B Appendix (Online only): Details of Case 2

In this Appendix, I provide more details on Case 2 of the model. First, I formally define the

equilibrium concept.

Definition B.1 A linear Rational Expectation Equilibrium is given by the linear price func-
tions p1,pa, mapping the aggregate random wvariables to prices and individual demands,
di,dl,d  such that di,d),dl, solve problems (9)-(11) and (41) , respectively and p, clear
the market in period t = 1, 2.

Following the discussion in the main text, conjecture (13) and definitions of ¢y, 75, and
Ty, ba, C2, €9, go are used as before. I defined the conjecture of the first period price, ¢, ¢ and
71 in the main text.

I define by, ¢y, er and by, ¢y, ey as the linear coefficients of the conditional expectations

E (CIQ\xi> Y, 6]1) = air’ +cy+erq (B.1)
E (Q2|Zja Y, Q1) = by +cy+eq (B.2)
and
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as the corresponding precision.

The problem of each J-trader in the second period and that of each [-trader in the first
period are very similar to their respective problems in case 1. The optimal demand of these
traders leads to the same formulations of (20) and (21), respectively.

However, J-traders have to solve a two period problem in period 1. I show below that

their demand function takes the form of

g — b+ 75) (E (P2l y 1) = p) n 7503 (27 — E(ql~,y, q1)) (B.3)
! (bg + 62)2 y (b2 + 62) Y ’ .

a weighted sum of the trader’s expected price change between period 1 and 2 and her expected
demand in period 2. I refer to the first term as the myopic component and the second term
as the hedging component of demand.

Just as in Case 1, I have to find bs, by, co, ¢y, €5, €; and gy, which ensure that the price

functions coincide with their respective conjectures. The next proposition follows.



Proposition B.1 Suppose that the system

b
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has a fized point 7,15, ¢*. Then there is a linear REE. In this equilibrium price and demand
in period 2 is given by (13) and (22) where (24)-(27) hold. In period 1, price is given by
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and demand functions are given by
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and cy,cy,er,e; can also be written as analytical functions of the parameters and 11,79, ¢

only. Furthermore, all coefficients are calculated at 7 = 7 and 7o = 75 and ¢ = ¢*
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Proof. Period 2 is equivalent to case 1. For period 1 objects, first, I derive expression

(B.3). In period 1, J-traders maximize the expected utility
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thus, the trader maximizes
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where I used that

E(9|QQ7q17y7Zj) — D2 _
yvar (0|q2, q1,y, 277)

A property of normal distributions is that if C' is constant scalar, L is a nx1 constant vector,

N is an nxn constant matrix and M is an nxl stochastic matrix and Z is an information

set, then

E(—exp(C+L'M - MNM)|T) =
SN WM e (€4 LQ - @NQ 5 (20N (N + W) (L -2V )
(B.14)

1l



where Q) = E (M|I) and W = var (M|I). Let ¢o = M and
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then the term in the brackets in (B.14) is
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Thus, the trader maximizes
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which is equivalent to (B.3). Collecting coefficients of 27 and using that b2 = by + €9, gives
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the expression for b as
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The demand of I-traders in the first period is

g291—C2y
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Collecting terms multiplying x? gives

TIQCL[

ay = ————.
T Y (ea+by)

where (45)-(46) define coefficients ay, cr,er and by, ¢y, e;. As, by market clearing, (47)-(50)
have to hold, the system (B.4)-(B.6) comes from plugging (B.12)-(B.13) into (B.9) and (B.10)
and the resulting formulas into (44),(17) and the definition of ¢. Finally, I derive expressions
for c;,e; and cy,e; and cq,e; as functions of the primitives and 7, 7. First, collecting the

terms multiplying y in (B.15) and (B.16), plugging in the definition of ¢; gives
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Using ¢; = pcy + (1 — ) ¢y and a; + by = pay + (1 — p) by This gives
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ar+by by (77 (1 —p) (ar +er) + p(ria; +7505)) + g2 (1 — p) 77 + p (7505 +77))

Plugging back this and the expressions for ey, by, g5 into expressions (B.17)-(B.18) gives the

result. By analogous steps I get
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Now I turn to the analyisis of the trading volume. In the second period, by the same
analysis as in case 1, the equilibrium demand of each trader is described by (31) and the

volume in the second period is described by (37). For demand and expected volume in the



first period, observe that from (45)-(46) and the definition of ¢
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Unlike in Case 1, equilibrium demand does depend on the realization of aggregate random
variables. The reason is that in period 1, I-traders’ and J-traders’ demand react differently
to each piece of information. This is so because both the joint distribution of signals in each
trader’s information set and the trading horizon differ across groups. As a consequence, apart
from the risk-sharing and speculative parts of trades defined in Case 1, there is also trade
across groups. This latter part of equilibrium demand and expected volume is in squared
brackets in each expression. Note that the population weighted average of the terms in the
squared brackets is 0.

Speculative volume separates the within-group part of trade and given by (51). Just as

in Case 1, it is useful to establish the following result.
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Proposition B.2 [n the limit v — oo, there is a unique equilibrium where

b2 = o—
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Proof. The result is a consequence of Proposition B.1 and the fact that
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The proposition shows that under the standard information structure, even if traders with
heterogeneous horizon coexist, more public information has no effect on trading intensities,
the information content of trade or speculative volume. Numerical simulations show that
the effect on total expected volume also diminishes as v — oo.

To complement the analysis in the in the main text, I decompose the trading intensity
of J-traders in the first period on Figure 6. As it was pointed out in the main text, this

trading intensity increases in public information for any 3. The left panel shows the term
7_2b2
0-2
v(e2+b2) 2
component is decreasing in 4. The term _TJjJ

which is the hedging component of the trading intensity. This panel shows that this

is the numerator in the myopic component of
the trading intensity in (B.3). Comparing this term to equilibrium value of by shows that
this term would be the trading intensity, if the true value were to realize in period 2 instead

of period 3. The right panel on Figure 6 shows that this term is also decreasing in . Thus,

_1
7 ba+te2

of the myopic component. Note that this term is the inverse of the sensitivity of p, to the

trading intensity b increases in (8 solely because of the remaining term , the numerator

fundamental. Intuitively, as public information increases, the second period price is more
correlated to the fundamental, so in the first period all traders can estimate p, with more

certainty. While, this effect is not sufficient to influence the sign of the derivative of a; with
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respect to public information, it switches that of b.
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Figure 6: Decomposition of trading intensity, b; of J-traders in the first period. The left
and right panel show the intensity corresponding to the hedging component and myopic
component respectively. In each plot, different curves correspond to different fraction of
J-traders on the market,;s. The thicker the curve, the larger the fraction. The x-axis is the
precision of the public signal, 8. The vertical line depicts § = ”;2, the threshold above which
second-order expectations are polarized by more public information. Parameter values are
y=1,w=401,v=2,and a = d; = J, = 5.

In the main text, numerical analysis illustrated that in a weakly correlated information
structure, the larger the fraction of short-term traders, the larger the response in speculative
volume. Here, I prove analytically the weaker statement that this relationship holds for the

direct effect when 7y, 75, ¢ are held constant.

Lemma B.1 Holding 11,72, ¢ fized, the public information elasticity of speculative volume

is decreasing in the fraction of long-horizon traders (J-traders) in period 1:

vy B
0 8§ 12
T|n:ﬁ,m:@,¢:& <0.

Proof. By definition
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. . . 4] a1T12 abJT2+b27'2
By simple substitution, I can show that |86 | |y =71 rp=ry.=g > 0 and %M:ﬁﬂ:@@:& <

0. m

Turning to expected total volume, the left panel on Figure 7 shows that the qualitative

results are similar to speculative volume. The public information elasticity of expected

volume decreases in the fraction of long-term traders, if § is sufficiently large.
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Figure 7: Expected volume in period 1 and price volatility in period 2 in Case 2. The left
panel depicts the public information elasticity of expected volume in period 1 while the right
panel shows price volatility in period 2. In each plot, different curves correspond to different
fraction of J-traders on the market,y. The thicker the curve, the larger the fraction. The
x-axis is the precision of the public signal, 3. The vertical line depicts § = ’;—2, the threshold
above which second-order expectations are polarized by more public information. Parameter
values are y =1, w =4.01, v =2, and a = §; = d3 = 5.

by a; by
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Turning to the volatility of prices, as in Case 1, the coefficients

effects of the part of fundamentals which agents have private information on, the coefficients

L L show the price effect of supply shocks while

ex’ e

c <Ca

&, <+ show price effect of public infor-
2 (5]

mation. The definition of price volatility in the second period is still given by (40). The
definition in the first period changes to

2 2 2
aj b, 1 a b, 1 1
Y= = — o e ) w '
1 = var (p1]y) [(&) + (e1> ] v + <e1 + el) w * (e1)251

As in case 1, it is useful to start with the standard information structure. The next

Proposition shows that the coexistence of I and J-traders does not change the conclusion
that the standard information structure is inconsistent with volatility-generating public an-

nouncements.
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Proposition B.3 In Case 2, in the limit v — oo, price coefficients B2 B1 < o

92761762761792761

inherit all the properties of Case 1 described in Proposition 5. Also, price in period 1 is

positively affected by the average information of I-traders and this effect decreases in the

precision of public information. That is,

o&
a e
—>0,— <0.
(S5} ’ 86
Thus, just as in Case 1,
0¥ 0
—,— < 0.
op = op

Proof. The results for coefficients in period 2 are implied by the same steps as in

Proposition 5. Below I provide the main steps for the rest of the results. Just as in Case 1,

I use the fact that (77)*, (73)° do not change in this limit with 3, so I have to only consider

the direct effects.

_ (o4 orpyadutartraturd raturd rard i@ tBri et U brted
atftwtri+s (712722+a2u+a722+,8722+w722) (T%—i—au)

and

0 (lim,,ﬁoo 2—11)

op
6 < (a—i—‘r%)u )
AL 4212
atBtwtri+m a27'22+a3u+om'§+o¢2,u7'12+a2u7'22+a7'127'22(27,u)+61'127'22+7{1722+7'127§(17u)+w712
86 (7’127'22+a2u+a7'22+6722+w7'22) (T%—i—(xu)
) aoz27'22+a3u+o¢7§+a2;ﬁ'12+a2u7'22+a7'127'22 (27u)+ﬁTl2T22+T{1T22+712T§(17/1,)4’0.)7’12
(Oé + 7 ) i (7’127'22+a2u+a722+67'22+w7'22)(722—&-04“)
a+f+w+Ti+Ts B
where
o ({2
AL 22
a+BHw+T+75 o+ 7-22
- TH 7 o <V
op (a4 B4+w+E+71)



and

o a27'22 +a3p+a7'24+a2m'12 +a2;m'22 +0m'12 7'22 (2— ,u)—i—,87'12 7'22 —I—Tf‘rg +7'12 7'24(1—u) +w7'12 1'22
(’Tl 2402 ptari+pri+wrs ) (7—22 +a,u)

op

2,2
__2( + 2) TS + ot oty — ity <0
=T a+7n) — 5 .
(72 + o) (7272 + 2p + a72 + B12 4 wr2)?
lim i . 7_2 1—p a27'22+7127'§1(1—u)—|—T{172+a3p+a74+a2u7—2+a2m—22+cx7'127'22(2—#)4—67%7’%—&-&17’%73 >0
v—00 € 2 ot Btwtri+7y (r2r3+a2putari+Bri+wr?)(r3+au)
and

0 1iml/‘>00 aL 87—2 —M2 2,2 2.2
er a+B+w+ri+r3 o2 2412 (1—p)+rir2+ad ptari+a?ur+a?ur2+arird (2—u)+Brir2 4wt}

D)
= +
8ﬁ 85 (7‘1 2402 ptari+Bri+wrs ) ( +o¢u)
a 272472 (11— [L)+T1 T24+ad ,u,+om-2 +a?pri+a?uri+arit?(2—p)+Brititwrit
2 1-— 2 (’T 722+oc ;H—on' +,372 +wTs )( 75 +o¢u) 0
+75 3 3 B <
a+Btw+Ti+Ts 6
lim ﬁ _ ﬂ o+t pt2ari+Bri+wrs
v—oo € (a+,3+w+7'12+7'22) (7'1 T2+a?ptari+pritwrd )
and
ﬁ T§+Tl T5 242 pA-2ars +,87'22+w7'2
<a+ﬂ+w+7'12+7'2 ) (7’1 2402 ptari+Bri+wrs ) <0
op '
Iim — = a’y(a—l—r%) 0‘2"'22+7'127'§1(1*N)+T1 5 F4a® NJFO”'z +a? l“'1 +a? 1“'2 +0""1 ) (2 #)Jrﬁﬁ 5 +"-’7'127'22
v—00 €] (a+7'22—au) (a+6+w+712+722) (7’1 T3 242 ptars +67’22+w7'2 )

a a2'r22 -l—'r12'r§1 +'rl Ty +a ;H—a7'2 +a MT1 +a UTS +2aT1 Ty +ﬁ7’1 72 1“'1 7'2 FwTy 7'22—0417'1 7'22
(Tl 2402 ptari+Bri+wrs )

96
— Ty (a + T

2) Q?u+ari+ (1 — p) 7irsd

<0
(1273 + o2p + 12 + B73 + w722)2

x1



8 oz'y(a+7'22)
(a+T22 —ozu) (a+,8+w+7'12+7'22)
9B

a+722
—ay 5 a2 < 0.
(a+715—ap)(a+B+w+T18+7135)

4. it is a direct consequence of statements 1,2 and 4.

Figures 8-9 and the right panel in Figure 7 complement the analysis of the general case in
the main text showing the relevant equilibrium coefficients, and volatility in period 2. Just
as [ highlighted in the main text only when the structure is sufficiently close to Case 1, does
volatility in period 1 increases with the amount of public information in any range of the

parameter space.
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Figure 8: Coefficients of the price function in period 1 in Case 2. Each panel shows a given
coefficient of the price function. In each plot, different curves correspond to different fraction
of B-traders on the market,u. The thicker the curve, the larger the fraction. The x-axis is
the precision of the public signal, 8. The vertical line depicts g = ’:J—Q, the threshold above
which second-order expectations are polarized by more public information. Parameter values
are vy =1, w=4.01,v=2,and a = §; = 9, = 5.
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Figure 9: Coefficients of the price function in period 2 in Case 2. Each panel shows a given
coefficient of the price function. In each plot, different curves correspond to different fraction
of B-traders on the market,u. The thicker the curve, the larger the fraction. The x-axis is
the precision of the public signal, 8. The vertical line depicts g = ’:J—Q, the threshold above
which second-order expectations are polarized by more public information. Parameter values
are vy =1, w=4.01,v=2,and a = §; = 9, = 5.
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where D; is the vector of strategies of all traders active in period t.

In this Appendix, I consider only Case 1, where I-traders trade in period 1 and sell their
portfolio to J-traders in period 2 and consume the proceeds, while J-traders liquidate their
portfolio in period 3 for the fundamental value 6 and consume the proceeds. In period 1,
only I-traders trade. .J-traders arrive and trade in period 2 only. Thus the utility of traders

and the market clearing conditions are determined as follows.

Case 1 FEach I-trader solves

max FE [—eﬂwﬂli] (C.2)
di (p1,Z})

W} = dli (]91,1{) (p2 — ;1)

and each J-trader solves

max F [—e‘VWﬁ |I§] (C.3)
dj (p2,73)

Wi = & (p2.13) (0 —ps).

Components of the random supply, uy and us are drawn independently from the distributions

N? N?
ulNN<O,?),U2NN(O,?)
1 2

The information structure is defined in the main text in equations (1)-(5). The informa-

tion sets of agents are

i = {z',y}
7 = {<.y}
I% = {Zj7yap1}~

We are looking for a Perfect Bayesian Equilibrium in demand schedules defined as follows.

Definition C.1 A Perfect Bayesian Equilibrium in demand schedules is given by the strat-
eqy profiles Dy, Doy in which individual strategies are best responses given the equilibrium
strategies of all other players and expectations are formed according to Bayes’ rule. That is,
for any given i and j, and any realization of the information sets I} or Ig, di (p1, 1) and
A (pQ,Ig) solve problems (C.2)-(C.3) subject to (C.1) , respectively.

Note that in this equilibrium, each trader not only takes into account her direct impact

i



on prices due to the market clearing mechanism, but also her indirect impact through the
information content of prices.
C.1.1 Equilibrium
In the conjectured equilibrium strategies are
& = bz’ + coy + ga2q1 — €2p2 (C.4)
di = ax'+cy—ep (C.5)
for J and [-traders, respectively, where ¢; is the price signal corresponding to period 1

q _81101—Cly_£f Uy
1=— =T —
a; a N

(C.6)

with & = ¥;2% and its conditional precision is

11
var (|7)  ofai’

T2 (C.7)
It is easy to see that p; and y are informationally equivalent to y and the price signal ¢;. For
the definition of ¢; I used the market clearing condition in the first period. Also, from the
market clearing condition for the second period, we define the price signal ¢, as

_ ©p—CY— &0 Uz

P2 = =T -

bs bo N

with a conditional precision

2 T
27 var (g2]%)  63bAN?’

(C.8)

Finally, we define by, co, €9, g2 and ay, ¢y, ejas the linear coefficients of the conditional

expectations

E (szj, Y, q1, (J2) = byl + oy + €22 + Gomn (C.9)
E (gl y,q1) = ax’'+eay+en

1l



and

9 1
7'0 = -
var (0|Z]7 Y, a1, QQ)
7'2 = 1 -
! var (ql‘:ﬂ?yv(ﬂ)

as the corresponding precisions. Note that all the expectational coefficients and precisions

are functions of the primitive parameters and the equilibrium values of 7, 7.

I will prove the following proposition.

Proposition C.1 1. For any N > 2, there are 31,32 thresholds that for every N >

N, 0 < 51 and 69 < 32 there is a symmetric linear equilibrium,where

QbQ(N_Q)_GQ

b, — 1
> T TS (C.10)
9 (N — 2) b2 — €9 (&)
= C.11
by (N —2)—e
2 U2 2
e T, . C.12
2 O'y(N—l)(bg—I—eg) ( )
2(N-2)b2—€2 g
= 1
g2 7o Y (N — 1) € + b2 <C 3>
and
2
Tq ay
a = 0 (C.14)
7 (62 + 62) <1 + ((N(—;;11261)>
. T_q2 ((b2 + 62) €1+ 62) (62+b2)(31+61)+92
¢ — e (C.15)
T (ea+by) <1 + m)
2 (N—2)a; —e¢
q 1 1
o _ Ta C.16
! ¥ (N — 1) (62 + bg) ((62 + bz) (al + 61) + 92) ( )

Furthermore, all coefficients and equilibrium constants are calculated at 71 = 77 (N)

and 7, = 75 (N) where 75,7 are the fixved point of

by (N —2) —e
2 V2 2
o2 (N —1)

T2 (Cl?)

2
(517——(] il = T (018)
7

€9 + bg) <1 -+ —((N(f;;raellzel))

respectively.
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2. For any parameters, as N — oo, the equilibrium converges to a symmetric linear
equilibrium where the equilibrium objects converges to their counterparts in Proposition
2 of the main text.

First I derive the equilibrium objects for given 7 and 7.

The problem of J-traders is very similar to the corresponding problem in Kyle (1989).
The main difference is that now they use the price of the first period as as an additional,
endogenous public signal on the fundamental value. From conjecture (C.4) and the market

clearing condition, agent j faces the residual demand curve

D2 = ]32 - /\Qd%
where 1
= N_1e, 1
>\2 (N — 1) €9 (C 9)
Thus, a J trader maximizes
Iy p 5 i\ 70 N2 ([ Y\
(E (9’2 73/,1727@1) — P2 — )\2d2) d2 — (dQ) (2—7_2> =
0
i~ ~ j 2
= (E (012, y,D2. 1) — P2) (d}) — (d3) ()\2 + 2172)
0
which gives
(E (8|Zj7y7]527q1) _ﬁQ) - de <2/\2 + %) =0
0
implying | |
g = B0y, 00,01) — pa+ dody
? 2+ %
0
and 5 ) |
j 2°5Y,492,91) — D2
dy = : C.20
2 A+ (C.20)

Using (C.9) and the definition of gy, rewrite this as

€2p2—C2y—g2q1

bo2? + coy + =, T 920 — P2
Ao + %2 '

)
5 =

In a symmetric equilibrium, the coefficient of 27, y, ¢, and p, has to be equal bs, ¢, g2 and
e, respectively. Using also (C.19) gives (C.10)-(C.13).
The problem of each I trader is more subtle. Each [ trader has to liquidate her assets



before the fundamental value, @, realizes. Thus, she has to form expectations about the price
in period 2. As (C.20) shows for this she have to form expectations about the expectations
of J-traders. That is, second order expectations matter. Furthermore, when she forms
expectations on p,, she has to take into account the effect of her own trades on period 2
prices through period 1 prices which J-traders use as signals.

In particular, market clearing in period 1 implies that given the conjectured strategies of

J-traders, I-traders face the residual demand curve
p1L=p— Ald{

in period 1 where
1

M=E
! (N— 1) (S31

Market clearing in period 2 implies that

bzt ey tgen —F

P2 =
€2
By the definition of ¢; we can rewrite this as
P2 = pr — M\idj (C.21)
where
e
)\] = &—1)\1
€ A1
} bz + (Cz - gﬁ—i) Yy—F t8ah
pr = .
€2

Thus, problem (C.2) is equivalent to maximizing

(E (ﬁI|I{7p1) —Ardy — (P — Midy)) df — (di)Q <%UC”“ (p2|l“i,y,p1)> =

- (E (ﬁl|$ia y>ﬁ]) - ﬁl) d7i - (dll)2 <()\1 - )‘I) + %/UCL’T’ <p2|xiv ?J7p1)>
with the second order condition

(A = Ar) + %WT (p2|z’,y, 1) > 0.

vi



From the first order condition of I-traders this gives

di — E (151|IfaQ1) — D1
2\ = Ap) 4 yvar (pa|at, y, pr)

or, equivalently,

J

« E (%ZE(ijaya(Jm(h)— <>\2+%) %]mi,y,q1> —
di _ E(p2|xzayvq1) — N
1

A = A+ ar (pelaty, 1) A — A1+ yvar (pa]at, y, q1)

(C.22)
For the second equation, I used the market clearing condition in period 2 in order to em-
phasize the role of second-order expectations in I-traders demand functions. Rewrite (C.5)
as

bo i er c1 gg(:—iplfy:—i)+qy
o \ T Te (P —y ) tay)+ o — DN

2
AL — A1+ (E) %,
es T2

& =

For an equilibrium, we have to find a;, cy,e;, such that (C.5) equals to (C.5) for any
realizations of the random variables. Equating the coefficients in the two equations give
(C.14)-(C.16). Finally, substituting (C.10) and (C.14) into (C.7) and (C.8) give (C.17) and
(C.18).

For the existence and convergence to the REE equilibrium, first we have to find the
coefficients by, €2, a1, 1, 7, 7; by Projection Theorem and substitute in to (C.17) and (C.18).

This procedure gives the following fixed point problem for any fixed N

T, = Iy (7277'1)
n = Fi(r,m7m,Y)
Y = Fy (7'2,7'1)

where

=
S (v+w)Na(Na(N —2)—73(N —1)) (v + Nav + Nat?)

Na(N —1)(Na(tE +v+w) + (v + 2t + 2wr + 2wT?)) +
v (N —1) vt (v +2w) (N — 1) 3+
+N%a (Na (V2 + av + aw + 2vw + a1f + vif + wr) + 18 (VP + av + aw + 2vw))

vil



and

1 N3a3r] (V? — fw)

F, = 66— Y
! "YNa(Na+ (N =1)72) (vr2 + Nav + Na72) (v + w)
Yoo k?g Na

k (N —1) (v+ Na) (v + vw + 28w + 2Nav + Naf + Naw) 724 ..
- i T
| Na (v28 + v’w + 2vfw + Nav? + NawB + Navw + Napw) )

-
+Na?B + No*w + NavB + Navw + Nofw !
+Na (av? + V26 + V2w + avf + avw + afw + 2vBw)

( av? + 128 + 12w+ avB + avw + afw + 2vpw + Nav? + 2Na’v ) )
N3a

P 2 (v 1 (v+ Na) (V8 +vw + 2Bw + 2Nav + Naf + Naw) 73
? +Na (V28 + v*w + 2vfw + Nav? + NavB + Navw + Nafw)

T, +
Na?B + No*w + NavB + Navw + Nafw
N3a? (cw2 + 126 + Viw + avf + avw + afw + 21/6@))

N2 (au2+u26—|—y2w+al/ﬁ+al/w—l—aﬁw+2yﬂw—|—Now2+2Noz2y+) 9
Q@

Observe first, that 7 = F; (72, 71) gives a unique solution for any fixed 7, and this root
is always positive. This is so, because it can be rewritten as a third-order polynomial in 75,
with positive coefficients but negative intercept. It is easy to check that the root is finite for
any 73 € (—o0,00). Second, Fy (71, 7s) is positive as long as Na% > 7. Finally, for any
positive Y and 13, 7 = F} (72,71, Y) gives a unique solution with the same sign as (v? — Sw) .

Then, the proof is constructed by the following procedure.

1. Let us fix a NV, Define 73" (N) as

max o
' (N) = max 7
T1E€(—00,00)

S.t.FQ (’7'2, Tl) = Toa.

1
and define TQmaX( ) = max -, yo 75 (V) .
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2. Consider Fy (72,72) for any 72,72, for any N > N we define Y™ (N), Y™ (N) as

Ymax (N) - max(l)gjnax (N-2) FY (7—1’7—2)
7'226[0,72 ] [ON o~ 1>]
min o
Y (N) = 26[0 maxu))ml? Mo N-2) Fy (7'1772)
feformst]epvofi=3)

also define
Ymax(l) — max Y™ax (N)

N>N@)

3. Consider F (11, 72,Y) = 7 equation. Define 7{"** (N) as
¥ (N) = max |71
7'26[0 max] Ye[ymm(l) Ymax(l)]

S.t.Fl (TQ,Tl,Y) = T1.

Then define 7" = max . ya |72 (V)] .

4. Check that whether the above steps give

2
<7_1max(l)>

2
() < §Oa

2\ Zl Zl 2|

1 VO —2)
-
(W —2)
NG

If not, decrease 9; and J, until the point that repeating steps 1-3 ensures that these
conditions hold. As d; — 0 implies 71 — 0 for any 75 and Y, and d3 — 0 implies 75 — 0
for any 7, for any N there will be a 551) and 551) that this condition holds for any
01 < 5%1) and 0y < 5&1) and N > N,

5. Thus, we can define the compact space [O Tmax(l)} X [O,Ténax(l)} X [ymin() ymax(1)]
for 2 > fw and [T{nax(l), 0] X [O, T;lax(l)} X [Ymin(l), Ymax(l)} otherwise on which are

fixed point problem is a continuos self-map for every N > N1 so we will have an

~

equilibrium for each of these points. This proves existence with 6, = 351) and 6, = 5%1).

6. .Now define (V) = [71(1), v, Y(l)} as (one of) the fixed point of the system

T, = Iy (7'277'1)
nn = Fi(r,mn,Y)
Y = Fy (7'2,7'1)

X



for N = N Following the steps above, after choosing N1 = N 41, we can con-
struct a series of fixed points,i)™, compact spaces, "2 pmax(n) ymin(n) yrmax(n) 4y
thresholds N, (ﬁn), Sén) If there are more than one fixed point in step n, let us choose
the one which is closest to the fixed point [}, 75, Y*] given in Proposition 2 in the Eu-
clidean sense. By construction, the compact space is non increasing, the thresholds
(%n), Sén) are non-decreasing, and lim,,_, (%n), Sén) = 00. As all the coeflicients in poly-
nomials defined by F; = 71 and F; = 75 and the coefficients in polynomials defining
Y are converging to their equivalents in the limit problem, the functions must also
converge to the ones in the limit problem point by point. Thus, for every ¢, there is a
sufficiently large n that |w(”) — zb("_l)‘ < e. Thus, it is a convergent series and its limit

point must be ¥(*) =[5, 75, Y*].



