EC402: MEI. Spring Term: The Analysis of Time Series*

Problem Set 1

1. Regression with M A(1) errors

Consider a regression model with M A (1) distrurbance term
yr = T+ w (1.1)
Uy = €t+9€t—la tzl,,T

where ¢; ~ 7id (0,0?) with g = 0 and z; non-stochastic.

1. Derive an expression for the covariance matrix, 022, of the vector of disturbances
u = (up,...,ur) in terms of 6.
Answer. Since
E(u) = 0,var(u) = E(u?) = o*(1+ 6% t>2

E(uwa—y) = 00% E(uwu_s) =0 s>1

we have that
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2. By using ¢; = uy; — 0g;_1 recursively, starting from ¢y = 0, £ = uy, find the lower

triangular matrix L such that ¢ = Lu where ¢ = (¢4, ...,e7) .

Answer. Since ¢; = u; — 0g;_1 and £y = 0,we have that

g1 = U
€y = Uy — 9U1
e3 = u3 — Qug + 0%uy
Hence
[ 1 0 0 0] [ w1
—0 1 0 0
e = 62 —0
. 0
(=) (=) =0 1] [ up |

3. Assume 6 is known. Noting that Var (Lu) = 01, determine a method for computing
the best linear unbiased estimator of 5 which does not require the construction and

inversion of ).

Answer. To estimate the model with known 0, rewrite (1.1) in matriz form and

multiply through by L obtaining
Ly = LXB+ Lu
= LXB+e e~ (0,0%).

Hence OLS on this transformed model is BLUE.

2. F — GLS estimation of the regression model with AR (1) errors

Consider the model

y = b+ (2.1)

Uy = ¢ut—l+€t tzl,,T
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where |¢| < 1, &; ~ iid (0,02), } and &; are process independent and

T T
.1 o1
plim T E Ty = Yy plim T g Ty = Ygw_;
t=1 t=1
and Y., is non-singular.

1. You estimate (2.1) by OLS and obtain the residual ;. You estimate ¢ by

b= oo Gyl

T :
Dt Uy
Assuming that Bo L 18 consistent, show that &5 is a consistent estimator of ¢.

Answer. u; are the OLS residuals so:
Uy = Y — U

= 5f+u—af

= —:L’;(g —B) +w

% Zatatfl = %Zwutl + (B — 5),% thmg_l(g — 5)
_(B - 5),% Z TiUt—1 — (B - 5),% Z Tp—1Ug.

Since: i) 3 is consistent so plim(B—3) = 0, ii) plim T3 wquy =0, plim £ > oy =

0 (since x is process independent) and iii) plim * S @, | = Y., we have that

o1 PN .1
plim T Z Uy = plim T Z UpUy—1-

Similarly plim £ Y47y = plim 7 > uf ;. But u; is an AR(1) hence plim £ Y- uf =

2

(lflg) and plim%Zutut_l = ﬁ#l’) Hence
phma _ plim%Zﬂt@,l
plim 7 3747
oo (0— ) _,
o2/(1 - ¢*) '



3. Maximum Likelihood of the ARMA(1,1)
Consider the ARM A (1,1) process
Y=y 1+e+0e1 t=1..T
where |¢| < 1, &; ~ itdN (0, 0?)
1. Assuming, y; = ¢; = 0 write down the log likelihood.

2. Obtain the FOCs wrt ¢ and 6.

3. Obtain
=1
ST ()
where ¢ := [¢, 0, 0?] .
4. In finite sample we can approximate the distribution of ({ﬂ — ¢o> as a mean zero

normal with covariance depending on [ (ﬂ)) . How would you estimate the covariance

matrix?

Answer. Since

Yelye—1,€-1 ~ N (¢yt71 + Ogy_1, 02)

if we condition on yy,e1 =0

T—-1 T-1
LogL(¢,0,0%) = ! 5 ) log 27 — ( 5 ) log o
1 I
T 952 Z (yt — QY1 — ‘987&71)2
=2

This is nonlinear least squares where

& = Y~ Y1 —05p1  t=2,..,T, =0, y1=0

2 = _83_2 _ | ¥ +€6f9td:1 Oz1 _ O=1 _
t @ £ 1 _‘_08556_1 )

o 90



Then

ol 1| EN (05 e | 1
dlogL | 1 Dess =2 P
90 =l g1+ 0= ) & =2
dlog L (T —1) 1
002 952 T 2(02)2 th

t=2
Next, compute expected second derivatives, to compute I(1)). Recall

0%logL  9%logL 92%logL

2a¢2 gwae 82¢802
_ 9“logL 0“logL 9%loglL
[(w) - b 000¢ 962 00002

9%log L.  9%logL 9%logL
8020¢ 85200 9(02)2

9%log L 1 00,1\ > 00%,_;
_E< 8¢2 ) = ;(ZE(ytl‘i‘ 3(25 ) —ZE a¢2 R I

Since €; 18 iid, E%a;g le, = HEaai;JE( g) =0. So

0% log L 1 00e; 1\ >
(5 = aXe (e )
82 IOg L o 1 9(9&_1 088’:}_1
‘E< 893¢) - ?(ZE@“* 26 )(* o0 )
982675_1 86t 1
-2 E 900 = F 96 )

08515 1 085t—1
- (T 55) (- 55))

The second and the third terms are zero by the same argument as above. Similarly
0*log L 1 00e, 1\
_E< 06? ) = 2E (gt‘1+ 26 >
0% log L 0?log L
-F = —F =0
< Jda206 ) ( 0020¢ )

= (a7 ) = S~ o) = S

So
Soo)  ERGest)eety)
P =
](w) = 8t 116 591)<yt 146 Et 1) ZE(ét 40 Et 1)2 .
P —
-1
0 5?02;2
— i tht 0



. . . . o~ A2
To approzimate the variance-covariance matriz, replace 0, ¢, o by 0, ¢, ¢- and

replace expectations by sample moments, i.e.

~2 n—1
I(Q//\})*l ~ o (Z;tzt) 0




