
 

EC411 – Microeconomics 
 
 
 
 
Teachers Responsible 

Michaelmas Term:  Dr. Francesco Nava 
    Office:   32L 3.20 
    Secretary:  32L 1.17 
 
Lent Term:   Prof. Martin Pesendorfer 
      Office:    32L 4.19 
      Secretary:    32L 1.17 
 
Schedule: W1 MT:  Wednesdays 10:00-12:00 
 W2-11 MT: Wednesdays 10:30-12:30 
 W1-11 LT: Wednesdays 10:00-12:00 
 
Location:  Old Theatre 
 
Examination:  2 Hours Exam in Lent Term 
   2 Hours Exam in Summer Term 
 
 
 
Aims and Objectives 

This unit is a graduate level introduction to Microeconomics.  The objective is to provide students 
with a firm grounding in the analytic methods of microeconomic theory used by economists 
working in research, government, and business.  Special emphasis will be placed on the design and 
the solution of simple economic models and on ensuring that students become familiar with basic 
optimisation and equilibrium techniques.  
 
 
Course Summary 

The first part of the course focuses on classical theories of consumer and producer behaviour and 
on the theory of general equilibrium. We begin with a careful analysis of the optimisation problems 
for price-taking consumers and firms. We then analyse market interaction and the formation of 
prices in the framework of perfect competition. We conclude with introductions to decision making 
under uncertainty and game theory. 
 
The second part of the course focuses on models of imperfect competition and information 
economics. We begin with an analysis of models of monopoly, oligopoly, and bargaining. Then, 
we study markets with imperfect and incomplete information including search, adverse selection, 
auctions, signalling, screening, and moral hazard. Special emphasis will be given to economic 
applications.   
 
 



 

Teaching and learning methods 

Our approach will emphasise analytical methods of reasoning and thus problem-solving exercises 
will be a crucial learning tool.  Problem sets will be provided and answers to selected problems 
will be discussed during classes. Two assignments per term will be marked. 
 
 
Textbooks 
 
The course will draw mainly on the textbook: 
 Riley, Essential Microeconomics, Cambridge University Press, 2012. 

 
The following textbooks can also be useful as additional readings: 
 Mas-Colell, Whinston, Green, Microeconomic Theory, Oxford University Press, 1995. 
 Varian, Microeconomic Analysis, 3rd Edition, Norton, 1992 
 
 
 
Course Outline: Term 1 
 
A. Decision Theory, Consumer Theory and Welfare 

(1) Riley, Essential Microeconomics, 2012, Chapter 2, 43-78. 
(2) Spiegler, Bounded Rationality and Industrial Organization, Appendix, 202-212. 
(3) Caplin, Schotter, The Foundations of Positive and Normative Economics, 2008, Chap 8.  

Optional Readings: 
(a) Gul and Pesendorfer, The Case for Mindless Economics, 2005. 
(b) Riley, Essential Microeconomics, 2012, Chapter 1. 

 
B. Producer Theory 

(1) Riley, Essential Microeconomics, 2012, Chapter 4, 106-130. 
 

C. Competitive Markets and Equilibrium 

(1) Riley, Essential Microeconomics, 2012, Chapter 3, 85-105. 
(2) Riley, Essential Microeconomics, 2012, Chapter 5, 139-167. 

 
D. Choice under Uncertainty 

(1) Riley, Essential Microeconomics, 2012, Chapter 7, 218-250. 
 
E. Game Theory:  

(1) Riley, Essential Microeconomics, 2012, Chapter 9, 303-338. 
(2) Shy, Industrial Organization, MIT Press, 1995, Chapter 2, 11‐42. 

Optional Readings: 
(a) Kreps, A Course in Microeconomic Theory, Chapters 11‐14. 

 



 

Course Outline:  Term 2 
 
A. Monopoly:  Price Discrimination 
 

1) J. Riley, Essential Microeconomics, 2012, Chapter 4.5, 130-138. 
 

2) H. Gravelle and R. Rees, Microeconomics, Longman, 2004, Chapter 9. 
 
3) R. Schmalensee, 'Output and Welfare Implications of Monopolistic Third Degree Price 

Discrimination', American Economic Review, 1981. 
 

4) E. P. Lazaer, ‘Retail Pricing and Clearance Sales’ American Economic Review, 1986. 
 
 
 

B. Oligopoly Theory, Repeated Games and Bargaining 
 

5) J. Riley, Essential Microeconomics, 2012, Chapter 9, 303-346. 
 

6) R. Porter, ‘The Role of Information in U.S. Offshore Oil and Gas Lease Auctions,’ 
Econometrica, 1995. 
 

7) D. Fudenberg and J. Tirole, Game Theory, MIT Press, 1991, Chapter 4, Section 4.4. 
 

8) A. Mas-Colell, M. Whinston, and J. Green, Microeconomic Theory, Oxford University 
Press, 1995, Chapter 9, Appendix A, 296-299, and Chapter 12, Sections C and D, 387-405. 
 

9) C. d'Aspremont, J. Jaskold Gabszewicz and J.-F. Thisse, 'On Hotelling's "Stability in 
Competition"' Econometrica, 1979. 

 
 

C. Search and Adverse Selection  
 
10) “Search” (unpublished note for lecture). 
 
11) G. Akerlof, 'The Market for Lemons”, Quality Uncertainty and the Market Mechanism', 

Quarterly Journal of Economics, 1970. 
 

 
D. Games with Incomplete Information and Auctions  
 

12) J. Riley, Essential Microeconomics, 2012, Chapter 10.1, 347-350. 
 

13) J. Riley, Essential Microeconomics, 2012, Chapter 12.3, 456-462. 
 
14) M. H. Bazerman and W. F. Samuelson, I Won the Auction But Don’t Want the Prize, 

Journal of Conflict Resolution, 1983. 
 

15) R. Porter, ‘The Role of Information in U.S. Offshore Oil and Gas Lease Auctions,’ 
Econometrica, 1995.  



 

 
E. Mechanism Design with Incomplete Information 
 

 
16)  R. Myerson, 'Optimal Auction Design', Mathematics of Operations Research, 1981, 58-73. 

 
17) J. Riley, Essential Microeconomics, 2012, Chapters 12.5 and 12.6, 474-487. 

 
18) A. Mas-Colell, M. Whinston, and J. Green, Microeconomic Theory, Oxford University 

Press, 1995, Chapter 23D-23F, 891-906. 
 

 
F. Signalling, Moral Hazard and Screening 
 

 
19) M. Spence, 'Job Market Signalling', Quarterly Journal of Economics, 1973. 
 
20) B. Salanie, The Economics of Contracts. A Primer, MIT Press, 1997, Chapter 5. 

 
21) M. Rothschild and J. Stiglitz, ‘Equilibrum in Competitive Insurance Markets: An Essay on the 

economics of Imperfect Information’, Quarterly Journal of Economics, 1976. 
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ū
i
=

a
+

b
u
i.

T
h

e
ke

y
fe

at
u

re
s

of
th

e
re

pr
es

en
ta

ti
on

im
p

ly
th

at
:

pr
ef

er
en

ce
s

ar
e

lin
ea

r
in

pr
ob

ab
ili

ti
es

;

th
e

u
ti

lit
y

of
a

lo
tt

er
y

is
th

e
ex

p
ec

te
d

u
ti

lit
y

of
th

e
ou

tc
om

es
;

on
ly

affi
n

e
tr

an
sf

or
m

at
io

n
s

of
u

ti
lit

y
re

pr
es

en
t

th
e

sa
m

e
pr

ef
er

en
ce

s.
N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

8
/
3
5

N
ot

es

N
ot

es



In
tu
it
io
n:

In
de
p
en
de
nc
e
A
xi
om

C
on

si
d

er
th

e
fo

llo
w

in
g

sc
en

ar
io

:

X
=

(x
1
,x

2
,x

3
),

L
=

(1
,0

,0
),

L
′
=

(0
,1

,0
),

L
′′
=

(0
,0

,1
).

N
ot

e
th

at
th

e
re

pr
es

en
ta

ti
on

th
eo

re
m

im
p

lie
s

(α
L

,(
1
−

α
)L
′′ )
�

(α
L
′ ,
(1
−

α
)L
′′ )

iff
α
u
1
+
(1
−

α
)u

3
≥

α
u
2
+
(1
−

α
)u

3
.

T
h

is
in

tu
rn

im
m

ed
ia

te
ly

im
p

lie
s

th
e

in
d

ep
en

d
en

ce
ax

io
m

,
as

α
u
1
+
(1
−

α
)u

3
≥

α
u
2
+
(1
−

α
)u

3
iff

u
1
≥

u
2

iff
L
�

L
′ .

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

9
/
3
5

R
is
k
A
tt
it
ud
es

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

1
0
/
3
5

N
ot

es

N
ot

es



A
tt
it
ud

es
to
w
ar
ds

R
is
k

N
ow

as
su

m
e

th
at

ou
tc

om
es

in
X

ar
e

q
u

an
ti

fi
ab

le
so

th
at

X
=

R
+

.

T
h

is
is

a
go

o
d

as
su

m
p

ti
on

fo
r

m
on

ey
,

co
n

su
m

p
ti

on
,

w
ea

lt
h

..
.

A
lo

tt
er

y
n

ow
co

n
si

st
s

of
a

cu
m

u
la

ti
ve

d
is

tr
ib

u
ti

on

F
:R

+
→

[0
,1
],

w
h

er
e
F
(x
)

is
th

e
pr

ob
ab

ili
ty

th
at

th
e

ou
tc

om
e

is
sm

al
le

r
or

eq
u

al
to

x
.

T
h

e
pr

ef
er

en
ce

s
h

av
e

an
ex

p
ec

te
d

u
ti

lit
y

re
pr

es
en

ta
ti

on

U
(F

)
=
∫ X

u
(x
)d
F
(x
),

w
h

er
e
u
(x
)

is
th

e
u

ti
lit

y
of

x
w

it
h

ce
rt

ai
n

ty
.

If
th

e
d

en
si

ty
f
(·
)

is
w

el
l

d
efi

n
ed

,
th

en

U
(F

)
=
∫ X

u
(x
)f
(x
)d
x

.

A
ss

u
m

e
th

at
u
(·
)

is
st

ri
ct

ly
in

cr
ea

si
n

g
a

n
d

co
n

ti
n

u
o

u
s.

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

1
1
/
3
5

A
tt
it
ud

es
to
w
ar
ds

R
is
k

A
d

ec
is

io
n

m
ak

er
is

ri
sk

a
ve

rs
e

if
an

d
on

ly
if

,
fo

r
an

y
lo

tt
er

y
F

,

∫ X
u
(x
)d
F
(x
)
≤

u

( ∫ X
xd
F
(x
)) .

A
d

ec
is

io
n

m
ak

er
is

ri
sk

n
eu

tr
a

l
if

an
d

on
ly

if
,

fo
r

an
y

lo
tt

er
y
F

,

∫ X
u
(x
)d
F
(x
)
=

u

( ∫ X
xd
F
(x
)) .

A
d

ec
is

io
n

m
ak

er
is

ri
sk

lo
vi

n
g

if
an

d
on

ly
if

,
fo

r
an

y
lo

tt
er

y
F

,

∫ X
u
(x
)d
F
(x
)
≥

u

( ∫ X
xd
F
(x
)) .

F
ac
t

A
d
ec
is
io
n
m
ak
er

is
ri
sk

av
er
se

if
an
d
on

ly
if
u
(·
)
is
co
n
ca
ve
.

A
d
ec
is
io
n
m
ak
er

is
ri
sk

lo
vi
n
g
if
an
d
on

ly
if
u
(·
)
is
co
n
ve
x.

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

1
2
/
3
5

N
ot

es

N
ot

es



A
tt
it
ud

es
to
w
ar
ds

R
is
k

A
d

ec
is

io
n

m
ak

er
is

st
ri

ct
ly

ri
sk

a
ve

rs
e

if
an

d
on

ly
if

,
fo

r
an

y
lo

tt
er

y
F

th
at

d
o

es
n

ot
as

si
gn

pr
ob

ab
ili

ty
eq

u
al

to
on

e
to

th
e

ou
tc

om
e
∫ X

xd
F
(x
),

∫ X
u
(x
)d
F
(x
)
<

u

( ∫ X
xd
F
(x
))

A
d

ec
is

io
n

m
ak

er
is

st
ri

ct
ly

ri
sk

lo
vi

n
g

if
an

d
on

ly
if

,
fo

r
an

y
lo

tt
er

y
F

th
at

d
o

es
n

ot
as

si
gn

pr
ob

ab
ili

ty
eq

u
al

to
on

e
to

th
e

ou
tc

om
e
∫ X

xd
F
(x
),

∫ X
u
(x
)d
F
(x
)
>

u

( ∫ X
xd
F
(x
))

E
xa

m
p

le
s:

st
ri

ct
ly

ri
sk

av
er

se
,
u
(x
)
=
√
x

;

ri
sk

n
eu

tr
al

,
u
(x
)
=

x
;

st
ri

ct
ly

ri
sk

lo
vi

n
g,

u
(x
)
=

x
2
.

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

1
3
/
3
5

A
tt
it
ud

es
to
w
ar
ds

R
is
k

C
on

si
d

er
a

lo
tt

er
y
X

=
{a

,b
}

an
d
L
=
{p

,1
−

p
}.

If
so

,
gr

ap
h

ic
al

ly
ob

se
rv

e
th

at
:

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

1
4
/
3
5

N
ot

es

N
ot

es



E
xa
m
pl
e:

In
su
ra
nc
e

C
on

si
d

er
th

e
fo

llo
w

in
g

sc
en

ar
io

:

M
d

en
ot

es
th

e
in

it
ia

l
w

ea
lt

h
;

L
d

en
ot

es
a

lo
ss

th
at

m
ay

b
e

in
cu

rr
ed

;

p
d

en
ot

es
th

e
pr

ob
ab

ili
ty

of
th

e
lo

ss
;

S
d

en
ot

es
th

e
am

ou
n

t
of

co
ve

ra
ge

;

r
d

en
ot

es
u

n
it

pr
ic

e
of

co
ve

ra
ge

(u
n

it
pr

em
iu

m
).

T
w

o
ou

tc
om

es
ar

e
p

os
si

b
le

:

{ M
−

rS
M
−

L
+

S
−

rS
w

it
h

pr
ob

ab
ili

ty
1
−

p
w

it
h

pr
ob

ab
ili

ty
p

.

A
ri

sk
-a

ve
rs

e
co

n
su

m
er

ch
o

os
es

S
≤

L
to

m
ax

im
iz

e
ex

p
ec

te
d

u
ti

lit
y,

(1
−

p
)
u
(M
−

rS
)
+

p
u
(M
−

L
+
(1
−

r )
S
)

.

T
h

e
F

O
C

im
m

ed
ia

te
ly

yi
el

d
s

r
(1
−

p
)
u
′ (
M
−

rS
)
=

(1
−

r )
p
u
′ (
M
−

L
+
(1
−

r )
S
)

.

E
xe

rc
is

e:
S

h
ow

th
at

,
if
r
=

p
,

a
ri

sk
av

er
se

co
n

su
m

er
ch

o
os

es
S
=

L
.

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

1
5
/
3
5

E
xa
m
pl
e:

In
su
ra
nc
e

D
em

an
d

fo
r

in
su

ra
n

ce
ca

n
b

e
d

er
iv

ed
ex

ac
tl

y
as

d
em

an
d

fo
r

ot
h

er
go

o
d

s:

T
h

e
co

n
su

m
er

p
ar

ti
al

ly
in

su
re

s
w

h
en

ev
er

th
e

pr
ic

e
ex

ce
ed

s
th

e
ri

sk
r
>

p
.

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

1
6
/
3
5

N
ot

es

N
ot

es



M
ea
su
re
s
of

R
is
k
A
ve
rs
io
n

In
tu

it
iv

el
y,

th
e

m
or

e
co

n
ca

ve
is

a
u

ti
lit

y
fu

n
ct

io
n

th
e

m
or

e
ri

sk
av

er
se

is
th

e
d

ec
is

io
n

m
ak

er
.

S
in

ce
u
(·
)

an
d
b
u
(·
),

b
>

0,
re

pr
es

en
t

th
e

sa
m

e
pr

ef
er

en
ce

s,
u
′′ (
·)

is
n

ot
a

sa
ti

sf
ac

to
ry

m
ea

su
re

of
ri

sk
av

er
si

on
.

D
efi

n
e

th
e

co
effi

ci
en

t
o

f
a

b
so

lu
te

ri
sk

a
ve

rs
io

n
as

:

r A
(x
)
=
−
u
′′ (
x
)

u
′ (
x
)

.

E
xa

m
p

le
:

C
on

si
d

er
pr

ef
er

en
ce

s
u
(x
)
=
−
e
−
a
x
.

If
so

,
r A
(x
)
=
−
−
a2
e
−
a
x

ae
−
a
x

=
a.

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

1
7
/
3
5

C
on
ca
ve

T
ra
ns
fo
rm

at
io
ns

I

C
on

si
d

er
tw

o
d

ec
is

io
n

m
ak

er
s,

on
e

w
it

h
u

ti
lit

y
u
(·
),

on
e

w
it

h
u

ti
lit

y
v
(·
).

B
ot

h
u
(·
)

an
d
v
(·
)

ar
e

st
ri

ct
ly

in
cr

ea
si

n
g.

T
h

er
ef

or
e

th
er

e
ex

is
ts

φ
:R
→

R
su

ch
th

at

u
(x
)
=

φ
(v
(x
) )

fo
r

an
y

x
∈

R
+

.

It
fo

llo
w

s
th

at

u
′ (
x
)
=

φ
′ (
v
(x
) )

v
′ (
x
)

an
d

u
′′ (
x
)
=

φ
′′
(v
(x
) )
( v′ (x

)) 2 +
φ
′ (
v
(x
) )

v
′′ (
x
).

B
y

el
im

in
at

in
g

φ
′ (
v
(x
) )

fr
om

th
e

tw
o

ex
pr

es
si

on
s

ob
ta

in

u
′′ (
x
)
=

φ
′′
(v
(x
) )
( v′ (x

)) 2 +
u
′ (
x
)

v
′ (
x
)
v
′′ (
x
).

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

1
8
/
3
5

N
ot

es

N
ot

es



C
on
ca
ve

T
ra
ns
fo
rm

at
io
ns

II

T
h

e
pr

ev
io

u
s

ex
pr

es
si

on
is

eq
u

iv
al

en
t

to

φ
′′
(v
(x
) )

=
u
′′ (
x
)v
′ (
x
)
−

v
′′ (
x
)u
′ (
x
)

(v
′ (
x
) )

3
.

H
en

ce
,

φ
(·
)

is
co

n
ca

ve
if

an
d

on
ly

if

−
v
′′ (
x
)

v
′ (
x
)
≤
−
u
′′ (
x
)

u
′ (
x
)

T
h

u
s,
u
(·
)

is
a

co
n

ca
ve

tr
a

n
sf

o
rm

a
ti

o
n

of
v
(·
)

if
an

d
on

ly
if
u
(·
)

h
as

a
la

rg
er

co
effi

ci
en

t
of

ab
so

lu
te

ri
sk

av
er

si
on

th
an

v
(·
).

A
b

so
lu

te
ri

sk
av

er
si

on
is

a
p

ar
ti

a
l

o
rd

er
(n

ot
al

l
pr

ef
er

en
ce

s
ca

n
b

e
co

m
p

ar
ed

)
ov

er
pr

ef
er

en
ce

s
th

at
co

m
p

ar
es

ra
n

ks
pr

ef
er

en
ce

s
b

as
ed

on
at

ti
tu

d
es

to
w

ar
d

s
ri

sk
.

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

1
9
/
3
5

R
el
at
iv
e
R
is
k
A
ve
rs
io
n

A
b

so
lu

te
ri

sk
av

er
si

on
m

ea
su

re
s

ri
sk

at
ti

tu
d

es
to

w
ar

d
s

ab
so

lu
te

ch
an

ge
s

in
w

ea
lt

h
at

th
e

cu
rr

en
t

w
ea

lt
h

le
ve

l.

A
d

iff
er

en
t

m
ea

su
re

ri
sk

av
er

si
on

ca
n

ca
p

tu
re

ri
sk

at
ti

tu
d

es
to

w
ar

d
s

p
er

ce
n

ta
ge

ch
an

ge
s

in
w

ea
lt

h
at

th
e

cu
rr

en
t

w
ea

lt
h

le
ve

l.

D
efi

n
e

th
e

co
effi

ci
en

t
o

f
re

la
ti

ve
ri

sk
a

ve
rs

io
n

as
:

r A
(x
)
=
−
xu
′′ (
x
)

u
′ (
x
)

.

A
b

so
lu

te
ri

sk
av

er
si

on
is

a
p

ar
ti

a
l

o
rd

er
(n

ot
al

l
pr

ef
er

en
ce

s
ca

n
b

e
co

m
p

ar
ed

)
ov

er
pr

ef
er

en
ce

s
th

at
co

m
p

ar
es

ra
n

ks
pr

ef
er

en
ce

s
b

as
ed

on
ri

sk
at

ti
tu

d
es

fo
r

p
er

ce
n

ta
ge

ch
an

ge
s

in
w

ea
lt

h
.

A
si

d
e:

D
ec

re
as

in
g

ab
so

lu
te

ri
sk

av
er

si
on

h
as

b
ee

n
u

se
d

as
a

ju
st

ifi
ca

ti
on

fo
r

in
co

m
e

in
eq

u
al

it
y.

..

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

2
0
/
3
5

N
ot

es

N
ot

es



P
ar
ad
ox
es

&
A
dv
an
ce
s:

C
ho
ic
e
un
de
r
U
nc
er
ta
in
ty

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

2
1
/
3
5

A
lla
is
P
ar
ad
ox

I

C
on

si
d

er
ou

tc
om

e
se

t
X

=
{5

m
ill

io
n

s,
1

m
ill

io
n

s,
0

m
ill

io
n

s }
.

F
ir

st
co

n
si

d
er

th
e

fo
llo

w
in

g
tw

o
lo

tt
er

ie
s:

O
u

tc
om

e:
5

M
$

1
M

$
0

M
$

L
ot

te
ry

A
:

0%
10

0%
0%

L
ot

te
ry

B
:

10
%

89
%

1%

E
vi

d
en

ce
su

gg
es

ts
in

d
iv

id
u

al
s

ch
o

os
e

A
ov

er
B

.

S
u

ch
b

eh
av

io
r

re
q

u
ir

es

u
(1
)
>

0.
1u

(5
)
+

0.
89
u
(1
)
+

0.
01
u
(0
),

⇒
0.

11
u
(1
)
>

0.
1u

(5
)
+

0.
01
u
(0
).

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

2
2
/
3
5

N
ot

es

N
ot

es



A
lla
is
P
ar
ad
ox

II

N
ex

t
co

n
si

d
er

th
e

fo
llo

w
in

g
tw

o
lo

tt
er

ie
s:

O
u

tc
om

e:
5

M
$

1
M

$
0

M
$

L
ot

te
ry

C
:

0%
11

%
89

%
L

ot
te

ry
D

:
10

%
0%

90
%

E
vi

d
en

ce
su

gg
es

ts
in

d
iv

id
u

al
s

ch
o

os
e

D
ov

er
C

.

S
u

ch
b

eh
av

io
r

re
q

u
ir

es

0.
11
u
(1
)
+

0.
89
u
(0
)
<

0.
1u

(5
)
+

0.
9u

(0
),

⇒
0.

11
u
(1
)
<

0.
1u

(5
)
+

0.
01
u
(0
).

P
re

fe
re

n
ce

s
vi

ol
at

e
th

e
in

d
ep

en
d

en
ce

ax
io

m
(n

ot
lin

ea
r

in
pr

ob
ab

ili
ti

es
)!

In
ex

p
er

im
en

ts
in

d
iv

id
u

al
s

w
ill

co
rr

ec
t

th
is

m
is

ta
ke

ov
er

ti
m

e.

P
os

si
b

le
ex

p
la

n
at

io
n

co
m

es
fr

om
re

gr
et

th
eo

ry
(c

h
oi

ce
s

ar
e

m
ad

e
to

av
oi

d
d

is
ap

p
oi

n
tm

en
t

fr
om

an
ou

tc
om

e
th

at
d

id
n

ot
m

at
er

ia
liz

e)
.

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

2
3
/
3
5

S
ub

je
ct
iv
e
P
ro
ba
bi
lit
ie
s

W
e

h
av

e
as

su
m

ed
th

at
a

d
ec

is
io

n
m

ak
er

ra
n

ks
ex

p
lic

it
an

d
ob

je
ct

iv
e

pr
ob

ab
ili

ty
d

is
tr

ib
u

ti
on

s
ov

er
ou

tc
om

es
.

H
ow

ev
er

,
pr

ob
ab

ili
ti

es
m

ay
b

e
im

p
lic

it
an

d
su

b
je

ct
iv

e.

F
or

ex
am

p
le

,
th

e
d

ec
is

io
n

m
ak

er
m

ay
b

e
as

ke
d

to
ch

o
os

e
b

et
w

ee
n

:

(a
)

10
0£

if
C

h
el

se
a

w
in

s
th

e
C

h
am

p
io

n
s

L
ea

gu
e;

(b
)

10
0£

if
B

ar
ce

lo
n

a
w

in
s

th
e

C
h

am
p

io
n

s
L

ea
gu

e.

S
u

b
je

ct
iv

e
pr

ob
ab

ili
ti

es
m

ay
b

e
re

ve
al

ed
by

th
e

ch
oi

ce
s

of
d

ec
is

io
n

m
ak

er
s.

If
(b

)
is

pr
ef

er
re

d
to

(a
),

w
e

m
ay

co
n

cl
u

d
e

th
at

th
e

d
ec

is
io

n
m

ak
er

th
in

ks
th

at
th

e
pr

ob
ab

ili
ty

of
B

ar
ce

lo
n

a
w

in
n

in
g

th
e

ti
tl

e
is

h
ig

h
er

th
an

th
e

pr
ob

ab
ili

ty
of

C
h

el
se

a
w

in
n

in
g

th
e

ti
tl

e.

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

2
4
/
3
5

N
ot

es

N
ot

es



E
lls
b
er
g
P
ar
ad
ox

&
A
m
bi
gu
it
y
A
ve
rs
io
n

B
u

t
ch

oi
ce

s
m

ay
n

ot
co

n
si

st
en

t
w

it
h

”p
ro

b
ab

ili
st

ic
”

as
se

ss
m

en
ts

.

C
on

si
d

er
an

u
rn

co
n

ta
in

in
g

10
0

b
al

ls
.

S
om

e
b

al
ls

ar
e

re
d

,
w

h
ile

th
e

re
st

ar
e

b
lu

e.

T
h

e
d

ec
is

io
n

m
ak

er
is

n
o

t
to

ld
h

ow
m

an
y

ar
e

re
d

an
d

h
ow

m
an

y
ar

e
b

lu
e.

E
xt

ra
ct

a
b

al
l

fr
om

th
is

u
rn

an
d

co
n

si
d

er
th

e
b

et
s:

(a
)
£

10
0

if
th

e
b

al
l

is
re

d
;

(b
)
£

10
0

if
th

e
b

al
l

is
b

lu
e;

(c
)
£

99
w

it
h

pr
ob

ab
ili

ty
50

%
–

co
in

to
ss

.

M
an

y
in

d
iv

id
u

al
s

w
ou

ld
ch

o
os

e
(c

).

H
ow

ev
er

,
ei

th
er

P
r(
re
d
)
≥

1
/

2
or

P
r(
b
lu
e
)
≥

1
/

2,
re

ga
rd

le
ss

of
w

h
et

h
er

pr
ob

ab
ili

ti
es

ar
e

ob
je

ct
iv

e
or

su
b

je
ct

iv
e.

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

2
5
/
3
5

M
ax
m
in

U
ti
lit
y
(G

ilb
oa

&
S
ch
m
ei
dl
er
)

L
et

S
d

en
ot

e
th

e
se

t
of

p
os

si
b

le
st

at
es

.

A
b

et
is

a
fu

n
ct

io
n
x

:S
−→

R
+

.

In
p

ar
ti

cu
la

r,
x
(s
)

is
th

e
m

on
et

ar
y

ou
tc

om
e

in
st

at
e
s.

T
h

e
se

t
of

”p
os

si
b

le
”

pr
ob

ab
ili

ty
d

is
tr

ib
u

ti
on

s
ov

er
th

e
se

t
of

st
at

es
is
C

.

U
n

d
er

re
as

on
ab

le
ax

io
m

s,
pr

ef
er

en
ce

s
ov

er
b

et
s
x

ca
n

al
w

ay
s

b
e

re
pr

es
en

te
d

by
a

u
ti

lit
y

fu
n

ct
io

n

m
in

F
∈C
∫ S

u
(x
(s
) )

d
F
(s
)

.

T
h

is
ap

pr
oa

ch
ca

n
ex

p
la

in
E

lls
b

er
g’

s
P

ar
ad

ox
.

W
h

en
in

d
iv

id
u

al
s

ar
e

p
es

si
m

is
ti

c
ab

ou
t

th
ei

r
b

el
ie

fs
,

th
ey

m
ay

pr
ef

er
an

ob
je

ct
iv

e
lo

tt
er

y.

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

2
6
/
3
5

N
ot

es

N
ot

es



L
im

it
s
to

R
is
k-
A
ve
rs
io
n

R
is

k-
av

er
si

on
is

a
st

an
d

ar
d

ec
on

om
ic

p
ar

ad
ig

m
,

b
u

t
it

im
p

os
es

to
m

u
ch

d
is

ci
p

lin
e

w
h

en
co

m
p

ar
in

g
sm

a
ll

ri
sk

s
to

la
rg

e
on

es
.

R
ab

in
(2

00
0)

sh
ow

s
th

at
:

if
an

E
U

m
ax

im
iz

er
re

je
ct

s
a

50
-5

0
ga

m
b

le
to

w
in

11
or

lo
se

10
re

g
ar

d
le

ss
o

f
h

is
w

ea
lt

h
,
w

,
h

e
re

je
ct

s
a

50
-5

0
ga

m
b

le
to

w
in

y
or

lo
se

10
0,

fo
r

an
y

va
lu

e
of

y
!!

T
o

sh
ow

th
is

ob
se

rv
e

th
at

co
n

ca
vi

ty
im

p
lie

s:

u
(w

)
−

u
(w
−

10
)
<

+
10
u
′ (
w
−

10
)

u
(w

)
−

u
(w

+
11
)
<
−

11
u
′ (
w
+

11
)

S
in

ce
h

e
tu

rn
s

d
ow

n
th

e
ga

m
b

le
,

w
e

al
so

kn
ow

:

u
(w

)
>

0.
5u

(w
−

10
)
+

0.
5u

(w
+

11
)

C
om

b
in

in
g

al
l

th
re

e
in

eq
u

al
it

ie
s

yi
el

d
s:

u
′ (
w
+

11
)
−

u
′ (
w
−

10
)
<
−

1 11
u
′ (
w
−

10
)

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

2
7
/
3
5

L
im

it
s
to

R
is
k-
A
ve
rs
io
n

S
o

ga
in

in
g

21
ca

u
se

s
th

e
m

ar
gi

n
al

u
ti

lit
y

of
m

on
ey

to
fa

ll
by

9%
.

It
er

at
in

g
th

is
lo

gi
c

sh
ow

s
th

at
sm

al
l

st
ak

es
co

m
p

ou
n

d
q

u
ic

kl
y

an
d

ca
u

se
m

ar
gi

n
al

u
ti

lit
y

to
p

lu
m

m
et

on
la

rg
e

st
ak

es
.

A
cc

or
d

in
g

to
E

U
,

th
er

e
is

n
o

am
ou

n
t

w
e

co
u

ld
off

er
h

im
to

ac
ce

p
t

th
e

ch
an

ce
of

lo
si

n
g

10
0.

E
U

w
as

n
ot

d
es

ig
n

ed
to

ex
p

la
in

sm
al

l-
st

ak
es

ga
m

b
le

s
an

d
re

q
u

ir
es

in
d

iv
id

u
al

s
to

b
e

lo
ca

lly
ri

sk
n

eu
tr

al
.

E
vi

d
en

ce
su

gg
es

ts
th

at
th

e
va

st
m

aj
or

it
y

of
in

d
iv

id
u

al
s

w
ou

ld
re

je
ct

th
e

sm
al

l
b

et
,

B
ar

b
er

is
,

H
u

an
g

an
d

T
h

al
er

(2
00

6)
an

d
A

rr
ow

(1
97

1)
.

A
so

lu
ti

on
in

vo
lv

es
ki

n
ki

n
g

th
e

u
ti

lit
y

fu
n

ct
io

n
ar

ou
n

d
a

re
fe

re
n

ce
p

oi
n

t.

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

2
8
/
3
5

N
ot

es

N
ot

es



P
ro
sp
ec
t
T
he
or
y
(K

ah
ne
m
an

&
T
ve
rs
ky
)

S
u

b
je

ct
iv

e
pr

ob
ab

ili
ti

es
ar

e
b

ia
se

d
:

sm
al

l
pr

ob
ab

ili
ti

es
ar

e
ov

er
es

ti
m

at
ed

,

la
rg

e
pr

ob
ab

ili
ti

es
ar

e
u

n
d

er
es

ti
m

at
ed

.

T
h

e
u

ti
lit

y
of

an
ou

tc
om

e
m

ay
d

ep
en

d
on

a
re

fe
re

n
ce

p
o

in
t
r.

L
et

(x
1
,.

..
,x

N
)

d
en

ot
e

a
se

t
of

m
on

et
ar

y
ou

tc
om

es
.

C
on

si
d

er
a

lo
tt

er
y

ov
er

ou
tc

om
es

(p
1
,.

..
,p

N
).

L
et

d
i
(p

1
,.

..
,p

N
)

d
en

ot
e

th
e

d
is

to
rt

ed
p

ro
b

a
b

ili
ty

of
ou

tc
om

e
x i

.

If
so

,
u

n
d

er
p

la
u

si
b

le
ax

io
m

s
pr

ef
er

en
ce

s
ca

n
b

e
re

pr
es

en
te

d
as

,

∑
N i=

1
d
i
(p

1
,.

..
,p

N
)
u
(x

i|r
)

.

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

2
9
/
3
5

L
os
s
A
ve
rs
io
n

If
r

is
w

ea
lt

h
an

d
u
(x

i|r
)
=

v
(x

i
−

r )
,

u
ti

lit
y

is
d

efi
n

ed
on

ga
in

s
&

lo
ss

es
.

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

3
0
/
3
5

N
ot

es

N
ot

es



L
os
s
A
ve
rs
io
n:

E
xa
m
pl
e

S
u

p
p

os
e

an
ag

en
t

h
as

a
p

ie
ce

w
is

e-
lin

ea
r

va
lu

e
fu

n
ct

io
n

:

v
(x
)
=

{ x
if

x
≥

0
2x

if
x
<

0

L
et

th
e

re
fe

re
n

ce
p

oi
n

t
b

e
h

er
in

it
ia

l
w

ea
lt

h
r
=

w
.

D
o

es
sh

e
ac

ce
p

t
a

50
/5

0
ga

m
b

le
to

w
in

11
or

lo
se

10
?

If
sh

e
tu

rn
s

it
d

ow
n

,
sh

e
ge

ts
:

v
(w
−

r)
=

v
(0
)
=

0

If
sh

e
ac

ce
p

ts
,

sh
e

ge
ts

:

v
(w

+
11
−

r)
+

v
(w
−

10
−

r)

2
=

v
(1

1
)
+

v
(−

10
)

2
=
−

4.
5

S
o

sh
e

tu
rn

s
it

d
ow

n

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

3
1
/
3
5

L
os
s
A
ve
rs
io
n:

E
xa
m
pl
e

W
h

at
is

th
e

sm
al

le
st

va
lu

e
y

fo
r

w
h

ic
h

sh
e

ac
ce

p
ts

a
50

/5
0

ga
m

b
le

to
w

in
y

or
lo

se
10

0?

If
sh

e
tu

rn
s

it
d

ow
n

,
sh

e
ge

ts
:

v
(w
−

r)
=

v
(0
)
=

0

If
sh

e
ac

ce
p

ts
,

sh
e

ge
ts

:

v
(w

+
y
−

r)
+

v
(w
−

10
0
−

r)

2
=

v
(y
)
+

v
(−

10
0
)

2
=

y 2
−

10
0

S
o

sh
e

w
ill

ac
ce

p
t

if
y
≥

20
0.

L
os

s
av

er
si

on
al

so
pr

ov
id

es
an

ex
p

la
n

at
io

n
fo

r
th

e
en

d
ow

m
en

t
eff

ec
t.

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

3
2
/
3
5

N
ot

es

N
ot

es



G
am

bl
es

on
G
ai
ns

an
d
L
os
se
s

M
os

t
p

eo
p

le
ar

e:

ri
sk

-a
ve

rs
e

w
h

en
th

in
ki

n
g

on
ly

of
ga

in
s

b
u

t

ri
sk

-l
ov

in
g

w
h

en
th

in
ki

n
g

of
lo

ss
es

.

L
et

(y
,p
)

b
e

a
ga

m
b

le
th

at
gi

ve
s:

y
w

it
h

pr
ob

ab
ili

ty
p

an
d

0
w

it
h

pr
ob

ab
ili

ty
(1
−

p
).

K
ah

n
em

an
&

T
ve

rs
ky

19
79

sh
ow

s
th

at
:

(4
00

0,
0.

8
)

(3
00

0,
1
)

(−
40

00
,0

.8
)

(−
30

00
,1
)

20
%

80
%

92
%

8%

(3
00

0,
0.

9
)

(6
00

0,
0.

45
)

(−
30

00
,0

.9
)

(−
60

00
,0

.4
5
)

86
%

14
%

8%
92

%

R
ej

ec
ts

eq
u

al
pr

op
or

ti
on

s
ch

o
os

in
g

th
e

ri
sk

y
op

ti
on

.
N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

3
3
/
3
5

D
im

in
is
hi
ng

S
en
si
ti
vi
ty

T
h

e
se

co
n

d
fi

n
d

in
g

of
K

ah
n

em
an

&
T

ve
rs

ky
19

79
is
d
im

in
is
h
in
g
se
n
si
ti
vi
ty

.

M
ar

gi
n

al
se

n
si

ti
vi

ty
to

ch
an

ge
s

fr
om

th
e

re
fe

re
n

ce
p

oi
n

t
ar

e
sm

al
le

r
th

e
fa

rt
h

er
th

e
ch

an
ge

is
fr

om
th

e
re

fe
re

n
ce

p
oi

n
t.

K
T

ar
gu

e
th

is
is

al
so

an
ex

te
n

si
on

of
h

ow
w

e
p

er
ce

iv
e

th
in

gs
.

F
or

ex
am

p
le

,
an

ob
je

ct
10

1
fe

et
aw

ay
is

in
d

is
ti

n
gu

is
h

ab
le

fr
om

an
ob

je
ct

10
0

fe
et

aw
ay

,
b

u
t

an
ob

je
ct

2
fe

et
aw

ay
is

ea
si

ly
p

er
ce

iv
ed

as
ve

ry
d

iff
er

en
t

fr
om

an
ob

je
ct

1
fo

ot
aw

ay
.

L
ik

ew
is

e,
th

e
re

la
ti

ve
im

p
ac

t
of

re
ce

iv
in

g
(r

es
p

.
lo

si
n

g)
10

in
st

ea
d

of
0

is
la

rg
er

th
an

th
e

im
p

ac
t

of
re

ce
iv

in
g

(r
es

p
.

lo
si

n
g)

1,
01

0
in

st
ea

d
of

1,
00

0.

T
h

is
is

n
ot

ju
st

ri
sk

-a
ve

rs
io

n
:

p
eo

p
le

w
ill

b
e

ri
sk

-a
ve

rs
e

in
th

e
d

om
ai

n
of

ga
in

s
b

u
t

ri
sk

-s
ee

ki
n

g
in

th
e

d
om

ai
n

of
lo

ss
es

.

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

3
4
/
3
5

N
ot

es

N
ot

es



P
ro
p
er
ti
es

of
V
al
ue

F
un

ct
io
ns

V
al

u
e

F
u

n
ct

io
n

is
as

su
m

ed
to

b
e:

1
v
(x
)

is
co

n
ti

n
u

ou
s

fo
r

an
y
x

an
d

tw
ic

e
d

iff
er

en
ti

ab
le

fo
r
x
6=

0.

2
v
(x
)

is
st

ri
ct

ly
in

cr
ea

si
n

g,
an

d
v
(0
)
=

0.

3
v
(y
)
+

v
(−

y
)
<

v
(x
)
+

v
(−

x
)

fo
r
y
>

x
>

0.

4
v
′′ (
x
)
≤

0
fo

r
x
>

0,
an

d
v
′′ (
x
)
≥

0
fo

r
x
<

0.

5
v
′ −
(0
)/

v
′ +
(0
)
>

1.

T
h

es
e

th
eo

ri
es

ar
e

co
n

ve
n

ie
n

t
an

al
yt

ic
al

ly
an

d
va

lu
ab

le
gu

id
es

to
b

eh
av

io
r.

B
u

t
o

cc
as

io
n

al
ly

fa
il

to
pr

ov
id

e
a

u
n

ifi
ed

ap
pr

oa
ch

to
ca

p
tu

re
al

l
b

ia
se

s
d

is
p

la
ye

d
by

h
u

m
an

b
eh

av
io

r.

N
a
va

(L
S
E
)

U
n
ce
rt
a
in
ty

M
ic
h
a
el
m
a
s
T
er
m

3
5
/
3
5

N
ot

es

N
ot

es



S
ta

ti
c

G
am

es
E

C
41

1
S

lid
es

5

N
av

a

L
S
E

M
ic

h
ae

lm
as

T
er

m

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

1
/
8
0

R
oa

dm
ap

:
G

am
e

T
he

or
y

–
S

ta
ti

c
G

am
es

A
ga

m
e

is
a

m
u

lt
i-

p
er

so
n

d
ec

is
io

n
pr

ob
le

m
.

S
tr

at
eg

ic
th

in
ki

n
g

in
su

ch
en

vi
ro

n
m

en
ts

re
q

u
ir

es
p

la
ye

rs
to

gu
es

s
th

e
b

eh
av

io
r

of
ot

h
er

s
to

d
ec

id
e

on
th

e
b

es
t

co
u

rs
e

of
ac

ti
on

.

T
h

e
an

al
ys

is
of

st
at

ic
co

n
si

d
er

s
tw

o
d

iff
er

en
t

cl
as

se
s

of
ga

m
es

:

C
om

p
le

te
In

fo
rm

at
io

n
S

ta
ti

c
G

am
es

In
co

m
p

le
te

In
fo

rm
at

io
n

S
ta

ti
c

G
am

es
(e

xt
ra

)

In
tr

o
d

u
ce

s
fu

n
d

am
en

ta
l

n
ot

io
n

s
of

st
ra

te
gy

an
d

b
es

t
re

sp
on

se
.

D
iff

er
en

t
S

ol
u

ti
on

C
on

ce
p

ts
ar

e
pr

es
en

te
d

:

D
om

in
an

t
S

tr
at

eg
y

E
q

u
ili

br
iu

m

It
er

at
iv

e
E

lim
in

at
io

n
of

D
om

in
at

ed
S

tr
at

eg
ie

s

N
as

h
E

q
u

ili
br

iu
m

B
ay

es
N

as
h

E
q

u
ili

br
iu

m
(e

xt
ra

).

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

2
/
8
0

N
ot

es

N
ot

es



S
tr
at
eg
ic
F
or
m

G
am

es
:

S
ta

ti
c

C
om

pl
et

e
In

fo
rm

at
io

n
G

am
es

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

3
/
8
0

S
um

m
ar

y

G
am

es
of

C
om

p
le

te
In

fo
rm

at
io

n
:

D
efi

n
it

io
n

s:

G
am

e:
P

la
ye

rs
,

A
ct

io
n

s,
P

ay
off

s
S

tr
at

eg
y:

P
u

re
an

d
M

ix
ed

B
es

t
R

es
p

on
se

S
ol

u
ti

on
C

on
ce

p
t:

D
om

in
an

t
S

tr
at

eg
y

E
q

u
ili

br
iu

m
N

as
h

E
q

u
ili

br
iu

m

P
ro

p
er

ti
es

of
N

as
h

E
q

u
ili

br
ia

:

N
on

-E
xi

st
en

ce
an

d
M

u
lt

ip
lic

it
y

In
effi

ci
en

cy

E
xa

m
p

le
s

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

4
/
8
0

N
ot

es

N
ot

es



In
tr

o
du

ct
io

n
to

G
am

es

A
n

y
en

vi
ro

n
m

en
t

in
w

h
ic

h
th

e
ch

oi
ce

s
of

an
in

d
iv

id
u

al
aff

ec
t

th
e

w
el

l
b

ei
n

g
of

ot
h

er
s

ca
n

b
e

m
o

d
el

ed
as

a
ga

m
e.

W
h

at
p

in
s

d
ow

n
a

sp
ec

ifi
c

ga
m

e:

W
h

o
p

ar
ti

ci
p

at
es

in
a

ga
m

e
[P

la
ye

rs
]

T
h

e
ch

oi
ce

s
th

at
p

ar
ti

ci
p

an
ts

h
av

e
[C

h
oi

ce
s]

T
h

e
w

el
l

b
ei

n
g

of
in

d
iv

id
u

al
s

[P
ay

off
s]

T
h

e
in

fo
rm

at
io

n
th

at
in

d
iv

id
u

al
s

h
av

e
[R

u
le

s
of

th
e

G
am

e]

T
h

e
ti

m
in

g
of

ev
en

ts
an

d
d

ec
is

io
n

s
[R

u
le

s
of

th
e

G
am

e]

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

5
/
8
0

C
om

pl
et

e
In

fo
rm

at
io

n
(S

tr
at

eg
ic

F
or

m
)

G
am

e

A
co

m
p

le
te

in
fo

rm
at

io
n

ga
m

e
G

co
n

si
st

s
of

:

A
se

t
of

p
la

ye
rs

:

N
of

si
ze

n

A
n

ac
ti

on
se

t
fo

r
ea

ch
p

la
ye

r
in

th
e

ga
m

e:

A
i

fo
r

p
la

ye
r
i’

s

A
n

ac
ti

on
pr

ofi
le

a
=

(a
1
,a

2
,.

..
,a

n
)

p
ic

ks
an

ac
ti

on
fo

r
ea

ch
p

la
ye

r

A
u

ti
lit

y
m

ap
fo

r
ea

ch
p

la
ye

r
m

ap
p

in
g

ac
ti

on
pr

ofi
le

s
to

p
ay

off
s:

u
i(

a
)

d
en

ot
es

p
la

ye
r
i’

s
p

ay
off

of
ac

ti
on

pr
ofi

le
a

B
\G

s
m

s
5,

2
1,

2
m

0,
0

3,
5

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

6
/
8
0

N
ot

es

N
ot

es



R
ep

re
se

nt
in

g
S

im
ul

ta
ne

ou
s

M
ov

e
C

om
pl

et
e

In
fo

G
am

es

S
tr

at
eg

ic
F

or
m

1
\2

s
m

s
5,

2
1,

2
m

0,
0

3,
5

E
xt

en
si

ve
F

or
m

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

7
/
8
0

R
ep

re
se

nt
in

g
S

im
ul

ta
ne

ou
s

M
ov

e
C

om
pl

et
e

In
fo

G
am

es

S
tr

at
eg

ic
F

or
m

1
\2

s
m

s
5,

2
1,

2
m

0,
0

3,
5

E
xt

en
si

ve
F

or
m

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

8
/
8
0

N
ot

es

N
ot

es



F
ea

si
bl

e
P

ay
off

s
an

d
E

ffi
ci

en
cy

S
tr

at
eg

ic
F

or
m

1
\2

s
m

s
5,

2
1,

2
m

0,
0

3,
5

F
ea

si
b

le
P

ay
off

s

E
ffi

ci
en

t
p

ay
off

s
ar

e
on

th
e

n
or

th
-e

as
t

b
ou

n
d

ar
y.

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

9
/
8
0

In
fo

rm
at

io
n

an
d

P
ur

e
S

tr
at

eg
ie

s

A
st

ra
te

gy
in

a
ga

m
e:

is
a

m
ap

fr
om

in
fo

rm
at

io
n

in
to

ac
ti

on
s

it
d

efi
n

es
a

p
la

n
of

ac
ti

on
fo

r
a

p
la

ye
r

In
a

co
m

p
le

te
in

fo
rm

at
io

n
st

ra
te

gi
c

fo
rm

ga
m

e:

p
la

ye
rs

h
av

e
n

o
pr

iv
at

e
in

fo
rm

at
io

n

p
la

ye
rs

ac
t

si
m

u
lt

an
eo

u
sl

y

In
th

is
co

n
te

xt
a

st
ra

te
gy

is
an

y
el

em
en

t
of

th
e

se
t

of
ac

ti
on

s

F
or

in
st

an
ce

a
(p

u
re

)
st

ra
te

gy
fo

r
p

la
ye

r
i

is
si

m
p

ly
a i
∈
A
i

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

1
0
/
8
0

N
ot

es

N
ot

es



N
ot

at
io

n

D
efi

n
e

a
pr

ofi
le

of
ac

ti
on

s
ch

os
en

by
al

l
p

la
ye

rs
ot

h
er

th
an

i
by

a
−
i:

a
−
i
=

(a
1
,.

..
,a

i−
1
,a

i+
1
,.

..
,a

n
)

D
efi

n
e

th
e

se
t

of
p

os
si

b
le

ac
ti

on
pr

ofi
le

s
fo

r
al

l
p

la
ye

rs
ot

h
er

th
at

i
as

A
−
i
=
×

j∈
N
\i
A
j

D
efi

n
e

th
e

se
t

of
p

os
si

b
le

ac
ti

on
pr

ofi
le

s
fo

r
al

l
p

la
ye

rs
as

A
=
×

j∈
N
A
j

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

1
1
/
8
0

B
es

t
R

es
p

on
se

s

T
h

e
b

es
t

re
sp

on
se

co
rr

es
p

on
d

en
ce

of
p

la
ye

r
i

is
d

efi
n

ed
by

:

b
i(

a
−
i)
=

ar
g

m
ax

a
i∈

A
i
u
i(
a i

,a
−
i)

fo
r

an
y

a
−
i
∈
A
−
i

T
h

u
s
a i

is
a

b
es

t
re

sp
on

se
to

a
−
i

–
i.

e.
a i
∈
b
i(

a
−
i)

–
if

an
d

on
ly

if
:

u
i(
a i

,a
−
i)
≥

u
i(
a′ i,

a
−
i)

fo
r

an
y
a′ i
∈
A
i

B
R

id
en

ti
fi

es
th

e
op

ti
m

al
ac

ti
on

fo
r

a
p

la
ye

r
gi

ve
n

ch
oi

ce
s

m
ad

e
by

ot
h

er
s

F
or

in
st

an
ce

:
B
\G

s
m

s
5,

2
1,

2
m

0,
0

3,
5

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

1
2
/
8
0

N
ot

es

N
ot

es



S
tr
at
eg
ic
F
or
m

G
am

es
:

D
om

in
an

ce

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

1
3
/
8
0

S
tr

ic
t

D
om

in
an

ce

S
tr

at
eg

y
a i

st
ri

ct
ly

d
o

m
in

a
te

s
a′ i

if
:

u
i(
a i

,a
−
i)
>

u
i(
a′ i,

a
−
i)

fo
r

an
y

a
−
i
∈
A
−
i

a i
is

st
ri

ct
ly

d
o

m
in

a
n

t
if

it
st

ri
ct

ly
d

om
in

at
es

an
y

ot
h

er
a′ i

a i
is

st
ri

ct
ly

u
n

d
o

m
in

a
te

d
if

n
o

st
ra

te
gy

st
ri

ct
ly

d
om

in
at

es
a i

a i
is

st
ri

ct
ly

d
o

m
in

a
te

d
(S

D
S

)
if

a
st

ra
te

gy
st

ri
ct

ly
d

om
in

at
es

a i

In
th

e
fo

llo
w

in
g

ex
am

p
le

s
is

st
ri

ct
ly

d
om

in
an

t
fo

r
B

:

B
\G

s
m

s
5,

-
2,

-
m

0,
-

1,
-

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

1
4
/
8
0

N
ot

es

N
ot

es



W
ea

k
D

om
in

an
ce

S
tr

at
eg

y
a i

w
ea

k
ly

d
o

m
in

a
te

s
a′ i

if
:

u
i(
a i

,a
−
i)
≥

u
i(
a′ i,

a
−
i)

fo
r

an
y

a
−
i

u
i(
a i

,a
−
i)
>

u
i(
a′ i,

a
−
i)

fo
r

so
m

e
a
−
i

a i
is

w
ea

k
ly

d
o

m
in

a
n

t
if

it
w

ea
kl

y
d

om
in

at
es

an
y

ot
h

er
a′ i

a i
is

w
ea

k
ly

u
n

d
o

m
in

a
te

d
if

n
o

st
ra

te
gy

w
ea

kl
y

d
om

in
at

es
a i

a i
is

w
ea

k
ly

d
o

m
in

a
te

d
(W

D
S

)
if

a
st

ra
te

gy
w

ea
kl

y
d

om
in

at
es

a i

In
th

e
fo

llo
w

in
g

ex
am

p
le

s
is

w
ea

kl
y

d
om

in
an

t
fo

r
B

:

B
\G

s
m

s
5,

-
2,

-
m

0,
-

2,
-

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

1
5
/
8
0

D
om

in
an

t
S

tr
at

eg
y

E
qu

ili
br

iu
m

D
efi

ni
ti

on
s

(D
om

in
an

t
S

tr
at

eg
y

E
qu

ili
br

iu
m

D
S

E
)

A
st

ri
ct

D
om

in
an

t
S

tr
at

eg
y

eq
u

ili
br

iu
m

of
a

ga
m

e
G

co
n

si
st

s
of

a
st

ra
te

gy
pr

ofi
le

a
su

ch
th

at
fo

r
an

y
a
′ −
i
∈
A
−
i

an
d
i
∈
N

:

u
i(
a i

,a
′ −
i)
>

u
i(
a′ i,

a
′ −
i)

fo
r

an
y
a′ i
∈
A
i

F
or

w
ea

k
D

S
E

ch
an

ge
>

w
it

h
≥

..
.

a
pr

ofi
le

a
is

a
D

S
E

iff
a i
∈
b
i(

a
′ −
i)

fo
r

an
y

a
′ −
i

an
d
i
∈
N

E
xa

m
p

le
(P

ri
so

n
er

’s
D

ile
m

m
a)

:

B
\S

N
C

N
5,

5
0,

6
C

6,
0

1,
1

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

1
6
/
8
0

N
ot

es

N
ot

es



E
xa

m
pl

e:
T

he
H

ot
el

lin
g

G
am

e

T
h

er
e

ar
e

tw
o

p
ar

ti
es

ar
e

in
an

el
ec

ti
on

–
”L

ef
t”

an
d

”R
ig

h
t”

.

P
ol

it
ic

al
vi

ew
p

oi
n

ts
ar

e
re

pr
es

en
te

d
by

a
n

u
m

b
er

b
et

w
ee

n
−

1
an

d
1.

V
ot

er
vi

ew
s

ar
e

u
n

if
or

m
ly

d
is

tr
ib

u
te

d
on

[−
1,

1
].

T
h

e
H

o
te

lli
n

g
G

a
m

e:

E
ac

h
p

ar
ty

ch
o

os
es

a
p

ol
ic

y
p

os
it

io
n

in
th

e
in

te
rv

al
[−

1,
1
]:

T
h

e
R

ig
h

t
p

ar
ty

ch
o

os
es

in
[0

,1
];

T
h

e
L

ef
t

p
ar

ty
ch

o
os

es
in

[−
1,

0
].

V
ot

er
s

ca
st

b
al

lo
ts

in
fa

vo
r

of
th

e
p

ar
ty

cl
os

es
t

to
th

ei
r

id
ea

l
p

oi
n

t.

T
h

e
p

ar
ty

th
at

ge
ts

a
m

aj
or

it
y

of
vo

te
s

w
in

s.

P
ar

ti
es

ca
re

on
ly

ab
ou

t
w

in
n

in
g.

W
h

er
e

w
ill

ea
ch

p
ar

ty
p

os
it

io
n

it
se

lf
?

Is
th

er
e

an
y

d
om

in
an

t
st

ra
te

gy
?

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

1
7
/
8
0

It
er

at
iv

e
E

lim
in

at
io

n
of

D
om

in
at

ed
S

tr
at

eg
ie

s

If
th

er
e

is
n

o
D

S
E

,
w

e
ca

n
st

ill
el

im
in

at
e

st
ri

ct
ly

d
om

in
at

ed
st

ra
te

gi
es

,

..
.

an
d

by
re

p
ea

ti
n

g
th

e
pr

o
ce

ss
w

e
m

ay
ru

le
ou

t
m

or
e

st
ra

te
gi

es
.

C
on

si
d

er
th

e
fo

llo
w

in
g

ex
am

p
le

:

1
\2

L
C

R

T
1,

0
2,

1
3,

0
M

2,
3

3,
2

2,
1

D
0,

2
1,

2
2,

5

⇒

1
\2

L
C

R

T
1,

0
2,

1
3,

0
M

2,
3

3,
2

2,
1

D
0,

2
1,

2
2,

5

A
t

th
e

fi
rs

t
in

st
an

ce
on

ly
D

is
d

om
in

at
ed

fo
r

p
la

ye
r

1.

N
o

st
ra

te
gy

is
d

om
in

at
ed

a
pr

io
ri

fo
r

p
la

ye
r

2.

S
tr

at
eg

ie
s

in
gr

ee
n

in
th

e
ta

b
le

ar
e

S
D

S
an

d
th

u
s

el
im

in
at

ed
.

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

1
8
/
8
0

N
ot

es

N
ot

es



It
er

at
iv

e
E

lim
in

at
io

n
of

D
om

in
at

ed
S

tr
at

eg
ie

s

O
n

ce
D

h
as

b
ee

n
el

im
in

at
ed

fr
om

th
e

ga
m

e:

S
tr

at
eg

y
R

is
d

om
in

at
ed

fo
r

p
la

ye
r

2.

N
o

st
ra

te
gy

is
d

om
in

at
ed

fo
r

p
la

ye
r

1.

1
\2

L
C

R

T
1,

0
2,

1
3,

0
M

2,
3

3,
2

2,
1

D
0,

2
1,

2
2,

5

⇒

1
\2

L
C

R

T
1,

0
2,

1
3,

0
M

2,
3

3,
2

2,
1

D
0,

2
1,

2
2,

5

O
n

ce
R

h
as

b
ee

n
el

im
in

at
ed

fr
om

th
e

ga
m

e:

S
tr

at
eg

y
T

is
d

om
in

at
ed

fo
r

p
la

ye
r

1.

A
fi

n
al

it
er

at
io

n
yi

el
d

s
(M

,L
)

as
th

e
on

ly
su

rv
iv

in
g

st
ra

te
gi

es
.

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

1
9
/
8
0

C
om

m
on

K
no

w
le

dg
e

of
R

at
io

na
lit

y

D
efi

ni
ti

on

T
h

e
fa

ct
F

is
a

co
m

m
on

kn
ow

le
d

ge
if

E
ve

ry
p

la
ye

r
kn

ow
s
F

;

E
ve

ry
p

la
ye

r
kn

ow
s

th
at

ev
er

y
ot

h
er

p
la

ye
r

kn
ow

s
F

;

E
ve

ry
p

la
ye

r
kn

ow
s

th
at

ev
er

y
p

la
ye

r
kn

ow
s

th
at

ev
er

y
p

la
ye

r
kn

ow
s
F

an
d

so
on

.

T
he

or
em

If
,

am
on

g
p

la
ye

rs
,

th
er

e
is

a
co

m
m

on
kn

ow
le

d
ge

of
th

e
ga

m
e

an
d

of
th

e
fa

ct
th

at
al

l
p

la
ye

rs
ar

e
ra

ti
on

al
,

th
en

th
e

ou
tc

om
e

of
th

e
ga

m
e

m
u

st
b

e
am

on
g

th
os

e
th

at
su

rv
iv

e
it

er
at

iv
e

el
im

in
at

io
n

of
d

om
in

at
ed

st
ra

te
gi

es
.

S
tr

at
eg

ie
s

th
at

su
rv

iv
e

it
er

at
iv

e
el

im
in

at
io

n
of

S
D

S
ar

e
sa

id
to

b
e

ra
ti

o
n

a
liz

a
b

le
.

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

2
0
/
8
0

N
ot

es

N
ot

es



D
om

in
an

ce
:

F
in

al
C

on
si

de
ra

ti
on

s
I

D
om

in
an

ce
an

d
ra

ti
on

al
iz

ab
ili

ty
ar

e
b

en
ch

m
ar

ks
of

ra
ti

on
al

it
y.

T
h

e
b

en
efi

ts
of

st
ri

ct
it

er
at

iv
e

el
im

in
at

io
n

ar
e

th
at

:

th
e

or
d

er
of

el
im

in
at

io
n

is
ir

re
le

va
n

t;

th
er

e
is

n
o

n
ee

d
to

kn
ow

th
e

ot
h

er
p

la
ye

r’
s

ac
ti

on
;

it
al

l
co

m
es

fr
om

ra
ti

on
al

it
y.

T
h

e
lim

it
at

io
n

s
of

st
ri

ct
it

er
at

iv
e

el
im

in
at

io
n

ar
e

th
at

:

w
on

’t
al

w
ay

s
re

ac
h

so
lu

ti
on

;

w
e

m
u

st
as

su
m

e
co

m
m

on
kn

ow
le

d
ge

of
ra

ti
on

al
it

y
an

d
of

th
e

ga
m

e;

it
of

te
n

le
ad

s
to

in
effi

ci
en

t
ou

tc
om

es
.

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

2
1
/
8
0

D
om

in
an

ce
:

F
in

al
C

on
si

de
ra

ti
on

s
II

T
h

is
is

pr
ob

le
m

at
ic

in
tw

o
w

ay
s:

ra
ti

on
al

it
y

m
u

st
h

ol
d

w
it

h
pr

ob
ab

ili
ty

1;

th
er

e
m

u
st

b
e

u
n

lim
it

ed
“d

ep
th

”
of

ra
ti

on
al

it
y.

P
ro

b
le

m
I:

R
a

ti
o

n
a

lit
y

w
it

h
P

ro
b

a
b

ili
ty

1

C
on

si
d

er
th

e
fo

llo
w

in
g

ga
m

e
fo

r
k

ve
ry

la
rg

e:

1
\2

L
R

U
2,

5
3,

4
M

0,
−
k

2,
k

It
er

at
iv

e
el

im
in

at
io

n
le

ad
s

fo
r

(U
,L

).

B
u

t
is

it
lik

el
y

p
la

ye
r

2
w

ill
n

ev
er

p
la

y
R

fo
r

an
y

va
lu

e
of

k
?

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

2
2
/
8
0

N
ot

es

N
ot

es



D
om

in
an

ce
:

F
in

al
C

on
si

de
ra

ti
on

s
II

I

P
ro

b
le

m
II

:
U

n
lim

it
ed

D
ep

th
o

f
R

a
ti

o
n

a
lit

y

C
on

si
d

er
a

ga
m

e
in

w
h

ic
h

:

10
p

la
ye

rs
co

m
p

et
e;

ea
ch

p
la

ye
r

w
ri

te
s

a
n

u
m

b
er

b
et

w
ee

n
1

&
10

00
;

d
en

ot
e

by
X

=
1/

2
of

th
e

av
er

ag
e

of
th

e
p

la
ye

rs
n

u
m

b
er

s;

th
e

p
la

ye
r

w
h

os
e

n
u

m
b

er
is

cl
os

es
t

to
X

w
in

s.

A
ft

er
it

er
at

iv
e

el
im

in
at

io
n

of
S

D
S

,
ev

er
yo

n
e

q
u

ot
es

n
u

m
b

er
1.

B
u

t
th

is
d

o
es

n
ot

m
at

ch
u

p
w

it
h

th
e

em
p

ir
ic

al
ev

id
en

ce
.

A
w

ea
ke

r
n

ot
io

n
of

eq
u

ili
br

iu
m

m
ay

by
p

as
s

so
m

e
of

th
es

e
lim

it
at

io
n

s.

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

2
3
/
8
0

S
tr
at
eg
ic
F
or
m

G
am

es
:

N
as

h
E

qu
ili

br
iu

m

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

2
4
/
8
0

N
ot

es

N
ot

es



N
as

h
E

qu
ili

br
iu

m
:

In
tr

o
du

ct
io

n

D
om

in
an

ce
w

as
th

e
ap

pr
op

ri
at

e
so

lu
ti

on
co

n
ce

p
t

if
p

la
ye

rs
h

ad
n

o
in

fo
rm

at
io

n
or

b
el

ie
fs

ab
ou

t
ch

oi
ce

s
m

ad
e

by
ot

h
er

s

T
h

e
w

ea
ke

r
n

ot
io

n
of

eq
u

ili
br

iu
m

th
at

w
ill

b
e

in
tr

o
d

u
ce

d
pr

es
u

m
es

th
at

:

p
la

ye
rs

h
av

e
co

rr
ec

t
b

el
ie

fs
ab

ou
t

ch
oi

ce
s

m
ad

e
by

ot
h

er
s

p
la

ye
rs

ch
oi

ce
s

ar
e

op
ti

m
al

gi
ve

n
su

ch
b

el
ie

fs

th
e

en
vi

ro
n

m
en

t
is

co
m

m
on

kn
ow

le
d

ge
am

on
g

p
la

ye
rs

S
u

ch
m

o
d

el
al

lo
w

s
fo

r
ti

gh
te

r
pr

ed
ic

ti
on

s
w

h
en

d
om

in
an

ce
h

as
n

o
b

it
e

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

2
5
/
8
0

N
as

h
E

qu
ili

br
iu

m

D
efi

ni
ti

on
(N

as
h

E
qu

ili
br

iu
m

N
E

)

A
(p

u
re

st
ra

te
gy

)
N

as
h

eq
u

ili
br

iu
m

of
a

ga
m

e
G

co
n

si
st

s
of

a
st

ra
te

gy
pr

ofi
le

a
=

(a
i,

a
−
i)

su
ch

th
at

fo
r

an
y
i
∈
N

:

u
i(

a
)
≥

u
i(
a′ i,

a
−
i)

fo
r

an
y
a′ i
∈
A
i

a
pr

ofi
le

a
is

a
N

E
iff

a i
∈
b
i(

a
−
i)

fo
r

an
y
i
∈
N

P
ro

p
er

ti
es

:

S
tr

at
eg

y
pr

ofi
le

s
ar

e
in

d
ep

en
d

en
t

S
tr

at
eg

y
pr

ofi
le

s
co

m
m

on
kn

ow
le

d
ge

S
tr

at
eg

ie
s

m
ax

im
iz

e
u

ti
lit

y
gi

ve
n

b
el

ie
fs

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

2
6
/
8
0

N
ot

es

N
ot

es



E
xa

m
pl

es
,

P
ro

p
er

ti
es

an
d

L
im

it
at

io
ns

G
am

es
m

ay
h

av
e

m
or

e
N

E
’s

(B
at

tl
e

of
th

e
S

ex
es

):

B
\G

s
m

s
5,

2
1,

2
m

0,
0

3,
5

N
as

h
eq

u
ili

br
ia

m
ay

n
ot

b
e

effi
ci

en
t

(P
ri

so
n

er
’s

D
ile

m
m

a)
:

B
\S

N
C

N
5,

5
0,

6
C

6,
0

1,
1

P
u

re
st

ra
te

gy
N

as
h

eq
u

ili
br

ia
m

ay
n

ot
ex

is
t

(M
at

ch
in

g
P

en
n

ie
s)

:

B
\G

H
T

H
0,

2
2,

0
T

2,
0

0,
2

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

2
7
/
8
0

E
xa

m
pl

es
,

P
ro

p
er

ti
es

an
d

L
im

it
at

io
ns

G
am

es
m

ay
h

av
e

m
u

lt
ip

le
N

E
(B

at
tl

e
of

th
e

S
ex

es
):

B
\G

s
m

s
5,

2
1,

2
m

0,
0

3,
5

N
as

h
eq

u
ili

br
ia

m
ay

b
e

in
effi

ci
en

t
(P

ri
so

n
er

’s
D

ile
m

m
a)

:

B
\S

N
C

N
5,

5
0,

6
C

6,
0

1,
1

P
u

re
st

ra
te

gy
N

as
h

eq
u

ili
br

ia
m

ay
n

ot
ex

is
t

(M
at

ch
in

g
P

en
n

ie
s)

:

B
\G

H
T

H
0,

2
2,

0
T

2,
0

0,
2

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

2
8
/
8
0

N
ot

es

N
ot

es



E
xa

m
pl

e:
C

o
or

di
na

ti
on

G
am

es

C
on

si
d

er
a

ga
m

e
p

la
ye

d
by

tw
o

h
u

n
te

rs
,

fo
r
k
∈
[1

,8
]:

B
\G

S
ta

g
H

ar
e

S
ta

g
9,

9
0,

k
H

ar
e

k,
0

k,
k

T
h

er
e

ar
e

tw
o

N
E

:

in
on

e
th

e
h

u
n

te
rs

co
or

d
in

at
e

on
h

u
n

ti
n

g
th

e
st

ag
;

in
th

e
ot

h
er

th
ey

sp
lit

an
d

ea
ch

h
u

n
ts

a
h

ar
e

on
h

is
ow

n
.

W
h

en
co

m
p

ar
ed

to
th

e
h

ar
e-

N
E

,
th

e
st

ag
-N

E
en

ta
ils

:

gr
ea

te
r

ga
in

s
fr

om
co

or
d

in
at

io
n

;

gr
ea

te
r

ri
sk

s
of

m
is

co
or

d
in

at
io

n
.

If
p

la
ye

rs
co

m
m

u
n

ic
at

e,
th

ey
ar

e
lik

el
y

to
op

t
fo

r
P

ar
et

o
d

om
in

at
in

g
N

E
.

N
as

h
eq

u
ili

br
ia

ca
n

b
e

vi
ew

ed
as

fo
ca

l
p

o
in

ts
.

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

2
9
/
8
0

E
xa

m
pl

e:
T

hr
ee

P
la

ye
rs

A
ga

m
e

w
it

h
m

or
e

th
an

2
p

la
ye

rs
:

3
L

R

1
\2 T D

A
B

1,
1,

0
0,

0,
0

0,
1,

1
1,

2,
0

A
B

0,
1,

1
0,

2,
1

1,
0,

0
2,

1,
1

T
o

fi
n

d
al

l
N

E
ch

ec
k

b
es

t
re

p
ly

m
ap

s:

3
L

R

1
\2 T D

A
B

1,
1,

0
0,

0,
0

0,
1,

1
1,

2,
0

A
B

0,
1,

1
0,

2,
1

1,
0,

0
2,

1,
1

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

3
0
/
8
0

N
ot

es

N
ot

es



W
ar

of
A

tt
ri

ti
on

E
xa

m
pl

e

C
on

si
d

er
a

ga
m

e
w

it
h

tw
o

co
m

p
et

it
or

s
in

vo
lv

ed
in

a
fi

gh
t:

T
h

e
se

t
of

p
la

ye
rs

is
N

=
{1

,2
}.

C
om

p
et

it
or

s
ch

o
os

e
h

ow
m

u
ch

eff
or

t
to

p
u

t
in

a
fi

gh
t
A
i
=

[0
,∞

).

T
h

e
va

lu
e

of
w

in
n

in
g

th
e

fi
gh

t
is

fo
r

co
m

p
et

it
or

i
∈
N

is
v i

.

T
h

e
h

ig
h

es
t

eff
or

t
w

in
s

th
e

fi
gh

t
an

d
ti

es
ar

e
br

ok
en

at
ra

n
d

om
.

F
or

ea
ch

co
m

p
et

it
or

th
e

co
st

of
fi

gh
ti

n
g

is
si

m
p

ly
m

in
{a

i,
a j
}.

T
h

e
p

ay
off

of
co

m
p

et
it

or
i

gi
ve

n
th

ei
r

eff
or

t
le

ve
ls

th
u

s
sa

ti
sf

y:

u
i(
a i

,a
j)
=

  
v i
−

a j
if

a i
>

a j
v i

/
2
−

a j
if

a i
=

a j
−
a i

if
a i

<
a j

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

3
1
/
8
0

W
ar

of
A

tt
ri

ti
on

E
xa

m
pl

e

A
s

p
ay

off
s

am
ou

n
t

to
:

u
i(
a i

,a
j)
=

  
v i
−

a j
if

a i
>

a j
v i

/
2
−

a j
if

a i
=

a j
−
a i

if
a i

<
a j

B
es

t
re

sp
on

se
fu

n
ct

io
n

s
sa

ti
sf

y:

b
i(
a j
)
=

  
a i

>
a j

if
a j

<
v i

a i
=

0
or

a i
>

a j
if

a j
=

v i
a i

=
0

if
a j

>
v i

A
ll

N
as

h
E

q
u

ili
br

ia
of

th
e

ga
m

e
sa

ti
sf

y
on

e
of

th
e

fo
llo

w
in

g:

a 1
=

0
an

d
a 2
≥

v 1

a 2
=

0
an

d
a 1
≥

v 2

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

3
2
/
8
0

N
ot

es

N
ot

es



W
ar

of
A

tt
ri

ti
on

E
xa

m
pl

e

A
n

ea
sy

w
ay

to
fi

n
d

th
e

N
E

in
su

ch
ga

m
es

is
p

lo
tt

in
g

B
R

s:

A
ll

N
as

h
E

q
u

ili
br

ia
of

th
e

ga
m

e
sa

ti
sf

y
on

e
of

th
e

fo
llo

w
in

g:

a 1
=

0
an

d
a 2
≥

v 1

a 2
=

0
an

d
a 1
≥

v 2

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

3
3
/
8
0

E
xa

m
pl

e:
L

ob
by

in
g

C
on

si
d

er
a

ga
m

e
w

it
h

tw
o

lo
b

by
is

ts
p

et
it

io
n

in
g

ov
er

tw
o

ve
rs

io
n

s
of

a
b

ill
:

T
h

e
va

lu
e

of
h

av
in

g
b

ill
i
∈
{1

,2
}

ap
pr

ov
ed

is
v i

fo
r
i

an
d

ze
ro

fo
r
j.

L
ob

by
is

ts
ch

o
os

e
h

ow
m

an
y

re
so

u
rc

es
to

in
ve

st
a i
∈
[0

,∞
).

T
h

e
pr

ob
ab

ili
ty

th
at

th
e

p
ol

ic
y

pr
ef

er
re

d
by

lo
b

by
is

t
i

is
ap

pr
ov

ed
is

p
i
=

a i
a i
+

a j

T
h

e
p

ay
off

of
lo

b
by

is
t
i

th
u

s
am

ou
n

ts
to

u
i(
a)

=
a i

a i
+

a j
v i
−

a i

T
h

e
p

ay
off

is
co

n
ca

ve
an

d
si

n
gl

e
p

ea
ke

d
fo

r
an

y
va

lu
e
a j

.

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

3
4
/
8
0

N
ot

es

N
ot

es



E
xa

m
pl

e:
L

ob
by

in
g

T
ak

in
g

fi
rs

t
or

d
er

co
n

d
it

io
n

s
yi

el
d

s

a j

(a
i
+

a j
)2
v i

=
1
⇔

a i
+

a j
=

(v
ia

j)
1

/
2

T
h

u
s,

b
es

t
re

sp
on

se
fu

n
ct

io
n

n
ec

es
sa

ri
ly

sa
ti

sf
y

b
i(
a j
)
=

{ (v
1

/
2

i
−

a1
/
2

j
)a

1
/
2

j
if

a j
<

v i
0

if
a j
≥

v i

S
ol

vi
n

g
th

e
tw

o
sh

ow
s

th
at

th
e

u
n

iq
u

e
N

E
n

ec
es

sa
ri

ly
sa

ti
sfi

es

a i
=

v j

[ v
i

v i
+

v j

] 2

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

3
5
/
8
0

D
S

E
im

pl
ie

s
N

E

F
ac

t

A
n

y
d

om
in

an
t

st
ra

te
gy

eq
u

ili
br

iu
m

is
a

N
as

h
eq

u
ili

br
iu

m

P
ro

of
.

If
a

is
a

D
S

E
th

en
a i
∈
b
i(

a
′ −
i)

fo
r

an
y

a
′ −
i

an
d
i
∈
N

.
W

h
ic

h
im

p
lie

s
a

is
N

E
si

n
ce

a i
∈
b
i(

a
−
i)

fo
r

an
y
i
∈
N

.

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

3
6
/
8
0

N
ot

es

N
ot

es



N
as

h
E

qu
ili

br
iu

m
:

F
in

al
C

on
si

de
ra

ti
on

s
I

T
h

e
m

os
t

n
ot

ab
le

lim
it

at
io

n
s

of
th

e
N

E
so

lu
ti

on
co

n
ce

p
t

ar
e

th
at

:

p
la

ye
rs

h
av

e
co

rr
ec

t
b

el
ie

fs
ab

ou
t

ot
h

er
p

la
ye

rs
’

st
ra

te
gi

es
;

p
la

ye
rs

ar
e

ra
ti

o
n

a
l

an
d

ch
o

os
e

th
e

op
ti

m
al

ac
ti

on
gi

ve
n

th
es

e
b

el
ie

fs
;

N
E

ar
e

on
ly

im
m

u
n

e
to

d
ev

ia
ti

on
s

by
in

d
iv

id
u

al
p

la
ye

rs
,

n
ot

gr
ou

p
s.

T
h

e
fi

rs
t

re
q

u
ir

em
en

t
is

ve
ry

pr
ob

le
m

at
ic

,
es

p
ec

ia
lly

in
ga

m
es

w
it

h
m

or
e

th
en

on
e

eq
u

ili
br

iu
m

.

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

3
7
/
8
0

N
as

h
E

qu
ili

br
iu

m
:

F
in

al
C

on
si

de
ra

ti
on

s
II

N
E

is
a

go
o

d
so

lu
ti

on
co

n
ce

p
t

fo
r:

n
or

m
s

–
ev

er
yb

o
d

y
kn

ow
s

w
h

at
si

d
e

to
d

ri
ve

on
th

e
ro

ad
;

pr
el

im
in

ar
y

ta
lk

s
–

re
ac

h
in

g
to

an
ag

re
em

en
t

th
at

is
se

lf
-e

n
fo

rc
in

g;

st
ab

le
so

lu
ti

on
s

p
la

ye
d

ov
er

ti
m

e
–

th
e

ga
m

e
is

p
la

ye
d

m
an

y
ti

m
es

;
p

la
ye

rs
ch

o
os

e
th

e
ac

ti
on

th
e

b
es

t
b

as
ed

on
p

as
t

ex
p

er
ie

n
ce

(d
is

re
ga

rd
in

g
an

y
st

ra
te

gi
c

co
n

si
d

er
at

io
n

);
N

E
is

a
n

ec
es

sa
ry

co
n

d
it

io
n

fo
r

st
ab

ili
ty

(b
u

t
n

ot
su

ffi
ci

en
t

an
d

n
ot

n
ec

es
sa

ri
ly

ea
sy

co
n

ve
rg

e
to

).

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

3
8
/
8
0

N
ot

es

N
ot

es



S
tr
at
eg
ic
F
or
m

G
am

es
:

M
ix

ed
S

tr
at

eg
ie

s

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

3
9
/
8
0

In
tr

o
du

ct
io

n
to

M
ix

ed
S

tr
at

eg
ie

s

A
pr

ob
le

m
at

ic
as

p
ec

t
of

th
e

so
lu

ti
on

co
n

ce
p

ts
d

is
cu

ss
ed

in
th

e
fi

rs
t

tw
o

le
ct

u
re

s
w

as
th

at
eq

u
ili

br
ia

d
id

n
ot

al
w

ay
s

ex
is

t.

In
tu

it
iv

el
y,

ex
is

te
n

ce
w

as
n

ot
gu

ar
an

te
ed

b
ec

au
se

p
la

ye
rs

h
ad

n
o

d
ev

ic
e

to
co

n
ce

al
th

ei
r

b
eh

av
io

r
fr

om
ot

h
er

s.

F
or

m
al

ly
,

th
e

re
as

on
s

fo
r

th
e

la
ck

of
ex

is
te

n
ce

w
er

e:

N
on

-c
on

ve
xi

ti
es

in
th

e
ch

oi
ce

se
ts

D
is

co
n

ti
n

u
it

ie
s

of
th

e
b

es
t

re
sp

on
se

co
rr

es
p

on
d

en
ce

s

N
ex

t
w

e
in

tr
o

d
u

ce
m

ix
ed

st
ra

te
gi

es
w

h
ic

h
so

lv
e

b
ot

h
pr

ob
le

m
s

an
d

gu
ar

an
te

e
ex

is
te

n
ce

of
at

le
as

t
a

N
as

h
eq

u
ili

br
iu

m
.

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

4
0
/
8
0

N
ot

es

N
ot

es



M
ix

ed
S

tr
at

eg
y

D
efi

ni
ti

on

C
on

si
d

er
co

m
p

le
te

in
fo

rm
at

io
n

st
at

ic
ga

m
e
{ N, {

A
i,
u
i}

i∈
N

}
A

m
ix

ed
st

ra
te

gy
fo

r
i
∈
N

is
a

pr
ob

ab
ili

ty
d

is
tr

ib
u

ti
on

ov
er

ac
ti

on
s

in
A
i

T
h

u
s

σ i
is

a
m

ix
ed

st
ra

te
gy

if
:

σ i
(a

i)
≥

0
fo

r
an

y
a i
∈
A
i

∑
a
i∈

A
i
σ i
(a

i)
=

1

In
tu

it
iv

el
y

σ i
(a

i)
is

th
e

pr
ob

ab
ili

ty
th

at
p

la
ye

r
i

ch
o

os
es

to
p

la
y
a i

E
.G

.
σ 1
(B

)
=

0.
3

an
d

σ 1
(C

)
=

0.
7

is
a

m
ix

ed
st

ra
te

gy
fo

r
1

in
:

1
\2

B
C

B
2,

0
0,

2
C

0,
1

1,
0

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

4
1
/
8
0

S
im

pl
ex

T
h

e
se

t
of

p
os

si
b

le
pr

ob
ab

ili
ty

d
is

tr
ib

u
ti

on
s

on
a

fi
n

it
e

se
t
B

is
:

ca
lle

d
si

m
p

le
x

an
d

d
en

ot
ed

by
∆
(B

)

It
is

st
ra

ig
h

tf
or

w
ar

d
to

sh
ow

th
at

th
e

si
m

p
le

x:

C
lo

se
d

B
ou

n
d

ed

C
on

ve
x

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

4
2
/
8
0

N
ot

es

N
ot

es



N
ot

at
io

n

D
efi

n
e

a
pr

ofi
le

of
st

ra
te

gi
es

fo
r

al
l

p
la

ye
rs

ot
h

er
th

an
i

by
:

σ
−
i
=

(σ
1
,.

..
,σ

i−
1
,σ

i+
1
,.

..
,σ

N
)

D
efi

n
e

a
pr

ofi
le

of
st

ra
te

gi
es

fo
r

al
l

p
la

ye
rs

by
:

σ
=

(σ
1
,.

..
,σ

N
)

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

4
3
/
8
0

P
ay

off
s

fr
om

M
ix

ed
S

tr
at

eg
ie

s

M
ix

ed
st

ra
te

gy
ar

e
ch

os
en

in
d

ep
en

d
en

tl
y

by
p

la
ye

rs
.

T
h

u
s,

P
r(

a
|σ
)
=

∏
j∈

N
P

r(
a j
|σ
)
=

∏
j∈

N
σ j
(a

j)

T
h

e
ex

p
ec

te
d

u
ti

lit
y

of
p

la
ye

r
i

fr
om

a
m

ix
ed

st
ra

te
gy

pr
ofi

le
σ

is

u
i(

σ
)
=

∑
a
∈A

P
r(

a
|σ
)u

i(
a
)
=

=
∑

a
∈A

∏
j∈

N
σ j
(a

j)
u
i(

a
)

E
xa

m
p

le
:

If
p

la
ye

rs
fo

llo
w

σ 1
(B

)
=

σ 2
(B

)
=

0.
3

in
th

e
ga

m
e:

P
ay

off
s:

1
\2

B
C

B
2,

0
0,

2
C

0,
1

1,
0

P
ro

b
ab

ili
ti

es
:

1
\2

B
C

B
9%

21
%

C
21

%
49

%

T
h

e
p

ay
off

to
p

la
ye

r
1

is
:
u
1
(σ

1
,σ

2
)
=

(.
09
)2

+
(.

49
)1

+
(.

42
)0

=
0.

67

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

4
4
/
8
0

N
ot

es

N
ot

es



B
es

t
R

ep
ly

C
or

re
sp

on
de

nc
es

D
en

ot
e

th
e

b
es

t
re

p
ly

co
rr

es
p

on
d

en
ce

of
i

by
b
i(

σ
−
i)

T
h

e
m

ap
is

d
efi

n
ed

by
:

b
i(

σ
−
i)
=

ar
g

m
ax

σ i
∈

∆
(A

i)
u
i(

σ i
,σ
−
i)

F
or

in
st

an
ce

co
n

si
d

er
th

e
ga

m
e: 1
\2

s
m

s
5,

2
1,

2
m

0,
0

3,
5

If
σ 1
(s
)
=

1
th

en
an

y
σ 2
(s
)
∈
[0

,1
]

sa
ti

sfi
es

σ 2
∈
b
2
(σ

1
)

If
σ 1
(s
)
<

1
th

en
on

ly
σ 2
(s
)
=

0
sa

ti
sfi

es
σ 2
∈
b
2
(σ

1
)

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

4
5
/
8
0

D
om

in
at

ed
S

tr
at

eg
ie

s

S
tr

at
eg

y
σ i

w
ea

k
ly

d
o

m
in

a
te

s
a i

if
:

u
i(

σ i
,a
−
i)
≥

u
i(
a i

,a
−
i)

fo
r

an
y

a
−
i

u
i(

σ i
,a
−
i)
>

u
i(
a i

,a
−
i)

fo
r

so
m

e
a
−
i

a i
is

w
ea

k
ly

u
n

d
o

m
in

a
te

d
if

n
o

st
ra

te
gy

w
ea

kl
y

d
om

in
at

es
it

T
h

is
al

lo
w

s
u

s
to

ru
le

ou
t

m
or

e
st

ra
te

gi
es

th
an

b
ef

or
e,

eg
:

1
\2

L
C

R

T
6,

6
0,

2
0,

0
B

0,
0

0,
2

6,
6

σ 2
(L
)
=

σ 2
(R

)
=

0.
5

st
ri

ct
ly

d
om

in
at

es
C

si
n

ce
:

u
2
(σ

2
,a

1
)
=

3
>

u
2
(C

,a
1
)
=

2

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

4
6
/
8
0

N
ot

es

N
ot

es



N
as

h
E

qu
ili

br
iu

m

D
efi

ni
ti

on
(N

as
h

E
qu

ili
br

iu
m

N
E

)

A
N

as
h

eq
u

ili
br

iu
m

of
a

ga
m

e
co

n
si

st
s

of
a

st
ra

te
gy

pr
ofi

le
σ
=

(σ
i,

σ
−
i)

su
ch

th
at

fo
r

an
y
i
∈
N

:

u
i(

σ
)
≥

u
i(
a i

,σ
−
i)

fo
r

an
y
a i
∈
A
i

Im
p

lic
it

to
th

e
d

efi
n

it
io

n
of

N
E

ar
e

th
e

fo
llo

w
in

g
as

su
m

p
ti

on
s:

E
ac

h
ag

en
t

ch
o

os
es

h
is

m
ix

ed
st

ra
te

gy
in

d
ep

en
d

en
tl

y
of

ot
h

er
s

E
ac

h
ag

en
t

k
n

o
w

s
ex

ac
tl

y
th

e
st

ra
te

g
ie

s
th

e
ot

h
er

s
ad

op
t

E
ac

h
ag

en
t

ch
o

os
es

so
to

m
a

xi
m

iz
e

ex
p

ec
te

d
u

ti
lit

y
gi

ve
n

h
is

b
el

ie
fs

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

4
7
/
8
0

N
as

h
E

qu
ili

br
iu

m
:

C
om

pu
ta

ti
on

H
el

p

A
st

ra
te

gy
pr

ofi
le

σ
is

a
N

as
h

E
q

u
ili

br
iu

m
if

an
d

on
ly

if
:

u
i(

σ
)
=

u
i(
a i

,σ
−
i)

fo
r

an
y
a i

su
ch

th
at

σ i
(a

i)
>

0

u
i(

σ
)
≥

u
i(
a i

,σ
−
i)

fo
r

an
y
a i

su
ch

th
at

σ i
(a

i)
=

0

T
h

es
e

co
n

d
it

io
n

s
ar

e
ev

o
ca

ti
ve

of
co

m
p

le
m

en
ta

ry
sl

ac
kn

es
s

as
:

[u
i(

σ
)
−

u
i(
a i

,σ
−
i)
]σ

i(
a i
)
=

0,

u
i(

σ
)
−

u
i(
a i

,σ
−
i)
≥

0,
σ i
(a

i)
≥

0

If
a i

is
st

ri
ct

ly
d

om
in

at
ed

,
th

en
σ i
(a

i)
=

0
in

an
y

N
as

h
eq

u
ili

br
iu

m

If
a i

is
w

ea
kl

y
d

om
in

at
ed

,
th

en
σ i
(a

i)
>

0
in

a
N

as
h

eq
u

ili
br

iu
m

on
ly

if
an

y
pr

ofi
le

of
ac

ti
on

s
a
−
i

fo
r

w
h

ic
h
a i

is
st

ri
ct

ly
w

or
se

o
cc

u
rs

w
it

h
ze

ro
pr

ob
ab

ili
ty

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

4
8
/
8
0

N
ot

es

N
ot

es



E
xa

m
pl

es
:

C
la

ss
ic

al
G

am
es

G
am

es
m

ay
h

av
e

m
or

e
N

E
s

(B
at

tl
e

of
th

e
S

ex
es

):

1
\2

s
m

s
5,

2
1,

1
m

0,
0

2,
5

T
h

er
e

ar
e

2
P

N
E

&
a

m
ix

ed
N

E
in

w
h

ic
h

σ 1
(s
)
=

5
/

6
&

σ 2
(s
)
=

1
/

6:

u
1
(s

,σ
2
)
=

5
σ 2
(s
)
+
(1
−

σ 2
(s
))

=
2
(1
−

σ 2
(s
))

=
u
1
(m

,σ
2
)

u
2
(m

,σ
1
)
=

σ 1
(s
)
+

5
(1
−

σ 1
(s
))

=
2

σ 1
(s
)
=

u
2
(s

,σ
1
)

G
am

es
m

ay
h

av
e

on
ly

m
ix

ed
N

E
(M

at
ch

in
g

P
en

n
ie

s)
:

B
\G

H
T

H
0,

2
2,

0
T

2,
0

0,
2

T
h

er
e

is
a

u
n

iq
u

e
N

E
in

w
h

ic
h

σ 1
(H

)
=

σ 2
(H

)
=

1
/

2:

2
(1
−

σ i
(H

))
=

2
σ i
(H

)

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

4
9
/
8
0

E
xa

m
pl

e:
A

C
on

ti
nu

um
of

N
E

G
am

es
m

ay
h

av
e

a
co

n
ti

n
u

u
m

of
N

E
:

1
\2

L
R

C

T
4,

1
0,

2
3,

2
D

0,
2

2,
0

1,
0

T
h

e
ga

m
e

h
as

1
P

N
E

&
a

co
n

ti
n

u
u

m
of

N
E

s,
n

am
el

y:

σ 1
(T

)
=

2
/

3
&

σ 2
(R

)
=

1
−

σ 2
(L
)
−

σ 2
(C

)

σ 2
(L
)
=

1
/

3
−
(2

/
3
)σ

2
(C

)
fo

r
σ 2
(C

)
∈
[0

,1
/

2
]

T
h

es
e

ar
e

al
l

N
E

’s
si

n
ce

:

u
2
(L

,σ
1
)
=

σ 1
(T

)
+

2
(1
−

σ 1
(T

))
=

2
σ 1
(T

)
=

u
2
(R

,σ
1
)
=

u
2
(C

,σ
1
)

u
1
(T

,σ
2
)
=

4
σ 2
(L
)
+

3
σ 2
(C

)
=

2
σ 2
(R

)
+

σ 2
(C

)
=

u
1
(D

,σ
2
)

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

5
0
/
8
0

N
ot

es

N
ot

es



E
xa

m
pl

e:
T

he
C

as
e

of
K

it
ty

G
en

ov
es

e

Q
u

ee
n

s
19

64
.

A
w

om
an

is
m

u
rd

er
ed

.
38

n
ei

gh
b

or
s

h
ea

r.
N

o
on

e
ca

lls
91

1.

N
ew

Y
or

k
T

im
e

–
M

ar
ch

27
th

,
19

64
:

w
w

w
.g

ar
ys

tu
rt

.f
re

e-
on

lin
e.

co
.u

k/
T

h
e%

20
ca

se
%

20
of

%
20

K
it

ty
%

20
G

en
ov

es
e.

h
tm

M
o

d
el

:

n
id

en
ti

ca
l

n
ei

gh
b

or
s;

1
in

d
iv

id
u

al
co

st
fo

r
ca

lli
n

g;

x
>

1
u

ti
lit

y
of

ev
er

y
p

la
ye

r
if

so
m

eo
n

e
ca

lls
th

e
p

ol
ic

e.

In
an

y
P

N
E

,
ex

ac
tl

y
on

e
n

ei
gh

b
or

ca
lls

.
Im

pr
ob

ab
le

w
it

h
ou

t
co

or
d

in
at

io
n

.

In
a

m
ix

ed
N

E
,

ev
er

y
n

ei
gh

b
or

ca
lls

w
it

h
pr

ob
ab

ili
ty

p
,

an
d

is
in

d
iff

er
en

t
b

et
w

ee
n

ca
lli

n
g

an
d

n
ot

ca
lli

n
g:

U
(c

al
l

,p
)
=

x
−

1
=

x
( 1
−
(1
−

p
)n
−
1
) =

U
(n

o
ca

ll
,p
),

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

5
1
/
8
0

E
xa

m
pl

e:
T

he
C

as
e

of
K

it
ty

G
en

ov
es

e

T
h

er
ef

or
e,

th
e

pr
ob

ab
ili

ty
th

at
a

gi
ve

n
n

ei
gh

b
or

ca
lls

91
1

is

p
=

1
−
(1

/
x
)1

/
(n
−
1
) ,

w
h

ile
th

e
pr

ob
ab

ili
ty

th
at

at
le

as
t

on
e

of
th

e
n

ei
gh

b
or

s
ca

lls
91

1
is

P
=

1
−
(1
−

p
)n

=
1
−
(1

/
x
)n

/
(n
−
1
)

F
or

n
=

1,
w

e
h

av
e
P
=

1.
B

u
t

as
n
→

∞
,
P

d
ec

re
as

es
to

1
−
(1

/
x
).

F
or

x
=

2,
w

e
h

av
e

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

5
2
/
8
0

N
ot

es

N
ot

es



S
tr
at
eg
ic
F
or
m

G
am

es
:

N
E

E
xi

st
en

ce
T

he
or

em
s

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

5
3
/
8
0

N
as

h
E

qu
ili

br
iu

m
E

xi
st

en
ce

T
he

or
em

(N
E

E
xi

st
en

ce
)

A
n

y
ga

m
e

w
it

h
a

fi
n

it
e

n
u

m
b

er
of

ac
ti

on
s

p
os

se
ss

es
a

N
as

h
eq

u
ili

br
iu

m
.

T
he

or
em

(P
N

E
E

xi
st

en
ce

)

A
n

y
ga

m
e

w
it

h
co

n
ve

x
an

d
co

m
p

ac
t

ac
ti

on
se

ts
an

d
w

it
h

co
n

ti
n

u
ou

s
an

d
q

u
as

i-
co

n
ca

ve
p

ay
off

fu
n

ct
io

n
s

p
os

se
ss

es
a

p
u

re
st

ra
te

gy
N

as
h

eq
u

ili
br

iu
m

.

In
b

ot
h

re
su

lt
s,

as
su

m
p

ti
on

s
im

p
ly

th
at

b
es

t
re

sp
on

se
s

ar
e

co
n

ve
x-

va
lu

ed
an

d
u

p
p

er
-h

em
ic

on
ti

n
u

ou
s

by
th

e
T

h
eo

re
m

of
th

e
M

ax
im

u
m

.

A
s

b
es

t
re

sp
on

se
s

m
ap

co
n

ve
x

co
m

p
ac

t
se

ts
in

to
th

em
se

lv
es

,
ex

is
te

n
ce

h
ol

d
s

by
K

ak
u

ta
n

i
F

ix
ed

P
oi

n
t

T
h

eo
re

m
.

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

5
4
/
8
0

N
ot

es

N
ot

es



K
ak

ut
an

i
F

ix
ed

P
oi

nt
T

he
or

em

T
h

e
B

R
co

rr
es

p
on

d
en

ce
is

of
p

la
ye

r
i:

U
p

p
er

-h
em

ic
o

n
ti

n
u

o
u

s
if

fo
r

an
y

a
se

q
u

en
ce
{ σ

k
} ∞ k

=
1

of
st

ra
te

gy

pr
ofi

le
s

su
ch

th
at

σ
k i
∈
b
i(

σ
k −
i)

fo
r

an
y
k

w
e

h
av

e
th

at

σ
k
→

σ
im

p
lie

s
σ i
∈
b
i(

σ
−
i)

.

C
o

n
ve

x-
va

lu
ed

if
σ i

,σ
′ i
∈
b
i(

σ
−
i)

im
p

lie
s

p
σ i
+
(1
−

p
)σ
′ i
∈
b
i(

σ
−
i)

fo
r

an
y
p
∈
[0

,1
]

T
he

or
em

(K
ak

ut
an

i
F

ix
ed

P
oi

nt
T

he
or

em
)

L
et

X
b

e
a

n
on

-e
m

p
ty

,
co

m
p

ac
t

an
d

co
n

ve
x

su
b

se
t

of
R

n
.

L
et

b
:X

⇒
X

b
e

a
n

on
-e

m
p

ty
,

co
n

ve
x-

va
lu

ed
,

U
H

C
co

rr
es

p
on

d
en

ce
.

T
h

en
b

h
as

a
fi

xe
d

p
oi

n
t.

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

5
5
/
8
0

N
as

h
E

qu
ili

br
iu

m
E

xi
st

en
ce

:
2x

2
In

tu
it

io
n

In
tu

it
iv

el
y

d
ra

w
co

n
ti

n
u

ou
s

B
R

m
ap

s
in

th
e

ch
ar

t:

T

L
R

B

S
h

ow
th

at
B

R
m

ap
s

m
u

st
in

te
rs

ec
t

si
n

ce
:

on
e

m
ap

m
ov

es
fr

om
th

e
le

ft
to

th
e

ri
gh

t
b

ou
n

d
ar

y;

w
h

ile
th

e
ot

h
er

fr
om

th
e

to
p

to
th

e
b

ot
to

m
b

ou
n

d
ar

y.

U
su

al
ly

B
R

s
in

te
rs

ec
t

an
o

d
d

n
u

m
b

er
of

ti
m

es
.

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

5
6
/
8
0

N
ot

es

N
ot

es



U
H

C
B

es
t

R
es

p
on

se
s

Im
pl

y
E

xi
st

en
ce

A
ga

m
e

w
it

h
ou

t
P

N
E

an
d

w
it

h
a

si
n

gl
e

N
E

:

1
\2

B
C

B
2,

0
0,

2
C

0,
1

1,
0

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

5
7
/
8
0

B
ay
es
ia
n
G
am

es
:

S
ta

ti
c

G
am

es
w

it
h

In
co

m
pl

et
e

In
fo

rm
at

io
n

[N
o

t
E

xa
m

in
a

b
le

]

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

5
8
/
8
0

N
ot

es

N
ot

es



S
um

m
ar

y

G
am

es
of

In
co

m
p

le
te

In
fo

rm
at

io
n

:

D
efi

n
it

io
n

s:

In
co

m
p

le
te

In
fo

rm
at

io
n

G
am

e
In

fo
rm

at
io

n
S

tr
u

ct
u

re
an

d
B

el
ie

fs
S

tr
at

eg
ie

s
B

es
t

R
ep

ly
M

ap

S
ol

u
ti

on
C

on
ce

p
ts

in
P

u
re

S
tr

at
eg

ie
s:

D
om

in
an

t
S

tr
at

eg
y

E
q

u
ili

br
iu

m
B

ay
es

N
as

h
E

q
u

ili
br

iu
m

E
xa

m
p

le
s

M
ix

ed
S

tr
at

eg
ie

s
&

B
ay

es
N

as
h

E
q

u
ili

br
ia

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

5
9
/
8
0

B
ay

es
ia

n
G

am
es

A
n

st
at

ic
in

co
m

p
le

te
in

fo
rm

at
io

n
ga

m
e

co
n

si
st

s
of

:

N
th

e
se

t
of

p
la

ye
rs

in
th

e
ga

m
e

A
i

p
la

ye
r
i’

s
ac

ti
on

se
t

X
i

p
la

ye
r
i’

s
se

t
of

p
os

si
b

le
si

gn
al

s

A
pr

ofi
le

of
si

gn
al

s
x
=

(x
1
,.

..
,x

n
)

is
an

el
em

en
t

X
=
×

j∈
N

X
j

f
a

d
is

tr
ib

u
ti

on
ov

er
th

e
p

os
si

b
le

si
gn

al
s

u
i

:A
×

X
→

R
p

la
ye

r
i’

s
u

ti
lit

y
fu

n
ct

io
n

,
u
i(
a|
x
)

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

6
0
/
8
0

N
ot

es

N
ot

es



E
xa

m
pl

e:
B

ay
es

ia
n

G
am

e

C
on

si
d

er
th

e
fo

llo
w

in
g

B
ay

es
ia

n
ga

m
e:

P
la

ye
r

1
ob

se
rv

es
on

ly
on

e
p

os
si

b
le

si
gn

al
:

X
1
=
{C
}

P
la

ye
r

2’
s

si
gn

al
ta

ke
s

on
e

of
tw

o
va

lu
es

:
X

2
=
{L

,R
}

P
ro

b
ab

ili
ti

es
ar

e
su

ch
th

at
:
f
(C

,L
)
=

0.
6

P
ay

off
s

an
d

ac
ti

on
se

ts
ar

e
as

d
es

cr
ib

ed
in

th
e

m
at

ri
x:

1
\2

.L
C

D
1
\2

.R
C

D
A

1,
2

0,
1

A
1,

3
0,

4
B

0,
4

1,
3

B
0,

1
1,

2

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

6
1
/
8
0

In
fo

rm
at

io
n

S
tr

uc
tu

re

In
fo

rm
at

io
n

st
ru

ct
u

re
:

X
i

d
en

ot
es

th
e

si
gn

al
as

a
ra

n
d

om
va

ri
ab

le

b
el

on
gs

to
th

e
se

t
of

p
os

si
b

le
si

gn
al

s
X

i

x i
d

en
ot

es
th

e
re

al
iz

at
io

n
of

th
e

ra
n

d
om

va
ri

ab
le

X
i

X
−
i
=

(X
1
,.

..
,X

i−
1
,X

i+
1
,.

..
,X

n
)

d
en

ot
es

a
pr

ofi
le

of
si

gn
al

s
fo

r
al

l
p

la
ye

rs
ot

h
er

th
an

i

P
la

ye
r
i

ob
se

rv
es

on
ly

X
i

P
la

ye
r
i

ig
n

or
es

X
−
i,

b
u

t
kn

ow
s
f

W
it

h
su

ch
in

fo
rm

at
io

n
p

la
ye

r
i

fo
rm

s
b

el
ie

fs
re

ga
rd

in
g

th
e

re
al

iz
at

io
n

of
th

e
si

gn
al

s
of

th
e

ot
h

er
p

la
ye

rs
x −

i

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

6
2
/
8
0

N
ot

es

N
ot

es



B
el

ie
fs

ab
ou

t
S

ig
na

ls
:

In
de

p
en

de
nc

e

If
si

gn
al

s
ar

e
in

d
ep

en
d

en
t:

f
(x
)
=

∏
j∈

N
f j
(x

j)

T
h

is
im

p
lie

s
th

at
th

e
si

gn
al

x i
of

p
la

ye
r
i

is
in

d
ep

en
d

en
t

of
X
−
i

B
el

ie
fs

ar
e

a
pr

ob
ab

ili
ty

d
is

tr
ib

u
ti

on
ov

er
th

e
si

gn
al

s
of

th
e

ot
h

er
p

la
ye

rs

A
n

y
p

la
ye

r
fo

rm
s

b
el

ie
fs

ab
ou

t
th

e
si

gn
al

s
re

ce
iv

ed
by

th
e

ot
h

er
p

la
ye

rs
by

u
si

n
g

B
ay

es
R

u
le

In
d

ep
en

d
en

ce
im

p
lie

s
th

at
co

n
d

it
io

n
al

ob
se

rv
in

g
X
i
=

x i
th

e
b

el
ie

fs
of

p
la

ye
r
i

ar
e:

f i
(x
−
i|x

i)
=

∏
j∈

N
\i
f j
(x

j)
=

f −
i(
x −

i)

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

6
3
/
8
0

B
el

ie
fs

ab
ou

t
S

ig
na

ls
:

In
te

rd
ep

en
de

nc
e

In
th

e
ge

n
er

al
sc

en
ar

io
w

it
h

in
te

rd
ep

en
d

en
t

si
gn

al
s,

p
la

ye
rs

fo
rm

b
el

ie
fs

ab
ou

t
th

e
si

gn
al

s
re

ce
iv

ed
by

ot
h

er
s

by
u

si
n

g
B

ay
es

R
u

le

C
on

d
it

io
n

al
ob

se
rv

in
g
X
i
=

x i
th

e
b

el
ie

fs
of

p
la

ye
r
i

ar
e:

f i
(x
−
i|x

i)
=

P
r(
X
−
i
=

x −
i|X

i
=

x i
)
=

=
P

r(
X
−
i
=

x −
i
∩

X
i
=

x i
)

P
r(
X
i
=

x i
)

=

=
P

r(
X
−
i
=

x −
i
∩

X
i
=

x i
)

∑
y −

i∈
X
−
i
P

r(
X
−
i
=

y −
i
∩

X
i
=

x i
)
=

=
f
(x
−
i,
x i
)

∑
y −

i∈
X
−
i
f
(y
−
i,
x i
)

B
el

ie
fs

ar
e

a
pr

ob
ab

ili
ty

d
is

tr
ib

u
ti

on
ov

er
th

e
si

gn
al

s
of

th
e

ot
h

er
p

la
ye

rs
N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

6
4
/
8
0

N
ot

es

N
ot

es



S
tr

at
eg

ie
s

S
tr

at
eg

y
P

ro
fi

le
s:

A
st

ra
te

gy
co

n
si

st
s

of
a

m
ap

fr
om

av
ai

la
b

le
in

fo
rm

at
io

n
to

ac
ti

on
s:

α
i

:X
i
→

A
i

A
st

ra
te

gy
pr

ofi
le

co
n

si
st

s
of

a
st

ra
te

gy
fo

r
ev

er
y

p
la

ye
r:

α
(X

)
=

(α
1
(X

1
),

..
.,

α
N
(X

N
))

W
e

ad
op

t
th

e
u

su
al

co
n

ve
n

ti
on

:

α
−
i(
X
−
i)
=

(α
1
(X

1
),

..
.,

α
i−

1
(X

i−
1
),

α
i+

1
(X

i+
1
),

..
.,

α
N
(X

N
))

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

6
5
/
8
0

E
xa

m
pl

e:
B

ay
es

ia
n

G
am

e

C
on

si
d

er
th

e
fo

llo
w

in
g

ga
m

e:

P
la

ye
r

1
ob

se
rv

es
on

ly
on

e
p

os
si

b
le

si
gn

al
:

X
1
=
{C
}

P
la

ye
r

2’
s

si
gn

al
ta

ke
s

on
e

of
tw

o
va

lu
es

:
X

2
=
{L

,R
}

P
ro

b
ab

ili
ti

es
ar

e
su

ch
th

at
:
f
(C

,L
)
=

0.
6

P
ay

off
s

an
d

ac
ti

on
se

ts
ar

e
as

d
es

cr
ib

ed
in

th
e

m
at

ri
x:

1
\2

.L
C

D
1
\2

.R
C

D
A

1,
2

0,
1

A
1,

3
0,

4
B

0,
4

1,
3

B
0,

1
1,

2

A
st

ra
te

gy
fo

r
p

la
ye

r
1

is
an

el
em

en
t

of
th

e
se

t
α
1
∈
{A

,B
}

A
st

ra
te

gy
fo

r
p

la
ye

r
2

is
a

m
ap

α
2

: {
L

,R
}
→
{C

,D
}

P
la

ye
r

1
ca

n
n

ot
ac

t
u

p
on

2’
s

pr
iv

at
e

in
fo

rm
at

io
n

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

6
6
/
8
0

N
ot

es

N
ot

es



D
om

in
an

t
S

tr
at

eg
y

E
qu

ili
br

iu
m

S
tr

at
eg

y
α
i

w
ea

k
ly

d
o

m
in

a
te

s
α
′ i

if
fo

r
an

y
a −

i
an

d
x
∈

X
:

u
i(

α
i(
x i
),
a −

i|x
)
≥

u
i(

α
′ i(
x i
),
a −

i|x
)

[s
tr

ic
t

so
m

ew
h

er
e]

S
tr

at
eg

y
α
i

is
d

o
m

in
a

n
t

if
it

d
om

in
at

es
an

y
ot

h
er

st
ra

te
gy

α
′ i

S
tr

at
eg

y
α
i

is
u

n
d

o
m

in
a

te
d

if
n

o
st

ra
te

gy
d

om
in

at
es

it

D
efi

ni
ti

on
s

(D
om

in
an

t
S

tr
at

eg
y

E
qu

ili
br

iu
m

D
S

E
)

A
D

om
in

an
t

S
tr

at
eg

y
eq

u
ili

br
iu

m
of

an
in

co
m

p
le

te
in

fo
rm

at
io

n
ga

m
e

is
a

st
ra

te
gy

pr
ofi

le
α

th
at

fo
r

an
y
i
∈
N

,
x
∈

X
an

d
a −

i
∈
A
−
i

sa
ti

sfi
es

:

u
i(

α
i(
x i
),
a −

i|x
)
≥

u
i(

α
′ i(
x i
),
a −

i|x
)

fo
r

an
y

α
′ i

:X
i
→

A
i

I.
e.

α
i

is
op

ti
m

al
in

d
ep

en
d

en
tl

y
of

w
h

at
ot

h
er

s
kn

ow
an

d
d

o

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

6
7
/
8
0

In
te

ri
m

E
xp

ec
te

d
U

ti
lit

y
an

d
B

es
t

R
ep

ly
M

ap
s

T
h

e
in

te
ri

m
st

a
g

e
o

cc
u

rs
ju

st
af

te
r

a
p

la
ye

r
kn

ow
s

h
is

si
gn

al
X
i
=

x i

It
is

w
h

en
st

ra
te

gi
es

ar
e

ch
os

en
in

a
B

ay
es

ia
n

ga
m

e

T
h

e
in

te
ri

m
ex

p
ec

te
d

u
ti

lit
y

of
a

(p
u

re
)

st
ra

te
gy

pr
ofi

le
α

is
d

efi
n

ed
by

:

U
i(

α
|x

i)
=

∑
X
−
i
u
i(

α
(x
)|
x
)f
(x
−
i|x

i)
:X

i
→

R

W
it

h
su

ch
n

ot
at

io
n

in
m

in
d

n
ot

ic
e

th
at

:

U
i(
a i

,α
−
i|x

i)
=

∑
X
−
i
u
i(
a i

,α
−
i(
x −

i)
|x
)f
(x
−
i|x

i)

T
h

e
b

es
t

re
p

ly
co

rr
es

p
on

d
en

ce
of

p
la

ye
r
i

is
d

efi
n

ed
by

:

b
i(

α
−
i|x

i)
=

ar
g

m
ax

a
i∈

A
i
U
i(
a i

,α
−
i|x

i)

B
R

m
ap

s
id

en
ti

fy
w

h
ic

h
ac

ti
on

s
ar

e
op

ti
m

al
gi

ve
n

th
e

si
gn

al
an

d
th

e
st

ra
te

gi
es

fo
llo

w
ed

by
ot

h
er

s
N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

6
8
/
8
0

N
ot

es

N
ot

es



P
ur

e
S

tr
at

eg
y

B
ay

es
N

as
h

E
qu

ili
br

iu
m

D
efi

ni
ti

on
s

(B
ay

es
N

as
h

E
qu

ili
br

iu
m

B
N

E
)

A
p

u
re

st
ra

te
gy

B
ay

es
N

as
h

eq
u

ili
br

iu
m

of
an

in
co

m
p

le
te

in
fo

rm
at

io
n

ga
m

e
is

a
st

ra
te

gy
pr

ofi
le

α
su

ch
th

at
fo

r
an

y
i
∈
N

an
d
x i
∈

X
i

sa
ti

sfi
es

:

U
i(

α
|x

i)
≥

U
i(
a i

,α
−
i|x

i)
fo

r
an

y
a i
∈
A
i

B
N

E
re

q
u

ir
es

in
te

ri
m

o
p

ti
m

a
lit

y
(i

.e
.

d
o

yo
u

r
b

es
t

gi
ve

n
w

h
at

yo
u

kn
ow

)

B
N

E
re

q
u

ir
es

α
i(
x i
)
∈
b
i(

α
−
i|x

i)
fo

r
an

y
i
∈
N

an
d
x i
∈

X
i

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

6
9
/
8
0

E
xa

m
pl

e:
B

ay
es

ia
n

G
am

e

C
on

si
d

er
th

e
fo

llo
w

in
g

B
ay

es
ia

n
ga

m
e

w
it

h
f
(C

,L
)
=

0.
6:

1
\2

.L
C

D
1
\2

.R
C

D
A

1,
2

0,
1

A
1,

3
0,

4
B

0,
4

1,
3

B
0,

1
1,

2

T
h

e
b

es
t

re
p

ly
m

ap
s

fo
r

b
ot

h
p

la
ye

r
ar

e
ch

ar
ac

te
ri

ze
d

by
:

b
2
(α

1
|x

2
)
=

{ C
if

x 2
=

L
D

if
x 2

=
R

b
1
(α

2
)
=

{ A
if

α
2
(L
)
=

C
B

if
α
2
(L
)
=

D

T
h

e
ga

m
e

h
as

a
u

n
iq

u
e

(p
u

re
st

ra
te

gy
)

B
N

E
in

w
h

ic
h

:

α
1
=

A
,

α
2
(L
)
=

C
,

α
2
(R

)
=

D

D
O

N
O

T
A

N
A

LY
Z

E
M

A
T

R
IC

E
S

S
E

P
A

R
A

T
E

LY
!!

!

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

7
0
/
8
0

N
ot

es

N
ot

es



T
ra

ns
fo

rm
in

g
a

B
ay

es
ia

n
G

am
e

E
xa

m
pl

e

C
on

si
d

er
th

e
fo

llo
w

in
g

B
ay

es
ia

n
ga

m
e

w
it

h
f
(C

,L
)
=

p
>

1
/

2:

1
\2

.L
C

D
1
\2

.R
C

D
A

1,
2

0,
1

A
1,

3
0,

4
B

0,
4

1,
3

B
0,

1
1,

2

T
h

is
is

eq
u

iv
al

en
t

to
th

e
fo

llo
w

in
g

co
m

p
le

te
in

fo
rm

at
io

n
ga

m
e:

1
\2

C
C

D
C

C
D

D
D

A
1,

3
−

p
1
−

p
,3
−

2p
p

,4
−

2p
0,

4
−

3p
B

0,
1
+

3p
p

,1
+

2p
1
−

p
,2

+
2p

1,
2
+

p

Y
ou

m
ay

th
en

fi
n

d
B

R
s

an
d

B
N

E
s

in
th

is
m

o
d

ifi
ed

ta
b

le
.

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

7
1
/
8
0

R
el

at
io

ns
hi

ps
b

et
w

ee
n

E
qu

ili
br

iu
m

C
on

ce
pt

s

If
α

is
a

D
S

E
th

en
it

is
a

B
N

E
.

In
fa

ct
fo

r
an

y
ac

ti
on

a i
an

d
si

gn
al

x i
:

u
i(

α
i(
x i
),
a −

i|x
)
≥

u
i(
a i

,a
−
i|x

)
∀a
−
i,
x −

i
⇒

u
i(

α
i(
x i
),

α
−
i(
x −

i)
|x
)
≥

u
i(
a i

,α
−
i(
x −

i)
|x
)
∀α
−
i,
x −

i
⇒

∑
X
−
i
u
i(

α
(x
)|
x
)f
i(
x −

i|x
i)
≥

∑
X
−
i
u
i(
a i

,α
−
i(
x −

i)
|x
)f
i(
x −

i|x
i)
∀α
−
i
⇒

U
i(

α
|x

i)
≥

U
i(
a i

,α
−
i|x

i)
∀α
−
i

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

7
2
/
8
0

N
ot

es

N
ot

es



B
N

E
E

xa
m

pl
e

I:
E

xc
ha

ng
e

A
b

u
ye

r
an

d
a

se
lle

r
w

an
t

to
tr

ad
e

an
ob

je
ct

:

B
u

ye
r’

s
va

lu
e

fo
r

th
e

ob
je

ct
is

3$

S
el

le
r’

s
va

lu
e

is
ei

th
er

0$
or

2$
b

as
ed

on
th

e
si

gn
al

,
X

S
=
{L

,H
}

B
u

ye
r

ca
n

off
er

ei
th

er
1$

or
3$

to
p

u
rc

h
as

e
th

e
ob

je
ct

S
el

le
r

ch
o

os
e

w
h

et
h

er
or

n
ot

to
se

ll

B
\S

.L
sa

le
n

o
sa

le
B
\S

.H
sa

le
n

o
sa

le
3$

0,
3

0,
0

3$
0,

3
0,

2
1$

2,
1

0,
0

1$
2,

1
0,

2

T
h

is
ga

m
e

fo
r

an
y

pr
io

r
f

h
as

a
B

N
E

in
w

h
ic

h
:

α
S
(L
)
=

sa
le

,
α
S
(H

)
=

n
o

sa
le

,
α
B
=

1$

S
el

lin
g

is
st

ri
ct

ly
d

om
in

an
t

fo
r
S

.L

O
ff

er
in

g
1$

is
w

ea
kl

y
d

om
in

an
t

fo
r

th
e

b
u

ye
r

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

7
3
/
8
0

B
N

E
E

xa
m

pl
e

II
:

E
nt

ry
G

am
e

C
on

si
d

er
th

e
fo

llo
w

in
g

m
ar

ke
t

ga
m

e:

F
ir

m
I

(t
h

e
in

cu
m

b
en

t)
is

a
m

on
op

ol
is

t
in

a
m

ar
ke

t

F
ir

m
E

(t
h

e
en

tr
an

t)
is

co
n

si
d

er
in

g
w

h
et

h
er

to
en

te
r

in
th

e
m

ar
ke

t

If
E

st
ay

s
ou

t
of

th
e

m
ar

ke
t,
E

ru
n

s
a

pr
ofi

t
of

1$
an

d
I

ge
ts

8$

If
E

en
te

rs
,
E

in
cu

rs
a

co
st

of
1$

an
d

pr
ofi

ts
of

b
ot

h
I

an
d
E

ar
e

3$

I
ca

n
d

et
er

en
tr

y
by

in
ve

st
in

g
at

co
st
{0

,2
}

d
ep

en
d

in
g

on
ty

p
e
{L

,H
}

If
I

in
ve

st
s:

I’
s

pr
ofi

t
in

cr
ea

se
s

by
1

if
h

e
is

al
on

e,
d

ec
re

as
es

by
1

if
h

e
co

m
p

et
es

an
d
E

’s
pr

ofi
t

d
ec

re
as

es
to

0
if

h
e

el
ec

ts
to

en
te

r

E
\I

.L
In

ve
st

N
ot

In
ve

st
E
\I

.H
In

ve
st

N
ot

In
ve

st
In

0,
2

3,
3

In
0,

0
3,

3
O

u
t

1,
9

1,
8

O
u

t
1,

7
1,

8

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

7
4
/
8
0

N
ot

es

N
ot

es



B
N

E
E

xa
m

pl
e

II
:

E
nt

ry
G

am
e

L
et

π
d

en
ot

e
th

e
pr

ob
ab

ili
ty

th
at

fi
rm

I
is

of
ty

p
e
L

an
d

n
ot

ic
e:

α
I
(H

)
=

N
ot

In
ve
st

is
a

st
ri

ct
ly

d
om

in
an

t
st

ra
te

gy
fo

r
I.
H

F
or

an
y

va
lu

e
of

π
,

α
I
(L
)
=

N
ot

In
ve
st

an
d

α
E
=

In
is

B
N

E
:

u
I
(N

ot
,I
n
|L
)
=

3
>

2
=

u
I
(I
n
ve
st

,I
n
|L
)

U
E
(I
n

,α
I
(X

I
))

=
3
>

1
=

U
E
(O

u
t,

α
I
(X

I
))

F
or

π
h

ig
h

en
ou

gh
,

α
I
(L
)
=

In
ve
st

an
d

α
E
=

O
u
t

is
al

so
B

N
E

:

u
I
(I
n
ve
st

,O
u
t|
L
)
=

9
>

8
=

u
I
(N

ot
,O

u
t|
L
)

U
E
(O

u
t,

α
I
(X

I
))

=
1
>

3
(1
−

π
)
=

U
E
(I
n

,α
I
(X

I
))

E
\I

.L
In

ve
st

N
ot

In
ve

st
E
\I

.H
In

ve
st

N
ot

In
ve

st
In

0,
2

3,
3

In
0,

0
3,

3
O

u
t

1,
9

1,
8

O
u

t
1,

7
1,

8

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

7
5
/
8
0

M
ix

ed
S

tr
at

eg
ie

s
in

B
ay

es
ia

n
G

am
es

S
tr

at
eg

y
P

ro
fi

le
s:

A
m

ix
ed

st
ra

te
gy

is
a

m
ap

fr
om

in
fo

rm
at

io
n

to
a

pr
ob

ab
ili

ty
d

is
tr

ib
u

ti
on

ov
er

ac
ti

on
s

In
p

ar
ti

cu
la

r
σ i
(a

i|x
i)

d
en

ot
es

th
e

pr
ob

ab
ili

ty
th

at
i

ch
o

os
es

a i
if

h
is

si
gn

al
is
x i

A
m

ix
ed

st
ra

te
gy

pr
ofi

le
co

n
si

st
s

of
a

st
ra

te
gy

fo
r

ev
er

y
p

la
ye

r:

σ
(X

)
=

(σ
1
(X

1
),

..
.,

σ N
(X

N
))

A
s

u
su

al
σ
−
i(
X
−
i)

d
en

ot
es

th
e

pr
ofi

le
of

st
ra

te
gi

es
of

al
l

p
la

ye
rs

,
b

u
t
i

M
ix

ed
st

ra
te

gi
es

ar
e

in
d

ep
en

d
en

t
(i

.e
.

σ i
ca

n
n

ot
d

ep
en

d
on

σ j
)

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

7
6
/
8
0

N
ot

es

N
ot

es



In
te

ri
m

P
ay

off
&

B
ay

es
N

as
h

E
qu

ili
br

iu
m

T
h

e
in

te
ri

m
ex

p
ec

te
d

p
ay

off
of

m
ix

ed
st

ra
te

gy
pr

ofi
le

s
σ

an
d
(a

i,
σ
−
i)

ar
e:

U
i(

σ
|x

i)
=

∑ X
−
i

∑ a
∈A

u
i(
a|
x
)

∏ j∈
N

σ j
(a

j|x
j)
f
(x
−
i|x

i)

U
i(
a i

,σ
−
i|x

i)
=

∑ X
−
i

∑
a
−
i∈

A
−
iu

i(
a|
x
)

∏ j6=
iσ j

(a
j|x

j)
f
(x
−
i|x

i)

D
efi

ni
ti

on
s

(B
ay

es
N

as
h

E
qu

ili
br

iu
m

B
N

E
)

A
B

ay
es

N
as

h
eq

u
ili

br
iu

m
of

a
ga

m
e

Γ
is

a
st

ra
te

gy
pr

ofi
le

σ
su

ch
th

at
fo

r
an

y
i
∈
N

an
d
x i
∈

X
i

sa
ti

sfi
es

:

U
i(

σ
|x

i)
≥

U
i(
a i

,σ
−
i|x

i)
fo

r
an

y
a i
∈
A
i

B
N

E
re

q
u

ir
es

in
te

ri
m

o
p

ti
m

a
lit

y
(i

.e
.

d
o

yo
u

r
b

es
t

gi
ve

n
w

h
at

yo
u

kn
ow

)

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

7
7
/
8
0

C
om

pu
ti

ng
B

ay
es

N
as

h
E

qu
ili

br
ia

T
es

ti
n

g
fo

r
B

N
E

b
eh

av
io

r:

σ
is

B
N

E
if

on
ly

if
:

U
i(

σ
|x

i)
=

U
i(
a i

,σ
−
i|x

i)
fo

r
an

y
a i

s.
t.

σ i
(a

i|x
i)
>

0

U
i(

σ
|x

i)
≥

U
i(
a i

,σ
−
i|x

i)
fo

r
an

y
a i

s.
t.

σ i
(a

i|x
i)
=

0

S
tr

ic
tl

y
d

om
in

at
ed

st
ra

te
gi

es
ar

e
n

ev
er

ch
os

en
in

a
B

N
E

W
ea

kl
y

d
om

in
at

ed
st

ra
te

gi
es

ar
e

ch
os

en
on

ly
if

th
ey

ar
e

d
om

in
at

ed
w

it
h

pr
ob

ab
ili

ty
ze

ro
in

eq
u

ili
br

iu
m

T
h

is
co

n
d

it
io

n
s

ca
n

b
e

u
se

d
to

co
m

p
u

te
B

N
E

(s
ee

ex
am

p
le

s)

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

7
8
/
8
0

N
ot

es

N
ot

es



E
xa

m
pl

e:
M

ix
ed

B
N

E
I

C
on

si
d

er
th

e
fo

llo
w

in
g

ex
am

p
le

fo
r
f
(1

,L
)
=

1
/

2:

1
\2

.L
X

Y
1
\2

.R
W

Z
T

1,
0

0,
1

T
0,

0
1,

1
D

0,
1

1,
0

D
1,

1
0,

0

A
ll

B
N

E
s

fo
r

th
is

ga
m

e
sa

ti
sf

y:

σ 1
(T

)
=

1
/

2
an

d
σ 2
(X
|L
)
=

σ 2
(W
|R

)

S
u

ch
ga

m
es

sa
ti

sf
y

al
l

B
N

E
co

n
d

it
io

n
s

si
n

ce
:

U
1
(T

,σ
2
)
=

(1
/

2
)σ

2
(X
|L
)
+
(1

/
2
)(

1
−

σ 2
(W
|R

))
=

=
(1

/
2
)(

1
−

σ 2
(X
|L
))

+
(1

/
2
)σ

2
(W
|R

)
=

U
1
(D

,σ
2
)

u
2
(X

,σ
1
|L
)
=

σ 1
(T

)
=

1
−

σ 1
(T

)
=

u
2
(Y

,σ
1
|L
)

u
2
(W

,σ
1
|R

)
=

(1
−

σ 1
(T

))
=

σ 1
(T

)
=

u
2
(Z

,σ
1
|R

)

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

7
9
/
8
0

E
xa

m
pl

e:
M

ix
ed

B
N

E
II

C
on

si
d

er
th

e
fo

llo
w

in
g

ex
am

p
le

fo
r
f
(1

,L
)
=

q
≤

2
/

3:

1
\2

.L
X

Y
1
\2

.R
W

Z
T

0,
0

0,
2

T
2,

2
0,

1
D

2,
0

1,
1

D
0,

0
3,

2

T
h

e
m

ix
ed

B
N

E
fo

r
th

is
ga

m
e

sa
ti

sf
y

σ 1
(T

)
=

2
/

3
an

d
:

σ 2
(X
|L
)
=

0
(d

om
in

an
ce

)
an

d
σ 2
(W
|R

)
=

3
−

2q

5
−

5q

S
u

ch
st

ra
te

gi
es

sa
ti

sf
y

al
l

B
N

E
re

q
u

ir
em

en
ts

si
n

ce
:

U
1
(T

,σ
2
)
=

2
(1
−

q
)σ

2
(W
|R

)
=

=
q
+

3
(1
−

q
)(

1
−

σ 2
(W
|R

))
=

U
1
(D

,σ
2
)

u
2
(X

,σ
1
|L
)
=

0
<

2
σ 1
(T

)
+
(1
−

σ 1
(T

))
=

u
2
(Y

,σ
1
|L
)

u
2
(W

,σ
1
|R

)
=

2
σ 1
(T

)
=

σ 1
(T

)
+

2
(1
−

σ 1
(T

))
=

u
2
(Z

,σ
1
|R

)

N
a
va

(L
S
E
)

S
ta
ti
c
G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

8
0
/
8
0

N
ot

es

N
ot

es



D
yn

am
ic

G
am

es
E

C
41

1
S

lid
es

6

N
av

a

L
S
E

M
ic

h
ae

lm
as

T
er

m

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

1
/
7
4

R
oa

dm
ap

:
G

am
e

T
he

or
y

–
D

yn
am

ic
G

am
es

T
h

e
an

al
ys

is
co

n
si

d
er

s
d

iff
er

en
t

cl
as

se
s

of
ga

m
es

:

E
xt

en
si

ve
F

or
m

G
am

es

In
fi

n
it

el
y

R
ep

ea
te

d
G

am
es

F
in

it
el

y
R

ep
ea

te
d

G
am

es

T
h

e
n

ot
io

n
s

of
b

eh
av

io
ra

l
st

ra
te

gy
,

in
fo

rm
at

io
n

se
t,

an
d

su
b

ga
m

e
ar

e
in

tr
o

d
u

ce
d

.

D
iff

er
en

t
S

ol
u

ti
on

C
on

ce
p

ts
ar

e
pr

es
en

te
d

:

N
as

h
E

q
u

ili
br

iu
m

S
u

b
ga

m
e

P
er

fe
ct

E
q

u
ili

br
iu

m

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

2
/
7
4

N
ot

es

N
ot

es



E
xt
en
si
ve

F
or
m

G
am

es

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

3
/
7
4

S
um

m
ar

y

D
yn

am
ic

G
am

es
:

D
efi

n
it

io
n

s:

E
xt

en
si

ve
F

or
m

G
am

e
In

fo
rm

at
io

n
S

et
s

an
d

B
el

ie
fs

B
eh

av
io

ra
l

S
tr

at
eg

y
S

u
b

ga
m

e

S
ol

u
ti

on
C

on
ce

p
ts

:

N
as

h
E

q
u

ili
br

iu
m

S
u

b
ga

m
e

P
er

fe
ct

E
q

u
ili

br
iu

m
P

er
fe

ct
B

ay
es

ia
n

E
q

u
ili

br
iu

m
(e

xt
ra

)

E
xa

m
p

le
s

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

4
/
7
4

N
ot

es

N
ot

es



D
yn

am
ic

G
am

es

A
ll

ga
m

es
d

is
cu

ss
ed

in
pr

ev
io

u
s

n
ot

es
w

er
e

st
at

ic
.

T
h

at
is

:

p
la

ye
rs

w
er

e
ta

ki
n

g
d

ec
is

io
n

s
si

m
u

lt
an

eo
u

sl
y,

or

w
er

e
u

n
ab

le
to

ob
se

rv
e

th
e

ch
oi

ce
s

m
ad

e
by

ot
h

er
s.

T
o

d
ay

w
e

re
la

x
su

ch
as

su
m

p
ti

on
s

by
m

o
d

el
lin

g
th

e
ti

m
in

g
of

d
ec

is
io

n
s.

In
co

m
m

on
in

st
an

ce
s

th
e

ru
le

s
of

th
e

ga
m

e
ex

p
lic

it
ly

d
efi

n
e:

th
e

or
d

er
in

w
h

ic
h

p
la

ye
rs

m
ov

e;

th
e

in
fo

rm
at

io
n

av
ai

la
b

le
to

th
em

w
h

en
th

ey
ta

ke
th

ei
r

d
ec

is
io

n
s.

A
w

ay
of

re
pr

es
en

ti
n

g
su

ch
d

yn
am

ic
ga

m
es

is
in

th
ei

r
E

xt
en

si
ve

F
or

m
.

T
h

e
fo

llo
w

in
g

d
efi

n
it

io
n

s
ar

e
h

el
p

fu
l

to
d

efi
n

e
su

ch
n

ot
io

n
.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

5
/
7
4

B
as

ic
G

ra
ph

T
he

or
y

A
gr

ap
h

co
n

si
st

s
of

a
se

t
of

n
o

d
es

an
d

of
a

se
t

of
br

an
ch

es
.

E
ac

h
br

an
ch

co
n

n
ec

ts
a

p
ai

r
of

n
o

d
es

.

A
br

an
ch

is
id

en
ti

fi
ed

by
th

e
tw

o
n

o
d

es
it

co
n

n
ec

ts
.

A
p

at
h

is
a

se
t

of
br

an
ch

es
:

{{
x k

,x
k
+
1
}
|k

=
1,

..
.,
m
}

w
h

er
e
m

>
1

an
d

ev
er

y
x k

is
a

d
iff

er
en

t
n

o
d

e
of

th
e

gr
ap

h
.

A
tr

ee
is

a
gr

ap
h

in
w

h
ic

h
an

y
p

ai
r

of
n

o
d

es
is

co
n

n
ec

te
d

by
ex

ac
tl

y
on

e
p

at
h

.

A
ro

ot
ed

tr
ee

is
a

tr
ee

in
w

h
ic

h
a

sp
ec

ia
l

n
o

d
es

d
es

ig
n

at
ed

as
th

e
ro

ot
.

A
te

rm
in

al
n

o
d

e
is

a
n

o
d

e
co

n
n

ec
te

d
by

on
ly

on
e

br
an

ch
.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

6
/
7
4

N
ot

es

N
ot

es



A
n

E
xt

en
si

ve
F

or
m

G
am

e

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

7
/
7
4

E
xt

en
si

ve
F

or
m

G
am

es

A
n

ex
te

n
si

ve
fo

rm
ga

m
e

is
a

ro
ot

ed
tr

ee
to

ge
th

er
w

it
h

fu
n

ct
io

n
s

as
si

gn
in

g
la

b
el

s
to

n
o

d
es

an
d

br
an

ch
es

su
ch

th
at

:

1.
E

ac
h

n
on

-t
er

m
in

al
n

o
d

e
h

as
a

p
la

ye
r-

la
b

el
in
{C

,1
,.

..
,n
}

{1
,.

..
,n
}

ar
e

th
e

p
la

ye
rs

in
th

e
ga

m
e

N
o

d
es

as
si

gn
ed

to
la

b
el

C
ar

e
ch

an
ce

n
o

d
es

N
o

d
es

as
si

gn
ed

to
la

b
el

i
6=

C
ar

e
d

ec
is

io
n

n
o

d
es

co
n

tr
ol

le
d

by
i

2.
E

ac
h

al
te

rn
at

iv
e

at
a

ch
an

ce
n

o
d

e
h

as
a

la
b

el
sp

ec
if

yi
n

g
it

s
pr

ob
ab

ili
ty

:

C
h

an
ce

pr
ob

ab
ili

ti
es

ar
e

n
on

n
eg

at
iv

e
an

d
ad

d
to

1

3.
E

ac
h

n
o

d
e

co
n

tr
ol

le
d

by
p

la
ye

r
i
>

0
h

as
a

se
co

n
d

la
b

el
sp

ec
if

yi
n

g
i’

s
in

fo
rm

at
io

n
st

at
e

:

T
h

u
s

n
o

d
es

la
b

el
ed

i.
s

ar
e

co
n

tr
ol

le
d

by
i

w
it

h
in

fo
rm

at
io

n
s

T
w

o
n

o
d

es
b

el
on

g
to

i.
s

iff
i

ca
n

n
ot

d
is

ti
n

gu
is

h
th

em

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

8
/
7
4

N
ot

es

N
ot

es



E
xt

en
si

ve
F

or
m

G
am

es

4.
E

ac
h

al
te

rn
at

iv
e

at
a

d
ec

is
io

n
n

o
d

e
h

as
m

ov
e

la
b

el
:

If
tw

o
n

o
d

es
x

,y
b

el
on

g
to

th
e

sa
m

e
in

fo
rm

at
io

n
se

t,
fo

r
an

y
al

te
rn

at
iv

e
at

x
th

er
e

m
u

st
b

e
ex

ac
tl

y
on

e
al

te
rn

at
iv

e
at

y
w

it
h

th
e

sa
m

e
m

ov
e

la
b

el

5.
E

ac
h

te
rm

in
al

n
o

d
e
y

h
as

a
la

b
el

th
at

sp
ec

ifi
es

a
ve

ct
or

of
n

n
u

m
b

er
s

{u
i(
y
) }

i∈
{1

,.
..
,n
}

su
ch

th
at

:

T
h

e
n

u
m

b
er

u
i(
y
)

sp
ec

ifi
es

th
e

p
ay

off
to

i
if

th
e

ga
m

e
en

d
s

at
n

o
d

e
y

6.
A

ll
p

la
ye

rs
h

av
e

p
er

fe
ct

re
ca

ll
of

th
e

m
ov

es
th

ey
ch

os
e

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

9
/
7
4

P
er

fe
ct

R
ec

al
l

W
it

h
p

er
fe

ct
re

ca
ll

in
fo

rm
at

io
n

se
ts

1.
2

an
d

1.
3

ca
n

n
ot

co
in

ci
d

e:

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

1
0
/
7
4

N
ot

es

N
ot

es



W
it

ho
ut

P
er

fe
ct

R
ec

al
l

W
it

h
ou

t
p

er
fe

ct
re

ca
ll

as
su

m
p

ti
on

th
is

is
p

os
si

b
le

:

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

1
1
/
7
4

P
er

fe
ct

In
fo

rm
at

io
n

A
n

ex
te

n
si

ve
fo

rm
ga

m
e

h
as

p
er

fe
ct

in
fo

rm
at

io
n

if
n

o
tw

o
n

o
d

es
b

el
on

g
to

th
e

sa
m

e
in

fo
rm

at
io

n
st

at
e

W
it

h
P

er
fe

ct
In

fo
rm

at
io

n
W

it
h

ou
t

P
er

fe
ct

In
fo

rm
at

io
n

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

1
2
/
7
4

N
ot

es

N
ot

es



B
eh

av
io

ra
l

S
tr

at
eg

ie
s

T
h

ro
u

gh
ou

t
le

t:

S
i

b
e

th
e

se
t

in
fo

rm
at

io
n

st
at

es
of

p
la

ye
r
i
∈
N

;

A
i.
s

b
e

th
e

ac
ti

on
se

t
of

p
la

ye
r
i

at
in

fo
st

at
e
s
∈
S
i.

A
b

eh
av

io
ra

l
st

ra
te

gy
fo

r
p

la
ye

r
i

m
ap

s
in

fo
rm

at
io

n
st

at
es

to
pr

ob
ab

ili
ty

d
is

tr
ib

u
ti

on
s

ov
er

ac
ti

on
s.

In
p

ar
ti

cu
la

r
σ i

.s
(a

i.
s
)

is
th

e
pr

ob
ab

ili
ty

th
at

p
la

ye
r
i

at
in

fo
rm

at
io

n
st

ag
e
s

ch
o

os
es

ac
ti

on
a i

.s
∈
A
i.
s
.

T
h

ro
u

gh
ou

t
d

en
ot

e:

a
b

eh
av

io
ra

l
st

ra
te

gy
of

p
la

ye
r
i

by
σ i

=
{σ

i.
s
} s
∈S

i
;

a
pr

ofi
le

of
b

eh
av

io
ra

l
st

ra
te

gy
by

σ
=
{σ

i}
i∈

N
;

th
e

ch
an

ce
pr

ob
ab

ili
ti

es
by

π
=
{π

0
.s
} s
∈S

0
.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

1
3
/
7
4

P
ro

ba
bi

lit
ie

s
ov

er
T

er
m

in
al

N
o

de
s

F
or

an
y

te
rm

in
al

n
o

d
e
y

an
d

an
y

b
eh

av
io

ra
l

st
ra

te
gy

pr
ofi

le
σ

,
le

t
P
(y
|σ
)

d
en

ot
e

th
e

pr
ob

ab
ili

ty
th

at
th

e
ga

m
e

en
d

s
at

n
o

d
e
y

.

E
.g

.
in

th
e

fo
llo

w
in

g
ga

m
e
P
(c
|σ
)
=

π
0
.1
(1
)σ

1
.1
(R

)σ
2
.2
(C

)
=

1
/

9:

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

1
4
/
7
4

N
ot

es

N
ot

es



E
xp

ec
te

d
P

ay
off

s

If
Ω

d
en

ot
es

th
e

se
t

of
en

d
n

ot
es

,
th

e
ex

p
ec

te
d

p
ay

off
of

p
la

ye
r
i

is
:

U
i(

σ
)
=

U
i(

σ i
,σ
−
i)
=

∑
y
∈

Ω
P
(y
|σ
)u

i(
y
).

E
.g

.
in

th
e

fo
llo

w
in

g
ga

m
e
U
1
(σ
)
=

4
/

9
an

d
U
2
(σ
)
=

5
/

9:

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

1
5
/
7
4

E
xt

ra
:

E
xe

rc
is

e

D
ra

w
th

e
ex

te
n

si
ve

fo
rm

fo
r

th
e

fo
llo

w
in

g
tw

o
p

la
ye

r
ga

m
e.

F
ir

m
s

1
h

as
to

d
ec

id
e

w
h

et
h

er
to

en
te

r
(i

n
)

or
st

ay
ou

t
(o

u
t)

of
a

m
ar

ke
t

in
w

h
ic

h
it

d
o

es
n

ot
op

er
at

e.

F
ir

m
2

is
an

ol
d

fi
rm

in
th

e
m

ar
ke

t
an

d
d

ec
id

es
u

p
on

en
tr

y
of

F
ir

m
1,

w
h

et
h

er
to

fi
gh

t
(F

)
or

co
op

er
at

e
(C

).

F
ir

m
2’

s
co

st
s

ar
e

co
m

m
on

kn
ow

le
d

ge
.

F
ir

m
1’

s
co

st
s

ar
e

ra
n

d
om

an
d

o
n

ly
kn

ow
n

to
fi

rm
1.

F
ir

m
1’

s
co

st
s

ar
e

h
ig

h
(H

)
or

lo
w

(L
)

w
it

h
eq

u
al

ch
an

ce
.

D
en

ot
e

p
ay

off
s

by
(π

1
,π

2
),

w
h

er
e

π
i

is
th

e
p

ay
off

of
F

ir
m

i:

(π
1
,π

2
)
=

          (0
,3
)

if
a 1

.1
=

ou
t

(−
3,

2
)

if
a 1

.1
=

in
,

a 2
.1
=

F
,

co
st

ar
e

H
(2

,−
3
)

if
a 1

.1
=

in
,

a 2
.1
=

F
,

co
st

ar
e

L
(1

,1
)

if
a 1

.1
=

in
,

a 2
.1
=

C
,

co
st

ar
e

H
(4

,1
)

if
a 1

.1
=

in
,

a 2
.1
=

C
,

co
st

ar
e

L

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

1
6
/
7
4

N
ot

es

N
ot

es



E
xt

ra
:

A
ns

w
er

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

1
7
/
7
4

E
xt
en
si
ve

F
or
m

G
am

es
:

N
as

h
E

qu
ili

br
iu

m

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

1
8
/
7
4

N
ot

es

N
ot

es



N
as

h
E

qu
ili

br
iu

m
D

efi
ni

ti
on

D
efi

ni
ti

on
(N

as
h

E
qu

ili
br

iu
m

–
N

E
)

A
N

as
h

E
q

u
ili

br
iu

m
of

an
ex

te
n

si
ve

fo
rm

ga
m

e
is

an
y

pr
ofi

le
of

b
eh

av
io

ra
l

st
ra

te
gi

es
su

ch
th

at
:

U
i(

σ
)
≥

U
i(

σ
′ i,

σ
−
i)

fo
r

an
y

σ
′ i
∈
×

s∈
S
i
∆
(A

i.
s
)

R
ec

al
l

th
at

σ
′ i

is
an

y
m

ap
p

in
g

fr
om

in
fo

rm
at

io
n

st
at

es
to

pr
ob

ab
ili

ty
d

is
tr

ib
u

ti
on

s
ov

er
av

ai
la

b
le

ac
ti

on
s.

T
h

e
d

efi
n

it
io

n
of

N
E

d
o

es
n

ot
ch

an
ge

in
th

e
ex

te
n

si
ve

fo
rm

.

W
h

at
d

iff
er

s
is

th
e

n
ot

io
n

of
st

ra
te

g
y

th
at

is
n

o
w

d
efi

n
ed

fo
r

ev
er

y
in

fo
rm

a
ti

o
n

st
a

te
.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

1
9
/
7
4

E
xa

m
pl

e:
N

E
of

S
el

te
n’

s
H

or
se

T
h

e
fo

llo
w

in
g

ga
m

e
h

as
a

co
n

ti
n

u
u

m
of

N
E

:

σ 1
(A

)
=

1
an

d
σ 2
(C

)
=

1;

σ 1
(A

)
=

0
an

d
σ 2
(C

)
≤

2
/

3.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

2
0
/
7
4

N
ot

es

N
ot

es



E
xa

m
pl

e:
T

ra
ns

fo
rm

at
io

n
to

F
in

d
N

E

T
h

e
co

rr
es

p
on

d
in

g
st

ra
te

gi
c

fo
rm

ga
m

e
am

ou
n

ts
to

:

1
\2

C
D

A
4,

4
1,

1
C

3,
10

3,
10

S
tr

at
eg

y
σ 1
(A

)
=

1
an

d
σ 2
(C

)
=

1
is

N
E

si
n

ce
:

U
1
(A

,C
)
=

4
>

3
=

U
1
(C

,C
)

U
2
(C

,A
)
=

4
>

1
=

U
2
(D

,A
)

A
n

y
st

ra
te

gy
σ 1
(A

)
=

0
an

d
σ 2
(C

)
=

q
≤

2
/

3
is

N
E

si
n

ce
:

U
1
(C

,σ
2
)
=

3
≥

4q
+
(1
−

q
)
=

U
1
(A

,σ
2
)

U
2
(C

,C
)
=

10
=

10
=

U
2
(D

,C
)

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

2
1
/
7
4

E
xa

m
pl

e:
N

E
in

th
e

E
xt

en
si

ve
F

or
m

A
ga

m
e

m
ay

h
av

e
m

an
y

N
E

s:

σ 1
(A

)
=

0,
σ 2
(C

)
=

0,
σ 3
(E

)
=

0;

σ 1
(A

)
=

1
/

2,
σ 2
(C

)
=

1
/

2,
σ 3
(E

)
=

1.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

2
2
/
7
4

N
ot

es

N
ot

es



E
xa

m
pl

e:
N

E
in

th
e

E
xt

en
si

ve
F

or
m

P
ro

fi
le

σ 1
(A

)
=

0,
σ 2
(C

)
=

0,
σ 3
(E

)
=

0
is

N
E

:

U
1
(B

,σ
−
1
)
=

1
>

0
=

U
1
(A

,σ
−
1
)

U
2
(D

,σ
−
2
)
=

0
≥

0
=

U
2
(C

,σ
−
2
)

U
3
(F

,σ
−
3
)
=

2
≥

2
=

U
3
(E

,σ
−
3
)

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

2
3
/
7
4

E
xa

m
pl

e:
N

E
in

th
e

E
xt

en
si

ve
F

or
m

P
ro

fi
le

σ 1
(A

)
=

1
/

2,
σ 2
(C

)
=

1
/

2,
σ 3
(E

)
=

1
is

N
E

:

U
1
(A

,σ
−
1
)
=

σ 2
(C

)
=

σ 2
(D

)
=

U
1
(B

,σ
−
1
)

U
2
(D

,σ
−
2
)
=

σ 1
(A

)
=

σ 1
(B

)σ
3
(E

)
=

U
2
(C

,σ
−
2
)

U
3
(E

,σ
−
3
)
=

σ 1
(B

)[
2
+

98
σ 2
(C

)]
>

σ 1
(B

)[
2
−

10
2

σ 2
(C

)]
=

U
3
(F

,σ
−
3
)

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

2
4
/
7
4

N
ot

es

N
ot

es



E
xa

m
pl

e:
N

E
of

th
e

U
lt

im
at

um
G

am
e

T
h

is
ga

m
e

p
os

se
ss

es
th

re
e

ty
p

es
of

N
E

,
n

am
el

y
fo

r
an

y
a 2

.2
,a

2
.3

N
E

1:
σ 1

=
[1
]

&
σ 2

=
[A

,a
2
.2

,a
2
.3
]

N
E

2:
σ 1

=
[2
]

&
σ 2

=
[R

,A
,a

2
.3
]

N
E

3:
σ 1

=
[3
]

&
σ 2

=
[R

,R
,A

]

In
th

e
ta

b
le

,
σ 1

an
d

σ 2
d

en
ot

e
th

e
b

eh
av

io
ra

l
(p

u
re

)
st

ra
te

gi
es

of
th

e
tw

o
p

la
ye

rs
. N

a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

2
5
/
7
4

E
xa

m
pl

e:
N

E
of

th
e

U
lt

im
at

um
G

am
e

S
tr

at
eg

y
σ 1

=
[1
],

σ 2
=

[A
,a

2
.2

,a
2
.3
]

is
N

E
si

n
ce

:

U
1
(1

,σ
2
)
=

3
>

U
1
(a

1
,σ

2
)

fo
r

an
y
a 1
∈
{2

,3
}

U
2
(σ

2
,1
)
=

1
≥

U
2
(a

2
,1
)

fo
r

an
y
a 2
∈
{A

,R
}3

S
tr

at
eg

y
σ 1

=
[2
],

σ 2
=

[R
,A

,a
2
.3
],

is
N

E
si

n
ce

:

U
1
(2

,σ
2
)
=

2
>

U
1
(a

1
,σ

2
)

fo
r

an
y
a 1
∈
{1

,3
}

U
2
(σ

2
,2
)
=

2
≥

U
2
(a

2
,2
)

fo
r

an
y
a 2
∈
{A

,R
}3

A
si

m
ila

r
ar

gu
m

en
t

w
or

ks
fo

r
th

e
ot

h
er

pr
op

os
ed

N
E

.

O
n

ly
th

e
fi

rs
t

ty
p

e
of

N
E

h
ow

ev
er

,
in

vo
lv

es
th

re
at

s
th

at
ar

e
cr

ed
ib

le
,

si
n

ce
p

la
ye

r
2

w
ou

ld
n

ev
er

cr
ed

ib
ly

re
je

ct
an

off
er

w
or

th
at

le
as

t
1

w
h

en
fa

ce
d

w
it

h
an

ou
ts

id
e

op
ti

on
of

0.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

2
6
/
7
4

N
ot

es

N
ot

es



E
xa

m
pl

e:
T

ra
ns

fo
rm

at
io

n
to

F
in

d
N

E

T
h

e
N

E
of

th
e

ga
m

e
ca

n
b

e
fo

u
n

d
by

lo
ok

in
g

at
N

E
of

th
e

st
ra

te
gi

c
fo

rm
:

1
/

2
A
A
A

R
A
A

A
R
A

A
A
R

R
R
A

R
A
R

A
R
R

R
R
R

1
3,

1
0,

0
3,

1
3,

1
0,

0
0,

0
3,

1
0,

0
2

2,
2

2,
2

0,
0

2,
2

0,
0

2,
2

0,
0

0,
0

3
1,

3
1,

3
1,

3
0,

0
1,

3
0,

0
0,

0
0,

0

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

2
7
/
7
4

E
xt
en
si
ve

F
or
m

G
am

es
:

S
ub

ga
m

e
P

er
fe

ct
E

qu
ili

br
iu

m

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

2
8
/
7
4

N
ot

es

N
ot

es



S
ub

ga
m

e
P

er
fe

ct
E

qu
ili

br
iu

m

A
su

cc
es

so
r

of
a

n
o

d
e
x

is
a

n
o

d
e

th
at

ca
n

b
e

re
ac

h
ed

fr
om

x
fo

r
an

ap
pr

op
ri

at
e

pr
ofi

le
of

ac
ti

on
s.

D
efi

ni
ti

on
(S

ub
ga

m
e)

A
su

b
ga

m
e

is
a

su
b

se
t

of
an

ex
te

n
si

ve
fo

rm
ga

m
e

su
ch

th
at

:

1
It

b
eg

in
s

at
a

si
n

gl
e

n
o

d
e.

2
It

co
n

ta
in

s
al

l
su

cc
es

so
rs

.

3
If

a
ga

m
e

co
n

ta
in

s
an

in
fo

rm
at

io
n

se
t

w
it

h
m

u
lt

ip
le

n
o

d
es

th
en

ei
th

er
al

l
of

th
es

e
n

o
d

es
b

el
on

g
to

th
e

su
b

se
t

or
n

on
e

d
o

es
.

D
efi

ni
ti

on
(S

ub
ga

m
e

P
er

fe
ct

E
qu

ili
br

iu
m

–
S

P
E

)

A
su

b
ga

m
e

p
er

fe
ct

eq
u

ili
br

iu
m

is
an

y
N

E
su

ch
th

at
fo

r
ev

er
y

su
b

ga
m

e
th

e
re

st
ri

ct
io

n
of

st
ra

te
gi

es
to

th
is

su
b

ga
m

e
is

al
so

a
N

E
of

th
e

su
b

ga
m

e.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

2
9
/
7
4

U
ni

qu
e

S
P

E
:

S
el

te
n

H
or

se

T
h

e
fo

llo
w

in
g

ga
m

e
h

ad
a

co
n

ti
n

u
u

m
of

N
E

,
b

u
t

on
ly

on
e

S
P

E
:

σ 1
.1
(A

)
=

1
an

d
σ 2

.1
(C

)
=

1
is

u
n

iq
u

e
S

P
E

;

σ 1
.1
(A

)
=

0
an

d
σ 2

.1
(C

)
≤

2
/

3
ar

e
al

l
N

E
,

b
u

t
n

on
e

S
P

E
.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

3
0
/
7
4

N
ot

es

N
ot

es



U
ni

qu
e

S
P

E
:

U
lt

im
at

um
G

am
e

T
h

is
fo

llo
w

in
g

ga
m

e
h

ad
se

ve
ra

l
N

E
,

b
u

t
on

ly
on

e
S

P
E

:

σ 1
.1
(1
)
=

1
an

d
σ 2

.1
(A

)
=

σ 2
.2
(A

)
=

σ 2
.3
(A

)
=

1.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

3
1
/
7
4

C
om

pu
ti

ng
S

P
E

–
B

ac
kw

ar
d

In
du

ct
io

n

D
efi

n
it

io
n

of
S

P
E

is
d

em
an

d
in

g
b

ec
au

se
it

im
p

os
es

d
is

ci
p

lin
e

on
b

eh
av

io
r

ev
en

in
su

b
ga

m
es

th
at

on
e

ex
p

ec
ts

n
ot

to
b

e
re

ac
h

ed
.

S
P

E
h

ow
ev

er
is

ea
sy

to
co

m
p

u
te

in
p

er
fe

ct
in

fo
rm

at
io

n
ga

m
es

.

B
ac

kw
ar

d
-i

n
d

u
ct

io
n

al
go

ri
th

m
pr

ov
id

es
a

si
m

p
le

w
ay

:

A
t

ev
er

y
n

o
d

e
le

ad
in

g
on

ly
to

te
rm

in
al

n
o

d
es

p
la

ye
rs

p
ic

k
ac

ti
on

s
th

at
ar

e
op

ti
m

al
fo

r
th

em
if

th
at

n
o

d
e

is
re

ac
h

ed
.

A
t

al
l

pr
ec

ed
in

g
n

o
d

es
p

la
ye

rs
p

ic
k

an
ac

ti
on

s
th

at
op

ti
m

al
fo

r
th

em
if

th
at

n
o

d
e

is
re

ac
h

ed
kn

ow
in

g
h

ow
al

l
th

ei
r

su
cc

es
so

rs
b

eh
av

e.

A
n

d
so

on
u

n
ti

l
th

e
ro

ot
of

th
e

tr
ee

is
re

ac
h

ed
.

A
p

u
re

st
ra

te
gy

S
P

E
ex

is
ts

in
an

y
p

er
fe

ct
in

fo
rm

at
io

n
ga

m
e.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

3
2
/
7
4

N
ot

es

N
ot

es



E
xa

m
pl

e:
B

ac
kw

ar
d

In
du

ct
io

n

S
P

E
:

σ 1
.2
=

σ 1
.3
=

[A
],

σ 2
.1
=

[t
],

an
y

σ 2
.2

an
d

σ 1
.1
=

[T
]

N
E

b
u

t
n

ot
S

P
E

:
σ 1

.2
=

σ 1
.3
=

[A
],

σ 2
.1
=

[b
],

an
y

σ 2
.2

an
d

σ 1
.1
=

[B
]

A
ga

in
N

E
m

ay
b

e
su

p
p

or
te

d
by

em
p

ty
th

re
at

s.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

3
3
/
7
4

E
xa

m
pl

e:
M

ar
ke

t
E

nt
ry

C
on

si
d

er
th

e
fo

llo
w

in
g

ga
m

e
b

et
w

ee
n

tw
o

pr
o

d
u

ce
rs

.

F
ir

m
1

is
th

e
in

cu
m

b
en

t
an

d
fi

rm
2

is
th

e
p

ot
en

ti
al

en
tr

an
t.

A
ss

u
m

e
P
>

L
>

0
an

d
M

>
P
>

F
.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

3
4
/
7
4

N
ot

es

N
ot

es



E
xa

m
pl

e:
M

ar
ke

t
E

nt
ry

T
o

fi
n

d
an

S
P

E
w

it
h

su
cc

es
sf

u
l

d
et

er
re

n
ce

,
n

ot
ic

e
th

at
:

If
1

d
o

es
n

ot
in

ve
st

,
it

pr
ef

er
s

to
co

n
ce

d
e

gi
ve

n
en

tr
y

as
P
>

F
.

T
h

u
s

fi
rm

2
pr

ef
er

s
to

en
te

r
if

1
d

o
es

n
ot

in
ve

st
as

P
>

L
.

If
1

d
o

es
in

ve
st

it
pr

ef
er

s
to

fi
gh

t
if

en
tr

y
ta

ke
s

p
la

ce
,

pr
ov

id
ed

th
at

:

F
>

P
−

K

If
so

fi
rm

2
pr

ef
er

s
to

st
ay

ou
t

if
1

h
as

in
ve

st
ed

as
L
>

0.

T
h

u
s

fi
rm

1
pr

ef
er

s
to

in
ve

st
an

d
d

et
er

en
tr

y
if

:

M
−

K
>

P

A
n

S
P

E
ex

is
ts

in
w

h
ic

h
en

tr
y

is
eff

ec
ti

ve
ly

d
et

er
re

d
if

th
e

co
st

sa
ti

sfi
es

:

M
−

P
>

K
>

P
−

F

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

3
5
/
7
4

E
xa

m
pl

e:
T

ra
di

ng
O

ve
r

T
im

e

C
on

si
d

er
a

ga
m

e
p

la
ye

d
by

1
se

lle
r

an
d

3
b

u
ye

rs
:

se
lle

r
ow

n
s

3
id

en
ti

ca
l

ob
je

ct
s

an
d

ca
n

tr
ad

e
in

2
p

er
io

d
s;

in
ev

er
y

p
er

io
d
t
∈
{0

,1
},

th
e

se
lle

r
se

ts
a

pr
ic

e
p
t
;

b
u

ye
rs

ob
se

rv
in

g
th

e
pr

ic
e

d
ec

id
e

w
h

et
h

er
to

b
u

y
an

ob
je

ct
;

b
u

ye
rs

w
an

t
to

p
u

rc
h

as
e

a
si

n
gl

e
ob

je
ct

;

v i
d

en
ot

es
it

s
m

on
et

ar
y

va
lu

e
to

b
u

ye
r
i

w
h

er
e:

v 1
=

5,
v 2

=
8,

v 3
=

10
.

T
h

e
u

ti
lit

y
th

at
i

d
er

iv
es

fr
om

p
u

rc
h

as
in

g
an

ob
je

ct
at

d
at

e
t

is
:

(1
/

2
)t
(v

i
−

p
t
).

If
n
t

ob
je

ct
s

ar
e

so
ld

at
d

at
e
t,

th
e

se
lle

r’
s

p
ay

off
am

ou
n

ts
to

:

n
0
p
0
+
(1

/
2
)n

1
p
1
.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

3
6
/
7
4

N
ot

es

N
ot

es



E
xa

m
pl

e:
T

ra
di

ng
O

ve
r

T
im

e
(S

ub
ga

m
e)

L
et

A
b

e
th

e
se

t
of

b
u

ye
rs

w
h

o
h

av
e

n
ot

b
ou

gh
t

at
d

at
e

0.

In
an

S
P

E
,

w
h

en
th

e
ac

ti
ve

p
la

ye
r

se
t

is
A

at
d

at
e

1:

b
u

ye
r
i

b
u

ys
an

ob
je

ct
if

an
d

on
ly

if
p
1
≤

v i
;

th
e

se
lle

r
se

ts
th

e
fo

llo
w

in
g

pr
ic

es
so

to
m

ax
im

iz
e

pr
ofi

ts

p
1
(A

)
=

  8
if

A
=
{1

,2
,3
}

5
if

A
=
{1

,2
}

5
if

A
=
{1
}

.

F
or

in
st

an
ce

,
fo

r
A
=
{1

,2
,3
},

th
is

fo
llo

w
s

as

n
1
p
1
=

2
∗

8
>

  3
∗
p
1

fo
r

p
1
∈
[0

,5
]

2
∗
p
1

fo
r

p
1
∈
(5

,8
)

1
∗
p
1

fo
r

p
1
∈
(8

,1
0
]

.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

3
7
/
7
4

E
xa

m
pl

e:
T

ra
di

ng
O

ve
r

T
im

e
(S

up
er

ga
m

e)

If
al

l
u

n
it

s
tr

ad
e

at
d

at
e

0,
th

en
p
0
≤

5.

W
h

en
3

u
n

it
s

tr
a

d
e

a
t

d
a

te
0,

th
e

se
lle

r’
s

b
es

t
p

ay
off

am
ou

n
ts

to

n
0
p
0
+
(1

/
2
)n

1
p
1
(∅

)
=

15
+

0
=

15
.

W
h

en
0

u
n

it
s

tr
a

d
e

a
t

d
a

te
0,

th
e

se
lle

r’
s

b
es

t
p

ay
off

am
ou

n
ts

to

n
0
p
0
+
(1

/
2
)n

1
p
1
({

1,
2,

3
})

=
0
+

8
=

8.

If
on

ly
b

u
ye

r
3

b
u

ys
at

d
at

e
0,

it
m

u
st

b
e

th
at

v 3
−

p
0
≥

(1
/

2
)(
v 3
−

p
1
({

1,
2,

3
})
)
⇔

p
0
≤

9.

W
h

en
1

u
n

it
tr

a
d

es
a

t
d

a
te

0,
th

e
se

lle
r’

s
b

es
t

p
ay

off
am

ou
n

ts
to

n
0
p
0
+
(1

/
2
)n

1
p
1
({

1,
2
})

=
9
+

5
=

13
.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

3
8
/
7
4

N
ot

es

N
ot

es



E
xa

m
pl

e:
T

ra
di

ng
O

ve
r

T
im

e
(S

up
er

ga
m

e)

If
on

ly
b

u
ye

rs
3

an
d

2
b

u
y

at
d

at
e

0,
it

m
u

st
b

e
th

at

v 2
−

p
0
≥

(1
/

2
)(
v 2
−

p
1
({

1,
2
})
)
⇔

p
0
≤

13
/

2.

W
h

en
2

u
n

it
s

tr
a

d
e

a
t

d
a

te
0,

th
e

se
lle

r’
s

b
es

t
p

ay
off

am
ou

n
ts

to

n
0
p
0
+
(1

/
2
)n

1
p
1
({

1
})

=
13

+
5

/
2
=

31
/

2.

In
th

e
u

n
iq

u
e

S
P

E
:

p
0
=

13
/

2
an

d
p
1
(A

)
=

5;

tw
o

u
n

it
s

tr
ad

e
at

d
at

e
0

an
d

on
e

at
d

at
e

1;

pr
ofi

ts
am

ou
n

t
to

31
/

2.

If
th

e
se

lle
r

co
u

ld
co

m
m

it
to

p
ri

ce
s,

it
w

ou
ld

se
t
p
0
=

p
1
=

8
an

d
ra

is
e

a
pr

ofi
t

eq
u

al
to

16
.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

3
9
/
7
4

E
xa

m
pl

e:
C

on
si

st
en

t
of

M
on

et
ar

y
P

ol
ic

y

F
ir

st
st

a
g

e:
W

or
ke

rs
ch

o
os

e
fo

r
a

n
om

in
al

w
ag

e,
w

.

S
ec

o
n

d
st

a
g

e:
T

h
e

ce
n

tr
al

b
an

k
ch

o
os

es
an

in
fl

at
io

n
ra

te
,

π
.

T
h

e
re

al
w

ag
e

is
d

en
ot

ed
by

w
r
=

w
/
(1

+
π
).

T
h

e
d

em
an

d
fo

r
w

or
ke

rs
d

en
ot

ed
by

Q
(w

r
)

an
d

sa
ti

sfi
es

Q
(w

r
)
=

1
−

w
r
.

W
or

ke
r’

s
u

ti
lit

y
is

d
et

er
m

in
ed

by
th

e
to

ta
l

w
ag

e,

U
(π

,w
)
=

w
r
Q
(w

r
)
=

w
r
(1
−

w
r
).

C
en

tr
al

b
an

k’
s

ob
je

ct
iv

e
fu

n
ct

io
n

is

V
(π

,w
)
=

α
Q
(w

r
)
−

π
2
/

2.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

4
0
/
7
4

N
ot

es

N
ot

es



E
xa

m
pl

e:
C

on
si

st
en

t
of

M
on

et
ar

y
P

ol
ic

y

S
P

E
of

th
is

ga
m

e
ca

n
b

e
fo

u
n

d
u

si
n

g
b

ac
kw

ar
d

in
d

u
ct

io
n

.

In
th

e
la

st
st

ag
e

gi
ve

n
an

y
w

ag
e
w

:

T
h

e
b

an
k

so
lv

es

m
ax

π
V
(π

,w
)
=

m
ax

π
α

( 1
−

w

1
+

π

) −
π
2 2

.

F
ir

st
or

d
er

co
n

d
it

io
n

s
im

p
ly

th
at

α
w

=
π
(1

+
π
)2

T
h

e
so

lu
ti

on
π
(w

)
is

an
in

cr
ea

si
n

g
fu

n
ct

io
n

of
α
w

.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

4
1
/
7
4

E
xa

m
pl

e:
C

on
si

st
en

t
of

M
on

et
ar

y
P

ol
ic

y

In
th

e
fi

rs
t

st
ag

e,
th

e
w

or
ke

rs
:

C
al

cu
la

te
π
(w

)
an

d
ta

ke
it

as
gi

ve
n

.

S
ol

ve
th

e
fo

llo
w

in
g

pr
ob

le
m

:

m
ax

w
U
(π

(w
),
w
)
=

m
ax

w
w

1
+

π
(w

)

( 1
−

w

1
+

π
(w

)

) .

F
O

C
im

p
ly

th
at

:

w
∗ r
=

w
∗

1
+

π
(w
∗ )

=
1 2

.

T
h

e
la

st
co

n
d

it
io

n
re

d
u

ce
s

th
e

b
an

k’
s

F
O

C
at

th
e

op
ti

m
u

m
to

:

α
/

2
=

π
∗
(1

+
π
∗ )

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

4
2
/
7
4

N
ot

es

N
ot

es



E
xa

m
pl

e:
C

on
si

st
en

t
of

M
on

et
ar

y
P

ol
ic

y

C
o

n
cl

u
si

o
n

s:

w
∗ r
=

Q
(w
∗ r
)
=

1
/

2
in

d
ep

en
d

en
t

of
π
∗ ;

π
∗
>

0
p

os
it

iv
e

in
fl

at
io

n
if

α
>

0.

In
cl

u
d

in
g

em
p

lo
ym

en
t
Q

in
to

th
e

b
an

k’
s

ob
je

ct
iv

e
fu

n
ct

io
n

h
as

n
o

eff
ec

t
on

em
p

lo
ym

en
t
Q

or
re

al
w

ag
es

,
b

u
t

le
ad

s
to

a
p

os
it

iv
e

in
fl

at
io

n
ra

te
.

T
h

e
b

an
k

w
an

ts
to

su
rp

ri
se

w
or

ke
rs

w
it

h
p

os
it

iv
e

in
fl

at
io

n
.

B
u

t
w

or
ke

rs
an

ti
ci

p
at

e
th

e
b

an
k’

s
re

sp
on

se
,

ta
ke

p
os

it
iv

e
in

fl
at

io
n

in
to

ac
co

u
n

t,
an

d
n

eu
tr

al
iz

e
an

y
eff

ec
t

of
th

e
b

an
k’

s
p

ol
ic

y
on

re
al

w
ag

es
.

T
h

e
b

an
k

ca
n

n
ot

cr
ed

ib
ly

co
m

m
it

n
ot

to
ch

an
ge

th
e

in
fl

at
io

n
ra

te
.

T
h

is
ar

gu
m

en
t

fa
vo

rs
re

st
ri

ct
in

g
ce

n
tr

al
b

an
k

p
ol

ic
y

to
in

fl
at

io
n

ta
rg

et
in

g,
le

av
in

g
ou

t
an

y
em

p
lo

ym
en

t
co

n
si

d
er

at
io

n
.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

4
3
/
7
4

E
xt
en
si
ve

F
or
m

G
am

es
:

C
on

cl
ud

in
g

R
em

ar
ks

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

4
4
/
7
4

N
ot

es

N
ot

es



L
im

it
at

io
ns

to
N

E
an

d
S

P
E

B
eh

av
io

r

T
h

e
ex

am
p

le
s

sh
ow

ed
th

at
N

E
b

eh
av

io
r

w
as

n
ot

im
m

u
n

e
to

em
p

ty
tr

ea
ts

.

In
a

N
E

an
y

p
la

ye
r

w
ou

ld
:

b
el

ie
ve

w
it

h
ce

rt
ai

n
ty

th
at

al
l

th
e

ot
h

er
w

ill
co

m
p

ly
w

it
h

th
e

eq
u

ili
br

iu
m

st
ra

te
gy

;

n
ot

co
n

si
d

er
th

e
cr

ed
ib

ili
ty

(r
at

io
n

al
it

y)
of

op
p

on
en

ts
’

b
eh

av
io

r.

S
P

E
b

eh
av

io
r

by
p

as
se

s
th

es
e

lim
it

at
io

n
s

by
im

p
os

in
g

ra
ti

on
al

it
y

on
op

p
on

en
ts

’
b

eh
av

io
r,

as
on

ly
cr

ed
ib

le
th

re
at

s
ar

e
b

el
ie

ve
d

in
eq

u
ili

br
iu

m
.

S
P

E
b

eh
av

io
r

h
ow

ev
er

,
is

n
ot

im
m

u
n

e
to

lim
it

at
io

n
s:

T
o

o
m

u
ch

d
is

ci
p

lin
e

on
eq

u
ili

br
iu

m
b

eh
av

io
r

(c
en

ti
p

ed
e

ga
m

e)
;

U
n

b
o

u
n

d
ed

ra
ti

o
n

a
lit

y
(c

h
es

s)
.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

4
5
/
7
4

L
im

it
at

io
ns

to
S

P
E

B
eh

av
io

r:
C

en
ti

p
ed

e
G

am
e

R
os

en
th

al
h

ig
h

lig
h

te
d

a
ke

y
S

P
E

co
m

p
lic

at
io

n
in

th
e

ce
n

ti
p

ed
e

g
a

m
e.

C
on

si
d

er
th

e
fo

llo
w

in
g

ex
te

n
si

ve
fo

rm
ga

m
e:

In
an

y
S

P
E

b
ot

h
p

la
ye

rs
ch

o
os

e
ou

t.

If
w

e
it

er
at

e
th

e
ga

m
e

as
b

el
ow

,
in

an
y

S
P

E
p

la
ye

rs
al

w
ay

s
ch

o
os

e
ou

t:

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

4
6
/
7
4

N
ot

es

N
ot

es



L
im

it
at

io
ns

to
S

P
E

B
eh

av
io

r:
C

en
ti

p
ed

e
G

am
e

If
w

e
co

n
ti

n
u

e
it

er
at

in
g

th
e

ga
m

e:

In
an

y
S

P
E

p
la

ye
rs

ke
ep

ch
o

os
in

g
ou

t
in

ev
er

y
p

er
io

d
.

H
ow

ev
er

,
su

ch
a

b
eh

av
io

r
ap

p
ea

rs
im

p
la

u
si

b
le

,
as

p
la

ye
rs

sa
cr

ifi
ce

la
rg

e
fu

tu
re

m
u

tu
al

ga
in

s
in

or
d

er
to

co
m

p
ly

w
it

h
ra

ti
on

al
b

eh
av

io
r.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

4
7
/
7
4

L
im

it
at

io
ns

to
S

P
E

B
eh

av
io

r:
C

he
ss

C
h

es
s

ca
n

b
e

m
o

d
el

ed
as

an
ex

te
n

si
ve

fo
rm

ga
m

e:

1
th

e
tr

ee
is

fi
n

it
e;

2
th

e
ga

m
e

is
ze

ro
su

m
ga

m
e

(o
n

e
w

in
s,

th
e

ot
h

er
lo

se
s)

;

3
it

h
as

co
m

p
le

te
in

fo
rm

at
io

n
(i

n
fo

rm
at

io
n

se
ts

co
n

ta
in

on
e

n
o

d
e)

.

If
w

e
st

ar
t

at
th

e
en

d
of

th
e

ga
m

e
ap

p
ly

b
ac

kw
ar

d
in

d
u

ct
io

n
at

ea
ch

st
ep

b
ac

kw
ar

d
s,

w
e

ob
ta

in
ex

ac
tl

y
on

e
p

ai
r

of
p

ay
off

s
(a

s
th

e
ga

m
e

is
ze

ro
su

m
).

C
h

er
m

el
o

1
9

1
2

:

C
h

es
s

is
a

ga
m

e
w

it
h

a
d

et
er

m
in

is
ti

c
ou

tc
om

e:

ei
th

er
w

h
it

e
ca

n
gu

ar
an

te
e

vi
ct

or
y;

or
b

la
ck

ca
n

gu
ar

an
te

e
vi

ct
or

y;

or
ea

ch
p

la
ye

r
ca

n
gu

ar
an

te
e

a
ti

e.

T
h

is
h

ig
h

lig
h

t
th

e
se

co
n

d
m

aj
or

lim
it

at
io

n
of

S
P

E
b

eh
av

io
r.

N
am

el
y

th
at

it
re

q
u

ir
es

an
d

u
n

b
o

u
n

d
ed

le
ve

l
of

ra
ti

o
n

a
lit

y
(c

om
p

u
ti

n
g

p
ow

er
).

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

4
8
/
7
4

N
ot

es

N
ot

es



E
xt

ra
:

D
yn

am
ic

s
an

d
U

nc
er

ta
in

ty

If
ex

te
n

si
ve

fo
rm

ga
m

es
w

it
h

ou
t

p
er

fe
ct

in
fo

rm
at

io
n

,
su

b
ga

m
e

p
er

fe
ct

io
n

ca
n

n
ot

b
e

im
p

os
ed

at
ev

er
y

n
o

d
e,

b
u

t
on

ly
on

su
b

ga
m

es
.

In
su

ch
ga

m
es

a
fu

rt
h

er
eq

u
ili

br
iu

m
re

fi
n

em
en

t
m

ay
h

el
p

to
h

ig
h

lig
h

t
th

e
re

le
va

n
t

eq
u

ili
br

ia
of

th
e

ga
m

e
by

se
le

ct
in

g
th

os
e

w
h

ic
h

sa
ti

sf
y

B
ay

es
ru

le
.

D
efi

ni
ti

on
(P

er
fe

ct
B

ay
es

ia
n

E
qu

ili
br

iu
m

–
P

B
E

)

A
p

er
fe

ct
B

ay
es

ia
n

eq
u

ili
br

iu
m

of
an

ex
te

n
si

ve
fo

rm
ga

m
e

co
n

si
st

s
of

a
pr

ofi
le

of
b

eh
av

io
ra

l
st

ra
te

gi
es

an
d

of
b

el
ie

fs
at

ea
ch

in
fo

rm
at

io
n

se
t

of
th

e
ga

m
e

su
ch

th
at

:

1
st

ra
te

gi
es

fo
rm

an
S

P
E

gi
ve

n
th

e
b

el
ie

fs
;

2
b

el
ie

fs
ar

e
u

p
d

at
ed

u
si

n
g

B
ay

es
ru

le
at

ea
ch

in
fo

rm
at

io
n

se
t

re
ac

h
ed

w
it

h
p

os
it

iv
e

pr
ob

ab
ili

ty
.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

4
9
/
7
4

R
ep
ea
te
d
G
am

es
:

In
fi

ni
te

H
or

iz
on

G
am

es

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

5
0
/
7
4

N
ot

es

N
ot

es



S
um

m
ar

y

R
ep

ea
te

d
G

am
es

:

D
efi

n
it

io
n

s:

F
ea

si
b

le
P

ay
off

s
M

in
m

ax
R

ep
ea

te
d

G
am

e
S

ta
ge

G
am

e
T

ri
gg

er
S

tr
at

eg
y

M
ai

n
R

es
u

lt
:

F
ol

k
T

h
eo

re
m

E
xa

m
p

le
s:

P
ri

so
n

er
’s

D
ile

m
m

a

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

5
1
/
7
4

F
ea

si
bl

e
P

ay
off

s

Q
:

W
h

at
p

ay
off

s
ar

e
fe

as
ib

le
in

a
st

ra
te

gi
c

fo
rm

ga
m

e?

A
:

A
pr

ofi
le

of
p

ay
off

s
is

fe
as

ib
le

in
a

st
ra

te
gi

c
fo

rm
ga

m
e

if
ca

n
b

e
ex

pr
es

se
d

as
a

w
ei

gh
ed

av
er

ag
e

of
p

ay
off

s
in

th
e

ga
m

e.

D
efi

ni
ti

on
(F

ea
si

bl
e

P
ay

off
s)

A
pr

ofi
le

of
p

ay
off

s
{w

i}
i∈

N
is

fe
as

ib
le

in
a

st
ra

te
gi

c
fo

rm
ga

m
e

{ N, {
A
i,
u
i}

i∈
N

} if
th

er
e

ex
is

ts
a

d
is

tr
ib

u
ti

on
ov

er
pr

ofi
le

s
of

ac
ti

on
s

π
su

ch
th

at
:

w
i
=

∑
a
∈A

π
(a
)u

i(
a)

fo
r

an
y

i
∈
N

U
n

fe
as

ib
le

p
ay

off
s

ca
n

n
ot

b
e

ou
tc

om
es

of
th

e
ga

m
e.

P
oi

n
ts

on
th

e
n

or
th

-e
as

t
b

ou
n

d
ar

y
of

th
e

fe
as

ib
le

se
t

ar
e

P
ar

et
o

effi
ci

en
t.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

5
2
/
7
4

N
ot

es

N
ot

es



M
in

m
ax

Q
:

W
h

at
’s

th
e

w
or

st
p

os
si

b
le

p
ay

off
th

at
a

p
la

ye
r

ca
n

ac
h

ie
ve

if
h

e
ch

o
os

es
ac

co
rd

in
g

to
h

is
b

es
t

re
sp

on
se

fu
n

ct
io

n
?

A
:

T
h

e
m

in
m

ax
p

ay
off

.

D
efi

ni
ti

on
(M

in
m

ax
)

T
h

e
(p

u
re

st
ra

te
gy

)
m

in
m

ax
p

ay
off

of
p

la
ye

r
i
∈
N

in
a

st
ra

te
gi

c
fo

rm
ga

m
e
{ N, {

A
i,
u
i}

i∈
N

} is
:

u
i
=

m
in

a
−
i∈

A
−
i

m
ax

a
i∈

A
i

u
i(
a i

,a
−
i)

M
ix

ed
st

ra
te

gy
m

in
m

ax
p

ay
off

s
sa

ti
sf

y:

v
i
=

m
in

σ
−
i

m
ax σ i

u
i(

σ i
,σ
−
i)

T
h

e
m

ix
ed

st
ra

te
gy

m
in

m
ax

is
n

ot
h

ig
h

er
th

an
th

e
p

u
re

st
ra

te
gy

m
in

m
ax

.
N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

5
3
/
7
4

E
xa

m
pl

e:
P

ri
so

ne
r’

s
D

ile
m

m
a

M
in

m
ax

P
ay

off
:
(1

,1
)

F
ea

si
b

le
P

ay
off

s:
b

lu
e

an
d

re
d

ar
ea

s.

In
d

iv
id

u
al

ly
R

at
io

n
al

P
ay

off
s:

re
d

ar
ea

.

S
ta

ge
G

am
e

P
ay

off
s

1
\2

w
s

w
2,

2
0,

3
s

3,
0

1,
1

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

5
4
/
7
4

N
ot

es

N
ot

es



E
xa

m
pl

e:
B

at
tl

e
of

th
e

S
ex

es

M
in

m
ax

P
ay

off
:
(2

,2
)

F
ea

si
b

le
P

ay
off

s:
b

lu
e

an
d

re
d

ar
ea

s.

In
d

iv
id

u
al

ly
R

at
io

n
al

P
ay

off
s:

re
d

ar
ea

.

S
ta

ge
G

am
e

P
ay

off
s

1
\2

w
s

w
3,

3
1,

0
s

0,
1

2,
2

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

5
5
/
7
4

R
ep

ea
te

d
G

am
e:

T
im

in
g

C
on

si
d

er
an

y
st

ra
te

gi
c

fo
rm

ga
m

e
G

=
{ N, {

A
i,
u
i}

i∈
N

} .

C
al

l
G

th
e

st
ag

e
ga

m
e.

A
n

in
fi

n
it

el
y

re
p

ea
te

d
ga

m
e

d
es

cr
ib

es
a

st
ra

te
gi

c
en

vi
ro

n
m

en
t

in
w

h
ic

h
th

e
st

ag
e

ga
m

e
is

p
la

ye
d

re
p

ea
te

d
ly

by
th

e
sa

m
e

p
la

ye
rs

in
fi

n
it

el
y

m
an

y
ti

m
es

.

R
ou

n
d

1
..

.
R

ou
n

d
t

..
.

..
.

..
.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

5
6
/
7
4

N
ot

es

N
ot

es



R
ep

ea
te

d
G

am
es

:
P

ay
off

s
an

d
D

is
co

un
ti

ng

T
h

e
va

lu
e

to
p

la
ye

r
i
∈
N

of
a

p
ay

off
st

re
am
{u

i(
1
),
u
i(

2
),

..
.,
u
i(
t)

,.
..
}

is
:

(1
−

δ)
∑

∞ t=
1
δt
−
1
u
i(
t)

T
h

e
te

rm
(1
−

δ)
am

ou
n

ts
to

a
si

m
p

le
n

or
m

al
iz

at
io

n

..
.

an
d

gu
ar

an
te

es
th

at
a

co
n

st
an

t
st

re
am
{v

,v
,.

..
}

h
as

va
lu

e
v

.

F
u

tu
re

p
ay

off
s

ar
e

d
is

co
u

n
te

d
at

ra
te

δ.

A
n

in
fi

n
it

el
y

re
p

ea
te

d
ga

m
e

ca
n

b
e

u
se

d
to

d
es

cr
ib

e
st

ra
te

gi
c

en
vi

ro
n

m
en

ts
in

w
h

ic
h

th
er

e
is

n
o

ce
rt

ai
n

ty
of

a
fi

n
al

st
ag

e.

In
su

ch
vi

ew
δ

d
es

cr
ib

es
th

e
pr

ob
ab

ili
ty

th
at

th
e

ga
m

e
d

o
es

n
ot

en
d

at
th

e
n

ex
t

ro
u

n
d

w
h

ic
h

w
ou

ld
re

su
lt

in
a

p
ay

off
of

0
th

er
ea

ft
er

.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

5
7
/
7
4

R
ep

ea
te

d
G

am
es

:
P

er
fe

ct
In

fo
rm

at
io

n
an

d
S

tr
at

eg
ie

s

T
o

d
ay

w
e

re
st

ri
ct

at
te

n
ti

on
to

p
er

fe
ct

in
fo

rm
at

io
n

re
p

ea
te

d
ga

m
es

.

In
su

ch
ga

m
es

al
l

p
la

ye
rs

pr
io

r
to

ea
ch

ro
u

n
d

ob
se

rv
e

th
e

ac
ti

on
s

ch
os

en
by

al
l

ot
h

er
p

la
ye

rs
at

pr
ev

io
u

s
ro

u
n

d
s.

L
et

a(
s)

=
{a

1
(s
),

..
.,
a n
(s
) }

d
en

ot
e

th
e

ac
ti

on
pr

ofi
le

p
la

ye
d

at
ro

u
n

d
s.

A
h

is
to

ry
of

p
la

y
u

p
to

st
ag

e
t

th
u

s
co

n
si

st
s

of
:

h
(t
)
=
{a
(1
),
a(

2
),

..
.,
a(
t
−

1
) }

In
th

is
co

n
te

xt
st

ra
te

gi
es

m
ap

h
is

to
ri

es
(i

e
in

fo
rm

at
io

n
)

to
ac

ti
on

s:

α
i(
h
(t
))
∈
A
i

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

5
8
/
7
4

N
ot

es

N
ot

es



P
ri

so
ne

r’
s

D
ile

m
m

a
F

ol
k

T
he

or
em

C
on

si
d

er
th

e
pr

is
on

er
’s

d
ile

m
m

a
d

is
cu

ss
ed

ea
rl

ie
r:

1
\2

w
s

w
2,

2
0,

3
s

3,
0

1,
1

T
o

u
n

d
er

st
an

d
h

ow
eq

u
ili

br
iu

m
b

eh
av

io
r

is
aff

ec
te

d
by

re
p

et
it

io
n

,
le

t’
s

sh
ow

w
h

y
(2

,2
)

is
S

P
E

of
th

e
in

fi
n

it
el

y
re

p
ea

te
d

pr
is

on
er

’s
d

ile
m

m
a.

F
ol

k
th

eo
re

m
sh

ow
s

th
at

an
y

fe
as

ib
le

p
ay

off
th

at
yi

el
d

s
to

b
ot

h
p

la
ye

rs
at

le
as

t
th

ei
r

m
in

m
ax

va
lu

e
is

a
S

P
E

of
th

e
in

fi
n

it
el

y
re

p
ea

te
d

ga
m

e
if

th
e

d
is

co
u

n
t

fa
ct

or
is

su
ffi

ci
en

tl
y

h
ig

h
.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

5
9
/
7
4

G
ri

m
T

ri
gg

er
S

tr
at

eg
ie

s

C
on

si
d

er
th

e
fo

llo
w

in
g

st
ra

te
gy

(k
n

ow
n

as
gr

im
tr

ig
ge

r
st

ra
te

gy
):

a i
(t
)
=

{ w
if

a(
z
)
=

(w
,w

)
fo

r
an

y
z
<

t
s

ot
h

er
w

is
e

S
u

ch
a

st
ra

te
gy

ca
n

b
e

gr
ap

h
ic

al
ly

re
pr

es
en

te
d

as
a

2-
st

at
e

au
to

m
at

on
:

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

6
0
/
7
4

N
ot

es

N
ot

es



G
ri

m
T

ri
gg

er
S

P
E

C
on

si
d

er
th

e
gr

im
tr

ig
ge

r
st

ra
te

gy
:

If
al

l
p

la
ye

rs
fo

llo
w

su
ch

st
ra

te
gy

,
n

o
p

la
ye

r
ca

n
d

ev
ia

te
an

d
b

en
efi

t
at

an
y

gi
ve

n
ro

u
n

d
pr

ov
id

ed
th

at
δ
≥

1
/

2.

In
su

b
ga

m
es

in
w

h
ic

h
a(
t)

=
(w

,w
)

n
o

p
la

ye
r

b
en

efi
ts

fr
om

a
d

ev
ia

ti
on

as
:

(1
−

δ )
( 3

+
δ
+

δ2
+

δ3
+

..
.) =

3
−

2
δ
≤

2
⇔

δ
≥

1
/

2

In
su

b
ga

m
es

in
w

h
ic

h
a(
t)

=
(s

,s
)

n
o

p
la

ye
r

b
en

efi
ts

fr
om

a
d

ev
ia

ti
on

as
:

(1
−

δ )
( 0

+
δ
+

δ2
+

δ3
+

..
.) =

δ
≤

1
⇔

δ
≤

1

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

6
1
/
7
4

F
ol

k
T

he
or

em

T
he

or
em

(S
P

E
F

ol
k

T
he

or
em

)

In
an

y
tw

o-
p

er
so

n
in

fi
n

it
el

y
re

p
ea

te
d

ga
m

e:

1
F

or
an

y
d

is
co

u
n

t
fa

ct
or

δ,
th

e
d

is
co

u
n

te
d

av
er

ag
e

p
ay

off
of

ea
ch

p
la

ye
r

in
an

y
S

P
E

is
at

le
as

t
h

is
m

in
m

ax
va

lu
e

in
th

e
st

ag
e

ga
m

e.

2
A

n
y

fe
as

ib
le

p
ay

off
pr

ofi
le

th
at

yi
el

d
s

to
al

l
p

la
ye

rs
at

le
as

t
th

ei
r

m
in

m
ax

va
lu

e
is

th
e

d
is

co
u

n
te

d
av

er
ag

e
p

ay
off

of
a

S
P

E
if

th
e

d
is

co
u

n
t

fa
ct

or
δ

is
su

ffi
ci

en
tl

y
cl

os
e

to
1.

3
F

or
an

y
N

E
of

th
e

st
ag

e
ga

m
e,

th
e

in
fi

n
it

el
y

re
p

ea
te

d
ga

m
e

p
os

se
ss

es
a

co
rr

es
p

on
d

in
g

S
P

E
in

w
h

ic
h

p
la

ye
rs

’
d

is
co

u
n

te
d

av
er

ag
e

p
ay

off
s

co
in

ci
d

e
w

it
h

p
ay

off
s

in
th

e
d

es
ir

ed
N

E
.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

6
2
/
7
4

N
ot

es

N
ot

es



T
es

ti
ng

S
P

E
in

R
ep

ea
te

d
G

am
es

D
efi

ni
ti

on
(O

ne
-D

ev
ia

ti
on

P
ro

p
er

ty
)

A
st

ra
te

gy
sa

ti
sfi

es
th

e
on

e-
d

ev
ia

ti
on

pr
op

er
ty

if
n

o
p

la
ye

r
ca

n
in

cr
ea

se
h

is
p

ay
off

by
ch

an
gi

n
g

h
is

ac
ti

on
at

th
e

st
ar

t
of

an
y

su
b

ga
m

e
in

w
h

ic
h

h
e

is
th

e
fi

rs
t-

m
ov

er
gi

ve
n

ot
h

er
p

la
ye

rs
’

st
ra

te
gi

es
an

d
th

e
re

st
of

h
is

ow
n

st
ra

te
gy

.

F
ac

t

A
st

ra
te

gy
pr

ofi
le

in
an

ex
te

n
si

ve
ga

m
e

w
it

h
p

er
fe

ct
in

fo
rm

at
io

n
an

d
in

fi
n

it
e

h
or

iz
on

is
a

S
P

E
if

an
d

on
ly

if
it

sa
ti

sfi
es

th
e

on
e-

d
ev

ia
ti

on
pr

op
er

ty
.

T
h

is
ob

se
rv

at
io

n
ca

n
b

e
u

se
d

to
te

st
w

h
et

h
er

a
st

ra
te

gy
pr

ofi
le

is
a

S
P

E
of

an
in

fi
n

it
el

y
re

p
ea

te
d

ga
m

e
as

w
e

d
id

in
th

e
P

ri
so

n
er

’s
d

ile
m

m
a

ex
am

p
le

.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

6
3
/
7
4

E
xa

m
pl

e:
D

iff
er

en
t

E
qu

ili
br

iu
m

B
eh

av
io

r

N
ex

t
sh

ow
w

h
y
(1

.5
,1

.5
)

is
al

so
an

S
P

E
of

th
e

re
p

ea
te

d
P

D
as

δ
→

1.

C
on

si
d

er
th

e
fo

llo
w

in
g

p
ai

r
of

st
ra

te
gi

es
:

a(
t)

=

  (w
,s
)

if
t

is
ev

en
a

n
d

a(
z
)

/∈
{(
s,
s)

,(
w

,w
) }

fo
r

an
y
z
<

t
(s

,w
)

if
t

is
o

d
d

a
n

d
a(
z
)

/∈
{(
s,
s)

,(
w

,w
) }

fo
r

an
y
z
<

t
(s

,s
)

ot
h

er
w

is
e

If
δ
≥

1
/

2,
n

o
p

la
ye

r
ca

n
pr

ofi
ta

b
ly

d
ev

ia
te

fr
om

th
e

st
ra

te
gy

.

W
h

en
a(
t)

=
(s

,w
),
(w

,s
),

n
o

p
la

ye
r

b
en

efi
ts

fr
om

a
d

ev
ia

ti
on

as
:

1
≤

(1
−

δ )
( 3

δ
+

3
δ3

+
3

δ5
+

..
.) =

3
δ/

(1
+

δ)

(1
−

δ )
( 2

+
δ
+

δ2
..

.) =
2
−

δ
≤

(1
−

δ )
( 3

+
3

δ2
+

3
δ4

..
.) =

3
/
(1

+
δ)

W
h

en
a(
t)

=
(s

,s
),

n
o

p
la

ye
r

b
en

efi
ts

fr
om

a
d

ev
ia

ti
on

as
:

(1
−

δ )
( 0

+
δ
+

δ2
+

δ3
+

..
.) =

δ
≤

1
⇔

δ
≤

1

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

6
4
/
7
4

N
ot

es

N
ot

es



E
xa

m
pl

e:
D

iff
er

en
t

P
un

is
hm

en
ts

C
on

si
d

er
th

e
fo

llo
w

in
g

ga
m

e
–

w
it

h
m

in
m

ax
p

ay
off

s
of

(1
,1
):

1
\2

A
B

A
0,

0
4,

1
B

1,
4

3,
3

T
w

o
P

N
E

:
(A

,B
)

an
d
(B

,A
)

w
it

h
p

ay
off

s
(1

,4
)

an
d
(4

,1
).

A
lw

ay
s

p
la

yi
n

g
(B

,B
)

is
S

P
E

of
th

e
re

p
ea

te
d

ga
m

e
fo

r
δ

h
ig

h
en

ou
gh

.

C
on

si
d

er
th

e
fo

llo
w

in
g

gr
im

tr
ig

ge
r

st
ra

te
gy

:

a(
t)

=

          (B
,B

)
if

a(
s)

=
(B

,B
)

fo
r

an
y

s
<

t

(B
,A

)
if

a(
s)

=

{ (B
,B

)
fo

r
s
<

z
(A

,B
)

fo
r

s
=

z
fo

r
z
∈
{0

,.
.,
t
−

1
}

(A
,B

)
if

a(
s)

=

{ (B
,B

)
fo

r
s
<

z
(B

,A
)

fo
r

s
=

z
fo

r
z
∈
{0

,.
.,
t
−

1
}

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

6
5
/
7
4

E
xa

m
pl

e:
D

iff
er

en
t

P
un

is
hm

en
ts

1
\2

A
B

A
0,

0
4,

1
B

1,
4

3,
3

If
al

l
fo

llo
w

su
ch

st
ra

te
gy

,
n

o
p

la
ye

r
ca

n
d

ev
ia

te
an

d
b

en
efi

t
if

δ
≥

1
/

3.

W
h

en
a(
t)

=
(B

,B
),

n
o

p
la

ye
r

p
la

ye
r

b
en

efi
ts

fr
om

a
d

ev
ia

ti
on

if
δ
≥

1
/

3:

(1
−

δ )
( 4

+
δ
+

δ2
+

δ3
+

..
.) =

4
−

3
δ
≤

3
⇔

δ
≥

1
/

3

W
h

en
a(
t)

=
(B

,A
),

n
o

p
la

ye
r

p
la

ye
r

b
en

efi
ts

fr
om

a
d

ev
ia

ti
on

as
:

(1
−

δ )
( 0

+
δ
+

δ2
+

δ3
+

..
.) =

δ
≤

1
⇔

δ
≤

1

(1
−

δ )
( 3

+
4

δ
+

4
δ2

+
4

δ3
+

..
.) =

3
+

δ
≤

4
⇔

δ
≤

1

W
h

en
a(
t)

=
(A

,B
),

n
o

on
e

w
is

h
es

to
d

ev
ia

te
fo

r
sy

m
m

et
ri

c
re

as
on

s.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

6
6
/
7
4

N
ot

es

N
ot

es



R
ep
ea
te
d
G
am

es
:

F
in

it
e

H
or

iz
on

G
am

es

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

6
7
/
7
4

F
in

it
el

y
R

ep
ea

te
d

G
am

es

N
ow

su
p

p
os

e
th

at
th

e
st

ag
e-

ga
m

e
G

is
re

p
ea

te
d
T

ti
m

es
,

fo
r
T

fi
n

it
e.

A
s

fo
r

in
fi

n
it

el
y

re
p

ea
te

d
ga

m
es

,
a

st
ra

te
gy

of
a

p
la

ye
r

is
a

p
la

n
th

at
as

si
gn

s
a

st
ag

e-
ga

m
e

ac
ti

on
in

ev
er

y
p

er
io

d
to

an
y

p
os

si
b

le
h

is
to

ry
.

T
h

e
n

u
m

b
er

of
p

os
si

b
le

h
is

to
ri

es
is

n
ow

fi
n

it
e.

T
h

e
p

ay
off

of
p

la
ye

r
i

gi
ve

n
a

se
q

u
en

ce
of

st
ag

e-
ga

m
e

ac
ti

on
s
{a

t
}T t=

1
is

∑
T t=

1
δt
−
1

i
u
i(
at
)

T
he

or
em

C
on

si
d

er
th

e
fi

n
it

el
y

re
p

ea
te

d
pr

is
on

er
s’

d
ile

m
m

a.
T

h
en

,
if

œ
is

su
b

ga
m

e
p

er
fe

ct
,

σ i
(h
)
=

s
fo

r
an

y
h

is
to

ry
h

.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

6
8
/
7
4

N
ot

es

N
ot

es



F
in

it
el

y
R

ep
ea

te
d

G
am

es

P
ro

of
.

T
ak

e
an

y
su

b
ga

m
e

in
th

e
la

st
p

er
io

d
T

(f
or

an
y

pr
ev

io
u

s
h

is
to

ry
).

T
h

is
ga

m
e

is
p

la
ye

d
on

ly
fo

r
on

e
p

er
io

d
.

H
en

ce
,

an
y

N
E

in
th

is
su

b
ga

m
e

im
p

lie
s

th
at

b
ot

h
p

la
ye

rs
p

la
y
s.

C
on

si
d

er
n

ow
p

er
io

d
T
−

1.
W

e
kn

ow
th

at
b

ot
h

p
la

ye
rs

p
la

y
s

in
p

er
io

d
T

re
ga

rd
le

ss
of

w
h

at
th

ey
d

o
in

p
er

io
d
T
−

1.

H
en

ce
,

n
o

p
la

ye
r

p
la

ys
w

in
p

er
io

d
T
−

1
af

te
r

an
y

h
is

to
ry

as
,

by
d

ev
ia

ti
n

g
to

s,
a

p
la

ye
r

ga
in

s
in

p
er

io
d
T
−

1
an

d
su

ff
er

s
n

o
lo

ss
es

in
p

er
io

d
T

(t
h

e
op

p
on

en
t

p
la

ys
s

in
p

er
io

d
T

re
ga

rd
le

ss
of

th
e

p
la

y
in

T
−

1)
.

C
on

si
d

er
n

ow
p

er
io

d
T
−

2,
et

c.
..

.

A
d

ap
ta

ti
on

s
of

th
e

pr
o

of
sh

ow
th

at
th

is
re

su
lt

ex
te

n
d

s:

to
an

y
st

ag
e

ga
m

e
w

it
h

a
u

n
iq

u
e

N
E

;

to
u

n
ce

rt
ai

n
ty

ov
er

fi
n

it
e

ti
m

e
h

or
iz

on
T

.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

6
9
/
7
4

R
ep
ea
te
d
G
am

es
:

C
om

m
en

ts
on

P
ri

va
te

M
on

it
or

in
g

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

7
0
/
7
4

N
ot

es

N
ot

es



Im
p

er
fe

ct
P

ri
va

te
M

on
it

or
in

g

R
ep

ea
te

d
ga

m
es

w
er

e
in

it
ia

lly
st

u
d

ie
d

u
n

d
er

th
e

as
su

m
p

ti
on

th
at

p
la

ye
rs

ob
se

rv
e

th
e

ac
ti

on
s

ch
os

en
by

al
l

p
la

ye
rs

in
al

l
th

e
pr

ev
io

u
s

p
er

io
d

s.

If
so

,
p

la
ye

rs
ar

e
ab

le
to

co
or

d
in

at
e

th
ei

r
b

eh
av

io
r

to
ge

n
er

at
e

d
yn

am
ic

in
ce

n
ti

ve
s

ca
p

ab
le

of
su

st
ai

n
in

g
eq

u
ili

br
iu

m
ou

tc
om

es
w

h
ic

h
d

iff
er

fr
om

st
at

ic
N

as
h

b
eh

av
io

r.

A
m

or
e

re
ce

n
t

an
d

va
st

lit
er

at
u

re
h

as
co

n
si

d
er

ed
re

p
ea

te
d

ga
m

es
in

w
h

ic
h

th
e

ac
ti

on
s

of
th

e
p

la
ye

rs
ar

e
m

on
it

or
ed

pr
iv

at
el

y
an

d
im

p
er

fe
ct

ly
.

A
re

ce
n

t
re

su
lt

by
S

u
ga

ya
h

as
es

ta
b

lis
h

ed
th

at
a

F
ol

k
th

eo
re

m
ap

p
lie

s
ev

en
in

th
is

se
tu

p
s

u
n

d
er

so
m

e
ad

d
it

io
n

al
as

su
m

p
ti

on
s.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

7
1
/
7
4

Im
p

er
fe

ct
P

ri
va

te
M

on
it

or
in

g

C
on

si
d

er
th

e
fo

llo
w

in
g

P
ri

so
n

er
’s

D
ile

m
m

a:

1
\2

C
D

C
3,

3
-1

,4
D

4,
-1

0,
0

S
u

p
p

os
e

th
at

th
is

ga
m

e
is

re
p

ea
te

d
an

in
fi

n
it

e
n

u
m

b
er

of
ti

m
es

an
d

th
at

δ
is

th
e

d
is

co
u

n
t

fa
ct

or
of

b
ot

h
p

la
ye

rs
.

C
on

si
d

er
th

e
”g

ri
m

tr
ig

ge
r”

st
ra

te
gy

:

p
la

y
C

if
(C

,C
)

w
as

p
la

ye
d

in
ev

er
y

p
as

t
p

er
io

d
;

p
la

y
D

ot
h

er
w

is
e.

If
b

ot
h

p
la

ye
rs

ad
op

t
th

e
ab

ov
e

st
ra

te
gy

an
d

δ
is

su
ffi

ci
en

tl
y

h
ig

h
,

w
e

h
av

e
an

eq
u

ili
br

iu
m

in
w

h
ic

h
(C

,C
)

is
p

la
ye

d
in

ev
er

y
p

er
io

d
.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

7
2
/
7
4

N
ot

es

N
ot

es



Im
p

er
fe

ct
P

ri
va

te
M

on
it

or
in

g

W
h

en
ac

ti
on

s
ar

e
n

ot
ob

se
rv

ab
le

,
th

e
co

n
st

ru
ct

io
n

of
d

yn
am

ic
in

ce
n

ti
ve

s
is

fa
r

m
or

e
co

m
p

lic
at

ed
.

S
u

p
p

os
e

th
at

ea
ch

p
la

ye
r

ob
se

rv
es

th
e

ac
ti

on
s

of
th

e
op

p
on

en
ts

pr
iv

at
el

y
an

d
im

p
er

fe
ct

ly
.

E
xa

m
p

le
s:

F
ir

m
s

m
ay

n
ot

ob
se

rv
e

th
e

pr
ic

e
ch

ar
ge

d
by

co
m

p
et

it
or

s
w

h
en

pr
ic

es
d

et
er

m
in

ed
in

pr
iv

at
e

n
eg

ot
ia

ti
on

s.

F
ir

m
s

m
ay

on
ly

ob
se

rv
e

d
ec

re
as

es
in

th
ei

r
sa

le
s,

b
u

t
m

ay
b

e
u

n
ab

le
to

es
ta

b
lis

h
w

it
h

ce
rt

ai
n

ty
th

e
ca

u
se

:

d
ev

ia
n

t
b

eh
av

io
r

by
th

ei
r

co
m

p
et

it
or

s
(e

g
se

cr
et

pr
ic

e
cu

tt
in

g)

th
ei

r
ow

n
b

eh
av

io
r

(e
g

lo
w

q
u

al
it

y
cu

st
om

er
se

rv
ic

e)
.

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

7
3
/
7
4

Im
p

er
fe

ct
P

ri
va

te
M

on
it

or
in

g

T
h

e
gr

im
tr

ig
ge

r
st

ra
te

gy
ca

n
n

ot
b

e
an

eq
u

ili
br

iu
m

w
it

h
su

ch
m

on
it

or
in

g:

S
u

p
p

os
e

th
at

p
la

ye
r

1
ex

p
ec

ts
p

la
ye

r
2

to
p

la
y
C

w
it

h
ce

rt
ai

n
ty

.

If
p

la
ye

r
1

ob
se

rv
es

D
(a

fa
ll

in
sa

le
s)

,
h

e
m

u
st

co
n

cl
u

d
e

th
at

th
is

is
n

ot
d

u
e

to
p

la
ye

r
2

p
la

yi
n

g
D

(p
ri

ce
cu

ts
),

b
u

t
to

ot
h

er
re

as
on

s.

T
h

en
p

la
ye

r
on

e
sh

ou
ld

n
ot

p
la

y
D

n
ex

t
p

er
io

d
,

as
th

is
w

ou
ld

tr
ig

ge
r

p
la

ye
r

2’
s

p
u

n
is

h
m

en
t

(t
h

e
gr

im
tr

ig
ge

r
st

ra
te

gy
).

M
u

tu
al

d
et

er
re

n
ce

ev
ap

or
at

es
:

if
p

la
ye

r
1

co
n

ti
n

u
es

to
p

la
y
C

af
te

r
ob

se
rv

in
g
D

,
p

la
ye

r
2

d
o

es
ga

in
by

p
la

yi
n

g
D

(s
ec

re
tl

y
cu

tt
in

g
pr

ic
es

).

N
a
va

(L
S
E
)

D
yn

a
m
ic

G
a
m
es

M
ic
h
a
el
m
a
s
T
er
m

7
4
/
7
4

N
ot

es

N
ot

es



On the Concavity of the Expenditure Function (EC411 —Nava)

Let h(p, u) denote the n× 1 vector of Hicksian demands.

The law of compensated demand states that for preferences that satisfy LNS
and convexity, and for any two strictly positive 1 × n price vectors p, p̄ >> 0,
we have that

(p− p̄)︸ ︷︷ ︸
1×n

· (h(p, u)− h(p̄, u))︸ ︷︷ ︸
n×1

≤ 0.

This obtains because by the optimality of h(p, u) in the expenditure minimiza-
tion problem, as it implies both

p · h(p, u) ≤ p · h(p̄, u) &

p̄ · h(p̄, u) ≤ p̄ · h(p, u).

By adding the two and rearranging the result the law of compensated demands
follows.

Next we exploit the law of compensated demand to prove the concavity of the
expenditure function. Note that the differential version of the law of demand
states that

dp︸︷︷︸
1×n

· dh(p, u)︸ ︷︷ ︸
n×1

≤ 0.

Let Dph(p, u) denote the n×n Jacobian of h(p, u) with respect to prices. Recall
that that dh(p, u) = Dph(p, u) · dpT . Substituting we obtain that

dp︸︷︷︸
1×n

·Dph(p, u)︸ ︷︷ ︸
n×n

· dpT︸︷︷︸
n×1

≤ 0,

and therefore that Dph(p, u) is negative semidefinite.

This immediately implies the concavity of the expenditure function since:

de(p, u)

dp
= h(p, u) and

d2e(p, u)

dp2
= Dph(p, u).
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More on Welfare (EC411 —Nava)

Consider the market for good 1, where x1(p,m) is demand for good 1. Suppose
that the only price of good 1 goes from the old price pO1 to the new price p

N
1 .

For convenience, throughout let p = (p1, p−1), let

uO = v(pO1 , p−1,m) and uN = v(pN1 , p−1,m).

As mentioned in lecture, CS measures the change in welfare normalized by
the change in purchasing power of the consumer

CS =

∫ pN1

pO1

∂v(p,m)/∂p1
∂v (p,m) /∂m

dp1 =

∫ pN1

pO1

− x1(p,m)dp1 =

=

∫ pO1

pN1

x1(p,m)dp1 =

∫ pO1

pN1

h1(p, v(p,m))dp1

=

∫ pO1

pN1

∂e(p, v(p,m))

∂p1
dp1.

The first integral goes from pO1 to pN1 as prices go from pO1 to pN1 . Equalities
above follows respectively from: Roy, change of order of integration, duality,
and the envelope theorem. The order of integration makes sense as CS > 0
requires pO1 > p

N
1 , while CS < 0 requires p

O
1 < p

N
1 .

The other two welfare measures derived in lecture were

EV =

∫ pO1

pN1

∂e(p, uN )

∂p1
dp1 =

∫ pO1

pN1

h1(p, u
N )dp1,

CV =

∫ pO1

pN1

∂e(p, uO)

∂p1
dp1 =

∫ pO1

pN1

h1(p, u
O)dp1.

In lecture we had also shown that

Normal:
∂x1
∂m

> 0 ⇒ ∂h1
∂u

> 0

Inferior:
∂x1
∂m

< 0 ⇒ ∂h1
∂u

< 0

since by LNS ∂v/∂m > 0 and by duality

∂x1
∂m

=
∂h1
∂u

∂v

∂m
.

given that x1(p,m) = h1(p, v(p,m)).

1



To formally compare the 3 welfare criteria, keep the prices of all good, but
for good 1 fixed. Then observe that if the price decreases pN1 ≤ p1 ≤ pO1 , we
obtain that

uO ≤ v(p,m) ≤ uN .
Consequently, if the good is normal ∂h1/∂u > 0, we know that

h1(p, u
O) ≤ x1(p,m) = h1(p, v(p,m)) ≤ h1(p, uN ).

which by integration immediately implies

CV ≤ CS ≤ EV .

If the good is inferior instead ∂h1/∂u < 0, we know that

h1(p, u
O) ≥ x1(p,m) = h1(p, v(p,m)) ≥ h1(p, uN ).

which by integration immediately implies

CV ≥ CS ≥ EV .

If the price increases instead pO1 ≤ p ≤ pN1 , we obtain that

uN ≤ v(p,m) ≤ uO.

Consequently, if the good is normal ∂h1/∂u > 0, we know that

h1(p, u
N ) ≤ x1(p,m) = h1(p, v(p,m)) ≤ h1(p, uO).

which by integration immediately implies

EV ≤ CS ≤ CV .

If the good is inferior instead ∂h1/∂u < 0, we know that

h1(p, u
N ) ≥ x1(p,m) = h1(p, v(p,m)) ≥ h1(p, uO).

which by integration immediately implies

EV ≥ CS ≥ CV .

Just as an FYI on Slutsky with discrete price changes, let me add that the
substitution effect can be computed as

SE = h1(p
N
1 , p−1, u

O)− h1(pO1 , p−1, uO).

The total effect can be computed as

TE = x1(p
N
1 , p−1,m)− x1(pO1 , p−1,m)

= h1(p
N
1 , p−1, u

N )− h1(pO1 , p−1, uO),

and consequently the income effect can be computed as

IE = h1(p
N
1 , p−1, u

N )− h1(pN1 , p−1, uO)
= TE − SE.
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On the Convexity of the Production Set (EC411 —Nava)

Consider a firm producing 1 output with n inputs.

Let’s show that if the production possibility set Y is convex, the production
function f : Rn → R is concave.

Consider any two feasible production plans

(f(x′),−x′), (f(x′′),−x′′) ∈ Y ,

and for λ ∈ (0, 1), let

(y,−x) = λ(f(x′),−x′) + (1− λ)(f(x′′),−x′′).

As Y is convex (y,−x) ∈ Y . Moreover, by definition of the production function

f(x) ≥ ȳ, for any (ȳ,−x) ∈ Y .

This immediately delivers the result as the previous observations imply that

f(x) = f(λx′ + (1− λ)x′′) ≥ λf(x′) + (1− λ)f(x′′).

1



On Concavity and Returns to Scale (EC411 —Nava)

Let f(x) denote a concave production function for a vector of inputs x.

Concavity of the production function requires that for any p ∈ [0, 1] and for any
two input vectors x, x′ we have

f(px+ (1− p)x′) ≥ pf(x) + (1− p)f(x′).

Further assume that f(0) = 0. If so, concavity implies that for any p ∈ [0, 1]

f(px) = f(px+ (1− p)0) ≥ pf(x) + (1− p)f(0) = pf(x).

This implies that the production function is subadditive as for any t ≥ 1,

tf(x) = tf

(
1

t
tx

)
≥ t1

t
f (tx) = f (tx) .

This implies decreasing or constant returns to scale. Strict concavity equiva-
lently implies DRS.

1



On the Slope of the Supply Function (EC411 —Nava)

Let y(p, w) denote the supply function of a firm and let x(p, w) denote the vector
of input demands.

Recall that y(p, w) satisfies

y(p, w) = f(x(p, w)).

Thus, the slope of the supply function with respect to the output price is equal
to

∂y(p, w)

∂p
=
∑n

i=1

[
∂f(x(p, w))

∂xi

∂xi(p, w)

∂p

]
=

[
∂f(x(p, w))

∂x

]
︸ ︷︷ ︸

1×n

[
∂x(p, w)

∂p

]
︸ ︷︷ ︸

n×1

.

Next, recall that first order conditions for profit maximization require

p
∂f(x(p, w))

∂x
= w︸︷︷︸

1×n

.

By totally differentiating this equation with respect to the output price p, we
further obtain that

∂f(x(p, w))

∂x
+ p

∂x(p, w)

∂p

T
∂2f(x(p, w))

∂x2︸ ︷︷ ︸
n×n

= 0

⇒ ∂f(x(p, w))

∂x
= −p∂x(p, w)

∂p

T
∂2f(x(p, w))

∂x2
.

Exploiting the previous equation, we obtain that

∂y(p, w)

∂p
=

∂f(x(p, w))

∂x

∂x(p, w)

∂p
=

= −p∂x(p, w)
∂p

T
∂2f(x(p, w))

∂x2
∂x(p, w)

∂p
≥ 0,

where the last inequality holds since the Hessian of the objective function,
∂2f(x(p,w))

∂x2 , must be negative semidefinite at any maximum. This establishes
that the supply function is upward sloping in the output price.

1



On the Continuity of the Cost Function (EC411 —Nava)

Let x(w, y) denote the n×1 vector of conditional factor demands, and let c(w, y)
denote the cost function.

Suppose that w′ ≥ w, and observe that

c(w, y) = wx(w, y) ≤ w′x(w, y),

as w′ ≥ w. Moreover, as costs are non-decreasing in factor prices,

c(w, y) = wx(w, y) ≤ wx(w′, y) ≤ w′x(w′, y) = c(w′, y).

Finally by optimality of the cost function

c(w′, y) = w′x(w′, y) ≤ w′x(w, y).

These observations together imply that

c(w′, y) ∈ [wx(w, y), w′x(w, y)].

The cost function is then obviously continuous as

lim
w′→w

c(w′, y) ∈ lim
w′→w

[wx(w, y), w′x(w, y)] = c(w, y).

1



More on Walras Law (EC411 —Nava)

By Walras Law we know that LNS implies pz(p) = 0. We want to show that it
further requires pizi(p) = 0 for any good i.

If pz(p) = 0, for any good i it must be that

pizi(p) = −
∑

k 6=i pkzk(p).

Thus, suppose that for some good i we have that pizi(p) < 0. As prices are
are non-negative, this requires pi > 0 and zi(p) < 0. If so,

∑
k 6=i pkzk(p) > 0

by Walras Law, and therefore pkzk(p) > 0 for some k. But this would violate
feasibility in the market of good k, as it requires pk > 0 and zk(p) > 0. Thus,
Walras Law implies that pizi(p) = 0 for any good i.

1



EC411	Classes	Schedule	

	

Week	2	MT	–	Consumption:	

Problem	Set	1	Solutions		

	

Week	3	MT	–	Consumption:	

Problem	Set	2	Solutions	

	

Week	4	MT	–	Production:	

Problem	Set	3	Solutions	

	

Week	5	MT	–	Production:	

Problem	Set	4	Solutions	

	

Week	6	MT	–	Partial	Equilibrium:	

Problem	Set	5	Solutions	

	

Week	7	MT	–	General	Equilibrium:	

Problem	Set	6	Solutions	&	Some	Hand‐In	Homework	1	Solutions	

	

Week	8	MT	–	Uncertainty:	

Problem	Set	7	Solutions	&	Some	Hand‐In	Homework	1	Solutions	

	

Week	9	MT	–	Uncertainty	and	Game	Theory:	

Problem	Set	8	Solutions	

	

Week	10	MT	–	Game	Theory:	

Problem	Set	9	Solutions	

	

Week	11	MT	–	Game	Theory:	

Problem	Set	10	Solutions	&	Some	Hand‐In	Homework	2	Solutions	

	

Please	go	over	ALL	mandatory	problems	and	some	of	the	additional	problems.	



MT 2019/2020 Francesco Nava

Problem Sets
EC411 —LSE
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Problem Set 1: Consumption Francesco Nava

EC411 —LSE MT 2019/2020

1. The preferences of a consumer are represented by the utility function

u(x, y) = x+ y.

The price of a unit of good x is 2, the price of a unit of good y is p, and the income of the consumer

is M . Moreover, the consumer is given a lump-sum subsidy of S that can only be used to purchase

good y. Suppose that p 6= 2

(a) Define the utility maximization problem of the consumer.

(b) Find the optimal amounts of x and y as functions of p, M and S.

2. Answer the following questions:

(a) A consumer has a utility function

u(x1, x2) =
√
x21 + x

2
2.

Find the Marshallian demand functions for both goods.

(b) A consumer has a utility function

u(x1, x2) = min{x1, 3 + x2}.

Find the Marshallian demand functions for both goods.

(c) True or false? In order to aid the poor, the government introduces a scheme whereby the first 1kg

of butter a family buys is subsidised and the remaining amounts are taxed. Consider a family

which consumes butter and is made neither better off nor worse off as a result of this scheme. If

so, the total amount of tax it pays cannot exceed the subsidy it receives.

(d) True or false? During a war, food and clothing are rationed. In addition to a money price, a

certain number of ration points must be paid to obtain a good. Each consumer has an allocation

of ration points which may be used to purchase either good, and also has a fixed money income.

Suppose the money income of a consumer is raised and he buys more food and less clothing. If

follows that clothing is an inferior good.

3. Assume that Marshallian demands are single valued —so that a unique bundle x(p,m) is optimal for

all p >> 0 and all m > 0. Prove that the indirect utility v(p,m) is continuous if U(x) is continuous.

2



Extra Problem:

1. A consumer is paid each week 4 units of x1 and 4 units of x2 which she may consume directly or trade

with other customers at the going prices. In the first week she trades, and finally consumes 5 units of

x1 and 3 units of x2. In the second week prices change, and she finally consumes 6 units of x1 and 1

units of x2. Assuming that her tastes remain unchanged for these two weeks:

(a) Find the price ratio p1/p2 in the two weeks?

(b) In which week is the consumer better off?

(c) Is x1 an inferior good for this consumer?

(d) Is x1 a Giffen good for this consumer?

3



Problem Set 2: Consumption Francesco Nava

EC411 —LSE MT 2019/2020

1. The preferences of a consumer are represented by the utility function

u(x, y) = xy.

Let px denote the price of good x and py denote the price of good y.

(a) Establish that utility is quasi-concave.

(b) Solve the utility maximization problem if the income of the consumer equals 12. Derive the

Marshallian demand for each of the two goods.

2. Consider a strictly increasing and strictly concave map ϕ and a consumer with preferences

u(x1, x2) = x1 + ϕ(x2).

When do the Marshallian and Hicksian curves for x2 coincide? What is the significance of this for the

estimation of the welfare changes due to an increase in the price of x2?

3. Consider a consumer with preferences

u(x1, x2) = x1min{x2, 1}.

Derive the expenditure function for this problem, and the Hicksian demand for each of the two goods.

Next state and use the relevant parts of the duality theorem to derive the value function and the

corresponding Marshallian demands.

Extra Problem:

1. The expenditure function of a consumer is denoted by e(p, u), where p is the price vector and u the

utility level. Show that if
∂2e(p, u)

∂pj∂u
> 0,

commodity j cannot be an inferior good.
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Problem Set 3: Welfare & DT Advances Francesco Nava

EC411 —LSE MT 2019/2020

1. The preferences of a consumer are represented by the utility function

u(x, y) = xy.

Suppose that the income of the consumer equals 12, and that the price of good y equals 3, while the

price of good x increases from 1 to 2.

(a) Derive the income and substitution effect for such a change in prices.

(b) Derive the consumer surplus, the compensating variation, and the equivalent variation.

2. Consider a consumer with preferences

u(x1, x2) = x1 − 1/x2.

Suppose the price of x1 is held at 1 and the price of x2 rises from 1 to 4. Calculate the three welfare

measures for m ≥ 2. In general, which of our measures of welfare will be the largest?

3. Consider a consumer with reference dependent preferences deciding whether to buy a car. His con-

sumption utility for money x1 and cars x2 is given by

v1(x1) = x1 and v2(x2) = 60x2.

whereas his universal gain loss function satisfies

µ(v) = 3v for v ≥ 0 and µ(v) = 5v for v < 0.

Find the personal equilibria of this economy for any possible price p. What is the preferred personal

equilibrium for any value of p?

Extra Problem:

1. Sketch the isoquants for the technologies defined by

(i) y =
(
x
1/2
1 + x

1/2
2

)2
;

(ii) y =
(
x21 + x

2
2

)1/2
.

Comment on the economic significance of the differences between the technologies.
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Problem Set 4: Theory of the Firm Francesco Nava

EC411 —LSE MT 2019/2020

1. Consider the following production function

y = xα1x
β
2 .

for α+ β < 1 and α, β > 0.

(a) Derive the factor demands x1(p, w) and x2(p, w).

(b) Derive the supply function y(p, w).

(c) Find all of marginal price effects. Confirm the signs (and, where appropriate, relative magnitudes)

that were derived in lectures.

(d) Find the profit function π(p, w). Confirm its properties.

2. Consider the following production function

y = xα1x
β
2 .

for any α, β > 0.

(a) Derive the conditional factor demands h1(w, y) and h2(w, y).

(b) Find all of the marginal price effects. Confirm the signs (and, where appropriate, relative mag-

nitudes) that were derived in lectures.

(c) Find the cost function c(w, y). Confirm its properties.

(d) Sketch c(w, y) as a function of y for each of the three cases:

(i) α+ β < 1; (ii) α+ β > 1; (iii) α+ β = 1.

Also sketch the marginal and the average costs as functions of y, for each of the three cases. Why

is it not necessary to assume α+ β < 1 for cost minimization?

(e) Confirm that Shephard’s Lemma holds.

3. Consider the problem of a beekeeper who sells honey at a price ph per jar. It costs max{h2, 1} to
produce h jars of honey. Find the supply of honey of the beekeeper. Now, suppose that he learns how

to produce wax. In particular, assume that for each jar of honey w grams of wax can be produced at

no additional cost. If pw denotes the price of wax, find the supply of wax of the beekeeper.

6



Extra Problem:

1. Consider the following production function

y = xα1x
β
2 .

for α, β > 0.

(a) Sketch the production possibility set, Y , in each of the three cases:

(i) α+ β < 1; (ii) α+ β > 1; (iii) α+ β = 1.

For each case, draw the marginal product, average product and marginal rate of technical sub-

stitution as functions of x1.

(b) Is the production function homothetic and/or homogeneous? In what arguments? To what

degree? What returns to scale are there?

7



Problem Set 5: Partial Equilibrium Francesco Nava

EC411 —LSE MT 2019/2020

1. Suppose that every firm in the kitchen foil industry has a production function

Y = (A+ T )1/2L1/2,

where Y is the amount of foil, A is aluminium, T is tin, and L is labour. The production function of

tin and the production function of aluminium exhibit constant returns to scale. In particular, 1 unit

of tin can be produced with 1 unit of labour and 1 unit of aluminium can be produced with β units

of labour, for some β ∈ (0, 2). Firms take prices as given in every market. The supply of labour is
perfectly elastic at a wage equal to 4.

(a) Find the cost function of each firm.

(b) For all values of β in the interval (0, 2), determine how much tin and how much aluminium will

be used in equilibrium for the production of one unit of foil.

(c) For all values of β in the interval (0, 2), find the equilibrium price of foil.

2. In a competitive industry there are 200 firms. The cost function for 100 of these firms amounts to

c1(y) =

 10y if y ≤ 10
y2 − 10y + 100 if y > 10

where y is the amount of output produced by the firm and c(y) is its total cost in pence. The cost

function for the remaining 100 firms amounts to

c2(y) =

 12y if y ≤ 10
y2 − 8y + 100 if y > 10

(a) Derive and sketch the industry’s supply curve.

(b) If the market demand curve is described by

yd(p) = 2400− 100p,

where yd is demand and p is the price in pence, find the price, the total output of the industry,

and the outputs of the individual firms in equilibrium.

(c) If the tax of 1 pence is imposed on sales of the good, what will happen to the price paid by

consumers to the price received by firms and to output? What would be the effects of an increase

8



in tax to 2 pence?

(d) Set out an analysis of the costs and benefits of the 2 pence tax.

3. Consider a competitive industry with downward-sloping demand and free-entry. The industry is

composed of identical firms with U-shaped average total cost curves. Initially we are in long-run

equilibrium.

(a) The government announces that a substantial fixed annual licence fee will be imposed on all firms

choosing to remain in the industry. How does each of the following change, (i) industry output,

(ii) output per firm, and (iii) numbers of firms active in the industry.

(b) Suppose that instead of the licence fee, the government imposes a per unit sales tax. Relative

to the original situation with no tax, what is the long-run effect on: (i) output per firm, and (ii)

number of firms active in the industry?

9



Problem Set 6: General Equilibrium Francesco Nava

EC411 —LSE MT 2019/2020

1. Consider a pure exchange economy with two commodities, 1 and 2, and two agents, A and B. Their

utility functions are

UA(xA) = log(xA1 ) + log(x
A
2 );

UB(xB) = log(xB1 ) + 2 log(x
B
2 ).

Agent A has an initial endowment of 1 unit of good 1 and 4 units of good 2. Agent B has 6 units of

good 1 and 3 units of good 2.

(a) Find the competitive equilibrium price ratio, and the equilibrium allocation of commodities.

(b) Repeat part (a), but assuming that B’s preferences satisfy

UB(xB, xA) = log(xB1 ) + 2 log(x
B
2 ) + 2 log(x

A
1 ).

(c) Is the competitive equilibrium that you found in part (b) Pareto effi cient? Prove your answer.

What is the economic significance of the final term in B’s utility function in part (b) and what

effects does it have on the competitive equilibrium and on welfare?

2. Consider an economy with two consumption goods, 1 and 2, and one factor of production, 3, with

prices denoted by p1, p2, and p3, respectively. There are two types of agents, A and B. The utility

function of a type i agent, for i ∈ {A,B} satisfies

U i(xi) = min
{
xi1, x

i
2

}
where xij denotes i’s consumption of good j. Each type A agent owns a firm that produces good 1

using good 3 via a technology characterised by the profit function

πA(p) = p21/4p3.

Each type B agent owns a firm that produces good 2 using good 3 via a technology characterised by

the profit function

πB(p) = p22/p3.

The initial endowments of goods 1 and 2 are equal to 0 and the initial endowment of good 3 is equal

to 10 for both types of agents. The proportion of type A agents in this economy is 1/2. All the agents

10



are price-takers.

(a) Find the supply and the input demand functions of types A and B.

(b) Find the competitive equilibrium prices.

3. Consider a production economy with two goods (call them good 1 and 2), two consumers (call them

A and B), and one firm (call it F ). Consumer A is the sole owner of firm F , and is endowed with

10 units of good 1 and with none of good 2. Consumer B owns only 26 units of good 2. The firm

transforms combinations of good 1 and 2 into good 1, and its production function satisfies

f
(
xF
)
= 3

(
xF1
)1/3 (

xF2
)1/3

.

The preferences of the two consumers respectively satisfy

UA(xA) = log(xA1 ) + 3 log(x
A
2 );

UB(xB) = xB1 + 2(x
B
2 )
1/2.

(a) State and solve the profit maximization problem of the firm.

(b) State and solve the utility maximization problem of each consumer.

(c) Find the Walrasian equilibrium.

(d) Consider the economy you have analysed in parts (a), (b) and (c) of this exercise, but suppose

that there is no firm and that consumer A is only endowed of 10 units of good 1. Define and

characterize the contract curve and the core of this exchange economy.

Extra Problem:

1. Consider an exchange economy with two goods (call them good 1 and 2), two consumers (call them

A and B). Consumer A is endowed with 10 units of good 1 and with 5 units of good 2. Consumer B

owns only 5 units of good 2. The preferences of the two consumers respectively satisfy

UA(xA) = max{xA1 , xA2 };

UB(xB) = xB1 + 2(x
B
2 )
1/2.

(a) State and solve the utility maximization problem of each consumer.

(b) Does this economy possess a competitive equilibrium? If yes, find it. If not, prove why.

(c) Define and characterize the contract curve and the core of this economy.

(d) Does the second welfare theorem apply to this setting.
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Problem Set 7: Uncertainty Francesco Nava

EC411 —LSE MT 2019/2020

1. A consumer who has an initial wealth of 36 pounds must choose between two options, X and Y . Option

X is a lottery which gives 0 with probability 1/4 and 28 pounds with probability 3/4; option Y instead

is worth 13 pounds with probability equal to 1. The consumer is an expected utility maximizer with

a utility function u(w), where w denotes the consumer’s wealth in pounds. Utility u(w) is continuous

and strictly increasing in w.

(a) Suppose that the consumer is risk-averse. Can you determine which option she will choose?

(b) Suppose that someone who knows the outcome of the lottery in option X is willing to sell the

information to the consumer. If the consumer is risk-neutral, how much would she be willing to

pay to know the outcome of the lottery before making her choice between X and Y ?

(c) Suppose that the consumer is risk-loving and, as in (b), she can buy information about the

outcome of the lottery prior to making her choice between X and Y . Will the consumer pay a

positive amount to know the outcome of the lottery? Explain carefully.

2. A decision maker is considering how much to invest in two assets. The first asset yields no return,

whereas the second asset is risky. The price of the first asset is 1, whereas p denotes the price of one

unit of the risky asset. At maturity the a unit of risky asset is worth 1.20 dollars with probability

1/2, but is worth only 0.90 cents with the complementary probability. The preferences of the decision

maker over future monetary holdings x are determined by the function u(x) = log(x). Derive the

demand for the risky asset if the decision maker has M dollars to invest.

3. A farmer can grow wheat, or potatoes, or both. If the weather is good, an acre of land yields a profit

of £2, 000 if devoted to wheat, of £1, 000 if devoted to potatoes. Should the weather be bad, an acre

of wheat yields £1, 000 and of potatoes £1, 750. Good and bad weather are equally likely.

(a) Assuming that the farmer has utility function log(m) when his income is m, what proportion of

his land should he turn over to wheat?

(b) Suppose the farmer can buy an insurance policy which pays, for every £1 of premium, £2 if the

weather is bad, and nothing if the weather is good. How much insurance will he take out and

what proportion of his land will he devote to wheat? What would the answers be if the policy

paid only £1.50 to compensate for bad weather?

12



Problem Set 8: Uncertainty & Static Games Francesco Nava

EC411 —LSE MT 2019/2020

1. In a portfolio selection model: let W denote initial wealth; let I denote final wealth; let B denote

amount invested in a “risky asset”; let M denote amount of wealth held as money where money is a

“sure asset”with a zero return; let r denote the (random) return on the risky asset with E(r) > 0 —

meaning that when £B are placed in the risky asset, a random amount £(1 + r)B will be realised.

Suppose that the investor has a Bernoulli utility function

u(I) = βI − αI2,

for α, β > 0.

(a) Graph this utility function and show that it exhibits risk aversion. Interpret α and β.

(b) Write out the choice problem which determines the utility-maximising division of initial wealth

between the risky asset and money.

(c) Compute the optimal investment B and prove that it increases with β. Interpret the result.

2. Identify all the Nash Equilibria of the following games, and find dominant strategies:

(i)

1\2 a b

A 0, 1 2, 2

B 3, 0 0, 3

(ii)

1\2 a b

A 2, 1 2, 2

B 3, 1 1, 0

(iii)

1\2 a b

A 0, 2 2, 2

B 3, 0 0, 3

3. Consider the following Matching pennies game

1\2 a b

A 1, 0 0, 1

B 0, 1 1, 0

(a) Show that the game below has no Nash equilibrium in pure strategies.

(b) Suppose player 1 tosses a coin to decide which action to take; i.e. he has probability p of playing

A and probability (1−p) of playing B. Similarly, suppose that 2 plays a with probability q and b
with probability (1− q). Plot best responses and find values of p and q such that these strategies
form a Nash equilibrium.

(c) Can you see any property which this equilibrium shares with game (iii) of Problem 2?
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Extra Problems:

1. Consider an expected utility maximizer facing lotteries, p, over two outcomes, p = (p1, p2). Suppose

that the player solves the following maximization problem:

max
a∈A

p1u(a+ x) + p2u(a),

where A denotes a compact choice set and u(·) a continuous utility function. Let U(p) denote the
value function of this problem. Is U(p) convex in p, is it concave in p, or neither? Hint: Think of the

properties of the profit functions and of how we proved those properties.

2. Write down your preferences in the following two situations. Situation 1:

Outcome: 5 M$ 1 M$ 0 M$

Lottery A: 0% 100% 0%

Lottery B: 10% 85% 5%

Situation 2:
Outcome: 5 M$ 1 M$ 0 M$

Lottery C: 0% 15% 85%

Lottery D: 10% 0% 90%

Having made your two choices, write down the restrictions which these imply on your utility function

of income if they are to be consistent. Are they consistent?

14



Problem Set 9: Static & Dynamic Games Francesco Nava
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1. Consider an auction with two buyers participating and a single object for sale. Suppose that each

buyer knows the values of all the other bidders. Order players so that values decrease, x1 > x2.

Consider a 2nd price sealed bid auction. In such auction: all players simultaneously submit a bid bi;

the object is awarded to the highest bidder; the winner pays the second highest submitted bid to the

auctioneer; the losers pay nothing. Suppose ties are broken in favour of player 1. That is: if b1 = b2

then 1 is awarded the object.

(a) Characterize the best response correspondence of each player.

(b) Characterize all the Nash equilibria for a given profile (x1, x2).

(c) Consider the Nash equilibrium in which both players bid their value —that is, bi = xi for i ∈ {1, 2}.
Is this a dominant strategy equilibrium?

2. Four patients have to undergo surgery and rehabilitation in one of two hospitals. Hospital A specializes

in surgery. But its elite surgery unit is small. The likelihood of successful surgery, pSA, depends on the

number of patients treated in the surgery unit, n, as follows:

pSA(n) =


17/20 if n = 1

15/20 if n = 2

11/20 if n = 3

7/20 if n = 4

.

The rehabilitation unit of hospital A is large, but conventional. The likelihood of successful rehabilita-

tion pRA = 1/2 is independent of the number of patients treated. Hospital B specializes in rehabilitation.

But its elite rehabilitation unit is small. The likelihood of successful rehabilitation, pRB, depends on

the number of patients treated by the unit, n, as follows:

pRB(n) =


1 if n = 1

16/20 if n = 2

14/20 if n = 3

12/20 if n = 4

The surgery unit of hospital B is large, but conventional. The likelihood of successful surgery pSB = 1/2

is independent of the number of patients treated. Surgery outcomes are independent of rehabilitation

outcomes. A patient’s payoff is 1 if both treatments are successful, and 0 otherwise. A patient is
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classified as recovered, only if both treatments are successful. [Hint: Recall that if events A and B are

independent Pr(A ∩B) = Pr(A) Pr(B)].

(a) First suppose that the existing health regulations require all patients to undergo surgery and

rehabilitation at the same hospital. Patients can only choose in which of the two hospital to get

both treatments. Set this problem up as a strategic-form game. Find a Nash equilibrium of this

game. What is the average probability of recovery among the four patients in this equilibrium?

(b) In an attempt to increase the average recovery probability regulators decide to lift the ban on

having surgery and rehabilitation at different hospitals. Now patients are free to choose in which

hospital to get either treatment. Set this problem up as a strategic-form game. Find a Nash

equilibrium of this game. What is the average probability of recovery among the four patients in

this equilibrium?

(c) Still unsatisfied about the average recovery probability, regulators decide to try a third policy,

in which one of the four patients is randomly selected and sent to the two elite units (surgery in

A and rehabilitation in B), while the remaining three are sent to the larger conventional units

(surgery in B and rehabilitation in A). What is the average probability of recovery among the

four patients with this policy in place? Compare the average probabilities of recovery under the

three regulations. Give an intuitive explanation to the observed change in recovery probabilities.

3. Consider three players choosing whether or not to incur a cost c for the provision of a public good.

The public good is provided if and only if at least two players incur the cost. If the public good is not

provided, contributions are lost. If the good is provided, all players enjoy a benefit v from the public

good. Further suppose that the payoff of a player simply amounts to the benefit from the public good,

if it is provided, minus the cost incurred, if any. For c = 3 and v = 8, find all the mixed strategy Nash

equilibria of the game in which all players incur the cost with equal probability. Are these equilibria

Pareto effi cient?
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Extra Problems:

1. Consider the following extensive form game:

(a) Find the unique Subgame Perfect equilibrium of this game.

(b) Find a pure strategy Nash equilibrium with payoffs (3, 5).

(c) Find a pure strategy Nash equilibrium with payoffs (4, 2).

2. Consider the following game:

1\2 a b

A 6, 4 3, 5

B 5, 3 2, 2

.

(a) In the game shown below, identify the unique Nash Equilibrium in pure strategies.

(b) Now consider a “sequential”adaptation with the same payoffs as the game below: player 1 first

chooses a strategy, and then player 2, knowing 1’s choice, chooses his action. What are the pure

strategy Nash equilibria in this game? What are the pure strategy subgame perfect equilibria?
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Problem Set 10: Dynamic & Repeated Games Francesco Nava

EC411 —LSE MT 2019/2020

1. Consider two firms trying to gain the status of market leader. Becoming market leader is worth v

dollars to each competitor. Each firm can decide how much effort to devote to this process. The effort

chosen by each firm belongs to the interval [0, 1]. Given the effort decisions of the two firms,eA and

eB, the likelihood of Firm A becoming market leader is given by eA(1− eB), whereas the likelihood of
Firm B becoming leader is given by the complementary probability. Effort is costly, and the monetary

cost of effort depends on the resources devoted by both competitors. In particular, for both firms the

effort cost coincides with ke2AeB. Suppose that v < k.

(a) Derive the best responses for each of the two firms in this game. Plot them and find all the pure

strategy Nash equilibria of this game.

(b) Prior to the beginning of the game Firm A can choose how much to invest in developing the

market. In particular, suppose that Firm A can set v to any number in the interval [0, k] at a

cost c(v) = v3/3k. What investment would the firm choose in a Subgame Perfect equilibrium, if

both firms exert effort at the competition stage?

2. Consider the following complete information extensive form game played by one seller and four buyers.

The sellers owns four identical objects. There are two periods in which objects can be traded. In every

period t ∈ {1, 2}, the seller moves first and sets a price pt. Upon observing this price, buyers then
decide whether to purchase or not one of the objects in that period. Each buyer wishes to purchase a

single object and leaves the market upon purchasing an object. Let vi denote the monetary value of

the object to Buyer i, and suppose that

v1 = 1, v2 = 3, v3 = 5, v4 = 7.

If so, the utility that Buyer i derives from purchasing the object at date t ∈ {1, 2} at price pt simply
amounts to

δt−1(vi − pt).

Let nt denotes the number of objects sold at date t ∈ {1, 2}. If so, the payoff of the seller simply
amounts to

n1p1 + δn2p2.

Throughout, assume that δ ∈ (0, 1).

(a) Let A denote the set of active buyers, namely those who have not purchased an object at date 1.
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Let t = 2 and consider the following four possible scenarios: A = {1}, A = {1, 2}, A = {1, 2, 3},
and A = {1, 2, 3, 4}. Find the Subgame Perfect equilibrium price p2 set by the seller at date t = 2
and the demand of every buyer in each of the four possible scenarios. What is the equilibrium

payoff of the seller in each of these subgames?

(b) Given the equilibrium behavior outlined in part (a), find the highest price p1 at which only Buyer

4 purchases the good in the Subgame Perfect equilibrium. Show that at such a price no other

buyer is willing to buy at date 1 in the SPE.

(c) Find the highest price p1 at which only Buyers 3 and 4 purchase the good in the Subgame Perfect

equilibrium. Show that at such a price only Buyers 1 and 2 are not willing to buy at date 1 in

the SPE.

(d) Find the highest price p1 at which only Buyer 1 does not purchase the good in the Subgame

Perfect equilibrium. Show that at such a price Buyer 1 is not willing to buy at date 1 in the SPE.

(e) Use the observations in parts (a-d) to find the Subgame Perfect equilibrium prices, demands and

payoffs for all possible values of δ.

(f) If the seller were able to set at date 1 both prices p1 and p2, would he be able to increase his

payoff? If so, can you argue why?

3. Consider the following asymmetric Prisoner’s Dilemma:

1\2 C D

C 3, 4 1, 6

D 4, 0 2, 2

(a) Find the minmax values of this game. Consider the infinitely repeated version of this game in

which all players discount the future at the same rate δ. The following is a "tit for tat" strategy:

any player chooses C provided that the other player never chose D; if at any round t a player

chooses D, then the other player chooses D in round t + 1 and continues playing D until the

player who first chose D reverts to C; if at any round t a player chooses C, then the other player

chooses C in round t+ 1. Write this strategy explicitly.

(b) Find the unique value for the common discount factor δ for which the strategy of part (a) sustains

always playing C as a SPE of the infinitely repeated game.

(c) Then, consider the following "trigger" strategy: any player chooses C provided that no player

ever played D; otherwise any player chooses D. Write the two incentive constraints that would

have to be satisfied for such a strategy to be a NE. Then, write the two additional incentive

constraints that would have to be satisfied for such a strategy to be a SPE. What is the lowest

discount rate for which such strategy satisfies all the constraints.
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Extra Problem:

1. Consider the following game:

1\2 L R

T 0, 0 4, 1

D 1, 4 3, 3

Find all the Nash equilibria of this static game. Next consider the infinite repetition of the game,

and a strategy prescribing to play (D,R) so long as no player has ever deviated and to play (T, L)

otherwise. Is this strategy a Nash equilibrium for the infinite repetition? Is it a Subgame Perfect

equilibrium?
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Hand-In Homework 1 Francesco Nava

EC411 —LSE MT 2019/2020

Please submit your homework to your class teacher by Monday week 7.

Question 1 (35 Marks)

Consider a consumer whose utility function is

u(x1, x2) = − exp(−ax1x2)

Can you take first order conditions to solve the utility maximization problem? Explain your argument. Next

solve the utility maximization problem, and derive Marshallian demands and the indirect utility function.

Given your calculations, state and use the duality theorem to find the expenditure function and Hicksian

demands.

Question 2 (40 Marks)

A price-taking firm has a production function given by

y = 3(x3)
1/3 (max{x1, 8x2})1/3

where x1, x2 and x3 are inputs and y is output. Let w1, w2 and w3 denote input prices, and let p denote

the output price. Solve the profit maximization problem and the corresponding cost minimization problem.

While solving these problems motivate your approach.

Question 3 (25 Marks)

Consider a simple exchange economy with two goods and two consumers. The endowments of the two

consumers satisfy respectively ω1 = (5, 1) and ω2 = (1, 9), while their preferences satisfy:

U1(x1) = min{2x11, x12 + 2} and U2(x2) = 2
√
x21x

2
2.

Find Marshallian demands for each of the two consumers. Explain your approach. Solve for the Walrasian

equilibrium of this economy.
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Hand-In Homework 2 Francesco Nava

EC411 —LSE MT 2019/2020

Please submit your homework to your class teacher before the end of week 10.

Question 1 (40 Marks)

Consider an exchange economy with two goods (call them good 1 and 2) and two consumers (call

them A and B). The preferences of the two consumers respectively satisfy:

uA(xA) = −max{
∣∣xA1 − 5

∣∣ , ∣∣xA2 − 5
∣∣},

uB(xB) = 2 log xB1 + log xB2 .

Consumer A is endowed with k ∈ (0, 10) units of good 1 and with k units of good 2. Consumer B

owns only 20− k units of good 1 and with 10− k units of good 2.

1. State and solve the utility maximization problem of each consumer. (10 Marks)

2. Find the competitive equilibria of this economy for all k ∈ (0, 10). (12 Marks)

3. Define and characterize the contract curve and the core of this economy. (12 Marks)

4. State the first welfare theorem. Then, exploit observations in parts (b) and (c) to find a violation

of the first welfare theorem. (6 Marks)

Question 2 (10 Marks)

Bob is considering whether to buy health insurance. If Bob is healthy, his wealth amounts to W .

However if he falls ill, it only amounts to V < W . The likelihood of eventually falling ill is 1/3. Bob’s

preferences depend only on realized wealth x, and his utility function is determined by

u(x) = log(x).

Assume that W = 30, that V = 10, and that the unit-price of insurance coverage is equal to r ∈
[1/3,∞). Find the expected value of purchasing S units of coverage. Find Bob’s expected utility from

purchasing S units of coverage. Find Bob’s demand for coverage as a function of r.

1



Question 3 (20 Marks)

Consider a game played by two lobbyists 1 and 2 sponsoring two distinct versions of a bill. The value

of having version i ∈ {1, 2} approved equals vi to lobbyist i and equals 0 to lobbyist j, for some vi > 0.

Lobbyists choose how many resources, ri ∈ [0,∞), to invest to sway the parliament to support their

preferred version. The probability that the policy preferred by lobbyist i is approved is given by the

following function of the resources invested by the two lobbyists

pi(ri, rj) =

 1/2 if ri = rj

ri/(ri + rj) if ri 6= rj
.

Resources are however costly and the payoff of lobbyist i amounts to

ui(ri, rj) = pi(ri, rj)vi − rirj

The payoff is concave and single peaked in ri for any value rj . Find the best response for each of the

two lobbyists. Find the Nash equilibria of this game. Is there always an effi cient equilibrium?

Question 4 (30 Marks)

Suppose that two players have to split a cake of size 10 according to an “I cut, you choose”protocol.

In particular, assume that Player 1 cuts the cake into two parts and that Player 2 gets to choose which

of the two slices to consume (while the other slice is consumed by Player 1). Suppose that the cake is

continuously divisible.

1. First, assume that the cake is homogeneous, so that both players value all its parts alike, and

care only about the size of the slice that they get to consume. Set this problem up as an extensive

form game. Find the Subgame Perfect equilibria of this game. Write the behavioural strategy

for both players, and check that no deviation is profitable. (11 Marks)

2. Now suppose that 3/5 of the cake is chocolate flavoured, while 2/5 of the cake is vanilla flavoured.

Player 1 only likes chocolate, and only cares about the amount of chocolate in the slice he

consumes; while 2 likes all the parts of the cake alike, and cares only about the size of the slice

consumed. Also, assume that Player 1 can cut slices with any composition of chocolate and

vanilla. Find a Subgame Perfect equilibrium of this game. Write the behavioural strategy for

both players, and check that no deviation is profitable. (11 Marks)

3. Does the game in part (a) possess a pure-strategy Nash equilibrium in which a player receives a

slice different in size from the one that you have characterized in part (a)? Explain. (8 Marks)
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