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Abstract

Moving from univariate to bivariate jointly dependent long memory time series intro-
duces a phase parameter (), at the frequency of principal interest, zero; for short memory
series v = 0 automatically.  The latter case has also been stressed under long memory,
along with the "fractional differencing" case v =(d,— 01)7/2, where 1, 02 are the memory
parameters of the two series. We develop time domain conditions under which these are
and are not relevant, and relate the consequent properties of cross-autocovariances to ones
of the (possibly bilateral) moving average representation which, with martingale difference
innovations of arbitrary dimension, is used in asymptotic theory for local Whittle parameter
estimates depending on a single smoothing number. Incorporating also a regression pa-
rameter (8) which, when non-zero, indicates cointegration, the consistency proof of these
implicitly-defined estimates is nonstandard due to the [ estimate converging faster than the
others. We also establish joint asymptotic normality of the estimates, and indicate how
this outcome can apply in statistical inference on several questions of interest. Issues of
implemention are discussed, along with implications of knowing 3 and of correct or incorrect
specification of 7, and possible extensions to higher-dimensional systems and nonstationary
series.
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1. Introduction

In the analysis of long memory time series, two major issues emerge in multivariate extension
of univariate results. One is the possibility of cointegration, whereby one or more linear
combinations of the (stationary or nonstationary) observables reduces memory. In general,
rules of large sample inference based on a no-cointegration assumption are invalidated by
cointegration, and vice versa. The literature on cointegration under long memory is dwarfed
by that under autoregressive (AR) unit roots, but has been developed in several directions
recently. Another distinctive multivariate feature, which has attracted very little attention,
is phase, essentially the argument in polar co-ordinate representation of the cross-spectrum.
This is a particularly interesting issue in a "semiparametric" setting, where the spectral
density matrix is modelled only near zero frequency. For a jointly covariance stationary
short memory process, this matrix is continuous at zero frequency: thus, since the quadrature
spectrum (the imaginary part of the cross-spectrum) is an odd function, it, and thus the
phase, are zero there. In long memory series, on the other hand, where spectra diverge at
zero frequency, the cross-spectrum is discontinuous there, and the phase need not be zero.
In the literature, essentially two values for the phase have been considered, albeit rather
implicitly, with little discussion of implications.

The present paper develops large sample statistical inference, in a possibly cointegrated
system, with unknown phase. The formal results focus on a bivariate system, extension of
our techniques for establishing asymptotic statistical theory to a system of arbitrary dimen-
sion being seemingly relatively straightforward, albeit introducing issues of specification and
implementation, whose detailed treatment would be lengthy; we include a brief discussion.
We also focus on covariance stationary observable series. This becomes a theoretical possi-

bility when we switch from an AR unit root cointegration setting to a fractional one, and it



has been of recent practical interest in financial time series analysis. We include, however,
a brief discussion of possible nonstationary extensions.
. . . o . . . !/ .
Consider a bivariate jointly covariance stationary process u; = (uy, us;) , having spectral

density matrix f,(\) that satisfies

fu) ~ dNag) TP (Nag), as A — 0, (1.1)

®(\a) = dmg{MP14M%eﬂﬁwﬁh}, A€ (—m0)U(0,7]. (1.2)

Here, a = (7, 0") for § = (61, 0,)’, where 7, 6, and &, are real-valued, v, and 6y = (5o1, dg2)’
in ag = (7, 6{))/ are unknown, dy; € [0, %), 1=1,2, Qp is an unknown 2 x 2 positive definite
matrix, and the overbar indicates complex conjugation; the notation "~" in (1.1) means
that for each element, the ratio of real/imaginary parts of the left and right sides tend to 1
(taking 0/0 = 1).

From (1.1), u; is said to have memory (parameter) dy;, its spectral density f;(\) satisfying
FiN) ~wi A7 as A — 0, i = 1,2,

where w;; is the (i, j)th element of 2. We deduce also that uy;, ug: have cross-spectrum fio(\)

(the top right element of f,()\)) satisfying
fia(A) ~ wig [A[ X0 70N g A — 0, (1.3)

where y, = dp2 + do1. Then (see e.g. [4, p.302], [12, p.48]) v, is the phase between uy;, uy
at A = 0. There is no loss of generality in the restriction v, € (—m,7]. Thus the local

approximation on the right of (1.3) is real-valued only if wis = 0 and/or

Yo = 0. (1.4)

To deduce another leading possibility, which applies to an extension of the fractional
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ARMA class, a general model for f,(\) is
fuN) =T Na0) " LT (Nao) ™, A€ (=m,0) U (0,7, (1.5)

where T(\; ) = diag {v(A)’, v(A)%2e7 9L (X)) = (1 —e?) e#onN™/2 and f,()) is
continuous and Hermitian positive definite at A = 0. Since v(\) ~ |A\| as A — 0, (1.1) holds.

On the other hand, with vg = g2 — o1,

m
Yo =570 (1.6)

gives T(\; ) = diag{(1 — €)1, (1 — ¢)do2}eisignNa/2 g since the scalar factor has
modulus one, u; fractionally integrates an I(0) process; if the latter is ARMA, w, is frac-
tional ARMA. (Note that (1.6) reduces to (1.4) when dp; = dg2.) However the fractional
integration operator was originally motivated in a parametric framework [1], and in a semi-
parametric one there seems no overriding reason to fix 7, More generally, (1.1) with
Yo = (0g2 — d01) cm/2 can be shown to result from generalising the fractional differencing
filter 1 — e to <1 - 6“'1/05"9”(’\06, c# 0.

We can investigate the time domain implications of general ,. The proof of the following

theorem 1is left to Section 5.

Theorem 1 Denoting 112(j) = cov(uij, ug), j € Z, assume X, > 0 and, for (k4,k_) #
(0,0),
by =r12(j) — {4 1( = 0) + k1(j < O)} i7" (1.7)
satisfies
by — bysal < K51/ + 1), by =0 (1P, as || - oc, (18)
where K throughout denotes an arbitrarily large positive generic constant. Then (1.3) holds

with



Yo = arctan { (%) tan %XO} ywiz = (k4 + k-)(xg) cos(mxo/2)/(2m cosvy,). (1.9)
R4 R_

In particular:

k— = 0 1is equivalent to v, = gXo, wiz = k4 (xg)/(27), (1.10)
ky = 01s equivalent to = —gxo, w2 = k_T'(xg)/(27). (1.11)

Solving (1.9) gives ki = mwiesin(mx,/2 £ 74)/T(x). In view of (1.7) and the second
part of (1.8), ri2(j) dominates ria(—j) as j — oo in (1.10), and vice versa in (1.11), while
they decay at equal rates otherwise. The first part of (1.8) implies, with (1.7), an analogous
condition for 715(j), which is satisfied by vector fractional ARMA processes. When r, = k_
in (1.9), the power-law approximation is symmetric in j, and (1.4) results. On the other
hand (1.10) is a kind of weak causality (us — wuq) condition; it agrees with (1.6) only if
do1 = 0. In general, the Theorem indicates that any value of 7, is a possibility.

For the bivariate series z, = (y;,2;)’, observed for t = 1, ..., n, consider the system

L =B
B()Zt = Uy, te Z, BO = s (112)
0 1
with 8, unknown, so uy; is unobservable. When dg; > dg2, 5, cannot be identified (from the
spectral density matrix f,(A) of z; near A = 0) unless € is suitably restricted, for example
wio is known. When d¢; # dg2, and S, = 0, y; and z; have unequal memories d¢1, g2
respectively. When 61 < dg2 and [, # 0, then both z; and y; have the same memory g2,
but the unobservable linear combination uy; = y; — 5,2 has less memory, d¢1, and z; and y;

are said to be cointegrated. Both have a dominant common component with memory dgz,

and so a dimensionality reduction is achievable:

£ ~ (B5,1) (B, ) waz A2, as A — 0. (1.13)
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The right side of (1.13) is singular, and the cointegrating error u;; has memory dp;. Included
is the possibility that dp; = 0, when uy; has short memory. We focus on estimating 6, =

(Bo, )" under

1
0 <dp1 < g2 < 5, (114)

covering cointegrated systems (5, # 0), and, for dg; < 02, non-cointegrated ones (3, = 0).

In [31] estimation of 3, in (1.12) was discussed with z; exhibiting quite general forms of
nonstationarity, and uy; being stationary or nonstationary. [27] pointed out that cointegra-
tion is possible even when z; is stationary with long memory, as might be true of certain
financial time series, say, and a number of references (e.g. [6], [23], [24]) have developed
theory and applications in this setting. Financial time series are often very long, motivating
reliance on only the "semiparametric", local, assumption (1.1). This justifies methods with
only slow convergence rates, but a very large n compensates. Faster rates are available in
parametric models, for example when u; is a fractional ARMA process. However, if the
ARMA component is misspecified, in that either the autoregressive (AR) or moving average
(MA) orders are under-specified, or both are over-specified, all parameters will be inconsis-
tently estimated. In [5] estimation of cointegrating subspaces in a semiparametric fractional
context was studied. A recent parametric reference is [19].

We consider a narrow-band or local Whittle estimate 6 = (3,&)' = (5,4, 61, 05) extend-
ing that for scalar long memory series of [20], whose asymptotic properties were developed by
[29], and further studied by and extended to nonstationary or non-cointegrated multivariate
systems by [18], [22], [26], [33], [34], [35] . [36], [37] considered a version of it for cointegrated
systems but with nonstationary fractional observables, while [24] has alternative results in
the stationary case. We establish asymptotic properties of 0. For estimates that are only

implicitly defined, a central limit theorem (CLT) is typically preceded by a consistency proof.



This is more difficult to establish than usual because B converges faster than &. Consistency
is usually established by showing that, after suitable normalization, the objective function
converges uniformly in the parameter space to a limit which identifies all parameters and can
thus be uniquely optimized. In multiparameter models this approach only works when all
parameter estimates converge at the same rate. Additionally, as encountered by [29] in local
Whittle estimation of the memory of a scalar series, our consistency result is insufficient to
show that in the usual mean value theorem relations commencing the CLT proof, points on
line segments between 6 and 6, can be replaced to negligible effect by 6g; a slow convergence
rate for 31, by is needed, and established using the stronger moment condition in any case
required for the CLT.

The following section describes 0. Section 3 presents regularity conditions, a consistency
result and CLT, and a small simulation study of finite-sample performance. Section 4

contains further discussion. Proofs are in Sections 5-8.

2. Local Whittle estimation
For a generic vector w; define the periodogram matrix I,,(A) = n~' (37, wee™) (31, wte*it’\)/ .
Define the Fourier frequencies A\; = 27j/n, for integer j. In connection with (1.2) we allow
some choice of "working model" for f,()\) near A = 0. Introduce
U(X;a) = diag {i(N)°, p(N)2e 97} for a given complex-valued function () such
that (=) = ¥(\) and

P(A) — |\ =0o(1) as A — 0. (2.1)

For example, 1/(A\) = |\ or v(\). Defining A()\;0) = ¥()\;a)BL(\)B'¥(); a), where § =



(8,a/) and B is defined like in (1.12) with (5, replaced by 3, consider the objective function

i [logdet {U(N\j; ) 'QU(N;;0) '} +tr {AN;0)Q71 )],

1
Q0,Q)) = —
0.9)= 5%
for Q € S, the set of real positive definite 2 X 2 matrices, and an integer m € [1,n/2] which
satisfies at least

1 m

—+——0, asn— oo. (2.2)
m o n

The real function Q is minimized over S by Q() = Re {mfl > AN 0)} , leading to

R(O) =Q (9, Q(e)) — log det {Q(e)} —2(61 + 82) %é log [v()\,)] .

Thus estimate 6y by 6 = arg ming R(6), for a compact set © € R* such that © = 5% 6., x 6O,
with O3, ©,, ©5 chosen as follows. Take O; = {5 ey K01 <0y —1my < %— Ny — 773},
where the 7, are arbitrarily small positive numbers satisfying 0 < n; < min(ny,73), 75+13 <

; our consistency proof necessitates including a constraint corresponding to (1.14). We allow

N

some 01 < 0 because the CLT requires 6, to be interior to ©, and we cover short memory,
do1 = 0. We choose ©,, = [n, — 7/2,7/2 —n,] for n, € (0,73 —1n,) , so v, € O, under (1.4)
and (1.6). We can take ©4 to be an arbitrarily large interval, possibly including {0}.

3. Asymptotic and finite-sample properties

Existence of f,()\) implies that for p > 2 we can find a 2 X p matrix-valued function C(\)

such that C(—\) = C()\) and
fuA) =CNCN, M€ (—m, 7). (3.1)

The representation (3.1) is familiar in case p = 2, but it is then obviously available for p > 2.

Even when p = 2, C()\) is defined only up to post-multiplication by a unitary matrix, and



when p > 2 the ambiguity is greater. From [12, p.61], existence of f,()) is equivalent to w,
having representation

u = Fu + . Cierj, te€Z, S |C|° < oo, (3.2)

JEZ =/

where {e,} is a p x 1 vector process such that Ee, = 0, Ee,e, = I, (the p x p identity matrix),
Besey=0,5#t,s,t € Z,C; = (2m)~' [T _C(N)e “*d), and ||.|| is Euclidean norm. We will
have to strengthen the conditions on ¢, for asymptotic theory, but first discuss two other
features of (3.2).

Moving average (MA) representations of long memory time series models have typically
been one-sided in particular C; = 0, all j < 0, in (3.2), implying u; is purely non-deterministic
(see e.g. [11]). (An exception is [8], which considers a parametric model.) With assumption
A2, and the stronger assumption B2 below for central limit theory, a one-sided representation
was assumed in [29] in asymptotic theory for local Whittle estimation of memory parameter
estimation, and subsequently by a number of authors in extensions of this work. On the
other hand, since the basic quantity modelled is the spectral density matrix, rather than the
process itself, there is no essential reason to impose one-sidedness. Indeed, going back to the
earlier literature one can find repeated examples of bilateral representations in time series
asymptotics (e.g. [2], [12], [25]). More recently, such representations have been employed
to model specific (non-Gaussian, short memory) phenomena (see e.g. [3], [21], as well as
examples in the electrical engineering literature, say). Our main motivation for allowing a
bilateral representation here is to indicate its ability to yield any phase under long memory.

Theorem 2 Let (3.2) hold with {e,} satisfying the conditions that follow it, and, denoting

the (k,)th element of C; by cjke, let the

Jjke = Cjke — {§+ke1(j >0) + & g1 < O)} U’&Ok_l



satisfy
) S — )
|9ike — Gi+1eel < K |gjrel /(11 +1), gjre =0 <|]| o 1) , as |j| — oo,

for constants € 10, 1, k=1,2 and ¢ =1,...,p. Then (1.7) and (1.8) of Theorem 1 hold

with

ke = &£1&B(1—xg,002) +&1E 9B (001,002) + & 1€ _9B (1 — Xo,001) ,

ke = &&B (1 —xg,00) + & 16 5B (002, 001) + 1€ 3B (1 — Xg,002)

where £ ,,§_, are p X 1 vectors with kth elements &, 1y, §_1,, respectively.

Section 6 contains a proof sketch. When ¢, = £_, = 0, so that u; is purely non-
deterministic, the relation I'(z)['(1 — ) = —mcsc(mz) and trigonometric addition formulae
may be shown to give (1.6), to extend the known results for fractional ARMA models. On
the other hand, [6], [22], [23], [24] consider purely non-deterministic long-memory vector
sequences with zero phases, (1.4), and we do not know of C; satisfying this prescription.
However, the power-law decay of MA coefficients is only a sufficient condition for power-law
spectral behaviour. When § ; = £, = 0, so u; has a one-sided forward representation, then
Yo = —Vom/2, the negative of (1.6), and the theorem indicates that for bilateral models 7,
can take any value, which depends on the & ,, {_, as well as the dg;.

Another difference from the earlier references where MA representations are used in as-
ymptotic theory for local Whittle estimates is in the allowance for rectangular, not necessarily
square, C; in (3.2), and thus u,; generated by shocks of higher dimension than the bivariate
observable. Note that the equivalence property mentioned when introducing (3.2) is lost
when ¢, satisfies stronger assumptions, as in Assumption A2 below, but some generality can
be recouped by the allowance for p > 2. This is natural if z;, y, are seen as just two of a

vector of related observations that are analyzed pairwise. It is also natural if (1.12) is viewed
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as a consequence of component models for z, y;, namely x; = a; + by, y» = Bya: + ¢, where
at, b, c; are unobservable sequences such that a; has memory 02 and uy; = ¢; — Syb; has
memory dgq; if the memories of b; and ¢; differ then b in Assumptions B1, B3 and B5 below is
restricted. We can allow (ay, by, ¢;) to have a non-singular spectral density matrix by choosing
p >3 in (3.1). Note that z; and y; might themselves be instantaneous non-linear functions
of raw series X;, Y;, where Y; and X, are non-linearly related, e.g. (in view of evidence of
stationary long memory and cointegration in nonlinear functions of financial time series, see
e.g. [6]), logged squares, with X, Y; generated by long-memory stochastic volatility models,
X, = AB,, Y, = APC,, where 4, = e™, B, = e, C, = ¢,
We introduce the following assumptions for our consistency result.

Assumption Al (1.1) holds, where u; is covariance stationary, and for C(\) in (3.1),
(N )C(N) — P =o(l), as A — 0+, (3.3)

where the real 2 X p matriz P satisfies PP = Qq, and C()\) is differentiable in a neighbour-

hood of A\ =0, satisfying there
d (X ap) —~C(A\) =0\, as A —0+. (3.4)

Assumption A2 {g;} in (3.2) satisfy also E (¢4 |Fi_1) = E(ey), E (g8, |Fio1) = E(ee}),
a.s., t € Z, where Fy is the o-field of events generated by €5, s < t, and also P (cje; > n) <
KP(X > n) for all n > 0 for some scalar non-negative random variable X such that
EX < o0.

Assumption A3 (2.1) holds.

Assumption A4 6, € 6.

Assumption A5 (2.2) holds.
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Assumption A6

0< |CU12| < (w11w22)%. (35)

Assumption A6 on the one hand implies €2y is positive definite, and on the other rules
out

W19 = 0, (36)

when wuy;, ug; are incoherent at A = 0 (cf. (1.3)). Under (3.6) 7, is unidentifiable. ~We
subsequently discuss related problems in which ~, is known and (3.6) is permitted. It could
be covered in our theorems with extra detail, but while (3.6) is milder than the time domain
orthogonality condition r15(j) = 0, j € Z, it is less usual in the cointegration setting than
(3.5), which tends to treat observables as jointly dependent. Assumption Al implies (1.1),
and this and other conditions are natural extensions or modifications of ones in [22], [29],
33].

Theorem 3 Let Assumptions A1-A6 hold. Then

. . m\ vo
& —, Qp, ﬁ:ﬁo—i-op((g) ), as n — oQ.

To prove asymptotic normality we introduce the following assumptions.
Assumption B1 Assumption A1 holds, with the right side of (3.3) replaced by O(X\?), for
some b € (0,2].
Assumption B2 Assumption A2 holds, with also the elements of €; having a.s. constant
third and fourth moments and cross-moments, conditional on F;_1.
Assumption B3 (2.1) holds for all v € ©,, after replacing its right hand side by O(\?),
be(0,2].

Assumption B4 6, is an interior point of ©.
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Assumption B5 For any C' < oo

(logm)?m!+2 N (logn)“

% i 0, asn — oc. (3.7)

The extensions of the previous conditions are similar to ones in earlier literature, the
requirement (logn)¢/m — 0 coping, as in [33], with the fact that logn terms are not
eliminated at the outset when 1(\) = |A|. Define by ¥ the symmetric 4 x 4 matrix with
(k,£)th element oy, given by o1 = 2u {(1 — 2v9) ™! — (1 — vg) "2 cos®(y) } wae /w11, T12 =
—2u(1 — vo)tsin(ryy) (wiz/wi1), 013 = 2uve(l — vg) "2 cos(Vy)wiz/wi1, 014 = —2uve(l —
vo) 2 cos(Vg)waz /w11, oo = —034 = 2up?®, 093 = 09y = 0, 033 = 044 = 4 + 034, Where
pu=1-=p)"%p= CU]_Q/(CL)]_]_CUQQ)%. Write A,, = diag{)\;n”o, 1,1,1} and let N, denote a

k-variate normal variate.

Theorem 4 Let Assumptions B1-B5 and A6 hold. Then as n — oo
m%An(é — 90) —d N4 (0, Eil) .

A consistent estimate 3 of ¥ is formed by plugging 6 in place of #y, and elements of
Q(@) for those of y. After also replacing A,, by ﬁn = diag {)\2_32, 1,1, 1} , we can form
asymptotically valid confidence regions for 6y, and also test hypotheses of interest, such
as the linear homogeneous restrictions §, = 0 "no-cointegration"; (1.4) "zero-phase"; (1.6)
"purely non-deterministic"; v, = (o1 + do2)7/2 "weak causality"; do; = 0 "short memory
cointegrating error". A small Monte Carlo study of finite sample performance was car-
ried out along such lines. To satisfy (1.1), u; was generated from the fractional ARMA
diag {(1 — L)°*, (1 — L)*2} (1 — 0.5L)u; = R'?e;,where L is the lag operator, the ¢, are
bivariate normal, and R has elements 1 and 4 down the main-diagonal and off-diagonal el-
ement 2p. Thus v, = vor/2 (and wiy = 4p/7). We took 6o = (0.05, 0.45)" and (0.2, 0.3)’,

p = 0.75 and 0.9, B, = 1. On each of 1000 replications, 0 was computed for 3 values of
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m, [n*3/2], [n*3],2n*?3 in each of three sample sizes, n = 128,512 and 2048. We em-

ployed 1(A) = |A| (so local misspecification was incurred), and 1, = 0.01, n, = 13 = 0.02,

ny = 0.005, ©5 = [—3, 3]. The Table gives Wald test rejection frequencies, at nominal 2-sided

5% level, for the hypotheses §, = 0 (under ”5”), (1.6) (under "+”) and d¢; = 0 (under ”§;”).

Table: Frequency of Wald test rejections, nominal 5% level

n =128 n =512 n =2048
do1 do2 p m B Y 01 m B Y 01 m B Y 01
0.05 045 07513 95.0 86 183 | 32 99.6 84 250| 8 100 6.1 389
0.05 045 0.75(25 935 6.0 59.0| 64 999 55 765|161 100 3.5 839
0.05 045 0.75|51 698 6.0 99.5|128 96.3 4.5 100 |323 100 6.4 100
0.05 045 09 |13 973 55 181| 32 998 63 329| 8 100 5.0 529
0.05 045 09 [25 9.4 41 61.5| 64 99.9 3.5 827|161 100 4.2 932
0.05 045 09 |51 841 23 989|128 999 44 100 | 323 100 11.0 100
02 03 07513 925 168 406 | 32 944 21.7 66.8| 81 95.6 152 949
02 03 07525 89.7 120 886 | 64 926 170 99.1 | 161 98.0 129 100
02 03 07551 90.6 4.9 100 | 128 93.3 7.9 100 | 323 99.6 11.0 100
02 03 09 |13 919 157 41.7] 32 933 16.1 73.1| 8 987 12.0 97.3
02 03 09 25 8.8 105 91.5| 64 958 128 99.8 | 161 99.8 9.0 100
02 03 09 (51 91.0 5.5 100 | 128 98.0 7.8 100 |[323 100 6.1 100

The second hypothesis is true so that size is measured, while the others are false so that

power is measured. When 09 = (0.2, 0.3)’ the gap vy is very small (and hard to detect): here

the test on v, is clearly over-sized, even for large n, though matters improve for large m,

and for 09 = (0.05, 0.45)" the sizes are better on average, albeit variable. For the test on d¢;

power is poor for the smallest m, especially but unsurprisingly when dg; = 0.05, but increases

14




satisfactorily with both. Power for testing /3, is mostly very high. Overall, it seems hard to
draw firm conclusions about the effect of p, while a relatively large m appears to work best.
Our technical results can be readily adapted to justify score and pseudo-likelihood-ratio-type

tests.

4. Discussion

Remark 1  Lack of block-diagonality in ¥ suggests that correctly fixing @ in R(6) or
employing an estimate & which converges faster than mz gives an estimate, B(a), say,
that is more efficient than j3, satisfying m2 " {B(ao) — 50} —a4 N1(0,077"). Going even
further, but assuming (1.6), [15] provide an even more precise estimate of (3, having the
same efficiency as one minimizing Q (¢, 2) after replacing a and €2 by known o and Qp; this
estimate has also the advantage of a closed form representation. However, the need to select
more than one bandwidth number, and in other respects suitably design the estimate of «p,
and possibly {2y, presents some disadvantage.

Remark 2 On the other hand, computationally simpler but less efficient estimates than

/3 are available. [27] suggested the narrow-band least squares estimate

3 =Re {ifyx(/\j)} / g‘llx(%), (4.1)

where (I,;()), I;(\))" makes up the second column of I,(\), and showed it to be consistent
under very similar conditions to some of those for Theorem 1; [32] showed it is (n/m)"°-
consistent (cf. Theorem 1). It advantageously avoids estimating ag. [6] showed 3 to be

(n/m)**mz-consistent and asymptotically normal under (3.6) and x, < 1; [23] gave anal-

99
ogous results for a weighted version of (4.1). Even when a CLT for 3, or another simple

estimate, is available, the limiting variance depends on ap. Under (3.5), [32] showed that
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(n/m)*°(B — ,) converges in probability to a non-zero constant, so no useful inferential
result is available. Our B corrects the bias.

Remark 3  Simpler estimates of other parameters are available. We can estimate dg;
and dge using univariate local Whittle (see e.g. [20], [29]), bivariate log periodogram [2§]
or bivariate local Whittle [22],[33] techniques, though such estimation of dg; requires a

preliminary estimate of 3,. Given a preliminary estimate /3, a simple estimate of Yo 1s

4 = arctan [Im {f:l S()\j)} / Re {iS(AJ)}] ;

where s(\) = I,,(\) — BL(N).

Remark 4 When v, = 0, X is block diagonal with respect to B ,3 on the one hand and 4
on the other. Treating 7, as an unknown parameter seems unique in a long memory setting,
and it is worth noting the effects of its prior misspecification. Suppose we fix v = v* in
R(f), and then minimize with respect to 3,8. Denoting 0 = (89,7", do1,502)’, arguments

like those in the proofs of Theorems 1 and 2 give

A W11 w12 cos(7* — 7o)
Q(05) —p

w1z cos(Y* — vq) Wao
Likewise, taking a ~, b to mean a/b —, 1 element-wise, calculations in the proof of Theorem

4 give
00(0;)  2X, | 2wizcos(7g) wazcos(v")

wag cos(Y*) 0

Thus from (8.3) in the proof of Theorem 4 below,

OR(0;) 20,70 wiawag sin(y* — 7y,) sin(y*)

OB TP 1 — vywiwan — wiycos2(yF — )

It is readily seen that (0/00;)R(6;) —, 0, but due to the non-diagonal limiting structure

of (0?/0000")R(0;), it appears that unless v* = 7,, or v* = 0, not only is the 3, estimate
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only (n/m)"°-consistent but the dy; estimates are inconsistent. When =, # 7* = 0, these
estimates are asymptotically normal but their limiting variance matrix is complicated, and
depends on v,. Our discussion suggests a more serious cost to incorrectly fixing v* # 0, e.g.
when 7 is replaced by v /2 in Q(6,€2), where v = 05 — 0y, cf (1.6). However it can also be
inferred that such bias problems are absent under (3.6). There are two cases of potential
interest. In one, (3.6) is assumed a priori, in the other it is not; in both 7, is specified.
In both cases the estimates of 3, do1, do2, after correct centering and normalization as in
Theorem 4, converge to independent zero-mean normal variates, whose variances can be
deduced from the formulae in 3 in the latter case (which the CLT of [24] addresses).
Remark 5 On the other hand if 3, is known (e.g. to be zero, where there is no cointegra-
tion) we can infer from Theorems 3 and 4 that after correct centering and m?2 normalization,
the estimates of v, and J, are asymptotically independent, with limiting variances given
in the inverse of the matrix consisting of the last 3 rows and columns of ¥. In fact the
consistency proof is much simpler than that of Theorem 3, and the results hold for |dg;| < %,
1 = 1,2, with ©4 chosen suitably.

Remark 6 Also in the known non-cointegrated case 3, = 0, consistent estimation of v,, as
well as of dp, is relevant in inference based on the sample mean z = (21 + ... + z,)/n. Under

our conditions it may be shown that as n — oo
diag {n%_‘;‘” 3 n%_éoz} (E—Ezl) —d NQ(O, (27rwij COS((i—j)’70)/(F(50i+50j+2) COS(W(50i+(50j)/2))),

where the (7, j)th element of the 2 x 2 variance matrix is indicated. In [30] inference was
developed in which the w;; and ¢ are replaced by consistent estimates (better than log
-n-consistent in case of 0y , for which (3.7) suffices) but assuming =, satisfies (1.6). If this
assumption is incorrect, a corresponding confidence ellipse would be inconsistent. This kind

of issue does not arise under short memory dg; = dpo = 0, where the variance matrix is
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27 f.,(0), and phase is bound to be zero.

Remark 7 An earlier version of this paper employed a different phase parameterization,
¢v, in place of 7. This naturally covers (1.4) (¢, = 0) and (1.6) (¢, = 7/2), but is less
natural in general, in view of Theorems 1 and 2. It affects the form of ¥, in particular giving
non-zero ooz and oa4. As a consequence, when f3, is known the limiting variance matrix for
estimation of «y is no longer block-diagonal (cf Remark 5), while if ¢ is incorrectly specified
to a non-zero value (e.g. 7/2), 0y is estimated inconsistently; in Remark 4, with ~ likewise
misspecified, this was due to estimating 3,. On the other hand, with the ¢ parameterization,
[33] compared the cases when ¢ is correctly fixed at 7/2, and when ¢ is correctly fixed at 0
(where the limit distribution is the same as in Remark 5), finding greater precision in the
former.

Remark 8 To construct approximate Newton iterations, given an ith iterate @(i), 1> 1, we
can form @ by plugging in 0" for By in X, replacing elements of Q by those of Q(é(l)), and
then compute AL O (0/ 89)}%(9@). Choices for 8" include estimates described
in Remarks 2 and 3. If é(l) satisfies m2 A, (@(1) — 90> = O,(1), then 9(2) has the properties
of § in Theorem 4. If the initial 8, estimate is only (n/m)"°-consistent, as is (4.1), 0"
should satisfy Theorem 4 for some finite ¢ but determination of a minimal ¢ depends on
hypothesizing a rate of increase for m with n, and on the unknown vy. If a smaller m is
used in (4.1) than in R(6), assuming the former m increases sufficiently slowly relative to
the latter one can justify ¢+ = 2 even.

Remark 9 With respect to choice of m, minimizing approximate mean squared error (MSE)
of a given linear combination of 0 elements is complicated, especially as B converges faster

than &. Though sub-optimal, the minimum MSE rule (in scalar local Whittle estimation

of memory) of [13] could be applied, most simply to the x; sequence (requiring preliminary
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estimation of Jpy and fixing b in Assumption Bl say to 2). As always, a minimum-MSE
rate violates the condition (here B5) that provides correct centering in the CLT, suggesting
use of a smaller m. In univariate local Whittle memory estimation, with data tapering, [10]
developed an m that minimizes the error in the CLT, having rate n?(*?) which satisfies
B5; with b = 2 this is the rate employed in the Monte Carlo. [16], [17] proposed data-
dependent m in univariate log-periodogram memory estimation. Full confidence cannot be
placed in any automatic technique and it may be wise to employ a grid of m values, and
assess sensitivity; estimates for a given m should be a good starting point for iterations with
adjacent m.

Remark 10 From B5, &, 3 converge slower than n®/(1+2)  53-(G-10)/(1420) regpectively,

2/5 p(2+70)/5 for b = 2, while for all b the rate of 3 approaches nz as vy — L. This

eg. n 5

rate is best for estimates of all parameters if f,(\), A € (—m, 7], is parametric (extending
theory of [7], [9], [11], [14]). But misspecification of f, incurs inconsistent estimation of
all parameters, and if f, involves additional parameters (over those in (1.1)) computational
burden increases. The least squares estimate of 3, is inconsistent when u;; and ug are
correlated (cf. A6).

Remark 11 By analogy with the pseudo-spectrum of univariate nonstationary fractional
series, we can define a pseudo-spectral density matrix (involving a phase parameter as in
(1.1)) for vector series with one or more nonstationary elements. Integer differencing of
both series will not change phase, and may produce the stationary setting of the present
paper. Given uncertainty as to whether or not the data are nonstationary, or about the
degree of nonstationarity, alternative methods, already employed to extend univariate local
Whittle estimates (e.g. [34], [35]), should produce analogous asymptotic properties to those

in Theorems 3 and 4, albeit perhaps with some variance inflation, so long as the gap between
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memory parameters is less than 3 (as in (1.14)). If this gap exceeds 3 optimal estimates have
a faster rate, and mixed normal asymptotics [15]. [36] considered local Whittle estimation
with a gap exceeding %, but the estimate of 3, achieves a slower convergence rate than is
attainable even by such simple estimates as (4.1) and least squares when also the sum of
memory parameters exceeds 1.

Remark 12 Another kind of extension concerns multivariate series z; of dimension g > 2.
[24] considers local Whittle estimation with ¢ > 2 and a single cointegrating relation, though
with phases correctly assumed to be zero, (3.6) assumed in the CLT, and a consistency proof
which, like ours, takes ¢ = 2. More generally, ¢ > 2 raises the possibility that the number,
r < g, of cointegrating relations exceeds 1. In (1.12), By can be redefined by replacing
the 1’s in the diagonal by blocks I, and I,_, , with 8, now being an r X (¢ — r) matrix.
Likewise in (1.1), (1.2) the dimension is extended to ¢, with, for j € [2, ¢, the jth diagonal
element of ® (\; @) now being |\|% e #9NOit4-1) | with §; < §; for i < 1, j > 7.
Thus o = (74, +,V4-1,01, -+, 04)" unless, to mitigate possible curse of dimensionality and
additional computational challenge, prior restrictions are imposed, e.g. §; = ... = d, and/or
0r41 = ... = 04. Such constraints could imply some zero v, even under fractional integration
assumptions (cf (1.6), which is zero for dg; = dg2), but in general they can be unrestricted.
Prior restrictions on 3, might also be imposed. Our methods can be straightforwardly
extended to estimate the remaining, unknown, parameters. The techniques of proof of

Theorems 3 and 4 also appear to extend, while Theorems 1 and 2 clearly remain relevant.

5. Proof of Theorem 1
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From [38 , p.186],
ijo—leij)\ = T(xp)e™0/2A %0 + O(1), as A — 0+. (5.1)
j=1

For \ # 0, mod(27),

fu()\) = (271')71 7”12(0) + Ry ijoileiij)\ + K_ ijoileij)\ + Z bjefij’\
i=1 j=1

=1
The last term in braces is bounded by

N 00 00
> (ol + 165D+ D {lby = bl + b — by} D e
j=1 k=N

Jj=N+1
< Ke (NY + N0 LA™ =0 (JA7), as A — 0,

where £ > 0 is arbitrary and we choose N ~ |A|™". Thus from (5.1),
f12()\> ~ (271_)71 (HJrefisign()\)TrXO/2 + Fdieisign()\)rrxo/2) F(XO) |/\|_X0 , as A — 0.

Then (1.9) is determined by inspection, and the remaining statements are straightforwardly

verified. O

6. Proof of Theorem 2

Take j > 0. With ¢j; denoting the ith row of Cj, write

00 i —1
. 2 : / § : / § /
=0

i=j+1 i=—00
Each of the three terms on the right is dominated by contributions in which cy;, co;—; are of
do2—1

i

order and [i — j| , respectively, the remainder terms involving products of these

with the g1/, ¢i—; 20 and products of the latter. After integral approximation of the leading
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terms we write

o0

1
r2(j) = 5/Jr1§+2/(1 + )P e dr 5;15—2/35601_1(1 — x)%2 Ly
0

0
+§'_1€2/a:5°1_1(1 + x)5°21da:} gXo=t 4 b;. (6.1)

0

We omit the straightforward but lengthy proof that b; satisfies (1.7) and (1.8). It only
remains to express the integrals in (6.1) as Beta functions. The method of proof for j < 0

is identical. O

7. Proof of Theorem 3

We first give the proof with ”0” replaced by "O” in the error bound for B For any ¢ > 0
define neighbourhoods Nj(c) = {5 : |8 — Byl < ¢}, Ny(c) = {v:|v =7l <c}, Ns(c) =
{6 |6 — do|| < c}. Fixe > 0 and define N'(g) = N (7! (m/n)") x N, () x N5(g), N(e) =
© \ N (g). We have P (@ € /\7(8)) < P(infg ) {R(0) — R(6h)}). To show that this tends to
zero we first decompose R(0) — R(6y). We omit the straightforward proof, using A3, that
the effect of replacing ¥(\; o) by ®()\; ), when they differ, is negligible, uniformly on N (¢),

and proceed as if ¥ = ®. Then
A 2. 1]
R(0) = R(0) = log det { Q(0)Q(60) "} =23 ;— Y log ;. (7.)
i=1 j

where (; = d; — do; and ), means 7" ,. With T(d) = diag{(?{l +1)z, (26, + 1)%},
2(0) = diag {\51, A2}, 5 (0) = Z(6)Q0)Z(0), write

m?’'m

R(0) — R(0) = logdet { T(5)5 () T(9)52(60) " } +u(0),
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where u(0) = >, S22 {QCZ —log(2¢; + 1) +2¢;(logm —m~"' 3" log j — 1)} . To decom-

pose *(#) denote I,; = I,,()\;), and deduce
BI.(\)B' = I; + (Bo — B)I; + I;(Bo — B) + (Bo — B)L.;(B — By

With the definitions H; = W()\;;a0)lj¥(Nj;0), bu(B) = N°Bo — B), T = 7 — Yo
rearrangement gives

A

2(0) = GV (@) + bu(B)GP () + b (8) P (), (7.2)

where GO(a) = (37 ), 3 = m™' X2, G/m)™* huy (k= 1,2), 5 = 357
=(2m)~' >, (j/m) " (e + € Thyy;) Qﬁ) =(2m)"' >, (ji/m)SrHor oo (€0hg1; 4 e 0 hyy;)
~(2) ~(2)

_ ) \81—6 . _ : _ .
g1z = 91 = M IZj (j/m)™ e (cosy)haz;, gﬁ) =m 1Zj<j/m)2(6l 502)h22j> gg) =

gf’;) = gg‘? = @g’) = 0, suppressing reference to dependence on « in the Q,(fﬁ) and with

H; = (hgej). Defining
Un () = log det {T((S)G(l)(a)T(é)@(l)(ag)_l} +u(8), Us(0) = log det {Q*(e)é<1>(a)-1} :

we have R(0) — R(6y) = Ua(a)+Us(h), since Q(0p) = GW(ap). Writing Ns(c) = ©5\N3(c),
N, () = ONN,(¢), Ni(c) = O \N;s(c), and also O, = O, x O;, N,(c) = {N,(c) x Os} U

{©, x Ns(c)}, it suffices to show that as n — oo

p( Aifil(fe)Ua(a)go) o0, (7.3)
P inf Us(8) <0 — 0. 7.4
(w;(;)ﬂxea ) ) (4

Introduce the following population analogues of the g}j}: g,(gk) = w(2¢, + D)7 (B =
1,2), g5 = g5 = (G + G+ 1) lwincosT, g7 = 2(¢, + 01 — doz + 1) Twiz cosyy, g1 =
g5 = (01+C— 0o+ 1) wa cosy, gi) = (2(01—0o2) +1) Twaa, g5 =913 = g8 = g5 = 0;
write G (a) = (gé?)
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To prove (7.3) observe that from the inequality [log(1+ )| < 2|z| for |z] < 3, and

because N, (g) C {N, () x ©5} U N;(e), it suffices (following a development like that in

[22]) to show
supHT<5){é<1>(a)—G<1>(a)}r(5)H = 0, (7.5)
O
sup (YD ()T(©)} || < oo, (7.6)
Nw(isr;fx@&logdet{T(é)G(l)(a)T(d)G(l)(ao)_l} > 0, (7.7)
lim inf u(6) > 0. (7.8)

n—oolNs (5)

We omit the details of (7.5) as these are now standard, mainly following the proof of Theorem
1 of [29]), and multivariate extensions [22], [33]. Our model (3.2) is more general than those
in such references in two respects, namely our allowance for a bilateral MA and for the
dimension of ¢; to exceed 2, but it is readily seen that neither extension materially affects
the roof. The basic technique involves summation-by-parts (to deal with the uniformity)
followed by approximation of the H; by the PI.;P’, where I.; = I.()\;) (see [29]) and then
approximating the consequent term in the I.; by one in Qy (with only a second moment for
g; required for the latter step due to applying a law of large numbers for I; variables to the
term in the &;}) and approximating sums of form m=' 3> .(j/m)* by (1+a)~" for a > —1.
The most significant difference from earlier results is the presence of the general v, v,, but
this is easily handled in view of compactness of O,. Likewise, (7.8) follows from the proof
of Theorem 1 of [29], which used the inequalities

2
inf {z —log(x + 1)} > %, logm —m 'Y logj—1| < Km™. (7.9)
J

|z|>e

To prove (7.6) observe that

det {T(5)GV ()Y (5)} = wiwae — wiye(8) cos® T, (7.10)
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where ¢(6) = (2¢; + 1)(2¢y + 1)/ (¢, + ¢y +1)*. Tt follows from the inequality 0 < 4zy <
(z 4+ y)?, for z,y > 0, that 0 < ¢(d) < 1, and thus (7.10) > det () > 0.

To prove (7.7) note that

log det { T(5)GM (a)1(6)G™M (ag) '} = log { 1= pld(s/))jos i } . (7.11)

From |cos7| < 1, |¢(d)] < 1 and log(1 + x) > x/(1 + z) for > 0, this is lower-bounded by

p* {1 — c(0) cos®> 7} > p*sin? 7. Because sin (7 — x) = —sinz,
inf sin?7 > min {sin2 <E> , sin® (2774)} > 0. (7.12)
N—y(a)x@,; 2

Since p # 0, (7.7) is proved.

Now consider (7.4). We can write Us(6) = log Q(b,(83)), where Q(s) = 1+ d1s + ag5?,
A N (2)2
i = (31795 — 201291/ det{ (a )}, as = (91795 — 317 )/ det{Ggl)(a)}- For all 0,

ao > 0 by the Cauchy inequality, and, since Q*(Q) and G(l)(a) are non-negative definite,

Q(s) is non-negative for all real s. It has a global minimum at s = —a;/2ds. Thus

d2 dl 1 |€L1| &2 a1 1

inf > 1 > — l1-—+—= )1 < -
|s|1§1/5Q<8) - ( 4CLQ> ( 2&2 6) + < 3 + 52) < 2(12 B €>

|a | la|  ax  af
= 1——+—+ 2Tty
€ € €2 4as

where 1(.) denotes the indicator function. Thus the probability on the left side of (7.4) is

bounded by
( Q 1
P (log{l — supu —i—mf—} < O) + P (sup —| > —)
0, € 04 €2 O, 209 €
. 2 . 1,
< 2P (supla; — ai| + —sup |Gy — as| > —infay — sup |a;| (7.13)
[e € @ £ ("')a ®a

by elementary inequalities, where a; = (g%l)gé? - 2912 912 ) /det G (a), a (g§1) géé) —

93")/det GO(a). Now supe, |31 — of}

—, 0 (1 =2,3, k,{ =1,2) asn — oo, by the

25



same method of proof as described for (7.5), so supg_ [G; —a;| =, 0 (i =1,2) asn — oo.
We need to show that the right side of the last inequality in (7.13) is positive. It is easily
seen that supg_|a;| < 0o, noting boundedness away from zero on ©, of denominators in the
g,(fz). Since € can be arbitrarily small we require only that infg_ as > 0. This is true because,

on O,,

g®gh _ 22 _ 2 { 1 B cos® 7, }
11 922 12 22 {2(61 — o) + 1} (2¢, + 1) (81 + ¢ — S0z + 1)

: 1 ) 1
2 |:{2(51 - 502) + 1} (2<2 + 1) (51 — 502 + (2 + 1)21

2 .2
WagV WasTlo
> > > 0.
g8 — 8

This completes the proof that & —, ag, 3 = B,+0, ((m/n)"). To replace”O” by ”0” in the
latter, for € € (0,1) define N*(¢) = N3 <€% (m/n)”()) x N, (e2) x N5 (2), N*(g) = ONN*(e).
We have P <@ € ./\7*(8)> <P (@ e N*(e) ﬂN(é?)) + P <@ € N(a)) . We have just shown

that the last probability tends to zero. For the previous one it suffices to show that as

n — o0
P inf Uy(a) <0) — O, 7.14
<N;(s) @ > (7-14)
P inf Us(@)<0)] — 0, (7.15)
<N (51/2(%)V0)><Na(€) >

where NV, (¢) = N, () x Ns(g), Nii(e) = No(¢) \Nz(g). The proof of (7.14) is as above. To

prove (7.15), following the argument up to (7.13) we have to show

P sup |ay — a1| + 2¢2 sup |as — as| > €7 inf as — sup |ag| | — 0. (7.16)
Nae) Na(e) Na(&)  Nalo)

In view of the above remarks about (7.13) it remains to show that the right hand side of the
inequality in (7.16) is positive. We have

2) (1 1) (2
951)952) - 2939%2)

sup |a1| < {sup }/Ai/n(f;) det {Ggl)(a)}.

Na(e) ()
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The denominator is already known to be finite and the quantity on the right side whose

absolute value is taken equals

o cos Y B COS Y COS T
e (26, +1)(¢;+01 —do2—1)  (C1+Co+1)(01+Cy—doe+1)]

After rearrangement and application of trigonometric addition formula, this is seen to be
bounded in absolute value by K (]v — vo| + [|[d — do||) . It follows that supy; () a1 < Ke.
From the proof of Theorem 3, 2 inf Naa(e) G2 — sup |ag| > 3 /K — Ke, which, for arbitrarily

large K, is bounded below by 2 /2K > 0, choosing ¢ € 0, (4K*)™!). O

8. Proof of Theorem 4

Define 5(0) = (9/00) R(#), S(0) = (8/0¢') s(f). Denote by S the matrix S(#) when its kth
row is evaluated at 0 = é(k). If Hé(k) — QOH < H@ — HOH, k=1,...,4, the mean value theorem

gives 0—0,=25 ~15(6y), for some such 9(k). The Theorem is established if

m3A; s(00) -, Na(0,%), (8.1)

AISAY S (8.2)

Denoting by 0, sx(0), the k-th elements of 6, s(0), and by sge(#) the (k,¢)-th element of

S(6),
s(0) = tr {agg(f)fz(e)—l} Uk =3or4) 3 log [¥(3; ), (8.3)
sw(0) = tr {22?8(2@(0)—1 - 829(5)9(0)—1825)0(9)—1} : (8.4)
Now




kot = 1,2, writing A" = (9/00))4;, A®D = (9/90)AV, A; = A(N;;0). To sim-
plify we proceed, as in the proof of Theorem 3, as if ¥)(A) = |A|. This can be justi-
fied via B3; further discussion appears later in the proof. Define Ej, by replacing the
(k,0)th element by 1 in the 2 x 2 matrix of zeros. Noting that F12B" = —F1s we deduce
A = N (BrpAje — AjEyne ), A = iA;Ey — iEnA;, ATV = (log ) (Ewd; +

AiBi), k=12, A = oV B A B, AN = 0N (B AjEn — B En) , AT =
_ (log >\J) )\]._V(EkkEnAj +EkkAjE21 +E12AjEk:k +AjE21Ekk), A§2’2) — 2E22AjE22 N E22Aj .
AE227 A§‘272+k) = —1 (log >\J) (EkkAjE22 - EkkE22Aj - E22AjEkk + AjEQQEkk), A§-2+k’2+z) =

(log )\j)2 (EkkEgeAj—FAjEggEkk—i-EkkAngg—l—EaAjEkk). Thus from (83), with Aoj = A()\j; 90),

1 —v i —i A —
81(60) == _tTE Z )\j 0(E12A0j6 o -+ Aongle 70)9(90) 1,
J

J

. 1 A _
82(60) = tr {E Z (A[)jEQQ - E22A0j) Q(QO) 1} )

J

1 1 N
sa+k(00) = br— > <log Aj — - > log )\i> (BirAoj + Aoj B )2(00)

for k = 1,2, where the real part operator is omitted because imaginary parts are automati-
cally eliminated here, and we use Q(f) = m~ > ; Re{Ao;j}. We can replace, with negligible
error, 2(6y) by Qo and Ay; by T; = PI;P' in m2A-1s(y), using arguments of [22], [29],
33], and allowing p > 2. Thus m2 A 1s(0,) differs by 0,(1) from mz A 1s*(6y), where s*(6,)
has k-th element

s = % 3 17 (Unty Re{ Ly} + Uy I 1), (8.5)
where Upyj = —cosvyy (A7 —m™1 Y0, A7) P'Qy B P, Upy = —siny A" P'Qy Ey P,
Ursj =0, Upyj = P'Qy" ExP, Upgipy = (logj —m™" Y logi) P'Qy' By P, Urasn; =0,
for k = 1,2. After rearrangement and application of a martingale CLT we deduce, following

the same references, A 's*/2 —; N4(0,%). (The formula for ¥ can be most easily veri-

fied after noting that Es}s; = 8m ™2 Zj tr {URkj (U}/%Ej + Ujo) + Ut (U}Kj — Uu;j) }, plus a
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negligible fourth cumulant term.) This completes the proof of (8.1).

Turning to (8.2), it suffices to show that
A {S - S(eo)} A 0, (8.6)
1
§A;15(90)A;1 —, . (8.7)

We omit the straightforward proof of (8.7). To prove (8.6). we require a rate of conver-

gence for the ;. Put 6 = (3,&) = (B,7,01,02)’, for

0 — 90H < H@ — HOH. For some such é,

N

Q(é) appears in all elements of S. From Section 7 we can write, with the same definitions, and
¥ again replaced by ®, Q(f) = =(3) {ém(@) b (B)G(a) + bz(B)é@)(a)} =(3). Then
from Theorem 3, Q(6) — Q(0y) —, 0 if § —, 6 and GO (@) — GD(ag) —, 0, i=1,2,3. To
achieve the latter, H; = Ay; can be replaced as before by the Tj, but from the definitions of
Section 7 the d, are involved as exponents of (j/n),j=1,...,m,in the G(l)(d), so more than
the consistency established in Theorem 3 is needed (though consistency of 4 suffices). So far
as remaining terms which make up elements of S are concerned , similar considerations apply,
indeed differentiation produces factors log |wj|, log? Wj‘ in some summands. In [29], only
(A) = |\| was considered, and log n terms are precisely eliminated prior to taking limits, as
in Section 7. With more general ); this does not happen, as in [33]' s choice of 1/, and as there
we establish something a little stronger. It suffices to show that (log n)c <8k — (50k> —p 0,
k = 1,2, for any C < oo (explaining the requirement (logn)¢/m — 0 in (3.7)). Ar-
T(6) {éw(a) - G(l)(a)} T(a)H —

0,((logn)~2¢), infg (2)xn;(e) log det {Y(0)GY(a)Y(8)GV ()~} >0,

guing as before, this follows if, as n — 00, supy, ()

lim,, oo (log 1) inf 57, jog mycy u(8) > 0, for any e € (0,1). The first result follows by
straightforward extension of the proof of (4.6) in [29], the rate being due to &; now hav-
ing a finite moment of order greater than 2. The proof of the second is identical to that of

(7.7), the only difference in outcome being the replacement of € by 2. As in the proof of
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[29], we deduce the final result from the inequalities in (7.9).

Acknowledgement

I thank the Associate Editor and three referees for comments which have led to a signif-

icant improvements, and Afonso Goncalves da Silva for help with the numerical work.

REFERENCES

[1] ADENSTEDT, R. (1974) On large-sample estimation for the mean of a stationary
random sequence. Ann. Statist. 2, 1095-1107.

2] ANDERSON, T. W. and WALKER, A.M. (1964) On the asymptotic distribution of
the autocorrelations of a sample from a linear stochastic process. Ann. Math. Statist.
35, 1296-1303

3] BREIDT, F.J, DAVIS, R.A. and TRINDADE, A.A. (2001) Least absolute deviation
estimation for all-pass time series models. Ann. Statist. 29, 919-946.

[4] BRILLINGER, D.R. (1975) Time Series, Data Analysis and Theory, Holden-Day, San
Francisco.

[5] CHEN, W.W. and HURVICH, C.M. (2006) Semiparametric estimation of fractional
cointegrating subspaces. Ann. Statist. 34, 2939-2979.

6] CHRISTENSEN, B.J. and NIELSEN, M. (2006) Asymptotic normality of narrow-band
least squares in the stationary fractional cointegration model and volatility forecasting.
J. Econometrics 133, 343-371.

[7] DAHLHAUS, R. (1989) Efficient parameter estimation for self-similar processes. Ann.
Statist. 17, 1749-1766.

8] DAVIDSON, J.E.H. and HASHIMADZE , N. (2007) Alternative frequency and time
domain versions of fractional Brownian motion. Forthcoming, Fconometric Theory.

[9] FOX, R. and TAQQU, M.S. (1986) Large-sample properties of parameter estimates
for strongly dependent stationary Gaussian series. Ann. Statist. 14, 517-532.

[10]  GIRAITIS, L. and ROBINSON, P.M. (2003) Edgeworth expansions for semiparametric
Whittle estimation of long memory. Ann. Statist. 31, 1325-1375.

[11]  GIRAITIS, L. and SURGAILIS, D. (1990) A central limit theorem for quadratic forms
in strongly dependent linear variables and its application to asymptotic normality of
Whittle’s estimate. Probab. Theory Relat. Fields 86, 87-104.

30



[14]

[15]

[16]

[17]

[20]

[21]

HANNAN, E.J. (1970) Multiple Time Series. Wiley, New York.

HENRY, M. and ROBINSON, P.M. (1996). Bandwidth choice in Gaussian semipara-
metric estimation of long range dependence. Athens Conference on Applied Probability
and Time Series Analysis, vol. II; Time Series Analysis. Springer, New York, 220-232.

HOSOYA, Y. (1997) Limit theory with long-range dependence and statistical inference
of related models. Ann. Statist. 25, 105-137.

HUALDE, J. and ROBINSON, P.M. (2004) Semiparametric estimation of fractional
cointegration. Preprint, London School of Economics.

HURVICH, C.M. and BELTRAO, K.J. (1994) Automatic semiparametric estimation
of the memory parameter of a long memory time series. J. Time Ser. Anal. 15, 285-302.

HURVICH, C.M. and DEO, R.S. (2001) Plug-in selection of the number of frequencies
in regression estimates of the memory parameter of long memory time series. J. Time
Ser. Anal. 20, 331-341.

HURVICH, C.M., MOULINES, E. and SOULIER, E. (2005) Estimating long memory
in volatility. Econometrica 73, 1283-1328.

JOHANSEN, S. (2005) A representation theory for a class of vector autoregressive
models for fractional processes. Working paper, Department of Applied Mathematics
and Statistics, University of Copenhagen.

KUNSCH, H.R. (1987) Statistical aspects of self-similar processes. Proceedings of the
First World Congress of the Bernoulli Society. VNU Science Press, Utrecht, 67-74.

LII, K. S. and ROSENBLATT, M. (1982) Deconvolution and estimation of transfer
function phase and coefficients for nongaussian linear processes. Ann. Statist.10, 1195-
1208.

LOBATO, LN. (1999) A semiparametric two-step estimator in a multivariate long
memory model. J. Econometrics 90, 129-153.

NIELSEN, M.O. (2005) Semiparametric estimation in time-series regression with long-
range dependence. J. Time Ser. Anal. 26, 279-304.

NIELSEN, M.O. (2007) Local Whittle analysis of stationary fractional cointegration
and the implied-realized volatility relation. J.Bus.FEcon.Statist. 25, 427-446.

PARZEN, E. (1957) A central limit theorem for multilinear stochastic process. Ann.
Math. Statist. 28, 252-256.

PHILLIPS, P.C.B. and SHIMOTSU, K. (2004) Whittle estimation in nonstationary
and unit root cases. Ann. Statist. 32, 656-672.

31



[27]

28]

[29]

[30]

31]

32]

33]

[34]

[35]

[36]

[37]

[38]

ROBINSON, P.M. (1994) Semiparametric analysis of long-memory time series. Ann.
Statist. 22, 515-539.

ROBINSON, P.M. (1995) Log-periodogram regression of time series with long range
dependence. Ann. Statist. 23, 1048-1072.

ROBINSON, P.M. (1995) Gaussian semiparametric estimation of long range depen-
dence. Ann. Statist. 23, 1630-1661.

ROBINSON, P.M. (2005) Robust covariance matrix estimation: "HAC" estimates
with long memory /antipersistence correction. Econometric Theory 21, 171-180.

ROBINSON, P.M. and MARINUCCI, D. (2001) Narrow-band analysis of nonstation-
ary processes. Ann. Statist. 29, 947-986.

ROBINSON, P.M. and MARINUCCI, D. (2003) Semiparametric frequency-domain
analysis of fractional cointegration. Time Series with Long Memory, Oxford University
Press, Oxford, 334-373..

SHIMOTSU, K. (2007) Gaussian semiparametric estimation of multivariate fraction-
ally integrated processes. J. Econometrics. 137, 277-310

SHIMOTSU, K. and PHILLIPS, P.C.B (2006) Exact local Whittle estimation of frac-
tional integration. Ann. Statist. 33, 1890-1933.

VELASCO, C. (1999) Gaussian semiparametric estimation of non-stationary time se-
ries. J. Time Ser. Anal. 20, 87-127.

VELASCO, C. (2000) Gaussian semiparametric estimation of fractional cointegration.
Preprint, Universidad Carlos IIT de Madrid.

VELASCO, C. (2003) Gaussian semi-parametric estimation of fractional cointegration.
J. Time Ser. Anal. 24, 345-378.

ZYGMUND, A.A. (1977) Trigonometric Series, Vols. I and II. Cambridge University
Press, New York

DEPARTMENT OF ECONOMICS
LONDON SCHOOL OF ECONOMICS
HOUGHTON STREET

LONDON WC2A 2AE

UK

E-MAIL: p.m.robinson@lse.ac.uk

32



