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1 Introduction

Financial time series, such as asset returns, are commonly found to be approximately
uncorrelated but not independent across time. Much of this dependence can be traced to
the fact that volatilities are time dependent, with highly volatile observations grouped
in some periods, and relatively low volatilities elsewhere. A great deal of attention has
focused on modelling the consequent conditional heteroscedasticity. Influential early
contributions were the ARCH model of Engle (1982) (applied there to inflation data),
the GARCH extension of Bollerslev (1986), and along a different line, the stochastic
volatility (SV) model of Taylor (1986). Empirical evidence has suggested a higher de-
gree of persistence than these models entail, leading to Engle and Bollerslev’s (1986)
introduction of the IGARCH model. However, the persistence implied by this model
(and other unit root based ones, such as IEGARCH) seems too extreme. On the one
hand, the absence of mean reversion in the second moments implies permanent shifts to
long term volatility forecasts, which is theoretically implausible. On the other, empirical
investigation of volatility measures, such as absolute values and squares of observations,
suggests they are better explained as stationary processes with long memory, indicating
the need for a more flexible model of volatility persistence; see, for example, Whistler
(1990), Ding et al. (1993), Ding and Granger (1996), Andersen and Bollerslev (1997).

Several parametric models for this phenomenon have been proposed. Robinson (1991)
extended the GARCH framework to an ARCH(oo) model that can explain greater per-
sistence. Other models within this framework include Ding and Granger (1996), Baillie
et al. (1996), Bollerslev and Mikkelsen (1996). Other authors have extended Taylor’s
(1986) SV model to explain long memory in squares, e.g. Andersen and Bollerslev (1997),
Harvey (1998), Breidt et al. (1998).

In a parallel line of research, asset pricing models assume the existence of one or



more common factors explaining asset returns. The classical capital asset pricing model
(CAPM) of Sharpe (1964) decomposes returns into a single factor, interpreted as the
market return, and an idiosyncratic component. The intertemporal CAPM (ICAPM) of
Merton (1973) and the arbitrage pricing theory (APT) of Ross (1976) show that, under
more realistic assumptions, multiple factors need to be considered as determinants of
returns. Estimation of the ICAPM requires correct specification of the factors, there as-
sumed to be observable state variables; the APT uses asymptotics on the cross-sectional
dimension (i.e. the number of assets) for its theoretical implications, and also to allow
estimation of the unobservable factors and respective loadings. In the present paper, we
consider a bivariate model with a single unobservable common factor. It is shown that,
under some conditions, persistence in higher moments can allow consistent estimation
of the ratio of factor loadings. The bivariate setup is chosen for simplicity; extension of
our techniques to more than two observables and one common factor is clearly feasible,

but left for future research.

Suppose two observable scalar time series, y; and z;, t = 0, +1, ..., are generated by
Yo =BG, + e, (1.1)
T = [y + 0u, (1.2)

where (3,, (8, are unknown, 3, # 0, and (,, €, d; are unobservable stationary processes,
generated by SV models. In asset pricing models, y; and x; would be asset returns,
(; could be interpreted as the (unobservable) market return, and g, 3, would be the
market risk exposures of v, and x;, respectively. Since the scale of ¢, cannot be identified,
we only aim to estimate 5 = [3;/05; equivalently, 3, could be normalised to unity by
suitably rescaling (,. In the suggested interpretation, knowledge of the relative risk

exposures of the assets would allow the researcher to compare (and reduce, if necessary)



the total exposure to market risk of portfolios containing the two assets. In particular, a
portfolio could be derived which completely hedges against the common source of risk.

The ordinary least squares (OLS) estimate of y; on x;, suffers from errors-in-variables
inconsistency for 3, due to the J; component in x;. Indeed, our assumptions will imply
that (,, &;, 0; are white noise sequences (i.e. have zero autocorrelations at all lags), so in
no meaningful sense can (1.1), (1.2) be described as a cointegrating relation. However,
(s, €1, 04 are not serially independent, but exhibit persistence in higher moments. In
particular, for some integer p > 1, our assumptions imply that 27 and ¢! are cointegrated
long memory I(d) processes, 0 < d < 1/2, with cointegrating coefficient § = g”, and
cointegrating errors are I(d,) for 0 < d, < d. Squares of asset returns are typically
found to display the underlying persistence, so a cointegrating relationship of the type
described could be present, with p = 2. Still, 2} and gy} are stationary, so the OLS
estimate is inconsistent for #, unlike under the traditional assumption of /(1) observables
and I(0) cointegrating errors. The usual instrumental variables estimates employed in
time series models (e.g. with z¥ ; as instrument) will also be inconsistent here, as the
assumed persistence renders all available instruments invalid.

When the spectral density of stationary regressors dominates that of cointegrating
errors at low frequencies, Robinson (1994a) showed that a narrow band least squares
(NBLS) estimate can be consistent. His observable sequences were linear processes in
conditionally homoscedastic martingale difference (md) innovations, which is manifestly
not the case in our intrinsically nonlinear framework. Nevertheless, NBLS has been ap-
plied to financial data (see e.g. Christensen and Nielsen, 2006; Bandi and Perron, 2006),
as have other models for fractional cointegration in volatility (such as the parametric
FIGARCH model of Brunetti and Gilbert, 2000), so it would be desirable to estab-

lish consistency under more relevant assumptions. The present paper fills this gap in



the theoretical properties of the NBLS estimate of #, allowing the latent variables in
(1.1), (1.2) to be quite general SV processes. The NBLS estimate converges at a slow
(nonparametric) rate, but in long financial series adequate precision may be achievable.
Better estimates of § are possible (see e.g. Hualde and Robinson, 2006), though they
would require at least estimating the memory parameters, and are computationally more
intensive and more complicated to handle theoretically. Even for the relatively simple
NBLS estimate, our proof of consistency is extremely lengthy:.

Note that if we had instead assumed a multiplicative model, where observables are
generated by an exponential SV model, and a factor structure is present only in the latent
volatility process, a log-squares transformation would yield a linear representation, on
which linear process assumptions similar to those of Robinson (1994a) might be plausible
(see e.g. Hurvich et al., 2005). In (1.1), (1.2), the presence of additive errors, and the
semiparametric SV model which will be introduced, prevent this type of “linearisation.”
Our specification may be more realistic: common factor structures in the levels often
follow from behavioural foundations, as in the CAPM literature, while in volatilities
they are typically used just as a convenient assumption for dimensionality-reduction.
Furthermore, our approach does not require a specific shape for the volatility function,
and indeed allows that shape to vary between the common and idiosyncratic components.

A key component of the proof of consistency is an approximation for expectations
of products of nonlinear functions of Gaussian processes (Theorem 1), which may be of
independent interest and is presented in the following section, with proof in Appendix
A. Section 3 describes the SV setting. Section 4 introduces the NBLS estimate and
our consistency result, which is proved in a series of propositions stated and proved in
Appendix B, using lemmas in Appendix C, as well as Theorem 1. Sections 5 and 6

consist of a Monte Carlo study of finite sample performance and a discussion of further



directions for research.

2 Approximating cross-moments of nonlinear func-
tions of Gaussian variables

With the objective of examining the memory of SV models similar to those introduced
in the following section, Robinson (2001) established an asymptotic expansion for the
covariance between nonlinear functions of multivariate normal random vectors. Here we
need a (non-trivial) extension to cross-moments of more than two real functions.

Let ¢(-) denote the standard normal density and H,(-) the j-th Hermite polynomial,
for 7 > 0, defined by

Hy(@)0(z) = (-1 o(z). 21)

For a function f(-) satisfying [, f*(x)é(z)dz < oo, define the j-th Hermite coefficient
G; = [; f(®)Hj(z)¢(x)dz and the Hermite rank r = min{j > 0 : G; # 0}. Define
Pp={ieN:i<gq} where N ={1,2,...}, Q, = {(i,j) € P? : i < j}, and
R, ={(i,j) € Qu:i=korj=k}for ke P,

Theorem 1 For integer J > 1, let u;, j € Py be jointly normally distributed with zero
mean, unit variance, and covariances p;, = Cov(u;, py,), j # k; let f; = fi(n;) be a
function such that E(ff) < oo, with k-th Hermite coefficient G, and Hermite rank ;.
Then N
P (H fj> =Y 2.2
jEP; q=0
where

aq = Z H G, %, w; = Z (O (2.3)

v0>0: jJEP; aEQy a€Ry ;
Yva=q,
acQy



If in addition T =23 o |pal <1, then
Qg = O, 2q <, (24)

|aq| S 9 H Z |pa| Tq_%a 2(] Z r, (25)

JjEP; a€Ry

Slad<o T 3 o] T %> (2.6
1=q

JEPS OLERJ_’]'

where £ = Y,cp, 13 and o = {TLep, E(f7)}

The bounds (2.4), (2.5) reflect the individual, possibly differing, Hermite ranks r; of
the f;. The weakest version of Theorem 1 arises when 7; = 0 (i.e. when E(f;) # 0 for
all j), and because this would be relevant also when the r; are unknown, we present it

in the following Corollary, whose proof follows from the inequality » 1ol < 7.

aERJ,j

Corollary 1
Tq
1—7

o0
|aq| <ot Z la;| <o
1=q

As in Robinson (2001) in case J = 2, Theorem 1 provides a valid asymptotic ex-
pansion when 7 — 0. Robinson (1994a) established consistency of the NBLS estimate
using [, arguments enabled by linear process (in md innovations) assumptions. Since
those are unavailable to us, we use L, arguments. These were also employed by Robin-
son (1994b) in studying the mean squared error of the averaged periodogram, but in
case of Gaussian and linear (in independent and identically distributed, iid, innovations)
assumptions. In the SV setting introduced in the following section, matters are consid-
erably more complicated, and we are led to consider various cross-moments of nonlinear
functions of Gaussian processes. Theorem 1 is crucial in obtaining sufficiently sharp

bounds on these cross-moments to establish consistency.
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3 Long memory stochastic volatility framework

To describe the structure of the latent processes (;, &, d; in (1.1), (1.2), we first
introduce a technical definition of I(d) processes. We say z is I(d), with memory
parameter d € [0,1/2), if it is stationary with finite variance, and has autocovariance

function p; = Cov(z, z;) satisfying

7=0

if d =0, and
pj~ C’ijd_l as j — oo, for C), > 0, (3.2)
il
|pj - pj-‘rll <K jl;»l , J >0, (33)

if 0 < d < 1/2, where K throughout denotes a generic, arbitrarily large finite constant,
and the symbol “~” indicates that the ratio of left- and right-hand sides tends to one.
We say an I(0) process has short memory, and an I(d) process, for 0 < d < 1/2, has
long memory. We can deduce from (3.1) or (3.2), (3.3) properties of the spectral density
f(X) of z, which satisfies p; = [ f(X) cos(jA)dA. For d =0, f(}) is continuous for all
A, whereas for 0 < d < 1/2, Theorem III-12 of Yong (1974) indicates that

fO) ~CpAas A — 0T, (3.4)

where

Oy = 7~'T(2d) sin {(1 - 2d)g} c,,



so that f(\) diverges at A = 0. Stationary autoregressive moving average (ARMA) proc-
esses satisfy (3.1), and stationary fractionally integrated ARMA (ARFIMA) processes
satisfy (3.2), (3.3).

Assumption 1 Fort=0,+1,...,

G = M1t 0t = Vithy, er = &yl (3.5)

where for real-valued functions g, h, [,

9t = 9(Nar), he = h(var), i = (&), (3.6)

and

(i) {ny.}, {vie}, {&} are jointly iid processes with zero mean;

(1) {ny} is 1(d), {va} is I(d), and {£s,} is 1(d"), ford >0, d" > 0, max{d',d"} <
d<1/2;

(111) {ny}, {var}, {€x} are standard Gaussian processes, independent of each other and

Of {771t}; {Vlt}ﬂ {flt};

(iv) For some integer p > 1,

E(Wft)E 19" (N9e)nas} # 0, (3.7)

and for j=1,....,p—1,
Em A VE{ g (na)na ) = B )V E{ ¢ ()0} = 05 (3.8)
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(v) {n}s {vie}s {&uts {ae}, {he}, {li} have finite 4p-th moments.

It follows that (,, €4, d;, described by SV models in (3.5), are serially uncorrelated but
not serially independent. In particular, z} is I(d), due to (3.7), which entails E(n},) # 0
and ¢ — FE(g7) having Hermite rank one. Condition (3.8) ensures a valid cointegrating
relationship between z and 37, since it implies that the cointegrating error has memory
smaller than d. If 7, is independent of vy, £;,, the smallest integer satisfying (3.7) will
also satisfy (3.8). It is assumed that p is known, which imposes some restrictions on g;
in practice it may be reasonable to suppose that p = 2. The most notable exception
would occur if ¢ is a symmetric function, e.g. g, = |ny|* « > 0, but then no finite p
satisfies (3.7). This does not rule out a cointegrating relationship of the type that we
study below, but the associated conditions would be extremely complex, involving the
magnitudes of d, d’, d”’, and the Hermite ranks of each centered power of g;, hs, l;. Note
that for v # 0, g; = |7 + 1ny|* gives p = 2. Further discussion concerning the Hermite
rank for functional forms in SV models with long memory can be found in Robinson
(2001).

An advantage of a low p is that the moment conditions in part (v) of Assumption 1
increase in strength with p. Even for p = 2, the 8-th moment condition that is required
seems stringent for most financial data: Jansen and de Vries (1991) and Loretan and
Phillips (1994), among others, suggest that several financial time series may have infinite
fourth moments. Other parts of Assumption 1 might be relaxed at cost of substantial
lengthening of the proof, in particular the mutual independence assumptions of (iii). A
consistency result under weaker versions of (iii) could surely be provided with the same
theoretical tools, but enumeration of all relevant cross-moments would be a tedious
exercise with little added value. The Gaussianity assumption on 7, Vg, &5, is mitigated

by allowing ¢, h, [ to be quite general functions, and without Gaussianity the details
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would be considerably more complex; of course Gaussianity frequently plays a role in

short memory SV models also. We do not assume Gaussianity of 1,,, v14, ;-

4 Consistency of the Narrow Band Least Squares
estimate

We transform (1.1), (1.2) to
Yt - QXt + Ut, (41)

Y=yl =) (f)ﬁiczef% Xp=af =) (f.)ﬁzczéi”, o5~

Jj=0 7=0
p p—1
=it~ tat =Y (M) @it - paicar) = 3 (V) el - o)
7=0 7=0

It will follow from (4.1) and Assumption 1 that Y; and X, are cointegrated I(d) processes.
As an example, if p = 2, we have U, = 2 — 357 + 23,(,(Be, — 35;). The memory
parameters of 67, 2 are bounded by d’, d” respectively, and therefore smaller than d by
part (ii) of Assumption 1. Condition (3.8) guarantees that either g, has Hermite rank
greater than one, reducing the memory of the last term by virtue of Theorem 1, or that
both (,e; and (,0; contain a zero mean and serially uncorrelated multiplicative error,
and are therefore white noise. By contrast, (3.7) ensures that g7 in X; has Hermite rank
one, and thus retains the memory, d, of its underlying volatility process.

Given observations x;, y;, t = 1,...,n, the NBLS estimate of Robinson (1994a) for

f is given by
Re {ny(Am)}
FXX()\m>

. lsmss (4.2)

m —

12



where \; = 27j/n are the Fourier frequencies, and for generic scalar sequences a;, by,

t=1,...,n, we define the discretely averaged (cross-) periodogram

A 2T —
Fab(/\m) = ; Z Iab<>\j>7

=1

where I,5(A\) = w,(A)wy(N) is the (cross-) periodogram, and w,(\) = Y1 | a;e™™ /v/2mn

. 1
is the discrete Fourier transform of a4, ..., a,. We can estimate 3 by (,, = Hn{p

, though
only up to an unknown sign when p is even.
For m = [n/2], where [-] denotes integer part, (4.2) reduces to OLS, but for consis-

tency we require, on the contrary:

Assumption 2 The bandwidth sequence m = m(n) satisfies

1 €
— + <T> logn — 0 as n — oo, (4.3)
m n

for all e > 0.

This assumption is slightly stronger than that of Robinson (1994a,b), namely

1
4+ L 0asn— . (4.4)
m n

We need (4.3) over (4.4) only in order to handle powers of g;, h:, I} with particular
combinations of memory parameters and Hermite ranks, notably for d = 1/4. This
case presents no special problems with the method of proof in Robinson (1994a), and is
excluded in Robinson (1994b).

For integers j € [1,p — 1] and k € [0, p — 1], denote the Hermite rank of centered g7,

13



hP=k [P=F by Tgjs Thk, T Tespectively, and introduce the sets

Sy = {3 B Eel) # BBy ), 0<j<p},
Sio= {kiBOI) £0. 0<k<p},
Si = ﬁnE@ﬁwb#a 0<k<p},
Sgn = {Jj:E(47)#0, 0<j<p},

Sy = {j:EMm,&7)#0, 0<j<p}.

Intuitively, U, will be expanded as a sum of terms involving the basic processes described
in Assumption 1. This allows us to express the autocovariance function of U; as a linear
combination of covariances of powers of ¢;, hs, [; and products of these covariances. The
memory of U; will depend only on those terms associated with a nonzero coefficient,
in particular for which the white noise component has nonzero mean. These five sets
group the particular exponents for which this occurs: Sy, Sy, S; for terms including
only the covariances of powers of g, hy, l; respectively, and Sy, Sy for cross-products of
said covariances. Note that U; does not contain products of ; and §;, and therefore
interactions between h; and [; do not occur. Using the convention that the maximum

over an empty set is —oo, the slowest rate of decay corresponding to each source is

defined by
. 1 1
dg = gégf{g—rgj<§—d>}, (4.5)
&= L (2o v =0 (4.6)
A TR (=0,
di = max l—r 1—al" 1(d" =0) (4.7)
! hes 20\ 2 ’
" 1 1 1
oh = £%§{§—ng(§—d)—Th](§—d')}, (4.8)

—
>~



dy = max {5 —Tgj <§ — d) — 7y (5 - d”) } , (4.9)

where 1(-) throughout denotes the identity function, and the memory of U, will be
d* = max{dy,d;, d;,dy,,dy}. (4.10)

Theorem 2 Under Assumptions 1 and 2, as n — oo

O — 0 =0, ((%)dd> : (4.11)

where d,, = d*1(d* > 0) + €l(d* = 0), for any e > 0.

Proof. As in Section 5.3 of Robinson (1994a),

10 — 6] < Fyy(Aw) N
" T\ F

XX )\m)

By Proposition 2,
my 2du—1 .
(Z) Foulan) = 0,(0),

n
while by Propositions 1, 3, and Slutsky’s Theorem,

<%>172d ) i

Fxx(\n)  C

Since € is arbitrarily small and d* < d, it follows that 0,, is consistent for 6. More-
over, when d* > 0, we can write d — d, = d — d*, which is the difference between the
integration orders of X; and Uy, where the rate in (4.11) corresponds to that of Robin-

son and Marinucci (2003). For some particular combinations of memory parameters and
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Hermite ranks, yielding zeros in (4.5)-(4.9), the autocorrelation function is O(j '), and
an additional logn factor arises. When such a process dominates in the expansion of
Uy, (4.3) is required to derive (4.11), justifying the appearance of € in the above rate of

convergence.

5 Finite sample properties

We now present a Monte Carlo study of finite sample performance. For linear proc-
esses, Robinson and Marinucci (2003) reported simulation experiments of NBLS with
I(1) observables and I(0) cointegrating errors, while Marinucci and Robinson (2001)
explored different cases of /(d,) nonstationary observables and I(d.) stationary errors.
Bandi and Perron (2006) examined NBLS for the regression between realized and im-
plied volatility, generating the data from a discretised continuous time SV model. We
employ 50,000 replications of series of various lengths n generated by (1.1), (1.2), (3.5),
(3.6), setting 5, = B, = 1. All basic processes in (3.5), (3.6) are independent of each
other, and standard Gaussian. Processes 1y, V14, &;; in (3.5) were generated as iid, while
for the ones in (3.6) the Davies and Harte (1987) algorithm was used to generate 7,, as
ARFIMA(0,d,0) and vy, &5, as ARFIMA(O,d’,0). In most cases h and [ are constant
functions, and vy, £,, are not required. For all functions g considered, p = 2 satisfies
Assumption 1.

We compare the performance of NBLS (4.2) with OLS estimates obtained from
squared data,

i Z(Xt—X)(Yt—Y). o)

> (X - X)?

Of course, (5.1) is not consistent for €, but it is a simple estimate that a practitioner

might optimistically compute. One can furthermore interpret (5.1) as the full band
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version of the proposed NBLS estimate, i.e. (4.2) for m = [n/2]. OLS estimates using
the original data, y; on x;, performed much worse than both (4.2) and (5.1), and are
therefore omitted. We report the bias, standard deviation (SD), and root mean squared
error (RMSE) for each estimate. On occasion, relative quantities are reported, meaning

the ratio between the corresponding quantity for NBLS and (5.1).

Bandwidth choice

Theorem 2 highlights the relationship between bandwidth m and rate of convergence.
In the first experiment, we present the evolution of relative bias, SD, and RMSE for
different m and d. We set n = 256, d = 0.1, 0.2, 0.3, 0.4, g(x) = exp(kx), with k chosen
to satisfy Var(¢,) = 2, and h(x) = I(z) = 1. We chose this value for Var((,) in several
experiments in order to balance the contributions of bias and SD to RMSE; the impact
of the signal to noise ratio is explored later.

[Figure 1 here.]

Figure 1 shows the bias reduction achieved by NBLS relative to OLS. Not surpris-
ingly, it is greater for small m and large d. It is only around frequency zero that the
spectral density of X; dominates that of Uy; frequencies further from the origin are more
contaminated by the correlation between X; and U;, and contribute more to bias. Also,
a higher d indicates a stronger cointegrating relationship, increasing the spectral density
of X; around the origin and thus the averaged periodogram.

[Figure 2 here.]

The increase in SD of NBLS relative to OLS, displayed in Figure 2, is a consequence
of discarding high frequency information, and is decreasing in m. The influence of d on
relative SD appears to be small, especially if compared to Figure 1.

[Figure 3 here.]
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The different profiles of bias and SD give rise to the traditional trade-off in bandwidth
choice. Figure 3 presents the relative RMSE of NBLS. For most m, NBLS dominates
OLS. For this particular n, a low d does not provide enough information for NBLS to
work, due to the modest bias reductions displayed in Figure 1, making the improvement
over OLS negligible. The RMSE is essentially a flat function of m, implying that any m
above a certain threshold, thereby taking in OLS, attains similar RMSE. However, note
that an increase in n should have a similar effect to an increase in d on RMSE, although
it will be minimized at a different m. This effect is explored in the next subsection.
Higher d lead to very low values for the optimal m, and more significant improvements
in RMSE. For d = 0.4, a noticeable reduction is already achieved, of over 10% for a
number of different m. It should also be noted that if the bandwidth selection is larger
than optimal, it is still possible to considerably reduce RMSE, while choosing too small

an m can lead to an undesirably large SD.

Memory in signal

We now investigate the influence of n and d on the performance of the estimates. We
consider n = 256, 512, 1024, 2048 and d = 0.1, 0.2, 0.3, 0.4. As before, g(z) = exp(kx),
with k chosen to satisfy Var((,) = 2, and h(x) = I(z) = 1. In this experiment and in the
following ones, we evaluate NBLS at the bandwidth m* that minimizes RMSE. Although
this is not a feasible choice in the usual sense, it gives an indication of potential gains.
We also present results for the feasible bandwidth rule m = [n°?], often used in practical
applications. Table 1 summarizes the results.

[Table 1 here.]

As expected, the RMSE of all estimates improves with n. For even moderate n,

NBLS has the lowest RMSE, being less biased than OLS; while OLS attains a lower SD,
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especially for small n, its larger bias makes it worse. This gain in RMSE seems negligible
for low d, as suggested by Figure 3, but becomes noticeable for higher d.

Both bias and SD of OLS increase with d. Both also decrease with n, but while
SD seems to be rapidly converging to zero, bias decreases rather slowly and appears to
stabilise at some substantial non-zero value. The effect of d on NBLS bias is ambiguous
for small n, but as n increases bias becomes clearly decreasing with d. In most cases,
SD increases with d for NBLS, but to a much smaller extent than for OLS.

The results for m = [n%5] and m* are comparable for intermediate d. For low d,
the feasible rule underestimates the optimal bandwidth, and as a result the increase
in variance does not compensate for the modest gains in bias reduction. By contrast,
the optimal bandwidth is greatly overestimated for large d, not taking advantage of the
sizeable bias reduction potential. Even so, the feasible rule is superior to OLS in all but
one case, and its RMSE is often much closer to the optimal than to the full band one.

The bias reduction of NBLS becomes quite large with n, while the variance penalty
is always of small magnitude. In fact, for large n and d, NBLS actually dominates OLS
in both SD and bias. The improvement in performance for high d and the rate of decay
of RMSE seem compatible with the asymptotic result of Theorem 2.

While Figure 3 and Table 1 both illustrate the high sensitivity of m* to d, caused
by the different scope for bias reduction in each case, m* does not appear to grow
with n. This is surely a small sample effect, as NBLS is only consistent if m — oo.
As a consequence, m* will diverge when bias becomes negligible compared to SD, a
situation which does not occur in the sample sizes considered. Since Theorem 2 shows
that convergence of 0., is faster the slower m grows, this phenomenon is not entirely

surprising.
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Memory in signal and noise

In Table 2, d is kept constant, while we introduce long memory in the errors. We set
g(x) = exp(ki1x) and h(z) = l(x) = exp(kex), with ki, ke chosen to satisfy Var(¢,) = 10
and Var(d;) = Var(e;) = 2. These values were again chosen to balance contributions of
bias and SD to RMSE. We consider n = 256, 512, 1024, 2048, d = 0.4 and d' = 0, 0.1,
0.2, 0.3.

[Table 2 here.]

The results are very similar to the previous experiment, but here d — d' takes the
role of d. As before, RMSE improves with n for all estimates. OLS displays similar
patterns of bias and SD across d — d’ and n, with the exception that SD decays much
more slowly with n. The bias of NBLS decreases with d — d’ for all n; for n > 256 even
SD decreases with d — d’. A surprising fact in this case is related to the variance/bias
trade-off of NBLS. While this can be found in small samples, as n increases it starts
dominating OLS in both bias and variance. The evolution of m* is also similar to the
previous section.

We do not directly address the impact of short-run dynamics in finite samples, as we
expect its consequences to be qualitatively analogous to the linear case. As reported in
Robinson and Marinucci (2003), the presence of short memory positive autocorrelation
in the common factor should boost the spectral peak in small samples, reducing bias
in a similar manner to a higher d in Table 1; conversely, negative autocorrelation in
the common factor should have a similar effect to a lower d. The impact of short-run
dynamics in the idiosyncratic components would predictably be the opposite: positive
correlation should worsen performance similarly to an increase in d' in Table 2, while
negative correlation would be associated with a dampened d’. Both effects should become

negligible as n grows.
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Signal to noise ratio

This experiment investigates the influence of the signal to noise (S2N) ratio on the
performance of NBLS. We use g(x) = exp(kz), such that Var(¢,) = 2, and h(z) =
[(z) = o, so that Var(§;) = Var(g;) = o2, for 0 = 0.25, 0.5, 1, 2, 4. The results
obtained for different d were qualitatively similar, so we report results only for d = 0.3
and n = 256, 512, 1024, 2048. Since it is unreasonable to compare absolute performance
for different S2N ratios, in Table 3 we focus on relative performance only. We also
report the ratio between bias and SD. Although we refer to Var(¢,)/ Var(d;) as the S2N
ratio, for simplicity, it is only an accurate description for the regression in levels. For
x? = (? 4 2(,6; + 07, the dominant term is (7, and even there n?, could be considered a
multiplicative noise. Hence, the definition of the “true” S2N ratio would be ambiguous,
but it would be arguably smaller than the one in levels.

[Table 3 here.]

NBLS performs best when bias and SD are balanced. The regressor X; consists of
two parts: a long memory component containing a dominating pole at frequency zero,
and a component with less memory not orthogonal to U;. In this case, it is actually short
memory, since 9, is iid. If the S2N ratio is very large, the first component will dominate
the second even at frequencies distant from zero. As a result, any large enough m will
perform well, and even with OLS, bias will contribute very little to RMSE and gains
from NBLS will be small. On the other hand, for very small S2N, the second component
will be relatively large, dominating the signal even at frequencies close to zero. In small
samples, an attempt to reduce bias by only choosing informative frequencies would imply
the use of very small m, which would force SD to be too high (see Figure 2). In this
case, NBLS would also provide little gains, as the cost (in terms of SD) of reducing bias

is too high for RMSE.
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With OLS the ratio between bias and SD increases with n. This is expected, since
OLS still converges in probability to a constant. In NBLS, the ratio is very close to
that of OLS in small samples. From that point, it increases with n if it was originally
small, but decreases if it was originally large. It appears that this ratio will stabilize at
some value close to unity for large enough n, and from that point on NBLS will have a

noticeable RMSE improvement over OLS.

Nonlinearity

To investigate the influence of nonlinearity on NBLS, Table 4 reports its performance
in three different settings, for n = 256, 512, 1024, 2048 and d = 0.1, 0.2, 0.3, 0.4. The
nonlinear setting (NL), already used in the first two subsections, has g(z) = exp(kx),
with & chosen to satisfy Var((,) = 2, and h(x) = [(x) = 1. In the other two we
deviate from (1.1), (1.2), (3.5), (3.6), using instead Y; = X; + us, X; = fi + vy, where
ug, vy are generated as iid mean zero Gaussian with Var(u;) = 20, Var(v;) = 6, and
Cov(ut,ve) = —10. In a fully linear setting (L), we generate f; as a Gaussian mean
zero ARFIMA(0, d, 0), with Var(f;) = 44. In a linear setting with a multiplicative noise
(MN), we set f; = n?,2;, where 7y, is iid standard Gaussian while z; is independently
generated as a Gaussian ARFIMA(0, d, 0), with E(z;) = 2 and Var(z;) = 12. The chosen
moments replicate those of corresponding processes in the nonlinear setting.

[Table 4 here.]

Both OLS and NBLS perform much better under L than NL, while performance
under MN falls in the middle. A similar ordering is found in relative performance (not
shown), since a relatively stable, large bias of OLS estimates throughout makes variations
in RMSE smaller than for NBLS. Although some of the gap in performance should be

a consequence of nonlinearity, significant excess kurtosis in NL and MN is arguably the
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dominant factor, since it directly affects the variance of the periodogram. In MN, the

kurtosis of f; is around 77, while in NL it is around 3523 for f;, 36 for v;, and 30 for ;.

Volatility function

Finally, we explore the impact of the functional form of the volatility function g.
considering g(z) = exp(kx), (1 + kz)?, |1 + kx|, with k chosen in each case so that
Var(¢,) = 2. We set h(x) = l(x) =1 and d = 0.1, 0.2, 0.3, 0.4. Table 5 presents the
results for n = 512, where the properties of each estimate seem robust to the choice
of volatility function. Normalizing Var((,) appears to be sufficient to capture most of
the differences across functions. Results for other n are similar and available from the
authors upon request.

[Table 5 here.]

6 Final comments

To our knowledge this paper represents the first treatment of fractional cointegra-
tion in the context of nonlinear processes. The stationary environment, the SV models
employed, and the NBLS estimate seem well motivated by applications in finance. Our
model is semiparametric both in the sense that only assumptions about low frequency
behavior are required, and the volatility functions are nonparametric. While the nonlin-
ear setting necessitates a considerably more complex proof of consistency of NBLS than
earlier ones, a comparable result is obtained, with rate of convergence depending essen-
tially on the strength of the cointegrating relation, namely the gap between integration
orders of observables and cointegrating error. Monte Carlo results show encouraging

performances in moderate sample sizes across a variety of specifications.
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As always, consistency results are reassuring only in very large data sets. Though
these do exist in finance, one would like a limit distributional result that could be used in
statistical inference. Christensen and Nielsen (2006) have achieved this in a simpler set-
ting, indeed with regressor and disturbance assumed incoherent at frequency zero, and
linear process (in conditionally homoscedastic md innovations) assumptions. In general,
not only is the proof likely to be much more complicated than even our proof of Theo-
rem 2, but the limit distribution is likely to be non-standard for various combinations of
memory parameters, though a bootstrap procedure might be investigated. By analogy
with experience in I(1)/1(0) cointegrated models (e.g. Johansen, 1991; Phillips, 1991),
it may be possible to obtain estimates with nicer asymptotic distributional properties,
in particular leading to Wald statistics with null limiting x? distributions. However, in
our nonlinear setting it is not immediately obvious that the sort of transformations used
in those references to achieve the necessary “whitening” will be successful, the estimates
would require preliminary estimation of memory parameters, and proofs would be signif-
icantly more complicated. Nevertheless, those wishing to embark on limit distributional
proofs for NBLS or other estimates in our SV setting should find techniques described
in the present paper relevant.

Though our Monte Carlo study addressed the choice of bandwidth m, it would evi-
dently be desirable to develop a feasible rule for bandwidth selection. In a Gaussian or
linear setting, Robinson (1994b) developed formulae for minimum-MSE bandwidth with
respect to the basic averaged periodogram statistic, and these were further analyzed
by Delgado and Robinson (1996). In principle these could be extended to the NBLS
estimate, though the formulae will be highly complex, and feasible versions would re-
quire estimating memory parameters and other quantities. As in other circumstances,

sensitivity to choice of m can be assessed by a “window-closing” approach, computing
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NBLS over a sensibly chosen grid of m values; since discrete Fourier transforms at all
Fourier frequencies can be obtained simultaneously by the Fast Fourier Transform, and
NBLS is algebraically simple, this can cheaply be achieved, indeed a simple recursion
deals with unit or other increases in m.

The bulk of the fractional and non-fractional cointegration literature assumes nonsta-
tionary observables. The motivation usually comes from macroeconomics, but nonsta-
tionarity can often appear in financial time series also. The modelling of nonstationary
series via analogues of (4.1) is itself a somewhat open topic, but given that X, has a
kind of I(d) property, for d > 1/2, some of the arguments of Robinson and Marinucci
(2001) should be relevant in establishing rates of convergence of NBLS. Indeed, these au-
thors, following Stock (1987) in the I(1)/1(0) case, found OLS also to be consistent here,
though in some circumstances NBLS has bias of smaller order. The nonstationary X;
case is in some respects technically easier than the stationary one, because consistency
of OLS follows from the domination of sums of squares of U; by those of X;.

Other directions of research could extend (1.1), (1.2) to more than two observables,
and then possibly to allow more than one common factor, i.e. more than one cointegrating
relation. On the one hand, cointegrating relations between a potentially large number of
asset returns can be of interest, while on the other, Ross (1976) and others suggest the
need for additional unobservable factors in asset pricing models. It should be possible
to determine a form of multivariate regression linking the observables, analogous to
(4.1), and then a multivariate extension for NBLS (4.2). Its consistency, subject to
identifiability conditions, can then be established under an analogue of Assumption 1,
using Theorem 1 and techniques employed in the proof of Theorem 2, though of course
the details would be even more complicated. The issue of determining cointegrating

rank, and thus the number of common factors, is of more pressing concern than in our
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simple model (1.1), (1.2), but procedures such as those of Robinson and Yajima (2002)
might be employed in practice. Again, their theoretical justification in our setting would

require considerable further work.
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Appendix A: Proof of Theorem 1

Throughout the proof, we denote P = P, Q = )5, and R; = R;;, j € P. Further-

more, all sums and products run over P unless otherwise stated. We have

E (H fj) = /RJ Hfj¢>J(u; Q)dp, (A.1)

where ¢ ;(u; ) denotes the density function of i = (py,..., ;) and Q = E(uu'). From
(22) of Slepian (1972) and (2.1), ¢, (1;2) is

> MEI{(5) ew)= X AT H000)

va=0:a€Q Q) Va=0:a€Q acQ

- > I o [T {005 (A.2)

Va=0:a0€Q a€Q)

since Y, w; =23 .o Va is even. Using (A.2) in (A1), E(I]; f;) is

/Hfjﬂj Z Hpa H{ w; (145) “J}du

va=0:a€Q acQ

H b / H{fj(uj)HWj(“j)¢(“j)}du

Vo =0: aEQ aGQ

Z HpaH {fJMJ Wy 'uJ Z HGJwJ

va=0:0€Q a€Q va=0:0€Q j aEQ

This proves (2.3). For the remainder of the proof, we use the Cauchy-Schwarz in-

equality in

Pa
H Gj’wj Vg, '

J acq

|agq| < Z

Ve >0:
Yva=q,a€Q
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where

h- Y T8 5- % II[erqr2

Vo >0: j v >0: J aER;
Tva=¢,0€Q Lva=¢,0€Q
w;>r;,jEP w;2>r;,j€P

The A, term is bounded since

<11 Z “’J <HE (f7) < (A.4)

J wj=rj

If 2¢ < r, there always exists a j in (2.3) such that w; < r;, implying (2.4).

For 2¢ > r, the multinomial theorem yields

CEED D SR | { (81 £

w;j>Ty: Vo >0:Xva=w; J acR;
Yw;j=2q,j€EP «a€Rj;,jeP

wj
Vo
< ST X wl%s ¥ (S
w;>ry: vq>0: a€R; w;>r;: j a€R;
Swj=2q,jEP Yva=wj,a€ER; Sw;j=2q,jEP
T‘j w]
<H > 1pal S IIL D el
a€R; S iUQJ;OTJEP 1 aER;
0 (Sacn, loal)”
p
<TT{ > 1ol S-S
A A : .
7’]' ’ 7 2(]—7' Tj
i (zw) TS ) s
i \a€R; G, kjAk i \aeR;
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Using (A.4), (A.5) in (A.3) gives (2.5). Then (2.6) follows from 7 < 1. m

Appendix B: Propositions for Theorem 2

We denote the Dirichlet kernel by D,,(A) = Y77, 7%, for m > 1, and will use the
fact that
D, (A\;) =nl(j = 0,modn). (B.1)

We also use the abbreviating notation

S(,) = B { Fu0) } = 5 3 Covlas, b)Dp(Ar-),

s,t=1

from (B.1), and

1 n
Sinla, b V) = — > Cov(ay, b) Cov(dl, b)) Dm(Ai—s),

s,t=1

where ay, by, ay, b, t = 1,...,n are scalar sequences with finite second moments.

Proposition 1 Under (1.2) and Assumptions 1 and 2,

2d—1 R
(%) E{FXX<)\m)} — C* asn — o0,
where
27'(' 72d1_‘ 2d . T
« % sin {(1 - 2d>§} B3 E(h) E{g" (n2)n2}" Cp > 0,

C, = ]1L1£10E<772o772j)j172d-
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Proof. Write

P
p
X = E A By, Ajr = <]> I Bj = glhl™.
=0

Using Lemma 2, since {A;;} is independent of { By}, for any j and k,

Cov(X,, Xy) = ZCOV (AjsBjs, Akt Bit)

= {E(A;.)E(Aw) Cov(Bjs, Biy) + Cov(Ajs, Ap)E(BjsBi)}

where ) denotes > 7, _ throughout the proof.
Now define a; = E(Aj;), by; = a;E(hY™7), and b, ; = a;E(g]). Since {A;,} is iid,
using Lemma 2 again, for s # t, Cov(X;, X;) is

>~ ajar Cov(Bjs, Bu) = 3 {byibo Covigh, gF) + bubn Cov (b ™)

+ajax Cov(gl, gF) Cov(h 7, ny ™)} (B.2)

For s = t, denote by A the difference between Var(X;) and (B.2). It follows that
E{FXX(/\m)} is

Z {bg,jbg,k:sm(gja gk) + bh,jbh,ksm(hp_j7 hp_k) + ajaksqln(gj7 gk7 hp—j’ hp_k)} + %A
From (3.7), (3.8), and Lemma 4, b, ;b, xSm (g7, ¢*) = o((m/n)' %), if either j < p or k <
p, while b2 S,.(g7, g*) = C* (m/n)" 7"+ o((m/n)'"*?). Lemma 4 and d’ < d imply that

bh jbn kS (RP~3 hP7F) = 0((m/n)1_2d), and by Lemma 5, a;arS., (g%, g% h?=3 h?=F) =
o((m/n)' ). m
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Proposition 2 Under (1.1), (1.2), and Assumptions 1 and 2,

e {rnom}=o((2) ™)

Proof. Write U, = Z?;é Ac jtBe ji — As ji Bs ji, where
Acjt = (]) BB As jr = (j)ﬁ%ﬁpnjltyzl,t , B ji = gili™, Bsji = gl
Using Lemma 2 repeatedly, since {A. j+}, {As ¢} are independent of {B. j:}, { Bs s}, for

any j and k,

Cov(Us, Us) = Y {Cov(A. jBx js, AcpeBepe) + Cov(As o Bs js, As juBs )
— Cov (A jsBe js, As it Bsit) — Cov(As jsBs js, Ae ot Beit) }
= {B(Ac ;o) E(Acr) Cov(Be jo, Bogt) + Cov(Ae jo, Act) E(Be js Beit)
+ E(As js)E(As ) Cov(Bs.js, Bsgt) + Cov(As js, Asit) E(Bs jsBs xt)
— E(A. js)E(As ki) Cov(Be js, Bsit) — Cov(Axz js, As it) E(Be js Bs ki)

_E(Ac?,js)E(Ae,kt) COV<B5,j87 Be,kt) - COV(A§,j87 As,kt)E(B5,sts,kt)} ’

where > denotes Zﬂio throughout the proof.

Now define a.; = E(A.jt), as; = E(Asjt), by = ang(lf_j) - a(;jE(hf_j), brj =
as;E(gl), and by; = a.; E(g]). Since {A. ,}, {As} are jointly iid, using Lemma 2 again,
for s # t, Cov(Us, Uy) is

Z {acjac, Cov(Be js, Be jt) + asjask Cov(Bs js, Bs k)
—a.;as, Cov(DBe js, Bs jt) — asjack Cov(Bs s, Begt) }

=y {bgjbgk Cov(gl, gF) + basbpr, Cov (R hE™F) + byyby, Cov (I8 177"
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+ag;as, Cov(g?, gF) Cov hp_j,hf_k + agia., Cov gj,gk) Cov(lp_j,lf_k) . (B.3)
J s t s J s t s

For s = t, denote by A the difference between Var(U;) and (B.3). It follows that
E{Fyy(\n)} is

Z {bgjbgk5m<gja gk) + bhjbhkSm(hpij, hpik) + bljblksm(lpfj, lpfk)

+agjaseSi, (g7, g P W) 4+ agjac S, (g7, gF 1P PR L %A.
By (4.5), applying Lemma 4 to each (j, k) pair with non-zero coefficient,
busbgkSn(g’ 6") = O ((m/n) "5 (10g n)1(5=0))
Similarly, by (4.6) and (4.7), Lemma 4 yields

Ohjbrk S (W=7, P7F) = O ((m/ n)t 20 (Jog ) (4 =0) ) ,

biibus Sy (179, 17°F) = O ((m /) >0 (10g )1 (5=0))
Finally, Lemma 5, (4.8), and (4.9) give

asjask Sy, (g7, g* WP PR = O ((m/ n)t 2L (1og n)l(dz’bzo)> :

a8 (g7 95517, 077) = O ((m/m) =275 (10g n) (4=0))

By (3.8), d; < d. Since d}, and dy, are bounded by d’ < d while dj and dj, are
bounded by d” < d, we have d* < d. The bound for d* = 0 follows from Assumption 2.
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Proposition 3 Under (1.2) and Assumptions 1 and 2,

Var {F’XX(Am)} —0 ((%)Hd> .

Proof. Define p, = E(1)57,,); wherever time indexes ¢;, i = 1,...,4 are used, it
will be convenient to write also 7;; = p;,_,. Denoting Z; = X; — E(X;), there exists a
Gaussian [(d) process V; such that the bounds in Lemma 6 hold. Lemmas 7 and 10 in
Robinson (1994b) and Lemma 7 imply that Var{Fy-y (An)} = o((m/n)>*%), so we need
to show that the approximation error satisfies

A =Var { Fyx (o)}~ Var { Frv(An) } = 0 ((@)Hd> | (B.4)

n

Since n2[Fxx(Am) — E{Fxx(An)}] can be written

Z {thth - E(thth)}Dm()‘t2—t1) = Z {Ztlzt2 - E<Zt1Zt2)} Dm<)‘t2—t1)7

t1,t2=1 t1,t2=1

by (B.1), we have

n

A 1 -
Var {FXX(Am>} D Z COV<Zt1 Zt27 Zt3Zt4)Dm(/\t2—t1)Dm()‘m—ts)v

t1,t2,t3,t4=1

and therefore

n

1 -
A=— Z {COV<Zt12t27 Zt3Zt4) - COV(V;?l vtzv ‘/;53‘/154)} Dm()\tz—t1>Dm()\t4—t3)-

4
t1,t2,t3,t4=1

We now decompose A into sums where the time indexes conform to cases (a) to (g)

in Lemma 6. Using Lemmas 3 and 6 repeatedly, the approximation error for each case

is bounded by:
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K n
Z ﬁ Z 721|7a2||Dm<)‘t2—t1)||Dm()‘t4—t3)|'

a1,02€Qq:a1# Q2 ty,to,t3,ta=1

If oy is either (1,2) or (3,4), each element in the first summation is bounded by

K n n K n n n
o D ADRM)D 1o 1Dm(A)] + . Y ADaONIY 1ol 1Dm(N)]
=1 j=1 =1 j=1  j=1
my 2—2d logm 1 n \ 4d-1 1
< - ind=Ritd — - Z
<K (%) (1+m1_2d> {1+(1ogn)1 <d 4>+(m) 1<d>4)},
while if a4 is not equal to (1,2) or to (3,4), we have a bound
e D02 1plIDw() Y [Dm(Xy)] + - >0 Il {Z IDm()\j)!}
=1 =1 j=1 =1 =1 j=1
m\2-2d logm logm 1 _ 1
<K (%) 1+ —S ) 31 4 (logm)1 (d==>) +n* 1 (d>2) ).
< - - ( +m1—2d){ + (logn) (d 4)+n d>4

(b)

n

K
— 2 O+ 73 +73) DMl Do (M)

t1,t2,t3=1

2
K& . K& -
= p§|Dm<Aj>|Z|Dm<Aj>I+;Zp?{DDm(Am}
, st j=1

j=1

<K (j%l)ﬂoim KH lofnm) {1+ (logn)1 (d: %)}
+{<%)4d1 +n4d—1lm%} 1 (d > i)] .

n

Y (Va5 +9%)| D (0)| D (At

t1,t2,t3=1

K
n4
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m n m n n
SK@ ZP?’Dm()‘j” + Kﬁ ZP? Z [ D (A)
j=1 j=1  j=1

<K (%)2 ES11+ loim? {1 + (logn)ll(d — i)}
T {(%) +n4dl%} | (d > Zﬂ |

(d), (e), (f) For any a = a(ty,ts) and b = b(ty, ts),

m2 n m 2 _
S il Da@lIDa )] < K753 oy < o ()

tl to=1 7=1

(8) 2
42:|D |2<K< )n_l.

Since cases (a) to (g) satisfy (B.4), the proof is complete. m

Appendix C: Technical lemmas for Appendix B

Lemma 1 Let |p;—p;i1| < Klpjial/j and |v;—7;4] < Klv;41/7, for all j = 1. Then,

for any positive integers r, s, and j,

T ’p 1|
05 = Pl <K J; (C.1)
re e s 10517411
10575 = PVl < Kﬁ]—-ﬁ- (C.2)

Proof. First note that

(a —b)k i() i()a—b’ —b)k,

=0
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since

Hence,

Proceeding by induction, suppose (C.1) holds for r = 1,2,...,k — 1. Then

k—1

k 7
o5 — Pkl < lp; — p]+1|k+2(> piillel — ol

!pﬁl\ !pﬁl\ \w
< gy KZ o] <K

proving (C.1). To prove (C.2) we use (C.1):

10575 = 051Vl = 1005 — P5) (0 — V1) 50 (0f — Plar) + 0510 (0 — Vi)l

|5l 17541 10411 17 41] 1517541
< ARt VR L K D < gLt g
j j | ]+1| ] ‘ ]+1’ j j
Lemma 2 If (ay,by) is independent of (ag,be) and E(a? + b?) < oo,

COV(OQGQ, blbg) = COV(GI, bl)E(ag)E(bg) + E(&lbl) COV(CZQ, bg)

= Cov(ay, b1)E(a)E(by) + E(ay)E(by) Cov(az, be) + Cov(ay, by) Cov(asg, by).

Proof. Straightforward. m
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Lemma 3 Let p; = 0% Y, a>0,b>1,m<n/2, and d* = (a — 1)/2a. Then,
Y oyl = O (1 + (logm)1(d = d*) + n®+D411(d > dY))
j=1
> 1D = 0 (n flogm + 110> 1))
j=1

i 0,11 DM = O (mb {1 + (logn)1(d = d*) + (ﬁ)“@dl”l 1(d > d+)}) |

m

Proof. From e.g. Zygmund (1977, p. 11) and an elementary inequality,
ID(Ay)] < K min {m, ﬁ} i<k (©3)
J

The remainder of the proof is straightforward. m

Lemma 4 For j = 1,2, define gj; = g;(11;), where p, is a standard Gaussian I(d)
process and p, = E(pop,). Assume E(g7,) < oo. Denote by Gjy the k-th Hermite
coefficient of g;(-), and let

r=min{k € N: Gy ;Goy, # 0}. (C4)

If d > 0, define

L1 1 o
d —§—T<§—d>, Cp:jliIgop]jl 2d.

Let A = S,.(g1,92), where m satisfies Assumption 2 if d* = 1/(2r + 2) or just (4.4)

otherwise. Then,

A4=0 (2 {1(d = 0) + 1(d" < 0) + (logm)1(d" = 0)})

n
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where

(2m)"0(2d*) G, Gay i

* . *z T
O = 22— "2rsin{ (1245} € £ 0.

Proof. Let v, = Cov(g1,0;92+). Then

th Din(A-s) = — izl ( '“‘) DM, (C.6)

s,t=1 u=1—-n

We will make repeated use of (C.3) and of p, = Ku"?4~1) = O(u2?¥"~1). By Theorem
1 and (C.4),

lee, )
%=Z = Co O,
k=1

where C' = G1,Ga,./r!.
(a) If d = 0, then ~, = O(|p}|) are summable. Similarly, if d* < 0, then v, =

O(|p%]) = O(u?¥"~1) are summable. In either case,

ach 5 (1—'2—’) FallDa ()] < K2 5 h=0(™). @

u=1l—-n u=1l—n
(b) If d* =0, v, = O(|py|) = O(u™"), hence
m A m
< K= — _
A<K " Z 7.l = O <n logn> : (C.8)

u=1l—-n

(c) Ifd* >0, |y, — Cpl| < K|pitt| < K|pl|*** where w = r~!. Defining

Bt 5 ( |u|) D),

u=1l—n
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we get

-1
1 U
a-esi<t > (1= h, - ogipaon)
u=1—

’_‘3

w m K - T w
S D < K74 S ),

u=1

SIN

u=1—n

Therefore, setting d™ = w/(2 + 2w) in Lemma 3,
(1+w)(1—2d%) -1
A—CB)|=0 (%{1+(logn)1(d* —d*) + (%) 1(d* >d+)})

(e))

choosing 0 < € < 2d* in Assumption 2 if d* = d*. Now, write

1 U 1 1

" |u|<n lul<n lul<n
:_Zpu 3=+ S DN — oy S el D(M) = Ba+ By + B,
U=—00 |u|>n lul<n
where
= 2% Z FN), Aj) = oo U_ZOO P (C.9)
:__Zpu{ () + DN } (C.10)
By = —ﬁ;upZ{Dm(Au) +Dm(>\u)}. (C.11)
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Then

|A— CBy| = |A—C(By — By — By)| <|A— CBy| + C|Bs| + C|By. (C.12)

Note that, for any w,

" n
ZZ@”A’“ < Z | Dy (A Z— Knlogm. (C.13)
k=1 j=1 j=1 J
Using summation by parts, (C.13), and Lemma 1 in (C.11),
K n—1 u K -1
|By| < EZ{WJZ— (w4 D)phal [ Dm(Me) } o Z )| nlos]
u=1 k=1 =1
K n—1
<= > (ulph = gl + 1 Inlogm + Kn** " logm
u=1
logm o . . . m 1-2d
<K > w4+ Kn?* ogm < Kn* 1logm:0(<—) > (C.14)
no n

Using the partial summation formula for infinite sums, (C.13), and Lemma 1 in

(C.10),
K 00 . : u K n—1 :
Byl < 3 I = ol S0 D)+ 2 37 D) I
u=n k=1 j=1
s * * * m 1_2d*
< Klongqu 24 Kn** logm < Kn* tlogm = o ((—) ) . (C.15)
n

u=n

Lemma 1 implies that f(\) ~ C;A™* as A — 0F, where

Oy = 7 'T(2d*) sin {(1 - 2d*)g} cr.
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Thus, by Proposition 1 in Robinson (1994a),

= W, B e
)

2
By=""3% [~ [ f(t)dt~Cy ~ O
j=1

0 1—-2d n

which together with (C.12), (C.14), (C.15) gives (C.5). m

Lemma 5 Fori,j = 1,2, define g;j: = 9;(p;,), where p;, is a standard Gaussian 1(d;)
process and p;; = E(popy). Assume E(g7;,) < co. Denote by Gyjy the k-th Hermite
coefficients of g;;(+), with

T, = Hlln{k? >0: Gil,kGiQ,k 7é 0} (616)

Let dy > dy without loss of generality, and define

rogonfaa)-nlz-e) G=

Let A = S/ (911, 912; g1, go2), where m satisfies Assumption 2 if d* + dy = 1/2 or just
(4.4) otherwise. Then,

A=0 (% {1+ (logn)1(d* = 0)})
+ {C* <%)12d* Yo ((%)126!*) } 1(d* > 0), (C.17)

where

(2m) —2d I'(2d*) G110, G121 G210, G221

* : _ * E 1 VT
Cr=2 T o ol Sln{(l Qd)Z}ClpCQp%O.
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Proof. Let v, ; = Cov(g;1,0; giz,t). Then, similarly to (C.6),

n—1

= 1—— D,(Ay)-
By Theorem 1 and (C.16),
2 GixGi . .
Y= D o= Cipil+ OUpi ™),
k=1

where C; = Gi1,,Giar, /7!

(a) If dydy = 0, then vy,74, = O(|piLp52|) are summable. Similarly, if dids > 0 but
d* < 0, then 7,7, = O(|piLp52]) = O(urCh=D+m22d2=1)) — (324" ~1) are summable.
In either case, writing 7;,74, instead of 7, in (C.7) yields A = O(m/n).

(b) If d* = 0, v1,Y2, = O(u™1), hence (C.8) holds for 7, 7o,
(c) If d* > 0,

V1uV2u — C1C2pu o] < 171l 1720 — C2p52] + Colpil|v1 — C1phl

< K|pl ot + K| pit | < Kph ™ o] < K| pthph |7,

where w = (1—2d;)/(1—2d*), since d; > dy. Then (C.17) follows from the proof of case

(c) of Lemma 4, writing pi. p52 instead of p!. m

Lemma 6 Under (1.2) and Assumption 1, let Z, = X, — E(X,). For tq, to, t3, t4
distinct, define p;; = E(ny,ny,) and pj; = E(vayvar;). Then there exists a mean-zero
Gaussian I(d) process Vi such that:

(a) Cov(Zy, Ziy, Zis Zty) — Cov(Viy Viys VigVis) = O30, ancQuionan Poc |Pas )i

(b) Cov(Zy, Zty, Zty Ziy) — Cov(Vi, Vi, Vi, Vi) = Opiy + pls + p33) 5

(c) Cov(Z}, iys Zts Zty) — COV(V% ViuVis) = O(p1s + piz + pis);
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(d) Cov(Zy, Zuy, Ziy Zay) — Cov(Vi, Vay, Vi Vi) = Ol pra);
(e) Cov(Zi, Z;,) — Cov(Vi, Vi) = O(lpial);

(f) Cov(Zf,, Z1,Z1,) — Cov(ViE, Vi, Vi) = O(lpial);

(9) Cov(Zi,, Zi) — Cov(Vi, Vi) = O(1).

(
(22
(
(

Proof. All Z; covariances in (a) to (g) can be written as linear combinations of

4 4
E(HZZ?) _E{E (Hzf Gi,s heys j-l,...,4>}
=1 =1

4 4
—E {H E(ZF g, heyy =1, ... ,4)} = E {HE(ij\gti,hti)} : (C.18)

i=1 =1

where, conditionally on g, and h,, Z, is independent of Z;, g;, and h;, for any t # s.
In what follows, let s;, i« = 1,...,4 denote (not necessarily distinct) elements of

{t1,ta,t3,t4}. Wherever u; and s; are both defined, let

( >52 77151 151 7 BZ = gg:hgz UZ

and define ¢; = FE(A;), ¢;; = E(AiA;), cijn = E(A;A;AL), where throughout the proof
= 28— FE(2"). We first compute E(ZF|g;, hy) for k = .., 3. Setting s1 = 59 = 53 =1,

but omitting time subscripts for convenience,

P p
Z = Z {AlBl — E(AlBl)} = Z(AlBl + ClBl).
u1=0 u1=0
Therefore, independence of A; and B; yields
p ~
E(Z|g,h) =Y _ B (C.19)
u1=0
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Similarly,
kEp

=1 u;=0

so by independence of A; and B;, for all 7, j

p
E(Z%g,h) = Z (c1c2B1 By + 1281 By), (C.20)
u1,u2=0
p ~ ~ ~
E(Z%|g,h) = Z (c1c9¢3B1BoBs + ¢193B1 B2 B3

u1,u2,u3=0

+ ClQCgBlBQBg + ClgchlBgég + C230132B3BI). (021)

p

vy g usus—o 10T the remainder of

Unless otherwise noted, we will use ) to mean )
the proof. Using (C.19), (C.20), (C.21) in (C.18), we can write E(][,_, Z,) as follows:
(1) lfSZ:tz,Z: 1,,4,

E(ZtlthZt;:,ZM) = 2610203C4E(31§233§4); (022)
(11) lf S1 = S9 = tl, S3 — tg, S4 — t3,
E(Zt21Zt2Zt3) = Z {016203C4E(31§233§4) + 0126304E(3132B3B4)} 3 (023)

(111) if S1 = S9 = tl, S3 = S4 = t25

E(thl Zé) = Z {010203C4E(3132B3§4) + 12034 E(B1 By B3 By)

+012€304E(3132B3§4) + 0162634E(31B233B4)} ) (C24)
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<1V) if S§1 = S9 = 8§83 — tl, Sq4 = tg,

E(Ztg Zt2) = Z {610263C4E<31§2B3B4) + 612364E(BlB233§4) + 0126364E(3182B334)

1

+0136204E(BlB3BQB4) + CQ3ClC4E(B2B3BlB4)} . (025)

We can also write E(Zs, Zs,) as follows:

(V) ifSl :ti, S9 :tj,i#j,

p
E(Z,2y;) = Z c16E(B1By); (C.26)
u1,u2=0
(Vl) if S1 = S9 = ti,
p ~ ~
E(ZZ) = Z {01C2E(BlBg) + 012E<B132)} . (027)
u1,u2=0

We now proceed to expand B; and B; in terms of g and h. Wherever u; and s;
. . ~ap . T ey U;+us
are both defined, we use the following notation: x; = g7, ¥; = hE7"; x;; = gs; 7,
_ 12p—ui—uy _ uitustu _ L3p—ui—u2—us. _ uitug ,uztu. _
%‘j = hg, P Xi2s = sy 22, Prog = hsl TR X234 = Gsy 0G0, ¢12,34 =
p2p—wi—u2 p2p—uz—us  Note that
S1 S3 *

Bi = chix; + Xi¥i + cqithys (C.28)

where ¢, ; = E(h?"), ¢g; = E(gy"). Four forms of expectations need to be accounted
for in (C.22) to (C.25).

1. E(1§1§233B4) will be a linear combination of 81 terms, all of them expec-
tations of products of x; and ®,, i = 1,...,4. Denoting by (1), (2), (3), (4) any

permutation of P, those terms can be separated into the following categories: terms
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that vanish due to E(x;) = E(¢;) = 0, namely E(x 1% 2)¥5)%y)s LWy Xi2)X(3)X (1))
E(X1y1¥20314), and E(1)1yX1X2X3X4); non-vanishing terms with four factors, namely
E(x1X2X3X4), E(¥1¥90514), and E(x(1)X ()% (3% (4)); non-vanishing terms with five fac-
tors, namely E(x 1yX 2% 1% 3% ) and E(3 1% )X 1y X 3y X (4)); terms with six factors,
namely E(X(1)X<2>¢1¢2¢3¢4)7 E(¢(1)¢<2>X1X2X3X4)7 and E(X(l)X<2>X<3>¢(1)¢<2>¢<4>);
terms with seven factors, namely E(x ()X (2) X (3)¥1¥2¥5¢4) and E (¢ 1yt 5% 3 X1 X2X3X4);
a term with eight factors, namely F(x;XaoXsXa®1%2%3%,4). 1t can be seen from (C.28)
that, for each ¢ = 1,...,4, the corresponding coefficient will include a factor ¢, ; if only
X; is present or ¢, ; if only v, is present.

2. E(B1ByBsB,) will be a linear combination of 9 terms. Denoting by (3), (4) any
permutation of {3,4}, these can be grouped in the following categories: E(x;5115%5%,),
E(1h15X12X3X4), E(X12X<3>@/}12@/’<4>)a E(XlzX(3)¢12¢31/}4)7 E(¢12¢<3>X12X3X4)7 and
E(X12X3X4V12%31,). As in the previous case, (C.28) implies that, for each i = 3,4,
the corresponding coefficient will include a factor c;,; if only x; is present or c,; if only
1, is present.

3. E(BlB2B3B4) = cnaB(X123Xa¥123) + Cga B (X123U12304) + E(Xa23XaV12504)-

4. E(B1B2B3By) = E(X12,31%12,34)-

In (C.26) and (C.27), the relevant expectations are E(B;B;) = chichaE(x1Xa) +
Cg1Ce2 B (1h105) + E(X1Xo¥1%5) and E(B1Bs) = E(X12¢12)-

We can now use Theorem 1 to expand each these expectations as Z;o:o aqg. Let p,

represent either 7y, or vy, with Yij = E(Nti/itj)a and define f;; = i), flj,t = f{; (1)
such that E(f;;) = 0. Denote by G, Gijq Gijkyg> Gi

7i.q the g-th Hermite coefficient of
Jiws firlies JinfieSus, Jij, vespectively.
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For E(f1,t, f2,2f3.t3 fa.), We have

4

o= 3 TG T2 w= Y w
N

Va>0: i=1 a€Qy a€Ry i
Yva ZQ7a€Q4

ag=a; =0, Ay = G1;1G2;1G3;1G4;1(712734 + V13704 + V14V23)-

Since G;o = 0, Theorem 1 yields

1

[e) 4 2
Slag < KT D hal | D 1l
q=3

=1 a€Ry; a€Qq

Label the elements of Py as (1), (2), (3), (4), such that |y, is the largest absolute

correlation. Then ) Vol < K7y and

a€Qa

4
H Z Vel < Kﬁ1><2>(|7<1><3>| + vyl T ey w DUvmw! + eyl + el
i=1 a€Ry;

Choosing the second largest absolute correlation, we have a bound of the form

Z lay| < K’Y%1><2>|7<3)(4)| or Z |aq| < K7%1><2>|’Y<1><3>|-
q=4 q=4

Therefore, taking all possible permutations for (1), (2), (3), (4), > 5 lay| = O(es),

where e3 = Eal,azeQ4:a1;«éa2 Y2 Ve, |, vielding

4

E(fu fors Faas faes) = H G (712734 + V13724 + V1a723) + Oles). (C.29)

=1
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Again from Theorem 1 but using Corollary 1, defining ey = 72, + 725 + Vs,

E(fr fau 300 f1s) = G120G31 G723 + Olez), (C.30)
E(frfo fatafats) = Gr2:0Gaa0 + O(|712]), (C.31)
E(f10fon fau fags) = O|712]) (C.32)
E(fiif20.f34,) = Olea), (C.33)
E(finfonfae) = Gr2aGaavia + O(71), (C.34)
E(fiufo f3) = Graso, (C.35)
E(fu fors) = G1aGaavia + O(7hy), (C.36)

E(fiu fon) = Gizo, (C.37)
E(fio, fatafats (C.38)
E(fio, fatafats (C.39)
E(fiye, fars) = GlaaGaviz + O(11), (C.40)
E(fi2n) = Glao; (C.41)

(C.42)

E(fl*Z,tl f§4,t2) = GT2;0G§4;0 + O(‘%z’)-

) = GT2;0G3;1G4;1723 + O(ea),
) = GI2;0G3490 + O(‘VIQDa

Now let the G and G* coefficients in (C.29) to (C.42) apply to the case
fie =G, f;;t = gfi+uJ7 (C.43)
while corresponding G’ and G* coefficients apply to

fie =R L= (C.44)

i7,t
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We can approximate each term in the expansion of (C.22) to (C.27) using (C.29) to
(C.42):

() E(Zy, Z1, 24,74, ). Denote by (1), (2), (3), (4) any permutation of P,. Using (C.29),
(C.33), (C.36), the only terms that are not O(e3) are:

E(X1X2X3X4) = G1;1G2;1G3;1G4;1(P12P34 + P13P24 T Pl4ﬂ23> + O(€3>a
E(1hathsty) = G,1;1G/2;1G§;1G£1;1(P/12P/34 + 0/13,0’24 + 0/14P,23) + O(e3),

E(X<1>X<2>)E(¢<3>¢<4>) = G<1>;1G<2>;1G, G, >P(3>(4) + O(e3).

(ii) E(Zf Zi,Z4,). Using (C.30), (C.33), (C.34), (C.36), (C.37), the only terms in
E(Bll§2§31§4) that are not O(ey) are:

E(X1X2X3X4) = G120G31Ga51p93 + O(e2),
E(11ath310,) = Gla0G51 Gy paz + Olea),
E(X1X2) E(¥31y) = Gra,0G5, Gy phs + O(e2),
E(Y113) E(x3xa) = Gla.0G31Ga1pe3 + Olea),
E(X1X2)E(¢1¢2¢3¢4) = G12;0G/12;0G§;1G21;1PI23 + 0(62),
E(h192) E(X1X2X3Xa) = Gl20G12:0G31Ga1p23 + Ofea).

Using (C.38), (C.40), (C.41) the only terms in E(B;B,BsB,) that are not O(e,) are:

E(x12)E(120314) = GTz,oGTIQ;oGégGQgpés+O(62)a

E(¢12)E(X12X3X4) = GTQ,OGT2;0G3;1G4;1P23 + 0(62)-
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(iii) E(ZZZ2). From (C.31), (C.34), (C.36), (C.37) it follows that all terms in
E(ByByBsBy) will be O(|py,|) except the ones only involving (C.31) and (C.37):

E(X1X2X3X4) = G120G3a0 + O(|pyal),
E(¥1950314) = Gla,0G40 + O(|p12]),
E(x1X2) E(¥3104) = Gr20Giay0,
E(195) E(X3X4) = Gl2,0G3s0,
E(x1X2) E(¥1¥293¢4) = Gr20G12,0G 340 + Olp12l),
E(X3Xa) E(1¥293%4) = Ga0G120G 340 + O] pr2l)
E(192) E(X1XaX3Xa) = Gl2:0G120G3a0 + O(|p1al)
E(h314) E(x1X2X3Xa) = G340G12:0G3a0 + O(|p1al),
E(X1X2X3Xa) E(W 1990 54) = G12:0G340G12,0G30 + O([p12])-

Similarly, from (C.39), (C.40), (C.41), (C.42), all terms in FE(B;B,BsB,),
E(B1B2BgB4), and F(B;BsBsBy) will be O(|py5|) except the following:

E(x12)E(Y19031,) = GT2;0GT/2;0G§4;0 + O(|p12l),
E(X34) E(W3490105) = GTQ;OGE;OGQM;O + O(|p12l),
E(112)E(X1aX3X4) = GTIZ;OGT2;OG34;O + O(|p12l),
E(Y34) E(x34X1X2) = GTIZ;OGE;OG?A;O + O(|p12l),
E(X12X3Xa) E(V1203104) = Gla.0G340G15,0G340 + O(|p12)),
E(X34X1X2) E(V340115) = GT2;0G34;0G>{,2;0G§4;0 + O(lp12l),

E(X12,34>E(1/)12,34) = GT2;0G§4;0G>{,2;0G§£1;0 + O(’P12|)-
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(iv) E(Z} Z,,). Using (C.32), (C.34), (C.35), (C.36), (C.37) in E(B;B2B3B,) note
that at least one factor in each term necessarily involves to. Therefore, one of (C.32),
(C.34), (C.36) will apply, making all terms O(|p;5])-

Similarly, in E(B;ByBsB,), E(ByByBsB,), E(B1ByBsB,), and E(B,ByBsBy), at
least one factor in each term necessarily involves t;. Thus, (C.40) will apply for some

*

function ff

not necessarily one given in (C.43) or (C.44), making all terms O(|py5]).
(v) E(Z,Z;;). Using (C.36), the following are not O(p3;):

E(xix2) = G1;1G2;1/0ij + O(ﬂ?j)? E(py) = Gll;lGl2;1:0;j + O(P?ﬂ-
(vi) E(Z). Using (C.37), E(B,B,) and E(B,Bs) include the following terms:

E(x1x2) = G120, E(x1X2)E(113) = G120G 9.0,

E(11,y) = Glu;o» E(x12)E(¢Yy15) = GTQ;OGTIQ;O'

We now compute the coefficients of the leading terms listed above. Define

P p
T 2 : / I T E : I,
Li = Cich,iGi;ly Ll = Li, Ll = cicgﬂ'Gz‘;la Ll = Li’
u;=0 u;=0
P P
T ! ! T/ /.
Lij = cicnicicnGizo, Lo= Y Ly, Lij=cicucicy;Gig,  Ly= Y L
Ug,u; =0 u;,u; =0
P p
* Y ! T* __ * *k vk */ T *% *ok
Lij = CZCJGU;OGij;O’ Ly = E Lij7 Lz’j = CZ]Gij;OGij;m Ly = E Lij‘
Uz, u; =0 u;,u ;=0

Note that L, = c,ch,Gpa = BSE (M) E{9?(15:)H1(15,)} # 0 by assumption, but L; = 0
for any i < p. Hence L, = L, # 0. The contributions of the non-negligible terms will
be:
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(i) E(Ztl th ZtSZt4)

E(X1X2X3X4) : L1L2L3L4(P12/)34 + P13P24 T P14,023) + O<63)3
E(0othsthy) = LY Ly Ly Ly (plopss + p1apas + Prapas) + Oles);

E(xyX@) E(W¥wy) + LayLyLigy Liaypaye ey + Oes).

Thus, E(Ztl th Zts Zt4) 18

Z {L1L2L3La(p12p3s + P13pas + Prapas) + L1 Lo L3 Liy(plapsa + pi3pos + Prapas)
+ L1 Lo Ly Ly propsy + Ly Ly Ly Laphopsy + L1 Ly Ly Lyprspay + Ly Lo Ly Lapispay
+ L1 Ly Ly Lapyyplos + Ly LaLs Lypiapas} + Ofes)
= Z{ (L1Lapis + Ly Lopys)(LaLapsy + Ly Ly ps4)
+ (L1Lspys + Ly Lyphs) (L2 Lapyy + Lo Ly py)
+(L1Lapyy + L1 Lyp1y)(LaLspys + LyLsphs) } + O(es)
= (E%Pu + L/12P/12) (L%P34 + L?Péz;) (E%Pm + L/120/13) (Zﬁ,@u + L/12P/24)

+ (E%PM + D12P/14) (Z_—J%P% + Z/12,0,23) + O<€3)' (0-45)

( )E(Z Zt2Zt3)

E(x1X2X3Xa) + Ln2LsLapys + O(e2);  E(xaXa) E(1¥9t3104) « L1y L Lyphs + O(ea);
E(yhgty) + LipLyLypys + O(e2);  E(¥1%) E(X1XaXsXa) * LisLsLapas + O(er);
E(xix2) E(Wsthy) : LiaLs Liphs + O(e2);  E(xao) E(V1903t4) + Li3L5L)pos + O(e2);
E(11h9) E(XaXa) t LigLaLlapys + Ole2);  E(t15) E(Xa2XaXa)  Li3L3Lapas + Ofea).
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Thus,

E<Z Z,Z,) = Z(L12L3L4023 + Ly Ly Lyplys + Lia Ly Liyplyg + Ly Ls Lapys

+ L1, Ly Lyphs + LisLaLapys + L3 Ly Lypys + L3 L3 Lapys) + Ofe2)

= Z (L12 + L12 + Lig + L15) (L3 Lapas + L. L4P23) + O(ez)

= (Lo + Ly + Ly + L3*) (Lipas + L phs) + Ofen).

(iii) £(Z3 Z,)

(C.46)

E(X1X2X3X4) © L12Lsa + O(|pya); E(x1X2) E(W1¥9031y) + Lis Ly + O(|pya));
E(y1hgthaihy) « LipLiy + O] p1al); E(xsXa) E(19931y) « L Ly + O] p1al);
E(X1X2) E(Y3ty) + LiaLyy; E(109) E(X1X2X3Xa) * LiaLss + O(|pya));
E(113) E(X3X4) © LiaLaa; E(pgth4) E(X1X2X3Xa) * L12L3y + O(|p1a);
E(x12) E(W1293¥4) + Li3Lyy + O(lp1al); E(XazXaXa) E(V12¥5¢04) : L3 L34 + O(|p1al);
E(X3a) E(W3gth1s) + LipLii + O(lppal); E(XaaXaXo) E(Vsath1¥2) : L L35 + O(|p1al);
E(12) E(X12X3Xa) + Li5L3s + Olpral); E(xaXaXsXa) E(1hatsthy) + Lo L3, + O(|pral);
E(¥34) E(Xsax1X2)  L12L3; + O(|p1a)); E(X12,80) E(¥1234) : Li3L35 + O(|paal)-
Thus,

E(Z}Z}) =) (LnaLsa + Ly, Ly + LipLlyy + LyyLas + L3, L,
+ Lo L3y + LigLaa + Lo L3y + LisLyy + L5 L5, + Li3Lsa
+ L13L5 + Ly L3y + Lo L3y + L, L35 + L3L35) + O(|ps))
= Z(LIZ + Lip + Lig + L73)(Laa + Ly + L3y + L33) + O(|pra)
= (La+ Ly + Ly + L3")” + O(lpnal). (C47)
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(iv) E(Z} Zy,)

E(Z}, Z1,) = O(|pra))-

1

(V) E(Ztith)v i #]
E(x1x2) : L1L2pij + O(P?j)? E(111,) : L/lLl2p;j + O(P?j)

Thus,

p

E(Z,Zy;) = Z (L1 Laopy; + L Lypi;) + O(P?j) = E%pij + E/12p;j + O(P?j)-

w1, u2=0
(vi) E(Z7)
E(X1X2) i Lo E(X1X2)E<¢1¢2) D L;
E(Q/ﬁ"%) : L/12§ E(X12)E(w12) L5
Thus,
p — — p— —
E(Z})= > (Lia+Liy+Li,+ L}3) = Ly + Ly + Ly + L},
u1,u2=0

(C.48)

(C.49)

(C.50)

Define V; as a mean-zero Gaussian I(d) process with E(V;?) = Ly + L} + L + L3*

and E(V,,V;,) = Lip,; + Lip);, for i # j. Using equations (C.45) to (C.50) to compute

the covariances of interest in each case, they are easily shown to be identical to

Cov(Ve, Vi, VigViu) = E(Ve) Vi )JE(Ve, V) + E(Ve, Ve ) E(Vi, Vi),
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up to the desired approximation errors. m
Lemma 7 IfV; is Gaussian 1(1/4), under (4.4), Var{Fyy(An)} = O(n"*logm).

Proof. Let p; = Cov(Vp,V;) and assume p, = 1, without loss of generality. By
assumption, |p;| < Kj~'/2. We will use similar methods to the proof of Lemma 10 in

Robinson (1994b), including the decomposition

. 1 n -
Var { v} = =5 37 Cov(VaVi, VaVa) Din(Ae-) D (ha)

s, tyu,v=1
1 n
= ﬁ Z (pu—spv—t + pv—spu—t)DWL()\t*S)Dm()\vfu>
s, t,u,v=1
1 m
— Z Wik Wi + Wi W jir), (C.51)
jk=1

where W, = 3021 p, Ty (u) and Ty (u) = 31"+ €, denoting the positive and
negative parts of v by ut = (Ju] + u)/2 and v~ = (|u| — u)/2 respectively. Note that
Robinson (1994b) has a typo in this decomposition, using k instead of —k in the first
index of the last W. However, the correct expression is used in the remainder of his
proof.

To bound W;,, for j = 1,...,m, note that Ty(u) = n — |u|. Summation by parts

gives
n—1 n—1
Wio= 3 (n—ul)pe™" = n+ 3 (n—u)p, (N +e M)
u=1—n u=1

—n+ i {(n—=u)p, — (n—u—1)p,1} {Du(%) + Du(%’)} )
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so using (C.3) we get

n—1

(Wiol <n+ K> {(n—=u)lp, = pural + puial} [Du(N))]
u=1
n—1

[n/4]

<n+KZu\pu+1HD( |<n+KnZu 2+K— Z u?
u=1

3 2 -
§n+Kn(2> +Kn—(ﬁ> <K
J J

J J

[V

u=[n/j]

15

N|=

For k # 0 and w > 0, (B.1) implies that 7}(0) = 0,

n u
it it it
= E et g ettt — E = —Dy(A),
t=14u
n—u

t=1
_u) — E elt)\k — E elt)\k o el/\k E elt)\k —
t=1 t=1

—e*e D, ().
t=n—u
Therefore, using summation by parts

n—1
Wj,k = Z Pu {ei)\juTk (U) + e_i/\juTk<—U)}

) 3 { €MD, ()

L) — ei()\k—)\jQ)Dq()\k)}
q=1
n—1
tPn Z {_euquq(/\k) — '
q=1

implying

n—1 u
Wikl < KZ Pu = Pusl ZequDq()\k)
u=1

q=1

+ K|p,|

n—1
> MDDy (A)| -

q=1
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Since

- i\ - i\ : 12 - g1 elm
iXjq — iXjq Tt i\
E 1D, () e E e E v
q=1 q=1 t=1 q=1
u
_ § z)\]q 1)\j+kq) _ DU(A]) B DU<)‘j+k)
e~ — 1 | '
q=1

and |e=™ — 1] ~ |A| as A — 0, we have

Z €MD, (Ag)

q=1

< K|k| (DL + [ Du(Njw)|} -

So, using (C.3) and for a = min{|j|, |j + k|},

[n/a] n—1 2
n n |Pusa] n n
Wil < K— K— —
u=1 u=[n/a]+1
n ¥4 n? A n2
< K— u 2+ K—— w4+ K
|| g ||a :Z ||a
u=1 u=[n/a]+1
<Kn(n)$+Kn2 (n)—§+Kng <Kn%
=) T e Ha = " el
yielding
n? . .
|ij JWkJ k|<K(j— )len{‘%k}? 1§j7k§m7 j%ka (053)
3
n
Wi i o W_piznl < K 1<j.k<m. C.54
| J—j—k k,]+k| = (] + k)2 min{j, k}’ SLRSM ( )
Thus, using (C.52), (C.53), (C.54) in (C.51),
K A nd - K - n?
v {F } <Ay , __
SRR T Z j o Z mm{y By Z (j + K)? min{j, k}

J#k
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gKlOgm+54 —
noont L= (k)
j<k
m—1
SKlogm K i
n n 4
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Figure 1: Relative bias of NBLS versus OLS, for varying m and d.
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Figure 2: Relative SD of NBLS versus OLS, for varying m and d.
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Figure 3: Relative RMSE of NBLS versus OLS, for varying m and d.
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n | 256 512 1024 2048
S2N || Bias SD RMSE | Bias SD RMSE | Bias SD RMSE | Bias SD RMSE
0.5 || 0.994 1.280 0.998 | 0.981 1.960 0.992 | 0.961 2.924 0.980 | 0.927 4.141 0.956
1 | 0.910 1.406 0.959 | 0.818 1.682 0.902 | 0.737 1.773 0.829 | 0.621 1.955 0.731
2 | 0.797 1.163 0.920 | 0.691 1.175 0.839 | 0.604 1.144 0.749 | 0.485 1.181 0.650
4 | 0.834 1.050 0.969 | 0.738 1.057 0.922 | 0.652 1.048 0.857 | 0.557 1.059 0.781
8 | 0.996 1.000 1.000 | 0.879 1.013 0.989 | 0.773 1.019 0.965 | 0.683 1.016 0.922
Bias / SD Bias / SD Bias / SD Bias / SD
S2N | m* OLS NBLS | m* OLS NBLS | m* OLS NBLS | m* OLS NBLS
05 | 52 -929 -7.22 | 27 -1142 572 | 17 -14.19 466 | 12 -17.26 -3.86
1 12 -3.38 -2.19 8 -3.72 -1.81 8 414 -1.72 7 469 -1.49
2 12 -155 -1.06 | 12 -1.73 -1.02 | 14 -1.95 -1.03 | 13 -2.28 -0.94
4 26 -0.82 -0.65 | 28 -0.93 -0.65 | 33 -1.09 -068 | 35 -1.31 -0.69
8 121 -043 -043 | 87 -049 -042 | 8 -0.57 -043 | 90 -0.69 -0.47

Table 3: Monte Carlo relative bias, SD, RMSE of NBLS versus OLS, for varying n and

S2N, with d = 0.3.
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g exp (v) (1+2)° 1+ 2|

d m* Bias SD RMSE | m* Bias SD RMSE | m* Bias SD RMSE
01 6 — -0.244 0.141 0.282 — -0.262 0.122 0.289 | — -0.291 0.112 0.312
émx 53 -0.234 0.149 0.278 | 47 -0.250 0.136 0.284 | 52 -0.280 0.128 0.308

02 6 — -0.251 0.145 0.290 | — -0.267 0.125 0.295 — -0.295 0.114 0.316
ém* 23 -0.215 0.164 0.270 17 -0.219 0.159 0.271 23 -0.255 0.148 0.295

03 6 — -0.276 0.160 0.319 | — -0.285 0.136 0.316 | — -0.308 0.122 0.332
@m* 12 -0.191 0.188 0.268 12 -0.190 0.174 0.258 13 -0.220 0.174 0.280

04 6 — -0.368 0.208 0.423 | — -0.358 0.181 0.401 | — -0.359 0.150 0.390
@m* 7 -0.205 0.247 0.321 8 -0.190 0.219 0.290 8 -0.205 0.219 0.299
Table 5: Monte Carlo bias, SD, RMSE for varying g(x) and d, with n = 512.
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