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Abstract

The knockoffs is a recently proposed powerful framework that effectively controls
the false discovery rate (FDR) for variable selection. However, none of the existing
knockoff solutions are directly suited to handle multivariate or high-dimensional func-
tional data, which has become increasingly prevalent in various scientific applications.
In this paper, we propose a novel functional model-X knockoffs selection framework
tailored to sparse high-dimensional functional models, and show that our proposal can
achieve the effective FDR control for any sample size. Furthermore, we illustrate the
proposed functional model-X knockoffs selection procedure along with the associated
theoretical guarantees for both FDR control and asymptotic power using examples
of commonly adopted functional linear additive regression models and the functional
graphical model. In the construction of functional knockoffs, we integrate essential
components including the correlation operator matrix, the Karhunen-Loeéve expansion,
and semidefinite programming, and develop executable algorithms. We demonstrate
the superiority of our proposed methods over the competitors through both extensive

simulations and the analysis of two brain imaging datasets.
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1 Introduction

Selecting important covariates associated with a response from a pool of potential candi-
dates holds paramount importance across various scientific fields. At the same time, control-
ling the false discovery rate (FDR) offers an effective means to control error rates, ensuring
replicable discoveries. A large body of literature on FDR control focuses on multiple testing
approaches based on the p-values for assessing the significance of individual covariates; see,
e.g., the seminal papers of Benjamini and Hochberg (1995); Benjamini and Yekutieli (2001).
Yet, the high-dimensionality in covariates often renders many traditional approaches for
p-value calculations inapplicable. Furthermore, none of the existing works along this vein
directly address the problem of variable selection while simultaneously controlling the FDR.

The recent paper of Barber and Candes (2015) introduced a fixed-X knockoffs inference
framework that effectively controls the FDR for variable selection in Gaussian linear model
with the dimensionality p no larger than the sample size n under fixed designs. The key idea
is to construct knockoff variables that mimic the dependence structure of original covariates
while maintaining independence from the response conditional on the original covariates.
It then compares the importance statistics (e.g., lasso coefficients) between the original
covariates and knockoffs for variable selection. The fixed-X knockoffs inference has been
extended to many settings, such as group-variable selection and multitask learning (Dai
and Barber, 2016), high-dimensional linear model using data-splitting and feature screening
(Barber and Candes, 2019) and Gaussian graphical model through a node-based local and
a graph-based global procedure (Li and Maathuis, 2021).

More recently, Candes et al. (2018) proposed a model-X knockoffs extension that accom-
modates random design and allows for arbitrary and unknown conditional distribution of
the response given the covariates, and for arbitrarily large p compared to n. The model-X
knockoffs framework has witnessed a plethora of advancements. For instance, Fan et al.
(2020a) developed a graphical nonlinear knockoffs method to handle the unknown covari-
ate distribution, providing theoretical guarantees on the power and robustness. Fan et al.

(2020b) applied knockoffs inference to high-dimensional latent factor models, enabling sta-
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ble and intepretable forecasting. Dai et al. (2023) introduced a kernel knockoffs procedure
for nonparametric additive models, employing subsampling and random feature mapping.
See also Romano et al. (2020); Ren et al. (2023) and the references therein. Nevertheless,
the existing efforts are primarily devoted to addressing scalar data. As a result, it remains
unclear whether the model-X knockoffs framework is applicable to functional data.

The rapid development of data collection technology has led to an increased availabil-
ity of multivariate or high-dimensional functional data datasets. Examples include time-
course gene expression data and different types of neuroimaging data, where brain signals
are measured over time at a multitude of regions of interest (ROIs). Building upon recent
proposals (e.g., Zhu et al., 2016; Li and Solea, 2018; Fang et al., 2023), these signals are
modelled as multivariate random functions with each ROI represented by a random func-
tion, where, under high-dimensional scaling, the number of functional variables p can be
comparable to, or even exceed, the number of subjects n. To overcome the difficulties caused
by high-dimensionality, various functional sparsity assumptions are commonly imposed on
the model parameter space. E.g., scalar-on-function linear additive regression (SFLR) (Fan
et al., 2015; Kong et al., 2016; Xue and Yao, 2021), function-on-function linear additive
regression (FFLR) (Fan et al., 2014; Luo and Qi, 2017; Chang et al., 2023), functional lin-
ear discriminant analysis (Xue et al., 2023) as well as functional Gaussian graphical model
(FGGM) (Qiao et al., 2019) and its various extensions (Solea and Li, 2022; Zapata et al.,
2022; Lee et al., 2023). These models involve the development of sparse function-valued esti-
mates in the sense of selecting important functional variables. However, none of the existing
work has achieved the essential task of FDR control.

The major goal of our paper is to establish a methodological and theoretical founda-
tion of model-X knockoffs selection for functional data and apply it to concrete examples
of sparse high-dimensional functional models, thereby bridging an important gap in the re-
spective fields. Specifically, we propose a functional model-X knockoffs selection framework
that begins with dimension reduction via functional principal components analysis (FPCA),

thus effectively converting infinite-dimensional curves into vector-valued FPC scores. We



then compare group-lasso-based importance statistics between the estimated FPC scores of
original and knockoff variables for variable selection. We demonstrate that our proposal is
guaranteed to control the FDR below the nominal level regardless of n. We then showcase
the proposed framework through three useful examples, i.e., SFLR, FFLR and FGGM, and,
additionally, establish that the power for each model asymptotically approaches one as n goes
to infinity. In constructing functional knockoffs, we integrate key ingredients: the correla-
tion operator matrix, the Karhunen-Loeve expansion, and semidefinite programming. We
also develop executable algorithms using a coordinate representation system within finite-
dimensional Hilbert spaces.

The main contribution of our paper is threefold. First, we propose a general functional
model-X knockoffs selection framework. Arising from the initial dimension reduction, we have
to deal with estimated FPC scores and truncation errors, whereas the conventional knockoffs
is applied directly to observed data. Accounting for both estimation and truncation errors is
a major undertaking in theoretical analysis. We show that the estimated vector-valued FPC
scores possess two crucial properties: exchangeability and coin-flipping, which are pivotal in
ensuring the effective FDR control of our proposal. By comparison, Dai and Barber (2016)
developed a “truncation first” strategy that constructs group-knockoffs based on truncated
FPC scores followed by group-lasso for variable selection. However, their FDR is limited to
staying below the target level within the fixed-X rather than model-X knockoffs framework.
Regarding the statistical power, our “knockoffs first” proposal constructs functional knock-
offs before dimension reduction and group-variable selection, thus capturing more feature
information and leading to improved power, as evidenced by simulation results in Section 5.

Second, we apply our proposal to two sparse functional linear additive regression mod-
els, i.e., SFLR and FFLR, effectively achieving the FDR controls. We also delve into the
associated power properties, which pose greater challenges compared to non-functional mod-
els due to the inclusion of aforementioned additional errors. Furthermore, we integrate the
fixed-X GGM knockoff filter (Li and Maathuis, 2021) into our functional model-X knockoffs

framework to accommodate FGGM. Specifically, our proposal begins by locally construct-



ing functional knockoffs and group-lasso coefficients for each node, and then solves a global
optimization problem to determine nodewise thresholds for graph estimation. Compared
to Qiao et al. (2019), we circumvent the estimation of unbounded inverse covariance func-
tions by reformulating the graph estimation through penalized functional regressions on each
functional variable against the remaining ones. Unlike Li and Maathuis (2021) which lacks
theoretical power analysis, we establish the power guarantee for the more challenging task
of functional model-X selection for FGGM in a high-dimensional regime.

Third, constructing knockoff variables is a pivotal step in implementing the knockoffs
procedure, and our functional extension is far from incremental. One challenge lies in charac-
terizing the dependence across infinite-dimensional objects and choosing suitable functional
norm to quantify the strength of dependence. The natural functional extension, which seeks
to minimize the average covariance operators in certain norms between the functional original
and knockoff variables, is inappropriate, since the minimum eigenvalues of covariance opera-
tors converge to zero, thus making it exceedingly difficult to distinguish the original variables
from knockoff counterparts. Motivated by the result that, under mild conditions, all eigen-
values of associated correlation operators remain bounded away from zero and infinity, we
consider minimizing the average correlation operators in operator norm as opposed to other
unbounded norms, which largely enhances the distinguishability and ensures good power
in signal detection. The other challenges are to solve semidefinite programming problems
and specify conditional distributions at the operator level with the aid of Karhunen-Loeve
expansions. To develop executable algorithms, we reformulate their sample versions by rep-
resenting operators as matrices using the coordinate mapping.

Our paper is set out as follows. Section 2 proposes the functional model-X knockoffs
selection framework. Section 3 applies the proposal to three examples, i.e., SFLR, FFLR
and FGGM, and establishes the associated theoretical guarantees on the FDR and power.
Section 4 presents the construction of functional knockoffs with executable algorithms. We
demonstrate the superior finite-sample performance of our methods through simulations in

Section 5 and the analysis of two brain imaging datasets in Section 6.



Notation. For a positive integer p, denote [p] = {1, ..., p} and I, as px p identity matrix.
For any vector b = (by, ..., b,)T, define [b|| = (3}, 3)"/. For any matrix B = (Bj;)pxq, denote
IBlr = (3 ij)l/z its Frobenius norm and BT its Moore-Penrose inverse. Let Lo(U) be
a Hilbert space of square-integrable functions on a compact interval U with inner product
{f,9) = §, f(w)g(u)du and norm | - | = (-, )2 for f,g € Ly(U). For j € [p], we take
a separable Hilbert space H; < Lo(U). For a compact linear operator K from H; to Hj
induced from the kernel function K with K(f)(u) = §,, K(u,v) f(v)dv € H;, for f € H;, there
exist two orthonormal bases {¢;} and {1y} of H; and Hy,, respectively, and a sequence {\;}
in R tending to zero, such that K has the spectral decomposition K = Zzoi1 N ¢ ® 1, where
® denotes the tensor product. For notational economy, we will use K to denote both the
operator and kernel function. We denote its Hilbert—Schmidt norm by |K|s = (3,2, \?)Y/2 =
{§§ K%(u,v)dudv}'/2, nuclear norm by |K|y = D2, |\.| and operator norm by |K|; =
sup|sj<i,sen, | £(f)]. Let H be the Cartesian product of Hy,...,H, with inner product
£,8) =20 _{fisgp) for £ = (fi,...,f,)" and g = (g1,...,9,)" € H. An operator matrix
K = (Kjj) is a p x p matrix of operators with its (j, k)th operator-valued entry Kz, and
can be thought of an operator from H to H with K(f) = (27, Ki;(f;), ..., 20 Kyi(f)"
for f € H. We use K > 0 to denote a positive semidefinite operator matrix satisfying
(K(f),f) = 0 for any f € H. For a,b € R, we use a v b = max{a,b}. For two sequences of
positive numbers {a,} and {b,}, we write a,, < b, or b, = a, if there exists some constant

¢ > 0 such that a,, < cb,.

2 Functional model-X knockoffs selection framework

2.1 Definition

Let X() = (X1(:), ... ,Xp(-))T be a random element in . Before framing the variable
selection in the context of sparse functional models with Y being a scalar or functional
response, we define a functional covariate X;(-) as null if and only if Y is independent of

X;(+) conditional on the remaining functional covariates X_;(-) = {X1(:),..., X,(-)}\{X;(*)}



and as nonnull otherwise. Let S denote the index set of null functional covariates, i.e.,
S¢={je[p]: X;(-) is independent of ¥ conditional on X_;(-)}, (1)

and hence the index set of nonnull functional covariates is given by S, the complement
of S¢. This formulation naturally establishes the equivalence between the selection of null
functional covariates and functional variable selection. E.g., it follows from Lemmas A2 and
A9 of the Supplementary Material that S¢ is the same as the set {j € [p] : |5;]| = 0} in (7)
for SFLR or {j € [p] : |Bj|s = 0} in (15) for FFLR. Our goal is to discover as many nonnull
functional covariates as possible while controlling the FDR, defined as

ygmsc\]

FDR=E | —=
S| v 1

where S represents the index set of functional covariates identified by the variable selection
procedure, and | - | denotes the cardinality of a set.
The key ingredient of functional model-X knockoffs selection framework is the construc-

tion of functional model-X knockoffs, which is defined as follows.

Definition 1. Functional model-X knockoffs for the family of random functions X(-) are a
new family of random functions 5(() = ()N(l(), . ,)?p(-))T € H that satisfies the following
two properties: (i) (X(-)T,}NC(-)T)SMP(G) 2 (X(-)T,}N(()T) for any subset G < |[p], where
swap(G) means swapping components X,(-) and )?j() for each j € G and 2 denotes the

equality in distribution. (i) X(-) and Y are independent conditionally on X ().

Definition 1 generalizes the definition of model-X knockoffs (Candes et al., 2018) within
Hilbert spaces. Property (ii) is fulfilled when constructing the knockoffs 5(() without any
reference to Y, and Property (i) corresponds to the pairwise exchangability between the
original and knockoff variables. Before giving an example obeying this property, we introduce
some notation. For each j, k € [p], denote the mean of X; as u; and the covariance operator
between X; and X} as Yx,x, = Cov(X;, Xi) = E{(X; — p;) ® (X — px)}, which has a
one-to-one correspondence with the covariance function ¥x,x, (u,v) = Cov{X;(u), Xz(v)}

for (u,v) € U%. Denote the p x p covariance operator matrix of X as Xxx, whose (j, k)th
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entry is operator Xx, x,. The cross-covariance operator matrix 3 ¢ between X and X can
be defined similarly. We will utilize the example below as the way of constructing functional

knockoffs in Section 4.

Example 1. Suppose that X follows a multivariate Gaussian process (MGP) with mean zero
and covariance Sxx, denoted as MGP(0,Xxx). Then (X, XT)T ~ MGP(0,3 y 3)x %))

satisfies Property (i), where
Yxx =355, Xyg =Ygy = Xxx — Qxx, (2)
and Qxx = diag(Qx, x,,---,Qx,x,) is selected in such a way that Z(X,)?)(X,)?) > 0.

Suppose that we observe n i.i.d. realizations {X;(-), Y;}ic[n) from the population {X(-),Y'}.
Due to the infinite-dimensionality of functional data, we adopt the standard dimension re-
duction approach by performing Karhunen-Loeve expansions of X;;(-) and )?Z]() for each j

and truncating the expansions to the first d; terms, which serves as the foundation of FPCA:

0

Xii() = i) = D () ~ €58,(), Xig() = () = Y &) ~ E,0,(), (3)

=1 =1
where ¢j = (¢, - - -,¢jdj)Ta Eij = (i1, - - ,fijdj)T and Eij = (éijla e agijdj)T' Here &5 =
(Xi; — pj, dj1) (or & = <)wa — 14, ¢51)), namely FPC score of original (or knockoff) vari-
ables, corresponds to a sequence of random variables with E(&;;;) = 0 and Cov(&;j, &ijrr) =
wil (I = 1'), where wj; > wjo = -+ > 0 are the eigenvalues of Yx,x, and ¢;i(-), ¢j2(-), . .
are the corresponding eigenfunctions. To implement FPCA based on n observations, we
compute the sample estimator of Xx, x, via inXj = n ' Y0 (X — ) ® (X — i)
with f; = n7' > | X;; and then carry out an eigenanalysis of 5 x,x, that leads to esti-

mated eigenvalue/eigenvector pairs {w;, $j1(~)}le[dj]. We then obtain estimated FPC scores

Eit = (Xij — fij. ) and &y = (Xyj — fij, o) for | € [d;]. Let & = (Eijts- -+ Eija,)™
\éij = (g’ijb cee 7€ijdj)T7 gz = (E;Fl? s 7§;)T and E’L = (E;fl? cee 7E;>T‘ Resulting from the dimen-
sion reduction, the estimation of sparse function-valued parameters based on {X;(-)", Y;}icpn]

is transformed to the block sparse estimation of parameter vectors/matrices based on vector-

~

valued estimated FPC scores {Ei}ie[n] and transformed responses {iw/i}ie[n], where, e.g., Y]

equals Y; for SFLR in Section 3.1 and estimated FPC scores of Y;(-) for FFLR in Section 3.2.
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We next present the exchangeability condition, i.e., swapping estimated FPC scores of
null functional covariates with those of corresponding functional knockoffs will not affect the
joint distribution of EZ and EZ conditional on }NQ

AT T

~T. . ~ D ~
aEi ) |Y; = (€z 7€i )swap(G)D/;'

AT

Condition 1. For any subset G < S° and i € [n], (€i

This condition can be validated across three examples we consider by applying the func-
tional exachangeability result in Lemma A1l of the Supplementary Material, which is built
upon the properties in Definition 1. It plays a crucial role in establishing the coin-flipping

property in Lemma 1 below.

2.2 Feature statistics

To select the nonnull functional variables, we compute knockoff statistics W; = w;(Z;, 2])
for each j € [p], where w; is antisymmetric function satisfying w;(-,*) = —w;(x,-), and
Z; and Zj respectively represent the feature importance measure of estimated FPC scores
of {Xij}iem and {)?l-j}ie[n]. For three examples we consider, we can choose Z; and Ej as
the group-lasso coefficient vectors/matrices under the vector {5 /matrix Frobenius norm of
{Eij}ie[n] and {Eij}ie[n], respectively, and a valid knockoff statistic is w;(Z;, Z) = Z; — Z.
Intuitively, a large positive value of W, suggests that X;(-) is an important (i.e., nonnull)
feature, while small magnitudes of W; often correspond to unimportant (i.e., null) features.

As noted in the Candes et al. (2018), the knockoffs selection can control the FDR when the

feature importance measures W;’s possess the essential coin flipping property below.

Lemma 1. Suppose that Condition 1 holds. Let (d1,...,6,) be a sequence of independent
random variables such that §; = +1 with a probability of 1/2 if j € S¢, and 6; = 1 otherwise.
Then (W, ..., W,) B (s,w, ... , 0, W), conditional on (|Wi], ..., |W,|).

Hence a large positive value of W; provides evidence that j € S, whereas, under j € S,
W; is equally likely to be positive and negative. Notice that Lemma 1 is established on the

sets of null/nonnull functional covariates, and fails to hold for the corresponding truncated



sets specified in (11) below. Nevertheless, this does not place a constraint to control the
FDR, as justified in Theorem 1 below.

The last step of our functional knockoffs selection framework is to apply the knockoff
filter (Candes et al., 2018) by ranking W;’s from large to small and selecting features whose

associated W;’s are at least some threshold 7 in (5). This results in estimated nonnull sets
Ss={jelp] :W;=T5}, 6=0o0r1. (4)

To select a data-driven threshold as permissive as possible while still managing the control

over the FDR, we choose the threshold in the following two ways:

(5)

. . O+ {7 W, < —t
T5:m1n{te{|Wj|>0:je[p]}: |{|jW]>t}| i < }7
W =

where Tj is used for knockoff filter and 77 is used for more conservative knockoff+ filter. The
false discovery is measured by both FDR based on 77 and modified FDR based on 7§, which

are respectively defined as,

R = E | 51250 nd wEDR = E | 12005 |
S| v 1 1So| +1/q

We are now ready to present a theorem regarding the effective FDR control.

Theorem 1. Suppose that Condition 1 holds. For any sample size n and target FDR level
q € 0,1], the selected set §1 satisfies FDR < q and the selected set §0 satisfies mFDR < q..

Remark 1. Resulting from the dimension reduction step, we are confronted with estimated
FPC scores and bias terms formed by truncation errors. However, Theorem 1 makes it ev-
tdent that neither estimation errors nor truncation errors affect the effectiveness of FDR
control, which remains valid regardless of truncated dimensions d;’s. This is because Con-
dition 1, concerning estimated FPC' scores, serves as the foundation for proving Theorem 1

and can be verified for any values of d;’s without regard to truncation errors.

Remark 2. Our proposed “knockoffs first” framework begins with constructing functional
knockoffs before performing dimension reduction and knockoff filter to the group-lasso coef-

ficients for variable selection. Theorem 1 ensures that our proposal effectively controls FDR
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when the null set S¢ is defined in (1). By comparison, an alternative “truncation first”
approach applies fivred-X group knockoffs selection (Dai and Barber, 2016) by constructing
vector-valued knockoffs based on vector-valued estimated FPC' scores, followed by adopting a
group-lasso-based knockoff filter for variable selection. However, it is important to note that
the presence of functional versions of the conditional independence in both the null set S¢ and
Definition 1’s Property (ii) does not imply the corresponding truncated (sample) versions of
the conditional independence, which are essential to ensure FDR control within the model-X
framework. We thus formulate the “truncation first” strategy within the fized-X framework to
accommodate linear model settings with n = Z§=1 d;. For instance, in Section 5.1 for SFLR,
we define the corresponding null set S¢ as the complement of S in (8), and the truncated
version of the null set S¢ in (11) with S¢ < S¢. This allows us to employ the group knockoffs

selection (Dai and Barber, 2016) that results in the effective FDR control via

Snse SnSe
g| 50 o g|BEo o, (6)
|S] v 1 |S] v 1
functional version of FDR truncated version of FDR

where S denotes the set of selected variables.

Compared to our “functional knockoffs” proposal with both FDR and power guarantees,
it is evident from Remarks 2 and 4 below that the “truncation first” strategy ensures FDR

control but results in empirical power with possibly slower asymptotic rate of convergence
for SFLR. These findings also hold true for FFLR and FGGM, and are consistent with our

simulation results in Section 5.

3 Applications

3.1 High-dimensional SFLR
Consider the high-dimensional SFLR model
}fi = '?:1 SZ/{ 5]‘ (U)XZJ<U)dU + &5, 1€ [TL], (7)
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where {€;};e[,) are i.i.d. mean-zero random errors, independent of mean-zero {X;(-) }icfn] je[p]-
The function-valued coefficients {f3;(-)} e[y are to be estimated and are assumed to be func-

tional s-sparse with support
S={jelp]: 18] # 0} (8)

and cardinality s = [S| « p. Our target is to select important functional variables (i.e.,
recovery of support S) while simultaneously controlling FDR. To integrate this task into our

functional model-X knockoffs selection framework, we give the following condition.

Condition 2. For any j € [p| and any bivariate functions v, € Lo(U) ® Lo(U) with k €

[P} Xij(u) # sy Sy e, 0) X (v)dv for i € [n].

Under Condition 2, Lemma A2 of the Supplementary Material establishes the equivalence
between the nonnull set (1) and the support set (8) for SFLR. For each j € [p], we expand

Xi;(+) according to (3). Some specific calculations lead to the representation of (7) as

p
Y, = Z E,;bj +ei+e, (9)
j=1
where the jth coefficient vector b; Su u)du € R% and ¢; = ?:1 Zidﬁl &ijibji is

the truncation error. Hence, we can rely on the group sparsity pattern in {b;} e, to recover
the functional sparsity structure in {3;(-)},epy. Within functional knockoffs framework, we
denote the augmented coefficient vectors of FPC scores by {b;};cr2p (the first p coefficient
vectors are for the original covariates and the last p are for the knockoffs).

We initiate by adopting FPCA on {X;;(-)}ien) for each j and obtain vector-valued esti-
mated FPC scores of original and knockoff covariates (i.e., EU’S and Eij’s). We then estimate

{b;}jer2p) via the group-lasso regression on the augmented set of estimated FPC scores

1 & p 2p T 2 2p
blml{)l mn Z Z Z 5 i(j=p) j +An Z [b;l, (10)
ER) 210 i=1 j=1 j=p+ j=1

where A\, > 0 is the regularization parameter. Denote the solution to (10) by {Bj}je[zp].
Complying with the knockoff selection step in Section 2.2, we choose the jth feature impor-

tance measures by Z; = HlA)]H and Zj = HlA)jerH and the corresponding knockoff statistics is
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W; = HlA)] | — HlA)jﬂ,H. Hence we obtain the set of selected functional covariates S by applying
the knockoff filter to {W;} ey in (4), where the threshold T is determined by (5).

With the constructed functional model-X knockoffs satisfying Definition 1, we can show
that the estimated FPC scores of original and knockoff variables fulfill Condition 1. Then
an application of Theorem 1 leads to the following theorem, which achieves the valid FDR
control for SFLR without any constraint on the dimensionality p relative to the sample size

n. As such, our proposal works for both p < n and p > n scenarios.

Theorem 2. Suppose that Condition 2 holds. Then for any sample size n and target FDR
level q € [0, 1], S, satisfies FDR < q and So satisfies mFDR < q.

Remark 3. As discussed in Remark 2, we formulate the “truncation first” strategqy for
SFLR within the fized-X group knockoffs framework (Dai and Barber, 2016). Referring to
(9), we can represent Y; linearly asY; = Z§:1 g;bj +e;, where the error term e; encompasses

truncation, estimation and random errors. Define the corresponding null set as
5¢={jelp]: [bj] = 0}. (11)

Treating {Eij}je[p] as original group covariates, we can follow Dai and Barber (2016) to con-
struct group knockoffs, then choose group-lasso-based coefficient vectors under the {5 norm as
feature importance measures and finally apply the knockoff filter for group-variable selection.
According to (6), the selected set by the “truncation first” approach achieves the FDR control.

However, it may lead to declined power compared to our proposal, as argued in Remark 4.

Before asymptotic power analysis of our approach, we impose some regularity conditions.

2

Condition 3. {gi}ie[n] with finite variance o° are i.i.d. sub-Gaussian variables, i.e., there

exists some constant ¢ such that E[e™i] < e 12 for any x € R.

Condition 4. For (X,f{) e H?, we denote a diagonal operator matriz by D(X,)?)(XX) =
diag(Xx,X15 -+ » DXy Xy DR, Ryr ZXP)EP>' The infimum

_inf <(I)a2(x,)?)(x,)2)(‘1’)>
= 213 (P, Dy 3y x.5)(P)
is bounded away from 0, where Hi = {® e H* : (®,Dx 3y x.x)(®)) € (0,0)}.
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Condition 5. For each j € [p], wj > wje > -+ > 0, and maxjep) 2o, wj = O(1). There

exists some constant o > 1 such that wy — wjqy1) 2 177 Vforl=1,.

Condition 6. (i) For each j € S, there exists some constant T > «/2+1 such that |by| <177
forl = 1; (ii) minjes [bj| = knd*\,/p for some slowly diverging sequence k,, — 9 asmn — 0,
and the reqularization parameter \, = s[d***{log(pd)/n}"? + d'~7]; (iii) There exists some
constant ¢, € (2(qs)™1, 1) such that |Ss| = cis with Sy = {j € [p] : |b;| » s¥/2d*\,.}.

To simplify notation, we assume the same d across j € [p] in the power analysis in
Sections 3.1, 3.2 and 3.3, but our theoretical results extend naturally to the more general
setting where d;’s are different. Condition 4 can be interpreted as requiring the minimum
eigenvalue of the correlation operator matrix of (X™, }NCT)T to be bounded away from zero.
See similar conditions in Fan et al. (2020a); Dai et al. (2023) on the minimal eigenvalue of
the corresponding covariance matrix, whose functional extension fails to hold as the infimum
of the covariance operator matrix is zero. Conditions 5 and 6(i) are standard in functional
regression literature (e.g., Kong et al., 2016) with parameter « capturing the tightness of
gaps between adjacent eigenvalues and parameter 7 controlling the level of smoothness in
nonzero coefficient functions. Condition 6(ii) requires the ¢ norms of nonzero coefficient
vectors exceed a certain threshold, which ensures that the selected set contains the majority
of important variables. Given that our knockoffs selection is built upon the group lasso, its
power is upper bounded by that of the group lasso, which approaches one as n — oo under this
condition. Specifically, in the proof of Theorem 3, we obtain that, with high probability and

= {j & [p] = [bs] = 0}, IS¢, ~ S| minjes [Ibj] < ez, sy D3l = Ly, s 25 = bl <

?:1 Ib; — Bj” = O(sd*)\,/p). Then Condition 6(ii) implies that |SgL N S| = O(sk;') and

hence the group lasso exhibits asymptotic power one. Condition 6(iii) requires a large enough

suitable subset of S that contains relatively strong signals to attain high power. See similar
conditions in Fan et al. (2020b); Dai et al. (2023).

We are now ready to characterize the power of our proposal, which is defined as

Sy |§5 M S|
Power(Ss) = E [ STV | (12)
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Theorem 3. Suppose that Conditions 2—6 hold and sd*\, — 0. Then the selected sets Ss’s

satisfy Power(g(;) — 1 asn — 0.

Theorem 3 establishes the asymptotic power guarantee for both scenarios of p < n and

n/d4°‘

p > n, more specifically n <p < e o /d under a high-dimensional regime.

Remark 4. In the proof of Theorem 3, we show that, with high probability,

’SgﬂS|>1_

Sv1 > O(rk;h). (13)

n

By comparison, we present a heuristic argument about the power of the “truncation first”
strategqy, employing the same sets S, S and S as specified in Remarks 2-3. Under conditions

similar to those in Fan et al. (2020a) within the fized-X framework, it is expected that the

truncated version of Power = E ['éril] — 1, which holds in the sense of |§ N §| > |§|{1 —

O(/f;l)} with high probability. This, together with the fact S — S as d,n — o, yields that

the functional version of Power = E “g?vsl‘

] — 1, which holds since, with high probability,

Sosi_ 18
IS|v 1~ S| v

1{1 —O(k, ")} =2 1= 0(r,") — O(h(d)). (14)

n

Here h(d) = {1—13|/(|S| v 1)} — 0 as d,n — co. Although both methods are guaranteed with
asymptotic power one, the asymptotic rate for the empirical power of our “knockoffs first”

proposal in (13) is not slower than that of the “truncation first” competitor in (1/).

3.2 High-dimensional FFLR

Consider the high-dimensional FFLR model

Yi(v) = 20§, Xij(u)B(u,v)du + &i(v), i€ [n], veV, (15)

where {€;(-)}ic[n are ii.d. mean-zero random error functions, independent of mean-zero

{Xi;(*) Vet jep)» and {B;(-,-)}jefp are functional coefficients to be estimated with support

S=1{jelpl:|8ls #0} and s =S| <p. (16)
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Our target is to identify the support S and control FDR at the same time within our proposed
framework in Section 2. To achieve this, we establish in Lemma A9 of the Supplementary
Material that the nonnull set (1) is equivalent to the support set (16) for FFLR.

We follow (3) to expand X;;(-) for each 4,j. We also approximate {Y;(-)} under the

Karhunen-Lotve expansion truncated at d, i.c., Y;(:) ~ nf(-), where @ = (¢1,...,1%7)",

1, = (Mi1,-.-,m;5)"- Some specific calculations lead to the representation of (15) as
p
'rhT = Z&ZBj+ez'T+€g7
j=1

where B; = §,  &;(u)B;(u, v)e(v)"dudv € R%*4, and €; and &; represent truncation and
random errors, respectively. Hence, we can utilize the group sparsity pattern in {B;};cp
to identify the functional sparsity structure in {3;(-,-)}jefp). Within functional knockoffs
framework, we denote the augmented coefficient matrices of FPC scores as {B;} e[z, (the
first p coefficient matrices are for original covariates and the last p are for knockoffs).

We start by performing FPCA on {Y(-) }icpn) and {X;;(-) }ie[n) for each j, resulting in esti-
mated FPC scores for the response, original covariates, and knockoffs, respectively, denoted
as 1;, Eij, and Eij for i € [n],j € [p]. We then implement group lasso to estimate {B};cfop]

using the augmented set of estimated FPC scores

‘ 1 & R P 2p oT 2p
BiiBy, 21 2l =D 165Bs = 3 &y Bil® + A ) Byl (17)
S A | j=1 j=p+1 j=1

where A, = 0 is the regularization parameter. Let {ﬁj}jepp] be the solution to (17). Fol-
lowing the knockoffs selection step in Section 2.2, we choose the jth feature importance
measures by Z; = ||]§]HF and Ej = H]A3j+p||p, and hence the corresponding knockoff statistic
is W, = H]§]HF — Hﬁjer”F. Applying the knockoff filter to {W;};ep, in (4) with the threshold
T5 determined via (5), we obtain the set of selected functional covariates denoted as Ss.
We can verify Condition 1 with the choice of 37, = 7),;. Applying Theorem 2, we then

attain valid FDR control in our approach for FFLR.

Theorem 4. Suppose that Condition 2 holds. Then for any sample size n and target FDR
level q € [0, 1], S, satisfies FDR < q and So satisfies mFDR < q.
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Before presenting the power analysis, we need the following regularity conditions, which

serve as the FFLR analogs of the conditions imposed for SFLR.

Condition 7. {51»(‘)}1-6[”] with covariance operator Y. are i.i.d. sub-Gaussian processes in

Ly(V), i.e., there exists some constant ¢ such that E[e®] < e @S@D/2 for all x € Ly(V).

Condition 8. The eigenvalues of Syy satisfy o1 > g > --- > 0, and Y-, @& = O(1). There

exists some constant & > 1 such that &y — &y = 1797 forl > 1.

Condition 9. (i) For each j € S, there exists some constant T > (o v &)/2+1 s.t. |Bjy,| <
(L4+m)~™"Y2 for l,m = 1; (ii) minjes |B;|r = £,d*\, /1 for some slowly diverging sequence
K — 0 asn — o0, and N, 2 sd"2[(d*T32 v d32){log(pdd)/n}/? + d'/?=7); (iii) There

exists some constant cy € (2(gs)™1, 1) s.t. |Sa| = chs with Sy = {j € [p] : |B;]r » s/2d*\,}.

Define the power of the proposed approach for FFLR in the same form as (12). We are

now ready to present the following theorem about the asymptotic power one of our proposal.

Theorem 5. Suppose that Conditions 2, /-5, 7-9 hold and sd*\, — 0. Then the selected

sets Ss’s satisfy Power(gg) — 1 asn — .

3.3 High-dimensional FGGM

Consider the high-dimensional FGGM, which depicts the conditional dependence struc-
ture among p Gaussian random functions X;(-),..., X,(-). To be specific, let Cjx(u,v) =
Cov{X;(u), X(v)|X_(;x(-)} be the covariance between X;(u) and Xy (v) conditional on the
remaining p — 2 random functions. Then nodes j and k are connected by an edge if and only

if |Cixlls # 0. Let (V, E) be an undirected graph with vertex set V' = [p] and edge set
E={(j.k) e [p]*: |Cjills # 0,5 # k} with s=|E]. (18)

Our goal is estimate E based on n i.i.d. observations. To achieve this, Qiao et al. (2019)
proposed a functional graphical lasso approach to estimate a block sparse inverse covariance

matrix by treating dimensions of X;;(-)’s as approaching infinity. However, their proposal
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cannot handle truly infinite-dimensional objects due to the unboundedness of the inverse
of ¥xx. Along the line of Meinshausen and Buhlmann (2006), we develop a functional
neighborhood selection method to estimate E by identifying the important neighborhoods
of each node in a FFLR setup,

ZJ X () Bip(w, v)du + 25 (v), i€ [n],j e [pl,vell, (19)
k#j

where, for each j, {g;;(-)}ie[n) are i.i.d. mean-zero Gaussian random errors, independent of

{Xi—j(-) }iepn)- Denote the neighborhood set of node j by
Sj = {ke[p\{j} : IBinls # 0} with s; = [S;].

Before associating the edge set £/ with neighborhood sets S;’s, we give a regularity condition.

Condition 10. X' X

erators for each (j,k) € [p]* with j # k.

Yx_jmx; and DI YXx_(mX, ore bounded linear op-

X5,y X5,k

Despite the unboundedness of E;(l_{j X it is usually associated with another oper-
ator. The composite operators in Condition 10 can be viewed as regression operators, and

hence can reasonably be assumed to be bounded.
Lemma 2. Suppose that Condition 10 holds. Then E = {(j, k) € [p]* : k € S;}.

Lemma 2 suggests that we can recover E by estimating S; for each j. To achieve this with
FDR control, we build upon the idea of Li and Maathuis (2021), which employs a nodewise
construction of knockoffs/feature statistics, and a global procedure to obtain thresholds for
different nodes, and incorporate it into our framework. With each X;;(-) expanded according
to (3), some specific calculations lead to the representation of (19) as

ﬁsz = Z £,.Bji + €; + €
k]
where Bj, = §,, ¢, (u)B;(u,v)@;(v)"dudv € R%*%  and €; and e;; represent truncation
and random errors, respectively. As a result, we can rely on the block sparsity pattern in

{Bjk}1<jzk<p to identify neighbourhood sets S;’s. Within functional knockoffs framework,
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we denote the augmented coefficients of PFC scores as {Bji}re[2p)\(j,j+p} (the first p — 1
coefficient matrices are for original covariates and the last p — 1 are for knockoffs).

After performing FPCA on {X;;(+)}ic) for each j, we solve the following group-lasso-
based minimization problem using estimated FPC scores of original and knockoff variables:

. 1 L AT AT ~T
min — > €, - > &Bi— D, &upBult+ Ay Do [Bule,  (20)
=1

B 2n g
7 1<k#j<p p<k+#(p+7)<2p k+#j,(p+7)

where \,,; > 0 is the regularization parameter. Let {ﬁjk}ke[gp]\{j’ﬁp} be the solution to (20).
For the jth node, we select the importance measures as Zjj, = ||]A3]kHF and ij = H]A3j(k+p))\|F
for k # j, which results in the corresponding knockoft statistic W;;, = H]?BJ;CHF - Hﬁj(ker)HF.
This forms a p x p matrix of knockoff statistics W = (Wji),x, with W;; = 0. Given a
threshold vector Ts = (T51,...,T5,)" with § = 1 or 0 for knockoff or knockoff+ filter,

respectively, we obtain the estimated neighborhood set of node j as
855 = {k e [P} Wi > Ty},
We estimate the edge set E by applying either the AND or OR rule to gg,j’s,
Eas={(k,j):keSs;and je S5}, Eos={(k,j):keSs;orjeSss}.

There are two options for selecting Ts, the node-based local procedure and the graph-
based global procedure. For the local one, we employ the knockoff filter to each row of W

with corresponding Ty ;’s determined via (5). For each j, under verified Condition 1 with

~ A~

Y; = &,., we can apply Theorem 2 to attain node-based FDR control at level ¢/p. Whereas

i)
such local procedure can be easily verified to achieve graph-based FDR control at level g,
it results in substantial power loss as discussed in Li and Maathuis (2021). Inspired by Li
and Maathuis (2021), we develop a graph-based global approach by solving the following

optimization problems to compute Ty under the AND and OR rules, respectively.

Ts :argm%X|E’A’5|,
. 21)
ad + S| 2 (
subject to M < 'l and Ty, € {\ij|, ke [p]} u {0}\{0}, 7 € [p],
|EA75| v 1 CaP
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Ts = arg max |Eo75|,
A 22)
ad + |S5 . (
subject to M < 9 and Ts; € {|Wikl, k € [p]} U {o0}\{0}, ] € [p],
|EO75| v1 CaP
where, due to the coin flipping property of each row in W, §(;j ={kepI\{J} - Wjr < —T5;}
is used to approximate the set of false discoveries (i.e., §5’j N S;), c, > 0 is a constant

depending on a, and Ts = {40, ..., 40} if there is no feasible solution. We then define the

corresponding FDRs and mFDRs under the AND and OR rules as

Eny  E Eoq1n E°
FDR, = E [ E200 1) g, g | Foa 0 B
‘EA’1| V 1 ‘E071| V 1
E Ee¢ E Ec
mFDRy = E A| a0 0 F1] ., mFDRo =E A| 000 B |
|Eaol + acap/(29) |Eop| + acap/q

Remark 5. The global approach in (21) and (22) not only enables FDR control but also

ensures good power. To see this, we use FDRo as an illustrative example. Then FDRo <

D §17jﬁSJQ
j=1 a+|51_,j|

] o < > oL = g, where the first inequality follows from (22) and the
second inequality follows from Li and Maathuis (2021). Furthermore, the denominators in
constraints of (21) and (22) are graph-based global terms instead of node-based local terms.
This results in a broader feasible domain for the threshold vector, yielding larger estimated

edge sets and increased power.
We formalize the above remark about valid FDR control in the following theorem.

Theorem 6. For any n and q € [0,1], FDR4 < q and mFDR,4 < q under the AND rule,
while FDRo < q and mFDRo < q under the OR rule.

To present the power theory, we give a condition akin to Condition 6 for SFLR and

Condition 9 for FFLR.

Condition 11. (i) For each (j,k) € E, there exists some constant T > «/2 + 1 such that
|Bjtim| < (L+m)™""Y2 for I,m > 1; (ii) For each j € [p], minges; |Bjr| r = Kn;d*Anj/p for
some slowly diverging sequences k,; — 0 asn — 0, and \,; = s;[d*"*{log(pd)/n}?+d*~7];
(iti) For each j, there exists some constant ¢; € ((1 + a)cap(gs)™, 1) such that |Sp| = ¢;s;

with Sjz = {k € [pI\{7} : [Bjulp > s;"2d*\sj}.
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We define the power of our proposal by

|EA’50E|
|E| v 1

|Eos  E|

P Ers)=E
OWG‘I‘( A,(S) |E‘ v 1

and Power(@oy(;) =E

Theorem 7. Suppose that Conditions 4-5 and 10-11 hold, and s;jd*)\,; — 0 for each j.

Then the selected edge sets EQ(; s satisfy Power(@o,g) —1 asn — .

Theorem 7 provides the power guarantee in high dimensions when utilizing the OR rule

and we leave the power analysis of EF 5 as future research.

4 Constructing functional model-X knockoffs

4.1 Exact construction

We consider the second-order functional knockoffs construction by matching the mean
and covariance functions of X and X. Assuming that (XT,)NCT)T follows MGP as specified
in Example 1, we achieve alignment of the first two moments, which implies a matching of
joint distributions, so that we have an exact construction of functional knockoffs.

To ensure the positive semi-definiteness of E(X7 )(x.%) and maintain good statistical

power, we need to solve the following optimization problem to obtain Qx,x,’s:

min Z 1Xx,x; — Qx;x; [norm subject to 2Xxx — Qxx =0, (23)
{Qx;x;}jelp S '

where || - [sorm denotes some proper functional norm. However, for each j € [p], the fact X, €
H; together with the constraint in (23) imply that, Anin(@x,x;) < 2)\min(ZXij) — 0, where
Amin(+) denotes the minimum eigenvalue. When the minimum and maximum eigenvalues of
Q X,X, are of the same order, we have () x,;x; — 0. This makes the original variables nearly
indistinguishable from the knockoff counterparts, leading to substantially declined power.
To address this issue, we leverage the correlation operators between X,’s and Xj’s for
g,k € [p] (Baker, 1973), ie., Cx,x, : Hr — H; such that [Cx, x|, < 1 and Xx,x, =
E%fXjC'XijEszk, where E%J_QX], = Z?ilw;lmgzﬁﬂ ® ¢j; is the square-root of the operator

Yx,x;- We denote Cxx = (Cx;x,)pxp as the correlation operator matrix of X. It follows
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from Solea and Li (2022) that, under mild regularity conditions, Cxx — ¢*I > 0 for some
positive constant ¢*, which implies Ayin(Cxy) = ¢*. E.g., when Cx,x, = 27773}, ¢, ® ¢,
it is easy to verify that A\, (Cxx) = 1/3. By utilizing Cxx instead of X xy, the constraint
in (23) becomes 2Cxx — Rxx > 0, where Rxx = diag(Rx,x,,.-.,Rx,x,). This makes
it feasible to determine Rx,x, with eigenvalues being bounded away from zero (see e.g.,
the construction of Ry, x; under E1 and E2 below), which ensures discrepancies between
original and knockoff variables with enhanced power. Some simple calculations show that

the covariance structure in (2) reduces to the correlation structure
CXX:C)})}, CX)N(:C)}XZCXx—Rxx, (24)

where Qx,x;, = E;/ij Rx; XjZ;/jQXj for j € [p]. Hence we can achieve the equivalence between
E(X,)?)(X,)?) > 0 and 2Cxx —Rxx > 0. As a result, we propose to obtain Rx;x,’s by solving

the following optimization problem instead of (23)

min 2 |Cx,x;, — Rx,x,|z subject to 2Cxx — Rxx = 0. (25)

{Rx;x;}jelp) 7
Remark 6. [t is crucial to select an appropriate functional norm in the objective function
of (25). Notice that, for each j, Cx,x, — Rx,x, 1s neither Hilbert-Schmidt nor nuclear with
possibly unbounded |Cx,x, — Rx,x,|ls and |Cx,x, — Rx,x,|n. Therefore, we opt for the

operator norm, considering that |Cx,x;, — Rx,x;|c < 0.

To solve the optimization problem (25), we rely on the expression of the correlation

operator Cx,x, under the Karhunen-Loeve expansion (3) in the following lemma.

Lemma 3. Suppose that >°, w;l/z < o Then, for each j, k € [p],
0 e¢]

Cx,x, = 2. Yy Corr(&ie, Gem) (D1 @ Prm)-
I=1m=1

It then holds that Cx,x, = Yo (¢j ® ¢j1). While Lemma 3 applies to Cxx, Czx; and
cross-correlation operators ij %, = Ox;x, for j # k under (24), we focus on ij %, that
depends on Ry,x;, i.e., C’Xj;(j = Cx,x; — Rx,x,. Combining these facts, we derive three

expressions of Ry, y, as follows, leading to the corresponding correlation operator C X%,
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El: When Ry, x; = 2,2, 7(¢3 ® ¢5) for € [0,1], Cy ¢ =232, (1 = 7)(¢1 ® p5);
E2: When Ry x;, = 2,2, 7(0 ® ¢j1) for each r; € [0,1], Oy g = 332, (1 —75) (05 ® dj0);

E3: When Ry x;, = .2, 7j1(¢j ® ¢j1) for each rj € [0,1], Oy 5. = 232, (1 = 70) (05 ® d0).

In (25), we present the optimization problem at the operator level. To facilitate this task,
we establish in Section B.1 of the Supplementary Material that the objective functions of

(25), under E1, E2 and E3, simplify to the corresponding equivalent forms below.
El: min,(1 —r);

E2: ming,, ) 25;(1 —75);

E3: ming,, v, 2;sup; [1 —rjf, where r; = (rji,7j2,...,)" € R

4.2 Implementation

Based on i.i.d. observations X4, ..., X,, we can compute the sample versions C xx and
Ryy in the constraint of (25). To do this, we replace relevant terms in Lemma 3 by their
sample counterparts, resulting in the sample correlation matrix operator Cs Xx = (C’ X, X Jpxps
where C)S{-X = 2?31 22—1 @Js'klm(ﬁbjl@%m) with @]S'k:lm =n"! Z?:l(fijlfnfl i1 fijl)(fz‘km*

Tty fzkm) e jll/ Qw;ﬁ) However, the sample correlation estimator performs poorly in high-
dimensional settings. Inspired by Schéifer and Strimmer (2005), we propose a shrinkage

version of the sample correlation operator matrix as
Cxx = (1= 7)Cxx + mlxx, (26)

where v, € [0, 1] is the shrinkage parameter, and Tyx = diag(fxlxl, . jXpo) with fXij =
Z?L ngSjl ® gzgjl. Additionally, we can obtain sample versions of Rx,x; under El, E2, E3 as
EX;‘XJ =2 T(ngl@)&jl)v ﬁijXj =20 rj(éjl@ﬁlgﬂ), éxjxj =, Tﬂ(éjl(@(ﬁjl), respectively.

Nevertheless, it is still difficult to solve the optimization problems at the operator level.
To make them executable algorithms, we map operators as matrices using a coordinate repre-

senting system within finite-dimensional Hilbert spaces (Solea and Li, 2022). The coordinate
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mapping employs a finite set of functions B; = {b;1, ..., bjx,} to approximate H; for j € [p].
Hence, each X;; can be expressed as a linear combination of bji,...,0bjx,, where the coeffi-
cient vector is denoted by [X;] 5, and is called the coordinate of X;; with respect to B;. For
any operator K : H; — H, the coefficient matrix ([K (bj1)]s,.,- - ., [K(bjk,)]s,) is denoted
by 5, [K]s, and is called the coordinate of K with respect to B; and By. In this way, we map
each X;; € H; to a vector in R and each operator K : H; — Hi to a matrix in RFnxkn et
G, = (Gjim)kn xk, With G = {bji, bjmm) be the Gram matrix of B;. See details of coordinate
mapping in Section B.2 of the Supplementary Material.

In Section B.2 of the Supplementary Material, we derive that 2C XX — f{X x > 0 reduces
to 2@0 ~-Q r > 0 under the finite coordinate representation, where ﬁc and O r are pk, x pk,
matrices obtained from the coordinates of C xx and fiX x, respectively. Specifically, by (26)

and (5.44)—(S.45) of the Supplementary Material, we obtain
QC = A(:)CAT with é\)C =(1- 'Vn)((:)gs'klm)pkn xpkn T Ynlpk, (27)

where A = diag(G1®1, .. ., Gp&Jp) € RPFnxPkn represents the mapping matrix from the space
of FPC scores to that of coordinates, and ®; € RF»*k» with its Ith column [¢;] s, for j € [p]
and [ € [k,]. Additionally, we can obtain the corresponding Q R = AG R:AT below under El1,
E2 and E3. Combing the above facts, we propose solving three sample finite-representations

of the optimization problem (25):
El: With O = diag(rIy, , ..., 1L, ) € RPFnxpkn

min(1 —r) subject to r € [0, 1], 20 — Op > 0. (28)

E2: With O = diag(riIy,, ..., 7Ly, ) € RPFn<Phn,

p
min Z(l — ;) subject to r; €[0,1], 20c — Op > 0. (29)

(r1,.57p) o)

E3: With O = i (711, - oy Tlhy « e s Tply - -+ s Tphyy ) € RPEXPRn for j € [p])

P kn
‘min Z |1 —rj;| subject to r; €[0,1], 20 — Op > 0, (30)
e e
where T; = (rj1,...,7jk,)"
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Note that the original objective function min, _g,) >J7_; Supep, |1 — ;| corresponding to
E3 is difficult to handle. To simplify the computation, we consider the objective function
in (30) instead. We establish the equivalence of both optimization tasks in Remark 7 of the

Supplementary Material.

4.3 Algorithms

To simplify the notation, we use [Xy;]s, to denote the centered version [Xj; — fi;]s;.
Since constructing functional knockoffs is achieved with the aid of empirical Karhunen-Loeve
expansion, we firstly summarize the algorithm for Karhunen-Loeéve expansion using the finite
coordinate representation in Algorithm 1. We then present the algorithm for constructing
functional model-X knockoffs in Algorithm 2. By the fact that (X7, if)T is MGP and the

derivations in Section B.3 of the Supplementary Material, we obtain, in Step 2 that,

W_UQAT([X' ]81’ cey [)’Zvip]%p)T

_1/2AT([X1'1]E17 sy [Xip]ao)T ~ N(ﬁ’quv ®X|X> (31)

for each i € [n], where the normalization matrix W = diag(wi1, ..., @1k, - - - s Ppls - - - Dpks )5

i‘\l’)N(|X = ( @R@C ) 1/2AT([X1'1]E1,. PN [le] ) and GX\X = 2®R — ®R®C @R

Algorithm 1 Algorithm for Karhunen-Loéve expansion.

1: For each j € [p], choose a set of functions B; = {b;1,...,bj,} on U and compute G;.

2: Compute the coordinates [X;]p, relative to the basis B; by least squares.

3: Perform spectral decomposition on n lGl/2 Sy ([Xisls, [Xij]gj)Gl/z to obtain eigen-
pairs (wj;, V) for [ € [k,].

4: Compute ¢ = (bjy, ..., b, )GI*¥1 and &5 = [Xy;]5 Gi/*% for i € [n] and [ € [k,].

4.4 Partially observed functional data

In this section we consider a practical scenario where each X;;(-) is partially observed,
with errors, at L;; random time points Uy, ..., Uyjr,; € U. Let Wi; be the observed value of
Xi;(Uij) satisfying

Wi = Xij(Uiji) + eiji, 1=1,...,Ljj, (32)
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Algorithm 2 Algorithm for constructing functional model-X knockoffs.

1: Under E1, E2 and E3, recover the expressions of Qr by replacing r, (rq,...,r,) and
(T1,...,T,) with the corresponding solutions to the optimization problems in (28), (29)
and (30), respectively.

2: Sample Zi, ... Z, independently from N (Op, , Ik, ). Based on the conditional distribu-

tion (31), obtain Wfl/ZAT([)N(ﬂ]a, ce [)?Z-p]ngp)T = Pyix T éi{fxzi, which turns to be

|
the coefficient-vector (&1, - -5 &itkns - -« Eipts - - -5 Eipkn )~ Of p-vector of functional knock-
offs under respective Karhunen-Loeve expansions.

3: Construct functional knockoffs as X;;(-) = Zfﬁl {vijlngﬂ(-) for i € [n] and j € [p].

where e;;’s are i.i.d. mean-zero errors with finite variance, independent of X;;(-). The sam-
pling frequencies L;;’s play a crucial role when choosing the smoothing strategy. When L;;’s
are larger than some order of n, the conventional approach employs nonparametric smoothing
on Wij, ..., Wijr,, to reduce the noise, see, e.g., local linear smoothers (Kong et al., 2016).
This allows the reconstruction of individual curves, which can be treated as original covari-
ates to construct functional model-X knockoffs. When L;;’s are bounded, the pre-smoothing
step is no longer viable. In such cases, it is recommended to apply nonparametric smoothers
for estimating the mean, marginal- and cross-covariance functions, which are essential terms
within the functional model-X knockoffs framework. This can be achieved by pooling data

from subjects to build strength across all observations (Fang et al., 2023).

5 Simulations

In this section, we conduct a number of simulations to assess the finite-sample perfor-
mance of the proposed functional knockoffs selection methods for SFLR, FFLR and FGGM.
We compare our “knockoff first” proposals, which include the construction of functional
knockoffs under E1, E2 and E3 (respectively denoted as KF1, KF2 and KF3), with two com-
peting methods. The first competitor follows a “truncation first” strategy (denoted as TF), as

detailed in Remark 2. The second is a group-lasso-based variable selection method (denoted
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as GL), which involves initial dimension reduction followed by group-lasso for group-variable
selection but does not include knockoffs.

Implementing our proposals require choosing the shrinkage parameter v, in (27), the
dimension k, in the coordinate mapping and truncated dimensions d;’s (and d for FFLR).
To select ~,, we can either use cross-validation or minimize the mean squared error of éc
(Schéfer and Strimmer, 2005), while the latter approach is adopted for its computational
efficiency. In the coordinate mapping, we follow Solea and Li (2022) to use cubic spline
functions with 3 interior nodes, leading to 7 free parameters. Hence each H; for j € [p] is
spanned by these k,, = 7 spline functions. To determine the truncated dimensions, we take
the standard approach by selecting the largest d; (or d for F FLR) eigenvalues of 5 x,x; (or
f]yy for FFLR) such that the cumulative percentage of selected eigenvalues exceeds 90%.
Inspired from Wang and Zhu (2011), we consider minimizing the following high-dimensional

BIC to choose the regularization parameter in the penalized least squares (17) for FFLR

HBIC(\,) = nlog {RSS(\,)} + 2hlog (1 d;) Y. {w FI(Ble > )}, (3)

j=1
where RSS(\,,) represents the residual sum of squares, and % is a constant in [0.1,3] to
maintain comparable power levels. The criterion (33) is also applicable for selecting A, in
(10) for SFLR with d = 1 and |B|p degenerated to |bl||. Since our proposal for FGGM
involves p FFLRs, we can select the regularization parameters \,;’s in the same fashion as
for FFLR. With (33), we can also determine the corresponding regularization parameters for
each comparison method within each model.

To mimic the infinite-dimensionality of random functions, we generate functional vari-
ables by X;;(u) = Jb(u)TOij for i € [n],j = [p] and u € U = [0,1], where @p(u) is a 25-
dimensional Fourier basis function and (67, ..., 07)" € R*” is generated independently from
a mean zero multivariate normal distribution with block covariance matrix A € R2?%*2%,
whose (j, k)th block is Aj; € R*** for j k € [p]. The functional sparsity pattern in
Syx = (Sl '))po with its (j, k)th entry Xjx(u,v) = aﬁ(u)TAjqu(v) can be captured by

the block sparsity structure in A. Define Aj; = diag(172,...,257%) and Ajp = (Ajgim)asx25,
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where Ajpm = 0.507#=2m=! for | # m and pli=*[=2 for | = m with p = 0.5. We gen-
erate n = 100, 200 observations of p = 50,100, 150 functional variables, and replicate each
simulation 200 times. For each of the three models, the data is generated as follows.

SFLR: We generate scalar responses {Y;}c[,] from model (7), where ¢;’s are independent
standard normal. For each j € S = {1,...,10}, we generate 3;(u) = 33>, bygy(u) for u € U,
where bj; = (—1)!¢,l7% for | = 1,...,25, and the strength of signals via ¢;’s are sampled from
Unif[4, 6]. For j € [p]\S, we set §;(u) = 0.

FFLR: We generate functional responses {Y;(v) : v € U}icpn) from model (15), where
gi(v) = X0 gadi(v) with gy being i.id. N(0,1). For j € S, we gencrate f;(u,v) =

lz,?nzl Bjim®1(1)dm (v) for (u,v) € U, where Bjp, = (=1)*"¢y(I+m) 2 for l,m =1,...,25,
and ¢,’s are sampled from Unif[4, 6]. For j € [p]\S, we set 3;(u,v) = 0.

FGGM: Different from the above data generating process, we sequentially generate
Xa(+),. .., Xip(-). We firstly generate the functional errors £;;(u) = q?)(u)Téz] for i € [n] and
j = [p], where 5,~j are sampled independently from N (0s5, A;;). We then adopt the following
structural equations to establish a directed acyclic graph,

Xii(u) = gi1(u) and Xj;(u) = Z J Xin(v) Bk (u, v)dv + €;5(u) for j € [p]\{1},

(k.j)eBp “H

where Ep represents the directed edge set. A pair (i,j) € Ep is said to be directed from
node i to node j if (4,4) ¢ Ep, then node j is a child of node i. Denote the candidate edge set
as B, = {(k,j) € [p]* : k < j}. To determine Ep, we randomly select one edge from E, for
each child node j € {2,...,p} in a sequential way, and then randomly choose p/3 edges from
the remaining E.. We generate [j(u,v) = Zi‘?n:l Bjrim®1(w)dm(v) for (u,v) € U?, where
Bijkim = (—1)"™cps; (I+m) 2 for [,m = 1,...,25, and ¢,’s are sampled from Unif[4, 6]. We
finally moralize the directed graph to obtain the undirected graph (Cowell et al., 2007).

We present numerical summaries of all comparison methods in terms of empirical power
and FDR for SFLR, FFLR and FGGM in Tables 1, 2 and 3, respectively. Given the similar
performance of three “knockoff first” methods for SFLR and FFLR, we only employ KF1 for

FGGM due to computational efficiency. We choose to report results under the OR rule, which
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KF1 KF2 KF3 TF GL

FDR Power FDR Power FDR Power FDR Power FDR Power

50 100 0.16 096 016 095 016 096 0.16 0.82 025 1.00
200 0.13 100 014 100 013 1.00 0.17 096 019 1.00
100 100 0.13 089 015 089 016 089 0.19 0.68 047 1.00
200 0.18 100 019 100 019 1.00 0.16 0.89 028 1.00
150 100 0.08 099 008 099 007 100 010 079 059 1.00
200 019 100 017 100 019 100 018 0.8 043 1.00

Table 1: The empirical power and FDR. for SFLR.

KF1 KF2 KF3 TF GL

FDR Power FDR Power FDR Power FDR Power FDR Power

50 100 0.18 088 0.17 0.8 019 0.8 017 069 0.80 1.00
200 012 093 013 093 014 093 014 08 020 094
100 100 0.14 078 014 0.8 012 078 0.07 071 0.69 0.81
200 0.08 096 008 096 0.08 096 007 0.8 088 1.00
150 100 0.17 099 015 099 019 099 016 070 093 1.00
200 016 1.00 017 100 0.18 100 014 0.82 093 1.00

Table 2: The empirical power and FDR for FFLR.

demonstrates superior performance compared to the AND role. Several conclusions can be
drawn from Tables 1-3. First, in all three models whether p > n or p < n, the knockoffs-based
methods, including KF1, KF2, KF3 and TF, effectively control the empirical FDR below
the target level of ¢ = 0.2. In contrast, GL results in significantly inflated FDR, especially
for SFLR and FFLR. Second, across all scenarios, our “knockoff first” methods consistently
achieve higher empirical powers compared to “truncation first” competitors. These empirical
findings nicely validate the heuristic arguments presented in Remarks 2 and 4. Third, among
KF1, KF2 and KF3, they exhibit similar performance in terms of FDR control and power.

Due to its lowest computational cost, we recommend using KF1 in practice.
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KF1 TF GL

FDR Power FDR Power FDR Power

50 100 0.18 074 0.15 050 0.23 0.75
200 020 094 020 079 022 094
100 100 0.17 063 0.12 048 0.20 0.68
200 0.19 084 018 073 022 0.86

Table 3: The empirical power and FDR for FGGM.

We also assess the finite-sample performance of competing methods for handling par-
tially observed functional data. We generate X,;(-) for ¢ = [n] and j = [p] following the
same procedure as above. We then generate the observed values W;j;’s from (32), where
the observational time points and errors e;;’s are independently sampled from Unif[0, 1]
and N(0,0.5%), respectively. We consider the dense setting L = 51 since brain signals in
neuroimaging data are commonly measured at a dense set of points. We employ the local-
linear-based pre-smoothing approach using a Gaussian kernel with the optimal bandwidth
proportional to L~'/°. The numerical results for SFLR and FGGM are respectively presented
in Tables 4 and 5 of the Supplementary Material. Similar conclusions can be drawn compared

to the results obtained for fully observed functional data from Tables 1-3.

6 Real data analysis

6.1 Emotion related fMRI dataset

In this section, we illustrate our functional model-X knockoffs selection proposal for
SFLR using a publicly available brain imaging dataset obtained from the Human Connec-
tome Project (HCP), http://www.humanconnectome.org/. This dataset comprises n = 848
subjects of functional magnetic resonance imaging (fMRI) scans with Blood Oxygenation

Level-Dependent (BOLD) signals in the brain. We follow recent proposals, based on HCP,
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to model signals as multivariate random functions, thus representing each region of interest
(ROI) as one random function; see, e.g., Xue and Yao (2021); Zapata et al. (2022); Lee
et al. (2023). For each subject, the BOLD signals are recorded every 0.72 seconds, totalling
L = 176 observational time points (2.1 minutes). The response of interest is referred to as
Emotion Task Shape Acc, which represents a continuous score measured by the Penn Emo-
tion Recognition Test and is associated with the brain’s processing of negative emotional
tasks. We construct an SFLR model via (7) by treating p = 34 ROIs as functional covari-
ates; see Table 6 of the Supplementary Material for details on the specific ROIs. Our goal is
to identify ROIs that significantly influence the Emotion Task Shape Acc. For this purpose,
we apply our proposed KF1 approach for SFLR with target FDR level of ¢ = 0.2. To con-
struct H;’s, we use cubic spline functions with 11 interior nodes, corresponding to k, = 15.
For comparison, we also implement the TF and GL methods. While TF and GL respectively
select 9 and 15 ROIs, our KF1 identifies 6 ROIs, indexed by j € {9, 12,20, 22,31, 32} with
sorted importance levels Wy > W31 > W3y > Wog > Wig > Was. Among three competitors,
these six ROIs are consistently selected, and align with findings in the existing literature.
Specifically, Xue and Yao (2021) identified isthmus cingulate (j = 9), lingual (j = 12) and
frontal pole (j = 31) as important ROIs associated with Emotion Task Shape Acc. Fur-
thermore, previous studies have found regions like pericalcarine (j = 20), posterior cingulate
(j = 22) and temporal pole (j = 32) to be responsible for negative emotions (Sabatinelli
et al., 2007; Rolls, 2019; Olson et al., 2007).

6.2 Functional connectivity analysis

In this section, we investigate the relationship between brain functional connectivity and
fluid intelligence (gF), which represents the capacity to think and reason independently
of acquired knowledge. The dataset, obtained from HCP, consists of fMRI scans and the
corresponding gF scores, determined based on participants’ performance on the Raven’s
Progressive Matrices. We focus on ny,, = 73 subjects with low fluid intelligence scores

(gF< 8) and npign = 85 subjects with high scores (gF> 23). In an analogy to Section 6.1,
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(c) gF< 8: the default mode module (f) gF> 23: the default mode module

Figure 1: The connectivity strengths at fluid intelligence gF'< 8 (left column) and gF> 23 (right
column). Salmon, orange and yellow nodes represent the ROIs in the medial frontal, frontoparietal
and default mode modules, respectively. The edge color ranging from light to dark corresponds to

the value of Wj;, from small to large.

we treat the BOLD signals at different ROIs as multivariate functional data, considering
p = 83 ROIs across three well-established modules in neuroscience literature (Finn et al.,
2015): the medial frontal module (29 ROIs), frontoparietal module (34 ROIs), and default
mode module (20 ROIs). The signals for each subject at each ROI are collected every 0.72
seconds at L = 1200 measurement locations (14.4 minutes). To exclude unrelated frequency
bands in resting-state functional connectivity, we apply ICA+FIX preprocessed pipeline and
use a standard band-pass filter between 0.01 and 0.08 Hz (Glasser et al., 2016). For our
analysis, we employ the proposed KF1 method for FGGM under the OR rule to construct

brain functional connectivity networks, which depict the conditional dependence structures
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among respective ROIs within each of the three modules. We use cubic splines with 31
interior nodes, resulting in each H; being spanned by k,, = 35 spline functions. We continue
to set the target FDR level at ¢ = 0.2.

Figure 1 displays the functional connectivity networks identified for subjects with gF < 8
and gF' > 23. To assess the impact of gF on functional connectivity, we measure connectivity
strength through Wj;, for j, k € [p] with larger values yielding stronger connectivity. A
few patterns are apparent. First, we observe increased connectivity and strength in the
medial frontal and frontoparietal modules for subjects with gk'> 23. This observation aligns
with and supports the existing literature, which has reported a strong positive association
between the functional connectivity and intellectual performance in these two modules (Van
Den Heuvel et al., 2009). Second, it is evident that the default mode module exhibits declined
connectivity and strength for subjects with higher intelligence scores, which is in line with
the previous finding in neuroscience that reduced activity in the default mode module is

associated with improved cognitive performance (Anticevic et al., 2012).
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Supplementary material to “Functional knockoffs selection with

applications to functional data analysis in high dimensions”

Qizhai Li, Mingya Long and Xinghao Qiao

This supplementary material contains all technical proofs in Section A, additional method-

ological derivations in Section B and additional empirical results in Section C.

A Technical proofs

A.1 Proof of Theorem 2

To prove Theorem 2, we firstly present some technical lemmas with their proofs.

Lemma A1l. For any subset G < S¢, (X()T,)N(()T) ‘ y 2 (X()T,)N(()T) Y.

swap(G) ‘
Proof. Tt is equivalent to show that (X(~)T,)~((‘)T,Y) Z ({X(~)T,)~((-)T}swap(g),Y). More-
over, since (X ()", )NC()T) 2 (X()", X<')T)swap((;) from Property (i) in Definition 1, it suffices

to prove that

e

v [ (X()" X)) v | (X)X, (5.1

swap(G)

By Properties (i) and (ii) in Definition 1, we have

I

V| X RO aani) = OWKOT] 2 Y | [XOTRO™ = 7RO vt

v X0 =% ()}

I

where x(+) = (21(),... ,[Ep(-))T, x(-) = (T(),... ,%p(-))T, and the jth element of x/(-) is
2i(-) = T;() if j € G and 2(-) = x;(-) otherwise. Without loss of generality, assuming that

G =

~—

1,2,...,m} < 5S¢ we have



where we use Xy,,(+) to denote (Xs(+), ... ,Xp(-))T, X () = (25(), .- ,a:;(-))T and the above
two equalities hold since Y and X;(-) are independent conditional on Xa.,(-). (S.2) shows
3 D o . . :
that Y ‘ (X(')T7X(’)T)swap((;) Zy ‘ (X(‘)T>X(')T)swap(c;\{l})' Repeating this strategy until G
is empty, we obtain that (S.1) holds, which completes our proof. Note that the response Y

in our proof can be either scalar or functional, we use the same notation for simplicity. [
We will next demonstrate that the estimated FPC scores in SFLR satisfy Condition 1.
~T T D /AT T
Corollary 1. For any subset G < S°¢, (El 751) ‘ Y, = (ﬁz &, )Swap(G) ‘ Y.

Proof. It is equivalent to show that (g:,EiT,YZ») 2 {(Ef,E.T)Swap(G),n}. Referring to the
result in Lemma A1 and con51der1ng that {( ,Yi) }ie[n] are i.i.d., we can estab-
lish that (Xi(')T,Xi )7) ‘ y, 2 X, ()", () )Swap @ ‘ Y;, where the response Y; is scalar
in SFLR. This implies that (XZ-(~)T,)~(Z-(-)T,Y;-) = ({Xi(-)T,Xi(-)T}Swap( ¢),Y;). This further
implies that, for any t € (H* R) and ¢ = v/—1,

E| exp {(t, (X7, X7 V) }| = B exp {et, {(XE XD wapia, Vi) D}

Given t = (c{¢y,...,c;0,,¢{dy,...,C d,, cy)", where c; = (¢j1,...,¢a;,0,0,...)", ¢ =
(¢j1,--+,6q;,0,0,...)7, and (?)j = ((ﬁjl, ngg, ...)" for j € [p], we can establish that

E| exp {i(e, (&, v) D} t| = B[ exp {ie. {@ EDowmricr VI DYt (53)

~

for any ¢ = (c], ... ,cp,cl,...,cp, cy)", where ¢; = (cj1,...,¢jq;)", €5 = (1, . .. éjd )*. By

(S.3) and the total expectation formula, the joint characteristic function of (£Z ,£Z ,Y;) is

equal to that of {(5Z € )Swap ), Y;}, which implies that (51 ,51 Y, = {(51 € )swap(G),Y;},

and thus completes our proof. O
Following the above corollary, we next validate Lemma 1 in the context of SFLR.

Proof of Lemma 1 in SFLR. Denote = = (51,...,5 nxXidi B = (51,...,5 )T e

T e R
R™2i% and Y = (Y3,...,Y,)" € R”. First, note W, (é ,Y) is a function of =, 2 and Y.



Since W, = HIA)JH — HB,,HH in SFLR for each j € [p], the flip-sign property of VVj(ﬁ,é,Y)
holds. That is, for any subset G < [p],

[1K

W;({€, E}swan(c) Y) =

where (é, é)swap(g) is obtained from (é, é) by swapping the corresponding estimated FPC
scores of X;(-) and X;(-) for each j € G. Second, let W = (W3, ..., W,)", and consider any

subset G < S¢. By swapping variables in GG, we define

oy
[1K
[1K

) }swap(G)a Y)> R Wp({éa

T
Wswap(G) é (Wl ({ }SWHP(G)’Y)) :

By Corollary 1, it follows that ((é, é), Y) D ((é, é)swap(g), Y), which consequently implies

w 2 W wap(c)- Finally, consider S¢ = {j € S¢:0; = —1}, where § = (01,...,0p)" repre-
sents a sequence of independent random variables. These d; variables follow the Rademacher
distribution if j € S¢ and d; = 1 otherwise. Through the first step, we derive W ap(se) =
(0. W1, ..., 6,W,)". Subsequently, from the second step, we obtain Wgyap(se) 2 W. Com-

bining the above results, we have (6, W7y, ...,0,W,)" D W, which completes the proof. [

Lemma A2. Suppose that Condition 2 holds. Then |3;| = 0 if and only if j € S¢, where S°
is defined in (1).

Note that the proof of Lemma A2 follows the same argument as that of Lemma A9. We
will provide detailed proof of Lemma A9 in Section A.3 and omit the proof of Lemma A2

here. We are now ready to prove Theorem 2.

Proof of Theorem 2. Provided that Lemma 1 holds in SFLR, it implies that the signs of the

null statistics are distributed as i.i.d. coin flips. Referring to Theorem 3.4 of Candes et al.

g 0osT o, gl 1S
1S4 1Sl +1/q

where S¢ is defined in (1). By Lemma A2, we establish that S¢in (1) is equivalent to the

(2018), we obtain that

set {7 : ||8;] = 0}, whose complement is defined in (8). This equivalence implies the effective

FDR control in SFLR, which completes our proof. O
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A.2 Proof of Theorem 3

Before presenting technical lemmas used in the proof of Theorem 3, we firstly intro-
duce some notation. For j, k € [p], denote ojpm = E[&i&ikm]| and its estimator &g, =
n=t Y Eibikm for m € [d]. For j € [p], k € [2p]\[p], denote ojrm = E[&ji€ik_pm] and its
estimator Gjpm = n"t Y, éijlfl-(k,p)m. For j, k € [2p]\[p], denote o jkim = E[éi(j,p),é(k,p)m]
and its estimator estimator Gjpm = n 'Y, f,;(j,p)lfi(k,p)m. For 7 € [p], | € [d], de-
note U)Z(Y = E[¢;Y;] and its estimator &ﬁ’y = U3 &Y For joe [2p)\[p], [ €
[d], denote O'jl(’y = E[@U_p)m] and its estimator 6;1(’Y =n 'Yy, fl-(j_p)lYi. Let D =
diag(Dy, ..., D,, Dy, ..., D,) € R¥> with D; = diag(w};’, ..., w;)’) € R™? for j € [p]
and its estimator D = diag(ﬁl, . ,ﬁp, ]31, o ,ﬁp) with ﬁj = diag(wI{Q, o ,@;f}. For a
matrix A = (A;;,) € RP*9, we denote its elementwise 5, norm as |Apmax = max;y|A;x|. For
a block matrix B = (Bj;) € RP1@*P2% with its (j, k)-th block B, € R"*%, we define its

q1%q2)

block versions of elementwise £y, and matrix ¢ norms by |B[%:%) = max;, [Bj|r and

HBHf“Xq2 = maxy Zj |B,i||r, respectively.

Lemma A3. Suppose that Condition 5 holds. If n = d***?log(pd), then there erist some

positive constants ¢, and Gy such that, with probability greater than 1—¢é,(pd) =2, the estimates

{Gjkim} satisfy
|Ogkim = Tjwim| - [og(pd)

ma < S4
et (1 )il n o

Suppose that Conditions 3 and 5 hold . If n = d***2?log(pd), then there exist some positive

constants ¢z and ¢4 such that, with probability greater than 1—¢és(pd) =%, the estimates {6;1(’Y}

satis
Ty XY XY
|U — oy | log(pd)
max < . (S.5)
delzo]  Jat1,,1/2 n
le[d] gl

Proof. (S.4) is a direct deduction from Theorem 4 in Guo and Qiao (2023)

max
el (Iv m)a“w

l,me[d

|G jkim — Ojkim| < MY log(pd)
2 1/2 < n

where, under no serial dependence, the functional stability measure of {X;(+)}ic, is Mg = 1.



(S.5) can be derived from Proposition 1 in Fang et al. (2022) as

6;1(’1/ — aj.l(’y| log(pd)
max ———— < MxyA /| ——,
iclzp)  Jat1,,1/2 ’ n
le[d) il

where the measure of dependence between {X;(+)}iep) and {Y;}biepn) is Mxy = MF + MY +
Mf’ly. Under no serial dependence, My = M} = 1. It then suffices to establish the
boundedness of Mf’ly to verify the validity of (S.5). Define that X xy(-) = Cov(X(+),Y)

and Xyy = Var(Y'). By (3), the cross-spectral stability measure Mfiy satisfies

My = |<(I)7 ZXYU>‘
1,1 — esssup
®etHo,|®[o<1,vERy \/<cI>’ EXX(‘I))>\/ZYYU2
‘COV( §=1 Zﬁ1<¢jl>¢j>§jl,Yv)‘ (S.6)

= esSsup

PeHo,|P[o<1,0€R0 \/Var( ?:1 Zloil<¢jlv ‘I)j>§jl) \/Var (YU)

where @ = (By,...,P,)", Ho = {® € H : (B, Sxx(®)) € (0,20)}, [®]o = X7_, I(|®;]s #

<1,

0), and Ry = {v eR: Zyyov? e (0, oo)} We complete the proof of this lemma. ]

Lemma A4. Suppose that Conditions /-5 hold. Denote Z = (E é) e R4 gnd Z =

(é, é) e R4, [fn = d***2log(pd), then there exist some positive constants c,, ¢, ¢ such

that

n 0" {DY(Z Z)D Y0 = 0|’ — c.d* {log(pd)/n} P[0, V6 € RZ,

with probability greater than 1 — ¢5(pd)~%.

Proof. Let T =n~'D"Y(Z'Z)D ! and T = n 'D~'E[Z"Z]D"'. It is evident that "T'9 =
6'TO + 6" (I — T')0. Consequently, we have

0'T0 > 0°T9 — T — ['nac] 0] (S.7)

It follows from Condition 4 and (S.7) that 6"T'0 > w0 — IT = T max|6]2. By Lemma 5
of Guo and Qiao, (2023), we obtain that, if n = d***?log(pd), then with probability greater
than 1 — é5(pd) %,

IT = Tlmax < c2d® { log(pd)/n}""*. (S.8)

Combining the above results, we complete the proof of this lemma. O
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Lemma A5. Suppose that Condition 5 holds. If n = d****log(pd), then there exist some

positive constants ¢s, Cg such that

~—1/2 —-1/2
7 /2 _ r /

max |———————
e[2p] _

]le[d’i w

log(pd)

~ )

n

with probability greater than 1 — ¢5(pd)~%.

Proof. By Proposition 3 in Guo and Qiao (2023) and MY = 1 under no serial dependence,

we complete the proof of this lemma. n

Lemma A6. Suppose that Conditions 3, 5-6 hold. If n = d***?log(pd), then there exist

some positive constants c., Cs, Cg such that

max

n[DTZT(Y = Zb) [ < ces(d?{ log(pd)/n} " + d' )
with probability greater than 1 — é5(pd)~%.
Proof. Note that
n'D'Z (Y - Zb)
—n D' Z'Y D 'E[n'Z"Y]+ D 'E[n'Z"Y]-n"'D'Z Zb
—n'D'Z Y -D'E[n'Z"Y]+ D 'E[n'Z"Zb] - n'D'Z Zb + D 'E[n"'Z"€],
(S.9)

where € = (€1, ...,€,)" is the truncation error.
First, we show the deviation bounds of n'D~'Z'Y — D'E[n~'Z"Y], which can be de-

composed as D! (niléTY —E[n'Z"Y]) + (D! =D YE[n'Z"Y]. By Lemmas A3 and

A5, we have

In'DZY =D 'E[n ' Z27Y]| D < d* 2 { log(pd)/n} . (S.10)

max

A~

Second, we write D~'E[n"1Z*Zb] — n'D-'Z Zb = (I — I)Db + I'D — D)b. By
HDngXm) = O(s) and (S.8), we obtain that

|(T = T)Db| %) < sd*+>{ log(pd)/n}"”. (S.11)

max

6



By Lemma A5 and HDngXm) = O(s), we have

IT(D — D)b| %D = |T(D — D)D'Db| %D < sdf log(pd)/n} . (S.12)

max max

Note (S.10), (S.11) and (S.12) all hold with probability greater than 1 — é5(pd) . By Condi-
tion 6(i) and Lemma 23 in Fang et al. (2022), we have that |D™'E[n"'Z"€]| < O(sd'?*"7),
which implies that [D~'E[n~'Z"€]|'*" < sd*~". Combining this with (S.9), (S.10), (S.11)

and (S.12), we complete the proof of this lemma. ]

Lemma A7. Suppose that Conditions 3—6 hold, d*s\, — 0 as n,p,d — o0, and the reg-
ularization parameter Ay > 2605 D] max (d°+*{log(pd)/n}"/* + d'~7). Then there exist some
positive constants ¢s, ¢ such that, with probability greater than 1 — é5(pd) =,

2p

Dby = by < dsA,.

J=1

Proof. Given that IA)j is the solution to the minimization problem in (10), we have

AT A A

an 1a ~(dx
~n 'Y Zb + b Z Zb + A |[B[ Y
N 1 AT A N
<-n'Y"Zb + 5an—lzTZb + An| bV,
Let A =b—b and S° represents the complement of S within the set [2p]. Consequently,
we have
1 T, 1575
<—A™'Z Zb+ A™n'ZY + A (b)Y — b)) (S.13)

<AT(n—12TY B n_12T2b) n )\n(”ASH(ldxl) i HASC ngI)).

By Lemma A6 and the choice of \,, we obtain that, with probability greater than 1 —

&s(pd)~°,
IA"(n'Z'Y —n"'Z Zb)| = |A"D{n"'D'Z (Y - Zb)}|

<[n'D'Z (Y = Zb)| DD | ALY (S.14)

max
A

n dx1
<5 1)

dx1
(| As|Y + |Ag

Y



Combining (S.13) and (S.14), we have

3)\ An 1 1T A
A = T A Y = S AT Z ZA > 0,

which indicates that SHASH(Xm HASCH(Xm . By Condition 4, d*s\, — 0 and Lemma
A4, we can let p = 32ds[c.d*™ {log(pd)/n}*?] = o(1), which ensures that N A A
EHAﬁHQ/Q. Combining this with Lemma A4 and Condition 5, we have
A™n'Z ZA = u|AD|? — 16¢.5d° *{log(pd) /n} /| AD|?
> p|AD|?/2 = pcoe d | A2 /2.
Note the facts that A" = |Ag|{™Y + Az < 4]Ag){™ < 4s72|A| and
B\ Ag|Y = AT 1Z" ZA. Hence, 6520, |A| = 3\, | Ag|{"V/2 = pega—td=| A|]2/4.

Then we have
|A] < 24ad”s ),/ (uco) and |A[{Y < 96adsha/(uco),
with probability greater than 1 — ¢5(pd)~%. The proof of this lemma is completed. ]

Lemma AS8. Suppose that Condition 6(iii) holds. Then there exists some constant ¢| €

(2(gs)™,1) such that, with probability greater than 1 — &s(pd)=% 1S5l = ¢,s for S5 defined
in (4).

Proof. By Lemma A7, we have that, with probability greater than 1 — é5(pd)~%,

max |b; — lA)JH < 24ad®s' 2\, /(juco) and max HBj+pH < 24ad®s' P\, /(juco).
jelp] - j€lp] -

Hence, for any j € [p], we have that

Wi = byl = Ibjsp| = —Ibjspl = —24ad*s"2\,/(pco). (S.15)
This implies T5 < 24ozd°‘sl/2/\n/(ﬁco). Otherwise, if Ts > 24ozdasl/2)\n/(ﬂco), by (5.15), we
have {j € [p] : W; < —T5} is a null set. Under Condition 6(iii), if j € Sy = {j € [p]
[bjl| » 24ad*s'?\,/(uco)}, we have W = |by| = [bjyll = [b;] = [b; = by| = [y, »
24ad®s*? N, /(pco). Therefore, Sy = S5 = {j € [p] : W; = T;}. Combing this with Condi-

tion 6(iii), we complete the proof of this lemma. O

8



The proof strategy for Theorem 3 closely resembles that for Theorem 5 based on the above
technical lemmas. Hence we will only provide detailed proof of Theorem 5 in Section A.4

and omit the detailed proof of Theorem 3 here.

A.3 Proof of Theorem 4

To prove Theorem 4, we firstly present some technical lemmas with their proofs.

A~

Corollary 2. For any subset G < S°, (Ef,éf) ‘ ;.

D AT T ‘

7/77' - (€Z ’E )swap(G)

14
IS

Proof. In a similar way to the proof of Lemma A1, we obtain that {X;(-)",X;(-)",Y;(")}
({Xi(-)T,)N(i(')T}swap(G),Yi()). This implies that, for any t € (H*, Hy ),

E| exp {(t, (X7, X7} = E| exp {et, {(XE XD wapia, Yi} D}

Given t = (0?3)17 e acngﬁp,Efah . ,Eg$p,c{/{b)T, where ¢; = (¢j1,...,¢q;,0,0,...)7, € =
(1,584, 0,0,..)%, ey = (evi,-- 5 ¢y,3:0,0,...)", @; = (1, j2,...)" for j € [p] and
1//\’ = (1&1,1/;2, ...)", it follows that

E| exp {i(e. (€1.&.21) D} |e] = B[ exp {ie. {(€ & AT} DYt (5:26)

~

for any ¢ = (cf,... ,cp,cl, e ,cp,cY)T, where ¢; = (cj1,...,¢a,)"s ¢ = (Gj1,- -+, Ga,)",
¢y = (cvi,---,¢yg)"- By (5.16) and the total expectation formula, the joint character-
istic function of (5Z ,EZ ,7; ) is equal to that of {( EZ € )bwap ), 7; }, which implies that

AT ~ T

(€Z ,Ei ,ﬁ;r) = {(ﬁz & Dswap(G)s s }, and thus completes our proof of this lemma. O
By Corollary 2, we next prove Lemma 1 in the context of FFLR.

Proof of Lemma, 1 in FFLR. Denote ¥ = (7},,...,7,)" € R™? First, since W; = H]§]HF —
Hﬁpﬂ'HF for each j € [p], the flip-sign property of W; = W; (é =, Y) holds. Second, denote
W = (Wy,...,W,)" and take any subset G < S° of null. By swapping variables in G, we
define

Wswap(G)



According to Corollary 2, we have (é, =, ?) D ((é, é)swap(g), ?), implying W D W gwap(G)-
Lastly, let S¢ = {j € S°:§; = —1}, where 6 = (d1,...,6,)" is a sequence of independent
random variables. Each ¢; follows a Rademacher distribution if j € 5S¢, and ¢; = 1 otherwise.
In the first step, we establish Wgyap(se) = (01W1, ..., 0,W,,)". Following the second step, we
obtain Wgyap(se) Zw. Combing the above results, we have (§;W1,...,,W,)" 2 W, which

completes the proof of this lemma. n

Lemma A9. Suppose that Condition 2 holds. Then ||(;|s = 0 if and only if j € S¢, where
S¢ is defined in (1).

Proof. On the one hand, assume that [ 3;|s = 0. For any (ty(-),t;(:)) € (Hy, H;), the joint

characteristic function of (Y(-), X;(-)) conditional on X_;(-) can be factorized as

E[exp {«{(tv, )", (Y, X;)" )} | X-4]

= E[exp {o{(ty, 1))", { X, S B ) X (w)du + £, X517} | X

= E[exp {«ty, X §y Be( ) Xi(w)du + &)} | X_j|E exp {eCt;, X)) | X

= E[exp{«ty,Y)} | X_;]|E[exp {e(t;, X;)} | X5],
where the second equality comes from the fact that 33, 5, Bi(-,u) Xy (u)du + ¢ and X; are
independent conditional on X_;. Hence it implies that j € S°.

On the other hand, assume that Y and X; are conditionally independent, i.e., j € S°.

Then the joint characteristic function conditional on X_;(-) can be factorized as

E[exp {«{(ty,t;)", (Y. X;)" )} | X_j] = E[exp {«lty,Y)} | X_;|E[exp {t;, X))} | X-5].

In FFLR, it is worth noting that the left-hand side involves an interaction term, i.e.,
E[ exp {L<ty, Su B+ u)X; (u)du>} ‘ X_j], which needs to be a constant. Condition 2 implies
that the interaction term is a constant only when ||3;|s = 0. Combing the above results, we

complete the proof of this lemma. n

Proof of Theorem 4. Provided that Lemma 1 applies to FFLR, this confirms that the signs

of null statistics are distributed as i.i.d. coin flips. By the Theorem 3.4 in Candes et al.

10



(2018), we have
|SlﬁS| <qand ’SoﬁS| <q7
154 S| +1/g
where S is defined as (1). By Lemma A9, we establish the equivalence between S¢in (1) and

the set {j : | 8;]ls = 0}, whose complement is defined in (16). This equivalence demonstrates

that FDR in FFLR is effectively controlled, which completes our proof. n

A.4 Proof of Theorem 5

Before presenting technical lemmas used in the proof of Theorem 5, we begin with in-

Y

troducing some notation. For j € [p], denote Uﬁg = E[&;imim] and its estimator aj)l(m =

nt Z?:léijlﬁim for [ € [d], m € [d]. For j € [2p]\[p], denote Jﬁg = E[é(j_p)mim] and its
estimator Ujl(my =n! Z;;léi(j,p)mim. Let ¥ = (9y,...,m,)" € R™*4 with the estimator

T = (ﬁlu“wﬁn)’r'

Lemma A10. Suppose that Conditions 5, 7, 8 hold. If n 2 (d***2 v d**+2)log(pdd), then
there exist some positive constants ¢, cs such that, with probability greater than 1—c; (pdcz)_és,

. ~XY .
the estimates {67, } satisfy

~ XY XY =
| jim — Ojim | log(pdd)
grel[&;g( (la+1 G+1\,,1/2~1/2 ™~ n
le[d],me[d] v.m ) Wi Wm

Proof. The proof of this lemma is similar to that of Lemma A3, we thus omit the proof. [

Lemma A11. Suppose that Conditions 5, 7-9 hold. If n Z (d***? v ci45‘+2) log(de), then

there exist some positive constants c., Cq, C19 Such that

—1HD 1Z (—r ZB)H (dxd) <c Sd1/2({da+3/2 v Jd+3/2}{10g(pdd)/n}l/2 +d1/2—7’)

max

with probability greater than 1 — éy(pdd)=o.

11



Proof. Note that

—n ' D'Z'Y D 'E[n'Z"Y] + D 'E[n"'Z"Y] - n'D'Z ZB

—n D' Z' Y —D'E[n'Z"Y]|+ D 'E[n'Z"ZB] - n'D'Z ZB + D'E[n " Z"¢],
(S.17)

where € = (e1,...,€,)" € R™4 is the truncation error.

First, we show the deviation bounds of n 'D1Z" T —D'E[n~tZ" Y], which can be decom-
posed as ﬁ_l(n_lzT? —E[nZ"Y]) + (D™ = D HE[n~'Z"Y]. Then, by Condition 8,
Lemmas A5 and A10, we have

In D Z'Y — D[ 27 YD < d P v d Y {log(pdd)/n} P (S.18)

max

AT A

Second, we write D~'E[n"'Z"ZB] — n~'D'Z ZB = (I - I')DB + (D — D)B. By
HDBHngJ) = O(s) and (S.8), we have

|(T = D)DB|WD < sd***{ log(pd)/n}"". (S.19)

max

By Lemma A5 and HDBHngJ) = O(s), we have

IT(D — D)B| D < sd{log(pd)/n} ", (8.20)

max

Note (S.18), (S.19) and (S.20) all hold with probability greater than 1 — ¢o(pd)~¢. By
Condition 9(i) and Proposition 4 in Guo and Qiao (2023), we have |[D'E[n"'Z"€]| <

max

O(sd"/?=7), which implies that [D'E[n~'Z"€]| %" < sd'~". Combing this with (S.17),

(S.18), (S.19) and (S.20), we complete the proof of this lemma. O

Lemma A12. Suppose that Conditions 4—5, 7-9 hold, sd*\, — 0 as n,p,d — o0, and
the regularization parameter \, > 2063Hf)HmaXdl/z[(clo”r?’/2 v d%3/2) {log(pdd) /n}'/? + d'2=].

Then there exist some positive constants cg, C1g such that, with probability greater than 1 —
ég (pd(Z) —C10 s

2p

D IB; = Bjlr < sdAn.

J=1

12



Proof. Since ]§j is the minimizer of (17), we have

AT A A AT A A d><d

(T ZB) + ;tr(B 127 ZB) + A B
<—tr(n'Y ZB) + %tr(BTn—léTéB) + B,
Let A = B — B and 5¢ represents the complement of S in the set [2p]. Consequently, we
obtain that
%tr(ATnléTéA)
< —tr(A™'Z ZB) + (A Z T) + M (B[P — |B| &) (S:21)

<tI’{AT(n_12T'/I\‘ _ n_lszB)} + )\n(”ASHgde) _ ||A§c gdxd)).

By Lemma A1l and the choice of A,, we obtain that, with probability greater than 1 —

69 (pd) ~éo )

A~

’tr{AT(n—liTT — n_léTéB)H Hn—lD IZ (—r ZB)”H?;J H]/j”maX”AnngJ)

X
A
<

] ] (S.22)
n dxd dxd
SrUASI™ Y + [ Ag ).

Combining (S.21) and (S.22), we have

)\ ><~ >\TL X~ 1 15 ~
37 As™? = A = Sr(AT™T 2 ZA) = 0,

which indicates that 3HASHIdXd HAch(dXJ). By Condition 4, sd*\,, — 0 and Lemma A4,
we can let p > 32dds[c.d**{log(pd)/n}'/?] = o(1), which ensures that tr(A™n1Z ZA) =
EHADHF /2. Combining this with Lemma A4 and Condition 5, we have

tr(A™n " Z" ZA) > p| AD |2 — 16¢.dd***{ log(pd)/n}"* | AD 2
> u| AD2/2 > peoa'd | A /2.

Note the facts that |A|@*? = [Ag]? + |Ag|? < 4]Ag) D < 452|Alp and
3| As| D > (AT 12" ZA). Hence, 6572 Allr = 30| As|\™P/2 > pcoatd 2| AJ2/4,

which implies that
- 2p R
|Aflp < 240s'2d N, /(pco) and A = 7B, — Byl < 96csd® N, /(uco),

with probability greater than 1 — éy(pd)~¢°. The proof is completed. O
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Lemma A13. Suppose that Condition 9(iii) holds. Then there ezists some constant ¢y €
(2(gs)™',1) such that Ss5| = ¢ys for Sy defined in (}), with probability greater than 1 —
Co (pd(i) —Ci0,

Proof. By Lemma A12, we have that, with probability greater than 1 — ¢ (pdd) ¢t
max IB; — — B, e < 24as'2d) An/(pico) and I]réax \|Bj+p|\p < 24as2d*\ An/(pico).
Hence, for each j € [p], we have that
Wy = IBjlr — 1Bjiplr > ~[Byplr > ~24as"2d*\, / (uco). (5.23)

which implies T < 24as'/2d*\,,/(pco). Otherwise {j € [p] : W; < —Ty} constitutes a null set.
By Condition 9(iii), we have that if j € Sy = {j € [p] : |Bj|r » 24as"2d*),/(pco)}, then
Wy = IBjle = IBjiple = Byl — [B; = Bjle — [Bjaplr » 24as'd* A/ (saco). This implies
that S < S5 = {j € [p] : W; = Ts}. Combing this with Condition 9(iii), we complete the

proof of this lemma. n
We are now ready to prove Theorem 5

Proof of Theorem 5. Consider the ordered statistics [Wy| = [Wg)| = --- = [W,)|. Let j*
denote the index such that the threshold T5 = |W;+)|. By definition of T5, —T5 < W;x11) <
0. We will establish Theorem 5 by investigating two scenarios: —T5 < W41y < 0 and
Wijs1y = 0.

Scenario 1. For —T5 < W;x,1) < 0, given the definition of T, we have

[ elpl: W < —T5} +2
{7 € lpl: W; = T5}]

> q. (S5.24)

This result holds because otherwise |IW(;+41)| would serve as the new lower threshold for

knockoffs. According to (S.24) and Lemma A13, we have

{jelpl: W; < =T5}| > q|{j € [p] : W; = Ts}| — 2 = qchs — 2,

14



for ¢y € (2(gs)™',1). By Lemma A12 with 232'1;1 IB; — ]§]HF < 96asd* N, /(pco), and consid-
ering |B;|lp = 0 for j =p+1,...,2p, we obtain

2p

960sd® N,/ (pco) = Y |Bj — Byl = > IBjplw
i=1 jeljelpl:Wy<—T5) (S.25)

>Ts-[{jelp]: W; < =Ts}| = Ts - (qchs — 2),

where, the second inequality holds because for j € {j € [p] : W, < —T5}, we have H]A3]||F -
HﬁjerHF —Ts, implying | J+PHF Ts. By (S.25), we have Ty < 96asd™ A, { puco(qchs—2) }_
Similarly, by Lemma A12, HBj+pHF > HBJHF — Ty for j € S¢, the triangle inequality, and

minjes | Bj|r = £nd*An/p, we have

960rsd™ Ny /(o) Z |B; — ~ B, ille = Z (IB; — - B, ile + HBJHDH )

> > (1B = Bjle + [Bjsplr)

jeS50S (S.26)
> 3 (1B = Bjlr + |B)le — T5)

jeSgns
> 3 (IBjle = T5) = (snd®M\o/pe — T5) 1S5 1 S|,

jeSgns

For large enough r,, such that T5 < 96asd™ A, {pco(qchs — 2)}_1 < Fnd*An/(2) and (S.26),

it holds, with probability greater than 1 — éy(pdd) =, that

|Ss S| ) |S§ N S| 51 19204&:1.

1SIv1i T §|v1 Co
Scenario 2. For W;+,1) = 0, we have Sy = {jelp]:W;>0}and {j e [p]: W; < —T5} =
{jelp]: W; <0}
If {j € [p]: W; <0} > c,s with ¢, = 1920/(coky), it follows from

96csd™ A/ (puco) Z |B, — Bjfr = > IBjaplle = Ts - 15 € [p] : W; < T3},
je{selpl:W;<—Ts}
that , ~ , R
T 20 B = Bile 2% IB; — Bylle _ fnd®n
{jelpl:W; < =T} [{jelp]: W; <0} 2p
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Consequently, the argument simplifies to Scenario 1, and the subsequent analysis follows.
If {7 € [p] : W; < 0} < ¢ys, by S5 = supp(W;)\{j € [p] : W; < 0} with supp(W;) = {j €
[p] : W; # 0}, we have

‘§5mS]= [supp(W;) n S| — [{j € [p] : W; <0} 0 S| = |supp(W;) n S| —cus.  (S.27)

Define §C ={je| ||BJHF = 0}. As stated in Fan et al. (2020a), we have to assume that
there are no ties in the magnitude of the nonzero components of the group lasso solution.
Then we can conclude that {j € [p] : W; = 0} = Se., which shows that [p]\S¢, < supp(W;).

By Lemma A12, we have

96asd™ A,/ (jico) Z IB; B]HF Z |B; — Bjlr
jegéLﬁS (828)
= >, IBylr =155, ~ SJmin [Byr.

jeS& NS
Note that minjes [B;|r = £,d*A,/p. Then we can get |§8L N S| < 96as/(coky,) from (S.28).
Therefore, we have
!([p]\g )N S’ s{l — 9604/(00/<an)}
Combining (S.27) and [p]\S¢, < supp(W;), we have 1S5 1 S| = \([p]\§gL) N S| —cps =
s{1 = 96c/(coky) — 192a/(coky) }, which shows that

0S|, 192
S| v 1 o "

holds with probability greater than 1 — & (pdd)=%o.

Combing the above results under two scenarios, we have the power

~ ]§505|
A =F — 1
Power(SS) [ STV 1 )

which completes the proof of Theorem 5. n

A.5 Proof of Lemma 2

We will show that the set E defined in (18) is equivalent to the set {(j, k) € [p]* : k € S;}

defined in Lemma 2.
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Proof. Let B, and Cjj represent operators induced from the coefficient function in (19)
and the conditional covariance function, respectively. Note that we use 8, and Cj to
denote both the operators and the kernel functions for notational economy. To demonstrate
Lemma 2, we will prove that |Cj;|s = 0 < |B;x|ls = 0. Note the fact that |Cj;|s = 0 if
and only if {f,Cj,(g)) = 0 for any f € H; and g € H;. By Condition 10 and Lemma S5 in
Solea and Li (2022), we have {f,Cjx(g)) = 0 <= Cov({f, X;),{g9, Xy | X_(j3) = 0 =
Cov(<f, Z#j Bi(Xi) + 5,49, Xi) | X*{j,k}) = 0. Since ¢; and X}, are independent and for
any [ € [p]\{j, k} and Cov({f, Bu(X))),{g, Xi)| X_(js3) = 0, we obtain that

<f, Cjk(g)> =0 Cov(<f, ﬁjk(Xk)>a<gan> | X—{j,k}) =0
< ||Bjkls = 0, provided that ;) is a linear operator,

which implies that |Cjx|s = 0 if and only if |5;x|s = 0 and thus completes our proof. [

A.6 Proof of Theorem 6

Note that we have already established the validity of Lemma 1 within the FFLR frame-
work, which can be directly extended to each row of W within the FGGM framework. We

are now ready to prove Theorem 6.

Proof. Provided the validity of Lemma 1 in FFLR, it can be similarly demonstrated that the
knockoff statistics W' satisfy the sign-flip property on the neighborhood set NE; for each
j € [p] at the rowwise level, where NE; = {k € [p]\{j} : |Cjk|s # 0}. By Theorem 3.1 in Li
and Maathuis (2021), we have

E Ee B Ee
—’ AA’I N E] <q, and E —‘ 01 7 |
|EA’1| Vv 1

where F is defined in (18), which implies that FDR, < ¢, and FDRo < ¢ in GGM. Similarly,
drawing from Theorem 3.2 in Li and Maathuis (2021), we establish that the modified FDR

can be controlled, i.e., mFDR, < ¢, and mFDRg < ¢. ]
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A.7 Proof of Theorem 7

To prove Theorem 7, we firstly present several technical lemmas with their proofs. In
the following lemmas, let Z_; = (E,j,é,j) e R2p-d =, = (Ergys - &nep)”

R (=1 B ;= (51 (—j)r - 5n( J)) e Rmx(p=d, §i—j) = (&1 - ,EiT(jq)a 5?(;41)7 e 7£;’57)T €
~T ~ ~T

~ T ~T
R(pil)da 61(7@ = (Ezl) ce € i(5—1)» £i(j+1)7 SR 7Eip)T € R(pil)d7 ":j = (€1j7 ce aEnj)Ta D—] =
diag(Dl, ce aDjfla Dj+1’ c. ,Dp, Dl; c. 7Dj717 Dj+1, Ce ,Dp) € RQ(p—l)de(p—l)d7 and B](*]) =
(BT BT BT BT T BT BT

JLre o H(G=1) TG+ gp> Ti(p+1) J(p+5—1)7 “ilp+i+1)

with estimates Z_;, = (E_;,E_,), E_; = (El(_j),...,fn(_j))T, 2, = (El(_j),.. i)

AT AT ~ AT ~ ~T ~T ~T ~7T

~ T
€i(fj) = (€i17 s 7€z‘(j—1)7 Ei(j-i—l)v cee 7£ip)T7 51’(7]') = (Eil? s 7€i(j—1)a Ei(j-i—l)? s agip)T7 —j =

BTQ ))T c R2(p_1)d><d
(2p

I]>

(E . g ~)T ]/j,J = dlag(ﬁl, ﬁj,l,ﬁjJrl,...,]/jp,ﬁl,... ﬁj,l,],jjqu,...,]/jp), and
Bj( = Bl Bl Blgan Bl Bl Bl 1 Bl o Bl for

i€ [n] and j € [p].

Lemma A14. Suppose that Conditions /-5 hold. Ifn = d***2log(pd), for each j € [p], there

exist some positive constants c., 11, C1o such that, with probability greater than 1—¢y1(pd) =2,

2 V0 e R*P-D,

0" {n'D-N(Z_,Z_, D116 > u|6|” — c.d" " {1og(pd)/n}

Proof. The proof of this lemma for FGGM is similar to that of Lemma A4 for FFLR and
hence is omitted here. It is noteworthy that, in an analogy to the infimum g defined in
Condition 4 for FFLR, we can define the corresponding infimum for FGGM, which is used in
our proof of this lemma and is no less than p for FFLR. Hence, the result with the presence

of 1 in this lemma remains valid. O

Lemma A15. Suppose that Conditions 5 and 11 hold. If n = d***2log(pd), for each j € [p],

there exist some positive constants e, 11, C12 such that

Z_ (85— Z_ B < éos(d**{log(pd) /n}/? + dT),

with probability greater than 1 — ¢y1(pd)~412.

Proof. The proof of this lemma is similar to that of Lemma A11, thus being omitted here. [J
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Lemma A16. Suppose that Conditions 4—5 and 11 hold, s;d*)\,; — 0 as n,p,d — o0, and
any regularization parameter \,; = QCesjH]A)_jHmax(da”{log(pd)/n} +d'=") for each j € [p].
Then for each j € [p], there exist some positive constants éy1, ¢1o such that

D IBi = Bl < sid" My

ke[2p]\{j,p+3}
with probability greater than 1 — i1 (pd) 2.
Proof. The proof of this lemma is similar to that of Lemma A12, thus being omitted here.

Specifically, we obtain that > 5.1 (e [Bik — ﬁkaF < 96aus;d* N,/ (paco). O

Lemma A17. Suppose that Condition 11(iii) holds, then there exists ¢ € ((14+a)cap(gs) ™", 1)

such that \EO,5| > |E|, with probability greater than 1 — ¢11(pd) =,

Proof. First, applying Condition 11(iii) along with Lemmas A13 and A16, we obtain that
|§5,j| > ¢;s; holds with probability greater than 1 — ¢ (pd)~“2 for each j € [p], where
¢; € ((1+a)cap(gs)™,1). By Bonferroni inequality, |§57j| > ¢;5; holds simultaneously across
J € [p] with probability greater than 1 — ¢;;(pd)~“*, which can be achieved for sufficiently

large n. Then under the OR rule, we have

p p p
|Eosl = Y1851 = ) cis; = ¢ )55 = C|E],
j=1 j=1 j=1
where ¢ = infjefy) ¢; € ((1 + a)cap(gs) ™", 1). The proof is completed. O

We are now ready to prove Theorem 7.

Proof of Theorem 7. First, it is essential to note that for each j, the selected threshold Tj ;
represents the minimum positive number that satisfies the constraints in the optimization
problem (22). Let W = |Wj@)| = --- = |[Wj(,)| represent the ordered statistics. The
index at which the threshold T5; = ]Wj(k;;)\ is reached is denoted by k7. Similar to Theorem
5, we will prove this theorem in two scenarios: —7j,; < M/j(k;<+1) < 0 and Wj(kj‘+1) = 0,
respectively.

Scenario 1. For -7}, < Wiks+1) <0, by the definition of T ;, we obtain that

[{ke I} : Wi < T}l +1+a g
|Eo 4] CaD

(S.29)
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The result in (5.29) holds because otherwise |V (k¥1) | would represent the new lower thresh-
old for knockoffs. By (S.29), we have [{k € [p]\{j} : < Ty, > q\Eoﬁ5|/(cap) -
1 — a. Combining this with the result in Lemma A17, we have q|E’o75|/(cap) —1—-az>=

qc|E|/(cap) — 1 — a. Then, we obtain that

[{ke NG} W < ~To | > 0| El/(cap) 1, (3.30)

where ¢ € ((1+a)cap(gs) ™", 1). Tt follows from Lemma A16 that 33, o i) IBjr—Bji|r <
965;d* \pj/(cop). For each j € [p] and ke {p+1,...,2p}\{j + p}, we have |Bj|r = 0. Then
we obtain that

96s;d\nj/(pico) = . |Bj—Bjlr

ke[2p]\{7,p+37}

> > IBjr+p) ¥ (5-31)
kelkelp\FFWyn<—Ts )

=Ty - [{k € [P} : Wie < =T},

where the last inequality holds since when W), < —Tj ;, it implies that HﬁngF — Hﬁj(kﬂ,) |r <
—T;,; and then follows that |B jtk+p)|F = T5;. Combing the results in (S.30) and (S.31), we

obtain that

Ao\, -
T, < 908;d%Anj (S.32)
" (gds/cap — 1 —a)ucy

Similarly, by Lemma A16, the triangle inequality, and Condition 11(ii), we have
96cus;d" Nnj/(peo) = Y [Bjx — Byl
ke[2p]\{,p+3}
= > {IBi = Bl + IBjiein v}
ke[p]\{7}
> > AIBi = Bile + [Bjpiplr}
(S.33)
keSC nS;
> > {IBj— Bl + Bjle — T}
keSS nS;
> . IBille = Tay = {kndAnj/p— Tsj} - |55, 0 851,
keSC NS;
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where the second inequality holds since ||]§ (k+p) |7 = HﬁijF—Tg jforje §§ ;- For sufficiently
large £, by (S.32), we obtain that T} ; < 96s;d* /\nj{ qc’s/c,p—1—a lLCo} < Fnd* i/ (21).
Combining this with (S.33) yields that \Sg’j N S;| < 192as;/cy, which implies that

[S55 0 Sil _ 1S5l 1S5, 081 s 192as;

_ _ > _ S.34
|E| v 1 |E| v 1 |E|v1 svl Co$ Fin (8:34)

holds with probability greater than 1 — ¢ (pd) 2.

Scenario 2. For W1y = 0, we have ng = {k e [p)\{j} : Wjr > 0} and {k € [p]\{j} :
Wie < =T5;} = {k e [p\{j} : Wjx <0}

If Hk‘ € [pI\{j} : Wjr < 0}| > ¢jus; for each j € [p], where ¢j,, = 192a/(cokn), it follows from

96as;d™Nnj/(co) = Y [Bjx — Byl

ke[2p]\{7.p+3}

> > |Bj+pllr

{kelp\7}:Wjk<—T5,5}

> Ty, - [{k € [DNJ} - Wie < =T},

that Ts; < (knd“A,;)/(2p). Consequently, the argument simplifies to Scenario 1, and the
subsequent analysis follows.

IF I{k € [P} : Wik < 0} < ius, by Ss5 = supp(Wi)\[k € [p\(7} : Wy < 0}, where
supp(Wii) = {k € [p]\{j} : Wi, # 0}, we have

155 1 S;| = Isupp(Wje) 0 Syl = [{k € [PI\{j} : Wjr < 0} 1 S}]
= |supp(Wik) N Sj| = cjus; (S.35)
= |{[p]\§cc;Lj} N Sj‘ — CjnSj,

where Sgw ={ke \{j} HﬁijF = 0}. The last inequality in (S.35) holds since {k €

[PI\{j} : Wi = 0} <SGy ie, [p ]\SGLj < supp(Wjx). By Lemma A16, we have

96as;d®Nnj/(pco) = >, IBu—Bulr= >, B —Blr

ke[2p]\{j.p+3} je SGL NS5

(S.36)
= > IBulr= ISGLmSImmHBJkIIF

JE SGLJHS
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By (5.36) and Condition 11(ii), we can get ]§g N S;| < 96as;/(coky), which indicates that
H[p]\géw} N Sj| = s;{1 = 96a/(cokr)}. Combining this with the result in (S.35), we have
]§j NSl = sj{l — 96a/(cokin) — 19204/(00/@1)}, which means that, with probability greater

than 1 — ¢y (pd) =2, ~
5,5 0 ;]
|E| v 1

Finally, combing results in (S.34) and (S.37) with Lemma A17, we have that

p p
55] N S| Sige
Z ]E| 1 ; . {1 192@/(00/%)}

> %5{1-— 1920/ (cotin) }. (S.37)

holds with probability greater than 1 — ¢;;(pd)~¢3. Then it follows that

Zp: S5 0 Sl
—~ |E|v1

j=1

E

> [Z Sii- 1920/ (cora) } [{1 = G (pd) 4} — 1. (S.38)

By Lemma 2 and the OR rule, we have |E’o,5 NE|> ?:1 |§57j N S|, which implies that

|Eos N E| |Ss5 1 S5
Fl|l—— . .
[|mv1 Z v 1 (5-39)

Combining (S.38) and (S.39), we complete the proof of Theorem 7. ]

A.8 Proof of Lemma 3

Proof of Lemma 3. With Yx x, = 21/2 C’X XkEif/ij, 1/2 = >0 1w1/2¢ﬂ ® ¢;, and
Cx,x0 = 2ot 2ot Corr(&iis Eem) (0t ® dram), We can prove Lemma 3 akin to Theorem 2
in Solea and Li (2022). Hence, the proof is omitted. O

B Additional derivations

B.1 Simplified objective functions

In Section 4.1, we give the corresponding equivalent forms of the objective function in
(25), under E1, E2 and E3. In this section, we will provide detailed derivations for these

simplified forms. Consider any x = (z1,...,x,)" € H, where each x;(-) = ;2 cidu(-) € H
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El: Consider Ry,x, = > -, (¢ ® ¢;) for r € [0,1]. By Lemma 3 and the definition of

operator norm, we have

|Cx,;x; = Rx;x;llc = sup H(ijxj - RXij)(xj)H = sup ‘2(1 = 7) (05 ® o) (x;)

[=;]<1 lz;l<1 " 25

’i 1 —=7){¢j,%;)b5| = sup {i(l — 1), x;)° }

sup
IIx <1 ™32 leil<1 ™=y
— 17| sup {Z<¢ﬂ,xj>} — 1| sup |u]
<1 ;<1
=[1—rl=1-r,

which means the objective function can be simplified to min,(1 — 7).
E2: Consider Rx,x, = Y-, 7j(¢; ® ¢;) for r; € [0,1]. By the similar arguments as
above, we can obtain that
ICx;x; — Bx,;x;|c =1 -1y,
which means the the objective functions can be simplified to ming, . ) >, j(l —7j).

E3: Consider Ry, x, = S2 i rii(di @ ¢y) for vy € [0,1]. Likewise, we obtain that

o0
||CX.7Xj - RXij HE - HSlﬁp H(CXij - RX.y'Xj)(mj)H = Hsﬁpl ‘Z(l - le)((bjl ®¢jl)($j)
zjf<1 zil<l =1
o0 o0 2
= sup ‘Z L= <¢JZ7IJ>¢JZ‘ = sup {Z 1—rj) <¢ﬂal’>2}
=<1 "5 lz;l<1 >4

0 1/2
= sup {Z 1—7“Jl ]l}

lzsll<1 ™3 =1

which indicates that |Cx,x, — Rx,x; |z < sup; |1 —7;|. Next we will prove that |Cx x, —
Rx;x,|lc = sup; |1 — ;. Let’s consider two scenarios. First, when sup; |1 —r;| = max; |1 —
|, we set ¢jx+ = 1 for [* such that |1 — rjx| = max; |1 — r;|. Consequently, we obtain
|Cx,x;, — Rx,x,|c = max; |1 —rj;| = sup; |1 —7j|. Second, if sup; |1 —17;]| ¢ {|1 —rjl = 1},
let sup; |1 — 7| = |1 —r*|. In this case, there exists a subsequence l,,, for m > 1 such that

Tj1,, — ¥ as m — oo. Under this scenario, we set ¢;;,, — 1 as m — o0. Consequently, we
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conclude that |Cx,x; — Rx;x,|lc = sup; |1 —7;]. Combining the results under two scenarios,
we complete the proof.

For (25) in E3, the objective function is simplified as: ming, . r,) >5;sup; [1 — ;[ This
corresponds to a non-smooth positive semidefinite programming problem, which poses a com-
putationally challenging task. For the sake of computational simplicity, we instead consider

solving the following smooth positive semidefinite programming problem:

rmln ZZ (I—rjy)

j=1i=1 (S.40)
subject to T € [0, 1], 26XX — f{XX > 0.

Remark 7. We aim to show that the solution set of the programming problem with objective

Junction ming, . r,) Z.supl |1 — 7| is equivalent to that of the programming problem with

objective function min, ) 2.0 S (1—ry). Lett = (F%,. .. ,T) be the optimal solution
to ming, _r,) 25 supl( le) with the same constraints in the optimization problem (S.40),
and ™ = (f{, ..., T) be the optimal solution to (S.40). Define the set F' = {t = (T1,...,T;) :

rjy € [0,1] and 2CXX — RXX > 0} as the feasible domain. On the one hand, when solving
ming, . r,) 2; Sup(1 — 751), each 1 tends to a higher value within F', which implies that
v = 15 for each j € [p] and | € [k,]. On the other hand, since t* = (¥],...,T;) is the
optimal solution to min, g,y 255 >5(1—7), we have 35, >3 (1 —1%) < 35, >5(1 —1%). This
implies that 35, > 15 < 352,175 Both sides hold if and only if r5 = 3, for each j € [p]
and € [ky,].

B.2 Coordinate mapping

As demonstrated in Section 4.2, H; is spanned by a finite set of functions B; = {b;1, ..., bjx, }-
Each X;; can be expressed as a linear combination: X;; = ¢;;1b;1+- - - +¢4ji, bjk,, , and its coor-
dinate can be represented as [Xj;]s;. Likewise, the coordinate of any operator K : H; — H;
is denoted as p,[K]p,. This mapping, K — 5, [K]p,, is referred to as the coordinate map-
ping. There are five main properties of the coordinate mapping (Li and Solea, 2018) that

are crucial for subsequent analysis. Here, K; and K represent operators mapping from H,;
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to Hy, a and b are real numbers, and B denotes the Cartesian product of By, ..., B,.
P1. linearity: g, [aK; + bKs]s, = a(5,[K1]s, ) + b(5,[K2)s, );

P2. tensor product: g, [Xix ® Xyj]5, = [Xir]s, [Xij]an;

P3. operator calculation: [K(X;;)]s, = (Bk (K], )[Xij]gj;

P4. inner product: <Xij,)?ij> = [Xij]E;jGj[)N(ij]Bj;

P5. operator matrix: g[Cxx]s = ( 5[Cx,x.]s, )j’ke[p].

First, we will present the Karhunen-Loeéve expansion by coordinate mapping. By P1 and
P2, we can deduce that z, [ZX x; 18, = (7' 200 [ Xiils ;[Xii]5,)Gy. By P3, ((I)jl,gzgjl('))bl is
the eigenvalue/eigenfunction pair of 5 x,x; if and only if 5, ( [i X; %) Bj)[qgﬂ] B, = Wji [qgﬂ] B>
which indicates that

112 1/2 ( ~1/21 2 - 1217
n1GY > ([x3s, [Xz'j]a)Gj/ (G}2[dls,) = @i(G?[dils,).
i=1
ie., (W, Gr]l-/2 [ngl]Bj)lz]_ is the eigenvalue/eigenvector pair of the matrix
112 1/2
nT G Y (X, X5, G
i=1
Hence, we can obtain the coordinate of (ﬁjl as [gisjl] B, = G}l/ zvﬂ, where v; is the eigenvector
of n_lG;/ Y ([ X1, [Xij]ﬁj)Gl/ ?. Finally, we can obtain the empirical Karhunen-Logve

expansion of (3) as X;; — fi; = 2121 &jlgzﬁﬂ by P4, where
Ein = (Xij — iy, ) = [ Xi)5, Gl dals, = [Xisl5, G v (S.41)

Second, we will derive that QGXX — f{XX > 0 reduces to QQC — QR > (0. As shown in
Section 4.2, anXk = (1= ) kn Z jklm(¢]l ®¢km) + (= k)IX X, with @]klm =
n Y (G =t S &) (€l — 7! Zz’zl Eikm) /(@) pe) and Ix,x, = Y47 dp®dj. By
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P1 and P2, the coordinate of CA'X, x, can be represented as

o

n

5, [Cx x5 [

kn
2
=1
8,

Z O + Wl (1 =m)I(j = k)} s ®$km)]

k

§||M

(S.42)

jklm + Il =m)I(j = k)}([qgjl]sj [ngm]%k)Gk

®> ﬁM

Gk>
where (:)C.k =(1- ’Yn)(@Jklm)knxkn +9l(j = k), € REvkn and @, e RF»*k» with its Ith

column [¢]l] s; for l € [k,]. Similarly, for j € [p], we can get the the coordinate of RXj X, as

’\T

5,[Rx,x, |5, = ®;0R,®,G;, (S.43)

where Op . = I, € R under El, Op, = 71, € RF* under E2, and Op, =
diag(rj1, ..., k) € RF** under E3. By (S.42), (S.43), P3-P5, we have
{(2Cxx — Rxx)(x),x) =0

— [(2Cxx — Rxx)(x)] 3(@jepG)[x]5 = 0 (5.44)

= [x]5 8[2Cxx — Rxx]§ (©je11Gy) [xls > 0

= [x]} (@jcp1G))" (@jen®) (200 — OR)(@jep)®))" (@je1Gy) [x]s = 0,
where [x]g = ([z1]5,.-- -, [2p]5 ) Oc = (@c v )jkelp @R = diag(rIy,,...,rIx,) under E1,
O = diag(riIy, ..., rpl,) € RPEPEn under B2, O = diag(ri1, ..., F1ky s - s Tpls - - s Tpky ) €
RPEn*Phn under B3, @, ®; = diag(®,..., ®,), and @G, = diag(Gy, ..., G,). (S.44)

means that QGXX — f{XX > 0 if and only if

~ A~

(®j€[p]G )" <®]€ D, )(290 - ®R>(@Je D, ) (®j€[p]Gj) > 0. (S.45)

~

Note that Q¢ = AOCAT and Qi = AORAT, where A = diag(G1 21, ..., G,®,) € RPkn>Pkn
(S.45) implies that 2Cxx — Rxy > 0 if and only if 2Q¢ — Qp > 0.

B.3 Algorithms

The construction of functional Model-X knockoffs utilizes the Karhunen-Loeve expansion.
As outlined in Section 4.3, Algorithm 2 comprises three main steps. In Step 1, three expres-

sions of (:)R are obtained by determining the parameters of r, (ry,...,r,), and (Ty,...,T))
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which involve solving the optimization problems in (28), (29), and (30), respectively. The
second step involves constructing the FPC scores of X; using the estimated FPC scores of
X; and the procedure outlined in Algorithm 1. The expression of Cx,x, in Lemma 3 involves
the correlations between the FPC scores, which are equivalent to the covariances between
the normalized FPC scores. Therefore, our focus is on the distribution of the estimated
normalized FPC scores. Considering (X;f, }NC;F) as a MGP for each i € [n] and using (S.41),
(24), and (26), we derive that the estimated normalized FPC scores satisfy
diag(W2A", W2A) ([Xa]5, - (Xl [Xa g, - [Xols)"
:diag(W_l/Q,W_l/Q) (gﬂz, Y S 7éipl7 e agipknvgilly e &tk s gl - 7gipkn)
~N (0g,, ©),
where A = diag(G1®y, ..., G,®,) € RPFPhn W — diag(@i1,. .., D1p, .- - Dpls - - Opi, ) I8
a normalization matrix, and
. @CA @C: O ) (S.46)
O¢ — O Oc

(O)

Note O € RPF»*Pkn and @5 € RPF»*Pkn in (S.46) are obtained from (S.44) and (S.45). Then

for i € [n], by conditional distribution under multivariate Gaussianity, we can obtain that

A~

Wil/zAT([jZil];la Tt [)?ip]%p)T Wil/QAT([Xil]EN T [XiP]Ep)T ~ N(ﬁ’X\X7 ®X|X>7

~ ~ — —~ ~ ~ ~ ~ ~ =1~
where fi g x = (kan—@RGCI)W*VQAT([XH]%I, o [Xiplg,)" and O g x = 20,—ORO, Op.
This conditional distribution forms the foundation for sampling the estimated FPC scores of
X,. Finally, we construct the functional knockoffs X, = ()V( e X ip)" from these estimated

FPC scores using the Karhunen-Loeve expansion.

C Additional empirical results

C.1 Additional simulation results

Table 4 and 5 present the empirical power and FDR for partially observed functional

data under the model settings of SFLR and FGGM in Section 5, respectively. Considering
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the similar conclusions drawn from SFLR and FFLR for fully observed functional data,

we only apply comparison methods to SFLR for partially observed functional data due to

computational efficiency.

KF1 KF2 KF3 TF GL

FDR Power FDR Power FDR Power FDR Power FDR Power

50 100 0.18 094 018 09 019 096 021 079 028 1.00
200 016 099 015 098 016 098 018 08 026 1.00
100 100 o0.17 092 015 092 015 092 016 062 047 1.00
200 020 100 020 100 018 1.00 0.12 093 031 1.00
150 100 0.09 099 009 099 0.10 099 014 070 068 1.00
200 0.13 100 012 100 0.12 1.00 0.08 096 037 1.00

Table 4: The empirical power and FDR in SFLR for partially observed functional data.

C.2 Specific ROIs

Table 6 presents 34 regions of interest (ROIs) and the associated labelling index for the

emotion related fMRI dataset in Section 6.1.

KF1 TF GL

FDR Power FDR Power FDR Power

50 100 0.18 074 0.15 050 023 0.75
200 020 094 020 079 022 094
100 100 0.17 063 0.12 048 0.20 0.68
200 019 084 018 073 022 0.86

Table 5: The empirical power and FDR in FGGM for partially observed functional data.
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Index Region Index Region
1 bankssts 2 caudal anterior cingulate
3 caudal middle frontal 4 cuneus
D entorhinal 6 fusiform
7 inferior parietal 8 inferior temporal
9 isthmus cingulate 10 lateral occipital
11 lateral orbitofrontal 12 lingual
13 medial orbito frontal 14 middle temporal
15 parahippocampal 16 paracentral
17 parsopercularis 18 parsorbitalis
19 parstriangularis 20 pericalcarine
21 postcentral 22 posterior cingulate
23 precentral 24 precuneus
25 rostral anterior cingulate 26 rostral middle frontal
27 superior frontal 28 superior parietal
29 superior temporal 30 supramarginal
31 frontal pole 32 temporal pole
33 transverse temporal 34 insula

Table 6: The labeling index of ROIs in Section 6.1.
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