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© Examples of MLE estimation
@ MLE of the AR(1) process
@ MLE of Nonlinear least squares models
@ MLE of the MA(1) process
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MLE for Time Series

MLE for Time Series Models

@ The standard approach to MLE you have seen so far is to
obtain the likelihood function by

@ writing the density for each observation and then
@ since the observations are independent, write the likelihood
as the product of these densities.
@ the standard approach will not work in our case since the
observations are dependent.

But: a joint density can be always factored into a conditional
times a marginal.



MLE for Time Series

Example: if you have three observations

f(ya,ye,y1) = f(yaly2,y1)-f(y2, ¥1)
= f(yslye,y1) - F(yoly1) - f(»1).

@ Hence the likelihood for T observations is
.

L(y:v) = [Hf Vel Ye-1, - 11 ]'f(}ﬁ)_Hf(}’t\ l—1)-f(y1)
t=2 t=2

where /;_; denotes all the information available at time
t—1.
@ Taking logs then yields

log L(y; v) = Zlogf yil h-1) +log f(y1)-
t=2

Note: f(y1) can be either modeled directly or y; can be assumed ISE
to be a constant (more on this later)
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Ergodic Theorem

(An) Ergodic Theorem

@ If a stochastic process y;, t = 1,2, ... is ergodic with mean
u < oo then

;
.1
P“mT;}’t:M

@ Ergodicity is a sufficient condition for sample means to
converge to their expectations.

@ This definition extends to vector valued stochastic
processes.

@ Moreover, functions of vector valued ergodic processes are
ergodic.
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MLE Asympotics for Time Series Models

@ Even if observations are dependent, for ergodic processes,
the ML estimator of a vector of parameters ¢ is generally
consistent.

@ Moreover, the asymptotic results derived for the MLE in the
iid setting carry over for ergodic processes.

That is, for a vector of parameters v and ergodic
processes, we have the standard results

-1
VT -9) 2N (a (1m 2 ) ) (1)

where /(v) is the information matrix.
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MLE of the AR(1) process

MLE of the AR(1) process

@ Consider the AR(1)
Yi=oYi1+e e ~iid N0,0%), |¢] <1.
@ Then y| yi_1 is N(¢yi_1,02), therefore

1 1 2
f(yel h—1) = (¥l y-1) = \/ﬁ@(p —&‘2<Yt - ¢yt2_1>

et

@ And the log likelihood is simply,

(T—-1) (T—-1)
—Tlog%—T

log L(y: ¢,0%) = log 02

1 T
s 0= 6y 1)E +log (7).
t=2
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MLE of the AR(1) process

What do we do about the initial condition?

@ One possibility is to condition on yy, i.e. take it as fixed. In
this case the final term can be dropped and the likelihood
becomes the likelihood for the linear regression of y; on
¥i—1 for observations t =2, ..., T.

@ Thus we have, at the maximum,

dlog L 1
62 = 2 Z (Yt — ¢Yt-1) Y1-1 =0
~ DYtV A
= ¢=L5— =>0=9¢os
S
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MLE of the AR(1) process

@ Alternatively, you can use the unconditional distribution for

Y1
Recall: in the AR(1), the unconditional mean, E(y:) = 0, and the

unconditional variance, var(y;) = i ¢2)

@ so the unconditional distribution is N (0, ﬁ)

@ This assumption for y; is sensible if the process has been
going on for along time at t = 1.
@ Under this assumption

o 1 5 1 1
log f(y1) = —élog%—éloga +§Iog(1—¢ )— 5 51— P?)y?
@ And this gives the log likelihood

]
T T 1
log L(y; #,0%) = —5log2m— 51090 — =5 > (vt — #y1-1)®
t=2

bylog(t - ) - 50—t [
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MLE of the AR(1) process

Note: these results can be extended to:

@ the stationary AR(p) model

@ the regression model with both process independent
regressors and lagged dependent variables.
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MLE of Nonlinear least squares

MLE of Nonlinear least squares models

@ An important sub class of MLE is that of nonlinear
regression models,

Ye=90xB) +er  eriid N(0,0%), t=1,..T,

X; process independent.
@ Note that

e(B) = yi—9(xi: )
B 2
() = pow{ g |

@ Hence,

log L(8, 02) = —I log 27 — I logo? — 2 — Ze, 2

@ So, maximizing log L wrt 3 is equalent to m|n|m|2|ng the ISE
residual sum of squares with respect to 5.
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MLE of Nonlinear least squares

@ Differentiating the log likelihood,

dlogL 1 Oet(5) 1 B
a5 = o2 o5 €t(ﬁ)—0_2 ;Zﬁt—o
Jlog L T 1 5
G0~ 20 gorp =0
t
where

_ Oer _ 9g(x1: B)
T o o
Note: the first order conditions with respect to 5 are nonlinear
and the ML estimates of 5 have to be obtained by
numerical maximization.
@ The first order conditions with respect to o2 yield the usual
ML estimator for o2,

N 1 A
S PR O LSt
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MLE of Nonlinear least squares

@ Recall that we constructed an estimate of the
variance-covariance matrix of our estimates based on the

empirical information matrix /(v),

2
I(v) =—-E [8 (;Zga:(/w)} :

@ Inthe present case v = (3, 52).
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MLE of Nonlinear least squares

@ So, looking at the components of /(v)), we have

,E{

_E{

d%log L
loJelelok

d?log L
9B0a?

|

|

|

1 e Oet Oey

o? [EZ o S EL 8566’}
82& 861 86[

2 Eomay EE+EX 858/3’}

1 , .
?EZ 2z since E(er) = 0.
t

1
o?

T 2
“2y * 2y 2 FED

T, 2T
2(c2)? 2(02)30
T

2(0-2)2

%EZZ{E;Z %ZE(ZT)E(EI)
(U) t (U) t

0 (since x is indipendent of ¢) LSE
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MLE of Nonlinear least squares

@ Hence, the information matrix is

) — 1 [ EXzz; O
(¥) = 52 tO T
202

@ Inverting, and substituting the consistent ML estimates of
and o for unknown parameters, and the sample moment
> ziz; for EY" z1z;, we approximate the distribution of

t t

(8,82) by

1
Al ol 0 A2< /) 0
i o [0 T

6 —0ag 0 254

that is equivalent to (1) LSE
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MLE of the MA(1) process

MLE of the MA(1) process

@ Consider the MA(1)
Yt = et+ 044 e iid N(O, 02)
— yilet1~N (981‘71,02)
@ Assume we start from ¢y = 0, then we may define £(6) by
using the recursive equation
et(0) = yr — 0=1-1(0), t=1,2,...,T.

@ Since g =0,
e1(0) = n
e2(0) = y2— 0y
e3(0) = ys—Oya+ 6%y
et(0) = Ye— 01 +0%y o+ ..+ (=0)" "y LS
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MLE of the MA(1) process

e Since yi|et—1 ~ N (=¢_1,02), then

(Yt — Ozt (9))2'

f h_q) = —
(yil lr—1) 7702)% exp 252
@ So the log likelihood is
T T
2 _ 2
log L(0,0%) = —-log2r — 5 logo® — 2 — Z —Oer_1(

B T T > 1 >
@ As before we have

ologl _ % > zi(0)z(0) where z(6) = _9ed)
t

00

00

@ So the . satisfies

> z(0)e(0) =0 SE
t
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MLE of the MA(1) process

Furthermore, using the empirical I (v)) we can show as before
that the variance of 6 is given by

where
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