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The course is based on three lectures (2.5 hours each) and on three classes (2.5 hours each).
Lectures revise mathematical notions essential for Microeconomics. Classes show how to apply
these notions to solve relevant problems.

Course Outline

Lecture 1: Tools for Optimization

e Quadratic Forms

e Determinant

Taylor’s Expansion

Concavity and Convexity

Quasi-Concavity and Quasi-Convexity

Lecture 2: Optimization

e Unconstrained Optimization

Constrained Optimization: Equality Constraints

Lagrange Theorem

Constrained Optimization: Inequality Constraints

Kuhn-Tucker Theorem

Arrow-Enthoven Theorem

Lecture 3: Comparative Statics and Fixed Points

e Envelope Theorem

Implicit Function Theorem

Correspondences

Fixed Point Theorems

Theorem of the Maximum
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Excercises

Three problem sets to test background and preparation.

Access to past exam paper to prepare for the exam.
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Lecture 1: Tools for Optimization
Quadratic Forms and Their Determinant

Defining Quadratic Forms

Quadratic forms are useful and important because: (i) the simplest functions after linear ones;
(ii) conditions for optimization techniques are stated in terms of quadratic forms; (iii) relevant
economic optimization problems have a quadratic objective function, such as risk minimization
problems in finance (where riskiness is measured by the quadratic variance of the returns from
investments).

Definition: A quadratic form on R" is a real valued function:

Q((L’l, Ty eeny ]Jn) = Z CLijSL’iZL’j

i<j

Among all functions of one variable, the simplest functions with a unique global extremum are
the pure quadratic forms: 22 and —22. The level curve of a general quadratic form in R? is

2 2
1127 + Q120172 + a2075 = b

such curve can take the form of an ellipse, a hyperbola, a pair of lines, or the empty set. A a
quadratic form in R? ay12? + a120179 + a3 can always be written as

11 A12 I _ T
(xl xg)( 0 a22>(x2>_XAX'

Every quadratic form can be represented as
Q(x) = xT Ax
where A is a (unique) symmetric matrix,

aiq a12/2 aln/2
A: a21/2 a929 Cl,gn/Q

An1/2 n2/2 ... Ay
Conversely if A is a symmetric matrix, then the real valued function Q(x) = xT Ax, is a
quadratic form.



Definiteness of Quadratic Forms

Remark: Any quadratic form always takes the value 0 when x = 0.
We want to know whether x = 0 is a maximum, a minimum, or neither.

For example for the quadratic form az?:

1. if a > 0, ax? is non negative and equal to 0 only when z = 0 which implies that the
quadratic form is positive definite and that x = 0 is a global minimizer;

2. if a < 0, then the function is negative definite and x = 0 is a global maximizer.

In two dimensions there are additional intermediate cases, the quadratic form is:
1. positive definite when it is always non-negative, and positive for all x # 0, eg:
as% + x%;
2. negative definite when it is always non-positive, and negative for all x # 0, eg:

—(x1 + 22);

3. indefinite when it can take both positive and negative values, eg:

2 2,
Ty — Tos

4. positive semidefinite when it is non-negative, but equal to zero for some x # 0, eg:

(1 + $2)2;

5. negative semidefinite when it is non-positive, but equal to zero for some x # 0, eg:

—(1‘1 + 372)2.

We apply the same terminology for the symmetric matrix A and the implied quadratic form
Q(x) = xT Ax.

Definition: Let A be an (n x n) symmetric matrix. If so, A is:

(a) positive definite if 7 Az > 0 for all x # 0 in R™;

(b) positive semidefinite if z7 Ax > 0 for all z # 0 in R™;

(c) negative definite if 27 Az < 0 for all x # 0 in R™;

(d) negative semidefinite if 7 Az < 0 for all x # 0 in R™;

(e) indefinite x¥ Ax > 0 for some z # 0 in R" and 27 Az < 0 for some z # 0 in R".

Application: A function y = f(x) of one variable is concave if its second derivative f”(z) <0
on some interval. The generalization of this concept to higher dimensions states that a function
is concave on some region if its second derivative matrix is negative semidefinite for all x on
that region.



The Determinant of a Matrix

The determinant of a matrix is a unique scalar associated with the matrix. Rather than showing
that the many usual definitions of the determinant are all the same by comparing them to each
other, I'm going to state four general properties of the determinant that are enough to specify
uniquely what number you should get when given a matrix. Then, you may check that all of
the definitions for determinant that you’ve encountered satisfy those properties. What we’re
really looking for is a function that takes n vectors (the n columns of the matrix) and returns
a number. Consider a matrix A, and denote its " column by A; so that

A= (A, Ay Ay

Assume we’re working with real numbers. Standard operation change the value of the deter-
minant, as follows:

1. switching two columns changes the sign,

detA == _det(AQaAlaA?n 7An)7

2. multiplying one column by a constant multiplies the determinant by that constant,

adet A = det(aA;, As, ..., Ayn);

3. the determinant is linear in each column,

det(A1 -+ Bl,AQ, ey An) = det(Al, Ag, ey An> + det(Bl, Ag, ey An)

These three properties, together with the fact that the determinant of the identity matrix is
one, are enough to define a unique function that takes n vectors (each of length n) as inputs
and returns a real number which amounts to the determinant of the matrix given by those
vectors.

This observation helps with some of the interpretations of the determinant. In particular,
there’s a nice geometric way to think of a determinant. Consider the unit cube in n dimensional
space (that is the set of vectors of length n with coordinates 0 or 1 in each spot). The determi-
nant of the linear transformation (i.e. of the matrix) 7" is the signed volume of the region you
get by applying T" to the unit cube. Consider how that follows from the abstract definition. If
you apply the identity to the unit cube, you get back the unit cube, and the volume of the unit
cube is 1. If you stretch the cube by a constant factor in one direction only, the new volume
is that constant. And if you stack two blocks together aligned on the same direction, their
combined volume is the sum of their volumes: this all shows that the signed volume we have
is linear in each coordinate when considered as a function of the input vectors. Finally, when
you switch two of the vectors that define the unit cube, you flip the orientation.
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With this geometric definition of determinant, if you are familiar with multivariate calculus,
you could think about why determinants (the Jacobian) appears when we change coordinates
doing integration. Hint: a derivative is a linear approximation of the associated function,
and consider a “differential volume element” in your starting coordinate system. It’s not too

much work to check that the area of the parallelogram formed by vectors (a,b) and (c,d) is
det((a,b), (c,d)).



Computing the Determinant of a Matriz

Computing the determinant (det A or equivalently |A|) of a matrix A, is straightforward in two
dimensions,

det A = det ( i i

= Q11022 — A12G21,
A21 QA22 )

and in three dimensions,

a1l G2 013
det A = det 921 Q9292 Q93 =

a31 a3z as3

Q22 A23 a1 Q23 Q21 Q22
= a1 det — 19 det + a3 det .
a3z Q33 a31 a33

asy as2
With more than three dimensions standard recursive definitions can be applied for its calcula-
tion. To do so, denote by:
e a;; the entry in row ¢ and column j of a matrix A;
e M;; the submatrix obtained by removing row ¢ and column j form a matrix A.

If so, Laplace’s formula states that:

det A = Z?Zl(—l)iﬂaij det Ml]



Submatrices and Minors

Definition: Let A be an (n X n) matrix. Any (k x k) submatrix of A formed by deleting
(n — k) columns, say columns (iy,is,...,4, ) and the corresponding (n — k) rows from A,
(i1, 49, ..., in_), is called a k™™ order principal submatriz of A. The determinant of a k™ order
principal submatrix is called a k" order principal minor of A.

Definition: Let A be an (n x n) matrix. The k' order principal submatrix of A obtained
by deleting the last (n — k) rows and columns from A is called the k'™ order leading principal
submatriz of A, denoted Ly. Its determinant is called the &™ order leading principal minor of

A.
Example: A general (3 x 3) matrix

11 a2 13
A= Q21 d22 (23

31 dzz G33

possesses one third order principal minor, namely det A, three second order principal minors,
ainl  ai2 Q22 (23 aix 13
det , det , det ,
21 (22 az2 Aass as1 ass
and three first order principal minors a;1, as2, ass. The leading principal minors are

L3 = det A, LQ = det ( 1 2 ) s L1 = a11-

a21 Q22



Testing the Definiteness of a Matrix

Let A be an (n x n) symmetric matrix, then A is:

positive definite if and only if every leading principal minor is strictly positive;

’L1| > 0, |L2| > 0, |L3| > 0...

e negative definite if and only if every leading principal minor alternates in sign
|L1] <0, |Ls| >0, |Ls| <O...
with the & order leading principal minor having the same sign as (—1)*.

e positive semidefinite if and only if every principal minor of A is non-negative;

e negative semidefinite if and only if every principal minor of odd order is non-positive and
every principal minor of even order is non-negative.

Example: Diagonal matrices correspond to the simplest quadratic forms

aq 0 0
A= 0 Q9 0
0 0 as

Any diagonal quadratic form can be written as
xTAx = a12? + agxa + agxg.

Obviously such a quadratic form will be: positive (negative) definite if and only if every a;
is positive (negative); positive (negative) semidefinite if and only if every a; is non-negative
(non-positive); indefinite if there are two entries a; with opposite signs.

Example: Consider a (2 x 2) matrix A and its corresponding quadratic form:

Qz1,22) = ( Ty T2 ) (Z g) (xl > = ax? + 2bx, 29 + 1)

T2
If a = 0, then Q cannot be definite since Q(1,0) = 0. If a # 0 instead, add and subtract b?z2/a
to get

b b
Q(z1,79) = axt + 2bz179 + T3 + ng — Exg

2bl’11‘2 b2 b2
=a(z? + , + Em%) - ng + cx)
b (ac —b%) ,

= a(x; + axg)z + —x3.




If both coefficients, a and (ac — b?)/a, are positive, then @ will never be negative. It will equal
0 only when x; + §x2 = 0 and x5 = 0 in other words, when z; = 0 and x5 = 0. That is, if

la] > 0 and det A = (ac — b*) > 0

then Q is positive definite. Conversely, if @Q is positive definite then both a and det A = ac — b?
are positive.

Similarly, () is negative definite if and only if both coefficient are negative, which occurs if and
only if a < 0 and ac — b* > 0, that is, when the leading principal minors alternative in sign.

Finally, if a < 0 and ac — b* < 0, then the two coefficients will have opposite signs and @ will
be indefinite.

Examples Testing Definiteness:

Consider A = ( 23 ) Since |A;| = 2 and |Ay| = 5, A is positive definite.

3 7

Consider B = ( 24 ) Since |B;| = 2 and |By| = —2, B is indefinite.

47

Consider Q(x) = bz? + a(z2 + 22) + 2bzow3. Its principal submatrices are:

b 0 0
. n b 0 b 0 a b 5
3. 0 a b ;2d:(0a),<0a),<ba);1t: (b), (a), (a).
0 b a

Q(x) is positive semidefinite if all principal minors are non-negative which requires:
a>0, b>0, ab>0, a*>—b*>0, a’b—0>>0.

For these to hold at once it must be that a > 0, b > 0, a > b. Q(x) is negative
semidefinite is all principal minors suitably alternate in sign which requires:

a<0, b<0, ab>0, a>—=b*>0, a®b—1*><0.

For these to hold at once it must be that a <0, b <0, b > a. Thus, the quadratic form
is indefinite if and only if either ab < 1> or ab < 0. The plot below depicts the answer

ry
a

INDEFINITE PSD

INDEFINITE




Lecture 1: Tools for Optimization
Taylor Theorem

Taylor’s Expansion

The second tool needed for maximization is Taylor’s expansion (or approximation). The first
order Taylor’s approximation of a function f : R! — R! satisfies

P(hla) = f(a) + ['(a)h.
The polynomial approximates f around a, since f(a + h) can be written as
fla+h) = f(a) + f'(a)h + R(h|a)

where R(h|a) is the difference between the two sides of the approximation.

The definition of the derivative f’(a) implies that w —0ash—0.

f(x) Taylor Approximation

Plhlalk = = — =
flath)

h X

o g

w

Geometrically, this formalizes the approximation of f by its tangent line at (a, f(a)). Analyti-
cally, it describes the best approximation of f by a polynomial of degree 1.

Definition: The k" order Taylor expansion of f at x = a is

" [k‘]
Peltla) = f(a) + P+ 0002 ¢y D
Moreover the corresponding Taylor residual Ry(h|a) satisfies
Ry (hla)

Ri(hla) = f(a+ h) — Py(h|a) and lim

pm = 0.

Example: Compute the first and second order Taylor polynomial of the exponential function
f(a) = e* at a = 0. Since all the derivatives of f at a = 0 are equal 1:

Pi(hl0)=1+h
2

h
Py(h|0) = 1+h+?

For h = 0.2, then P;(0.2|0) = 1.2 and F»(0.2]0) = 1.22 compared with the actual value of
e%? = 1.2214.

10



Multivariate Taylor’s Expansion

For functions of several variables the first order Taylor expansion satisfies

Pi(hla) = F(a) + g—i(a)hl bt g—i(a)hn — F(a) + DF(a)h,

where DF'(a) denotes the Jacobian,

DF(a) = (§—£<a), g—i(ao .

As before, the approximation holds since

i Ry (hla) — lim F(a+h)— F(a)— DF(a)h
h~0 |[h][  n-0 [

=0.

The second order Taylor expansion satisfies

Py(h|a) = F(a) + DF(a)h + %hTDQF(a)h,

where D?F(a) denotes the Hessian,

0*F 9*F

5 ( ) 8:)316.’171( ) t QxrpOxy <a>
D*F(a) =
0*F 9*F

0x10xn (a) t OzpOp (a)

The extension for order k£ then follows accordingly.

11



Lecture 1: Tools for Optimization
Concavity and Quasi-Concavity

Concavity and Convexity

Definition: A set U is convez if for all x,y € U and for all ¢ € [0, 1]

tx+(1—t)yeU.

Definition: A real valued function f defined on a convex subset U of R" is:

(1) concave, if for all x,y € U and for all ¢ € [0, 1]

fltx+(L=t)y) 2 tf(x) + (1 = 1) f(y);

(2) convew, if for all x,y € U and for all ¢t € [0, 1]
flix+ 1 =t)y) <tf(x)+ (1 =1)f(y)

f(x} Concave Function f(x) Convex Function

S

‘If -
I
I
I
I
I
I
I
1

wh—=_-——_—
[Py TR —

(x+y)/2 (x+y)/2

Observations:
(1) A function f is concave if and only if — f is convex.
(2) Linear functions are both convex and concave.

(3) The definitions of concavity and convexity require f to have a convex set as a domain.

12



More on Concavity

Claim: Let f be a differentiable function on a convex subset U of R". If so, f is concave on
U if and only if for all x,y € U

F3) = 76) < DFGy =) = S, 22 g - ),

Proof: The function f : R — R is concave if and only if

tfy) + (A=) f(x) < flty+ (A = t)z) & Hf(y) = f(2) + f(z) < flo+ ( —r) <

) = ) < LT o ) — gy < 22

h) —
h
for h = t(y — x). Taking limits when h — 0, the latter implies that

fy) = f(@) < f(2)(y —2). (1)
To prove the converse, let z = ty + (1 — t)z. By applying equation (1), we have that

fy) = f(2) < f(2)(y — 2),

fl@) = f(z) < fi(z)(@ = 2).

Summing the first inequality multiplied by ¢ to the second multiplied by (1 — t), we find the
result

) = FEIE+[f(2) = R =1) <0« if(y) + (1 —)f(z) < f(2).

Claim: A twice differentiable function f on an open convex subset U of R" is concave on U
if and only if its Hessian D?f(x) is negative semidefinite for all x in U. The function f is a
convex function if and only if D?f(x) is positive semidefinite for all x in U.

Proof: The function f : R — R is concave if and only if

fy) = fl@) < fl@)(y —2) and f(z) = f(y) < f'(y)(z—y).
Summing these and dividing by —(y — x)? implies that

Fly) = 1"
y—x T

The limit of the last expression when y — x yields f”(z) < 0. To prove the converse, pick
y > x, and note that by Fundamental Theorem of Calculus and f” < 0, we have that

() = [ ®)dt < [[f'(@)dt = f'(@)(y — ).

13



Claim: Let fi,..., fr be concave functions defined on the same convex set U C R". Let
ai, as, ..., aj be positive numbers. If so, the function

g=aifi+axfo+ ...+ apfi

is a concave function on U.

Proof: Immediately observe:

gltx+ (1 —t)y) = i aifiltx + (1= t)y) = i ai(tfi(x) + (1 — 1) fily)) =
= tZ?zlaifi(X) +(1— t)Zleaz‘fi(Y) =tg(x) + (1 = t)g(y).

Example: Consider a firm whose production function is y = ¢(x), where y denotes output
and x denote the input bundle. If p denotes the price of output and w; is the cost per unit of
input ¢, then the firm’s profit function satisfies

II(x) = pg(x) — (w11 + wazs + ... + WyTy).

Thus, the profit function is a concave function if the production function ¢ is concave, since
the previous claim holds and because — (w21 + woxy + ... + w,x,,) is linear and, thus concave.

14



Quasiconcave and Quasiconver Functions

Definition: Consider a real valued function f defined on U C R™:
(1) its a-level set is

Co ={x € Ulf(x) = a};
(2) its a-uppercontour set is

Co ={xeUlf(x) = a};

(3) its a-lowercontour set is

C; = {x € Ulf(x) < a}.

Definition: A real valued function f defined on a convex set U C R" is:
(1) quasiconcave if C.f is a convex set for every real number a;
(2) quasiconvex if C is a convex set for every real number a.

The level sets of a quasiconcave function bound convex subsets from below.
The level sets of a quasiconvex function bound convex subsets from above.

f(x) Quasi-Concave Function f(x) Quasi-Convex Function

|
1
1
|
Convex Set 1

e ——

Convex Set

X X

Claim: Every concave function is quasiconcave and every convex function is quasiconvex.
Proof: Let x,y € Cf, so that f(x) > a and f(y) >a, and let f be concave. If so:

fltx+ (1= t)y)=tf(x) + (1) f(y)
>ta+ (1 —t)a=a.

So tx 4+ (1 —t)y is in C; and hence this set is convex. We have shown that if f is concave, it
is also quasiconcave. Try to show that every convex function is quasiconvex.

¥

Quasi-Concave Function

Convex set
flxy) 2K
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The Economic Content of Quasiconcavity

Quasi-concavity is simply a desirable property when we talk about economic objective functions
such as preferences:

(1) The convexity of uppercontour sets is a natural requirement for utility and production
functions. For example, consider an indifference curve of the concave utility function f(z,y).
Take two bundles on this indifference curve. The set of bundles which are preferred to them, is
a convex set. In particular, the bundles that mix their contents are in this preferred set. Thus,
a consumer with a concave utility function always prefers a mixture of any two bundles with
the same utility to any of them.

Preferring Mixtures

(2) A more important advantage of the shape of the indifference curve is that it displays a
diminishing marginal rate of substitution. As one moves left to right along the indifference
curve increasing consumption of good x, the consumer is willing to give up more and more
units of good = to gain an additional unit of good y. This property is a property of concave
utility functions because each level set forms the boundary of a convex region.

¥ Diminishing MRS

l—pl
I

1 1
1 |
-r--r---

i

16



Properties of Quasiconcavity

Observations:

(1) Any increasing transformation of a concave function is quasiconcave.

(2) An monotone function f(z) on R! is both quasiconcave and quasiconvex.
(3) A single peaked function f(z) on R! is quasiconcave.
(4)

4) The function min{z,y} is quasiconcave, as C is convex.

fix} Monotone Function flx) Single-Peaked Function

Convex Set Convex Set

% X
y Y
Monotone Function LeontiefFunction ,*
’/
.
/I
Mot A ConvexSet ’
flx,y) 2K e
td
R
’ flxy) =K
L7
’
S~ e flxy)=k<K
rd
’
s
- % h X

Proof of (1): Let f be quasiconcave and defined on a convex set U in R". Consider an
increasing transformation g : R — R with ¢’ > 0 (you will prove the case in which ¢’ > 0 in the
problem set). For any function h, let C;" (h) denote its uppercontour sets. So if h(x) = g(f(x)),
we have that

Cy () = Cyy ()

But as C} (f) is convex for all &, so is C’;r(k)(h); and hence h is quasi-concave.

17



Example: To show why monotone functions R%r are not quasiconcave, consider the function

fla,y) =" +y"

Such function is clearly increasing in R as Df(z,y) = (2z,2y). However, the function is not
quasi-concave. In fact, (1,0),(0,1) € Cyf. However, (1/2,1/2) ¢ C{ as

F(1/2,1/2) =1/2 < 1.

Claim: Let f be a function defined on a convex set U C R". The following are equivalent:

1. f is a quasiconcave function on U;

2. for all x,y € U and t € [0, 1],
fltx+ (1 —t)y) > min{f(x), f(y)}.

Proof: To prove that (1) implies (2), take any x,y € U and let min{ f(x), f(y)} = k. The latter
implies that x,y € C;. But if f is quasiconcave, C;" must be convex and thus tx+(1—t)y € C;
for all t € [0,1]. Thus, for any ¢ € [0, 1],

fltx+ (1 =1)y) = k = min{f(x), f(y)}.

To prove the converse, take any x,y € C;7 and note that (2) implies that for all ¢ € [0, 1]

fltx+ (1= 1)y) = min{f(x), f(y) = k.

Thus, tx+ (1 —t)y € C}f for all t € [0,1] and all x,y € C;", meaning that C}} is convex for all
k, and hence f is quasiconcave.

18



Lecture 2: Optimization
Definition of Fxtreme Points

Optimization plays a crucial role in economic problems. We start by analyzing unconstrained
optimization problems.

Definition: The ball B(x|e) centred at x of radius ¢ is the set of all vectors y in R" whose
distance from x is less than e,

B(xle) = {y € R"[ > [ly — x|}

Definition: Let f(x) be a real valued function defined on C' C R™. A point x* € C' is:
(1) A global mazximizer for f(x) on C if

f(x*) > f(x) forall xeC.
(2) A strict global maximizer for f(x) on C' if
f(x*) > f(x) forall x € C such that x # x".
(3) A local mazimizer for f(x) if there is a strictly positive number ¢ such that:
f(x*) > f(x) forall x e C'NB(x"e).
(4) A strict local mazimizer for f(x) if there is a strictly positive number ¢ such that:
f(x*) > f(x) forall x € CNB(x",¢) such that x # x*.

(5) A critical point for f(x) if the first partial derivative of f(x) exists at x* and

9f (x*)
8[L‘i

=0 for i=1,2,...n < Df(x*)=0.

Example: To find the critical points of F(z,y) = 2* — y* + 9xy, set

F F
68_x<x7y) =32°+9y =0 and g—y(x,y) = —3y* + 9z = 0.

The critical points are (0,0) and (3, —3).

19



Do Extreme Points Exist?

Definition: A set is compact if it is closed and bounded.

Extreme Value Theorem: Let C' be a compact subset of R™ and f(z) be a continuous
function defined on C. If so, there exists a point x* in C' which is a global maximizer of f, and
a point x, in C' which is a global minimizer of f. That is,

f(x) < f(x) < f(x*) forall xeC.

Unconstrained Optimization: Functions of One Variable

Consider real valued functions f(x) that are continuously differentiable function on an interval
I (so that, f'(z) exists and is continuous).

First order necessary condition for maximum in R:

If z* is a local maximizer of f(z), then either z* is an end point of I or f'(z*) = 0.

Second order sufficient condition for a maximum in R:

If f”(x) is continuous on [ and z* is a critical point of f(x), then z* is:

e a global maximizer of f on I if f”(x) <0 for all = € I;
e a strict global maximizer of f on [ if f”(z) <0 for all z € I and x # z*;

e a strict local maximizer of f on I if f”(2*) < 0.

f(x) Unconstrained Global Max f(x) Unconstrained Local Max

f(x*)=0 fx*)=0
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Unconstrained Optimization: Functions of Several Variables

Consider real valued functions f(x) that are continuously differentiable on a subset C' C R"
(so that, all first partial derivatives exist and are continuous).

First order necessary conditions for a maximum in R™:

If x* is in the interior of C' and is a local maximizer of f(x), then x* is a critical point of f,

D16x) = (5L 6 g 60)) =0

How does one determine whether a critical point is a local maximum or a local minimum
then? To this end one has to consider the Hessian of the map f (the matrix of the second
order partial derivatives). By the Clairaut-Schwarz theorem, the Hessian is always a symmetric
matrix as cross-partial derivatives are equal (if the function has continuous second order partial
derivatives).

Second order sufficient conditions for a local maximum in R":

Let f(x) be a function for which all second partial derivatives exist and are continuous on a
subset C' C R". If x* is critical point of f and if D?f(x*) is negative (positive) definite, then
x* is a strict local maximizer (minimizer) of f.

Observations:

(1) If x* is an interior point and a global maximum (minimum) of f, then D?f(x*) is negative
(positive) semidefinite.

(2) If x* is a critical point, and D?f(x*) is negative (positive) semidefinite, then x* may not
be local maximum (minimum).

For a counterexample to (2) consider f(z) = z3. Clearly, Df(0) = 0 and D?f(0) = 0 is
semidefinite. But = 0 is neither a maximum or minimum.

Example: Again consider the example f(z,72) = 23 — 23 + 9z175. Compute the Hessian:

DQf(xl,l'Q) _ ( 6;1 9 )

—61’2

The first order leading principle minor is 6x; and the second order leading principal minor is
det (D?f(xq,23)) = —36x1709—81. At (0,0) the two minors are 0 and —81 and hence the matrix
is indefinite. The point is neither a local min nor a local max (it is a saddle point). At (3, —3)
the two minors are positive and hence the point is a strict local minimum of f. However, this
is not a global minimum (why? set z; = 0 and x5 — 0).
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Unconstrained Optimization: More on Sufficient Conditions

Proof of Local SOC: By Taylor’'s Theorem we have that
Fx 4 h) = f(x) + DF(x )+ hT D2 (x )b+ Ro(hfx").
Ignore Ry(h|x") as it is small and note that by assumption D f(x*) = 0. If so,
F(x 4 )~ fx') ~ ShTDF(x)h

If D? f(x*) is negative definite, for all small enough h # 0, the right hand side is negative. This
implies that
f(x*+h) - f(x7) <0,

or in other words x* is a strict local maximizer of f.

Claim: If f is a differentiable concave function defined on a convex set U and if x,y € U, then

Dfx)(y —x) <0 = [fly) < f(x)

Moreover, x* is a global maximizer of f if one of the following holds: (i) Df(x*)(y — x*) <0
for all y € U; (ii) Df(x*) = 0.

Proof: As the function is differentiable, concavity is equivalent to

fly) = f(x) < Df(x)(y —x).

If so, since by assumption D f(x)(y — x) < 0 we must have that

fly) = f(x) <0.

If follows then immediately that fulfilling (i) or (ii) implies that x* is a global maximizer of f.

Second order sufficient conditions for global maximum (minimum) in R":
Let x* be a critical point of a twice differentiable function f(x) on R". Then, x* is:
(1) a global maximizer for f if D?f(x) is negative (positive) semidefinite on R";

(2) a strict global maximizer for f if D?f(x) is negative (positive) definite on R".

Comment: The property that critical points of concave functions are global maximizers is an
important one in economic theory. For example, many economic principles, such as marginal
rate of substitution equals the price ratio, or marginal revenue equals marginal cost are simply
the first order necessary conditions of the corresponding maximization problem. Ideally, one
would like such conditions also to be a sufficient for guaranteeing that utility or profit is being
maximized. This will indeed be the case when the objective function is concave.
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Unconstrained Optimization: Summary Necessary and Sufficient Conditions
Consider a subset U C R", a vector z* € U and a twice continuously differentiable objective
function f : U — R.

Recall that B(x|e) denotes an open ball of radius epsilon around x, and let B(x|s) = B(x|e)\{x}.

Consider the following conditions:

) Df(x) =0& D*f(x*) <0.

(A

(B) Df(x*) =0, D*f(x*) <0, & D?f(x) < 0 for any x € B(x*|¢) for some € > 0.

(C) Df(x*) =0 & D?f(x) <0 for any x € U.

(D) Df(x*) =0 & D?*f(x) <0 for any x € B(x*|¢) for some & > 0.

(E) Df(x*) =0, D?f(x) < 0 for any x € U & D?f(x) < 0 for any x € B(x*|¢) for some ¢ > 0.

The following table summarizes necessary and sufficient conditions for a maximum:

Necessary | Sufficient
Strict Global Max B E
Global Max AorD C
Strict Local Max B B
Local Max AorD D
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Constrained Optimization: A General Problem

We now analyze an optimization problem in which constraints limit the choice of variable

maxyegn f(X) subject to

g1(x) <0, ..., gr(x) <0,
hi(x) =0, ... , hy(x) = 0.

The function f is called objective function.
The functions g are called inequality constraints.

The functions h are called equality constraints.

Example: The classical utility maximization problem:

maxyegn U(21, Ta, ..., x,) subject to
p1T1 + paxto + ... + Py <M
x1207x2207 7‘rn20

where we can treat the latter constraints as —x; < 0.

Xz Xz

Interior Optimum Boundary Optimum

Pi¥HRzX=m Pu¥ytpaX,=m

Ry Ry
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Equality Constraints: Necessary Conditions

Consider a problem with two variables and one equality constraint

max f(x1,z) subject to
Z1,22

P11+ PaXa =M

Geometrical Representation:

Draw the constraint on the (z1, x2) plane.

Draw representative samples of level curves of the objective function f.

The goal is to find the highest value level curve of f which meets the constraint.
It cannot cross the constraint set; it therefore must be tangent to it.

To find the slope of the level set f(z1,x2) = k, use total differentiation:

3f(:c1,x2) 8f(x1,:1:2) d$2 8f(:c1,x2) 8f(:c1,:c2)
———d ————dry =0 — =— .
81’1 Tt 81'2 2 = dl’l 81:1 / 81'2
The slope of the constraint similarly amounts to
dry _8h(x1,x2)/(9h(x1,x2)
dﬂfl n 81’1 61'2 .

Hence, tangency at the optimal x* requires

oo (X) gun
o — 0Oh :
H(x*)  F(x)

Manipulate the previous equation and let 1+ be common value satisfying

2x)  Hx)

= 0z _ dxa
260) T 2e)

If so, it is possible to re-write these two equations as:

of .. oh, .,
a—xl(x) Ma—xl(x)—o
f ey O0

8x2(x )—/ﬁa—@(x ) =0

The solution of the maximization problem is thus defined the following system of three equations
in three unknowns

of . oh ..
a—xl(x)—ﬂaxl(x)—o
of . Oh , .
%(X)—#a—xz(x)—o

/’L(Q?T, 1';) —c=0
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Alternatively, form the Lagrangian function associated to the maximization problem:

L(z1, 2, 1) = f(21,22) — p(h(z1, 22) — ©)
and find the critical point of L, by solving:

oL oL oL
a—xl—o, a—@—o and a—’u—O

and note that this results in the same system equations defining the optimum. The variable p
is called the Lagrange multiplier.

The Lagrange approach allowed us to reduce a constrained optimization problem in two vari-
ables to an unconstrained problem in three variables.

Caveat: The procedure fails if a‘a—aﬁ(x*) = aa—g(x*) =0.

A constraint qualification must be added requiring x* not to be a critical point of h, or
formally Dh(x*) # 0. The procedure is not well defined when a critical point of the constraint
belongs to the constraint set since the slope of the constraint is not defined at that point.

Lagrange Theorem: Let f and i be continuously differentiable functions from R"™ to R. Let
x* maximize f(x) subject to h(x) = 0 and suppose that x* is not a critical point of h. If so,
there is a real number p* such that (x*, u*) is a critical point of the Lagrange function

Lix. 1) = f(x) — ph(x).

Intuition: The Lagrangian amounts to the objective function diminished by a penalty (the
Lagrange multiplier) for violating the constraint. As the constraint holds with equality when
OL/0p = 0, no penalty is ever paid at the optimum. But the Lagrange multiplier characterizes
the smallest fine for which it is not worthwhile to violate the constraint. The same analysis
easily extends to the case of several equality constraints.

Example: Consider the following problem:

max x1ze subject to x1 + 4x5 = 16.
1,22

The constraint qualification is satisfied trivially, the Lagrangian amounts to
L(xy, 9, 1) = w129 — p(x1 + 429 — 16),
and the first order conditions amount to

To — =0,
x1 —4p =0,
l‘1+4$2—16:0.

The only solution requires 1 = 8, x5 = 2, u = 2.
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Equality Constraints: Lagrange Theorem in General

Lagrange Theorem: Let f and h; for alli € {1, ..., m} be continuously differentiable functions
from R™ to R. Let x* maximize f(x) subject to h(x) = 0 and suppose that the gradients

Dhy(x*), ..., Dh,,,(x*) are linearly independent. If so, there exists a vector p* = (u, ..., k)
such that
Df(x*) = p* Dh(x*) =S 7" ufDh;(x*).
(X)) = wp" Dh(x") =320 i Dhi(X")
1xn Ixm mxn
Proof: For convenience, consider the norm ||h|| = (h”h)"?. For a, ¢ > 0, define the following

auxiliary function
a a ) C 12
fx) = fx) = 5 [h)[" = 5 Ik —x7[".

Consider the neighborhood B(x*|e) = {x € R" | ¢ > ||x — x*||}. Let x* maximize f*(x) subject
to x € B(x*|e) (where x” exists by the extreme value theorem). For any a > 0, by optimality
of x* for all x € B(x*|¢),

frx) = f1(xT) = fxXT). (2)
As f%(x) is bounded on B! by continuity, we have that

limg oo |[R(x?)|]> = 0,

or else lim,_., f*(x*) = —oco. Thus, if lim,_.., X* = X, we must have that ||h(X)|” = 0. Taking
limits of equation (2) implies that

lim, oo f(x") = f(%) = 5 [R=x"|* = f(x").

But if so, X = x*, given that f(X) < f(x*) as x* maximizes f(x) subject to h(x) = 0.
Necessary conditions for the optimality of x* require

Df*(x") = Df(x*) —ah(x*)' Dh(x*) — ¢(x* — x*)T =0. (3)

As Dh(x*) is linearly independent, Dh(x) must be linearly independent for any x € B(x*|¢)
when e sufficiently small, since h is continuously differentiable. But if so, [ Dh(x)Dh(x)”] ex
ists for all x € B(x*|¢). Then, post-multiplying equation (3) by Dh(x*)” [Dh(x*)Dh(x*)"] -
implies that

(DF(x) - e(x" = x)")Dh(x")" [Dh(x")Dh(x")] " = ah(x")".
Taking limits as a diverges, implies that
lim, o0 ah(x")" = Df(x")Dh(x")" [Dh(x") Dh(x")"] " = p".
Taking limits of equation (3) then delivers the desired result since

Df(x*) = p"Dh(x").
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Inequality Constraints: Introduction

With equality constraints, the solution to a maximization problem satisfied
Df(x*) = uDh(x"),
and no further restriction necessary on pu.

Now consider a problem with two variables and one inequality constraint,

max f(x1,2z2) subject to g(xi,zs) <O0.

1,72

Graphical Representation:

Either the solution is on the boundary of the constraint set.

If so, the constraint is binding and there is a tangency at the solution.
Or the solution is in the interior of the constraint set.

If so, the constraint is slack and the solution is unaffected.

Xz Xz

Slack Constraint

Binding Constraint

-

Blxy,%z) =m B(xy,%z) Sm

Xy Xy

When the constraint binds g(z1,x2) = 0, the problem is similar to one with an equality con-
straint. However, even when the constraint binds, a restriction has to be imposed on the sign

of Lagrange multiplier u. Gradients still satisfy

Df(x") = uDg(x").

But now the sign of p is important. In fact, the gradients must point in the same direction or
else f could increase and still satisfy the constraint. This means that g > 0. This is the main

difference between inequality and equality constraints.
To solve such a problem, we still construct the Lagrangian

L(wy, w9, 1) = f(21,22) — pg(a1, v2),
and then find the critical point of L, by setting

8_L _ Of(z1,22) _ dg(z1, T2)
or;, or; a Ox;

=0 for all 7 € {1,2}.
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But what about 0L/0u?

(1) If the maximum x* is achieved when ¢g(x*) = 0, then the problem is solved as for an equality
constraint and dL/0u = 0.

(2) If the maximum x* is achieved when g(x*) < 0, the constraint is not binding and the optimal
solution is interior. If so, the point x* is an unconstrained local maximum and satisfies

Of (e _ OF (w _
a_{]jlx —8x2(X)—0,

and therefore can still use the Lagrangian, provided that we set u = 0!!

In other words, either the constraint is binding and g(x1,23) = 0, or it does not bind and
1 = 0 as a slack constraint cannot affect the solution to a maximization problem. In short, the
following complementary slackness condition has to hold

oL
W = pg(z1, z2) = 0.
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Inequality Constraints: FExamples

Recall that the constrained optimization problem with two variables and one inequality con-
straints. Let f and g be continuous differentiable functions. Let x* = (z7, 2%) be a solution to
max f(x) subject to g(x) < 0. If g(x*) = 0, suppose that x* is not a critical point of g. Then,
there is a real number p* such that

Dy L(x*, ") =0, p'D,L(x*,1*)=0, p*>0 and g(x*) <0.

where the Lagrangian amounts to L(x, 1) = f(x) — ug(x).

Example One Constraint: Consider a profit maximizing firm that produces output y from
input = according to the production function 2%5. Let the price of output be 2, and that of
input be 1. The firm cannot buy more than a > 0 units of input. This firm’s maximization
problem amounts to

max, 227 — subject to r —a < 0.

The Lagrangian associated to this problem is
L(z,p) = 22°° — 2 — plx — a.
First order necessary conditions for this problem require
7% 1=y, plr—a)=0, u>0 and —a <0.

To solve the system of equations consider two cases:
(1) If o > 0, the constraint must bind. Thus, x = a and

p=f(a)=a""—1.
For this solution to be viable g > 0 which amounts to
p=a"?-1>0ca<l.
(2) If o = 0, the constraint must be slack. From the first order condition,
7% - 1=0cz=1.
The solution thus requires x = 1 and p = 0, which is viable only if a > 1.

fx) Unconstrained Max f(x) Constrained Max

Fx*)=0=* Fxe)=pe 27
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Inequality Constraints: Several Constraints

The generalization to several inequality constraints is straightforward. However, now a subset
of constraints may be binding at the optimum.

Example More Constraints: Consider the following maximization problem:
max r1Tex3 subject to 1+ a9+ 23 <3, 1 >0, 29 >0 and z3 > 0.
The Lagrangian associated to this problem satisfies:

L(x, ) = 212923 + 121 + poxe + psrs — pa(z1 + 22 + 23 — 3).

Before solving the Lagrangian, observe that at the relevant critical points py = s = puz = 0.
In fact, if u; > 0, complementary slackness would require x; = 0 and xz2x3 = 0.

Obviously we could improve, for instance by setting x; = 1/2 for all 7.

What remains to be established is whether p4 > 0 or gy = 0 at the optimum.

But, p4 > 0 since if the constraint was slack
T1+ 2o+ 23 < 3,

and it would be possible to meet the constraint while increase the value of the function xxox3
by increasing any one of the three variables.

Thus, from the first order conditions we obtain that
T1Tg = T3 = 13 = U4q.

It follows that uy = 1 = x9 = x3 = 1 at the solution.
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Inequality Constraints: Sufficient Conditions

Consider the following general constrained optimization problem
maxyern f(X) subject to g(x) <0,

where g consists of m constraints g(x) = (g1(x), ..., gm(x))". For this problem we have char-
acterized necessary conditions for a maximum. These conditions state that any solution x* of
the constrained optimization problem must also be a critical point of the Lagrangian,

L(x, p) = f(x) — pg(x),

where p* = (uj, .., p,) denotes the vector of multipliers.

Problem: We would also like to know:
e whether any critical point of the Lagrangian is a maximizer of the Lagrangian;

e whether any maximizer of the Lagrangian, solves the constrained optimization problem.

Solution: To answer the latter, let (x*, u*) satisfy necessary conditions for a maximum:

OL(x",p) _Of(x")  .0g(x") _ :
oz, = on u T 0 for any i€ {1,...,n},
OL(x*, p*)

g,

p; =0, u; >0 and g;(x*) <0 forany j € {1,..,m}.

Claim: If x* maximizes the Lagrangian, it also maximizes f subject to g(x) = 0.

Proof: To see this note that by complementary slackness pu*g(x*) = 0 and thus
L(x*, p*) = f(x7) — p'g(x*) = f(x7).
By p > 0 and g(x) < 0 for all other x, we get that
L(x,p) = f(x) — pg(x) = f(x).
Moreover, since x* maximizes the Lagrangian, for all x,
L(x*, ") = f(X") = p'g(x") = f(%) — p"g(x) = L(x, u"),

which implies that
f(x) = f(x).

Thus, if x* maximizes the Lagrangian, it also solves f(x) subject to g(x) < 0.

To conclude the argument recall the main results from unconstrained optimization. If f is a
concave function defined on a convex subset of R" and X is a point in the interior in which
Df(xg) = 0, then f(x) < f(x¢) for all x. You have shown in class that in the constrained
optimization problem, if f is concave and g is convex, then the Lagrangian function is also
concave which means that first order conditions are sufficient in this case.
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Inequality Constraints: Karush-Kuhn-Tucker Theorem

Again, consider the general constrained optimization problem

maxyegn f(X) subject to h(x) = 0 and g(x) < 0.

We need to impose additional constraint qualifications to ensure that the problem is not degen-
erate. These can be stated in many ways. Two equivalent requirements appear below. Denote
by gr = (g1, .., g.)T the vector of binding constraints (namely, those for which (y, .., tte) > 0),
while letting g..1 to gr denote slack ones. Posit that the multipliers associated to all equality
constraints differ from 0 (or else, drop those for which this is not the case).

KKT Constraint Qualifications: Consider one of the following two restrictions:

e Slater Condition: there exists a point x € R™ such that g(x) < 0 and h(x) = 0, and h
is affine.

e Linear Independence: the gradients of the binding inequality constraints, Dygpg(x*),
and the gradients of the equality constraints, Dyh(x*) are linearly independent at the
solution x*.

Recall that linear independence amounts to requiring

w' (%{ngﬁg?) #0 for any w €R“7"\{0}.

KKT Theorem: Let f, h and g be differentiable. Let f be concave, h; be convex for all
Jj €{1,...,k}, g; be convex for all j € {1,...,m}, and a constraint qualification hold. Then x*
solves the constraint optimization problem if and only if (x*, \*, u*) solves

Df(x*) — A*Dh(x*) — u*Dg(x*) = 0,
h(x*) =0, p'g(x*) =0, p* >0 and g(x*) <O0.
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Inequality Constraints: Local Sufficient Conditions

Concavity of the objective function and convexity of the constraints imply that any critical
point of the Lagrangian is a global solution of the constraint optimization problem. If such
conditions are not satisfied, we can still rely on sufficient conditions for local maxima.

Mechanically, one can solve constrained optimization problems in the following way:

(1) Form the Lagrangian L(x, pu) = f(x) — ug(x), and a solution to KKT necessary conditions:
Dy L(x*, pu*) = 0, M*D“L(x*,u,*)T =0, p* >0 and g(x*) <O0.

(2) Let g; to g. denote the binding constraints and g, to g slack ones. Define gz = (g1, .., g¢)” -

(3) Observe that the set {v €R"|Dyxgr(x*)v = 0} identifies the hyperplane tangent to the
constraint set at the critical point x*. For local second order conditions to hold we need the
Lagrangian to be negative definite for any non-degenerate point in a neighborhood of x* on
such a linear subspace tangent to the constraint set.

(4) Formally this requires the Hessian of the Lagrangian with respect to x at the critical point
(x*, u*) to be negative definite on the hyperplane {v €R"|Dygr(x*)v = 0}. That is, for any
v €R" such that v # 0, we need that

Dygp(x)v=0 = v (D2L(x* u*))v <0,

If so, x* is a strict local maximum of f on the constraint set.

(5) A simple way to check this condition can be obtained by forming the bordered Hessian,

D M*):( DEL(x", ) D@@(xiu*))z( 0 Dagu(x) )
| DuDiL (" )" DAL(X", 1) Dige(x')T DiL(x' ") )

(6) If the largest n — e leading principal minors of D?(x*, u*) alternate in sign with the sign of
the largest leading principal minor the same as the sign of (—1)", then sufficient second order
conditions hold for the critical point to be a local maximum of the constrained maximization
problem.

Remark: If the largest n — e leading principal minors of D?(x*, u*) have the same sign as
(—1)¢, then sufficient second order conditions hold for the critical point to be a local minimum
of the constrained maximization problem.
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Inequality Constraints: Arrow-Enthoven Theorem

The KKT Theorem applies to concave objective functions and convex constraints. Many eco-
nomic objective functions are however only quasi-concave, and many constraints are only quasi-
convex. The following result generalizes the KK'T Theorem to these settings. For sake of brevity,
we state the result only for inequality constraints. But the generalization is straightforward.

AE Theorem: Let f and g be differentiable. Let f be quasi-concave and g; be quasi-convex
for all j. Then, any solution (x*, u*) to the KKT necessary conditions,

DyL(x*, u*) = 0, N*DML(X*,[,L*)T =0, p*>0 and g(x*) <0,

solves the constraint optimization problem provided that Dy f(x*) # 0 and that f(x) is twice
differentiable in the neighborhood of x*.

Numerous alternative regularity conditions can replace the latter requirement which only deals
with slopes being well defined.
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Lecture 3: Comparative Statics and Fixed Points

Value Functions and Envelope Theorem

The value function is the objective function of a constraint optimization problem evaluated at
the solution. Profit functions and indirect utility functions are examples of maximum value
functions, whereas cost functions and expenditure functions are minimum value functions.

Consider a general constrained optimization problem:
maxycrn f(X|b) subject to g(x|b) < 0.

where g(x|b) = (g1(x[D), .., gm (x|b))" denotes the vector of constraints and b a parameter.

For this constrained optimization problem:

o let x(b) = (x1(b), ..., z,(b))" denote the optimal solution;
o let p(b) = (u1(b), ..., (b)) denote the corresponding Lagrange multipliers;
e let L(x, u|b) denote the Lagrangian of the constraint optimization problem;

e omit any slack constraints so that p(b) >> 0.

Definition: The mazimum value function of the problem amounts to
v(b) = f(x(b)b).

The Envelope Theorem relates changes in parameters to the value function.

Envelope Theorem: Suppose that (x(b), u(b)) are differentiable functions and that x(b)
satisfies the constraint qualification. If so,

dv(b) _ OL(x(b), u(b)|b)

db ob
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A General Proof of the Envelope Theorem

Envelope Theorem: Suppose that (x(b), (b)) are differentiable functions and that x(b)
satisfies the constraint qualification. If so,

do(b) _ OL(x(b), u(b)|b)

db ob

Proof: Recall that FOC for the constraint optimization problem require that
Dy f(x(b)[b) = p(b) Dxg(x(b)[D).
—_———— N~ ——
1xn Ixm mxn
Observe that, as all the constraints bind, total differentiation implies that
Dyg(x(b)|b) Dyx(b) + Dyg(x(b)|b) = 0.
mXn nx mX

Finally note that by partially differentiating the Lagrangian we get

DiL(x(B), wDIB) = Duf(x()B) — p(5) Digx(B))

To prove the result observe that

Wi0) _ GO _ p, o)) + D)) D) =
= Dy f(x(b)|b) + p1(b) Dxg(x(b)|b) Dpx(b) =
= Dy f(x(0)|b) — p(b) Dog(x(b)|b) =
_ OL((b), u(b)|b)
b '

where the first equality is definitional, the second holds by simple differentiation, the third
holds by FOC, the fourth by totally differentiating constraints, and the fifth amounts to the
partial of the Lagrangian.
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The Meaning of Lagrange Multiplier

Consider a simple problem with n variables and 1 equality constraint

maxyegn f(X) subject to h(x) = b.

The Lagrangian of this problem satisfies

Lix,ult) = £(x) — p(h(x) — b).
For any value b, by FOC the solution satisfies:
Dy f(x(b)) — u(b) Dxch(x(b)) = 0.
Furthermore, since h(x(b)) = b for all b:
Dych(x()) Dyx(b) = 1
Therefore, using the chain rule we obtain the desired result

df (x(b))

2 = D fx(B)Dyx(h) = () D (x(8)) Dyx(5) = (D).

Interpretation: This observation allows us to attach to the multiplier the economic interpre-
tation of a shadow price. For instance, in a model in which a firm maximizes profits subject
to some resource constraint, the multiplier identifies how valuable an additional unit of input
would be to the firm’s profits, or how much the maximum value of the firm changes when the
constraint is relaxed. In other words, it is the maximum amount the firm would be willing to
pay to acquire another unit of input. This immediately follows as

d 0
S FOx(b) = p(b) = 1 LOx(B), (b))
fx) Unconstrained Max f(x) Constrained Max

flx*) = p* - -
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Envelope Theorem Intuition

Consider the implications of the envelope theorem for a scalar b in an unconstrained problem
maxyern f(x]0).

Let x(b) denote the solution of this problem, and assume it to be continuous and differentiable
in b.

In this setup the envelope theorem simplifies to

df(x(b)[p) _ 0f(x(b)[b) Ox(b)  Of(x(b)|b) _ Of(x(b)[b)

db ox 0b 0b 0b ’
since by the first order conditions
o x(ID) _
ox '

Intuition: When we are already at a maximum, changing slightly the parameters of the
problem or the constraints, does not affect the value through changes in the solution x(b),
because the first order conditions hold. Thus, only the partial derivative matters. If there are
multiple solutions and you can still use the envelope theorem, but you have to make sure that
you do not jump to a different solution in a discrete manner.
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Implicit Function Theorem and Comparative Statics

Many relevant economic problems study how an equilibrium or a solution to an optimization
problem is affected by changes in the exogenous variables. The implicit function theorem (IFT)
is the prime tool for such comparisons.

The IFT provides sufficient conditions for a set of simultaneous equations
Fi(x|b) = Fi(z1,...,xp|b1, ..., b)) =0 for Vi =1,...,n or equivalently F(x|b) = 0,
to have a solution defined by of implicit functions
x; = x;(b) = (b1, ..., by) for Vi=1,...,n or equivalently x = x(b).

In other words, IFT disciplines the system of equations so to ensure that the n equations
defining the system can be solved by the n variables, x4, ...,x,, even when an explicit form
solution cannot be obtained.

Implicit Function Theorem: Consider the system of equations F(x|b) = 0. Let any function
F; have continuous partial derivatives with respect to all x and b variables. Consider a point
% that solves the system of equations at parameter values b and at which the determinant of
the n x n Jacobian with respect to the x variables is not zero,

L |oFxb)| | 0B dE 0
- | B B

i

OF, OF, O

If so, there exists an m-dimensional neighborhood of b in which the variables x are functions
of b. For every vector b in the neighborhood F(x(b)|b) = 0, thereby giving to the system of
equations the status of a set of identities in this neighborhood. Moreover, the implicit functions
x(b) are continuous and have continuous partial derivatives with respect to all the variables b.

Thus, IFT allows us to find the partial derivatives of the implicit functions x(b) without solving
for the x variables. To do so, since in the neighborhood of the solution the equations have a
status of identities, we can set the total differential to zero, dF'(x(b)|b)/db = 0. For instance,
when considering only db; # 0 and setting db; = 0 for j # 4, the result in matrix notation
implies that

OF (x(b)[b) dx(b)  IF(x(b)[b) ox(b)  [OF(x(b)b)]"" OF (x(b)|b)
ox  on o VT o __[ ox } b,

Since |DxF(>2\l_))| # 0, a unique nontrivial solution exists to this linear system which by
Cramer’s rule satisfies .
0;(b) _ | DxE(xb),|
Ob; | D<F(x|b)|
where D, F(X|b); is the matrix formed by replacing the j* column of D, F(%|b) with the vector
—Dy, F(x|b).
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Ezxample: Implicit Function Theorem

For n = 2 and m = 1, consider the system of equations

Restrict attention to the case in which x > 0. When x # 0, we have that
| DxF(x|b)| = 225 + 221" > 0.
Thus, when x # 0, IFT applies and there exists implicit functions such that

x1(b) — e72®
P ={ , o), o

By totally differentiating the system, we find

=0.

dF(x(b)[b) { 2 (b) — xy(b)e2®)
db 22 (b)w1(b) — 2a5(b)z2(b) — 1

Consequently, by solving the linear system, we find that

ox(b) _ {8F(x(b)|b)]_l OF (x(b)[b) _ { " [(2xy + 2x16"2)
ob 0x ob 1/(2z9 + 2x1€™2)
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Implicit Function Theorem and Optimization

The previous argument was designed to hold for arbitrary systems of equations. Optimization
problems however, have a unique feature though, namely that the condition |D,F(x|b)| # 0
always holds. This is the case since in an optimization problem such matrix simply coincides
with the Hessian of the Lagrangian (that is, the bordered Hessian).

This means that indeed we can take the maximum value function, or set of equilibrium condi-
tions, totally differentiate them and find how the endogenous variables change with the exoge-
nous ones in the neighborhood of the solution.

An Example: Consider a simple optimization with two variables and one equality constraint

max f(x) subject to g(x) <b.
xXeE

First order conditions require
FY(p, x[b) = g(x) = b =0,
F2(,x]0) = fi(x) — pgi(x) =
F2 (11, %[b) = fo(x) — pga(x) =
We need to verify that the Jacobian of the system is different from zero,

8F1 OFl  9F1

|Du,xF(M,X|b)| =\ op 0m 0z || O Jin — g far — pgar | # 0.
ol ) ) —02 f12 — HMg12 f22 — HG22

ou o1 0x2
But the determinant of such a matrix is that of the bordered Hessian of the problem.
Thus, whenever second order conditions are satisfied:

(1) the determinant of the bordered Hessian must be different zero (negative) and;
(2) we can totally differentiate the equations to find how the solution changes with b,

81’1 81’2
vy Ty, 10
(9 0xs ol
(f11 - Mgll) (f12 Mg12) ab — 9157 b =0,
8 0o ou
(for — 921) + (fo2 — pg22) = b — o=+ b = 0.

At the equilibrium solution, one can then solve for %mbl, agbz, and —’i
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Correspondences

As equilibria in economics are generally defined as fixed points of some system of equations,
proving equilibrium existence essentially relies on classical fixed point theorems. This true
in game theory and in general equilibrium theory. We state these results more generally for
correspondences (and not just for functions) since the solutions of the optimization problems
faced by players may not be unique.

Definition: A correspondence from set X to set Y, denoted h: X =2 Y, is a function from X
to P(Y) = {A|A C Y} which is the set of all subsets of Y.

Remark: A correspondence h is set-valued function, as h(x) C Y for every x € X.

h{x) A Correspondence

-

Examples: For instance, the following set-valued functions are correspondences:
o h(z) = (2,00);
o h(z)=[z/2+10,2/2+ 11];

0 if xe€l0,1)
'h(x):{ 0,1 if z=1 -
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Properties of Correspondences

Definition: A correspondence h : X = Y is:
e non-empty if h(x) # () for all x € X;
e convez-valued if y € h(z) and y € h(z) imply that
py+ (1 —p)y € h(z) for any p € [0,1];
e upper-hemicontinuous if for any a sequence {yk, xk};il such that y* € h(z") for all k,

¥ — 2 and 3* —y imply that y € h(z).

h{x) UHC butNOT Convex h(x) Convex but NOT UHC

Remark: A correspondence h is upper-hemicontinuous if and only if its graph, Gr(h) =
{(y,2) €Y x X |y € h(x)}, is a closed set.

Remark: Any function is a convex-valued correspondence. Any continuous function is a
upper-hemicontinuous correspondence.
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Fized Point Theorem

Definition: A fized point of the correspondence is a point € X such that = € h(x).

h{x) Fixed Points ’ h{x) Fixed Points ’

Kakutani Fixed Point Theorem: Let X be a non-empty, compact and convex subset of R".
Let h : X = X be a non-empty, convex-valued, upper-hemicontinuous correspondence. Then
h has a fixed point.

UHC & Convex ’, h{x) NOT Convex & NOFPT ’, h(x) MNOT UHC & MO FPT P
’ ’
e r ‘
’ ’
1 < ’
’ ’
I s s
| s ’
’ /’
A
P pd
’ ”
’ 1 ’
-’ 1 ’
4 ’ I
’ 4 1
# 1 #
/s | # I
s, < I
s I s
4 1 ’ I
s L4 ]
s I ”
s L > 1 >
X X
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Intuition: Fized Point Theorem

Proof Intuition One-Dimension: Let X = [0, 1] which is a non-empty, compact and convex.
If 0 € h(0) or if 1 € h(1), we have a fixed point. If not, y > 0 for all y € h(0) and y < 1 for all
y € h(1). If so, take the smallest value = such that y < z for some y € h(x). By UHC, there
exists y' € h(z) such that ¢y > x. To show the latter, consider any sequence {yk, mk};ozl such
that y* € h(z*) and 2* < x for all k. If so, as y* > 2" for all k, we have that

Y = limy_ oo v > limy oo ¥ > 1,

and by UHC we further have that ¢y € h(z). But if so, as h is convex-valued, we must have

that « € h(z).

Fixed Points ’

Two-Dimensions Plot: Consider a two-dimensional correspondence h(x) C R2.  Suppose
that h;(x) = hi(z;) C R. If so, we can exploit the following graph in order to plot the fixed

points.

Xz

Fixed Points Two Dimensions

h,(x%,)

Ky
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More on Continuity and Correspondences

Definition: A correspondence h : X = Y is:

e [ower-hemicontinuous if for any (y,x) € Gr(h) and for any sequence {m’“}zil such that

x* — x, there exists a sequence {yk}z; such that

y* € h(z*) forall k and y* — y;

e continuous if it is both lower-hemicontinuous and upper-hemicontinuous;

o compact-valued if h(z) is compact for all z € X.

h{x) LHC but NOT UHC h{x) UHC but NOT LHC

p—

h{x} h(x) LHC & UHC

p—

47



More on Continuity and Theorem of the Maximum

Theorem of the Maximum: Let X be a compact subset of R", and let B be a subset of
R™. Let f : X x B — R be a continuous function, and let ¢ : B = X be a continuous
correspondence. Let 2* : B = X be the correspondence defined by

x*(b) = arg maxyxcr» f(x|b) subject to x € g(b).

If so the following must hold:
(1) x* is upper-hemicontinuous;

(2) if g is non-empty and compact-valued, so is z*.

Remark: The theorem plays a key role in invoking FPT as it delivers UHC and non-empty
compact values not convex values.

Remark: If one further invokes that:

e f(x|b) is quasi-concave in x for all b;

e g(b) convex-valued for all b;

then z* is convex-valued.
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Extra: Dynamic Consumption-Savings Problem

A player starts life with wealth ay > 0. Each period ¢t = 0, ..., 00, he decides how much to
consume ¢; > 0. Consumption is chosen to maximize your lifetime utility,

S Bule),

where 8 € [0,1) is the discount factor. Further assume that lim. o u'(c) = +00, so that ¢; > 0
each period. Wealth at the beginning of period ¢ is denoted by a,. Wealth a, is invested at a
constant interest rate r. Wealth evolves according to the law of motion

A1 = (]. + T)Clt — Ct.
Given ay > 0, the problem is solved by {c;}32, and {a;}{2, to maximize
ot
tho Bru(ey).
subject to the constraints that for all ¢ > 0,

ary1 = (1 +71)ay — ¢,

azy1 > 0.

To find the solution as a sequence {c;, a;11}52, write the Lagrangian:

L= Zzo[ﬁtu(ct) — p(agr — (L4 r)ag + ¢) — Mgy

where {1, \i}72, are sequences of Lagrange multipliers associated to the double sequence of
constraints. The first-order conditions of the problem require for all ¢ > 0:

OL/dc; = ' (¢r) — py = 0,
8£/8at+1 = (]. + T)MH_l — U — >\t = 0.

Complementary slackness requires instead for all ¢ > 0:
Magy1 =0 and y(agy — (1+7)a, +¢) = 0.

Necessary conditions are also sufficient if the problem is well behaved. Wealth a; never falls to
zero. If ap = 0 for some T, then ¢, = 0 for all £ > T which cannot be as u/(0) = oo. Therefore,
we have that for all ¢ > 0:

agp1 > 05 N =05 (14 7)) = .
Consequently, for all £ > 0, consumption ¢; satisfies:
u'(e) = (1+7)Bu (crra),
and, if so, wealth a; satisfies for all t > 0:

A1 = (1 + T)at — Ct.
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London School of Economics Dr Francesco Nava
Department of Economics Office: 32L.3.20

EC400 — Math for Microeconomics
Problem Set 1: Tools for Optimization

1. Show that the general quadratic form

2 2
a1y + Q122122 + 22T

a11 Q12 T1 .
) (5 02) (30

and find its unique symmetric representation.

can be written as

2. List all the principal minors of a general (3 x 3) matrix and denote which are the three
leading principal minors.

3. Determine the definiteness of the following symmetric matrices:

@(pt)o (A7) e(P ) @

4. [Harder| Consider the following quadratic form

[en N NORN
U N
S O O

Q(x) = ax} + bz + 2abz 7,

For what values of the parameter values, a and b, is the quadratic form ((x) indefinite?
Plot your answer in R?.

5. Approximate e at x = 0 with a Taylor polynomial of order three and four. Then compute
the values of these approximation at h = 0.2 and at h = 1 and compare with the actual
values.

6. For each of the following functions on R, determine whether they are quasiconcave, qua-
siconvex, both, or neither:

(a) €;  (b) Inmz; (c) 2° —x

7. [Harder] Let f be a function defined on a convex set U in R". In lecture, we have shown
that f is a quasiconcave function on U if and only if for all x,y € U and t € [0, 1]

fltx+ (1 —t)y) > min{f(x), f(¥)}.

State the corresponding theorem for quasiconvex functions and prove it.



8. Prove that a weakly increasing transformation (g : R — R such that ¢’ > 0) of a quasi-
concave function is quasi-concave.

9. A commonly used production or utility function is f(z,y) = xy. Check whether it is
concave or convex using its Hessian. Then, check whether it is quasiconcave.

10. [Harder] Show that any continuously differentiable function f : R — R, satisfying

of(z)
ox =0,

T

must be quasi-concave.



London School of Economics Dr Francesco Nava
Department of Economics Office: 32L.3.20

EC400 — Math for Microeconomics
Problem Set 2: Optimization

1. Find critical points, local maxima and local minima for each of the following functions:

(a) o'+ 2 — 6xy + 3y°
(b) 2? — 6xy +2y* + 10z +2y — 5
(c) 2y + 2%y — a2y

Which of the critical points are also global maxima or global minima?

2. Let S C R™ be an open set and f : S — R be a twice continuously differentiable function.
Suppose that D f(z*) = 0. State the weakest sufficient conditions that the Hessian must
satisfy at the critical point z* for:

(i) =* to be a local max;

(ii) z* to be a strict local min.

3. Check whether f(x,y) = z* + 2%y? + y* — 3z — 8y is concave or convex by using the
Hessian.

4. [Harder| Solve the following problem
max,, [min{z, y} — 2* — y*] .
5. Find the optimal solution for the following program
max, , = subject to 2° +y* = 0.

Is the Lagrange approach appropriate?

6. Solve the following problem
max,, ., T179 subject to 2r7 + a3 = 3.
1 3}

7. [Harder] Solve the following problem when a € [1, 2

max, ;>0 2 4+ y? subject to ar +y = 1.

8. [Harder| Let X be a convex subset of R”, f : X — R a concave function, g : X — R™ a
convex function, a is a vector in R™. Consider the following problem

max,cx f(x) subject to g(z) < a.

What is the Largrangian for this problem? Prove that the Largangian is a concave
function of the choice variable = on X.



9.

10.

Consider the problem of maximizing zryz subject to x +y+ 2 < 1,z > 0, y > 0, and
z > 0. Obviously, the three latter constraints do not bind, and we can concentrate only
on the first constraint, z + y + z < 1. Find the solution and the Lagrange multiplier,
and show how the optimal value would change if instead the constraint was changed to
r+y+ 2z <9/10.

[Harder| Consider a function f : R" — R satisfying:

u(z) if g(z) <0
=1 i 3o

Further, suppose that: (i) u(z) = v(x) if g(x) = 0; (ii) u and v are differentiable, strictly
concave, and posses maximizer in R"; and (iii) g(z) is differentiable and strictly convex.
Carefully explain how you would solve the problem of maximizing f by choosing = € R".



London School of Economics Dr Francesco Nava
Department of Economics Office: 32L.3.20

EC400 — Math for Microeconomics

Problem Set 3: Comparative Statics and Correspondences

1. [Harder] For a > 0, consider the problem:

max;, ar +y
st. 24+ (r—y)? <1
xr>a,y>0.

Using the Kuhn-Tucker approach, write down the necessary first order conditions that
must be satisfied by the solution of the constrained optimization problem. Are solutions to
these conditions also maximizers of the Lagrangian? Solve the constrained optimization
problem in terms of a. Find the slope of value function with respect to a, possibly relying
on the Envelope Theorem.

2. Let a, x and y be non-negative. Consider the problem of maximizing xry subject to
22 + ay? < 1. What happens to the optimal value when a increases marginally?

3. [Harder| Assume that the utility function of a consumer satisfies
u(r,y) =z +y*/2

The consumer has a positive income I > 0 and faces positive prices p, > 0 and p, > 0.
The consumer cannot buy negative amounts of any of the goods.

(a) Use Kuhn-Tucker to solve the consumer’s problem.
(b) Show how the utility at the maximum depends on I.
(c) For the case of an interior solution, find how the endogenous variables change when
I and p, change. That is, compute:
dr Oy Ouy, Ox Oy Iy,

oI’ 9I' dI' op,’ Op,’ Op.

4. [Harder| Consider the system of equations:

T, — er?

F&W:{em+b_w ~0.

Argue whether you can invoke the implicit function theorem. Then, exploit the theorem
where possible to find the slopes of the implicit functions f(b).



. For each of the following correspondences h : R == R show whether they are convex-

valued, upper-hemicontinuous or lower-hemicontinuous:

(a) h(x) = [bx,10x) for z € [0, 1];

(b) h(x) = {bx,10x} for x € [0,1];
1/2 for z€][0,1)

(c) h(z) = { 0,1] for x=1 "

. Consider the correspondence h : R = R where

h(ﬁ):{ [0,1/2] if x>1/3

[1/2,1] if 2<1/3 "

Argue whether the Kakutani’s Fixed Point Theorem applies and find all the fixed points.

. Consider the correspondence h : R*? = R? where h(x) = (hi(x), ha(x)),

1 if a2 >1/3
hi(x) =< [0,1] if 2o=1/3 and hs(x)=
0 if x2<1/3

1 if @ <1/2
0,1] if x;=1/2 .
0 if 23 >1/2

Show how you can expolit Kakutani’s Fixed Point Theorem despite the domain being

open, and find all the fixed points.

. [Harder] For all values of b > 0, solve the problem

X"(b) = arg maxycp 12 bx1 + 22 s.t. w1 + a9 = L.

Show that x*(b) is non-empty, compact-valued, convex-valued, and upper-hemicontinuous.
Would this have followed also from the theorem of the maximum? Are the assumptions

of the theorem satisfied?
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