);

1

1 + iFt
=

P
�t+1

qt(�t+1 j :)St+1(�t+1)
St

;

where ii denote the risk-free nominal interest rate on a the bond denominated
in currency i. We can then obtain the Euler Equation in terms of the risk-free
nominal bonds

UC(Ct) = (1 + i
i
t)�Et

�
UC(Ct+1)

P it
P it+1

�
. (6)

for each country i. A no arbitrage implication of (6) is the uncovered interest
parity

(1 + iHt )Et

�
UC(Ct+1)

UC(Ct)

PHt
PHt+1

�
= (1 + iFt )Et

�
UC(Ct+1)

UC(Ct)

PFt
PFt+1

�
: (7)

Households�maximization problem is completed by the money demand equa-
tions

LM=P

�
M i
t

Pt
; �i
�
=

iit
1 + iit

UC(Ct) (8)

8t and for each i = H or F .5 From (8), the marginal rate of substitution
between real money balances and consumption is equated to the user cost in

4The latter is derived by combining an appropriate borrowing limit with the budget con-
straint of the households.

5LM=P denotes the derivative of L with respect to the real money balance.
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terms of the consumption good index of holding an extra unit of real money
balances for one period.
Finally at the optimum the resource constraint holds with equality at each

date t and in every history �t.
The demand side of the economy is completed by computing aggregate de-

mands in both countries. Using the appropriate Dixit-Stiglitz aggregators re-
lated to (2) we de�ne

Y H �
��
1

n

�Z n

o

yd(h)
��1
� dh

� �
��1

, Y F �
��

1

1� n

�Z 1

n

yd(f)
��1
� df

� �
��1

.

(9)
Applying (9) to (5), we obtain

Y H = T 1�nC +GH , Y F = T�nC +GF . (10)

While consumption is completely insured, aggregate production can vary be-
tween countries. From (10), it follows that changes in the terms of trade deter-
mine divergences in output across countries.
Interest Rate Rules
The model is closed by identifying the instrument of monetary policy. The

central banks set their instruments in terms of the one-period risk free nominal
interest rates on the nominal bond denominated in their currency. In this work,
we consider feedback rules of the form

1 + iHt = �H (�t) ; (11)

1 + iFt = �F (�t) ; (12)

where �t is the information set at time t and �i are generic functions. An
example of a rule of this kind is a feedback rule in which the nominal interest
rate reacts to the domestic producer in�ation as

1 + iHt = �H

 
PHH;t
PHH;t�1

!
;

1 + iFt = �F

 
PFF;t
PFF;t�1

!
.

Firms and Price Setting
Each producer of a single di¤erentiated good acts in a monopolistic com-

petitive market. The demand for the di¤erentiated good, (5), is a¤ected by the
pricing decision, p(j). 6

The �rms�price setting behavior is modelled through a Calvo-type contract.
Under the Calvo pricing assumption, each �rm has the opportunity to adjust
its price at stochastic intervals. In each period a �rm can set a new price with a

6Producers are small with respect to the overall market and they take as given the indexes
P i, P iH , P

i
F ; T and C, with i = H;F:
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�xed probability 1� � which is the same for all �rms and is independent from
the amount of time elapsed since it last changed price. However, we allow this
probability to be di¤erent between the two countries; then 1 � �i denotes this
probability with i = H;F: When a �rm has an opportunity to set a new price
at period t, it does so in order to maximize the expected discounted value of its
net pro�ts. The price setting decision at t determines the net pro�ts at t + k
only in states of nature in which the producer does not change the price from
t+ 1 to t+ k inclusive: this occurs with probability (�i)k.
It is important to note that all the sellers that belong to the same country

and that can modify their price at a certain time will face the same discounted
future demands and future marginal costs under the assumption that the new
price is maintained. Thus they will set the same price.
The objective for a �rm is to maximize the expected discounted value of

pro�ts:

Et
1X
k=0

(�i�)k
�
�it+k(1� � i)ept(j)eyt;t+k(j)� V (eyt;t+k(j); zit+k)� , (13)

where we have denoted with ept(j) the price of the good j chosen at date t and
with eyt;t+k(j) the total demand of good j at time t+ k conditional on the fact
that the price ept(j) has not changed:7

eyt;t+k(h) =

� ept(h)
PH;t+k

��� �
T 1�nt+k Ct+k +G

H
t+k

�
, (14)

eyt;t+k(f) =

� ept(f)
PF;t+k

��� �
T�nt+kCt+k +G

F
t+k

�
. (15)

Revenues are evaluated using the marginal utility of nominal income �it+k =
UC(Ct+k)=P

i
t+k which is the same for all consumers belonging to country i,

because of the complete-market assumption.
The seller maximizes (13) with respect to ept(j) taking as given the sequences

fP iH;t; P iF;t,P it ; Ct; Gitg, the optimal choice of ept(j) is
ept(j) = �

(� � 1)(1� � i)
Et
P1

k=0(�
i�)kVy(eyt;t+k(j); zit+k)eyt;t+k(j)

Et
P1

k=0(�
i�)k�it+keyt;t+k(j) . (16)

Calvo-price setting implies the following state equation for PHH;t and P
F
F;t

(PHH;t)
1�� = �H(PHH;t�1)

1�� + (1� �H)ept(h)1��, (17)

(PFF;t)
1�� = �F (PFF;t�1)

1�� + (1� �F )ept(f)1�� (18)

Equilibrium
Our model is not solvable in a closed-form solution. We focus on equilibria

where the state variables follow paths that are close to a deterministic station-
ary equilibrium, in which the producer in�ation rates and the exchange rate

7We have that i = H if j = h and i = F if j = f .
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depreciation are zero. In this steady state, we interpret the stochastic shocks
f�it,Git,zitg for i = H or F as zero at all dates.
In this steady state, the instrument of monetary policy, the one period nom-

inal interest rate, is equal to the inverse of the intertemporal discount factor:

1 + iH = 1 + iF =
1

�
.

From the pricing decision in country H; we obtain8

(1� �H)UC(C) =
�

� � 1T
1�n

Vy

�
T
1�n

C; 0
�
, (19)

while in country F we have

(1� �F )UC(C) =
�

� � 1T
�n
Vy

�
T
�n
C; 0

�
. (20)

When �H = �F , it follows that T = 1 and that Y
H
= Y

F
= C.

Given the initial conditions PHH;�1, P
F
F;�1, S�1; the sequences of stochastic

shocks f�it,Git,zitg for i = H, F , the sticky price equilibrium is the sequence
fCt,PHH;t,ept(h),PFF;t,ept(f),Tt,St; iHt ; iFt g such that:
(i) interest rates follow the rules given by (11) and (12);
(ii) consumer optimization conditions, (6), (7), hold;
(iii) producer optimization condition, (16), hold;
(iv) aggregate demand is given by (10), and prices follow (17) and (18);
(v) home and foreign transversality conditions hold.
It is worth noting that with appropriate interest rate rules the money-market

equilibrium determines only the level of money in each country. Moreover shocks
to the liquidity preference a¤ect only the path of money.

8As it is common in models with monopolistic competition, the marginal utility of con-
sumption is not equated to the marginal disutility of producing output.
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Log-Linear Model
Here we describe the stochastic equilibrium which arises from perturbations

around the deterministic equilibrium identi�ed above.
AD Block
From the log-linearization of (6), we obtain

Et bCt+1 � bCt = ��1(biHt � Et�t+1) = ��1(biFt � Et��t+1), (21)

where bC is the consumption index, biH and biF are the nominal interest rates in
the Home and Foreign countries, � and �� are the respective CPI in�ation rates
(where �t =lnPHt =P

H
t�1 and �

�
t =lnP

F
t =P

F
t�1); � is the inverse of the intertem-

poral elasticity of substitution in consumption. The log-linearized uncovered
interest parity is obtained from (7)

Et�St+1 = biHt �biFt , (22)

where �S =lnSt=St�1 is the exchange rate depreciation. Noting that

�t = �St + �
�
t = n�

H
t + (1� n)(�St + �Ft )

where �Ht =lnPHH;t=P
H
H;t�1 and �

F
t =lnP

F
F;t=P

F
F;t�1; we can rewrite (21) using

(22) as

Et bCt+1 = bCt + ��1n(biHt � Et�Ht+1) + ��1(1� n)(biFt � Et�Ft+1); (23)

where � � �UCC(C)C=UC(C). The terms of trade identity can be written in a
log-linear form as bTt = bTt�1 +�St + �Ft � �Ht : (24)

AS Block
The log-linearization of the aggregate supply side of the model implies the

following equations:

�Ht = �H [(1� n)(1 + �)( bTt � eTt) + (�+ �)( bCt � eCt)] + �Et�Ht+1 (25)

= (1� n) kHT ( bTt � eTt) + kHC ( bCt � eCt) + �Et�Ht+1,
�Ft = �F [�n(1 + �)( bTt � eTt) + (�+ �)( bCt � eCt)] + �Et�Ft+1 (26)

= �nkFT ( bTt � eTt) + kFC ( bCt � eCt) + �Et�Ft+1.
where eTt and eCt are the �exible-price allocation; � � Vyy(C; 0)C=Vy(C; 0) and
�i � [(1� �i�)(1� �i)=�i] � [1=(1 + ��)] for i = H or F:
Equations (21), (22), (24), (25) and (26) and correspond to equations (1),

(4), (5), (6) and (7) in Benigno and Benigno (2000).
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Details on the log-linearization of the AS equations
We present the details of the derivation of the AS equation (25) for country

H. The derivation of the country F�s supply side follows in a specular way. The
optimal paths of prices fept(h); PHH;tg is described by equations (16), (14) and
(17).
We can write (16) as

0 = Et
1X
k=0

(�H�)kf[(1� �)(1� �H)�Ht+kept(h) +
+�Vy(eyt;t+k(h); zHt+k)]eydt;t+k(h)g,

and after substituting the expression for �Ht+k

Et
1X
k=0

(�H�)k

("
(1� �)(1� �H)UC(Ct+k) ept(h)PH

t+k

+

+�Vy(eyt;t+k(h); zHt+k)
#) eyt;t+k(h) = 0,

or

Et
1X
k=0

(�H�)k

("
(1� �)(1� �H)UC(Ct+k) ept(h)

PH
H;t+k

Tn�1t+k +

+�Vy(eyt;t+k(h); zHt+k)
# eyt;t+k(h)) = 0,

(27)
where Tt+k = PHF;t+k=P

H
H;t+k. We take a log-linear approximation of this

equilibrium condition around a steady state in which Ct = C, Tt = 1, ept(h)=PHH;t =
1, GHt = 0, z

H
t = 0 and (1� �H)UC(C) = �

��1Vy(C; 0) at all times, obtaining

0 = Et
1X
k=0

(�H�)kf(1� �)(1� �H)UC(C)bpt;t+k +
+(1� �)(1� �H)UC(C)[�(1� n) bTt+k]
+(1� �)(1� �H)UCC(C)C bCt+k + �CVyy(C; 0)[��bpt;t+k +
+(1� n) bTt+k + bCt+k + gHt+k] + �Vyz(C; 0)bzHt+kg

where bpt;t+k = ln(ept(h)=PHH;t+k). We can further simplify the equation above to
0 = Et

1X
k=0

(�H�)kf(bpt;t+k � (1� n) bTt+k � � bCt+k � �[��bpt;t+k + (1� n) bTt+k
+ bCt+k + gHt+k � Y Ht ]g,

where � � �UCC(C)C=UC(C) and � � Vyy(C; 0)C=Vy(C; 0), while we have

de�ne Y
H

t such that Vyz(C; 0)bzHt+k � �CVyy(C; 0)Y Ht : We note that
bpt;t+k = bpt;t � kX

s=1

�H;t+s
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we can then simplify to

bpt;t
1� �H� = Et

1X
k=0

(�H�)k[
1 + �

1 + ��
(1� n) bTt+k + �+ �

1 + ��
bCt+k

+
�

1 + ��
(gHt+k � Y

H

t+k)] + Et
1X
k=0

(�H�)k

"
kX
s=1

�H;t+s

#
. (28)

Log-linearizing (17), we obtain

bpt;t = �H

1� �H �
H
t

Thus we can simplify (28) further to

�Ht
1� �H�

�H

1� �H = Et
1X
k=0

(�H�)k[
1 + �

1 + ��
(1� n) bTt+k + �+ �

1 + ��
bCt+k +

+
�

1 + ��
(gHt+k � Y

H

t+k)] + Et
1X
k=1

(�H�)k
�Ht+k
1� ��

We obtain

�Ht = (1� �H�)1� �
H

�H
1 + �

1 + ��
(1� n) bTt + (1� �H�)1� �H

�H
�+ �

1 + ��
bCt

+(1� �H�)1� �
H

�H
�

1 + ��
(gt � Y t) + �Et�Ht+1 (29)

noting that the natural rate of world consumption and of the terms of trade,
which will arise when prices are �exible, are de�ned as

eCt � �

�+ �
(Y

W

t � gWt ),

eTt � �

1 + �
(gRt � Y

R

t ).

we can simplify the equation above to

�Ht = (1� n)kHT ( bTt � eTt) + kHC ( bCt � eCt) + �Et�Ht+1, (30)

Making use of the log-linearized versions of (10) we get equation (25) (note thatbCt = bCWt ) where
kHC � (1� �H�)1� �

H

�H
�+ �

1 + ��
� �H (�+ �)

kHT � (1� �H�)1� �
H

�H
1 + �

1 + ��
� kHC

�
1 + �

�+ �

�
:

The model is closed by the log-linear approximation of the interest rate rules.
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Welfare criterion
The centralized welfare criterion is the discounted value of a weighted average

of the average utility �ows of the countries,

W = E0
1X
j=0

�j(nwHt+j + (1� n)wFt+j), (31)

where the average utility �ow among all the households belonging to country H
is

wHt = U(Ct)�
R n
0
v(yt(h); z

H
t )dh

n
, (32)

while that of country F is

wFt = U(Ct)�
R 1
1�n v(yt(f); z

F
t )df

1� n . (33)

Through a second-order expansion of (31), we obtain

Wt = �

1X
j=0

�jLt+j (34)

where

Lt+j = �[cWt+j � cW ]2 + n(1� n)�[bTt+j � eTt+j ]2 +

(�Ht+j)

2 + (1� 
)(�Ft+j)2 + t.i.p.+ o(k�k3),

Here we show the details of the derivations. We follow Rotemberg and
Woodford (1997,1998) and Woodford (1999a).
We take a Taylor expansion of each term of the utility function. Taking a

second-order linear expansion of U(Ct) around the steady state value C de�ned
by equation (19), we obtain

U(Ct) = U(C) + UC(Ct � C) +
1

2
UCC(Ct � C)2 + o(k�k3), (35)

where in o(k�k3) we group all the terms that are of third or higher order in the
deviations of the various variables from their steady-state values. Furthermore
expanding Ct with a second-order Taylor approximation we obtain

Ct = C(1 + bCt + 1
2
bC2t ) + o(k�k3), (36)

where bCt = ln(Ct=C). Substituting (36) into (35) we obtain
U(Ct) = UCC bCt + 1

2
(UCC + UCCC

2
) bC2t + t.i.p.+ o(k�k3), (37)
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which can be written as

U(Ct) = UCC[ bCt + 1
2
(1� �) bC2t ] + t.i.p.+ o(k�k3),

where we have de�ned � � �UCCC=UC and where in t.i.p. we include all the
terms that are independent of monetary policy. Similarly we take a second-order
Taylor expansion of v(yt(h); zHt ) around a steady state where yt(h) = Y

H
for

each h; and at each date t, and where zHt = 0 at each date t. We obtain

v(yt(h); z
H
t ) = v(Y

H
; 0) + vy(yt(h)� Y

H
) + vzz

H
t +

1

2
vyy(yt(h)� Y

H
)2

+vyz(yt(h)� Y
H
)zHt +

1

2
vzz(z

H
t )

2 + o(k�k3), (38)

where byt(h) =ln(yt(h)=Y H). Here we recall that
y(h) =

�
p(h)

PH

��� h
(T )

1�n
CW +GH

i
,

which can be rewritten as

y(h) = yd(h) + yg(h),

where we have de�ned

yd(h) �
�
p(h)

PH

���
(T )

1�n
CW ,

yg(h) �
�
p(h)

PH

���
GH .

Here we take a second order Taylor expansion of ydt (h) and y
g
t (h) obtaining

ydt (h) = Y
H � (1 + bydt (h) + 12 � [bydt (h)]2) + o(k�k3),

ygt (h) = Y
H � (bygt (h) + 12 � [bygt (h)]2) + o(k�k3).

We note that ygt (h) can be neglected because in its expansion, the term of order
less than o(k�k3) are independent of monetary policy, being the shock GH equal
to zero in the steady state. We can simplify (38) to

v(yt(h); z
H
t ) = vyY

H � [bydt (h) + 12 � bydt (h)2 + �2 � byt(h)2
�� � byt(h)Y Ht ] + t.i.p.+ o(k�k3), (39)

where Y
H

t has been de�ned by the relation vyzzHt � �vyyY
H
Y
H

t and we have

that � � Vyy(Y
H
; 0)Y

H
=Vy(Y

H
; 0). We can rewrite the steady-state conditions

as
(1� �H)UC(C) = T

1�n
Vy

�
T
1�n

C; 0
�
, (40)
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(1� �F )UC(C) = T
�n
Vy

�
T
�n
C; 0

�
, (41)

having de�ned

(1� �H) � (1� �H)� � 1
�

,

(1� �F ) � (1� �F )� � 1
�

:

In the e¢ cient equilibrium, we have that �H = �F = 0. As outlined in Wood-
ford (1999), we have to restrict our attention on steady state in which the devi-
ations of �H and �F are of order at least o(k�k). We also restrict the analysis
to the case in which �H = �F : In this case we have that Y

H
= Y

F
= C. In

the neighbor of the e¢ cient level of production and consumption we can write
the steady state term of trade and consumption, by using conditions (40) and
(41), as

T = 1,

lnC=C� = �n�
H + (1� n)�F
�+ �

, (42)

where C� is the e¢ cient level of consumption. By using (40) we can write (39)
as

v(yt(h); z
H
t ) = UCC � [(1� �) � bydt (h) + 12 � bydt (h)2 + �2 � byt(h)2

�� � byt(h)Y Ht ] + t.i.p.+ o(k�k3). (43)

Here we integrate (43) across the households belonging to country H, obtainingR n
0
v(yt(h); z

H
t )dh

n
= UCC � f(1� �) � Ehbydt (h) + 12 � [varhbydt (h) + [Ehbydt (h)]2]

+
�

2
� [varhbyt(h) + [Ehbyt(h)]2]� �Ehbyt(h)Y Ht g

+t.i.p.+ o(k�k3): (44)

Using the aggregator (9) we can write

YH;t = Y
d
H;t + Y

g
H;t,

where

Y dH;t = T 1�nt CWt ,

Y gH;t = GH .

We take a second-order approximation of the aggregators obtaining

bYH;t = Ehbyt(h) + 1
2

�
� � 1
�

�
varhbyt(h) + o(k�k3),

bY dH;t = Ehbydt (h) + 12
�
� � 1
�

�
varhbydt (h) + o(k�k3). (45)
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Finally substituting (45) into (44) we obtainR n
0
v(yt(h); zt)

n
= UCC � [(1� �H) � bY dH;t + 12 � [bY dH;t]2 + �2 � [bYH;t]2

+
1

2
(��1 + �) � varhbyt(h)� �bY dH;tY Ht ]

+t.i.p.+ o(k�k3) (46)

where we have used the fact that varhbyt(h) =varhbydt (h):
Combining (46) and (37) into (32), we obtain

wHt = UCC[ bCt + 1
2
(1� �) bC2t � (1� �H) � bY dH;t � 12 � [bY dH;t]2 � �2 � [bYH;t]2

�1
2
(��1 + �) � varhbyt(h) + �bY dH;tY Ht ]

+t.i.p.+ o(k�k3), (47)

while for country F we have

wFt = UCC[ bCt + 1
2
(1� �) bC2t � (1� �F ) � bY dF;t � 12 � [bY dF;t]2 � �2 � [bYF;t]2

�1
2
(��1 + �) � varf byt(f) + �bY dF;tY Ft ]

+t.i.p.+ o(k�k3 _). (48)

Taking a linear combination of (47) and (48) with weight n, we obtain

wt = UCCf bCt � [n�H + (1� n)�F ] + 1
2
(1� �) bC2t

�1
2
� [n(bY dH;t)2 + (1� n)(bY dF;t)2]� 12� � [nbY 2H;t + (1� n)bY 2F;t]

+� � [nbYH;tY Ht + (1� n)bYF;tY Ft ] +
�1
2
(��1 + �) � [nvarhbyt(h) + (1� n)varf byt(f)]g

+t.i.p.+ o(k�k3), (49)

and after substituting the expressions for bYH;t, bYF;t; bY dH;t, bY dF;t we get
wt = UCCf bCt � [n�H + (1� n)�F ] + 1

2
(1� �) bC2t

+�[ bCtYWt + n(1� n) bTtY Rt ]� 12 [ bC2t + n(1� n) bT 2t ]
�1
2
� � [ bC2t + n(1� n) bT 2t + 2 bCtgWt � 2n(1� n) bTtgRt ]

�1
2
(��1 + �) � [nvarhbyt(h) + (1� n)varf byt(f)]g

+t.i.p.+ o(k�k3), (50)
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which can be written as

wt = �UCCf� bCt � [n�H + (1� n)�F ]
+
1

2
(�+ �)[ bCt � eCt]2 + 1

2
(1 + �)n(1� n)[bTt � eTt]2

+
1

2
(��1 + �) � [nvarhbyt(h) + (1� n)varf byt(f)]g

+t.i.p.+ o(k�k3). (51)

Where the natural rate of world consumption and of the term of trade, which
will arise when prices are �exible, are de�ned as

eCWt � �

�+ �
(Y

W

t � gWt ),

eTt � �

1 + �
(gRt � Y

R

t ).

By using equations (42) and after having de�ned cWt � bCWt � eCt we obtain
wt = �UCCf

1

2
(�+ �)[cWt � cW ]2 + 1

2
(1 + �)n(1� n)[ bTt � eTt]2

+
1

2
(��1 + �) � [nvarhbyt(h) + (1� n)varf byt(f)]g

+t.i.p.+ o(k�k3), (52)

where cW � �lnC=C�.
Here we derive varhbyt(h) and varf byt(f). We have that

varhflogyt(h)g = �2varhflogpt(h)g.

De�ning pt �Ehlogpt(h), we have

varhflogpt(h)g = varhflogpt(h)� pt�1g = Ehf[logpt(h)� pt�1]2g � (�pt)2

= �HEhf[logpt�1(h)� pt�1]2g+ (1� �H)[logept(h)� pt�1]2 +
�(�pt)2

= �Hvarhflogpt�1(h)g+ (1� �H)[logept(h)� pt�1]2 � (�pt)2.
We have also that

pt � pt�1 = (1� �H)[logept(h)� pt�1], (53)

from which we obtain that

varhflogpt(h)g = �Hvarhflogpt�1(h)g+
�H

1� �H (�pt)
2.

But
pt = logPH;t + o(k�k2),
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which implies

varhflogpt(h)g = �Hvarhflogpt�1(h)g+
�H

1� �H (�
H
t )

2 + o(k�k3),

after integration of the above equation we obtain

varhflogpt(h)g = (�H)t+1varhflogp�1(h)g+
tX

s=0

(�H)t�s
�H

1� �H (�
H
t )

2+o(k�k3)

where we note that the �rst term in the right hand side is independent of the
policy chosen after period t � 0. After taking the discounted value, with the
discount factor �, we obtain

1X
t=0

�tvarhflogpt(h)g =
�H

(1� �H)(1� �H�)

1X
t=0

�t(�Ht )
2 + t.i.p.+o(k�k3)

The same derivations apply also for the Foreign country. We de�ne

dH � �H

(1� �H)(1� �H�) ,

dF � �F

(1� �F )(1� �F�) .

We can simplify (31) to

Wt = �

1X
j=0

�jLt+j (54)

where

Lt+j = �[cWt+j � cW ]2 + n(1� n)�[bTt+j � eTt+j ]2 +

(�Ht+j)

2 + (1� 
)(�Ft+j)2 + t.i.p.+ o(k�k3),

which corresponds to the equation at page 28 of Benigno and Benigno (2000),
where cW = yW and yW � cW = 0. Furthermore


 � 1

2
UCC(nd

H + (1� n)dF )�(1 + ��)

� � kHC k
F
C

�

1

nkFC + (1� n)kHC
,

� � kHT k
F
T

�

1

nkFT + (1� n)kHT
,


 � ndH

ndH + (1� n)dF .

We note that when the degrees of rigidity are the same, i.e dH = dF , 
 coincides
with n.
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