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growth formula (), and ¢(0) =0 by definition. How, though, can we get control on the enormous
range of possible consumption processes and CGFs? One approach is to exploit

Fact 1. CGFs are convex.

Proof Since c(0)=logm(0), we have

m(9)-m" (0)—m'(0)?
m(0)>

CN(Q) —

Ef/CEG?C — (IE)Ge‘gG)2
m(6)?

The numerator of this expression is positive by a version of the Cauchy—Schwartz inequality that
states that EX% - EY?>E(|XY|)? for any random variables X and Y. In this case, we need to
set X=¢6/2 and Y =Ge?O/2. (See m ), for further discussion of this and other
properties of CGFs.) ||

This fact can be used to derive sharp preference parameter bounds based on observables.

Result 3. In the power utility case, we have

c/w—p
rF—c/w= — <rp+trr—c/w. (1)
In the Epstein—Zin case, we have
rF—c/w= i;:;__'(; <rp+rr—c/w. (12)

Moreover, these bounds are sharp: for any € > Q there are distributions of consumption growth,
and parameter choices for p, vy, and  that are consistent with the observables and satisfy

?%ﬁ’f <ry—c/w+e¢; and other distributions of consumption growth and parameter choices that

are consistent with the observables and satisfy % >rp+rr—c/w—e.

Proof The result is best understood geometrically. Look at Figure[8 which plots a generic CGF:
it is convex and passes through the origin. We know from Result [2] that asset prices provide
information about some key points on the CGF—¢(—y), ¢(1 —y), and ¢(1)—and therefore about
the gradients of the dashed lines marked X, Y, and Z.

Now, because ¢(0) is convex, the gradients of X, Y, and Z, in that order, are increasing:

C(l—V)—C(—V)<C(0)—C(1—J/)<C(1)—C(0)
(I-)—(=y) = 0-(1-y) = 1-0

These inequalities can be rearranged to give

c(—y) <C(1—7/)
-y = l-y

But from Equation () we have, in the Epstein—Zin case,

<c(1). 13)

c/w—p c(l—y)
y—1 1—-y

(14)
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c(0)

FIGURE 5
Convexity of the CGF implies that line X has the smallest slope and line Z the largest
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FIGURE 6

CGFs of two possible distributions of consumption growth that are consistent with the observables and illustrate why

the bounds in Result[8cannot be improved

Putting (I3) and (I4) together, we have

C(—V)<C/W—,0 (1)
-y T ly—-17"7

The result (I2)) follows on rearranging the left-hand inequality using @) and (@), and substituting
out ¢(1) using the Gordon growth model; and (I} is a special case of (I2)).

The detailed proof that the bounds are sharp is in the Appendix, but the main idea can be
understood by comparing the generic CGF depicted in Figure [3 to the two CGFs shown in
Figure [@l which indicate how the two extremes can be approximately attained. The Appendix
demonstrates that there are distributions of consumption growth whose CGFs look like those in
Figure [Al—i.e. have the properties that (i) they are almost linear on the intervals [—y,0] in the
case represented by Figure[Gh, or on [1—y, 1] in the case represented by Figure[@b; and (ii) they
are consistent with the observables, which pins down ¢(1) and the gap c(1—y)—c(—y). |

The intuition is that as i approaches one, the consumption—wealth ratio approaches p.
Therefore, if the consumption—wealth ratio is to be far from p, ¥ must be far from one. Result[3]
turns this qualitative statement into a quantitative one, without making assumptions about what
is going on in the tails. Using the values rp=6%, rr =2%, c/w = 6%, we have the restriction that
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FIGURE 7

Parameter restrictions for i.i.d. models with rp=6%, ry =2%, and c/w=6%

—0.04<(0.06—p)/(1/% —1) <0.02. The shaded areas in Figure[illustrate where the parameters
must lie. If ¢ > 1, then p is constrained to lie between 0.02 and 0.08; if also v <2, then p must
lie between 0.04 and 0.07. If y =1 in the power utility case, or if =1 in the Epstein—Zin case,
then p is exactly identified by the consumption—wealth ratio.

To the extent that D; = Ct)‘ is a reasonable approximation of leverage, we can say even more.
For, we observe the consumption—wealth ratio ¢/w, wealth risk premium rp,, and the dividend
yield on the market d/p and market risk premium rp,, (that is, observe @)—(@), together with the
expressions that result on substituting in A =1). The following relationships hold:

c/w=d/p=ch—y)—c(l-y)
V(p—c/w)yte/w—d/p =c(A—y)
pm+rr—d/p =c(})

By convexity, we have
c(A—y)—c(l—y) - cA—y) )

=<

r—1 T A—y L
Substituting in, we have joint bounds on p, y, and :

c/w=d/p _O(p—c/w)t+c/w=d/p _rpmtiry—d/p
= A—y - A '

3.1. Hansen—Jagannathan and good-deal bounds

hians_e_n_andiagannath.aﬂ (]_]_‘29_1|) derived a bound that relates the standard deviation and mean of

the stochastic discount factor, M, to the Sharpe ratio on an arbitrary asset, SR:

_on)

SR .
- EM

(15)
In the Epstein—Zin-i.i.d. setting, the right-hand side of (I3) becomes

oM) | EM?

—1
EM (EM)?

= Vee(=2n)=2e(-y) 1. (16)
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Combining (I3) and (I&), we obtain the Hansen-Jagannathan bound in CGF notation:
1og(1+SR2) <e(=2y)—2¢(—y). a17)

[Cochrane and Sai-Requejd (200d) observe that inequality ([3) suggests a natural way to

restrict asset-pricing models. Suppose o (M)/EM < h; then ([3) implies that the maximal Sharpe
ratio is less than 4. In CGF notation, the good-deal bound is written

c(—2y)—20(—y)§10g(1+h2). (18)

Suppose, for example, that we wish to impose the restriction that Sharpe ratios above 1 are too
good adeal to be available. Then the good-deal bound is ¢(—2y) —2¢(—y) <log2. This expression
can be evaluated under particular parametric assumptions about the consumption process. In the
case in which consumption growth is lognormal, with volatility of log consumption equal to
o, it supplies an upper bound on risk aversion: y <./log2/o (which is about 42 if o =0.02).
However, this upper bound is rather weak, and in any case the postulated consumption process
is inconsistent with observed features of asset markets such as the high equity premium and low
riskless rate. Alternatively, one might model the consumption process as subject to disasters in
the sense of Section 211 In this case, the good-deal bound implies tighter restrictions on y, but
these restrictions are sensitively dependent on the disaster parameters.

In order to progress from (I§) to a bound on y and p that does not require parametrization
of the consumption process, we want to relate ¢c(—2y ) —2¢(—y) to quantities that can be directly
observed. For example, the Hansen—Jagannathan bound (I7) improves on a conclusion that
follows from the convexity of the CGF, namely, that

0=c(=2y)—2¢c(=y). 19)

This trivial inequality follows by considering the value of the CGF at the three points ¢(0),
¢(—y), and ¢(—2y). Convexity implies that the average slope of the CGF is more negative (or
less positive) between —2y and —y than it is between —y and O:

c(—y)—c(=2y) - c(0)—c(—-y)

14 14

Equation (I9) follows immediately, given that ¢(0)=0. Combining (I8) and (I9), we obtain the
(underwhelming!) result that 0 <log (1 +h2).

However, we can sharpen (I9) by comparing the slope of the CGF between —2y and —y to
the slope between —y and 1 —y (rather than between —y and 0):

c(=y)—e(=2y) _ed—y)—e(=y)
v - 1 '
This implies, by Result[ that ¢(—2y)—2¢(—y)>(y — 1)(c/w— r¢)+9(c/w—p), and hence

Result 4. [f the maximal Sharpe ratio is less than or equal to h, then we must have

(y—1)(c/w—rf)+l9(c/w—p)Slog(l+h2>. (20)
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Shaded areas indicate admissible parameter values for i.i.d. models with rp =6%, ry =2%, c/w=6%, and a maximal
Sharpe ratio of 0.75

The important feature of this result is that by exploiting the observable consumption—wealth
ratio and riskless rate, we do not need to take a stand on what is going on in the tails.

FigureBlreproduces the bounds of Figure[7] adding in the good deal bound @0 with 2=0.75,
i.e. ruling out Sharpe ratios above 0.75. Shaded areas indicate admissible parameter values. In
Figure[8b, admissible values lie below the line marked “good deal bound” when ¥ < 1 and above
it when ¥ > 1. There are also admissible values of p and ¥ not visible in the figure, with p large
and ¢ close to zero. The figure assumes y =4, but the admissible regions are unaltered for any
value of y between 0 and 8.5. The line marked “good deal bound” steepens as y increases, while
continuing to pass through the point (0.06, 1); once y rises above 8.5, the good deal bound starts
to impose tighter constraints on ¥ and p.

I repeat this exercise in the Supplementary Appendix for a maximum Sharpe ratio of 1.25
rather than 0.75. With power utility, this increase in £ shifts the good deal bound upwards, meaning
that higher values of y are permissible for fixed p. With Epstein—Zin preferences, the good deal
bound flattens out, which has no effect on the visible admissible region if y is held constant at 4.

4. EXTENSIONS
4.1. Log consumption not proportional to log dividends

Thus far we have operated under the assumption that log dividends are proportional to log
consumption. This section considers more general scenarios in which consumption and dividends
may differ, with a motivating application to a heterogeneous-agent economy. Again, the goal will
be to make statements that are independent of particular assumptions about tail behaviour.

To introduce some notation, suppose that a power utility agent with consumption C; is pricing
an asset paying dividends Dy, so that the asset’s price satisfies

0 G\ 7V D
P0=D0~]Ef e P! (—t> L.
=0 Co Dy

Defining the bivariate CGF ¢(6,6,)=logE 01108(Cri1/C+0210g(Di1/D0) it is almost immediate,
following the same logic as before, that Dy/Pg=p —c(—y,1). The next result, whose proof is
straightforward, collects this fact together with the riskless rate and risk premium.
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Result 5. If consumption growth G;=logC;/Cy and dividend growth H;=logD;/Dgy are
distinct, potentially correlated, Lévy processes, then

Dy/Py = p—c(—y,1)
R = p—c(—y,0)
RP = ¢(0,1)4c(—y,0)—c(—y, ).

[Constantinides and Duffid (199d) have shown that accounting for heterogeneity may con-
.Grossman and Shillei

tribute to an understanding of the equity premium puzzle. On the other hand
(@) have shown that if agents’ consumption processes follow diffusions, risk premia are
unaffected by heterogeneity. The tension between these two results will be resolved by showing
that heterogeneity matters to the extent that it is present at times of aggregate jumps. The presence
of jumps lends a discrete-time flavor to the model, and as a result it lies closer on the spectrum
to Constantinides—Duffie than to Grossman—Shiller.

I assume that agents suffer idiosyncratic shocks to consumption, perhaps because agents have
labour income risk that is uninsurable for moral hazard reasons[d All agents have power utility.
Agent i’s log consumption process is given by

Ni
logc—_ut-i-aB;—f-ZY +01Bit— olt—i-ZXJ—f-ZYl] 1)
1,0 j=1 *—z—/ j=1
type (i) ~—— W
common to all agents type (i)  type (iii)

Here B; is a Brownian motion, and Y; are the i.i.d. sizes of jumps, which occur at times dictated
by the Poisson process N;, with arrival rate w; these shocks are common to all agents. I assume
that the jumps are bad—or at least, not good—news on average, so Ee¥i < 1. There are also three
types of idiosyncratic shocks: (i) an idiosyncratic Brownian motion component, B; ;; (ii) jumps
whose size X; ; and timing (determined by the Poisson process N; ;) are idiosyncratic; and (iii)
jumps of idiosyncratic size Y; x, whose timing coincides with aggregate disasters, to capture the
fact that disasters do not have the same impact on all agents. I assume that X; ; and Yy ; are
i.i.d. across i,j, k and [, and N; ; are Poisson processes, independent across i, with arrival rate w,.
Finally, o1 and w, are constant across all agents i.

Aggregate quantities are computed by summing over agents i; I assume that a law of large
numbers holds so that this process is equivalent to taking an expectation over i. With this
assumption, together with the normalization that for all i and %, EeXik =FeYik =1, @1 implies
that aggregate consumption evolves according to log % =ut+oB;+ ZN’ 1Y

The upshot is that all agents attach the same value to the ° equlty claim to aggregate

consumption, so as inlConstantinides and Duffid (1996) there is a no-trade equilibrium in which

agent i consumes C; ; at time ¢. The Euler equation holds for each agent i, so the price of equity,
P, must satisfy
o Cie 7
P:IE/ e"”(—’) -Cidt. (22)
0 Cio

ResultBlnow applies with G, =log Cj;/ C;o and H; =1log C;/Cy. Defining mp(9) = Ee?Yi, my(0)=
EefXik, and m3(0)=Ee?Vii, the CGF of (Gy,H)) is ¢(61,62) = (0 +62)+ 1% (01 +62)% +

6. [Storesletten, Telmer, and Yaron m) show that idiosyncratic shocks are highly persistent, and large, with a

standard deviation of about 0.25.
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%01291 01— D) +wr[my(01)—1]14+w[mp (61 +62)m3(01) — 1]. The dividend yield, riskless rate,
and risk premium follow from Result[]

Anaive econometrician who uses aggregate consumption in calculations of these fundamentals
is wrongly dropping the is in @2)), i.e. replacing G; in the CGF by H;, or equivalently using the
function ¢(0, 01 +6;) in place of ¢(61,6,). The discrepancies between the true values and incorrect
predictions based on aggregate quantities (denoted by bars) are

D/P—DJP = —a}y(y +1)/2—wa[my(—y)— 11—wmp(l —y)[m3(—y)—11  (23)
Rf =Ry = —oly(y +1)/2—an[my(—y) — 11— wmp(—y)[m3(—y)— 1] (24)
RP—RP = wlmp(—y)—mp(1 —y)l[m3(—y)—1]. (25)

All three types of heterogeneity influence the dividend yield and riskless rate. But if there
are no aggregate disasters—w =0—then heterogeneity has no effect on the risk premium, as in
[Grossman and Shilled (1982). Even if there are disasters, heterogeneity of type (i) or type (ii) has
no effect on risk premia, as in[Krueger and Lustig (2010). Using these expressions, we can sign

the effects of heterogeneity no matter what the distribution of jumps.

Result 6 (Robust implications of heterogeneity). Heterogeneity drives down the dividend yield
and riskless rate, and increases the risk premium: D/P <D/P; Rf <Ry; and RP > RP.

|Qampbe_l] (]2&13) and [Cochrand (IZM) have argued, based on calculations in lognormal or

approximately lognormal models, that heterogeneity is unlikely to be quantitatively relevant for
the equity premium puzzle. The good news is that 23) shows that this conclusion is altered—
heterogeneity may be quantitatively important—in the presence of jumps. Suppose that aggregate

and idiosyncratic type (iii) jumps in log consumption are Normally distributed, ¥; ~N (—b,s?)
and Y 4 ~N(—s2/2,52). Then mp(6)=e2050°/2 and m3(0)=e*%@~D/2, From [3), this

increases the equity premium by

® (eby—i-s2y2/2 _eb(y—l)+‘;2(y_1)2/2> (esl.zy(y—i-l)/Z _ 1) .

This increases extremely rapidly in y: relative to the baseline calibration, s; =0.25 causes the
equity premium to increase by an extra 528 bp if y =4, and by 1982 bp if y =50
But here too, disasters are a double-edged sword. The bad news is that heterogeneity only
matters for risk premia to the extent that it is present at times of aggregate disaster. This is
frustrating from the point of view of empirical work, since it means that the considerable amount
of information about heterogeneity in “normal” times that is available in individual-level datasets
is irrelevant for risk premia. Thus the difficulties in identifying parameters discussed in previous
sections extend to the heterogeneous agent case. This may explain why several authors have failed
to find empirical evidence that heterogeneity matters. For example, [Heaton and Lucad (199€) and
) do not consider the relevance of disasters. @ ) does, but truncates at the
third moment; moreover his data only run from 1980, so do not contain any examples of disasters

in M) sense.

7. These numbers are in stark contrast to Cochrane’s (2008, p. 309) argument that “an idiosyncratic risk model
will have to rely on high risk aversion, just like the standard consumption model, to fit the standard asset pricing facts”
because Cochrane—not having disasters in mind—did a back-of-the-envelope calculation that rests on a linearization
(his equation (27)); and it is particularly important to avoid linearizing in the presence of disasters.
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4.2. Non-i.i.d. consumption growth

An extensive literature has documented that time variation in valuations contributes a sizeable
proportion of equity volatility. To capture this feature while still allowing for arbitrarily distributed
consumption growth, I now drop the assumption that consumption growth is i.i.d. Valuations are
then time-varying, so that we have non-trivial valuation shocks Q;1:

Wit ( Wt>
1+ =(14+—)Oi+1- (26)
Cry1 G )

In the i.i.d. case, valuation ratios were constant and Q1 | = 1. I now assume only that E; O, 1 =1.
The joint behaviour of consumption growth and valuation ratios can be summarized by the
conditional CGF ¢(61,6,) =logE exp{6110g(C41/Cy) 4621080111}

The Euler equation for an Epstein—Zin investor can be written as

Wi _ Cl+1 o ¥—1 Cz+1 + WH—I
F po [ L 1+R _ . 27
C t|:e ( (o > ( ™t 1) o 27

Using 26), we have

Ci\ C
’) L0, (28)

1+R =|14+—
+ m,t+1 < +Wt Ct

so the expected return moves around with the valuation ratio C;/W;. We also have

Ory1- (29)

Corr+ W1 _ Wi | G\ Ciq1
G G W) G

Substituting @8) and @9) into @7) and rearranging, we find that
G

1+ —=exp{p—c:(1—y,93)/7}.
Wy

Using this together with @8, E/(1+R,, ;1) =exp{p+ec:(1,1)—¢,(1—y,¥)/?}. Similarly, the
price of a one-period bond, By, is

t

_ oo (G Y 91| _
Bi=E;|e o (14+Rp,141) =exp{—p+ (/9 —=De(1—y,})+e(—y, 0 —D}.

Now define, in line with previous notation, the consumption—wealth ratio ¢ /w; =log(1+ C; /W),
riskless rate ry , = —log By, and risk premium rp, =10gl;(1+ Ry, 14-1) — 171> We have
c/wr = p—ci(1—y,0)/0
rre=p+A=1/P)ci(1—-y,9)—c/(—=y, 0 —1)
pr = cl(la 1)+ct(_7/, ¥ — 1)_Ct(l -V, 1-9)
As before, the fundamentals provide information about the values taken at various points

by the CGF, and as before, the CGF is a convex function. Now, however, because the points
(1,1), 1—y,9), and (—y, 9 — 1) do not lie on a line, there are no direct constraints imposed by
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convexity in the general caseli However, I show in the appendix that the hypothesis that Q1
and C;y1/C; are independent of one another cannot be rejected in the data. If we assume that
they are indeed independent then the analysis simplifies nicelyE and the previous results can be
extended—perfectly, in the power utility case—to the case of non-i.i.d. consumption growth.

Result 7.  Suppose that Qs and Cy1/C; are independent for all t. Then with power utility,
ResultsBland® continue to hold, with fundamentals replaced by conditional fundamentals. With
Epstein—Zin preferences, the right-hand inequality in (I2) holds in the region  >1/y, and the
left-hand inequality holds in the region v <min{1/y,2/(1+7y)}; and ResultE holds if ¥ <0 or
U >2.

5. CONCLUSION
As pointed out byIRj_QtzI (1989), [Barrd (2006), and [Weitzman (2007), the tails of the distribution

of consumption growth exert an enormous influence on asset prices. This article takes an agnostic
approach regarding the existence and importance of disasters, and introduces a framework that
handles general i.i.d. consumption growth processes. The framework leads to simple and intuitive
formulas that shed light on the impact of the higher cumulants of consumption growth on the
riskless rate, consumption—wealth ratio and risk premium.

The framework is flexible: in a heterogeneous-agent example, I show that consumption
heterogeneity gives a huge extra kick to the disaster logic if it is present at times of disaster,
and I show how the parameter bounds derived under the i.i.d. assumption can be extended to the
case with non-i.i.d. consumption growth and time-varying valuation ratios, under an independence
assumption that cannot be rejected in the data.

Disasters are a double-edged sword. They exert an enormous influence on asset prices, and
hence provide a potential explanation for the equity premium puzzle (good); but the predictions
of disaster models are sensitively dependent on the assumptions made about the hard-to-estimate
parameters governing the size and frequency of disasters (bad). The majority of the article has
focussed on the i.i.d. case, this being the econometrically most favourable case; estimation of
time-varying disaster parameters is presumably even more difficult. A central theme of the article
is that we can sidestep this discouraging observation by exploiting a simple but powerful fact:
CGFs are always convex. This convexity imposes constraints that hold no matter what is going
on in the tails—even in economies in which the distribution of disasters is so severe that GMM
is invalid even asymptotically.

APPENDIX
A. PROOF OF RESULT 1

The Epstein—Zin first-order condition leads to the pricing formula

_ > —pot Cr I o—1 A
P—EZE N (T+Rm0-1)" (G,
1

8. Except in the limiting case { =oo; then, the points do lie on a line and without any further assumptions the
convexity argument goes through. Equation (I2) holds, and hence T <P <Tf+1D;

9. Even if aggregate consumption growth is independent of Q;1, the consumption growth of marginal investors
may be an important determinant of valuation ratios. In the Supplementary Appendix, I illustrate this possibility with an
equilibrium model and show how the methodology of the article can be adapted to it; and I also discuss the use of CGFs
in models in which a vector of state variables follows a compound autoregressive (CAR) process.
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where ¥ =(1—y)/(1—1/v¥) and R,, 90—, is the cumulative return on the wealth portfolio from period 0 to period ¢. I
assume that ¢ # 1 for convenience. Now,

1 +Rm,sfl~>s =

CsHWs G (CH %Qq) Cs v

= + = e,
Ws—1 Cs—] Ws—1 Cs Wi Cs—l

where the last equality follows by making the assumption—which will subsequently be verified—that the consumption—
wealth ratio is constant. I have defined 1+ C/W =e¢". It follows that 1+ Ry, 0 =(C;/Co)e”’, and hence that

0o A—=D/Y -1 A

_ C C _ (Co)
_ v }: pot [ =t ~t vo-y VO
et i ‘ <C0) (CO) ‘ eprvi=t)=eGoy) 1

so long as pi? +v(1 —9)—c(A—y) > 0. Finally, we have D/P =¢P?+v(1-H—cG=y) _q

Defining d/p asusual,d/p= p® +v(1 — 1) —c(A — y). The assumption imposed above is therefore that d /p > 0; this is
the same requirement as in the power utility case. Setting A = 1, we get an expression for ¢/w= v which can be solved for v,
giving v=p —c(1 —y)/9: aconstant, as assumed. Substituting back, we have d/p=p —c(A—y)+c(1—y)(1—1/9) and
hence ry =p—c(—y)+c(1—y)(1—1/1). Since the price—dividend ratio is constant, 1 +R; 1 =(D;11/D;)(1+D;/Py),
soer=d/p+10gE(D,y1/Dy)=p¥ +v(1 —9¥)—c(r—y)+c(r), and hence the risk premium rp=er —ry =c(A)+c(—y) —
c(h—y).

B. IDENTIFICATION IN SECTION 2.2

I show in the Supplementary Appendix that the regularity conditions for the GMM estimators to be consistent and
asymptotically Normal hold in this calibration. It remains to check that the parameters are identified, i.e. that the population
moment conditions (IQ) are satisfied only at the true parameter vector (o, y). The proof that they are is another application
of convexity of the CGF; in particular, it does not depend on any details of the specific calibration. The moment conditions

can be rewritten as R
~ Cr1\ 7
p=IlogE c (14Ri41) (A1)

t

for the two assets i=1,2. I write p and ¥ rather than p and y to emphasize that p and ¥ are to be estimated from sample
analogues of (&). In general, we might have any two assets with different values of A;; if i = 1 refers to the consumption
claim and i =2 to the riskless asset, then A; =1 and A, =0.

With just one asset, p and y are not identified: we have a locus of points (,7) consistent with &), which can be
thought of as a function 5(7). With two assets, we have two such functions, p;(); the parameters are identified if the
two functions cross only at ¥ =y, i.e. we must check that ¥’ =y is the unique solution of p;(¥) = p2(¥).

PO . -V -7
Wehavepl(y):pz(y)1fandon1y1f10gE<C'C*r‘) (1+R|v,+1):logE<C’C+r‘) (14R2,141). The model generates

constant valuation ratios, so returns move in lockstep with consumption growth, via 14+R; ;11 =(C/41 /Ct)k" eP—ci=y),
Substituting this in, we seek to solve

—ec(ki—y)+e(hi—=P)=—c(ha—y)+e(r2 7).
Clearly, ¥ =y is a solution, so it remains to show that it is the unique solution. We can rewrite the above equation as
(M =P)—cOa—P)=K, (A2)

where K =c(A] —y)—c(Ay —y) may be positive, negative, or zero, depending on the particular values of A and A, y,
and the particular distribution in question.

Without loss of generality, assume that A; < A,. I will show that ¢(A; —y)—¢(A, —7) is monotone increasing in .
This will establish that the unique solution of Equation (&2) occurs at ¥ =y, as required. To establish monotonicity, pick
an arbitrary y; > y». We must show that

c(hp—y1)—c(h2—y1)>c(h1 —y2) —e(Aa—y2).
——— —— —— ——
A A+D B B+D

I have simplified the notation by introducing A, B, and D, where A <B and D > 0. So, I must show that ¢c(A) —c(A+D) >
¢(B)—c(B+D), or equivalently,
¢(B+D)—c(B)>c(A+D)—c(A)

for arbitrary A < B and D > 0. This holds by strict convexity of ¢(-).
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C. RESULT 3 IS SHARP

Given knowledge of ¢/w, ry, and rp, could there be a better bound on p and ¥ than those supplied by Result B The
answer is no. For fixed ¢/w, ry, and rp, there are possible distributions for consumption growth, and values of p, ¥, and
Y that come arbitrarily close to making the inequality i? =121 —¢ /w hold with equality. (That is, for any & >0 we can

have ‘1% 2 <ry—c/w+e.) Figure[Gh illustrates. Similarly for the other inequality ‘1% —& <rp+ry—c/w, as illustrated

by Flgurelﬂa

The strategy will be to exhibit possible distributions and preference parameters under which the bounds are arbitrarily
nearly attained. We must, of course, respect the observables, c/w=p—c(1—-y)/?, rp=c(1)+c(—y)—c(1—y), and ry
(which jointly determine ¢(1), by the Gordon growth formula (). Equivalently, we must restrict to considering CGFs
that match ¢(1) and ¢(1—y)—c(—y); subsequently, p can be set to match ¢/w.

Consider first the left-hand inequality in M. < =1 1// 1 >ry —c/w. The proof of ResultBlshows that this bound would
hold with equality if the line X had the same slope as the line Y: that is, if the CGF were a straight line between —y and 0.
This is approximately the case in Figure[@h; it cannot /iterally be true, since if the CGF is a straight line over any interval
then consumption growth must be deterministic. Nonetheless, we can make the CGF arbitrarily close to a straight line
over this interval, while lining up with ¢(1) and with ¢(1 —y)—c(—y) as required for consistency with the observables.

Suppose G takes just two values: ¢(1)+loga with probability ¢, and ¢(1)+logb with probability 1 —g. Here a is
greater than 1 and b is between 0 and 1. To ensure that the distribution respects the mean of consumption growth, i.e. that
Ee€ =D we set b=(1 —aq)/(1—q); this requires that ag < 1. Write «(0) for the CGF of G. (I do so to avoid confusion
between « (1), which for general values of a, b, g is arbitrary, and the observable c¢(1); of course, my choice of b ensures

that k (1)=c(1).) We have
1— 6
k(0)=c(1)0 +log |:an +(1 —q)(lf(?) :| .

To generate the extreme example, we will want to have ¢ very close to zero, a very large, and b close to 1. Rearranging
the above equation, to understand what happens when g0,

0
K(6)= c(1)9+910g<1 q>+1og(1—q)+1og[1+ 4 9(1;‘1) }
l—¢q l1—¢q

1—aq

these converge to zero as ¢ tends to zero

As g tends to zero, the last two terms converge to zero uniformly in a>1 and 6 <0: for any ¢ >0, we can pick ¢

sufficiently small that ‘K(@) c(1)6— Glog( L “q)‘ <. Given this small g, we choose a so that the (approximate) slope
of x(0), for & <0, matches up with the observable ¢(1 —y)—c(—y):

1—(1—q)e™™

1—
c(l)+log<faqq> =c(l—y)—c(—y)=c(l)—rp, orequivalently, a= p

The left-hand inequality is then tied up to an arbitrarily small error, as in Figure [Gh.

In the other direction, we seek a distribution whose CGF is almost linear between 1 —y and 1, while holding fixed ¢(1)
and ¢(1 —y)—c(—y), as illustrated in Figure [@b. Suppose that G=¢(1)+E, where with probability g, E is distributed
on (—o00,0) with pdf fi (x)=A;e** for some Aj > y, and with probability 1—g, E is distributed on (0,00) with pdf
fr(x) =Ar2e~*2% for some A, > 1. To match means, we need EeC =D, or equivalently g=(1+x)/(A| +12). Imposing
this, the CGF of G is

(©)=c(1)+1 [1 +26-D ]
TR T G0 0a—0)
Ultimately, we will have A; close to y and A, very large; thus g will be close to zero.

For 6 €[1—y, 1], itis immediate, since A1 > y, that ‘ Q)E?lé) is uniformly bounded. Thus for large 12, k(6)=c(1)0 +

O(AZ_] ): given arbitrarily small ¢ > 0, we can pick a large 1, such that |« (6)—c(1)8| <¢ forall 6 €[1—y, 1], i.e. the CGF
is almost linear between 1 —y and 1.
Given this X;, it remains only to choose A; >y so that k(1) +k(—y)—k(1—y)=rp:

y(y+1) y(y—1)
1 1+ — -1 1 =rp. A3
°g[+(m—y>uz+y>} Og[+()»1+1—7)(?»2+)/—1)] ' A

For arbitrary fixed X,, the left-hand side of this equation is continuous in Ap; it tends to zero as A; tends to infinity, and
to oo as Aj tends to y. So by the intermediate value theorem, there must be a value of A1 such that @3 holds. (In fact,

for large A, we will have A| ~y + (e,,,yt);z )
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FIGURE Al
Changes in valuation ratios plotted against growth in cashflows. (a) Data from Lustig et al. (2008) and (b) Data from
Robert Shiller’s website

D. EXTENSIONS

D.1. Dividends not equal to consumption

Proof of Resultldl Define cj(0)=logm;(9), j=2,3, and cp(0) =logmp(0). Given the assumptions made above, ¢;(1)=0
and ¢p(1) <0. By convexity, [¢;(0) —c;j(—=y)]/y <¢;j(1)—¢;(0)=0. Equivalently, ¢j(—y) > 0, and hence m;(—y) > 1 for
Jj=2,3. Similarly, cp(1 —y)—cp(—y) <ep(1)—cp(0) <0, so cp(—y)>cp(1 —y); it follows that mp(—y) >mp(1 —y).
Finally, it is clear that mp(8) > O for all 6. The result follows from Equations @3)-@3). ||

D.2. The non-i.i.d. case

Figure[ATlillustrates the relatlonshlp between logQ,+1 and Ac, 1 in two data sets. Figure[ATh shows data compiled for the
period 1952.11 to 2006.1V by M)m The correlation between log Q41 and
log(C;+1/C;) in their data is close to zero, at —0.10. Figure BIb shows the corresponding results using Robert Shiller’s
annual series P and D from 1871 to 2008, available on his website. Based on these figures, it seems reasonable to entertain
the possibility that Q4 is independent of C;41/C;. Lack of correlation does not imply independence, of course, so after
the proof of Result[]] I report several tests of the null hypothesis that O, and C,41/C; are independent. The hypothesis
cannot be rejected at the 5% level on either data set, using any of the tests.

Proof of Resultll (I drop subscripts ¢.) The independence assumption implies that ¢,(6;,6,) can be decomposed as
¢1(61)+c2(62), where ¢1(8)) =logE, /11°2Ci+1/C) and ¢,(6;) =logR, £%21°8%+1 Since B, Q11 =1, ¢2(1)=0. Then we
have

Hp—c/w) = ci(l-y)+ex (D) (A4)
c/w=rr+9(p—c/w) = ci(=y)+e2(¥ = 1) (A.5)
rrtmp—c/w = ci(1) (A.6)

In the power utility case, 9 =1, so the ¢3(-) terms in (AZ)—-(AG) drop out since ¢2(0)=c»(1)=0. The proof then
goes through exactly as in the proof of Result[3l
We must now deal with the Epstein-Zin case. Given (A.4)-(A.6), the upper bound holds iff
ald-y) @) _
SV 2 .
l—y l—y ~
Now, ¢1(1—y)/(1—y)<ci(1) by the standard convexity argument. So the upper bound will hold if ¢2(¢)/(1 —y) <O0.
Thus we need either ¢2(9)>0 and y > 1 or ¢2(¥) <0 and y < 1. But the convexity of ¢(-) means that it is easy to
characterize precisely when ¢ (-) is positive or negative: since ¢2(0) =¢2(1)=0, and ¢2(-) is convex, ¢2(x) <0 iff x € [0, 1].
So the upper bound holds if y > 1 and ¥ €(0, 1), or if y <1 and ¢ €[0, 1].

10. I thank them for making their data available to me.
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The lower bound holds iff
ci(l—y) +02(l9)
-y l—y

zei(I-y)—ci(=y)+e2(P)—ea(@ - 1).

Now, ¢ci(1—y)—ci(—y)<c1(1—y)/(1—y) by the standard convexity argument. So the lower bound holds if ¢,(¢)—
(9 —1)<c2(9)/(1—y); equivalently, if
Y
y—1
This condition clearly holds if the left-hand side is negative and the right-hand side is positive, and fails if the converse
is true. Given the discussion above about when ¢;(x) is positive or negative, it holds if y > 1 and ¢ €(0,1), orif y <1
and 9 £[0,2].

These conditions are equivalent to those given in the statement of the result.

Finally, we must show that the good deal bound generalizes under the given conditions. The analogue of (&) is
c1(=2y)—2¢c1(—=y)+c22(0 —1))—2¢2(¥ — 1) <log(1 +h?). In the power utility case, ¥ =1 and the ¢a(-) terms drop
out; the proof is then as before.

It remains to deal with the cases ¢ <0 and ¢ > 2. I will show that in either case,

2200 = 1)) =22 =)= (y — De2(¥ — 1) —yea(9). AT
Combining this with¢1(—2y)—2¢i(—y) > (y — 1)e1(—y) — ye1(1—y), which holds as before, and using (&) and &3,
we have

c1(=2y) =2¢1(=y)+€22(0 = 1)) =2¢2(0 = D= (y — Der(=y) —ye1(1 =y)+(y — Dea(d = ) —yea(9).
So the good-deal bound o(M)/EM <h implies, as required, that (y —1)(c/w—rp)+9(c/w—p) <log(l +h?). Tt only
remains to establish (AZ). This is equivalent to showing that ¢2(2( — 1)) —c2( — 1) >y (c2( — 1) —c2(2?)). Suppose
first that ¥ <0. Then we know by convexity that
e2(9 =1 —62(9 — 1)
1-v

It follows that ¢2(2(3 — 1)) —c2(9 — 1) > (1 =9 )(c2(¥ — 1) —c2(})). We are done so long as 1 —¢ >y . This requires that
1—y >, which is equivalent to ¢ /¢ <0; and this holds. Alternatively, suppose ¢ >2. Then ¢(2(¢ — 1)) >¢2(9 —1)>0
and ¢2 (9 — 1) —c2(9) <0 so trivially the required result holds. ||

c2(P)<c2 (¥ —1).

=e(@)—e2(@—1D).

D.3. Testing the hypothesis that Q;4+1 and Cyy1/C; are independent

Given a set of bivariate random vectors (X1,Y1),...,(Xy, Yn), we can form the rank vectors Ry and Sy of the samples
Xi,...,Xy and Y1,..., Yy respectively. So, for example, the k-th element of Ry, denoted Ryy, would equal 3 if X were
the third-smallest member of {X,...,Xy}.

Throughout this section, the null hypothesis of interest is that the random variables X; and Y; are independent for
each i. (This is slightly more convenient notation; below I will set X; =C;/C;_; and Y;=Q;.) I consider four different
tests of the null: Kendall’s test, based on the signs of appropriate products of differences; Spearman’s test, based on a rank
correlation coefficient; a test that detects a broader class of alternatives to independence, due to m) and
subsequently adapted for large samples by[B_h;m_Kj_Q&r_and_Rgsgnmaﬂ (BKR, ); and a test due to @).
The first three tests assume that the bivariate random vectors (X;, Y;) are independent over time. If this assumption is
violated, then the tests are likely to over-reject the null hypothesis of independence between X; and Y; within pairs. The
fourth test, due to Hong, explicitly accounts for the effects of non-independence over time, and is based on a kernel-
smoothed sum of squared cross-correlations between the residuals from autoregressions of X; on X;_1,...,X;_p, and of
YionYiy,....Y—p.

Kendall’s test is based on N(V —1)/2 paired sign statistics Q((X;, ¥;), (X;, Y;)), where for 1 <i<j<N,

1 if(d—b)(c—a)>0
—1if(d=b)(c—a)<O0’

Q((a,b),(c,d))={

The test statistic is .
K= Zi=| Zj:i-H Q((Xiq Yi)~(qu Y;))
[N(N—1)(2N+5)/18]'/2
which is asymptotically standard Normal under the null hypothesis.
Spearman’s rank correlation coefficient, ky, is the classical (sample) correlation coefficient applied to the vectors Ry
and Sy:

N (Rni —Ry)(Sni—Sn)
— — -2
[va:] (Rni—Rn)? va=1 (Sni— SN)Z]

Under the null, v/N«y is asymptotically standard Normal.

KN =
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TABLE Al
Testing for independence of Qy1 and Ci11/C; using Kendall’s test, Spearman’s test, and the BKR test
Data set K p-value KN knv/N p-value %n“N -Byn p-value
Lustig et al. —1.581 0.114 —0.0877 —1.295 0.195 2.790 0.0534
Shiller —1.262 0.207 —0.0799 —0.935 0.350 1.722 0.212
TABLE A2
Values taken bylm (m ) test statistic Qj{,, which is asymptotically distributed N(0, 1) under the null, in the Lustig
et al. data
M=1 M=2 M=3 M=5 M=10
p=1 1.26 1.70 1.82 1.56 1.26
p=2 1.31 1.59 1.62 1.31 0.92
p=3 1.15 1.26 1.15 0.64 0.18
p=5 0.89 1.22 1.27 0.97 0.54
p=10 0.93 1.46 1.67 1.50 1.25
TABLE A3
Values taken bym M) test statistic Q,*V, which is asymptotically distributed N(0, 1) under the null, in the Shiller
data
M=1 M=2 M=3 M=5 M=10
p=1 0.06 —-0.23 —0.29 —-0.32 —0.69
p=2 0.34 —0.17 —-0.21 -0.17 —0.55
p=3 0.32 —0.20 —0.24 —0.17 —-0.53
p=5 0.64 0.05 —0.16 —0.18 —0.44
p=10 —0.26 —0.66 —0.57 0.17 0.37

Construction of the BKR test statistic is more involved; full details, together with discussion of Kendall’s test and
Spearman’s rank correlation coefficient, can be found inm , chapter 8). The BKR test statistic
is By ; we reject the null if %714N-BN is larger than critical values given in BKR (1961) and @,
Table A.33).

Finally, I compute m) test statistic Oy, for a variety of lag lengths p and smoothing parameters M, using
the quadratic-spectral kernel

sin(67x/5 -
k()= 1272z§x2 [“"6(717;;5/ ) —cos(67rx/5)] ifx#0 .
1 ifx=0
The test statistic has an asymptotically standard Normal distribution under the null.

As is clear from Tables AT}-[B3] the null hypothesis of independence is not rejected in either dataset by any of the
four tests.
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