EC402: MEI. Spring Term: The Analysis of Time Series*

Problem Set 3 — Solutions

1. Cointegration

Suppose that aggregate income, Y;, follows a random walk with drift
Yi=p, +Yi1+ey

and that the government always spends a fraction of the previous period output
Gi=p,+9Yi1+ten (1.1)

where 0 < g < 1, 4+ and €4 are mean zero serially independent ¢id variables.
Moreover, assume that the government runs a balanced budget (7, = G, Vt) and that

consumption follows

Cr=a+pY,—T) (1.2)
with o, 5 > 0

1. Are Y, C' and G stationary? What are their orders of integration?

Answer Y is a non stationary I (1) variable, as well as G from equation (1.1). Substituting
for Ty and Y} in (1.2) we have that
Cy = Oé_’_ﬁ(:uy—l_yt—l—}_gyt_ug_gy;—l —€gt)

o f(1—g)Yi1+ B ey —egt)
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Answer

3.

Therefore, since 0 < g < 1, Cy is also a non stationary I (1) variable.

. Are C; and G, cointegrated? AreY; and GG, cointegrated? Are C; and Y; cointegrated?

Are Cy, Y, and G, cointegrated?

If C, and G, are cointegrated there I\, s.t. Cy — M\ Gy ~ 1(0) .

Ct—Ath = Oé‘i‘ﬁm_(ﬁ‘i‘)\l)Gt
= 044‘5(#@,‘1‘1/%71 +€yt) —(B+ A1) (Ng_‘_g}/;ffl—{_ggt)
o BYig —(B+ M) gYie1 + (Beyr — (B+ M) egr)

Since Y;_1is I (1), for cointegration among these variables we need f— (8 + X)g =0
that is satisfied by A\ = 5 (B —PByg).

Y, and Gy are cointegrated if there Iy s.t. Y, — AaGy ~ 1 (0).
Y, — MGy o Yoy ey — MagYio1 — Mgy

that is we need 1 — Aag = 0 that is satisfied by Ao = 1/g

Cy and Yy are cointegrated if there I3 s.t. Cp — \3Y; ~ 1 (0).

Cy — Ay, o (6_/\3)Y;_6Gt

& (5 - )‘3) Y;*l - BQY;‘,fl + (ﬁ - )\3) Eyt — 5591‘/

that is we need (6 — A\3) — Bg = 0 that is satisfied by \3 =  — g = g\

Ci, Yy and Gy are cointegrated if there Iy, A5 and s.t. Cy — \Y; — A5Gy ~ 1(0)

Cr —MY: — NGy o (b= )Y — (B+Xs5) Gy

x (B=A)Yi1—(B+X5)gYiea+(B— M) ey — (B+ Xs) et

So we need (—Ay) — (B4 Xs5)g = 0. This has infinite solutions given by A\, =
B —g(B+ Xs). One of the solutions is \s = —f and Ay = 3.

How many linearly independent cointegration vectors are there? Why?



Answer Ordering the variables as Cy, Y; and Gy, we can write a matriz that has in each row

the cointegration vectors we have found before, that is

L0 g
0 1 —1/g

1 —(8—-9p) 0

1 —p

Note that the third row can be obtained by multiplying the second row by (8 — gB) and
subtracting the result from the first row. That is, the third row is not linearly inde-
pendent from the first two rows. Moreover, the fourth row can be obtained multiplying
the second row by B and subtracting the result from the first row. That is, there are
only two linearly independent cointegrating vectors among these three variables. This

1s due to the fact that N wvariables can at most share N — 1 common trends.
4. What are the long-run trends of Y;, G; and C;?
Answer

ElYyr =Y = El(Yiar —Yura)+ ..+ Y = Y)] = p,T
E [Gt+T - Gt] = gk [Yt+T—1 - Y;t—l] = guyT

ElCur—C = B{EYir — Y] - E[Gur -Gt =81 —-9)pn,T

That s, the long run trend of CY is a linear combination of the long run trends of Y;

and Gy.
2. Dynamic Simultaneous Equations

Consider the following model

Yir = Yy + Bry +en

Yor = QY1p—1 + €

where €1; and €9; are serially uncorrelated disturbances which may be contemporaneously

correlated with each other.



1. Are the parameters identifiable?

Answer Two endogenous variables iz, yor, two exogenous variables yy4—1,2¢. (Note 14,69
must be serially uncorrelated for y,—1 to be treated as exogenous). As N =2, N —
1 = 1. One exclusion restriction per equation. Therefore, the first equation is just

identified by order condition as well as the second equation. Both pass rank condition.
2. Write down the final form and the autoregressive final form of the model.

Answer By substitution, we have
Yie = Y011 + V€2 + By + €1
(1 —vaL)yy = Poy + (€10 + vear)
Lag the first equation of the system and substitute into the second,
Yor = QYVY24—1 + BTy + agyp—1 + €.

(1 —ayL)yxy = afxi_1 + (62t + e1-1)

vie | | B Iy €1t Autoregressive
(1_067L){y2t} B {aﬁL]xt—i_{aL 1] {52751 Final Form
AL [p—— B 1 1~ €1t .
[ Yot ] ~ (I—7al) { afL } Tt + TarD) [ ol 1 ] [ £os ] Final Form

1. What is the necessary condition for the model to be stable?

Answer Stable iff |ay| < 1.

3. VAR Estimation

Consider the VAR
Yyy=c+ 1y + ...+ Py, +&

where y; is a n X 1 vector of time series, ¢ is n x 1 vector of constants, the ®’s are n X n

matrixes of coefficients and ¢; is a vector of disturbances s.t. &; ~ iidN (0, ).

4



1.

Answer

Define the (np+ 1) x 1 vector
T = Yi—1
Yt—p
and the n x (np + 1) matrix

' =[e, @1,...,9,).
Write down the sample log likelihood of this model.

The VAR can be rewritten as

y =1z, + &

therefore

yt|xt ~ N (H/.T,'t, Q) .
implying that
“n _ 1 _
[ (yelze; 1L, €2) = (2m) 2 }Q 1‘1/2 exp {—5 (g — W) Q7 (e — Hliﬁt)} .

Therefore, conditioning on the first p observations (Yo, ..., Y—p+1), the sample log like-

lihood is given by
T T
log L(IL,Q) = ——”10g27r+—1og\9—1\

== [ = Ta) Q7 (y — Way)] (3.1)

t=1

MII—‘

Show that the term 37, (y; — I'z;)' Q" (y, — I'z;) in the log likelihood you derived

above can be rewritten as

T

>, { {ét + (1 - H)'mt} o E+ (-0 } (3.2)

t=1

where II is the OLS equation-by-equation estimate of Il and &; is the vector of OLS

residuals.



Answer Note that
(ye — Way) Q" (yp — M'ay)
. . / . .
= <yt — 'y + ey — H':E,:) Q! <yt — 'y, + 1wy — H’ajt>
N / ! N !
= [ét + (H — H) $t:| Q_l |:§t —+ (H — H) Q;t:|

since & =y, — 'z, implying that

T

Z (% — Hliﬁt)/ Q7 (y — ')
t=1
T

. 7 .
d e+ (-1 xt] Qg+ (I-1) 2 }
5[+ (1-m) e o+ (1-1) )
3. Show that (3.2) can be further simplified as
T T A ) ,
Soaa+ Y [a:; (H - H) Q! <H . H) q;t} (3.3)
t=1 t=1
[Hint: use the fact that this last expression is a scalar and recall that the OLS residuals

are, by construction, orthogonal to the regressors]

Answer Note that

f;{{m(n ) o 00t o (11 m) o]
A/Q lét—i—ZZ ( )ll't
+Z g (11 m) o (11 m) )

Note that each of these elements is a scalar and that

I
I M’ﬂ I

T R ’ T . I
AV (H — H> T, = trace AV (H — H> T

t=1 L t=1

= trace - <H H) T4E)

= trace |~ 1( > that




4.

Answer

But the OLS residuals are, by construction, orthogonal to the regressors, therefore
Z;f:o 1,8, is a matriz of zeros and the last expression is therefore identically zero

implying that

t=1
T T . ) ,

= S+ Y [q;; (H - H> Q! (n - H) xt]
t=1 t=0

Use this last result to show that the OLS estimator of II (II) is the MLE.

. /
Define xf = (H - H) xy. The last term in (3.3) is therefore

i {x% (f[ — H) Q! (ﬂ — H),xt} = gxI'Q_le.

t=1
Note that since Q is a positive definite matriz, Q="' is as well. Thus, the last expression
is positive for any sequence {x} };‘on other than x; = 0 Vt. Thus the smallest value
that (3.3) can take is achieved when II = I1. It than follows that the log likelihood
(3.1) is maximized by setting 11 = f[, proving that OLS equation by equation is the
MLE estimator of the unrestricted VAR.



