EC319: Auction Theory
MICHAELMAS TERM

The first part of the course consists of an introduction to the game theoretical analysis of auctions. It presents
standard auction formats and strategic behavior in such environments. Auctions will be analyzed both in
private and interdependent value environments. Fundamental topics such as the revenue equivalence theorem,
the optimal auction design problem and the linkage principle will be discussed extensively. Throughout the
course we will consider departures from the standard model allowing for heterogeneity amongst players,
budget constraints and resale. Time permitting a model of bidding rings will be presented. The focus of the
course is mainly theoretical, but when possible empirical and experimental evidence supporting the formal
models will be discussed with references to relevant work in the field.

Lecturer: Francesco Nava, f.nava@Qlse.ac.uk
Office Hours: Wed 1.30pm-3.00pm, Building 32L, Office 3.20
Course Website: moodle.lse.ac.uk

Time and Location: Thu 9.30-11.00am, Building 32L., Room LG.18

Class Work: The work for each week consists of one or more exercises taken from the textbook and some
additional problems. Answers to exercises will be posted on the website throughout the term. You are
expected to make a reasonable attempt at the classwork in advance of the class. Two written assignments
are required before class in weeks 6 and 11 of MT. These assignments will be of similar scope and difficulty
as exam questions. You are expected to be diligent about meeting the deadlines for submission.

Exams: The final exam will determine your grade on the course entirely. The two parts of the course will
be weighted equally. For each part of the course, you will have to answer two short questions and one long
problem. The exam will focus entirely on topics covered in lectures and classes.

Weekly Course Program

1. Review: Order Statistics & Game Theory [KA, KC, KF)
2. Independent Private Value Auctions K1, K2]
3. Revenue Comparisons and Reserve Prices K2]
4. Revenue Equivalence Principle K3]
5. Extensions: Risk Aversion [K4]
6. Extensions: Budget Constraints [K4]
7. Mechanism Design K5, 3]
8. Optimal Mechanisms K5, 5]
9. Efficient and Balanced Budget Mechanisms K5, 6]

10. Interdependent Values [K6-7, 4]
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Readings

Most materials covered can be found in the main textbook. The slides used in class will be posted. Some of
the papers below may be suggested to deepen some topics.

Main Textbook: [K] Auction Theory, Vijay Krishna, Academic Press 2010

Related Papers [Not Required]:
[0] Athey & Levine, “Comparing Open and Sealed Bid Auctions: Theory and Evidence”, Mimeo 2004
[1]Ausubel, “A Generalized Vickery Auction”, Econometric Society Conference, 2000
[2] Dasgupta & Maskin, “Efficient Auctions”, Quarterly Journal of Economics, 2000
[3] Krishna & Perry, “Efficient Mechanism Design”, Mimeo Penn State University, 1998
[4] Milgrom & Weber, “A Theory of Auctions and Competitive Bidding”, Econometrica 50, 1982
[5] Myerson, “Optimal Auction Design”, Journal of Operation Research 6, 1982
[6] Myerson & Satterwaite, “Efficient Mechanisms for Bilateral Trading”, JET 28, 1983
[7] Reny & Perry, “An Ex-Post Efficient Auction”, Econometrica 70, 2002
[8] Vickery, “Counterspeculation, Auctions and Competitive Sealed Traders”, Journal of Finance 7, 1961
[9] Wilson, “A Bidding Model of Perfect Competition”, Review of Economic Studies 44, 1977
[10] Zheng, “High Bids and Broken Winners”, Journal of Economic Theory 100, 2001



EC319 - Auction Theory
MICHAELMAS TERM

Weekly Course Assignments

Several weekly exercises are taken from Krishna’s textbook. Problems assigned are discussed during classes and
lag the topics covered in the lectures by approximately a week. Answers to exercises will be posted on the website
throughout the term. You are expected to make a reasonable attempt at the classwork in advance of the class. Two
problem sets have to be handed in as written assignments at the end of weeks 5 and 10 of Michealmas Term. These
assignments will be of similar scope and difficulty as exam questions. You are expected to be meet the deadlines
for submission.

[2MT]

1.

[3MT]

[AMT]

2.
3.

[5MT]

1.

. Consider a first price auction with 3 buyers with values distributed according to f(z) = e

Order Statistics
Consider n independent draws from the uniform probability distribution function f(z) = 1/k on [0, k].

(a) Compute the cumulative distribution function and probability distribution function of the first and second
order statistic.

(b) Compute the probability distribution function of the second order statistic conditional on the first order
statistic being equal to y.

(¢) Compute the expected value of the first and the second order statistic.

(d) Compute the expected value of the second order statistic conditional on the first order statistic being
equal to y.

. Consider 3 independent draws from the exponential probability distribution function f(z) =e™* on [0, o).

(a) Compute the cumulative distribution function and probability distribution function of the first and second
order statistic.

(b) Compute the probability distribution function of the second order statistic conditional on the first order
statistic being equal to y.

IPV Auctions
K2.1

Consider a first price auction with 3 buyers with values distributed according to f(z) = e~ on [0, 00). Find
the unique symmetric equilibrium.

[Extra] Consider a Dutch auction in which the auctioneer: starts the auction at a price so high no buyer is
willing to buy; and then lowers the price gradually until a buyer signals his willingness to buy. When that
occurs, the buyer is sold the object at the last price quoted by the auctioneer. Prove that in an IPV setup this
Dutch auction has an equilibrium that is equivalent to the symmetric equilibrium of the first price auction.

IPV Auctions

% on [0,00).

Compute the seller’s expected revenues.
K2.2
K2.4

Revenue and Reserve Prices
Consider 3 buyers with values distributed according to f(z) = 1/2 on [0, 2].

(a) Compute the distribution of winning prices in the first and the second price auction.

(b) Compute the mean of the two distributions in part (a). How do these means relate to each other and to
revenue in each of the two auctions?
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[11MT]

(¢) Compute the variance of the two distributions in part (a). How do these variances relate to each other?
Can you explain this in light of the discussion in lecture?

. Consider a first price auction with 3 buyers with values distributed according to f(z) =e™* on [0, c0).

(a) Compute the seller’s optimal reserve price.

(b) What are the seller’s expected revenues with optimal reserve price in place?

IPV Auctions and Revenue Equivalence

. K3.1
. K25
. Hand In Problem Set I

Revenue Equivalence and IPV Auctions Extensions

. K3.2

K4.1

IPV Auctions Extensions and Mechanism Design

. K4.2

Consider three buyers participating in a second price auction. Buyers are financially constrained, and their
value-wealth pairs (X;, W;) are identically and independently distributed according to a uniform on [0, 1]2.

(a) Show explicitly that bidding according to B(x,w) = min {z,w} is weakly dominant.
(b) Compute the probability of winning with value-wealth pair (z,w).
)
)

(c

(d) Compute expected revenues of the seller.

Find an expression for the expected payment of a buyer with value-wealth pair (x,w).

[Extra] K4.5

Revenue Maximizing Mechanisms

. Kb.1

K5.2

Revenue Maximizing and Efficient Mechanisms

. Prove explicitly that if the design problem is regular and symmetric then the optimal mechanism reduces to

a second price auction with reserve price.
K5.3

Consider 3 potential buyers with independent private values for an object. The values of bidders a and b are
identically distributed according to a uniform distribution on the interval [—1,1], so that F,(z) = Fy(z) =
(x +1)/2. The value of bidder c is instead uniformly distributed on the interval [0, 2], so that F.(z) = x/2.

(a) Define the Vickrey-Clarke-Groves (VCG) mechanism and specialize it to the scenario described above.

(b) Define efficiency, incentive compatibility, and individually rationality. Show that the VCG mechanism
satisfies these properties.

(¢) Compute the revenue of the VCG mechanism.

Efficient and Balanced Budget Mechanisms

. K54

[Extra] K5.5
Hand In Problem Set II



Hand In Problem Set 1 Francesco Nava
EC319: Auction Theory Michaelmas Term

Please give your answers to your class teacher before class in week 6MT. Thank you!

1. Consider the following variant of a 1°¢ price auction in an IPV setup. Sealed bids are collected. The highest
bidder pays his bid, but receives the object only if the outcome of a toss of a fair coin is heads. If the outcome
is tails, the seller keeps the object and the high bidders bid. Assume bidder symmetry. [30 Marks]

(a) Find the unique symmetric equilibrium bidding function. [10 Marks]
(b) Do buyers bid higher or lower than in a 1% price auction? [5 Marks]
(¢) Find an expression for the seller’s expected revenue. [10 Marks]

)

(d) Show that the seller’s expected revenue is exactly half that of a standard 1%% price auction. [5 Marks]

2. [Harder] In a 2"¢ price auction with entry fee, buyers have to pay a fee F in order to participate in the auction.
Buyers first choose whether to participate and pay the fee and then choose how much to bid. Consider an
IPV setup with four buyers with values drawn from a uniform distribution on the interval [0, 1]. Suppose that
only the seller knows how many buyers pay the fee. [40 Marks]

(a) Find the unique symmetric equilibrium of this auction and write down the expected payment of a buyer
with value z. Hint: Pay the fee only if 2G(z) > E. Explain. [15 Marks]

(b) What entry fee maximizes the equilibrium expected revenues of the seller? [15 Marks]
(c) Compare the revenues to those of a standard 2"¢ price auction. [5 Marks]

(d) Compare the revenues to those of a 2"¢ price auction with revenue maximizing reserve prices. [5 Marks]

3. Consider three buyers with independent and private values for an object at auction. The value of the object
at sale is uniformly distributed on [0, 1] for each buyer. Individuals know their valuation for the object, but
ignore that of their competitors. Buyers participate in an auction in which the highest bid wins the object
and in which everyone, but for the lowest bidder, has to pay his bid. [30 Marks|

(a) Compute the probability that a buyer wins the auction if he bids b and everyone follows a strictly
increasing strategy § : [0, 1] — R. [5 Marks]

(b) Use the revenue equivalence theorem to derive the symmetric equilibrium bidding strategy. [15 Marks]

(c) Compute the revenues of the auctioneer. [10 Marks]



Hand In Problem Set 2 Francesco Nava
EC319: Auction Theory Michaelmas Term

Please give your answers to your class teacher before class in week 11MT. Thank you!

1. Show that the expected value of the virtual valuation is always zero. [10 Marks]

2. Suppose that the buyers have values independently and identically distributed according to a uniform on [1, 3].
Let there be 3 buyers.

(a) Derive the revenue maximizing auction for the seller. [10 Marks]

(b) Compute the seller’s expected revenue. [10 Marks]

3. Consider an environment with three buyers. Buyer 0 has a value that is drawn from a uniform distribution
on the interval [0, 2], and every other buyer {1,2} has a value that is independently drawn from a uniform
distribution on the interval [2, 3].

(a) Find the revenue maximizing mechanism amongst those that are IC, IR. [15 Marks]

(b) Find the revenue maximizing mechanism amongst those that are efficient, IC, IR. Check that it is IC &
IR. [15 Marks]

(c) Is there any mechanism that balances the budget and that is efficient, IC, IR? If it exists, characterize
it. [15 Marks]

4. Consider a bilateral trade problem. Assume that the value of the object to be traded to the buyer is uniformly
distributed on [1, 3] and that the costs of the producer are uniformly distributed on [0, 2].

(a) Derive the VCG mechanism & check efficiency IC & IR. [15 Marks]
(b) Is there any mechanism that balances the budget and that is efficient, IC, IR? Explain. [10 Marks]
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Note 1: Entry Fees Francesco Nava
EC319: Auction Theory Michaelmas Term

This note explains the comparison between entry fees and reserve prices. On page 24 of the textbook, it is
claimed that a reserve price r is equivalent to an entry fee:

e=rG(r)

For sake of simplicity consider a second price auction. In such auction it remains dominant to bid one’s
valuation even if some players are not participating in the auction, because conditional on winning players
cannot affect the trading price. Thus, if only players with value x > r participate the expected payment at
auction of a type z > r is:

m(o) = [ i)

Therefore a player with value x = r is just indifferent about whether to participate in the auction if the
entry fee is e = rG(r), since:

u(r) =rG(r) —m(r) =rG(r) =e
Finally, buyers with value ' < r strictly prefer not to participate in the auction:
uw(@') =2'G(r) —m(a") <rG(r) =e
and buyers with value x”/ > r strictly prefer to participate:
' (z") = G(2") >0

Therefore an entree fee of e = rG(r) is equivalent to a reserve price of r since in both cases the interim
expected payoffs prior to the auction satisfy:

Uz) = { vGo) — TG(TO> — [FydG(y) i i i :



Note 2: Budget Constraints Francesco Nava
EC319:Auction Theory Michaelmas Term

This is an explicit proof of the argument made in the Extensions slides on page 10.

(1) Recall that since f(z) < x < 1:

Ll(z) = {(X,W)[min{f(X), W} < min{f(z),1}} =
= {X, W)|min{B8(X), W} < B(z)}

LH(z) = {(X,W)|min{X, W} < min{z,1}} =
= {(X,W)|min{X, W} < z}

I want to show that L!(x) C L (x). To show this it suffices to argue that:
min{f(X), W} < f(z) = mn{X,W}<z
But notice that since 3 > 0:

min{X, W} <z < Amin{X,W}) < f(x)
min{X, W} <z < min{3(X),8(W)} < B(x)

But since (W) < W:
min{B(X), W} < () = min{B(X), 50V)} < 5(x)

Which concludes the argument.

(2) The additional consideration on the revenues in the inequality. Notice that for any a € {I,I1}:

VM BNy = FUy)N + N1 - Fy) P (y)N
NFY(y)N=1 — (N = 1)Fe(y)N

We want to show that F!(x) < F(z) implies le(N) (x) < F;I(N)(a?) for any for any x € (0, 1).
To do so notice that the expression NkN=1 — (N — 1)k¥ is strictly increasing in k for k € (0, 1) since:

0

ok [NEN= — (N - 1D)EN] = N(N - D)[EV 2= kN1 > 0

Therefore since 0 < F/(z) < F!(z) < 1:
By, ™M(@) = By (@) = [INF! @)V = (N = )F (@)V] = [NF" @)V = (N = )P (2)"] < 0

Which in turn implies from integration by parts that:

1 1
B(R') = By ™) = /0 ydFI™ () > /0 ydF' ™) = B ™) = B(R')



Note 3: Regularity and IC Francesco Nava
EC319: Auction Theory Michaelmas Term

In the mechanism design slides on page 9, it is claimed that condition (1) and regularity imply incentive
compatibility. To prove this it suffices to show that condition (1) and regularity imply that ¢} > 0, since
that was proven to imply IC. Notice that without ties condition (1) is equivalent to:

Qi(z) =1 & ¢;(z:) > max{max;z; P;(x;), 0} (i)

1. For I(-) the indicator function, condition (i) implies that:

qi(wi) = . _Qz’(iﬂi,w—z)dﬂi(fﬂff)

= [ (w0 = manx{ma v (2;). 0D AP (o)

—1

= 100 20) [ Tl > ;a)dP(e-)

= Ii(wi) 2 011 [ IWili) = 9y(25))dE;(2;)

X
= (i) = 0) [T 4 . I(w; (i) > ;) dFy(x;)
j
= 1(;(x) 2 0) [T By (5 i(xs)
where in the second to last equality we used that by regularity w; > 0 and thus ¢; is invertible.
2. Notice that if ¥;(z;) < 0 then ¢}(x;) = 0. If instead 9;(x;) > 0 we have that:
Fe(y ()
V(W (i)

since any term in the summation is positive given regularity, ¥, > 0, and since f; > 0.

(i) = i) S (L 507 ()| 2 0

Which proves ¢}(x;) > 0 and therefore IC.



Note 4: Optimal Mechanism Francesco Nava
EC319: Auction Theory Michaelmas Term

Some more details on the example developed in class. So we had 2 players {a,b}. Player a with values
uniformly distributed on [0, 2] and player b with uniform values on [1,3]. In class we had shown:

wa(xa) =224 —2 and @Db(xb) =2z, — 3

Therefore, the highest competing virtual valuations are:

Yals) = inf {zalthy(2a) > max (g (z), 0}} =
inf {z4]24 > 2p— 05 N 2z, >1} =
max {zp — 0.5, 1}

w(za) = inf {alty() > max {,(za), 01} =
inf {zp|2p > 24 +0.5 N 2z, > 1.5} =
= max{z, + 0.5, 1.5}

Thus, for these expressions as desired we get that OM satisfies for ¢ € {a, b}:

Uit x> yi(z) oy oy i x> yi(r)
Qz(-%') o { 0 if z;< yi(x_i) Ml(x) o { 0 if x; < yz(x_z)

Now with the correct expressions it can be easily noted that this mechanism can be inefficient for two
reasons:

1. The object is not sold. For instance, if (x4, zy) = (0.5, 1.25) since:
re = 0.50 < yu(xp) = max{z, — 0.5, 1} =1
xy = 1.25 <yp(z,) =max{z, +0.5, 1.5} =1.5
2. The object is sold to the low value player. For instance, if (z4,23) = (1.5,1.75) since:

re = 1.50 > y4(xp) = max{z, — 0.5, 1} =1.25
xy, = 175 <yp(xe) = max{z, +0.5, 1.5} =2



Note 5: AGV Shifts & BB Francesco Nava
EC319: Auction Theory Michaelmas Term

Due to the algebra mishaps today during lectures let me establish again how to construct the shifts on the
AGYV mechanism that insure that the mechanism is IR.

1. First notice that by revenue equivalence the expected utility of both the VCG & the AGV mechanisms
can differ at most by a constant. For m € {v, a}, let:

= E[W(zi, X_)] = U (x:)

= E[W(zi, X_)] — Uj'(z:)

C

<R

C

<9

Suppose that VCG runs surplus. If so:

E[Yien M (X)] 2 B [Eiey M{(X)] =
& DuenEMI(X)] =X en B [MQ(X)] 0 <
& Denld —EW_i(z, Xoi)l] =2 Yien [cf — EW_i(zi, X4)]] =0 <
S D NG 2D ien G &
& sl =) = (e — )

2. Define d; = ¢} —¢j for i > 1 and dy = — >, d;. Notice that di > (c¢f — ¢}), by the last observation.
3. Consider the BB payment rule M* defined by:
M (x) = ME(2) +d,
Such rule is trivially BB, since:

doien MI(X) =3 2ien MPH(X) + 3 ey di =0

4. If Q* = Q* the mechanism (Q*, M*) is efficient. It is also IC since payoffs differ from (Q%, M®) by
additive constant. Additionally (Q*, M*) is IR because:

Ui (xi) = Ui (i) + di =2 Ui (i) + ¢ — ¢ = EW (21, X)] — ¢ = U (2i) 2 0



Note 6: Expectation and Maximum Francesco Nava
EC319: Auction Theory Michaelmas Term

In the interdependent value slides on page 4, it is claimed that for the pure common value model:
Emax X;|V =v] > max E[X;|V =v] =v
Recall that the special case has:
o V~F
o X,|VEH(YV)
o E[X;|V=0v]=v

Therefore we have that:
Emax X;|V =v] = / Z ydH (y|v)N
0
max E[X,|V = o] = E[X|V =0 = / ydH (ylv) = v
0

But notice G(y|v) = H(ylv)" is also a distribution and that it stochastically dominates H(y|v), since
G(y|v) < H(y|v) for any y € (0,1). Thus we have that:

E[maxXﬂV—v]—/ Zde(y|v)2/ Zde(y]v):maxE[XﬂV:v]
0 0

In general since the max is a convex operator we have that:
E[max X;|V = v] > max E[X;|V = v]

by Jensen inequality. That the max is convex can be seen from this plot:

x2 | %
/
/

x1

The plot show that a lottery amongst two bundles having the same maximum is preferred to the maximum
of the lottery. Indeed consider:

=

Then immediately we have that:

1) with probability 1/2
2) with probability 1/2

E[max X;] =2 > max E[X;] = 1.5
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