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Preface

What is Real Analysis?

First of all “Analysis” refers to the subdomain of Mathematics, which is roughly speaking an
abstraction of the familiar subject of Calculus. Calculus arose as a box of tools enabling one to
handle diverse problems in the applied sciences such as physics and engineering where quantities
change (for example with time), and calculations based on “rates of change” were needed. It soon
became evident that the foundations of Calculus needed to be made mathematically precise. This
is roughly the subject of Mathematical Analysis, where Calculus is made rigorous. But another
byproduct of this rigorization process is that mathematicians discovered that many of the things
done in the set-up of usual calculus can be done in a much more general set up, enabling one to
expand the domain of applications. We will study such things in this course.

Secondly, why do we use the adjective “Real”? We will start with the basic setting of making
rigorous Calculus with real numbers, but we will also develop Calculus in more abstract settings,
for example in R™. Using this adjective “Real” also highlights that the subject is different from
“Complex Analysis” which is all about doing analysis in C. (It turns out that Complex Analysis
is a very specialized branch of analysis which acquires a somewhat peculiar character owing to the
special geometric meaning associated with the multiplication of complex numbers in the complex
plane.)

Amol Sasane
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Chapter 1

R, metric spaces and R"

We are familiar with concepts from calculus such as

(1) convergence of sequences of real numbers,
(2) continuity of a function f: R — R,
(3) differentiability of a function f: R — R.

Once these notions are available, one can prove useful results involving such notions. For example,
we have seen the following:

Theorem 1.1. If f : [a,b] — R is continuous, then f has a minimizer on [a,b].

Theorem 1.2. If f : R — R is such that f”(x) > 0 for all x € R and f'(x¢) = 0, then zq is a
minimizer of f.

We will revisit these concepts in this course, and see that the same concepts can be defined
in a much more general context, enabling one to prove results similar to the above in the more
general set up. This means that we will be able to solve problems that arise in applications
(such as optimization and differential equations) that we wouldn’t be able to solve earlier with
our limited tools. Besides these immediate applications, concepts and results from real analysis
are fundamental in mathematics itself, and are needed in order to study almost any topic in
mathematics.

In this chapter, we wish to emphasize that the key idea behind defining the above concepts is
that of a distance between points. In the case when one works with real numbers, this distance
is provided by the absolute value of the difference between the two numbers: thus the distance
between z,y € R is taken as |« — y|. This coincides with our geometric understanding of distance
when the real numbers are represented on the “number line”. For instance, the distance between
—1 and 3 is 4, and indeed 4 = | — 1 — 3|.

| |z —y| |

Figure 1. Distance between real numbers.

Recall for example, that a sequence (a,)nen is said to converge with limit L € R if for every
€ > 0, there exists a N € N such that whenever n > N, |a,, — L| < e. In other words, the sequence

1



2 1. R, metric spaces and R"

converges to L if no matter what distance ¢ > 0 is given, one can guarantee that all the terms of
the sequence beyond a certain index N are at a distance of at most € away from L (this is the
inequality |a, — L| < €). So we notice that in this notion of “convergence of a sequence” indeed the
notion of distance played a crucial role. After all, we want to say that the terms of the sequence
get “close” to the limit, and to measure closeness, we use the distance between points of R.

A similar thing happens with all the other notions listed at the outset. For example, recall
that a function f:R — R is said to be continuous at ¢ € R if for every € > 0, there exists a § > 0
such that whenever |z — ¢| < ¢, |f(z) — f(c¢)| < e. Roughly, given any distance ¢, I can find a
distance ¢ such that whenever I choose an x not farther than a distance § from ¢, I am guaranteed
that f(z) is not farther than a distance of € from f(c). Again notice the key role played by the
distance in this definition.

1.1. Distance in R

The distance between points z,y € R is taken as | — y|. Thus we have a map that associates to a
pair (z,y) € R x R of real numbers, the number |z — y| € R which is the distance between x and
y. We think of this map (z,y) — |z —y| : R x R — R as the “distance function” in R.

Define d : R x R — R by d(z,y) = |z — y| (x,y € R). Then it can be seen that this distance
function d satisfies the following properties:
(D1) For all z,y € R, d(z,y) > 0. If x € R, then d(z,z) = 0. If z,y € R are such that
d(z,y) =0, then = = y.
(D2) For all z,y € R, d(x,y) = d(y, z).
(D3) For all z,y,z € R, d(z,y) + d(y, z) > d(z, 2).
It turns out that these are the key properties of the distance which are needed in developing

analysis in R. So it makes sense that when we want to generalize the situation with the set R
being replaced by an arbitrary set X, we must define a distance function

d: X xX =R

that associates a number (the distance!) to each pair of points z,y € X, and which has the same
properties (D1)-(D3) (with the obvious changes: z,y,z € X). We do this in the next section.

1.2. Metric space

Definition 1.3. A metric space is a set X together with a function d : X x X — R satisfying the
following properties:

(D1) (Positive definiteness) For all x,y € X, d(x,y) > 0. For all x € X, d(xz,2) = 0. If
x,y € X are such that d(x,y) = 0, then z = y.

(D2) (Symmetry) For all x,y € X, d(z,y) = d(y, x).
(D3) (Triangle inequality) For all z,y,z € X, d(x,y) + d(y, z) > d(x, 2).
Such a d is referred to as a distance function or metric.
Let us consider some examples.
Example 1.4. X =R, with d(z,y) := | — y| (z,y € R), is a metric space. O

Example 1.5. For any nonempty set X, define

1 ifz
d(x’y){ 0 iijz.



1.2. Metric space 3

This d is called the discrete metric. Then d satisfies (D1)-(D3), and so X with the discrete metric
is a metric space. O

Note that in particular R with the discrete metric is a metric space as well. So the above two
examples show that the distance function in a metric space is not unique, and what metric is to
be used depends on the application one has in mind. Hence whenever we speak of a metric space,
we always need to specify not just the set X but also the distance function d being considered. So
often we say “consider the metric space (X, d)”, where X is the set in question, and d : X x X — R
is the metric considered.

However, for some sets, there are some natural candidates for distance functions. One such

example is the following one.

Example 1.6 (Euclidean space R™). In R? and R?, where we can think of vectors as points in the
plane or points in the space, we can use the distance distance between two points as the length of
the line segment joining these points. Thus (by Pythagoras’s Theorem) in R?, we may use

d(z,y) = /(w1 —y1)? + (22 — y)?
as the distance between the points x = (21, 23) and y = (y1,v2) in R?. Similarly, in R®, one may
use

d(z,y) = V(21 — 11)? + (22 — 42)? + (23 — y3)?
as the distance between the points = (z1, 22, 23) and y = (y1,%2,y3) in R3. See Figure 2.

y

Yy %f)

d(z,y) | | |z2—y2]
T2—Y2
d(z,y)
B
x
B lM |3 —ys]
x |z1—y1]

Figure 2. Distance in R? and R3.

In an analogous manner to R? and R3, more generally, for 2,y € R® =: X, we define the

Euclidean distance by

d(x,y) =

L Yn
Then R™ is a metric space with the Euclidean distance, and is referred to as the Euclidean space.
The verification of (D3) can be done by using the Cauchy-Schwarz inequality: For real numbers
T1,...,T, and Yy, ..., Yn, there holds that

E(ED (E)'

k=1



4 1. R, metric spaces and R"

This last property (D3) is sometimes referred to as the triangle inequality. The reason behind this
is that, for triangles in Euclidean geometry of the plane, we know that the sum of the lengths of
two sides of a triangle is at least as much as the length of the third side. If we now imagine the
points z,y, 2 € R? as the three vertices of a triangle, then this is what (D3) says; see Figure 3.

z

Figure 3. How the triangle inequality gets its name.

Throughout this course, whenever we refer to R™ as a metric space, unless specified otherwise,
we mean that it is equipped with this Euclidean metric. Note that Example 1.4 corresponds to
the case when n = 1. O

Exercise 1.7. Verify that the d given in Example 1.5 does satisfy (D1)-(D3).

Exercise 1.8. One can show the Cauchy-Schwarz inequality as follows: Let x,y be vectors in R™ with
the components z1,...,x, and yi,...,yn, respectively. For ¢t € R, consider the function
fO)=@+ty) (w+ty) =z z+2 y+ 2y y.

From the second expression, we see that f is a quadratic function of the variable t. It is clear from the
first expression that f(t), being the sum of squares

n

D (@ + tye)?,

k=1
is nonnegative for all ¢ € R. This means that the discriminant of f must be < 0, since otherwise, f
would have two distinct real roots, and would then have negative values between these roots! Calculate
the discriminant of the quadratic function and show that its nonpositivity yields the Cauchy-Schwarz
inequality.

Normed space. Frequently in applications, one needs a metric not just in any old set X, but in
a vector space X.

Recall that a (real) vector space X, is just a set X with the two operations of vector addition
4+ : X x X — X and scalar multiplication - : R x X — X which together satisfy the vector space
axioms.

But now if one wants to also do analysis in a vector space X, there is so far no ready-made
available notion of distance between vectors. One way of creating a distance in a vector space is
||, which is the analogue of absolute value | - | in the vector space R.
The distance function is then created by taking the norm ||z — y|| of the difference between pairs

” H

to equip it with a “norm

of vectors x,y € X, just like in R the Euclidean distance between z,y € R was taken as |z — y|.

Definition 1.9. A normed space is a vector space (X,+,-) together with a norm, namely, a
function || - || : X — R satisfying the following properties:

(N1) (Positive definiteness) For all x € X, ||z|| > 0. If z € X is such that ||z|| = 0, then z = 0
(the zero vector in X).

(N2) (Positive homogeneity) For all a € R and all x € X, ||o - z|| = |a|||z]].

(N3) (Triangle inequality) For all z,y € X, ||z + y| < [|z| + |ly||-
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It is easy to check that if X is a normed space then

d(,y) = lle =yl (2,9 € X)

satisfies (D1)-(D3) and makes X a metric space. This distance is referred to as the induced distance
in the normed space (X, || - ||). Clearly then

2] = ||z — O[] = d(x,0),
and so the norm of a vector is the induced distance to the zero vector in a normed space (X, || - ||).

Example 1.10. R is a vector space with the usual operations of addition and multiplication. It
is easy to see that the absolute value function

x—|z| (zeR)
satisfies (N1)-(N3), and so R is a normed space, and the induced distance is the usual Euclidean
metric in R.

More generally, in the vector space R"™, with addition and scalar multiplication defined com-
ponentwise, we can introduce the 2-norm as

lzll2 == /ot + -+ a3
for vectors x € R™ having components 1, ...,z,. Then || - ||z satisfies (N1)-(N3) and makes R™ a
normed space. The induced metric is then the usual Euclidean metric in R"™. O

Exercise 1.11. Verify that the norm || - ||2 given on R™ in Example 1.10 does satisfy (N1)-(N3).

Exercise 1.12. (%) Let X be a metric space with a metric d. Define d; : X x X — R by

o) = Pl (@ e X).

Note that di(x,y) <1 for all z,y € X. Show that d; is a metric on X.

Exercise 1.13. Consider the vector space R™*" of matrices with m rows and n columns of real numbers,
with the usual entrywise addition and scalar multiplication. Define for M € R™*™ with the entry in the
ith row and jth column denoted by ms;, for 1 <i <m, 1 < j < n, the number

[Mlloo := _ max _[mi|.
1<i<m, 1<j<n

Show that || - ||oc defines a norm on R™*™.

Exercise 1.14. Let Cfa,b] denote the set of all continuous functions f : [a,b] — R. Then Cla,b] is a
vector space with addition and scalar multiplication defined pointwise. If f € C|[a, b], define

[flloc = max [f(z)].
z€a,b]

Note that the function x — |f(x)| is continuous on [a,b], and so by the Extreme Value Theorem, the
above maximum exists.

(1) Show that || - || is a norm on C|a, b].

(2) Let f € Cla,b] and let € > 0. Consider the set B(f,e) := {g € Cla,b] : ||f — g|loc < €}. Draw a

picture to explain the geometric significance of the statement g € B(f,¢).

Exercise 1.15. Cfa,b] can also be equipped with other norms. For example, prove that

b
1] = / f@)ldz (f € Cla,b)

also defines a norm on Cfa, b].

Exercise 1.16. If (X, d) is a metric space, and if Y C X, then show that (Y, d|yxy) is a metric space.
(Here d|y xy denotes the restriction of d to the set Y x Y, that is, d|y xv (y1,y2) = d(y1, y2) for y1,y2 € Y.)
Hence every subset of a metric space is itself a metric space with the restriction of the original metric.
The metric d|y xy is referred to as the induced metric on'Y by d or the subspace metric of d with respect
to Y, and the metric space (Y,d|yxy) is called a metric subspace of (X,d).
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Exercise 1.17. (x) The set of integers Z (C R) inherits the Euclidean metric from R, but it also carries

a very different metric, called the p-adic metric. Given a prime number p, and an integer n, the p-adic
1

“norm”! of n is |n|, := 1/p", where k is the largest power of p that divides n. The norm of 0 is by
definition 0. The more factors of p, the smaller the p-norm. The p-adic metric? on Z is d,(z,y) := |z —ylp
(z,y € Z).

(1) Prove that if z,y € Z, then |z + y|, < max{|z|p, |yp|}-
(2) Show that d, is a metric on Z.

Exercise 1.18. () Let £ denote the set of all “square summable” sequences of real numbers:

= {(an)neN : fj lan|® < oo}.

n=1

(1) Show that £* is a vector space with addition and scalar multiplication defined termwise.

(2) Let |[(an)nen]2 :== Z lan|? for (an)nen € £2. Prove that || - ||2 defines a norm on £2.
n=1
So £? is an infinite-dimensional analogue of the Euclidean space (R™, | - ||2)-

Exercise 1.19 (Hamming Distance). Let F3 be the set of all ordered n-tuples of zeros and ones. For
example, F3 = {000, 001,010,011, 100,101,110,111}. For z,y € F3, let

d(z,y) = the number of places where x and y have different entries.

For example, in F3, we have d(110,110) = 0, d(010,110) = 1 and d(101,010) = 3. Show that (F%,d) is a
metric space. (This metric is used in the digital world, in coding and information theory.)

1.3. Neighbourhoods and open sets

Let (X,d) be a metric space. Now that we have a metric, we can describe “neighbourhoods” of
points by considering sets which include all points whose distance to the given point is not too
large.

Definition 1.20 (Open ball). Let (X,d) be a metric space. If z € X and r > 0, we call the set
B(z,r)={y € X : d(z,y) <r}

the open ball centered at x with radius r.

The picture we have in mind is shown in Figure 4.

Figure 4. The open ball B(z,r).

In the sequel, for example in our study of continuous functions, open sets will play an important
role. Here is the definition.

Definition 1.21 (Open set). Let (X, d) be a metric space. A set U C X is said to be open if for
every x € U, there exists an r > 0 such that B(z,r) C U.

INote that Z is not a real vector space and so this is not really a norm in the sense we have learnt.
2Some physicists propose this to be the appropriate metric for the fabric of space-time. Thus metrics are something
we choose, depending on context. It is not something that falls out of the sky!
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Note that the radius r can depend on the choice of the point x. See Figure 5. Roughly
speaking, in a open set, no matter which point you take in it, there is always some “room” around
it consisting only of points of the open set.

NG

Figure 5. Open set.

Example 1.22. Let us show that the set (a,b) is open in R. Given any = € (a,b), we have
a < z < b. Motivated by Figure 6, let us take r = min{z — a,b — 2}. Then we see that » > 0 and
whenever |y — x| < r, we have —r <y —x <r. So

a=z—(x—a)<z—r<y<az+r<z+(b—x)=0bh,

that is, y € (a,b). Hence B(z,r) C (a,b). Consequently, (a,b) is open.

_—

a T b
_—

a T b

Figure 6. (a,b) is open in R.

On the other hand, the interval [a, b] is not open, because z := a € [a, b], but no matter how
small an r > 0 we take, the set B(a,r) = {y € R: |y —a| < r} = (a —r,a + r) contains points
that do not belong to [a, b]: for example,

a—%GB(a,r) butafg€[a,b}.

Figure 7 illustrates this. O

A~
N>

Figure 7. [a,b] is not open in R.

Example 1.23. The set X is open, since given an € X, we can take any r > 0, and notice that
B(z,r) C X trivially.

The empty set @ is also open (“vacuously”). Indeed, the reasoning is as follows: can one show
an z for which there is no 7 > 0 such that B(z,r) C #7 And the answer is no, because there is no
2 in the empty set (let alone an 2 which has the extra property that there is no r > 0 such that

B(z,r) C 0. O

Exercise 1.24. Let (X,d) be a metric space, z € X and r > 0. Show that the open ball B(z,r) is an
open set.
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Lemma 1.25. Any finite intersection of open sets is open.

Proof. It is enough to consider two open sets, as the general case follows immediately by induction
on the number of sets. Let Uy, Us be two open sets. Let x € Uy (|Us. Then there exist r; > 0,
ro > 0 such that B(xz,r) C Uy and B(z,rp) C Up. Take = min{ri,rz}. Then r > 0, and we
claim that B(z,r) C Uy [ Us. To see this, let y € B(x,r). Then d(z,y) < r1 and d(z,y) < r2. So
y € B(x,r) (N B(z,r1) C Uy Us. O
Example 1.26. The finiteness condition in the above lemma cannot be dropped. Here is an
example. Consider the open sets
11
U, = <_> (nen)

n'n
in R. Then we have ﬂ U,, = {0}, which is not open in R. O
neN

Lemma 1.27. Any union of open sets is open.

Proof. Let U; (i € I) be a family of open sets indexed?® by the set I. If
S U U;,
iel
then € U;, for some i, € I. But as U;, is open, there exists a r > 0 such that B(z,r) C U;,.
Thus
B(.T,T) C Ui* C U U;,
iel
and so we see that the union U U; is open. (]
iel

Definition 1.28 (Closed set). Let (X, d) be a metric space. A set F' is closed if its complement
X\ F is open.
Example 1.29. [a,b] is closed in R. Indeed, its complement R\ [a, ] is the union of the two open
sets (—oo,a) and (b, 00). Hence R\ [a,b] is open, and [a, b] is closed.

The set (—o0,b] is closed in R. (Why?)

The sets (a,b], [a,b) are neither open nor closed in R. (Why?) O

Example 1.30. X, () are closed. O

Exercise 1.31. Show that arbitrary intersections of closed sets are closed. Prove that a finite union of
closed sets is closed. Can the finiteness condition be dropped in the previous claim?

Exercise 1.32. We know that the segment (0,1) is open in R. Show that the segment (0, 1) considered
as a subset of the plane, that is, the set I = {(x,y) € R : 0 < 2 < 1, y = 0} is not open in R?.

Exercise 1.33. Consider the following three metrics on R?: for z = (z1,22), ¥ = (y1,y2) € R?,

di(z,y) =[x —yi| + 2 — vl
dao(z,y) = V(z1— 1)+ (22 — 12)2,
doo(z,y) = max{|z1 —y1l, |z2 — y2l}.

We already know that d» defines a metric on R?: it is just the Euclidean metric induced by the norm || ||
(1) Verify that d; and doo are also metrics on R?.
(2) Sketch the “unit balls” B(0,1) in each of the metrics.

(3) Give a pictorial “proof without words” to show that a set U is open in R? in the Euclidean
metric if and only if it is open when R? is equipped with the metric d; or the metric doo. Hint:
Inside every square you can draw a circle, and inside every circle, you can draw a square!

3This means that we have a set I, and for each i € I, there is a set U;.
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Exercise 1.34. Determine if the following statements are true or false.

(1) If a set is not open, then it is closed.

(2) If a set is open, then it is not closed.

(3) There are sets which are both open and closed.
(4) There are sets which are neither open nor closed.
(5) Qis open in R.

(6) (%) Q is closed in R.

(7) Z is closed in R.

Exercise 1.35. Show that the unit sphere with center 0 in R?, namely the set
Pi={reR:al+ad+a5=1}

is closed in R3.

Exercise 1.36. Let (X,d) be a metric space. Show that a singleton (a subset of X containing precisely

one element) is always closed. Conclude that every finite subset of X is closed.

Exercise 1.37. Let X be any nonempty set equipped with the discrete metric. Prove that every subset
Y of X is both open and closed.

Exercise 1.38. (%) A subset Y of a metric space (X, d) is said to be dense in X if for all x € X and all
€ > 0, there exists a y € Y such that d(z,y) < e. (That is, if we take any z € X and consider any ball
B(z,€) centered at z, it contains a point from Y.) Show that Q is dense in R by proceeding as follows.

If z,y € R and = < y, then show that there is a ¢ € Q such that < ¢ < y. Hint: By the Archimedean
property? of R, there is a positive integer n such that n(y — ) > 1. Next there are positive integers m,
me such that m; > nx and ms > —nx so that —mo < nx < mi. Hence there is an integer m such that
m — 1 < nxz < m. Consequently nz < m <14 nx < ny, which gives the desired result.

Conclude that Q is dense in R.

Exercise 1.39. Is the set R\ Q of irrational numbers dense in R? Hint: Take any = € R. If x is irrational
itself, then we may just take y to be z and we are done; whereas if x is rational, then take y = = + \/§/n
with a sufficiently large n.

Exercise 1.40. A subset C' of a normed space X is called convez if for all z,y € C, and all ¢ € (0,1),
(1 —t)x+ty € C. (Geometrically, this means that for any pair of points in C, the “line segment” joining
them also lies in C'.)

(1) Show that the open ball B(0,r) with center 0 € X and radius r > 0 is convex.

(2) Ts the unit circle S' = {x € R? : ||z|]2 = 1} a convex set in R??

(3) Let A € R™*™ and b € R™. Prove that the “Linear Programming simplex”®

Yi={zeR":Az=0b, 21 >0, ..., x, >0}
is a convex set in R".

Exercise 1.41. Define d. : R? x R> > R by

_ [ llullz+ ol if w# o, 2
de(u,v)—{ 0 ifuzo (u,v € R?).
We call this metric the “express railway metric”. (For example in the British context, to get from A to
B, travel via London, the origin.)

On the other hand, consider d, : R x R? — R defined by

[|lu —vl|2 if u, v are linearly independent, 2
ds (u,v) { lulls + [[o]ls  otherwise, (w,v € RY).
We call this the “stopping railway metric”. (To get from A to B travel via London, unless A and B are

on the same London route.)

Show that the express railway metric and the stopping railway metric are indeed metrics on R2.

4The Archimedean property of R says that if z,y € R and = > 0, then there exists an n € N such that y < nz. See
the notes for MA103.

5This set arises the “feasible set” in a certain optimization problem in R™, where the constraints are described by a
bunch of linear inequalities.
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1.4. Notes (not part of the course)

Topology. If we look at the collection O of open sets in a metric space (X, d), we notice that it has the
following three properties:

(T1) 0,X € O.
(T2) IfU; (i € I) is family of sets from O indexed by I, then U U; € 0.

icl
n

(T3) If Uy,...,U, is a finite collection of sets from O, then ﬂ U; € O.
i=1
More generally, if X is any set (not necessarily one equipped with a metric), then any collection O of
subsets of X that satisfy the properties (T1), (T2), (T3) is called a topology on X and (X, O) is called a
topological space. So for a metric space X, if we take O to be family of open sets in X, then we obtain a
topological space. More generally, if one has a topological space (X, Q) given by the topology O, we call
each element of O open.

Topological spaces

letric space:

Normed Vector

spaces spaces

It turns out that one can in fact extend some of the notions from Real Analysis (such as convergence
of sequences and continuity of maps) in the even more general set up of topological spaces, devoid of any
metric, where the notion of closeness is specified by considering arbitrary open neighbourhoods provided
by elements of O. In some applications this is exactly the right thing needed, but we will not go into such
abstractions in this course. In fact, this is a very broad subdiscipline of mathematics called Topology.

Construction of the set of real numbers. In these notes, we treat the real number system R as a
given. But one might wonder if we can take the existence of real numbers on faith alone. It turns out
that a mathematical proof of its existence can be given. Roughly, we are already familiar with the natural
numbers, the integers, and the rational numbers, and their rigorous mathematical construction is also
relatively straightforward. However, the set Q of rational numbers has “holes” (for example in MA103 we
have seen that this manifests itself in the fact that Q does not possess the least upper bound property).
The set of real numbers R is obtained by “filling these holes”. There are several ways of doing this. One
is by a general method called “completion of metric spaces”. Another way, which is more intuitive, is via
“(Dedekind) cuts”, where we view real numbers as places where a line may be cut with scissors. More
precisely, a cut A|B in Q is a pair of subsets A, B of Q such that AUB=Q, A#0, B#0, ANB=0,
if a € Aand b € B then a < b, and A contains no largest element. R is then taken as the set of all cuts
A|B. Here are two examples of cuts:

A|B {reQ:r<1}{reQ:r>1}
ABB = {reQ:r<0orr’<2}{reQ:r>0andr’>2}.

It turns out that R is a field containing Q, and it possesses the least upper bound property. The interested
reader is referred to the Appendix to Chapter 1 in the classic textbook by Walter Rudin [R].

Figure 8. Dedekind cut.



Chapter 2

Sequences

In this chapter we study sequences in metric spaces. The notion of a convergent sequence is an
important concept in Analysis. Besides its theoretical importance, it is also a natural concept
arising in applications when one talks about better and better approximations to the solution of a
problem using a numerical scheme. For example the method of Archimedes for finding the area of
a circle by sandwiching it between the areas of a circumscribed and an inscribed regular polygon
of ever increasing number of sides. There are also numerical schemes for finding a minimizer of a
convex function (Newton’s method), or for finding a solution to an ordinary differential equation
(Euler’s method), where convergence in more general metric spaces (such as R™ or Cla,b]) will
play a role.

Before proceeding onto sequences in general metric spaces, let us first begin with (numerical)
sequences in R.

2.1. Sequences in R

Let us recall the definition of a convergent sequence of real numbers.

Definition 2.1. A sequence (a,)nen of real numbers is said to be convergent with limit L € R if
for every € > 0, there exists a N € N such that whenever n > N, |a,, — L| < e.

We have learnt that the limit of a convergent sequence (a,,)nen is unique, and we denote it by

lim a,.
n—roo

We have also learnt the following important result!:

Theorem 2.2 (Bolzano-Weierstrass Theorem). Fvery bounded sequence has a convergent subse-
quence.

An important consequence of this result is the fact that in R, the set of convergent sequences

coincides with the set of Cauchy sequences. Let us first recall the definition of a Cauchy sequence?.

Definition 2.3. A sequence (a,)nen of real numbers is said to be a Cauchy sequence if for every
€ > 0, there exists a N € N such that whenever m,n > N, |a,, — a,,| < €.

Roughly speaking, we can make the terms of the sequence arbitrarily close to each other
provided we go far enough in the sequence.

ISee Theorem 1.2.8 on page 25 of the lecture notes for the second part of MA103.
2See Exercise 6 on page 13 of the lecture notes for the second part of MA103.
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Example 2.4. The sequence (%)neN is Cauchy. Indeed, we have |% - %’ < %—i—% < % + % = %
whenever n,m > N. Thus given € > 0, we can choose N € N larger than % so that we then have
|% — %| < % < € for all n,m > N. Consequently, (%)neN is Cauchy. O
Exercise 2.5. Show that if (a,)nen is a Cauchy sequence, then (an4+1 — an)nen converges to 0.

Example 2.6. This example shows that for a sequence (ay)necn to be Cauchy, it is not enough
that (an41 — an)nen converges to 0. Take a, :=/n (n € N). Then

1 n—oo
ni1 —p=Vn+1—yn= —-—— 0,
1 O V= e
but (an)nen is not Cauchy, since for any n € N, ayy, — ap = Vdn — /n=+/n > 1. O

The next result says that Cauchyness is a necessary condition for a sequence to be convergent.

Lemma 2.7. Every convergent sequence is Cauchy.

Proof. Let (a,)nen be a sequence of real numbers that converges to L. Let € > 0. Then there
exists an N € N such that |a, — L| < §. Thus for n,m > N, we have
€ €
lan — am| = lan — L+ L —ap| < |an, — L| + |am — L| < §+§ =e
So the sequence (ay,)nen is a Cauchy sequence. O

Now we will prove the remarkable fact in R, Cauchyness turns out to be also a sufficient
condition for the sequence to be convergent. In other words, in R, every Cauchy sequence is
convergent. This is a very useful fact since, in order to prove that a sequence is convergent using
the definition, we would need to guess what the limit is. In contrast, checking whether or not a
sequence is Cauchy needs only knowledge of the terms of the sequence, and no guesswork regarding
the limit is needed. So this is a powerful technique for proving existence results.

Theorem 2.8. FEvery Cauchy sequence in R is convergent.

Proof. There are three main steps. First we show that every Cauchy sequence is bounded. Then
we use the Bolzano-Weierstrass theorem to conclude that it must have a convergent subsequence.
Finally we show that a Cauchy sequence having a convergent subsequence must itself be convergent.

STEP 1. Suppose that (a,)nen is a Cauchy sequence. Choose any positive €, say e = 1. Then there
exists an N € N such that for all n,m > N, |a, — a;,| < €. In particular, with m = N +1 > N,
and n > N, |a, — any+1| < €. Hence by the triangle inequality, for all n > N,

lan| = lan —ans1 + angi1] < an — anga| + lan+1| <1+ |ang].

On the other hand, for n < N, |a,| < max{|ai],...,|an],|an+1]| + 1} =1 M. Consequently,
lan| < M (n € N), that is, the sequence (a,)nen is bounded.

STEP 2.By the Bolzano-Weierstrass Theorem, (an)nen has a convergent subsequence (an, )ken
that is convergent, to L, say.

STEP 3. Finally we show that (a,)nen is also convergent with limit L. Let e > 0. Then there
exists an IV € N such that for all n,m > N,

€

X

Also, since (an, )ren converges to L, we can find a ng > N such that |a,, — L| < §. Taking
m =ng in (2.1), we have for all n > N that

|an*am‘ < (21)

€ €
|an—L|:|an—anK+anK—L|§\an—anK|+|anK—L\<§+§:6.

Thus (ap)nen is also convergent with limit I, and this completes the proof. O
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Exercise 2.9. Determine if the following statements are true or false.

1) Every subsequence of a convergent real sequence is convergent.
Every subsequence of a divergent real sequence is divergent.
Every subsequence of a bounded real sequence is bounded.

Every subsequence of an unbounded real sequence is unbounded.

(

)

()

(4)

(5) Every subsequence of a monotone real sequence is monotone.

(6) Every subsequence of a nonmonotone real sequence is nonmonotone.

(7) If every subsequence of a real sequence converges, the sequence itself converges.
(8)

If for a real sequence (an)nen, the sequences (azn)nen and (azn+1)nen both converge, then
(an)nen converges.

(9) If for a real sequence (an)nen, the sequences (az2n)nen and (azn+1)nen both converge to the
same limit, then (a,)nen converges.

Exercise 2.10. Fill in the blanks in the following proof of the fact that every bounded increaing sequence
of real numbers converges.

Let (an)nen be a bounded increasing sequence of real numbers. Let M be the upper bound
of the set of upper bounds of {a, : n € N}. The existence of M is guaranteed by the of the set of
real numbers. We show that M is the of (an)nen. Taking € > 0, we must show that there exists a
positive integer N such that for alln > N. Since M —e < M, M — ¢ is not of {an : n € N}.
Therefore there exists N with > any > . Since (an)nen is , lan — M| < € for all
n>N. O

Exercise 2.11. (ast) Consider the sequence

' 1\? 1\°
14+ — 14+ = 14+ - e
(1) Show that the sequence is increasing.

(2) Prove that each term in the sequence is smaller than 3.

Hint: Use the Binomial Theorem.

From the previous exercise, one can conclude that the sequence converges. In fact it can be shown
that

o (141) —emr1yp oty
vl n) “CT T T Ty T

Exercise 2.12. Circle the convergent sequences in the following list, and find the limit in case the sequence
converges:

(1) (cos(mn))nen

(2) (1+7n")nen

3) (Sii”)m
() (1 B ngfl)neN

1

) (n%)

(6) 0.9, 0.99, 0.999, ...

2.2. Sequences in metric spaces

We now give the notion of convergence of a sequence in a general metric space. We will see that
essentially the definition is the same as in R, except that instead of having the distance between
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the nth term and the limit L given by |a, — L|, now we will replace it by d(a,, L) in a general
metric space with metric d.

Definition 2.13. A sequence (ay,)nen of points in a metric space (X, d) is said to be convergent
with limit L € X if for every € > 0, there exists a N € N such that whenever n > N, d(a,, L) <.

Let us understand this definition pictorially. We have been given a sequence (a;,)nen of points
and a candidate L for its limit. We are allowed to say that this sequence converges to L if given
any € > 0, that is, no matter how small a ball we consider around L,

we can find an index N such that all the terms of the sequence beyond this index lie inside the
ball.

Lemma 2.14. The limit of a convergent sequence in a metric space is unique.

Proof. Suppose that (a,)nen is a convergent sequence, and let it have two distinct limits L and
Lo. Then d(Ll, LQ) > 0. Set
1
€= id(Ll,Lg) > 0.
Then there exists an N such that for all n > Ny, d(an,, L1) < e. Also, there exists an Ny such
that for all n > Na, d(a,, L2) < €. Hence for any n > max{Ny, N2}, we have
d(Ll, Lg) < d(Ll, Cln) —+ d(an, LQ) <€e+e= d(Ll7 LQ),

a contradiction. Thus the limit of (a,)nen is unique. O

If (an)nen is a convergent sequence, then we will denote its limit by lim a,.
n—o0

Exercise 2.15. Let (an)nen be a sequence in the Euclidean space R?. Show that (an)nen is convergent
with limit L if and only if for every k € {1,...,d}, the sequence (a%k))ngN in R formed by the kth
component of the terms of (an)nen is convergent with limit L®), (Here we use the notation ") to mean
the kth component of a vector v € R%.)

Exercise 2.16. Consider the sequence (an)nen in the Euclidean space R2:
n

O = 4nn42r 2 (n e N).
n?+1
Show that (an)nen is convergent. What is its limit?
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Exercise 2.17. Let X be a nonempty set equipped with the discrete metric. Show that a sequence
(an)nen is convergent if and only if it is eventually a constant sequence (that is, there is a ¢ € X and an
N € N such that for all n > N, a, = ¢).

Exercise 2.18. (x) Let (X,d) be a metric space and let (an)nen and (bn)nen be convergent sequences
in X with limits a and b, respectively. Prove that (d(an,bn))nen is a convergent sequence in R with limit
d(a,b). Hint: d(an,bs) < d(an,a) + d(a,b) + d(b,by).

Exercise 2.19. Let v1 = (z1,y1) € R? be such that 0 < 21 < y;. Define

Tn + Yn
Unt1 := (Tnt1, Ynt1) = (\/xnyn, Ty) (n €N).

Yn — Tn
2

(2) Conclude that lim v, exists and equals (¢, ¢) for some number ¢ € R. This value ¢ is called the
n— oo

(1) Show that 0 < zn, < Zny1 < Ynt+1 < Yn and that yp41 — Tt < Yny1 — Tn =

arithmetic-geometric mean3, of z1 and y1, and is denoted by agm(z1,y1).

We can also define Cauchy sequences in a metric space analogous to the situation in R.

Definition 2.20. A sequence (a,)nen of points in a metric space (X, d) is said to be a Cauchy
sequence if for every € > 0, there exists a N € N such that whenever n > N, d(a,,a;,) < €.

Lemma 2.21. FEvery convergent sequence is Cauchy.

Proof. The proof is the same, mutatis mutandis®, as the proof of Lemma 2.7. Let (a,)nen be a
sequence of points in X that converges to L € X. Let € > 0. Then there exists an N € N such
that d(an, L) < §. Thus for n,m > N, we have d(ay, am) < d(an, L) +d(L,an,) < g + % =e. So
the sequence (a,)nen is a Cauchy sequence. O

Just as in R, it would be useful to know if also in arbitrary metric spaces, the set of convergent
sequences coincides with the set of Cauchy sequences. Unfortunately, this is not always true. For
example, consider the metric space X = (0, 1] with the same Euclidean metric as used in R. Then
the sequence (1/n),¢n is easily seen to be Cauchy, but is not convergent in X, as there is a missing
point in X, namely 0. However, in some other metric spaces, such as R, the set of convergent
sequences and the set of Cauchy sequences do coincide. So it makes sense to give such metric
spaces a special name: they are called “complete”.

Definition 2.22. A metric space in which every Cauchy sequence converges is called complete.

Example 2.23. R with the Euclidean metric is complete. O

Exercise 2.24. (x) Show that Q with the Euclidean metric is not complete. Hint: Revisit the solution
to part (6) of Exercise 1.34.

Exercise 2.25. Let X be a metric space. If (z,)nen is a Cauchy sequence in X which has a convergent
subsequence (Zn, )ren with limit L, then show that (zy)nen is convergent with the same limit L.

Theorem 2.26. R? is complete.

Proof. (Essentially, this is because R is complete, and one has d copies of R in R%.) Suppose that
(an)nen is a Cauchy sequence in R%:

1

o
Ay = :
d
o
- ©o d

3Gauss observed that I(a,b) := / ad satisfies I(a,b) = I (“TM,VGI)) with the help of the

e VT A )

e dx T
substitution t = % (:c — %’), and using this, obtained the remarkable result that / =
—o0

VGEZ+ a2 +b7)  asm(a.b)’

AL atin phrase meaning “by changing those things which need to be changed”.
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We have the inequalities

\z%k) — xﬁjj)| <llan —amlz (n,meN, k=1,...,d),
from which it follows that each of the sequences (mgc))neN, k=1,...,d,is Cauchy in R, and hence
convergent, with respective limits, say LY, ..., L® e R. So given ¢ > 0, there exists a large

enough N such that whenever n > N, we have
(k) _ (&) o & _

x,, < k=1,...,d).

| | 7 ( )
Set

L
L=| : |eRr%

L(d)
Thus for n > N,

d 2
w—Lls = (k) _ (k)2 < _ .
fan = Ells= | S0t~ L0 < 375 =

Consequently, the sequence (a,)nen converges to L. O

Exercise 2.27. R™*™ with the metric induced by || - ||« is complete. (See Exercise 1.13 for the definition
of the norm | - ||ec on the vector space R™*™.)

The following theorem is an important result, and lies at the core of a result on the existence
of solutions for Ordinary Differential Equations (ODEs). You can learn more about this in the
course Differential Equations (MA209). (See Exercise 1.14 for the definition of the norm || - ||, on
Cla,bl.)

Theorem 2.28. (x) C|a,b] with the metric induced by || - ||oo s complete.

Proof. (You may skip this proof.) The idea behind the proof is similar to the proof of the
completeness of R™. If (f,)nen is a Cauchy sequence, then we think of the f,(x) as being the
“components” of f, indexed by x € [a, b]. We first freeze an x € [a, b], and show that (f,,(z))nen is
a Cauchy sequence in R, and hence convergent to a number (which depends on ), and which we
denote by f(z). Next we show that the function x — f(z) is continuous, and finally that (f,)nen
does converge to f.

//_H
f2
T T4

|

|

|

|

|

|

|

|

T T T
a T b

Figure 1. The Cauchy sequence (fn(z))nen obtained from the Cauchy sequence (fn)nen by
freezing x.

Let (fn)nen be a Cauchy sequence. Let © € [a,b]. We claim that (f,(2))nen is a Cauchy
sequence in R. Let € > 0. Then there exists an N € N such that for all n,m > N, || fr, — fim]lco < €.
But

|fu(®) = frn(@)] < max |fu(y) — fn (W) = [[fn — frmllo <6,

y€la,b]
for n,m > N. This shows that indeed (f, (z))nen is a Cauchy sequence in R. But R is complete,
and so the Cauchy sequence (f,,(x))nen is in fact convergent, with a limit which depends on which
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x € [a,b] we had frozen at the outset. To highlight this dependence on z, we denote the limit
of (fn(z))nen by f(x). (Thus f(a) is the number which is the limit of the convergent sequence
(fn(a))nen, f(b) is the number which is the limit of the convergent sequence (f,,(b))nen, and so
on.) So we have a function

2 is sent to the number which is the limit of the convergent sequence (f,,(2))nen

from [a, b] to R. We call this function f. This will serve as the limit of the sequence (f,,)nen. But
first we have to see if it belongs to Cla,b], that is, we need to check that this f is continuous on
[a, b].

Let x € [a,b]. We will show that f is continuous at x. Recall that in order to do this, we
have to show that for each ¢ > 0, there exists a § > 0 such that whenever |y — z| < d, we have
|f(y) — f(z)] <e. Let e > 0. Choose N large enough so that for all n,m > N,

€
n*moo<7~
1fn = flloo < 5

Let y € [a,b]. Then for n > N, |fu(v) — fn+1(y)] < |fr — fN+1lloo < . Now let n — oo:

wla Wlam

[f(y) = Iva ()| = Tim [fu(y) = fya(y)l <

As the choice of y € [a,b] was arbitrary, we have for all y € [a, b] that

€
1f() = fvna)l < 3
Now fn41 € Cla,b]. So there exists a § > 0 such that whenever |y — z| < d, we have
€
[n1(y) = (@) < 3.

Thus whenever |y — x| < §, we have

|f(y) — f(z)] If(y) = Ine1(y) + fve1(y) — (@) + fyga (@) — f(2)]
< fW) = Inei W]+ [ fve1(y) = v (@) + [ fvsa(z) — f(2)]
< €/3+¢/3+¢€¢/3=c¢.

This shows that f is continuous at x. As the choice of = € [a, b] was arbitrary, f is continuous on
[a,b].

Finally, we show that (f,)nen does converge to f. Let ¢ > 0. Choose N large enough so
that for all n,m > N, ||fn — fmlle < € Fix n > N. Let « € [a,b]. Then for all m > N,

|fn(x) - fm(x)| < ||fn - meoo < €. Thus

But z € [a,b] was arbitrary. Hence

I = floo = max |fu(a) = F@)] < e

But we could have fixed any n > N at the outset and obtained the same result. So we have that
for all n > N, || fn, — flloc < e. Thus

lim f, = f,
n—»00

and this completes the proof. O
The norm || - ||« is special in that C[a,b] is complete with the corresponding induced metric.
It turns out that C[a,b] with the other natural norm met earlier, namely the || - ||;-norm is not

complete. The objective in the following exercise is to demonstrate this.
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Exercise 2.29. (x) Let C[0, 1] be equipped with the || - ||;-norm given by

Hﬂuzllﬂmww(feCMH)

Show that the corresponding metric space is not complete. For example, you may consider the sequence

(fn)nen with the f, as shown in Figure 2. Show that
l+maX{L #}

/2 nt1'm+1

@) = fn(@)ldz < 2

1 = Firll = =3

2
for n,m > N, and so (fn)en is Cauchy. Next, prove that if (f»)nen converges to f € C[0, 1], then f must
satisfy
[0 forzel0, ]
@)= { 1 forz e (%,1],

which does not belong to C[0, 1], a contradiction.

fn
I i . T s T
0 b §+m 1
Figure 2. fy.

Exercise 2.30. Show that any nonempty set X equipped with the discrete metric is complete.

Exercise 2.31. Prove that Z equipped with the Euclidean metric induced from R is complete.

2.3. Pointwise versus uniform convergence

Convergence in (Cla,b], || - || ) is referred to as uniform convergence. More generally, we have the
following definition.

Definition 2.32. Let X be any set and f, f, : X — R (n € N) be functions.
(1) The sequence (fy,)nen is said to converge uniformly to f if
Ve >0, 3N € N such that Yn > N, Vo € X, |f.(x) — f(x)] <e.
(2) The sequence (fy)nen is said to converge pointwise to f if

Ve >0, Vo € X, 3N € N such that Vn > N, |fo(x) — f(z)] <e.

Consider the two statements:
Ve > 0, N € N such that Vn > N, Vz € X, |f,(x) — f(z)] <e.

and
Ve >0, Vo € X, 3N € N such that Vn > N, |f,(x) — f(z)] <e.

Can you spot the difference? What has changed is the order of

dN € N such that Vn > N.

This seemingly small change makes a world of difference. Indeed, even in everyday language, the

and

two statements:
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‘ There exists a faculty member B such that for every student A, B is a personal tutor of A. ‘

and

‘ For every student A, there exists a faculty member B such that B is a personal tutor of A. ‘

clearly mean two quite different things, where the former says that the faculty member B is
personal tutor to all students, while in the latter statement, the faculty member who is claimed
to exist may depend on which student A is chosen.

This is the same sort of a difference between the uniform convergence requirement, namely:
Ve > 0, 3N € N such that Vn > N, Vz € X, |f,(x) — f(z)] <e.
and the pointwise convergence requirement, namely
Ve > 0, Vo € X, N € N such that Vn > N, |f,.(z) — f(z)] <e.
In the former, the same N works for all z € X, while in the latter, the N might depend on the x
in question.

It is clear that if f,, converges uniformly to f, then f, converges pointwise to f, but there are
pointwise convergent sequences of functions which do not converge uniformly. Here is an example
to illustrate this.

Example 2.33. Consider f, : (0,1) = R (n € N) given by f,(z) = 2" (x € (0,1), n € N). Then
(fn)nen converges pointwise to the zero function f, defined by f(x) =0 (z € (0,1)). Indeed, for
each x € (0,1),

lim z" =0,
n—roo

and so the following statement is true:
Ve > 0, Vo € (0,1), 3N € N such that Vn > N, |f.(x) — f(z)| <e.

log e
If fact, we can choose N > I & so that vV < ¢, and if we have n > N, we are guaranteed that
ogx

[fa(@) = f(2)] = 2" = 0] = 2" < 2™ <.

It is clear that our choice of N in the above depends not only on €, but also on the point = € (0, 1).
The closer x is to 1, the larger N is. The question arises: Is there an N so that for n > N,
|fn(z) — f(z)] < € for all z € (0,1)? We will show below that the answer is “no”. In other words,
(fn)nen does not converge uniformly to the zero function f.

m
|
ol

Figure 3. (z"),en converges pointwise, but not uniformly, to the zero function on (0,1).
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For example, let € = 1/2 > 0. Let us suppose that there does exist an N € N such that for all
n >N,

Ve € (0,1), |fule) ~ fl@) =" < 3 =

1 1
In particular, we would have Vx € (0,1), 2N+ < 7 Take z =1— —, m € N, m > 2. Then
m

1
Letting m — oo, we obtain 1 < 3 a contradiction.

See Figure 3, which explains this visually. If (f,)nen were to converge to the zero function
uniformly, then in particular, for all n large enough, the graph of f,, would lie in a strip of width
€ = 1/2 around the graph of the zero function. But no matter how large an n we take, some part
of the graph of f,, always falls outside the strip. O

To test whether a sequence (f,,)nen is uniformly convergent, first find its pointwise limit (if it
exists), and then check to see whether the convergence is uniform.

Exercise 2.34. Suppose that X be a set and f, : X — R (n € N) be a sequence which is pointwise
convergent to f : X — R. Let the numbers a, := sup{|fn(z) — f(z)| : z € X} (n € N) all exist. Prove

that (fn)nen converges uniformly to f if and only if lim a, = 0.
n—o0

Let fn : (0,00) — R be given by f,(z) = ze™"" for z € (0,00) and n € N. Show that the sequence
(fn)nen converges uniformly on (0, c0).

Exercise 2.35. Let f, : [0,1] — R be defined by

x
n - ,1 .
fuld) = 15— (@ e 0,1)
Does (fn)nen converge uniformly on [0, 1]7
Exercise 2.36. Let f, : R — R be defined by
1
(1) =1— —— R, n € N).
fn(2) i ERneEN)

Show that the sequence (fy)nen of continuous functions converges pointwise to the function
1 ifx#0,
f(w)_{ 0 ifz=0,
which is discontinuous at 0.

Uniform convergence often implies that the limit function inherits properties possessed by the
terms of the sequence. For instance, we will see later on that if a sequence of continuous functions
converges uniformly to a function f, then f is also continuous; see Proposition 4.15. Morally, the
reason nice things can happen with uniform convergence is that we can exchange two limiting
processes, which is not allowed always when one just has pointwise convergence. The following
exercises demonstrate the precariousness of exchanging limiting processes arbitrarily.

Exercise 2.37. For n € Nand m € N, set am,n = m .
m+4+n
Show that for each fixed n, lim ap,,, = 1, while for each fixed m, lim am, n = 0.
m—» oo n— o0
Is lim lim apm,p = lim lim amn?
mMm—r00 N—+00 n—0o00 Mm—0o0
Exercise 2.38. Let f, : R — R be defined by
sin(nx)
fule) = TR )

Show that (f.)nen converges pointwise to the zero function f. However, show that (f;)nen does not

converge pointwise to (the zero function) f'.
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Exercise 2.39. Let f, : [0,1] — R (n € N) be defined by f.(z) = nz(1 — 2*)" (x € [0,1]). Show that
(fn)nen converges pointwise to the zero function f. However, show that

lim 1 fn(z)dz = 1 #0= /1 lim f(x)dz.
0 0

n— 00 2 n—o0

2.4. Convergent sequences and closed sets

We have learnt that closed sets are ones whose complement is open. Here is another characteriza-
tion of closed sets.

Theorem 2.40. A set F is closed if and only if for every convergent sequence (an)nen such that
an € F (n € N), we have that lim a, € F.
n—oo

Proof. Suppose that F is closed. Let (a,)nen be a convergent sequence such that a,, € F (n € N)
and denote its limit by L. Assume that L ¢ F. Then L € CF, the complement of F, which is
open. So there exists an 7 > 0 such that the open ball B(L,r) with center L and radius r > 0 is
contained in CF, that is, B(L,r) contains no points from F. But as (ay)nen is convergent with
limit L, we can choose a large enough n so that d(a,, L) < r/2. This implies that a,, € B(L,7).
But also a,, € F, and so we have arrived at a contradiction. See Figure 4. This shows the “only
if” part.

Figure 4. Proof of the theorem on the characterization of closed sets in terms of convergent
sequences. The figure on the left is the one for the “only if” part, and the one on the right is
for the “if” part.

Now suppose that the set is not closed. Then its complement CF is not open. This means
that there is a point L € CF such that for every r > 0, the open ball B(L,7) has at least one
point from F. Now take successively r = 1/n (n € N), and choose a point a,, € FNB(L,1/n). In
this manner we obtain a sequence (a;,)nen such that a, € F for each n, and d(a,, L) < 1/n. The
property d(ay, L) < 1/n (n € N) implies that (a,)nen is a convergent sequence with limit L. So
we have obtained the existence of a convergent sequence (a,)nen such that a,, € F (n € N), but

lim a, =L ¢&F.
n—oo
See Figure 4. This completes the proof of the “if” part. O

Exercise 2.41.

(1) Let 0 # a € RY and 3 € R. Show that the “hyperplane” H = {z € R : o' & = 8} is closed in
R%.

(2) Prove that if A € R™*™ and b € R™, then the set of solutions S = {x € R" : Az = b} is a closed
subset of R".

(3) Show that the “Linear Programming simplex” ¥ :={z € R" : Az =b, 1 >0, ..., z, > 0} is
closed in R"™.
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2.5. Compact sets

In this section, we study an important class of subsets of a metric space, called compact sets.
Before we learn the definition, let us give some motivation for this concept.

Of the different types of intervals in R, perhaps the most important are those of the form
[a, b], where a, b are finite real numbers. Why are such intervals so important? This is not an easy
question to answer, but we already know of one vital result, namely the Extreme Value Theorem,
where such intervals play a vital role. Recall that the Extreme Value Theorem asserts that any
continuous function f : [a,b] — R attains a maximum and a minimum value on [a,b]. This
result does not hold in general for continuous functions f : I — R with I = (a,b) or I = [a,b) or
I = (a,0), and so on. Besides its theoretical importance in Analysis, the Extreme Value Theorem
is also a fundamental result in Optimization Theory. It turns out that when we want to generalize
this result, the notion of “compact sets” is pertinent, and we will learn (later on in Chapter 4) the
following analogue of the Extreme Value Theorem: If K is a compact subset of a metric space X
and f: K — R is continuous, then f assumes a maximum and a minimum on K.

Here is the definition of a compact set.

Definition 2.42. Let (X, d) be a metric space. A subset K of X is said to be compact if every
sequence in K has a convergent subsequence with limit in K, that is, if (z,,)nen is a sequence such
that x,, € K for each n € N, then there exists a subsequence (z,, )ren which converges to some
LecK.

Example 2.43. The interval [a,b] is a compact subset of R. Indeed, every sequence (a)nen
contained in [a,b] is bounded, and by the Bolzano-Weierstrass Theorem possesses a convergent
subsequence, say (an, )ken, with limit L. But since

a<ap, <b,
by letting k& — oo, we obtain a < L < b, that is, L € [a,b]. Hence [a,b] is compact.

On the other hand, (a,b) is not compact, since the sequence

n b—a
a
2n neN

is contained in (a,b), but it has no convergent subsequence whose limit belongs to (a,b). Indeed
this is because the sequence is convergent, with limit a, and so every subsequence of this sequence
is also convergent with limit a, which doesn’t belong to (a,b).

R is not compact since the sequence (n),en cannot have a convergent subsequence. Indeed,
if such a convergent subsequence existed, it would also be Cauchy, but the distance between any
two distinct terms, being distinct integers, is at least 1, contradicting the Cauchyness. O

In the above list of nonexamples, note that R is not bounded, and that (a,b) is not closed.
On the other hand, in the example [a, b], we see that [a,b] is both bounded and closed. It turns
out that in R™, having the property “closed and bounded®” is a characterization of compact sets,
and we will show this below. But first let us show that in a general normed space, sets which are
closed and bounded can fail to be compact.

Example 2.44. Consider the unit ball with center 0 in the normed space £2:
B = {.’E S 2 H£E2||2 < 1}

Then B is bounded, it is closed (since its complement is easily seen to be open), but B is not
compact, and this can be demonstrated as follows. Take the sequence (e, )nen, where e, is the

5A set S in a normed space X is said to be bounded if there exists an R > 0 such that for all = € S, |z] < R.
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sequence with only the nth term equal to 1, and all other terms are equal to 0:

epni=(0, - ,0, 1 ,0,--)eBc
nth place
Then this sequence (e,)nen in B C €2 can have no convergent subsequence. Indeed, whenever

n#m, ||len —emll2 = v/2, and so no subsequence of (e, )nen can be Cauchy, much less convergent!

O

We will now show the following important result.

Theorem 2.45. A subset K of R¢ is compact if and only if K is closed and bounded.

Before showing this, we prove a technical result, which besides being interesting on its own,
will also somewhat simplify the proof of the above theorem.

Lemma 2.46. Every bounded sequence in R? has convergent subsequence.

Proof. We prove this using induction on d. Let us consider the case when d = 1. Then the
statement is precisely the Bolzano-Weierstrass Theorem!

Now suppose that the result has been proved in R? for some d > 1. We will show that it holds
in R*1. Let (an)nen be a bounded sequence. We split each a,, into its first d components and its
last component in R:

I3
an = 5, |’

where a,, € R% and 3, € R. Clearly ||a,,||2 < [|an|2, and 50 (@, )nen is a bounded sequence in R
By the induction hypothesis, it has a convergent subsequence, say (ap, )reny which converges to,
say a € R, Consider now the sequence (3, )xen in R. Then (3,, )ren is bounded, and so by the
Bolzano-Weierstrass Theorem, it has a convergent subsequence (ﬂnw)geN, with limit ;| say 8 € R.
Then we have

Qi l—00 (67
Gny, = l ﬂn:e ] =5 {3 ] =: [ e R4,
0

Thus the bounded sequence (ay,),en has (ank()geN as a convergent subsequence. O
Now we return to the task of proving of Theorem 2.45.

Proof. (“If” part.) Let K be closed and bounded. Let (a,)nen be a sequence in K. Then (a,)nen
is bounded, and so it has a convergent subsequence, with limit L. But since K is closed and since
each term of the sequence belongs to K, it follows that also L € K. Consequently, K is compact.

(“Only if” part) Suppose K is compact.

Let (an)nen be a sequence in K that converges to L. Then there is a convergent subsequence,
say (an, )ken that is convergent to a limit L’ € K. But as (a,, )ren is a subsequence of a convergent
sequence with limit L, it is also convergent to L. By the uniqueness of limits, L = L’ € K. Thus
K is closed.

Suppose K is not bounded. Then given any n € N, we can find an a,, € K such that ||a,||2 > n.
But this implies that no subsequence of (a,),en is bounded. So no subsequence of (a,),en can
be convergent either. This contradicts the compactness of K. Thus our assumption was incorrect,
that is, K is bounded. O

Example 2.47. The intervals (a, b], [a,b) are not compact, since although they are bounded, they
are not closed.

The intervals (—o0,b], [a,00) are not compact, since although they are closed, they are not
bounded. O
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Let us consider an interesting compact subset of the real line, called the Cantor set.

Example 2.48 (Cantor set). The Cantor set is constructed as follows. First, denote the closed

interval [0, 1] by Fj. Next, delete from Fj the open interval (%, %) which is its middle third, and

denote the remaining closed set by Fy. Clearly, F5 = [0, %] U[%, 1]. Next, delete from Fy the open
intervals (%, %) and (g, %), which are the middle thirds of its two pieces, and denote the remaining
closed set by F3. It is easy to see that Fy = [0, 5]U[2, 3]U[Z, 5]UI[5,1]. If we continue this
process, at each stage deleting the open middle third of each closed interval remaining from the
previous stage, we obtain a sequence of closed sets F),, each of which contains all of its successors.

Figure 5 illustrates this.

Figure 5. Construction of the Cantor set.

o0
The Cantor set is defined by F' = ﬂ F,.

n=1

As F is an intersection of closed sets, it is closed. Moreover it is contained in [0, 1] and so it is
also bounded. Consequently it is compact. F' consists of those points in the closed interval [0, 1]
which “ultimately remain” after the removal of all the open intervals (%, %), (%, %), (g, %),
What points do remain? F' clearly contains the end-points of the closed intervals which make up
each set F,:
01121278
3'3'9'9°9'9

Does F' contain any other points? Actually, F' contains many more points than the above list
of end points. After all, the above list of endpoints is countable, but it can be shown that F is
uncountable! It turns out that the Cantor set is a very intricate mathematical object, and is often
a source of interesting examples/counterexamples in Analysis. (For example, as the sum of the

lengths of the intervals removed is

1
E) S =1
3 + 32 * 33 * ’
(factor out 1/3 and sum the resulting geometric series), the “(Lebesgue length) measure” of F' is
1 —1=0. So this is an example of an uncountable set with “Lebesgue measure” 0.) O

Exercise 2.49. Let K be a compact subset of R%. Let F be a closed subset of R%. Show that F'N K is
compact.

Exercise 2.50. Show that the unit sphere with center 0 in R?, namely
STl i={z eR?: |z|2 =1}

is compact.

. 11 .
Exercise 2.51. Show that {1, 3730 } U{O} is compact.
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Exercise 2.52. (x) Consider the metric space (R™”™,||[|). Is the subset (the “General Linear” group®)
GL(m,R) = {A € R™*™ : A is invertible} compact?

What about the set of orthogonal matrices O(m,R) = {4 € R™*™ : AAT = I,,}7

Exercise 2.53. Consider the subset H := {(x1,22) € R2: z120 = 1} of R2. Show that H is not compact,
but H is closed.

2.6. Notes (not part of the course)

Definition of compactness. The notion of a compact set that we have defined is really sequential
compactness. In the context of the more general topological spaces, one defines the notion of compactness
as follows.

Definition 2.54. Let X be a topological space with the topology given by the family of open sets O. Let
Y C X. A collection C = {U; : i € I} of open sets is said to be an open cover of Y if
v clJu.
iel
K C X is said to be a compact set if every open cover of K has a finite subcover, that is, given any open
cover C = {U; :i € I} of K, there exist finitely many indices i1,...,i, € I such that

KcUyU---UU,.

In the case of metric spaces, it can be shown that the set of compact sets coincides with the set of
sequentially compact sets. But in general topological spaces, these may not be the same.

Uniform convergence, termwise differentiation and integration. Besides Proposition 4.15, one
also has the following results associated with uniform convergence.

Proposition 2.55. If f, : [a,b] = R (n € N) is a sequence of Riemann-integrable functions on [a, b
which converges uniformly to f : [a,b] — R, then f is also Riemann-integrable on [a,b], and moreover

b b
/ f@)de = Tim [ fu(e)de.

n—oo

Proposition 2.56. Let f, : (a,b) — R (n € N) be a sequence of differentiable functions on (a,b), such
that there ezists a point ¢ € (a,b) for which (fn(c))nen converges. If the sequence (f;)nen converges
uniformly to g on (a,b), then (fn)nen converges uniformly to a differentiable function f on (a,b), and
moreover, f'(z) = g(x) for all x € (a,b).

We will see a proof of this last result later on when we study differentiation in Chapter 5.

6The General Linear group is so named because the columns of an invertible matrix are linearly independent, hence
the vectors they define are in “general position” (linearly independent!), and matrices in the general linear group take
points in general position to points in general position.






Chapter 3

Series

In this chapter we study series in normed spaces, but first we will begin with series in R.

3.1. Series in R

Given a sequence (a,)nen, one can form a new sequence (8, )nen of its partial sums:

s1 = am,
S22 = a1+ ag,
S§3 = a1+ a2+ as,

Definition 3.1. Let (a,)nen be a sequence and let (s,)n,en be the sequence of its partial sums.

o0 o0
If (sp)nen converges, we say that the series E an converges, and we write E anp = lim s,.
n—oo
n=1 n=1
o0
If the sequence (s, )nen does not converge we say that the series E an diverges.
n=1

Example 3.2. The series Z(—l)" diverges. Indeed the sequence of partial sums is the sequence

n=1
—1,0,—1,0,... which is a divergent sequence.
The series Z Tl) converges. Its nth partial sum “telescopes”:
- 1 11 1 1 1
=(1-2 Sl [ (i —1- ,

=YX ) = (2 g) o ) = e

Since hm sp=1—0=1, we have Z # =1 O
" B n(n+1) '

. .. 1 = 1 1 T
Exercise 3.3 (Tantalising tan™"). Show that ;tan =1
Hint: Write R 2n+1)—(2n-1) _ tana —tanb

d t —-b)= ——-—.
02 = 1+ @nt Dn—1) dusetan(e —b) = T
Exercise 3.4. Show that for every real number x > 1, the series

1 + 2 + 4 +...+L+
142z 14+22 1424 1422

[\DI
J
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1
converges. Hint: Add ——.
1—x

Exercise 3.5. Consider the Fibonnaci sequence (F,)nen with Fop = Fi =1 and F41 = F,, + Fj,—1 for
n € N. Show that

- 1
S o=t
n—o anan+1

o0
Note that in the above example of the divergent series Z(—l)", the sequence

(an)nEN = ((71)n)n€N

was not convergent. In fact, we have the following necessary condition for convergence of a series.

oo
Proposition 3.6. If the series Z an converges, then lim a, = 0.
n—oo

n=1
Proof. Let s, :=a; + --- + a,. Since the series converges we have

lim s, =1L
n—oo

for some L € R. But as (s,+1)nen is a subsequence of (s, )nen, it follows that
lim s,+1 = L.
n— oo

By the algebra of limits, lim a,41 = lim ($p41 — $p) = lim s,41 — lim s, = L— L =0. O
n—roo n—oo n—r oo n—oo

Exercise 3.7. Does the series Z cos (l> converge?
n=1 n
In Theorem 3.9, we will see an instance of a series which shows that although this condition
is mecessary for the convergence of a series, it is not sufficient. But first, let us see an important
example of a convergent series. In fact, it lies at the core of most of the convergence results in
Real Analysis.

o0
Theorem 3.8. Let r € R. The geometric series Z r" converges if and only if |r| < 1.

n=0

Proof. Let |r| < 1. First we will observe that lim r" = 0. As |r| < 1,

n—r00
=g
C1+4h
for some h > 0. (Just take h = 1/|r| —1.) Then (14+h)" =1+ (T)h+--~+h" > nh. Thus
1 1
0<fi=— < —

and so by the Sandwich Theorem, lim |r|" = 0. As —|r|" < 7™ < |r|", it follows again from the
n—oo
Sandwich Theorem that

lim " =0.
n— o0

Let s, :=14+7r+72+--- 47" Thenrs, =r+7r2+---4+ 7"+ "1 and so

(1=17)8py = 8y — 78, = 1 — " T,

- 1
As lim 7"t =0, it follows that lim (1 —7)s, = 1. Hence E r" = lim s, = .
n—oo n—o00 —_ n— oo —r
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Now suppose that |r| > 1. If r = 1, then

lim " =1#0,
n— oo
and so by Proposition 3.6, the series diverges. Similarly if » = —1, then (r™),en = ((=1)")nen

diverges, and so the series is divergent. Also if |r| > 1, then the sequence (r"),ecy has the
subsequence (r2"),en which is not bounded, and hence not convergent. Consequently (7),en
diverges, and hence the series diverges. O

oo
1
Theorem 3.9. The harmonic series E — diverges.
n

n=1
1 1 1
Proof. Let s, ;=14 =+ =+ ---+ —. We have
2 3 n
! + ! +--+ ! L1 (3.1)
S T T T T nt 2 o =" 2
If the series converges, then hm S, = L for some L. But then also hm Son, = L, and so
lim (s9, —s,) =L — L =0,
n— o0
which contradicts (3.1). O

@ Note that the nth term of the above series satisfies

lim a, = lim — =0,
n—oo n—oo N

showing that the condition given in Proposition 3.6 is necessary but not sufficient for the conver-
gence of the series.

(oo}

1
Theorem 3.10. Let s € R. The series Z — converges if and only if s > 1.
ns

Proof. Let
1
S_4+—+—+ =
3% ns
Clearly S7 < .55 <S35 < ..., so that (Sn)neN is an increasing sequence.
Let s > 1. We have
S S e
T 25 ' 40 (2n)* 35 ' be (2n + 1)°

A

Y (LR
25 ' 4 (2n)s

1 2 (i Ly !
28 2& nS

142758,

< 1 +217552n+1-

11ts name derives from the concept of overtones, or harmonics in music: the wavelengths of the overtones of a vibrating

string are %, %, %, and so on, of the string’s fundamental wavelength.
oo

2The function s — Z — is called the Riemann-zeta function, which is an important function in number theory;
n

n=1

oo
1
the connection with number theory is brought out by Euler’s identity, which says that ((s) := g — H
ns
n=1
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As 2175 < 1 (because s > 1!), this last inequality yields

(n €N)

1
Smt1 < T

and

Son < Sont1 < (neN)

1
1—21-s
So (Sp)nen is bounded. But we know that an increasing sequence which is bounded above is
convergent (to the supremum of its terms). Thus

o0

converges for s > 1.
If on the other hand s < 1, the proof is similar to that of showing that the harmonic series
diverges. Indeed, if the series converged, then
lim (S3, — Sp) =0,

n— 00
while on the other hand,
1 1 1 1 1 1
Sy S — T N S
R T o L T E e T R %

where we have used the fact that s <1 in order to obtain the last inequality. O

For a sequence (ay,),eny with nonnegative terms, we sometimes write

oo
OTIRHES
n=1

oo
to mean the series g ay converges.
n=1

Exercise 3.11. (%) Prove that if a; > a2 > a3... is a sequence of nonnegative numbers, and if

oo
Z an < 400,
n=1

then a, approaches 0 faster than 1/n, that is, lim na, = 0.
n— o0

Hint: Consider the inequalities an4+1 + - + a2n > n - a2, and an4+1 + -+ + A2ng1 > N - A2nt1-

Show that the assumption a1 > a2 > as... above cannot be dropped by considering the lacunary
series whose nth term is 1/n? and all other terms are zero.

o0 o0
Proposition 3.12. If Z |ay| converges, then Z an, converges.

n=1 n=1

Proof. Let s, := a; + -+ + a,. We will show that (s,)nen is a Cauchy sequence. We have for
n>m:

Isn —sm| = [(a1 4+ +an) = (a1 + - +an)| = lami1 + -+ anl
< ampal +-+lan] = (lar] + -+ +lan]) = (Jaa] + - + |am]) = on — om,
where oy, := |a1| + - - - + |ag| (k € N). Since

(o)
Z lan| < 400,
n=1

its sequence of partial sums (o,,),en is convergent, and in particular, Cauchy. This shows, in light

A

of the above inequality |s,, — $;| < 0y — o, that (s,)nen is a Cauchy sequence in R and hence
it is convergent. O
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o0 o0
Definition 3.13. If the series Z |ay,| converges, then we say that Z an converges absolutely.

n=1 n=1

o0
Exercise 3.14. Does the series Z converge?

sinn
2
n
n=1

o0
_1)n
Example 3.15. The series Z (=1) does not converge absolutely, since

n
n=1

(=n"

n

) >~ 4
[yt
n=1 n=1

and we have seen that the harmonic series diverges.

A series of the form

NE

(=1)"a,

n=1

with a, > 0 for all n € N is called an alternating series. We note that the series considered above,

namely
n=1 n
: e Ny 1
is an alternating series Z(—l) an, with a,, := — (n € N).
n=1 "

We will now learn a result below, called the Leibniz Alternating Series Theorem, will enable us
to conclude that in fact this alternating series is in fact convergent (since the sufficiency conditions
for convergence in the Leibniz Alternating Series Theorem are satisfied:

1 1

alzlzagz 2@3:52...

and lim a, = lim — =0). %
n—oQ n—oo N

Theorem 3.16 (Leibniz Alternating Series Theorem). Let (ay)nen be a sequence such that

(1) 4t has nonnegative terms (a, > 0 for all n),

(2) it decreasing (a; > as > a3z > ...), and

(3) lim a, =0.

n—r oo

o0
Then the series Z(—l)"an converges.

n=1

A pictorial “proof without words” is shown in Figure 1. The sum of the lengths of the disjoint
dark intervals is at most the length of (0,aq).

A2n—1—0a2n az—aq a;—az

c e
[
<

T az2n a2pn—-1 7 aq as as ay

Figure 1. Pictorial proof of the Leibniz Alternating Series Theorem.
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Proof. We may just as well prove the convergence of Z(—l)”“an ( =— Z(l)”an>.
n=1 n=1

Let s, =a; —as +az —+---+ (=1)""1a,. Clearly

Son41 = Sop—1 — A2p + G2nt1 < S2p-1,
Sopt+2 =  Sop + Q2p41 — G2n42 2 S2n,
and so the sequence so, s4, Sg, - . . is increasing, while the sequence s3, s5, s7, ... is decreasing. Also,

Sop < Sop + G2pt1 = Sont1 < Sop—1 <o <US3.

S0 (Sa2n)nen is a bounded (s2 < s9,, < s3 for all n), increasing sequence, and hence it is convergent.
But as (a2n+1)nen is also convergent with limit 0, it follows that

lim so,1 = lm (S2, + agny1) = lim sop,.

n— 00 n—00 n—00

Hence (s,,)nen is convergent, and so the series converges. U

_1)”

Exercise 3.17. Let s > 0. Show that Z (

n=1

converges.

oo}
Exercise 3.18. Prove that Z(fl)” \:_ﬁl converges.
n

n=1

G 1
Exercise 3.19. Prove that E (—1)" sin — converges.
n

n=1
3.1.1. Comparison, Ratio, Root. We will now learn three important tests for the convergence

of a series:

(1) the comparison test (where we compare with a series whose convergence status is known)
(2) the ratio test (where we look at the behaviour of the ratio of terms a,1/ay)

(3) the root test (where we look at the behaviour of {/|ay,]|)

Theorem 3.20 (Comparison test).
(1) If (an)nen and (cn)nen are such that there exists an N € N such that |a,| < ¢, for all

n >N, and Z cn, converges, then Z an converges absolutely.

n=1 n=1

(2) If (an)nen and (dn)neN are such that there exists an N € N such that a, > d, > 0 for

alln > N, and Z d, diverges, then Z an diverges.

n=1 n=1
Proof. Let
Sn = ar]+ -+ |an|
Op = €1+ +Cp.
We have for n > m
[$rn = S| = |amy1| + -+ |an] < Cmi1 + -+ Cn = |on — o,

and since (o,,)nen is Cauchy, (s,)nen is also Cauchy. Hence (s, )nen is absolutely convergent.
o0 o0

The second claim follows from the first one. For if Z a, converges, so must Z dp. O

n=1 n=1
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Theorem 3.21 (Ratio test). Let (an)nen be a sequence of nonzero terms.

oo
a
ntl <, then Z an converges absolutely.

n=1

(1) If 3r € (0,1) and 3N € N such that ¥Yn > N,

n

Ap+1

(2) If 3N € N such that ¥n > N,

o)
> 1, then Z an diverges.

n=1

n

Proof. (1) We have

IN

lan+1l rlanl,

A

lanto| < rlanta] < 7Plan,

lant+s] < rlanye| < rPlan],

o

Since the geometric series g r™ converges, we obtain
n=1
o0
E lan| < 400
n=N+1

by the Comparison Test. By adding the finitely sum |a;| + -+ + |an| to each partial sum of this
o0

last series, we see also that Z |ay,| converges. This completes the proof of the claim in (1).

n=1
(2) The given condition implies that

> lants] > lante| > lanyal, (3.2)
oo

If the series g ap, was convergent, then 0 = lim a, = lim ayyj. Hence lim |anix| = 0 as well.
n— 00 k—o0 k—o0

n=1
But by the (3.2), we see that klim lan+k| > lant+1| > 0, a contradiction. O
—00
@ It does not suffice for convergence of the series that for all sufficiently large n, Gntl 1.
n
1
Ant1 +1 n =1
For example, for the harmonic series ntll— |2 = < 1, but Z — diverges.
an 1 n+1 —n
n
a o0
Corollary 3.22. Let (a,)nen have nonzero terms. If lim ntl) < 1, then Zan converges
n—r 00 a,n el
absolutely.
. An 41 1-L
Proof. Let L := lim . Then € := —— > 0. Choose N € N such that for n > N,
n—oo | a, 2
1—-L
Int1 - L < Gntl —L’ <e=——,
(79} Qp, 2
1+ L 1+1
and so | 2+ % =r< % = 1. Then we use (1) from Theorem 3.21. O
an
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o0

1
Example 3.23 (The exponential series). Let a € R. The series e := Z —'a” converges.
n!
n=0
If a = 0, clearly e® = ¢ = 1. If a # 0, the convergence follows from the ratio test. Indeed,
anJrl
1!
(ny DU _ ol nosey,
a” n+1
n!

Theorem 3.24 (Root test).

(1) If 3r € (0,1) and 3N € N such that ¥n > N, {/|a,| <r, then Z an converges absolutely.

n=1
o)
(2) If for infinitely many n, Y/ |an| > 1, then Z a, diverges.
n=1
oo
Proof. (1) We have |a,,| < r™ for alln > N, so that by the Comparison Test, Z |an| converges.
n=N-+1

(2) Suppose that for the subsequence (ay, )ken, we have "{/|a,,| > 1. Then |a,,| > 1. If the
series was convergent, then lim a, = 0, and so also lim |a,,| = 0, a contradiction. Thus the
n—oo n—00

series cannot converge. O

@ It does not suffice for convergence of the series that for sufficiently large n, ¥/|a,| < 1.

1 — 1
For example, for the harmonic series {/|a,| = —= < 1, but Z — diverges.
vn n

7

Exercise 3.25. Determine if the following series are convergent or not.

n=1

n=1
S~ (1)’
2
@ 2 Gy
n=1
oo 4 n 5
® > (3)
n=1
- n
Exercise 3.26. Prove that nzz:l P converges. (*) Can you also find its value? Hint: Write the
denominator as (n? + 1) — n?.
Exercise 3.27. (x) Let (an)nen be a sequence of real numbers such that the series Zaﬁ converges.
n=1

Show that Z ai converges. Hint: First conclude that for large n, |an| < 1.

n=1

oo
1
Exercise 3.28. (x) We have seen that the series Z — converges if and only if p > 1. Suppose that we
n
n—1
sum the series for all n that can be written without using the numeral 9. (Imagine that the key for 9 on

’ 11
the keyboard is broken.) Call the resulting summation Z . Prove that the series Z — converges if and
n
only if p > log,( 9. Hint: First show that there are 8 - 9*~! numbers without 9 between 10*~ and 10".

Exercise 3.29. Determine if the following statements are true or false.
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(1) 1f Z |an| is convergent, then so is Z az.

n=1 n=1

oo oo
(2) 1f Z an is convergent, then so is Z az.

n=1 n=1

(3) 1f nlLH;o an = 0, then Z @y, CONVErges.

n=1

(4) If nhﬁnolo(m +---+an) =0, then Z a, converges.

n=1
= n+1
5 1 .
(5) 7; og — — converges
(6) If a, > 0 (n € N) and the partial sums of (an)nen are bounded above, then Z an converges.
n=1

(7) If an > 0 (n € N) and Z an converges, then Z = diverges.
an

n=1 n=1

Exercise 3.30 (Fourier series). In order to understand a complicated situation, it is natural to try to
break it up into simpler things. For example, from Calculus we learn that an analytic function can be
expanded into a Taylor series, where we break it down into the simplest possible analytic functions, namely
monomials 1, z,z?,... as follows:

@xQJr....

f(@) = £(0) + £/ ()2 +
The idea behind the Fourier series is similar. In order to understand a complicated periodic function,
we break it down into the simplest periodic functions, namely sines and cosines. Thus if 7" > 0 and
f: R — R is T-periodic, that is, f(x) = f(z +T) (z € R), then one tries to find coefficients ag, a1, az,. ..
and by, bz, bs, ... such that

Fl@) = a0+ i (an cos (%T”x> + by sin <2“T”x)) (3.3)

n=1
(1) Suppose that the Fourier series given in (3.3) converges pointwise to f on R. Show that if

9]

S (] + [ba]) < oc,

n=1
then in fact the series converges uniformly.

(2) The aim of this part of the exercise is to give experimental evidence for two things. Firstly, the
plausibility of the Fourier expansion, and secondly, that the uniform convergence might fail if
the condition in the previous part of this exercise does not hold. To this end, let us consider

1 if z € [n,n+ 1) for n even, .

—1 ifz € [n,n+1) for n odd. Then [ is a

2-periodic signal. From the theory of Fourier Series, which we will not discuss in this course,

the square wave f : R — R given by f(z) = {

the coefficients can be calculated, and they happen to be 0 = ap = a1 = a2 = a3 = ... and
4
— if n is odd,
by, = nmw Write a Maple program to plot the graphs of the partial sums of
0 if n is even.

the series in (3.3) with, say, 3, 33, 333 terms. Discuss your observations.

o0
Exercise 3.31. Let (an)nen be a sequence with nonnegative terms. Show that if Z an converges, then

n=1

oo
so does g /OnQpt1.
n=1
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Figure 2. Partial sums of the Fourier series for the square wave considered in Exercise 3.30.

oo
Exercise 3.32. (k) Let (an)nen be a sequence with nonnegative terms. Prove that Z an converges if
- . n=1
and only if " converges.
y ; T g

Exercise 3.33. Let ¢! be defined by ¢ = {(an)neN : Z lan| < oo} . Show that ¢! C £2. Is £* = ¢*?

n=1

— 1
Exercise 3.34. As the harmonic series g — diverges, the reciprocal 1/s,, of the nth partial sum
n

n=1
PP SV P
2 3 n
approaches 0 as n — 0o. So the necessary condition for the convergence of the series
1
n=1 sn

is satisfied. But we don’t know yet whether or not it actually converges. It is clear that the harmonic
series diverges very slowly, which means that 1/s, decreases very slowly, and this prompts the guess that
this series diverges. Show that in fact our guess is correct. Hint: s, < n.

— 1
Exercise 3.35. Show that the series E — converges.
nn

n=1

Exercise 3.36. Consider the Fibonnaci sequence (F),)neny with Fo = Fy = 1 and F,+1 = F, + F,,_1 for
n € N. Show that
=1
— < .
PR

1 1 1
Hint: Fry1 = Fp+ Fno1 > Fy—1 + F,—1 = 2F,,_1. Using this, show that both o + o + oA + ... and
0 2 4

— + — + — + ... converge.
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3.1.2. Power series. Let (¢,,)nen be a real sequence (thought of as a sequence of “coefficients”).
An expression of the type

o0

>

n=0

is called a power series in the variable z € R.

Example 3.37. All polynomial expressions are (finite) power series, with the coefficients being
eventually all zeros.

o0 o0
Z z", Z %x” are also examples of power series. O

n=0 n=0

Note that we have not said anything about the set of € R where the power series converges.
Of course the power series always converges for x = 0. It turns out that there is a maximal open
interval B(0,7) = (—r,r) centered at 0 where the power series converges absolutely, and we call
the radius r of this interval B(0,7) = (—r,r) as the radius of convergence of the power series. If
the power series converges for all € R, that is, if the above maximal interval is (—oo, 00), we say
that the power series has infinite radius of convergence.

o0

Example 3.38. The radius of convergence of Z 2" is 1. Indeed, the geometric series converges
n=0
for x € (—1,1) and diverges whenever |z| > 1. O
o0
Example 3.39. The radius of convergence of Z —'x” is infinite, since e* converges for every
n!
n=0
r eR. O
oo
Example 3.40. The radius of convergence of Z n"x™ is zero. Indeed, whenever x # 0,
n=0

Yinrar| =nlx) > 1

for all n large enough. By the Root test, it follows that the power series diverges for all nonzero
real numbers. O

Theorem 3.41. A power series
o0
> s
n=0

is either absolutely convergent for all x € R, or there is a unique nonnegative real number p such
that the power series is absolutely convergent for all x € R with |z| < p and is divergent for all
x € R with |x| > p.

oo
Proof. Let S := {y € R : there exists an € R such that y = |z| and chx” converges}.
n=0

Clearly 0 € S. We consider the following two possible cases.

1° S is not bounded above. Then given x € R, we can find a |z¢| € S such that |x| < |zo|

o0

and chxg converges. It follows that its nth term goes to 0 as n — oo, and in
n=0
x
particular, it is bounded: |cpxf| < M. Then with r := ||| (< 1), we have
o

n
x
lena™| = |enzf] (x|> (n €N),

|0
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o0
But the Geometric Series Z Mr™ converges, and so by the Comparison Test, the series

n=0
o0
E cpx™ is absolutely convergent.
n=0

2° S is bounded above. Let p := sup S.
If x € Rand |z| < p, then by the definition of supremum, it follows that there exists

a |xg| € S such that |z| < |zg|. Then we repeat the proof in 1° above to conclude that

o0
the series Z cpx™ is absolutely convergent.

n=0

On the other hand, if z € R and |z| > p, then |z| € S, and by the definition of S,

o0
the series E cpx™ diverges.

n=0
p . . , _ptr ,
If p,p’ have the property described in the theorem and p < p’, then p < r = 5 < p.
(oo} o0
Because 0 < r < g/, chr" converges, while as p < r, it follows that chr" diverges, a
n=1 n=1
contradiction. O

If p is the radius of convergence of a power series, then (—p,p) is called the interval of
convergence of that power series. We note that the interval of convergence is the empty set if
p = 0, and we set the interval of convergence to be R when the radius of convergence is infinite.
See Figure 3.

divergence absolute convergence divergence

/ .

-r 0 T

Figure 3. The interval of convergence of a power series.

The calculation of the radius of convergence is facilitated in some cases by the following result.

Theorem 3.42. Consider the power series
o0
Z cpa”.
n=0

If L := lim

n— oo

exists, then p = 1/L if L # 0, and the radius of convergence is infinite if

Cn

Proof. Let L # 0. We have that for all nonzero z such that |z| < p = 1/L that there exists a

q < 1 and a N large enough such that
|Cn+1zn+1‘

lena™|

Cn+1

2| <g<1

n
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for all n > N. (This is because

n—oo

Cntl o =3 Lix| < 1.

X

n

So we may take for example ¢ = (L|z| + 1)/2 < 1.) Thus by the Ratio Test, the power series
converges absolutely for such .

If L =0, then for any nonzero x € R, we can guarantee that

n+1
|C”7«+1x ‘ _ Cn+1 |SC| < q< 1
lena™] n
for all n > N. (This is because
Entl | "2 0z = 0 < 1.
Cn

So we may take for example ¢ = 1/2 < 1.) Thus again by the Ratio Test, the power series
converges absolutely for such z.

On the other hand, if L # 0 and |z| > 1/L, then there exists a IV large enough such that

Cppr1z™ T c
|n+1 : |: n+1 |$‘>1
|Cnx”| n
for all n > N. This is because
¢
2L | "2 L] > 1.
n
So again by the Ratio Test, the power series diverges. O

oo
Exercise 3.43. () Consider the power series E cnz” If L:= lim Y/|c,| exists, then p = 1/L if L # 0,
n— oo
n=0
and the radius of convergence is infinite if L = 0.

gé} Note that whether or not the power series converges at x = p and x = —p is not answered by
Theorem 3.41. In fact this is a delicate issue, and either convergence or divergence can take place
at these points, as demonstrated by the following examples.

Example 3.44. We have the following:

’ Power series ‘ Radius of convergence ‘ Set of x’s for which the power series converges

ix" 1 (—1,1)
i %n 1 [—1,1]
=l
i % 1 [—1,1)
=l

2(—1)"1;: 1 (=1,1]

Exercise 3.45. Check all the claims in Example 3.44.
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Exercise 3.46. Find the radius of convergence for each of the following power series:

& 2n—1 3 5 & 2n 2 4

n-1_% — r_ T _ = T T
2 (=1 @n-1) g ta T oand Z( Vg =t-ata—+

n=1

3.2. Series in normed spaces

We can’t define series in a general metric space, since we need to add terms. But in the setting of
a normed space, addition of vectors is available, and so we can define the notion of convergence
of a series in a normed space.

Definition 3.47. Let (a,)nen be a sequence in a normed space (X, || - ||). The sequence (s, )nen
of partial sums is defined as follows:

sp=a1+--+a, € X (neN).
The series
D an
n=1
is called convergent if (s,)nen converges in (X, | - ||). Then we write

oo
E a, = lim s,.
n— 00
n=1
o0

If the sequence (s, )nen does not converge we say that the series Z a, diverges.

n=1

It turns out the convergence in a complete normed space is guaranteed by the convergence
of an associated real series (of the norms of its terms). We first introduce the notion of absolute
convergence of a series in a normed space, analogous to the absolute convergence of a real series.

Definition 3.48. Let (a,)nen be a sequence in a normed space (X, | -||). We say that the series
o0
D an
n=1

(oo}

converges absolutely if the (real) series Z llan || converges.

n=1
Theorem 3.49. Let (an)neN be a sequence in a complete normed space (X,|| - ||) such that
Z llan| < +o00. Then Z a, converges in X.

n=1 n=1

Proof. The proofis the same, mutatis mutandis, as the proof of the fact that absolutely convergent
real series converge. The only change is we use norms instead of absolute values, and use the
completeness of X in order to conclude that when the partial sums form a Cauchy sequence, they
converge to a limit in X.

Let s, :=aj + -+ a,. We will show that (s, )nen is a Cauchy sequence. We have for n > m:
s = smll = or -+ an) = (a1 + -+ @)l = fames + -+ an]
< Namgall + -+ llanll = (laa]l + -+ llanl) = (laill + -+ + [laml]) = 00 — om,

where oy := ||ai|| + - - - + ||ak||. Since the series

o0
>
n=1
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converges (given!), its sequence of partial sums is convergent, and in particular, Cauchy. This
shows, in light of the above inequality ||s,, — sm|| < 0 — o, that (s,)nen is a Cauchy sequence
in X. As X is complete, (s, )nen is convergent. O

Example 3.50. Consider the sequence (f,)nen in the normed space (C[0,1],] - || ), Where

r\ "
@)= (5) @eb1, nen).
The series Z fn converges in (C[0,1],] - ||co) since
n=1
T\"™ 1
[ frlloo = xfél[%ﬁ] ’(5) = o
and the series i [ fnlloo = i 1 converges.
n=1 n=1 2n

Figure 4. Plots of the graphs of the partial sums and the limit f.

In fact, one can see directly that since

sn(@) = fi(@)+ -+ fulz) = T =
1 - (3)

with f defined by f(x) = ZL’ we have that
-

r "

1
l[$n = flloo = max =< "2,
z€l0,1] 2 — x 2™ 2n
and so the series Z fn converges to f in (C[0,1], || - [|oo)-
n=1
Figure 3.50 shows plots of the partial sums and their limit f. O

The following result plays a central role in Differential Equation theory.

Theorem 3.51. Let A € R™*"™. Then the exponential series
eA '—I+A—|—lA2—|—lA3+--~
o 2! 3!

converges in (R ™ || - ||oo)-
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Proof. It is easy to see that if A, B € R™*", then ||AB|lcc < n||A|loc|/Bllco- This follows imme-
diately from:

(AB)ij| = | > AiBrj| < D 1Aul|Bijl <D I AllclIBllse = nllAlloc|| Blloc-
k=1 k=1 k=1
Hence by induction, we have || A*||, < n*~1|Al%, < (n||A]|s)*. Thus
1 1
4| < nanr

oo

oo
1
As the series e™ll4ll~ = Z — (n||Al|o0)* converges, by the Comparison Test, the real series

k!
k=1
o0
Lok
> |mA
k=1 o0
converges. Since (R™*",]| - ||oo) is complete, it follows that
1 1
A A2 A3 .
et =I+A+ 2!A +3!A +
converges in (R™" ||+ ||«)- O

Exercise 3.52. Calculate ° (here 0 denotes the n x n matrix with all entries 0) and e.

Exercise 3.53. (x) Let X be a normed space in which every series Z an, for which there holds

n=1

o0
Z lan]| < +oo,
n=1

is convergent in X. Prove that X is complete. Hint: Given a Cauchy sequence (Zn)nen, construct a
subsequence (zn, )ren satisfying Hanl —Zn, || < 2% Then take a1 = Ty, a2 = Tny, —Tny, A3 = Tng — Tny,
and so on, and use the fact that a Cauchy sequence possessing a convergent subsequence must itself be
convergent, which was a result established in Exercise 2.25.

3.3. Notes (not part of the course)

In connection with the divergence of the harmonic series, we mention the following

Erdos conjecture on arithmetic progressions (APs) : If the sums of the reciprocals of the numbers
of a set A of natural numbers divergesm then A contains arbitrarily long arithmetic progressions.

1
That is, if g — diverges, then A contains APs of any given length.
n
neA

— 1
We know that E — diverges, and in this case the claim is trivially true. It can be shown that
n

n=1
Z 1
p is prime
diverges. So one may ask: Does the claim hold in this special case? The answer is “Yes”, and this is the
Green-Tao Theorem proved in 2004. Terrence Tao was awarded the Fields Medal in 2006, among other
things, for this result of his.



Chapter 4

Continuous functions

4.1. Continuity of functions from R to R

Recall that continuity is a “local” concept, and we have the following notion of the continuity of
a function at a point.

Definition 4.1. Let I be an interval and let ¢ € I. f : I — R is said to be continuous at c
if for every € > 0, there exists a 6 > 0 such that whenever x € I satisfies |x — ¢| < §, we have

[f(z) = flo)] <e

f is said to be continuous on I if for every c € I, f is continuous at c.

We have seen that if f,g : R — R are continuous on R, then their composition fog: R — R
defined by

(fog)(z)=f(g(z)) (z€R),
is also continuous on R.

Recall also that we had learnt the following important properties possessed by continuous
functions: they preserve convergent sequences, the Intermediate Value Theorem and the Extreme
Value Theorem.

Theorem 4.2. Let I be an interval, ¢ € I, and f: I — R. The following are equivalent:

(1) f is continuous at c.

(2) For every sequence (zy)nen contained in I such that (x,,)nen converges to ¢, the sequence
(f(zn))nen converges to f(c).

In other words, f is continuous at c¢ if and only if f “preserves” convergent sequences.
Exercise 4.3. Show that the statement (2) in Theorem 4.2 can be weakened to the following:

(2") For every sequence (Z,)nen contained in I such that (z)nen converges to ¢, the sequence
(f(zn))nen converges.

Theorem 4.4 (Intermediate Value Theorem). Let f : [a,b] — R be continuous on [a,b]. If y € R
is such that f(a) <y < f(b) or f(b) <y < f(a) (that is, if y lies between f(a) and f(b)), then
there exists a ¢ € [a,b] such that f(c) =y.

In other words, a continuous function attains all real values between the values of the function
attained at the endpoints.

Finally, we recall the Extreme Value Theorem.
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Theorem 4.5 (Extreme Value Theorem). Let f : [a,b] — R be continuous on |a,b]. There exists
a c € [a,b] and there ezists a d € [a,b] such that

fle) = sup{f(x): 2 € [a,b]},
f(d) = inf{f(x):x € [a,b]}.
We note that since ¢, d € [a,b], we have f(c), f(d) € {f(x) : « € [a,b]}, and so the supremum
and infimum are in fact maximum and minimum, respectively:
fle) = sup{f(z): 2 €la,b]} = max{f(z): x € [a,0]},
f(d) = inf{f(z):x € [a,b]} =min{f(z): x € [a,b]}.

We observe that in our definition of continuity of a function at a point, they key idea is that:
“We are guaranteed that f(x) stays close to f(c) for all x close enough to ¢.”

But “closeness” is something we know not just in R but in the context of general metric spaces!
We will now learn that indeed continuity can in fact be defined in a quite abstract setting, when
we have maps between metric spaces. We will also gain insights into the above properties of
continuous functions when we study analogues of the above results in our more general setting.

Exercise 4.6. Consider the function f : R — R defined by

fz) = x  if z is rational,
" | —z if z is irrational.

Prove that f is continuous only at 0. Hint: For every rational number, there is a sequence of irrational
numbers that converges to it, and for every irrational number, there is a sequence of rational numbers
that converges to it, by the results in Exercise 1.38, 1.39.

Exercise 4.7. (%) Every nonzero rational number = can be uniquely written as z = n/d, where n,d
denote integers without any common divisors and d > 0. When r = 0, we take d = 1 and n = 0. Consider
the function f : R — R defined by

0 if z is irrational,
1

ifzx | = n is rational
d T d '

Prove that f is discontinuous at every rational number, and continuous at every irrational number.

flz) =

Hint: For an irrational number x, given any € > 0, and any interval (N, N + 1) containing x, show that
there are just finitely many rational numbers r in (N, N + 1) for which f(r) > e. Use this to show the
continuity at irrationals.

Exercise 4.8. Consider a flat pancake of arbitrary shape. Show that there is a straight line cut that
divides the pancake into two parts having equal areas. Can the direction of the straight line cut be chosen
arbitrarily?
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4.2. Continuity of maps between metric spaces

Definition 4.9. Let (X,dx), (Y, dy) be metric spaces, ¢ € X and f: X — Y be a map. f is said
to be continuous at ¢ if for every € > 0, there exists a § > 0 such that whenever x € X satisfies
dx(z,c) < 8, we have dy (f(x), f(c)) < e. See Figure 1.

f is said to be continuous on X if for every ¢ € X, f is continuous at c.

Figure 1. Continuity of f at c.

First of all we notice that if I is an interval in R, and we take X = I, Y = R, both equipped
with the Euclidean metric, then the above definition of continuity of a function f: I — R at a
¢ € R coincides with our earlier Definition 4.1.

We remark that although X may be equal to Y, they might be equipped with different metrics;

see as an extreme example, Exercise 4.11 below.
r1x2

—— ifx #0,
2 2
Exercise 4.10. Show that f : R? — R given by f(z) = 0 Tt T " 0 is continuous at 0.
ifow =
i <
Exercise 4.11. Let f: R — R be defined by f(z) = { (1) gi N 8’

(1) If both the domain X = R and the codomain Y = R are equipped with the Euclidean metric,
then show that f is not continuous at 0.

(2) On the other hand, if we equip the domain X = R of f with the discrete metric, and the
codomain Y = R of f with the Euclidean metric, then prove that f is continuous at 0.

Exercise 4.12. Let (X, d) be a metric space, and let p € X. Show that the distance to p is a continuous
map, that is, prove that the function f: X — R defined by f(z) := d(z,p) (x € X) is continuous.

Exercise 4.13. Show that addition (z,y) — x + y and multiplication (x,y) — xy are continuous maps
from R? to R with the usual Euclidean metrics.

Exercise 4.14. (x) Consider the normed space (C[0,1],] - ||c), and let S : C[0,1] — C[0,1] be defined
by

(S()@) = (f@)* (ze0,1], f€C0,1]).
Show that S is continuous.
Proposition 4.15. Let (X,dx) be a metric space, and let f, : X — R (n € N) be a sequence of
continuous functions that converges uniformly to f: X — R. Then f is continuous.

Proof. Let ¢ € X and € > 0. Choose an N € N such that that for all z € X, |fn () — f(2)| < €/3.
As fy is continuous, we can find a § > 0 such that for all z € X satisfying dx(x,c) < J, we have
|fn(x) — fn(e)] < €/3. So for all & € X satisfying dx(x,c¢) < §, we have using the triangle
inequality that

[f(@) = fOl <[f(@) = fn@)| + [fn(@) = fn(e)| + | fn(e) = fle) <e/3+€/3+€¢/3=e
Hence f is continuous at ¢. Since the choice of ¢ € X was arbitrary, it follows that f is continuous
on X. O
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Exercise 4.16. A subset S of R" is said to be path connected if for any two points xz,y € R", there
exists a continuous function v : [0,1] — S such that f(0) = = and f(1) = y. (We think of v as a “path”
beginning at x and ending at y.)

(1) Show that every convex set' C' (C R™) is path connected.

(2) We define the relation R on S by setting « Ry if there is a path v : [0, 1] — S such that v(0) = =
and (1) = y. Prove that R is an equivalence relation on S. The equivalence classes of S under
R are called the path components of S. Thus if S is path connected, then it has a unique path
component, namely S itself.

(3) Which of the following subsets of R? are path connected? If the set is not path connected,
then determine its path components. {(z,y) € R? : 22 + 92 = 1}, {(z,y) € R? : zy = 0},
{(z,y) eR? 2y = 1}.

4.3. Continuous maps and open sets

We will now learn an important property of continuous functions, namely that “inverse images”
of open sets under a continuous map are open. In fact, we will see that this property is a
characterization of continuity.

But first we fix some standard notation. Let f: X — Y be a map, and let V" C Y. Then we
set f71(V):={z € X : f(z) € V}, and call it the inverse image of V under f. See Figure 2.
Clearly f~1(Y) = X and f=(0) = 0.

X f y

Figure 2. Inverse image of V' under f.

Exercise 4.17. Let f : R — R be given by f(z) = cosz (z € R). Find f~(V), where V = {—1,1},
V={1},)V=[-11,V=R, V= (_%7%)‘

On the other hand if U C X, then we set f(U) := {f(z) € Y : 2 € U}, and call it the image
of U under f. See Figure 3.

X I Y

Figure 3. Image of U under f.

Exercise 4.18. Let f: R — R be given by f(x) = cosz (z € R). Find f(U), where U =R, U = [0, 27],
U = [4,6 + 27] where § is any positive number.

1See Exercise 1.40 for the definition of convex sets.
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Theorem 4.19. Let (X,dx), (Y,dy) be metric spaces and f : X — Y be a map. Then f is
continuous on X if and only if for every V open in'Y, f=1(V) is open in X.

Proof. (If) Let ¢ € X, and let ¢ > 0. Consider the open ball B(f(c),¢) with center f(c) and
radius € in Y. We know that this open ball V' := B(f(c), €) is an open set in Y. Thus we also know
that f=1(V) = f~1(B(f(c),€)) is an open set in X. But the point ¢ € f~1(B(f(c),¢)), because
fle) € B(f(c),e) (dy(f(c), f(c)) =0 < €!). So by the definition of an open set, there is a § > 0
such that B(c,d8) C f~1(B(f(c),€)). In other words, whenever z € X satisfies dx(z,c) < §, we
have that = € f=1(B(f(c),€)), that is, f(z) € B(f(c),€), which implies dy (f(z), f(c)) < €. Hence
f is continuous at c. But the choice of ¢ € X was arbitrary. Consequently f is continuous on X.
See the picture on the left side of Figure 4.

V) F7Hv)
' & ‘ '

(If) (Only if)

Figure 4. Continuity and open sets: Proof of Theorem 4.19.

(Only if) Now suppose that f is continuous, and let V' be an open subset of Y. We would like to
show that f~1(V) is open. So let ¢ € f~1(V). Then f(c) € V. As V is open, there is a small open
ball B(f(c),e) with center f(c) and radius e that is contained in V. By the continuity of f at c,
there is a § > 0 such that whenever dx(z,c) < d, we have dy (f(x), f(c)) < e, that is, f(z) € V.
But this means that B(c,d) C f~1(V). Indeed, if € B(c,d), then dx(x,c) < & and so by the
above, f(x) € V, that is, z € f~1(V). Consequently, f~(V) is open in X. See the picture on the
right side of Figure 4. U

?2 Note that the theorem does not claim that for every U open in X, f(U) is open in Y. Consider
for example X =Y = R equipped with the Euclidean metric, and the constant function f(x) = ¢
(x € R). Then X =R is open in X =R, but f(X) = {c} is not open in ¥ = R.

Corollary 4.20. Let (X,dx), (Y,dy) be metric spaces and [ : X — Y be a map. Then f is
continuous on X if and only if for every F closed in Y, f~1(F) is closed in X.

Proof. If F C Y, then f~Y (Y \ F) =X\ (f~1(F)). O
Exercise 4.21. Fill in the details of the proof of Corollary 4.20.
Theorem 4.22. Let (X,dx), (Y,dy), (Z,dz) be metric spaces, f : X =Y and g:Y — Z be

continuous maps. Then the composition map go f : X — Z, defined by (g o f)(x) := g(f(x))
(x € X), is continuous.

Proof. Let W be open in Z. Then since g is continuous, g~ (W) is open in Y. Also, since f
is continuous, f~1(g~1(W)) is open in X. Finally, we note that (go f)"Y(W) = f=(g~1(W)).
Consequently, g o f is continuous. O
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Exercise 4.23. In the proof of Theorem 4.22, we used the fact that (go f) ™ (W) = f~*(¢~*(W)). Check
this.

Exercise 4.24. Let X be a metric space and f : X — R be a continuous map. Determine if the following
statements are true or false.

(1) {x € X: f(x) < 1} is an open set.

(2) {z € X: f(xz) > 1} is an open set.

(3) {x € X : f(x) = 1} is an open set.

(4) {z € X: f(z) <1} is a closed set.

(5) {z € X: f(z) =1} is a closed set.

(6) {x € X: f(x) =1or f(z) =2} is a closed set.
(7) {x € X: f(z) =1} is a compact set.

Analogous to Theorem 4.2, we have the following characterization of continuous maps in terms
of convergence of sequences.

Theorem 4.25. Let (X,dx), (Y,dy) be metric spaces, c € X, and let f : X — 'Y be a map. Then
following two statements are equivalent:

(1) f is continuous at c.

(2) For every sequence (T )nen in X such that (z,)nen converges to ¢, (f(xn))nen converges

to f(c).

Proof. (1) = (2): Suppose that f is continuous at c¢. Let (z,)nen be a sequence in X such
that (z,,)nen converges to ¢. Let € > 0. Then there exists a 6 > 0 such that for all z € X
satisfying dx (z,c) < §, we have dy (f(x), f(c)) < e. As the sequence (z,)n,en converges to ¢, for
this 0 > 0, there exists an N € N such that whenever n > N, dx(z,,¢) < 6. But then by the
above, dy (f(x,), f(¢)) < e. So we have shown that for every ¢ > 0, there is an N € N such that
for all n > N, dy (f(x,), f(c)) < €. In other words, the sequence (f(z,))nen converges to f(c).

(2) = (1): Suppose that f is not continuous at c¢. This means that there is an ¢ > 0 such
that for every § > 0, there is an « € X such that dx(x,c¢) < 0, but dy (f(z), f(¢)) > e. We
will use this statement to construct a sequence (x,)nen for which the conclusion in (2) does not
hold. Choose § = 1/n, and denote the corresponding = as x,: thus, dx(z,,¢) < § = 1/n, but
dy (f(zn), f(c)) > €. Clearly the sequence (zy,)nen is convergent with limit ¢, but (f(x,))nen does
not converge to f(c) since dy (f(xy), f(c)) > € for all n € N. Consequently if (1) does not hold,
then (2) does not hold. In other words, we have shown that (2) = (1). O

Exercise 4.26. Let f: R — R be a continuous function such that for all z,y € R, f(z+y) = f(z)+ f(y).
Show that there exists a real number a such that for all € R, f(z) = axz. Hint: Show first that for
natural numbers n, f(n) = nf(1). Extend this to integers n, and then to rational numbers n/d. Finally
use the density of Q in R to prove the claim.

Exercise 4.27. Find all continuous functions f : R — R such that for all x € R, f(x) + f(2z) = 0.
Hint: Show that f(z) = —f(5) = f(§) = —f(§) =---.

Exercise 4.28. Show that the multiplication function f : R? — R defined by f(x) = z122 (z € R?) is
continuous on R? using the characterization of continuous functions in terms of preservation of convergent
sequences. Compare this with Exercise 4.13.

Exercise 4.29. (%) Two metric spaces are called homeomorphic if there exists a continuous bijection
f: X — Y such that f' : Y — X is also continuous. For example, circles and triangles in R? are
homeomorphic; see Figure 5.

Similarly, the an open interval in R is homeomorphic to a circle missing one point in R?: we just “identify”
the two ends of the interval, as shown in the picture on the left hand side of Figure 6. Using this, one can
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Figure 5. Homeomorphism between the triangle and the circle in R?.

Figure 6. R is homeomorphic to an open interval in R.

also see pictorially that the open interval in R is homeomorphic to R, as shown in the picture on the right
hand side of Figure 6.

A natural question is whether the continuity of f~' is actually implied by the continuity of a bijection
f. It is not, and the aim of this exercise is show such an instructive example. Look at Figure 7, where
a continuous bijection f is produced from the set X := [0,1) onto the triangle in R? by “bending” the
interval at the three points B, C, D, stretching the parts between the segments BC and C'D, and sending
points A, B, C, D to the points f(A) = (1,0), f(B), f(C), f(D) as shown. But now prove that f~! can’t
be continuous by looking at the sequence (1, (—1)"/n).

f(B)

1
° o f(C) f(A):(l’O)

(D)

Figure 7. The triangle in R? and the interval [0, 1).

Exercise 4.30. (x) A “manifold” is a topological space that locally resembles the Euclidean space. More
precisely, we will call a subset M of R" a manifold (of dimension® k) if for every x € M, there is an open
set O, containing x such that O, is homeomorphic to an open subset U of R”. Locally the surface of the
earth, which is a sphere, looks flat, and so we expect that the sphere in R?® is a manifold of dimension 2.
Give an argument, based on pictures, that the unit sphere

S? = {z € R3: lz]|2 = 1}

is indeed a manifold of dimension 2. (This explains why one uses the superscript “2” on top of S in the
(standard) notation for the unit sphere in R®. Similarly the circle S' := {x € R? : ||z[|2 = 1} in R? is
a manifold of dimension 1, and is denoted by S'. More generally, it can be shown that the unit sphere
st = {z € R" : ||z||]2 =1} in R" is a manifold of dimension n — 1 in R".)

2Tt can be shown that this is a well-defined notion.
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Exercise 4.31. () Consider the function f : R? — R given by

2 2
T g 40,

flx) = 1+ x5
c if z = 0.

Show that no matter what ¢ € R we take in the above, f is not continuous at 0.

Exercise 4.32. () Show that the determinant function M ~— det M from (R"*",| - ||c) to (R,]|-]) is
continuous. Prove that the set of invertible matrices is open in (R™*", || -||oc). Hint: Consider det ™' ({0}).

Exercise 4.33. Give an example of a continuous function f : X — Y, where X, Y are metric spaces, and
a Cauchy sequence (zn)nen for which (f(zn))nen is not a Cauchy sequence in Y.

Exercise 4.34. Let X,Y be metric spaces. A map f: X — Y is said to be open if for every open subset
Uof X, f(U) is open in Y.

Now take X = R with the usual Euclidean metric, and take Y = R with the discrete metric. Consider
the identity map f: X — Y defined by f(x) = = (z € R). Show that f is open, but for all z € R, f is not
continuous at x.

Exercise 4.35. (%) Define f,g on R? by £(0,0) = ¢(0,0) = 0, and if (z,y) # (0,0), then we set
2 2

Yy ry
fley) =5 vy 9z y) = — s

Show that f is bounded on R?, that is, 3M € R such that for all (z,y) € R?, |f(z,y)| < M.

(1)

(2) Prove that g is unbounded in every ball centered at (0,0).
(3) Show that f is not continuous at (0,0).

(4) Prove that g is not continuous at (0, 0).

(4)

If Y € X and if ® is a function defined on X, the restriction of ® to Y is the function ¢ whose
domain is Y, and such that ¢(y) = ®(y) (y € Y). Show that the restrictions of both f and g to
every straight line in R? are continuous!

For functions from the Euclidean space R™ to the Euclidean space R" we have the following
simplification.

Proposition 4.36. A function f: R™ — R™ is continuous if and only if each of its components
fiseoos fm : R — R are continuous. (Here fx(x) :=elz (v € R"), and ey, k = 1,...,d are the
standard basis vectors.)

Proof. We have [fx(z) — fr(y)| < Z fix) = fi)? = If (@) = )2 U

Another case when checking continuity becomes considerably simpler is in the case of linear
transformations between normed spaces.

Proposition 4.37. Let (X, - ||x), (Y, - |ly) be normed spaces and let T : X — Y be a linear
transformation. Then the following are equivalent:

(1) T is continuous.

(2) T is continuous at 0.

(3) There exists an M > 0 such that for all x € X, | Tz|y < M|jz|x.

Proof. (1) = (2) follows from the definition. Let us show that (2) = (3). As T is continuous
at 0, we have that given € := 1 > 0, there is a § > 0 such that whenever ||z — 0||x = |z|x < ¢,
we have ||Tx — TO0|ly = ||Tx — 0|ly = ||[Tz|ly < 1. Define M := 2/5. Then if z = 0, we have
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ITz|ly =||TO0lly =[|0ly =0<(2/6)-0= M -[|0]|x = M|z|x. If on the other hand, = # 0,then
define
)

= _—u.
2|l x
Then |ly|] = /2 < § and so ||[Ty|ly < 1. We have
0
1> |Tylly = ||T

—
2|l x

Yy

0

= oo ITzlly
v 2llzllx ’

and so upon rearranging, we obtain
2
Tzl < llellx = Mijel x.
Consequently (3) holds.

Finally, we show that (3) = (1). Let ¢ € X, and € > 0. Choose § = ¢/M > 0. Then whenever
|z —¢l|x <0 =¢/M, we have

€
|[Tx —Tc|lly =|T(x—0o)|ly < M|z —c¢||lx <M§= MM =e.
Hence f is continuous at ¢. But the choice of ¢ € X was arbitrary, and so f is continuous. O

Example 4.38. Consider the map I : Cla,b] — R from the normed space (Cla,b],|| - |loc) to R
given by

b
1(f) = / f(z)dz (f € Cla,b)).

Then clearly [ is a linear transformation. Moreover, since for every f € Cla,b] we have

() = ‘/abf(:r)d:c s/ab|f<z>|dzs/ab 1floedz = [|floo(b— a),

it follows that I is continuous. O

Example 4.39. Let A € R™*™. Consider the map T4 from the Euclidean space R™ to the
Euclidean space R™, given by matrix multiplication:

Tyx=Az (xe€R").

Then T4 is a linear transformation, and it is continuous, since

m n 2 m
|Taz|ls = [Az]2 = | > < aijxj> <\ Do nll Al )3 = vmnl|Allo 2]z
1

i=1 Nj= i=1

Hence T4 is continuous. O

Exercise 4.40. Show that if A € R"*™, then ker A = {x € R™ : Az = 0} is a closed subspace of R".

Exercise 4.41. () Prove that every subspace of R" is closed. Hint: Construct a linear transformation
whose kernel is the given subspace.

Exercise 4.42. A metric space X is said to be connected if X is not the union of two disjoint nonempty
sets.

Prove that a continuous image of a connected set is connected, that is, if X and Y are metric spaces
such that X is connected, and if f : X — Y is continuous, then f(X) is connected as a metric space (with
the metric induced from Y).
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4.3.1. Limits and continuity.

Definition 4.43. Let U be an open subset of R, ¢ € U, L € R™ and f : U — R™. Then we
write

flo) =5 L
or

lim f(z) =L

Tr—cC
if for every e > 0, there exists a > 0 such that whenever z € U satisfies 0 < ||z — ¢[l2 < §, we
have ||f(z) — L|j2 < e. We then say that f has a limit at ¢, and call L its limit.

We can recast this definition in terms of sequences.

Theorem 4.44. Let U be an open subset of R", ce U, L€ R™ and f:U — R™. Then
lim f(x) =L

Tr—cC

if and only if for every sequence (Tn)nen contained in U such that x, # ¢ (n € N), lim z, =¢,
n—oo

lim f(z,)=L.

n—r 00

Proof. (If) Suppose that liin f(z) = L does not hold. Then there is an € > 0 such that for every

d > 0, there is a point & € U (depending on §), for which 0 < ||z — ¢|l2 < §, but ||f(z) — L||2 > €.
Taking § successively to be 1/n (n € N), we can thus find a sequence z,, € U such that z, # ¢
(n € N) and || f(z,) — L||2 > €. But this last condition means that lim f(z,) = L does not hold.

n— 00

This completes the proof of the “if part”.

(Only if) Suppose now that lim f(x) = L, and that (x,)nen is a sequence contained in U
xr—c

such that z, # ¢ (n € N), lim x,, = ¢. Let ¢ > 0. Then there exists a 6 > 0 such that whenever
n—oo

x € U satisfies 0 < ||o — ¢|2 < d, we have ||f(z) — L||2 < e. Also, there exists an N € N such that
for all n > N, 0 < |la,, — ¢|| < §. Consequently, for n > N we have ||f(x,) — L|l2 < e. Hence
lim f(z,)=L. O

n—oo

Corollary 4.45. Let U be an open subset of R™, c € U and f : U — R™. If f has a limit at c,
then it is unique.

This result follows from the above theorem and the fact that convergent sequences have a
unique limit.

Moreover, using the algebra of limits for real sequences, it follows also that the same sort of
results carry over to limits of real-valued functions.

Theorem 4.46. Let U be an open subset of R™, ¢ € U. Suppose that f,g: U — R and
lim f(z) = Ly, lim g(z) = Ly,
where Ly, Ly € R. Define f+g,fg: U — R by
(f+9)@) =f(@)+g(@), (fo)z)=[f(x)g(x) (xzel).

Then we have

(1) L (f +g)(x) = Ly + Ly = lim f(z) + lim ().

T—cC

® tin(fo)(o) = LeLy = (i 0)) (mgte).

r—cC
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The following result is clear from the definitions.

Theorem 4.47. Let U be an open subset of R™, ¢ € U. Then f : U — R™ is continuous at ¢ if
and only if

lim /() = /(o).

Tr—c

4.4. Compactness and continuity

In this section we will learn about a very useful result in Optimization Theory, on the existence
of global minimizers of real-valued continuous functions on compact sets.

Theorem 4.48. Let K be a compact subset of a metric space X, and let Y be a metric space.
Suppose that f: K =Y is a continuous function. Then f(K) is a compact subset of Y.

Proof. Suppose that (y,)nen is a sequence in contained in f(K). Then for each n € N, there
exists an xz, € K such that y, = f(x,). Thus we obtain a sequence (x,),ecn in the set K. As
K is compact, there exists a convergent subsequence, say (Z, )ren, with limit L € K. As f is
continuous, it preserves convergent sequences. So (f(Zn, ))ken = (Yn,, )ken is convergent with limit
f(L) € f(K). Consequently, f(K) is compact. O

Now we prove the aforementioned result which turns out to be very useful in Optimiza-
tion Theory, namely that a real-valued continuous function on a compact set attains its maxi-
mum/minimum. This is a generalization of the Extreme-Value Theorem we had learnt earlier,
where the compact set in question was just the interval [a, b].

Theorem 4.49 (Weierstrass’s theorem). Let K be a nonempty compact subset of a metric space
X, and let f: K — R be a continuous function. Then there exists a ¢ € K such that

f(e) = sup{f(@) : @ € K}.

We note that since ¢ € K, f(¢) € {f(x) : « € K}, and so the supremum above is actually a
maximum:

fle)=sup{f(z): 2z € K} = max{f(x): 2 € K}.
Also, under the same hypothesis of the above result, there exists a minimizer in K, that is, there
exists a d € K such that

f(d)=inf{f(z):z € K} =min{f(z) : v € K}.

This follows from the above result by just looking at — f, that is by applying the above result to
the continuous function g : K — R given by

g(z) = —f(z) (v € K).

Proof of Theorem 4.49. We know that the image of K under f, namely the set f(K) is compact
and hence bounded. So {f(z) : x € K} is bounded. It is also nonempty since K is nonempty.
But by the least upper bound property of R, a nonempty bounded subset of R has a least upper
bound. Thus M := sup{f(z) : = € K} € R. Now consider M — 1/n (n € N). This number
cannot be an upper bound for {f(z) : x € K}. So we there must be an x,, € K such that
f(zp) > M — 1/n. In this manner we get a sequence (zp)nen in K. As K is compact, (Z,)nen
has a convergent subsequence (z,, )reny with limit, say ¢, belonging to K. As f is continuous,
(f(zpn,))ken is convergent as well with limit f(c). But from the inequalities f(z,) > M — 1/n
(n € N), it follows that f(c) > M. On the other hand, from the definition of M, we also have that
f(e) < M. Hence f(c) = M. O
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Example 4.50. Since the set K = {z € R : 27 + 23 + 22 = 1} is compact in R3 and since the
function x — x1 + x9 + x5 is continuous on R3, it follows that the optimization problem

minimize 1 + zo + T3
subject to zf+a3+a23=1 [’

has a minimizer. O

Remark 4.51. (*) In Optimization Theory, one often meets necessary conditions for an optimal
solution, that is, results of the following form:

maximize f(x) }

If Z is an optimal solution to the optimization problem { subject to 7 € F (C R")

then T satisfies [* * x |.

(Where are certain mathematical conditions, such as the Lagrange multiplier equations.)
Now such a result has limited use as such since even if we find all Z(s) which satisfy [* x|, we
can’t conclude that there is one that is optimal. But now suppose that we know that f: F — R
is continuous and that F is compact. Then we know that an optimal solution exists, and so we
know that among the Z(s) that satisfy , there is at least one which is an optimal solution.

Exercise 4.52. (x) Let N :R? — R be any norm on R?. The aim of this exercise is to show that N is
“equivalent to>” || - ||2, that is, there are constants M, m > 0 such that

for all z € R, m/||z|2 < N(z) < M||z]|2.

(1) Let e; = (1,0,...,0),...,eq = (0,...,0,1) be the standard basis vectors in R?. Thus the vector
z = (z1,...,%a) € R? is the linear combination zie1 + -+ + Tqeq. Show, using the Cauchy-
Schwarz inequality, that there is a constant M > 0 such that for all z € R%, N(z) < M|z

(2) Prove using the triangle inequality for N that for all z,y € R%, |N(z) — N(y)| < N(z — y).
Conclude that the map N : (R% || - ||2) — R is continuous.

(3) Consider the compact set K := {x € R?: ||z||2 = 1} and use Weierstrass’s theorem to prove the
existence of m > 0 such that for all z € R?, m|jz||2 < N(z).

Exercise 4.53. In each case, give an example of a continuous function f : S — T, such that f(S) =T
or else explain why there can be no such f. (We use the usual topologies, for example (0, 1) in the first
part has the Euclidean topology of R.)

(1) §=(0,1), T = (0,1].

(2) S=(0,1), T=(0,1)U(1,2).

3) S=R, T=0Q.

(4) $=10,1]U[2,3], T ={0,1}.

(5) S=10,1] x [0,1], T = R%

(6) S=10,1] x [0,1], T'=(0,1) x (0, 1).
() (071) (7 )’T:R2'

Exercise 4.54. () Let (X, d) be a metric space and let f : X — X be a function that satisfies
for all z,y € X such that z # vy, d(f(z), f(y)) < d(z,y). (4.1)

(1) Prove that f has at most one fixed point (that is, a point ¢ € X such that f(c) = ¢).

(2) Let X = (0, ) with the usual topology and consider the function f : X — X given by f(z) = =
for z € (0, ) Show that f satisfies (4.54), but it has no fixed point.

(3) Show that the function g : X — R given by g(z) = d(z, f(x)) (x € X) is continuous.

2

(4) Prove that if X is compact, then f has exactly one fixed point.
Hint: g attains a minimum on X.

3The fuss about equivalent norms on a vector space X is that whenever two norms N, N2 are equivalent, the open
sets in (X, N1) coincide with the ones in (X, N3), and so as topological spaces, they are the same!
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Exercise 4.55. Let X be a compact metric space and let f : X — Z be a continuous function. (Here Z
has the Euclidean topology induced from R.) Prove that f can assume only finitely many values.

Exercise 4.56. (x)
(1) Show that [0, 1] and (0, 1) are homeomorphic when both spaces are equipped with the discrete
metric.

(2) Show that [0,1] and (0,1) are not homeomorphic when both spaces are equipped with the
Euclidean metric.

4.5. Uniform continuity

Definition 4.57. Let (X,dx), (Y,dy) be metric spaces. f : X — Y is said to be uniformly
continuous if for every e > 0, there exists a 6 > 0 such that for all z,y € X satisfying dx(x,y) < 4,
there holds that dy (f(x), f(y)) < e.

Note that in the definition we are introducing the notion of uniform continuity of a function
on a set, and not at a point.

While checking continuity of a function on a set, we check its continuity at every point as
follows. Given a point ¢ in X and an € > 0, we need to find a ball of radius § around ¢ such that
the image of that ball under f is contained in a ball of radius € around f(c). But in general, the
radius ¢ of the ball around ¢ may depend on the ¢ we choose, and it may not be possible to use
the same ¢ everywhere in X. For a uniformly continuous function, it is possible to choose a § that
depends only on € and not on the point c.

Proposition 4.58. Let (X,dx),(Y,dy) be metric spaces. If f : X =Y is uniformly continuous,
then f is continuous.

Proof. Let ¢ € X. Suppose that € > 0. By the uniform continuity of f, there exists a § > 0 such
that for all z,y € X satisfying dx (z,y) < 0, there holds that dy (f(z), f(y)) < e. In particular,
if v € X satisfies dx(z,¢) < 0, we have dy (f(x), f(¢)) < e. Thus f is continuous at ¢. But the
choice of ¢ was arbitrary, and so f is continuous on X. O

The following example shows that uniform continuity is a strictly stronger notion than conti-
nuity, that is, there are continuous functions that are not uniformly continuous.

Example 4.59. The function f: (0,1) — R given by
flz)=1/z (0<z<1)

is continuous on (0,1). Indeed, if (z,)y is a convergent sequence in (0,1) with limit L, then
(f(2n))neny = (1/x,)n is a convergent sequence with limit 1/L = f(L).

However, f is not uniformly continuous. Suppose it is. Then given ¢ > 0, there exists a § > 0
such that whenever |z — y| < J, we have

1 1‘
———|<e
Ty
. 1 1 1
Consider 2 = — and y = —. Then |z — y| = —, and so |z — y| < ¢ for all n large enough, but
n 2n 2n
1 1‘
———|=n>c¢
Ty
for n large enough. O

Exercise 4.60. () Show that f : R — R given by f(z) = 2® (z € R) is continuous, but not uniformly
continuous. Hint: Consider x =n and y =n + % for large n.
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Proposition 4.61. Let (X,dx),(Y,dy) be metric spaces, and suppose that X is compact. If
f: X =Y is continuous, then f is also uniformly continuous.

Proof. We give an argument by contradiction. So let us suppose that f is not uniformly contin-
uous. Then there exists an € > 0 such that for every § > 0, there are some x,y € X such that
dx(z,y) < 0, but dy (f(x), f(y)) > €. In particular, if we take § = 1/n, then there exist =, y, € X
such that dx (xn,yn) < 1/n but dy (f(xn), f(yn)) > €. By using the compactness of X, and con-
sidering subsequences if necessary, we may assume that (z,)nen and (y,)nen are convergent, with
limits say z,y € X, respectively®. Since dx (z,,yn) < 1/n, we obtain dx(z,y) < 0, and so z = y.
Also, by the continuity of f, we have (f(xy))nen, (f(yn))nen converge respectively to f(x), f(y).
Hence dy (f(xn), f(yn)) converges to dy (f(z), f(y)) = 0 (as z = y!). But on the other hand, from
dy (f(zn), f(yn)) > €, we obtain dy (f(z), f(y)) > € > 0, a contradiction. O

Exercise 4.62. Prove that the function f : R — R defined by f(z) = |z| (z € R) is uniformly continuous.

Exercise 4.63. Let (X, d) be a metric space and let ¢ € X. Define f : X — R by f(z) = d(z,c). Prove
that f is uniformly continuous on X.

Exercise 4.64. A function f:R"™ — R™ is said to be (globally) Lipschitz if there exists a number L > 0
such that for all z,y € R", [|f(z) — f(y)[l2 < L[|z — y|[2. Prove that every Lipschitz function is uniformly
continuous.

Exercise 4.65. Let X,Y be metric spaces, and let f : X — Y be uniformly continuous. Show that
if (zn)nen is a Cauchy sequence in X, then (f(zn))nen is a Cauchy sequence in Y. Compare this with
Exercise 4.33.

4Since X is compact, the sequence (z,)nen has a convergent subsequence, say (rnk)keN, converging to, say x € X.
Also, the sequence (yn, )ren has a convergent subsequence, say (ynk[ )een, converging to, say y € Y.



Chapter 5

Differentiation

Given a function f : (a,b) — R, and a point ¢ € (a,b), consider the difference quotient for
€ (a,b), z # ¢
1) = £
T —c
Geometrically, this number represents the slope of the chord passing through the points (¢, f(c))
and (x, f(x)) on the graph of f; see Figure 1.

Figure 1. The difference quotient.

Suppose that as x goes to ¢, the difference quotients approach a number, say L, that is,

i £@) = 7€)

Tz—c xr—cC

=L

In other words, for every ¢ > 0, there exists a 6 > 0 such that whenever € (a,b) satisfies
0 < |z —¢| <0, we have
f(@) = fle)

r —cC

— Ll <e.

Then we say that f is differentiable at the point c. See Figure 2, where we see the geometric
interpretation of L: it is the slope of the tangent to the graph of f at the point ¢. Notice also that
if we “zoom into” the graph of f around the point (¢, f(c)), the graph seems to coincide with the
tangent line. In other words, the tangent line is a “linear approximation” of f near the point c.

The number L is unique, and we denote this unique number by f/(c), and call it the derivative
of f at c. If f is differentiable at every ¢ € (a,b), then we say that f is differentiable on (a,b).

Theorem 5.1. Let [ : (a,b) — R be differentiable at ¢ € (a,b). Then [ is continuous at c.

o7
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[ Y .

Figure 2. The chords approach the tangent line as = approaches c.

Proof. Let ¢ > 0. First choose a ¢’ > 0 such that for all = € (a,b) such that 0 < |z — ¢| < ¢, we
have
f(z) = f(e)

r —cC

—fllo) < 1.

Then rearrangement (using the triangle inequality) gives
[f () = fll < (L+ [ ()])]x = cl.

€ } Then for all x € (a,b) such that 0 < |z — ¢| < §, we have

Now define § := min {(5’

TLf ()
[f(@) = fll <@+ |f' ()D]z—cf < (1+ If'(C)I)m =e
Consequently f is continuous at c. O

The converse of the theorem is not true, and the following example demonstrates this.

Example 5.2. The function f : R — R defined by f(z) = |z| (z € R) is (uniformly) continuous
since

@)~ 1)

But let us now show that f is not differentiable at 0. If it were, then given an € > 0, there exists
a 0 > 0 such that whenever 0 < |z| <, we have

= [lal = Iyl | < = — ol

=l
- f(0)] <e
U o) <
In particular, if we take x = 6/2, then we obtain |1 — f/(0)| < e. If we take z = —§/2, we

also get | — 1 — f/(0)] < e. As the choice of € > 0 was arbitrary, we obtain |1 — f'(0)] < 0 and
| —1— f’(0)] <0. But this means that f/(0) =1 and f’(0) = —1, and so 1 = —1, a contradiction.
O

One can show the following result about rules for differentiating the sum and product of
differentiable functions.

Proposition 5.3. Let f,g: (a,b) — R be differentiable at ¢ € (a,b). Then:
(1) The sum f+g: (a,b) = R defined by (f+g)(z) = f(x)+9(z) (z € (a,b)) is differentiable
at ¢, and (f +g)'(c) = f'(c) + ¢'(c).
(2) The product fg: (a,b) — R defined by (fg)(z) = f(x) - g(x) (x € (a,b)) is differentiable
at ¢, and (fg)'(c) = f'(c)g(c) + f(c)g'(c).
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Proof. These claims follow from the algebra of limits, namely Theorem 4.46. Indeed we have

jim 9@ = (F+9)(e) _fl@) = fle) |y 9(@) —g(c)

T—cC xr—c T—cC xr—c T—cC xr—c

= f'(c)+4(0),
which proves (1). Also, (2) follows from the following;:
(f9)(x) = (fg) () f(@)g(x) — f(e)g(x) + f(e)g(x) — f(c)g(c)

lim = lim
T—c xTr—C r—c T —c
= lim flz) = f(e) - g(x) + lim f(c) - 9(x) —g(c)
xT—c Tr —cC r—c T —cC
e AC R (G g9(x) + f(c) lim 9(x) —9(0)
xr—c r —cC T—cC T—c xr —c
= f(e)gle) + f(0)g' ().
This completes the proof. 0

Example 5.4. The derivative of the constant function is clearly zero. It is also easy to see that
if f is defined by f(z) = = (x € R), then f’(x) = 1. Repeated application of (2) above shows that
the derivative of 2" (n € N) is nz™ 1. Thus every polynomial function is differentiable. O

Henceforth, we will take for granted the standard results on differentiating elementary func-
tions such as sinx that the student is familiar from ordinary calculus.

Exercise 5.5.

(1) Show that if f, g are real valued differentiable functions on an open interval I, then (fg)' (z) =
f(2)g(z) + f(2)g (), x € I.
(2) Prove that if f, g are infinitely many times differentiable functions on an open interval I, then

n

(f9) (@) =Y (’;) fO@g" @), wel.

k=0

(3) For a real number z and n a nonnegative integer, define
d =z —1)-(z—n+1).

Show that if z,y € R, (z +y)" = Z <Z> gFlyln =+,

k=0
Hint: Differentiate t*T¥ n times with respect to t € I := (0, 00).

5.1. Mean Value Theorem

We say that f : (a,b) — R has a local minimum at ¢ € (a,b) if there exists a 6 > 0 such that
whenever x € (a,b) satisfies |« — ¢| < d, we have f(x) > f(c). In other words, “locally” around c,
the value assumed by f at c is the smallest. See Figure 3. Local maximizers are defined likewise.

Theorem 5.6. Let [ : (a,b) — R be such that [ has a local minimum at ¢ € (a,b), and f is
differentiable at c. Then f'(c) = 0.

An analogous result holds for a local maximizer.

Proof. Let § > 0 be such that a« < ¢ =0 < ¢ < c+d < band f(z) > f(c) for x satisfying
|z —c| < 0. Given an € > 0, we can also ensure (by making ¢ smaller if required) that for all
satisfying 0 < |z — ¢| < J, we have

f(x) = f(e)

r—C

— flle)| <e.
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Figure 3. The points P, @ and all points in the interior of the line segment AB are all local minimizers.

Hence we have for all x satisfying ¢ < x < ¢+ 9§ that

fx) = f(e)

r—C

f(x) = f(e)

Tr—cC

0—f'(c) < < e

f@)s‘

(In order to obtain the first inequality, we have used the fact that z — ¢ > 0 and f(z) > f(c).)
Similarly, for z satisfying ¢ —§ < & < ¢,we have

fx) = f(o)

Tr—cC

—f'(e)

fx) = f(o)

Tr—cC

04 7(c) < — +f%ﬁ§‘ )| <.

Consequently, we have |f’(c)| < e. But the choice of € > 0 was arbitrary, and hence f/'(¢) =0. O

Theorem 5.7 (Mean-Value Theorem). Let f : [a,b] — R be continuous on [a,b] and differentiable
on (a,b). Then there is a point ¢ € (a,b) such that

f(b) = f(a)

i)

The above result has a simple geometric interpretation. If we look at the chord AB in the
plane which joins the end points A = (a, f(a)) and B = (b, f(b)) of the graph of f, then there is
a point ¢ € (a,b), where the tangent to f at the point C' = (¢, f(c¢)) is parallel to the chord AB.
See Figure 4.

I

|
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| |
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! | |

| | I
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a c b

Figure 4. Geometric meaning of the Mean Value Theorem.

Proof of Theorem 5.7. Define ¢ : [a,b] — R by
p(x) = (f(b) = fla))z = (b—a)f(z), =€ (a,b).
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Then ¢ is continuous on [a, b], differentiable on (a,b) and

pla) = (f(b) = fla))a— (b—a)f(a) = f(b)a —bf(a) = (f(b) = f(a))b— (b—a)f(b) = ¢(b).
Moreover, for x € (a,b), we have ¢'(z) = f(b) — f(a) — (b — a)f'(z), and so in order to prove the
theorem, it suffices to show that ¢’(c) = 0 for some ¢ € (a,b).

If ¢ is constant, this holds for all = € (a,b). If p(z) < p(a) = ¢(b) for some x € (a,b), let ¢ be
a point in [a, b] where ¢ attains its minimum (Extreme Value Theorem!). Then since ¢(b) = ¢(a),
we conclude that ¢ € (a,b). By the necessary condition for a local minimizer, we have ¢’(c) = 0.
A similar argument applies if we choose for ¢ a point on [a, b] where ¢ attains its maximum. O

Corollary 5.8 (Rolle’s theorem). Let f : [a,b] — R be continuous on [a,b] and differentiable on
(a,b). If f(a) = f(b), then there exists ¢ € (a,b) such that f'(c) = 0.

Exercise 5.9 (Cauchy’s theorem). If f, g : [a,b] — R are continuous on [a, b] and differentiable on (a, b),

then show that there is a point ¢ € (a,b) such that (f(b) — f(a))g’(c) = (g(b) — g(a)) f'(c).
flz) glx) 1

Hint: Apply Rolle’s Theorem to ¢ given by ¢(z) =det | f(a) g(a) 1 | (z € [a,b]).
f(o) gb) 1

Corollary 5.10. Suppose that f: (a,b) — R is differentiable on (a,b). Then:
(1) If f'(x) > 0 for all = € (a,b), then f is increasing.
(2) If f'(x) =0 for all z € (a,b), then f is constant.
(3) If f'(x) <0 for all x € (a,b), then f is decreasing.

Proof. For each pair of numbers z1, 25 € (a,b), by the Mean Value Theorem, we have

flx1) = f(x2) = f'(x) (21 — 22)

for some x between x; and z5. All the above conclusions can be read off from here. O
The Mean Value Theorem can be used to prove interesting inequalities; here is an example.

1
Example 5.11. Let us show that for all z > 0, /1 4+x <1+ 5:5

Consider the function f : [0,00) — R defined by f(z) = v/1+ 2. Then f is continuous on
[0,00) and differentiable on (0,00). If z > 0, then applying the Mean Value Theorem to f on the
interval [0, ], we obtain the existence of a ¢ such that 0 < ¢ < z and

f@) - f0) Vitz-1_ ., 1 |
7—0 T =<

Rearranging, we obtain the desired inequality. O

If f has a derivative f'(x) at each z € (a,b), then we can consider the derivative function,
namely the map f’ given by z — f’(x) on the interval (a,b). Suppose now that f’ is itself
differentiable on (a,b). Then we may consider the derivative function f of f’. One can continue
in this manner (provided of course that each successive function obtained is again differentiable),
and obtain the functions

f/7 f//7 f(3)7 s f(n)’
each of which is the derivative of the previous one. f(™ is called the nth derivative, or the
derivative or order n, of f.

Example 5.12. All polynomials have derivatives of all orders, and eventually all high order
derivatives are the zero function. O

Exercise 5.13. Let f : R — R be such that for all z,y € R, |f(z) — f(y)| < (z — y)?. Prove that f is
constant.
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Exercise 5.14. Let f : (a,b) — R be differentiable on (a,b) and suppose that there is number M such
that for all z € (a,b), |f'(z)] < M. Show that f is uniformly continuous on (a,b).

Exercise 5.15. Show that the cubic 223 4+ 322 4+ 62 + 10 has exactly one real zero.
Exercise 5.16. Let f: R — R. We call z € R a fized point of f if f(z) = .

(1) If f is differentiable, and for all z € R, f’(z) # 1, then prove that f has at most one fixed point.

(2) (*) Show that if there is an M < 1 such that for all z € R, |f'(z)] < M, then there is a fixed

point z, of f, and that z, = lim x,, where z; is arbitrary and x,+1 = f(zn) (n € N).
n— oo

(3) Visualize the process described in the part (2) above via the zig-zag path
(w1, m2) — (w2, 22) — (w2, 23) — (w3,73) — (T3,74) — ...
(4) Prove that the function f: R — R defined by
f(w)zx—'_lJr% (r € R)
has no fixed point, although 0 < f/(z) < 1 for all z € R. Is this a contradiction to the result in
part (2) above? Explain.
Exercise 5.17. Consider the function f: R — R defined by f(0) = 0 and for = # 0,

a1
flx)==z sin —.

Prove that f is differentiable, but f’ is not continuous at 0.

Exercise 5.18. (x) Find all functions f : R — R such that f is differentiable on R and for all z € R and
alln e N,

f/(lT): f(a?"‘n)l_f(x)

Hint: Conclude that f must be twice differentiable and calculate f”(z).
Exercise 5.19. Show that for every real a,b € R, |cosa — cosb| < |a — b].

Exercise 5.20. (%) A function f : R — R is said to be convez if for all z,y € R and all ¢t € (0,1),
S =tz +ty) < (1 —1)f(x) +1f(y).
(1) Draw a picture and explain the geometric meaning of the inequality above.

(2) Show that if f is twice differentiable, then f is convex if f”/(z) > 0 for all z € R. Hint: If z < y,
then apply the Mean Value Theorem for f on the interval [z, (1 —t)x +ty] and [(1 —t)z + ty, y].

(3) Prove that if f is a differentiable and convex function, then f’ is increasing. Hint: If z < u < y,
then using the convexity, derive the inequalities

fw) = f(z) ) = f(=) ) = fw)

U—x - y—x - Yy—u

and pass the limits u \, z and v " y.
(Combining this result with the result in part (2), we conclude that a twice differentiable
function is convex if and only if f(x) > 0 for all z € R.)

(4) Prove that if f is a differentiable, convex function and f'(zo) = 0 for a o € R, then ¢ is a
minimizer of f.
Exercise 5.21. Prove that not all the zeros of the polynomial z* — v/72® + 422 — v/22z + 15 are real.
Hint: Repeated application of Rolle’s Theorem.

5.2. Uniform convergence and differentiation

When we studied uniform convergence, we had mentioned that interchanging limits is facilitated by
uniform convergence. An instance of this is the possibility of differentiating a uniformly convergent
series termwise; as shown in the Corollary 5.23 below. This relies on the following result, which
in turn is an application of the Mean Value Theorem.
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Proposition 5.22. Let f, : (a,b) = R (n € N) be a sequence of differentiable functions on (a,b),
such that there exists a point ¢ € (a,b) for which (f,(c))nen converges. If the sequence (f!)nen
converges uniformly to g on (a,b), then (fn)nen converges uniformly to a differentiable function
f on (a,b), and moreover, f'(x) = g(x) for all x € (a,b).

Proof. (x) (You may skip reading this proof.) Let e > 0. Choose N; € N such that for all
m,n > Ny,
€

i) = fote] <min{ 5, 2L and 1£,(0) = fule) < 5

Let z € (a,b). Apply the Mean Value Theorem to the function f,, — f,, on the interval with the
endpoints z, ¢ to get

fn (@) = fo(@) = fin(c) = fule) + (@ — ) (fru(y) = fr(y)

for some y between x, c. Hence

2
|[fin(2) = fa(@)| < [ fm(e) = fal)] + (b= a)lfr(y) = fuly)] < e <e.
Consequently, (f,)nen is uniformly convergent on (a,b). Let f : (a,b) — R be its limit. As each
fn is continuous, so is f.

To show that f is differentiable at a point 2y € (a,b), we apply the Mean Value Theorem once
again to f,, — fn on the interval with endpoints xy and x € (a,b),  # 9. We obtain

(fm(@) = fu(@)) = (fm(@0) = fu(z0)) = (z — 20)(fr (¥) — fr(¥))
for some y between x and x(. Dividing by x — z( and taking absolute values, we get

Jm(z) = fm(0) . fn(z) = falxo)

Tr — X Tr — X

€
< |fmly) = f)l < 3
Passing the limit m — oo yields

‘f J(20)  ful@) = Julxo)

€
<-.

w

r — X Tr — X

Now choose Ny € N such that | f],(x0) — g(z0)| < ¢/3 for all n > Ny. Let N := max{N;, N2} and
choose ¢ > 0 such that 0 < |z — zo| < § implies

fn(x) — fn (o)

T —x0 3

€
Fitan)| < 5
Then combining these inequalities, we get for 0 < |x — x¢| < ¢ that

‘j’)9($o)

Tr — X

< €.

As the choice of € > 0 was arbitrary, it follows that f is differentiable at xo and f'(zo) = g(z¢). O

Corollary 5.23. Let f, : (a,b) = R, n € N, be a sequence of differentiable functions such that

) Z fn(c) converges for some ¢ € (a,b), and

n=1

(2) g:= Z 11, is uniformly convergent on (a,b).

n=1

Then f = Z fn is uniformly convergent on (a,b) and f' = g on (a,b).

n=1
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Example 5.24. We will show that the exponential function f(z) := e® (x € R) satisfies the
differential equation

d
/(@ =f(z) (zeR)

We have

Ooldn_ooln—l_oo 1 n—l_ooln

Zm@x —Zam —Zi(nfl)!m —Zax

n=0 n=1 n=1 n=0
converges uniformly on each bounded interval. Thus, by Corollary 5.23, we obtain f'(z) = f(z)
as required. O

Exercise 5.25. (¥) What is the sum of the series 1 + 2z + 32 + 42> 4 ... for x € (—1,1)?

5.3. Derivative of maps from R" to R™

In order to differentiate functions whose domain is R™ (or an open subset of R™) and takes values
in R™, let us take another look at the familiar case when n = m = 1, and let us recast the old
definition in a manner that will naturally lend itself for extension to the case when n or m is > 1.

We has defined f : (a,b) — R to be differentiable at ¢ € (a,b) if

f/(c) -— lim f(fE) B f(C)
T—c Tr—cC
exists. Or equivalently,

is small, in the sense that

LGOI O K (OB M O [C0 |

Tz—cC ‘a’; — c‘ T—cC |x — c| Tz—cC

f(x) = f(e)

Tr—C

— f'(e)] = 0.

Now consider the linear transformation L : R — R given by
L(h) = f'(¢c)h (h €R).
Then we can write the remainder term as
r(z) = f(@) = flc) = f(e)(z = ¢) = f(z) = f(c) = L(z — o),
and we see that r(x) measures how different f(x) — f(c) is from the action of the linear transfor-

mation L on z — ¢. So we may view the number f’(c) as describing a linear transformation L so
that the remainder r defined by r(x) := f(x) — f(¢) — f'(¢)(x — ¢) has the property that

@)
z—c |z — (]
This motivates the following definition.

Definition 5.26. Let U C R" be open, ¢ € U and f : U — R™. Then we say that f is
differentiable at c if there exists a linear transformation L : R” — R™ such that

o 17@) = £(©) = L = &)

z—e [l = cll2

=0, (5.1)
that is, for every € > 0, there exists a 6 > 0 such that whenever x € U satisfies 0 < ||z — ¢||2 < 6,

there holds that
If(z) = fle) = Lz —<ll2 _
| — cll2
Then L is called the derivative of f at ¢, and we write f'(c) = L.
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The relation (5.1) can be expressed by saying that
f(@) = f(e) = f'(c)(x — ) +r(2),

where the remainder r satisfies

fim 72 _

ve ||z —cfl
So we can interpret this as saying that f’(c) is that linear transformation which has the property
that for z close to ¢, f(x) — f(c) is approximately equal to its action on 2 — ¢. Next we show that
in fact there can be only one such linear transformation.

Lemma 5.27. Let U C R™ be open, c € U and f : U — R™ be differentiable at c. Then the
derwative of f at ¢ is unique.

Proof. Suppose that Ly, Lo are two linear transformations such that

o @ = O =T =Illa _ _ . IF@) = £(0) = Lalz = 2

e [l = cll2 e [ = cll2

Thus given € > 0, we can choose a § > 0 such that whenever 0 < ||z — ¢||2 < J, we have

1f(2) = f(e) = Ln(x = )l

< €,
[z —cl2
If (@) = fle) = La(x =)l _
[z = cll2

Hence by the triangle inequality, it follows for whenever 0 < ||z — ¢||2 < 4,
[L2(z —¢) = Ln(x — ¢)|lz
[z —cll2

< 2e,

that is, || La(z — ¢) — Li(x — ¢)||2 < 2¢||z — ¢||2. Now given any nonzero h € R™, define

r=c+ h.
2([h]l2
Then 0 < ||z — ¢l = §/2 < 6, and so ||Leh — Lih|la < 2¢||h||2. But the choice of € > 0 was
arbitrary, and so Loh = L1h for all nonzero h € R™. Thus Ly = L. O

Example 5.28. Let A € R™*". Consider the map T, : R — R™ given by Tha = Az (z € R").
If ¢ € R™, then is T4 differentiable at ¢? If so, then what is its derivative? The answers turn out
to be very simple. We note that for x € R™, we have

Ta(x) —Talc) = Ta(z —c),

and so T T . 0
ti 7A@ ZTal) ~Ta@ =l _ypp, 0 _ 9,
z—c |l — cl|2 a—c ||z —c|a  woe
So T4 is differentiable at ¢ € R™, and 1% (¢) = T'a! O

Exercise 5.29. (x) Let f: R™ — R be differentiable at ¢ € R™. Show that the new function g : R — R,
defined by

g(@) = (f(z))* (z€R")
is also differentiable at c¢. Hint: (f(x))? — (f(¢)? = (f(z) + f(c)(f(z) — f(c)) = 2f(c)f (c)(z — ¢) for x
near c.
Exercise 5.30. Let Q € R™ "™ be a symmetric matrix, that is, @ = Q'. Define ¢ : R® — R by
q(z) = " Qx (x € R™). Prove that ¢ is differentiable at each ¢ € R™ and that ¢'(c) : R™ — R is given by
¢ (c)v=2¢"Qu (v eR™).

Exercise 5.31. Consider the map f : R"™ — R given by
f@)=lzllz (z€R).
Calculate f(c) for ¢ € R™. Hint: Use the results in Exercises 5.29 and 5.30.
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5.4. Partial derivatives

Suppose that U is an open subset of R", and let f : U — R™ be a function. Let the components
of f be denoted by fi1,..., fin. Thus fore=1,...,m,

filz) =¢] f(z) (z€U),

where e, ..., e, denote the standard basis vectors in R™, that is,
1 0
€1 = . ) y €m 1= :
: 0
0 1
Let ce U. If
Ofi (c) = lim filcr, oo ¢j—1, 25,1,y 0n) — fier, oo Cim1, Gy Cig1s - -5 Cn)
axj Tj—rCj xj — Cj
exists, then we call a—ﬂ(c) the (i, 7)th partial derivative f at ¢. Thus, we look only at the ith
Ly
component f; : U — R, keep all the variables x1,...,2;_1,%j41,...,%, as fixed, with values
Cly-+-3Cj—1,Cj+1,- - - Cn, respectively, and differentiate the function

Tt fi(ch ey G155, Cip1y 7Cn)
with respect to z; at c;.

Example 5.32. Let f: R? — R? be defined by

2 2
| 27+ 23
f(z1,22) = { - ] :
Then we have

0 0
B—Q(cl,q) = 2¢cy, aj:: (c1,c2) = 2ca,
dfs Of2
871:1@1’02) ca, 67502(01,02) =c1

O
Theorem 5.33. Let U be an open subset of R™, and c € U. If f : U — R™ 1s differentiable at c,

then all the partial derivatives of f at ¢, namely,
Ofi
8$j
exist, and the matriz [f'(c)] of the linear transformation f'(c) with respect to the standard bases
for R™ and R™ is given by

(¢) (i=1,...,m; j=1,...,n)

df1 df1
[f'(e)] = : :

O fm O fm

6—331(6) e (c)

Proof. Let € > 0. Then since f is differentiable at ¢, there exists a 6 > 0 such that for all z € U
such that 0 < ||z — ¢||2 < §, we have

1/ () = fe) = f'(e)(z = c)l2

<€
|z — |2
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Let z; be such that 0 < |z; — ¢;j| < 6. Define

T = (Cl,...,Cj,l,l‘j,CjJrl,...,Cn).

Then z —c=(0,...,0,2; —¢,0,...,0) = (z; — c)e;, and so ||z — ¢||2 = |z; — ¢|. Consequently, for
these x:s,
1/ () = fe) = f'(e)(z = c)l2

[z = cll2
Moreover, fi(x) — fi(c) — (e] [f'(c)]le;)(x; — ¢;) = ] (f(x) = f(c) = f'(c)(x — c)), and so
|fi(w) = fi(z) = (e [f'(e)]ej) (s — ;)| < [If(2) = f(e) = f'(e) (@ = c)ll=.

Hence for x;:s satisfying 0 < |z; — ¢;| < 6, we have

< €.

fi(ch...,Cj,l,LCj,CjJrl,...,CZ)‘ :fz(cl, yCi—1,C55Cj41y - - ,Cn) o e;l'[f/(c)]ej <€
J J

This completes the proof. [

@ The above result says that for the derivative to exist, it is necessary that the partial derivatives
exist. Surprisingly, this is not a sufficient condition.

Example 5.34. Let f:R? — R be defined by f(0,0) = 0 and for (z1,z2) # (0,0),

T1X2
f($17332) =

We will show that although g—f(0,0) and g—f(0,0) exist, f/(0,0) doesn’t, that is, f is not
differentiable at (0, 0). o o
For z1 # 0, we have f(x1,0) — f(0,0) =0 —0 =0, and so

9L (0,0) = tim L@ SO0 _ gy
0x1 1 —0 1 —0 21—0

Similarly, %(0,0) =0.
2

Thus all the partial derivatives of f exist at (0,0). However, we will now show that f(0,0)
does not exist. Suppose that f’(0,0) does exist. Then by Theorem 5.33,

o0 =| 3200 oo =10 0].

Let € > 0. Then there exists a § > 0 such that for all z € R? satisfying 0 < ||z — 0|2 < J, we have

If(z) = £(0) = F(O)(z = Ol _
[l = Ol ’

that is,
|z122]

(2% +23) /ol + 3
For all n € N large enough, with 2; := x5 := 1/n, we have that 0 < ||(x1,22)—(0,0)||2 = v2/n < 6,
and so there must hold

< €.

|z122|

no_ n2
2v/2 3@ (22 + 23)\/2? + 23
n? n

<€,

for all large n, a contradiction. %
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Let U be an open subset of R™. We say that f : U — R has a local minimum at ¢ € U if
there exists a § > 0 such that whenever x € U satisfies ||z — ¢||2 < J, we have f(x) > f(c). Local
maximizers are defined analogously.

Corollary 5.35. Let U be an open subset of R™. Let f : U — R be such that f has a local
minimum at ¢ € U, and f is differentiable at c. Then f'(c) = 0.

Proof. It is clear that if ¢ is a local minimizer for f, then each of the functions
T — f(Cl, s G, Ly G Ly e ey Cn)

has a local minimum at ¢;, and so by the one variable result, we have

of
=0
oz, (c)
for each i = 1,...,m. Consequently, Theorem 5.33 yields f’(c) = 0. O

An analogous result holds for a local maximizer.

Exercise 5.36. Let 7, be real numbers such that 7 — &2 = 0. Show that f(z,t) := ™%, z,t € (0, 00),
satisfies the diffusion equation

2
Z—{(I,t) — %(m,t) =0.
o’f . . o . of
(Here ez 18 used to denote the partial derivative with respect to = of the map (x,t) — %(x, t).)

Exercise 5.37. In the subject of “Calculus of Variations”, the following type of optimization problem is
studied:

b
minimize f(x) ::/ F(xz(t),x'(t), t)dt
where the integrand in the cost function is described by a function F : R® — R of three real variables
(o, B,7) taking values in R*:
(@.8,7) (ER?) +—  F(aB,7) (ER),

and the (variable) function z : [a,b] — R is such that z(a) = y, and xp, = y». Hence we observe that this
is an optimization problem in which the domain of the cost function is itself a set of functions. Figure 5
illustrates this.

Yo

Q===
=== ==

Figure 5. Possible zs.

The fundamental result in Calculus of Variations is that if z, is an optimal solution to this problem,
then it must satisfy the following “Euler-Lagrange equation”:

om0, 0.0 - 4 (G500 O0) =0 (te o).

Consider for example the following optimization problem which occurs in resource management. One
wants to maximize the profit

Flo) = /O (P — az(t) — ba' (1))’ (t)dt
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associated with a possible choice of operation x : [0, 7] — R over the time interval [0, T'] satisfying 2(0) = 0
and z(T) = Q. Here T, P,a,b,Q are given positive constants. Assuming that an optimal operation z.
exists, find it using the Euler-Lagrange equation.

Exercise 5.38. (x) Find all (global) minimizers of f : R* — R defined by f(x1,22) = 21 — 12z122 + 23,
(z1,22) € R®.

Exercise 5.39. Verify that

0? 0?
S a) = (@) (52)

for all (z,y) € R?, where the function f is given by
flwy) = 32" + 99> — 9%y ((2,y) €R®).
Show that (5.2) does not hold at (0,0) if f is given by

2,2
f(-T,y) = xyzQ + 32 if (:C7y) 7é (070)’

0 if (z,y) = (0,0).

Exercise 5.40. Find the derivative of the multiplication map (z,y) — zy : R — R at (o, o) in R%

5.5. Notes (not part of the course)

In connection with Theorem 5.1, we might wonder how badly behaved continuous functions might be
with respect to the notion of differentiability. It turns out that there are functions that are continuous
everywhere, but differentiable nowhere. One construction is that of the so-called blancmange function
obtained by taking the basic sawtooth function f1,

=

Jil

and constructing fa, fs,... by setting
fae) = 3R,
fole) = hiaa),
file) = ghso),

e - (3) hea,

and adding these:
ba) = fulz), zER
n=1

Then it can be shown that b is continuous on R, but not differentiable at any = € R.

We have seen in Example 5.34 that even though all the partial derivatives exist at a point, the function
may not be differentiable at that point. However, the following result says that if the partial derivatives
are continuous in a neighbourhood of the point, then the function is differentiable in that neighbourhood.
Here is the precise statement of the result, a proof of which can be found in Rudin [R].
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Theorem 5.41. Suppose that f maps an open set U C R™ into R™. If all the partial derivatives

gz(x) (i=1,...,m; j=1,...,n)
ezist at each x € U and the maps
xH%(x):U%R (Gi=1,...,m; 5=1,...,n)
8mj

are continuous on U, then f is continuously differentiable on U.

(In the above the phrase “continuously differentiable on U” means that at each z € U, f'(z) exists
and the map z — f/'(z) : U — L(R™;R™) is continuous on U. Here £(R™; R™) denotes the set of all linear
transformations from R™ to R™.)

Also, in Exercise 5.39, we saw a real function for which the order of taking partial derivatives mattered.
The following result gives a sufficient condition for it to be irrelevant.

Theorem 5.42. If U C R" and f : U — R is twice continuously differentiable (that is, f"(x) exists at
each x € U and the map x — f"(z) is continuous on U), then
2 2
o*f 2) = o°f (@)
8wi8x]’ axjawi

1<i,5<n, zel).



Epilogue: integration

One traditional topic in real analysis that we haven’t covered in these notes is Integration Theory.
There are two important types of integrals: Riemann integration and Lebesgue integration. Rie-
mann integration will be covered in the course MA200 Further Mathematical Methods (Calculus),
and it has the advantage that it is intuitive and easy to follow. However, it turns out that it is
not amenable to certain natural limiting processes. For example, it turns out that the functional
analogue of the Euclidean space R™, namely the space Cla, b] equipped with the following norm

b
I£12i=1/ [ 1f@Pde (f € Clab)

is not complete, which turns out to be awkward when one wants to deal with applications. How-
ever, one can introduce a more general integral called the Lebesgue integral, which rescues this
situation. The interested reader is referred to the book by Rudin [R] for these matters. However,
in this last chapter, we study the foundations of Riemann integration in the case of a function
f i [a,b] = R. We study the definition, elementary properties and finish with establishing the
Fundamental Theorem of Integral Calculus.

5.6. Motivation and definition

It is a basic problem in geometry to calculate the area under a curve, which arises from concrete
practical applications.

Given a “nice” function f : [a,b] — R, determine the area under the graph of f. Pictorially,
find the area of the shaded region in Figure 6.

Figure 6. What is the area under the graph of f?

Of course if the function were a simple function, like a constant function taking value c
everywhere, it would be easy to calculate the area. See Figure 7.
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Figure 7. Area under the graph of f is ¢- (b — a).

Indeed it would just be the area of the rectangle ABC D, that is,
fla)-(b—a)=f(b)-(b—a)=c-(b—a)

But how do we define the area in the case when f is not constant and the graph of f has a
shape which curves? Well, if there were numbers m, M such that m < f(z) < M for all = € [a, b],
surely we must have that the area under the graph of f, say A(f), is flanked by the areas of the
two rectangles ABC'D and ABC'D’, as shown in Figure 8, that is,

m-(b—a) < A(f) < M - (b—a).

D’ c’

D e}

A B
a b

Figure 8. Bounds/estimates for the area under the graph of f.

This gives us the idea that we can estimate the area A(f) by breaking it into little rectangles;

see Figure 9.

Figure 9. Calculation of the area under the graph of f.

In order to make this rigorous, we introduce the notion of a partition and that of upper/lower
sum associated with a partition and a bounded function f : [a,b] — R.

Definition 5.43 (Partition). A partition P of [a,b] is a finite set P = {xg, z1,...,Zp_1, %, } such
that a = 29 < 1 < -+ < xp—1 < @, = b. The set of all partitions P of [a,b] will be denoted by

P.
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Definition 5.44 (Upper/lower sum). Let f : [a,b] — R be a bounded function and let P be a
partition of [a, b].
An upper sum U(f, P) of f associated with P is defined to be

n—1
U(f,P):= Z ( sup ]f($)> (@1 — xp).

k=0 \ZE[Tk:Tri1

(In other words, it is the area of a rectangle with the segment [z, zr11] as the base and which is
the shortest rectangle which contains the graph of the function f in the interval [xk, zx41].)

An lower sum L(f, P) of f associated with P is defined to be
n—1
Lp)= Y nt @) G - o)
o rE[TE,Thq1]

(In other words, it is the area of a rectangle with the segment [xj,x;4+1] as the base and which
is the tallest rectangle which is contained in the region under the graph of the function f in the
interval [zg, Tr41].)

Clearly we expect that the actual area A(f) is bounded above by any upper sum, and hence
by the infimum of all upper sums. Similarly, A(f) is bounded below by any lower sum, and hence
by the supremum of all lower sums. Thus we expect that

sup Lp(f) < A(f) < sup Up(f).

PEP PEP
Of course as the partions get finer, we expect that for a nice function f the two bound get close to
each other, since they both approximate A(f) rather well. This motivates the following definition.

Exercise 5.45.

(1) Show that for any bounded function f : [a,b] — R, and any partitions P, P’ of [a, b], there holds
that U(f, P) > L(f, P").
Hint: Consider a “refinement” partition that contains both the partitions P and P’.

(2) Prove that inf U(f, P) > sup L(f, P).
PeP PeP
Definition 5.46. A bounded function f : [a,b] — R is called Riemann integrable if
sup L = inf U .
sup p(f) = jnf Up(f)

b
We denote the common value by / f(x)dx, and call it the Riemann integral of f.

Here is an example of a Riemann integrable function.

Example 5.47. Consider the bounded function f : [0,1] — R given by f(x) = 22, x € [0,1]. We
will show that f is Riemann integrable and that

/01 fla)dx = %

Rather than considering all partitions, it turns out that one can be somewhat more efficient by
just considering the special partitions

1 2 —1
P*:{037733"'7n 71}7
n nn n

which will be used to prove our claim. Clearly,

"‘1(k+1)21_ 124224324402 n-(n+1)-2n+1)  (1+HE+1)

U(f.P)=>

k=0

n n n3 6mn3 6
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Thus,
. . 1+ He+d) 1
< = 2 n/ nl
RRUU P S UG B = i = 3
Similarly,
n—1 2 1 1
EN°1 1242243+ +(n—-12% (1-:)2-2)
wrr =3 (5) 5 - - =
k=0
Hence,
o -9e-5 1
L(f,P)>supL(f,P,) = lim ~—— 1" n’ — _
sup (f, L:lég (f, Pe) = lim G 3

But these estimates yield that

1 1
> inf P) > sup L(f,P) > -
3_1;gPU(f, )_;1;173) (fs )_3

showing that

. 1
F(0) = f(a) jnf U(f, P) = sup L(f,P) = 3

1
1
Hence f is Riemann integrable and / f@)dx = 3 O
0

Here is an example of a function that is not Riemann integrable.

Example 5.48. Consider the indicator function f of rationals in [0,1], that is, f : [0,1] — R is
given by
[ 1 ifzeq,
f={ wrgg @cbu.

Clearly f is bounded by 1. We will show that
inf U(f,P)=1> sup L(f,P)=0,
Pop (f.P) Sep (f, P)

showing that f is not Riemann integrable.
Consider any partition P = {0,z1,...,2,-1,1} of [0,1]. Then each subinterval [z, Txt1]

contains a rational number oy and an irrational number (3, and so

sup  f(z) = f(ow) =1and inf  f(z) < f(Br) =0.

TE[T,Tht1) TE[Tk,Thy1]

Consequently,

n—1 n—1
U(f,P) = Z < E[SUP ]f($)> (Tpgr — xp) > Zl'(fﬂkﬂ — )

k=0 \"Sk:Tht1 k=0

= (r1—mo)+(w2a—x1)+ -+ (xp —Tp_1)=ap, —20=1—-0=1.

Similarly,
n—1 n—1
L(f,P)= inf z) |- (x —xp) < 0-(x —x) = 0.
FP) =X (ot 76 o —aw) < 30~ )
Thus,
inf U(f,P)>1>02> sup L(f, P).
nf U(f,P) 2 = sup (f,P)
Hence f is not Riemann integrable. O

All continuous functions are Riemann integrable.

Theorem 5.49. All functions continuous on [a,b] are Riemann integrable.
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Proof. We know that [a,b] is compact, and so the continuity of f implies that f is bounded and
also uniformly continuous. Given any e > 0, there exists ¢ > 0 such that whenever z,y € [a, ] are
such that |z — y| < 9, we have |f(x) — f(y)| < e. Consider any partition P, = {a,21,...,2n_1,b}
such that _ina |xk+1 — x| < d. Then

*,,

n—1 n—1
U(f, Po)=L(f, Px) :Z sup  f(z) — inf  f(2)] (Tkr1—ak) Z €(Tp1—7k) = €(b—a).
k=0 J;E[Ik,wk+1] xe[xk"xk+1] k=0

Thus
0< inf U(f,P)— sup L(f,P) < inf U(f,P) = L(f,P.) S U(f.P.) = L(f,P.) < (b — a).

PeP

As the choice of € > 0 was arbitrary, it follows that
inf U(f,P) = L(f,P
b U(f, P) = swp L(f, P),
and so f is Riemann integrable. O

One can show that the Riemann integral has the following elementary properties, which are
left as an exercise to the student.

Exercise 5.50. Let f, g be Riemann integrable on [a, ] and o € R. Then the following hold:

/f +g(x dm—/f der/()d
()/aaf dw—a/f

(3) If for all € [a,b], f(z) >0, / f(z)dz > 0.

b b
(4) If for all © € [a,b], f(z) < g(z), then / f(x)dx < / g(z)dz.

/ )] < / 1) e

b
(6) If f is continuous and nonnegative on [a, b] and / f(z)dz = 0, then f is identically equal to 0.

(5) |f| is also Riemann integrable and

5.7. Fundamental theorem of integral calculus

We will now prove the following result.

Theorem 5.51. Let f : [a,b] — R be continuously differentiable on [a,b]. Then

/ f(@)dz = f(b) - [(a).

Proof. f’ is continous on [a,b] and so uniformly continuous there. Let ¢ > 0. Then there exists
a § > 0 such that whenever z,y € [a,b] are such that |z — y| < §, we have |f'(z) — f'(y)| < e
Consider any partition P, = {x¢g = a, 1,..., Tp_1, Tn = b} with

k:€%§.7n(xk+1 —xp) < 0.

By the Mean Value Theorem, for each k =0,...,n — 1, there is a ¢; € (zy,zr11) such that

f@en) = flax)

Te41 — Tk

= f'(ck).
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Hence
n—1 n—1
U(f, P) = (f(b) = fa)) = < sup f’(x)) (Tht1 — Tx) — Z(f(fﬂkﬂ) = f(@k))
=0 \ZE[Tk.Trt1] k=0
= Z < [sup ]f’(a:) - f’(ck)> (g1 —zx) (note thisis > 0)
k=0 \FEITk:Thkt1
< 3 e(xpp1 —x) = €(b—a).
k=0
Similarly,
n—1
40 - @) =L P) = 3 (£l = ot 7'@) (awa ) (note tis s >0)
k=0 kyTk41
< 3 e(xpr1 — xk) = €(b—a).
k=0
Thus
b
/ fl(a)de = (£(0) = f(a)) = f U(f, P) = (f(b) = f(a)) S U(f. P) = (f(b) = f(a)) < (b~ a),
and
b
/ f(@)dz — (f(b) - f(a)) = IS;IEII;L(ﬁ P) = (f(b) = f(a)) = L(f, P.) — (f(b) = f(a)) > —€(b—a).

< ¢(b—a). As the choice of ¢ > 0 was arbitrary, it

b
Consequently, |/ f(x)dx — (f(b) — f(a))

follows that

b
[ r@ds=0) - s(@.
a
This completes the proof. O
Exercise 5.52. Redo Example 5.47 using the Fundamental Theorem of Integral Calculus and the fact

&
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