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A Proofs of propositions

A.1 Lemmas

Lemma 1 Let 9, = {z € C||z| < p} be the closed disc of radius p and let (z) = > 7% gz*
denote the z-transform of the sequence of survival probabilities {\}72,,.
(i) The function 1(z) is analytic on 9, for some p > 1.
(ii) A stationary age distribution {w,}32, consistent with the hazard function {a,}3°, is stable if
and only if 1(z) has no roots in 9, for some p > 1.

PRrROOF (i) Let &oo = limy .o 0t¢ be the limiting value of the hazard function {o}3°,. It is
assumed that & > 0. Let @ be a number lying strictly between (1 — &) and 1, which must satisfy
0 < @ < 1. Given that oy — as as £ — oo, there must exist a value of j such that (1 — oay) < @ for
all £ > 3. Since Py = (1—oy)Py_1, this implies that Py < @Yy for all £ > y and hence P, < CDZ_]II)J.

Now let p be any number strictly between 1 and @~!, which implies 0 < @p < 1 and hence that
SRz <SR (@p) = (1 — @p)~! < oo for all z € F,. By applying the triangle inequality to
the power series 9(z), it follows that
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and hence [1(z)| < 0o if z € Z,. Therefore, the power series (z) is analytic on 2, for some p > 1.

(i)  Let {w¢}°, be a stationary age distribution satisfying » ,~, wy = 1 and consistent with the
hazard function {o}7°, so that w, = (1 — ap)we—1. Now let Ay, = wyy — wy denote the sequence
of deviations {A;}7°,, from this stationary distribution at time t. As Y ;2w = 1, it must be the
case that y_ ;21 As; = 0 and hence Aoy = — Y2, Ary. Thus considering the sequence of deviations
{Ag}52, is sufficient to know the behaviour of the whole sequence {A;;}7°,.

The laws of motion for the age distribution {wg;}7°, require that wy; = (1 — ap)we—q -1 for all
¢ > 1. These imply laws of motion for the deviations Ay :

Arg=—(1—01)> Age1, and Agy=(1— o)Ay for £=2,3,..., [A.1.1]
/=1

using the earlier formula for Ag;—1 in terms of the sequence {Ag;—1}7°;.



The equations in [A.1.1] define a linear transformation of the sequence {A;;}7°,. Suppose (
is an eigenvalue of this linear transformation, with the sequence {v,}7°, being the corresponding
eigenvector. The eigenvalue-eigenvector pair is characterized by

vi=—(1—-0o) Zw, and Cvy= (1 —ay)vy_y for £=2,3,.... [A.1.2]
(=1

The stability of the stationary age distribution {w,}7°, is equivalent to all eigenvalues of the linear
transformation having modulus less than one.

For a non-zero eigenvalue (, note that the equations in [A.1.2] imply v; # 0, otherwise all elements
of the sequence {v,}72, would be zero, which would mean that it could not be an eigenvector (which
must be non-zero). Applying [A.1.2] recursively yields

¢
(1—oq)ve=¢ D H(l —ay) pvy for £=2,3,...,
=1

and hence (1 — o1)vy = {~“"Ypyvy using the definition of the survival probabilities {e}2,. Sub-
stitution into the remaining equation from [A.1.2] implies

{ch—f} vi =0,
£=0

which together with vi # 0 requires that ¢({~!) = 0. Thus, any eigenvalue ( of the linear trans-
formation from {Ag;}72, to {Ags11}92, is either zero, or its reciprocal ¢~ !is a root of the equation
¥(z) = 0. Similarly, the reciprocal of any root of ¥(z) = 0 will be an eigenvalue of the linear
transformation.

If there is a p > 1 such that ¢(z) = 0 has no roots on %, then all eigenvalues ¢ must have
modulus less than one. Conversely, note that %, is a compact set for any fixed p. If this p is no
more than the threshold found in part (i) then v(z) is an analytic function on %,, so it has a finite
number of roots in this set. Hence if all eigenvalues ¢ have modulus less than one then there exists
a minimum value of |¢~1|, which is greater than one. It follows that there exists a p > 1 such that
1 (2) = 0 has no roots on Z,. This completes the proof. [ |

Lemma 2 Suppose ¥(z) = Y 2, P2t is a power series with coefficients satisfying g = 1 and
0 <Y1 < (1 =)y for all £ > 0 and for some 0 < « < 1. Then there exists a p > 1 such that the
equation 1(z) = 0 has no roots in the set %, = {z € C | |z| < p}.

PROOF Let @ be a number lying strictly between (1 — «) and 1, which must satisfy 0 < @ < 1.
Since Pyy1 = (1 — gy 1)Wy, the definition of @ then implies that Wy < @Yy, for all £ > 0. Now let
p be any number strictly between 1 and the minimum of @' and the radius of the disc on which
1(z) is analytic (greater than one), as established by Lemma 1.

Construct a new function §(z) = (1 — @z)1(z), which inherits the property that it is analytic on
P, from 1(z) using Lemma 1. Using the definition of ¢(z) and collecting terms in common powers

of z:
o

§(2) =13 (@r 1~ )2

12
The function can be written as §(z) = Fo(z) +F1(2), where Fo(z) =1 and Fi(2) = — >0 (@Pp—1 —

—



Py)2* are defined. The modulus of F;(z) satisfies

o0

1$1(2)] < Z [@p_y — ol|2[" = Z(ﬁﬂl’é*l — )|zl

/=1 /=1

using the triangle inequality and the positivity of the coefficient of |z|°.

|z| < pt, it follows that

Now take any z € Z,. Since

D (@1 =)zl <D (@1 —be)p’ = @p — (1—@p) Y Pep’ < @p,

=1 /=1 /=1

by collecting common terms in 1\, and using the non-negativity of {\p¢}7°, together with \g = 1 and
0 < @p < 1. Combining the equations above yields |F1(z)| < @p, and hence |F1(z)| < |Fo(z)| for all
z € 9, since |§o(z)| = 1.

As a constant function, §o(z) must be analytic, and consequently §1(z) inherits this property
from §(z). Since F(z) = Fo(z) + F1(z), Rouché’s Theorem' implies that F(z) and Fo(z) have the
same number of zeros on Z,. Since Fo(z) clearly has no zeros on this set, neither has §(z). Because
its definition ensures that §(z) inherits any roots of 1(z) = 0, this precludes ¢(z) having a zero in
P, as well. This completes the proof. |

Lemma 3 The sequence of recursive parameters {@;};°, generating the hazard function {;}72,

using [3.1] can be written as
i+1

@i = (—1)! > 11 [A.1.3]

(915+50i4+1)€Ci1 £=1

where the sequence {0,}?°, is defined by 01 = —(1 — «1) and oy = &y — oty—1, and where {%;}52, is
a sequence of sets ¢;, with each €; being a subset of the set of sequences

9¢E{(]1,...,3i)€Ni

1< <t } . [A.1.4]

PROOF Define a sequence {¢d;}7°; with ¢; = 1—a and ¢; = —@;_; for i > 2. With these definitions,
the recursion [3.2] for the survival function {1,}72, reduces to:

¢
Ve =Y b,
i=1

with initial condition {g = 1. Using the initial condition, the order of the recursion can be reversed

to yield
i—1

bi =1 — Y i ;b;. [A.1.5]

J=1

The definition of the survival probabilities means that \; = szl(l — ay), and the definition of the
sequence {oy}72, in the statement of the Lemma implies 1 — oy = Zle(—crj). It follows that

i 1 i
vi=][> (o= > [[ow

=1 j=1 n=1 2i=10=1

1See any text on complex analysis, such as Gamelin (2001), for further details about the theorem.



where the order of summation and multiplication is reversed in the final expression for 1\;. Note that
the definition of the set & of sequences (71,...,7) in [A.1.4] implies that {; can be written as a
sum of products [[,_, 0,, over all sequences in the set Z;:

Yi==0" > ] o [A.1.6]

(915-,01)€EP; L=1

Now let €1 = 71 = { (1) }, where the expression for &) comes from [A.1.4], and define the sets %;
in the sequence {%;}3°, with the recursion

i—1
G=2\ | |J @2 |, [A.1.7]

Jj=1

in terms of the sequence {Z;}:°, specified in [A.1.4]. Observe that ¢; C &; is well defined if €; C &;
forall j=1,...,i—1 because (J1,...,7i—;) € Pi—; implies 5y < £+ j. Since €1 C Z; by definition,
the claim that %; C &; for all i follows by induction.

Now consider the following claim about the sequence of sets {%;}7°, defined by [A.1.7]:

(€ x Pi—j) N (6 x Pig) =0, forall i,j,keN with j,k<i, j#k. [A.1.8]

Suppose for contradiction that (6; x Z;—;) N (€% x Pi_i) # 0, and without loss of generality take
j > k. Hence there is a sequence (j1,...,7;) € N such that (51,...,7;) € €, (1,..-, %) € €k, and
(Jk+1s---+0i) € Pi—k. This implies that (jp41,...,7;) € Pj_k because the first j — k terms of a
sequence of length i — k > j — k in &;_;, must necessarily belong to &?;_, given the definition in
[A.1.4]. Thus it follows that there exists a (31,...,7;) € €; N (€ x P;_i) for some k < j. However,
this directly contradicts the definition of € in [A.1.7]. Therefore, [A.1.8] must be true.

Given the recursion for {¢;}7°, in [A.1.5] and the expression for \; in [A.1.6], the following
provides a formula for ¢;:

7

i—1
i = <_1)i Z H O ( — Z (I)j <_1)i_j Oy (- [A.I.Q]
j=1

(915+501) €L =1 (91530i—§ ) EPi—j =1

<.
|
<.

It is claimed that the following equation holds for all : = 1,2,...:
$; = (-1) Z H 0,5 A110]
(915,24 EE; £=1

Suppose this statement has already been proved for j = 1,...,7 — 1 and substitute it into [A.1.9] to
obtain:

7 i—1 7
bi= (0" > Jlow|- (=1)* > IR [A.1.11]
(]1,...,ji)€,@i€=1 j:1 (]1,~~~7]i)€((fj><t@i—j)£:1

where the following has been used:

(—1)/ Z HO—M (-1 Z HGJZ = (1)’ Z HG]Z'

(914,05 )€ £=1 (9154501~ )EPi—j £=1 (915,01 E(CG X P 5) £=1



It follows from [A.1.11] that [A.1.10] holds for i if the sets €; x &;_; and 6}, x &;_, are disjoint for
all j # k, which is the claim [A.1.8] established earlier. Now note that the definitions of €7, 01 and
¢; imply that [A.1.10] holds for ¢ = 1. Therefore, the expression for ¢; in [A.1.10] is verified for all
by induction. Since @; = (—1)d;41 by definition, equation [A.1.3] is demonstrated for the particular
sets {%;}5°, characterized in [A.1.7]. This completes the proof. [ |

A.2 Proof of Proposition 1

Let ¢(2) = > 52, We2’ denote the z-transform of the survival probabilities {1,}22,. Lemma 1
demonstrates that t(z) is analytic on 2, = {z € C | |2| < p} for some p > 1. Since 1 € Z, it follows
that (1) = >0,y is finite (and positive given that Py = 1 and P, > 0). Define wo = ¢(1)~?
and wy = we, for £ > 1. By construction, the sequence {w,}?°, satisfies >, w,; = 1, and
wy = (1 — ay)wy_q since Py = (1 — ay)Py_1. Note also that

> opwer =wo Y abeg =wo Y (eo1 —Pg) = w,

/=1 (=1 (=1

as Py = (1 —ay)pr—1 and P = 1. This confirms that {w,}7°, is a stationary age distribution. There
can be only one such distribution because {w/}p2, must satisfy w, = (1 — oz)wy_; for all £ > 1.
This leaves only wq to be determined, but this is pinned down by the requirement > ;2 w, = 1.

Now suppose that oy > o for all ¢ for some « satisfying 0 < o < 1. Since Pyy1 = (1 — opg1)Wy,
this implies 0 < Pyy1 < (1 — )Py for all £. Hence Lemma 2 implies that there exists a p > 1 such
that ¢ (z) = 0 has no roots on Z,. Lemma 1 shows that this condition implies that the stationary
age distribution is stable, completing the proof.

A.3 Proof of Proposition 2

The first step is to derive the standard representation of the Phillips curve [2.6] from equations [2.3],
[2.4] and [2.5]. Let 1(2) = Y02, Pez’ and w(z) = 372, wez’ be the z-transforms of the sequences
of survival probabilities {1{¢}7°, and the age distribution {w,}7°,. Written in terms of the lag and
forward operators L and F, equations [2.4] and [2.5] become:

re = ¢(B) "B [W(BF)p;], and p; = w(L)r. A.3.1]

Note that w, = Pywp, so wg = (1)~! since w(1) = 1. This justifies the relationship w(z) =
(1)~ 11p(2) between w(z) and +(z). By using this result, eliminating the reset price r; from [A.3.1],
and substituting the expression for p; from [2.3]:

{T— o) '(B) WDWE(BF) } pr =v {e(1) ' »(B) ' H(L)Erp(BF) } xt, [A.3.2]

where I denotes the identity operator.
The left-hand side of [A.3.2] is

Z;.io ll)] Z?i() BZIPEEt—th—j—&—Z
Z;.io ll)] Z?io BZII)Z

The definition of inflation 7t; = py — py—1 implies py_;1¢ = pr—y + T—y41 + -+ + )44, SO

B 1 /on—1 S Rebelpe = pi—e) S0 2imo ¥y (2 Bi) By
{]I Y1)~ 9(B) ¢(E')]Et¢(BIF)} Pt = Z;io Ny Z;io Z?io Bell)jll)f )
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{T— (1) " %(B) W(WEW(PE)} pr = pr —

[A.3.3]




The definition of inflation also implies p; — pr—¢ = T_py1 + - - - + 71, thus

Ve Sorey (o2 W) T

_ -1 -1 _
{T—-9(1)"9(B) V(L) EW(BE) | pr Zgiolbfnt + Z?io"bf
S0 N (DEA) B
220 2o By ' o
The right-hand side of [A.3.2] is
o0 o0 Y4
v L) (B) LB (BE) ) x, = v =0 im0 B OByt A35)

Z;io 220 By

Using the expressions in [A.3.4] and [A.3.5], it is seen that [A.3.2] is equivalent to the standard
Phillips curve equation [2.6] with the coefficients:

D1 Wi P, >, b

wy b, B bbe
221 P ! Zfil Ziio Bh‘biwh’ Z;)il ZZO:O Bh‘bid’h.

Now suppose the hazard function implies that the stationary age distribution of prices is stable.
As Lemma 1 shows, this is equivalent to there being a p > 1 such that ¢(z) has no roots in the
set Z, = {2 € C||z| < p}. Under this condition, the function ¢(z) = 1(z)~! is analytic on %,
which is equivalent to ¢(z) being equal to its Taylor expansion around z = 0 for all z € Z,. Thus,
d(2) =102, bz for some sequence of numbers {Pp}22,, with Y5, |dy| < oo since Z, encloses
the unit circle. The first term in the Taylor series of ¢(z) is 1 because ¥(0) =Py = 1.

Since ¢(2)1(z) = 1 for all |z| < 1, it follows that T = 1 (L)¢(L), which allows the left-hand side
of [A.3.2] to be expressed equivalently as follows:

{T- @) (B) D @E(BE)} pe = (1) (B) (L) {(1)Y(B)H(L) — Eo(BEF)} pr.  [A.3.6]
It also follows from ¢(z)1(z) = 1 that I = (BF)¢(BF), and thus ¢(L) = IH(L) = (BF)d(RF)p(L).

Furthermore, note that the power series ¢(L) = > ;2 ¢/’ contains only non-negative powers of
the lag operator L, so ¢(L)p; = E;p(L)p;. Putting these two results together implies ¢(L)p; =
E¢)(BF)p(BF)p(L)p;. Then observe that because the power series ¥(BF) = >, B4, F contains
only non-negative powers of F, the law of iterated expectations (from which it follows that the
conditional expectation operator IE; commutes with all non-negative powers of the forward operator
F) implies

and cy =

P(L)pr = Bt [Y(BF) {E:p(BE)H(L)} pe] -

This result, together with [A.3.6], and noting ¢(BF)¢(L) = ¢(L)p(BEF), ¥(1) = ¢(1)~! and ¥(B) =
#(B)~1, yields

{T— (1) " (B) " Y(LE(BF) } pr =
{(1) ' (B) (@) Ewp(BE) } B {o(1) " o(B) ' G(L)p(BF) — I} pr. [A.3.7]

Equating this expression to the right-hand side of [A.3.2] leads to the following equation that is
exactly equivalent to the Phillips curve [2.6]:

{v@) 7 (B) T WE(BE)} (Bt [{#(1) " ¢(B) ™ d(L)d(BF) — I} pe] — vxe) = 0. [A.3.8]

Now define the function x(z) = ¢(1)71o(B)1ep(2)p(B271) — 1, which is analytic on <, =
{z eC ‘ Bp~l <z < p} given that ¢(z) is analytic and has no roots on %,. Notice that x(1) =0,



so it follows that there is another function 6(z) analytic on %, such that x(z) = (1 — 2)6(z). The
function 6(z) is equal to its Laurent series expansion 0(2) = > .0° _ 0,2¢ for all 2z € &, Since
includes the unit circle, it follows that Y ,° |0 < co. Make the following definitions of sequences
{Ae}g2, and {&}72,, and coeflicient k appearing in the new Phillips curve [2.7]:

With these definitions, the sequences clearly satisfy ;2 [A¢] < oo and Y ;2 |&/| < oo (it can be
shown that 8y # 0 using the argument presented in the proof of Proposition 6).
Now define

dt =T — Z Agﬂft,g — Z E,gEtT[t+g — VKX¢, [A39]

=1 =1
and note that the definitions above imply d; = & {IE; [#(L)7;] — vx;}. Since m; = (I — L)p; and
X(L) = (I — L)§(L), it follows that O(L)m; = x(L)p; and hence d; = k {E¢ [x(L)pt] — vx¢}. There-
fore, comparing this expression for d; to equation [A.3.8], the Phillips curve [2.6] is equivalent to

{v(1) " (B) (@) Ew (BEF) } dr = 0, and thus to
Y(L)E: [ (BF)d¢] = 0, [A.3.10]

holding in all time periods ¢t. Let e, = E;[¢)(BF)d;], with equation [A.3.10] being equivalent to
P(L)e; = 0 for all ¢.

Note that by comparing [A.3.9] to [2.7], the new Phillips curve equation is equivalent to d; = 0
for all ¢. Suppose the new Phillips curve equation [2.7] holds. Thus d; = 0 for all ¢ and hence ¢; = 0
for all t as well. It follows that ¢(L)e; = 0, so the original Phillips curve [2.6] must hold.

Conversely, suppose the original Phillips curve [2.6] holds, which implies 1(L)e; = 0 using [A.3.10].
Given the stability of the stationary age distribution, it has been shown that ¢(z) = 0 has no roots on
or inside the unit circle. Thus if ey, # 0 for some tg, it follows from ¢ (L)e; = 0 that ; is unbounded
for time periods before ty. Now given the location of the roots of ¢)(z) = 0, it follows from 0 < f < 1
that 1(fz) = 0 has no roots on or inside the unit circle. Hence if ¢, = 0 for all ¢, the only bounded
solution of e, = Iy [ (BF)d;] is d; = 0 for all t. On the other hand, if e; is unbounded over all time
periods ¢, then d; must also be unbounded. If d; is unbounded then equation [A.3.9] shows that either
inflation 7t; or real marginal cost x; must be unbounded. Consequently, if attention is restricted to
bounded rational expectations solutions (as is conventional), the original Phillips curve [2.6] implies
e; = 0 for all ¢, and hence d; = 0 for all ¢. This then demonstrates that the new Phillips curve [2.7]
must hold, completing the proof.

A.4 Proof of Proposition 3

Let ¢(z) = Y72, We2’ denote the z-transform of the sequence of survival probabilities {(,}22,
generated by some hazard function {o}72, from parameters oc and {¢;}7; using the recursion [3.1].

Define the polynomial
n n
d(z) =1-— (1 — o+ Z (pi> z+ Z @,z [A.4.1]
=1 1=1

using these parameters. Since the recursion in [3.1] is equivalent to [3.2], by multiplying the power
series ¢(z) and ¥(z) and noting that Py = 1, it follows that ¢(z)y(z) =1 for all z for which ¥ (z) is
analytic.

The hazard function implies a unique stationary age distribution {w,}7°,, with its z-transform
denoted by w(z) = 372, wez’. Since wy = (1 — ay)wy—1 and Py = (1 — o)1, it follows that w(z)



is a multiple of ¥(z). In particular, as Py = 1, it must be the case that w( ) = wotb(2). As {(,Ug}e 0
is a probability distribution, it follows that w(1) = 1, and thus wg = w( )t d ( ) = (1)1 (2).

Together with ¢(2)1(z) = 1, it is established that ¢(2)w(z) = ¥(1)~1. Since ¥(1)~! = ¢(1):
w(z) = o)) . A4
(i) Let & denote the average probability of price adjustment, calculated with respect to the

stationary age distribution of prices at the beginning of any period. This distribution is given by
{we_1}324, 50 & =372, wr_10. Using the fact that w, = (1 — az)wy,_1, it follows that w1, =

Wy_1 — wy and thus
x= (W —w) =Y wr— Y wp=wy. [A.4.3]
=1 /=0 /=1

The fraction of newly set prices is wp. Since wy = w(0) and ¢(0) = 1, it follows from [A.4.1] and
[A.4.2] that
x=wp=¢(l) =« [A.4.4]

for all values of {¢;}
(ii)  Now consider the expected duration of a newly set price. If ¢y = 1 — ¢y denotes the probablhty
of price stickiness in the current period if ¢ periods have elapsed since the last change then oy H 1 S

is the probability that a price will survive for exactly ¢ periods after first being set before bemg
changed. The expected duration is denoted by A:

00 /-1
fizzjg:ﬁoq:[lgj
/=1 =1

The definition of the survival probabilities {\,}72, implies Py_1 = Hf;% g;. Together with appy_1 =
VPy_1 — Py, the expected duration is given by

NE

h= Zﬁocglbg_1 = Z€(¢Z—1 —y) =

(C4+ Db =Y b= e =1(1). [A.4.5]
=0

L

Il
=)

As ¢(2)1(2) = 1, it follows that ¥(1) = ¢(1)~!. The result in [A.4.4] then implies that i = «~!

(iii)  Let hy denote the average age of the prices that are changed. Using Bayes’ law, the probability
that a price has age £ conditional on being changed is the product of oy and wy_; divided by & = wy.
Since wy_1/wo = Py_1, it follows that Ay is given by

ha = Lopby_s. [A.4.6]
/=1

The result in [A.4.5] then implies Ay = A = a1

Let hc denote the average age of the prices that are not changed. Again, using Bayes’ law, the
probability that a price has age £ conditional on not being changed is the product of ¢y = 1 — &, and
wy_1 divided by 1 — . Thus hc is given by




Using ¢y =1 — ¢ and wy_1 = opy_1 since wg = «:

he = ﬁ (; w1 — oc;focelbe_1> = ﬁ (ZZ: wy + Zﬁwz - azfaed)e—l) :
— = —0 =0 =1

Note that 72, w, = 1. From the definition of w(2) it follows that w'(z) = 0%, fw,z*~! and thus
W'(1) = >"52, lwy. Substituting these results and using the expression for hy from [A.4.6] together
with Ay = ™! to deduce:

1 _ W'(1)
= — 1 ! 1 - 1 = . A.4.
hi 1—oc( +w'(1) — xax™ ) — [A.4.7]
Differentiation of both sides of [A.4.2] yields:
1)¢'(2)
W'(z) = —L,
IO

and hence w'(1) = —¢/(1)¢(1)~!. Differentiation of the polynomial ¢(z) in [A.4.1] implies ¢'(2) =
—(I—a+370 @) + 377, (5 + 1)@,27, from which it follows that ¢'(1) = — (1 —a— Y71, i@;).

And since ¢(1) =
W(1) = (1 —o— chp,) ot [A.4.8]
i=1

Therefore, using [A.4.7], the difference between the average ages of prices conditional on adjustment
and non-adjustment is

i — B = o1 — (1 —x— Zupz> o« t1-w)t = (ZZ%) o1 — )7t
i=1 =1

(iv) Let h =Y ,2,¢wy denote the average age of prices actually in use according to the stationary
distribution {w,}7°,. Using the definition of w(z) it follows that A = w'(1). Hence, [A.4.8] implies

h= (1 — o — zn:m) o= (1 - ii(pl) ot —1. [A.4.9]
=1

i=1
(v)  The hazard function recursion [3.1] implies that the probability of adjusting the most recently

set price is
n
X1 =& — E ©;.
i=1

So oy is clearly strictly decreasing in each ;.

Let oo = limy_, o &ty be the limiting value of the hazard function for price spells of arbitrarily long
duration. The recursion for the hazard function is equivalent to the linear recursion for the survival
probabilities {i;}2°, in [3.2]. The recursion [3.2] is a linear difference equation with ¢(z~') =0 in
[A.4.1] being the characteristic polynomial (since ¢(2)¥(z) = 1).

Now consider parameter values « and {¢;};"; such that ¢(z) = 0 has no repeated roots. This
will be without loss of generality because there is always a set of parameters implying no repeated
roots arbitrarily close to parameters for which there are repeated roots. With no repeated roots, the



solution for the sequence of survival probabilities {\p,}7, takes the following general form

n+1

Yy = Z %]C§7 [A.4.10]
1=1

for some sequence of coefficients {¢,}"~" i 1 , and a sequence {Cj}gill where each (, is a reciprocal of
one of the n + 1 distinct roots of ¢(z) = 0, that is, ¢(C; h=o.

Without loss of generality, order the sequence {Cj "tlso that |G| > [Ca] > -+ > |[Cua1]. As
WYy = (1 — o) Py_1, it follows that oy =1 — (be/Py_1) and hence:

n+1 / C +Zn+1 %J & -1
Z] 1 %JC —1_ 1 1

n+1 /—1 /—1
E 4 n+1 >y
J=1 1+ Z] 2 5 ( >

oy =1-—

With no repeated roots, (1 # (2, so a necessary condition for the limit limy .., oy to exist is that
|C1] > |C2| (using the ordering of the roots), which also requires {; to be a real number. Under
this condition, &y = limy oo ¢ = 1 — ;. For this limit to be economically meaningful and ensure
Xoo > 0, it is necessary that 0 < (3 < 1.

It is known that ¢(2)y(z) = 1, so ¢(1) = (1)~!, which is necessarily positive since Py = 1 and
Py > 0 for all £. As (; is the largest of the reciprocals of the roots of ¢(z) = 0, there must be no
value of ¢ between (; and 1 such that ¢((~!) = 0. Since ¢(z) in [A.4.1] is a polynomial, it is a
continuous function. Together with ¢(1) > 0 and the absence of any value of ¢ between ¢; and 1
such that ¢(¢™') = 0, it must be the case that ¢'({;1) < 0.

The value of (; is characterized by ¢(C1_1) = 0, so the change in (; resulting from a change in
a parameter @; is implicitly determined by the condition gZ)(Cfl) = 0. Differentiating this condition
yields )

06, = —.;_1. [A.4.11]

09i lyih=0 GG

As ap =1 — (g7 1)1, it follows that dota. /AT = (2, and thus using the chain rule with [A.4.11]:

Ootso B 1 50
Oi ot T

since ¢/((;') < 0 as demonstrated above.

(vi)  In what follows, suppose that n = oo in the hazard function recursion [3.1]. This is without
loss of generality because any superfluous ¢; parameters can be set to zero. Equation [3.1] implies

¢ ¢ R -1 !
i —or= @i [[ A=) =D oi| J[TO-a)| .
i—1 j=t+1—i i—1 j=l—i

and by combining overlapping terms and extracting common factors:

~1 ~1
¢ -1 ¢
Qg1 — Xp = @y H(l—ocj) +Z(pi H (1— o) {1 —op—i) — (1 —oxp)}.
j=1 =1 j=L—i

10



Therefore, the change in the hazard function is given by:

-1 -1
l

¢
[Ma-«)] +e|JJa-o)| - [A.4.12]
=(—

-1
Kpy1 — &Ky = E @z‘(fxz - Oéefi)
i=1 i j=1

J
It follows that @; = 0 for all ¢ implies &y = « for all £. Similarly, suppose oy = «; for all £. It follows
from [A.4.12] that ¢; = 0 for all 7.

(vii) Suppose that @; > 0 for all 7. It follows immediately from [A.4.12] that &o > «y. Now
suppose that o7 < o < -+ < ;-1 < oy has already been established for some ¢. Given this
supposition, it follows that oy — ay_; > 0 for alli =1,...,¢ — 1. Equation [A.4.12] then implies that
g1 > . This proves oy > oy for all £ by induction.

(viii)  Define the sequence {o,}7°, using 01 = —(1— 1) and 0y = &g —otp—1 for £ > 2. If oy < g
for all ¢ then oy < 0 for all £. It follows from the expression for @; in equation [A.1.3] justified by
Lemma 3 that ¢; is the product of (—1)% and 4 + 1 non-positive terms. Hence, @; < 0 for all i is
established. This completes the proof.

A.5 Proof of Proposition 4

Let ¢(2) = > 2, Py2z¢ denote the z-transform of the sequence of survival probabilities {be}32, gen-
erated by a hazard function {o}7°,. If the hazard function implies the stationary age distribution is
stable then Lemma 1 shows there exists a p > 1 such that ¢(z) has noroots in 7, = {z € C | |2| < p}.
Define the function ¢(z) = 1(2)~! on Z,, which is analytic because 1(z) # 0 for all z € Z,.

Since ¢(z) is an analytic function, it is equal to its Taylor series expansion around z = 0 (contained
in 2,). Thus ¢(2) =1— 572, ¢;2° for some sequence {¢;}22; (the leading term of the Taylor series
is 1 because ¢(0) =Py =1). As z =1 belongs to %, it follows that > 7, |d;| < co.

The definition of ¢(z) requires ¢(z)1(z) = 1 for all z € Z,. Multiplying the power series for ¢(z)
and 1(z) yields

00 14
P(2)Y(2) = o + Z <1|)e - Z cbﬂbé—i) 2.
—1 i—1

Since P = 1 always, ¢(2)1(z) = 1 holds for all z € Z, if and only if P, = Zle by is true for
all £. Define « and {@;}°, according to x =1 — >, ¢; and @; = —¢;41. With these definitions,
the recursion for {\y}7°, in [3.2] holds with n = oo, which is equivalent to the original recursion for
the hazard function in [3.1]. Given the definitions, it has also been shown that > -2, |@;| < co. This
completes the proof.

A.6 Proof of Proposition 5

(i) Define the sequence of probabilities of price stickiness {/}7°, as ¢y = 1 — oy using the hazard
function {a}7°,. If the parameters « and {@;};-, generate a well-defined hazard function then it
follows that 0 < ¢, < 1 for all 4.

Using the hazard function recursion [3.1], the sequence {,}7°, satisfies

n min{{—1,n} '
i=1 i=1 Hj:é—z‘ S

for all ¢.

11



Consider the claim

z": @; <« [A.6.2]

Since [A.6.1] implies ¢; = 1 — a4+ > " | @;, the requirement ¢; < 1 implies that [A.6.2] is true for
i=1.

Now suppose that the claim [A.6.2] has been proved for all i = 1, ...k for some k. If @ > 0 then
the result >3, ., @; < o follows automatically from » 7, @; < «, proving the statement [A.6.2]
for the case i = k + 1 as well.

Consider the case @ < 0. Using [A.6.1], the requirement ¢;11 < 1 is equivalent to

_Z —H;pk ' goc—Z(pi. [A.6.3]

i=1 ]k—i—lzg

Since 0 < ¢; <1 and @ < 0 in the case under consideration, it follows from [A.6.3] that

- Z Sl ren) Z . [A.6.4]

k
j —k+1—5 S7 H —25j i=1

Now if @1+ @ > 0 then Z?:k-‘rl ¢@; < « would follow from Z?:k_l ¢@; < «, proving the statement
[A.6.2] for i = k + 1. If not, then since 0 < ¢ < 1, inequality [A.6.4] together with @r_1 + @ <0
implies that

_Z = 2+;Pk 1+ @) <o— Z(pl A.6.5]
i=1 gk+1z§ HJ3<J i=1

By again considering the two cases for the sign of @r_o + @r—_1 + @k the claim [A.6.2] fori =k +1
either follows, or a new inequality is deduced alone the pattern of [A.6.3]-[A.6.5] above. This process
terminates either with [A.6.2] proved for i = k 4+ 1 or the inequality

k ) n
LN
Sk i—1

Since 0 < ¢, <1 and the claim [A.6.2] is known to be true for ¢ = 1, it follows that

k n
D ei<a-d o
=1 =1

which proves that [A.6.2] holds for ¢ = k + 1. Thus, [A.6.2] is true for ¢ = k£ + 1 in all cases, so it
follows for all ¢ = 1,...,n by induction.
Next, consider the claim

~(1-a) < Z ©;. [A.6.6]

Noting that [A.6.1] implies ¢; = 1 — a+ > | @;, the requirement ¢; > 0 means that [A.6.6] must
hold for ¢ = 1.
Now suppose that the statement [A.6.6] has been proved for ¢ = 1,...,k for some k. Given

12



equation [A.6.1], the inequality ¢x41 > 0 holds if and only if

k
L <1 ot Z (p@) | 467
i=1 Hy k+1—i SJ
Multiplying both sides by the non-negative term H§:1 Gj leads to an equivalent inequality:
k—1 [k—i
> (s ¢Z+@k<(1-a+zmz)ng A6
i=1 \j=1

If @i < 0 then the inequality —(1—«) < >0, | ¢; follows automatically from —(1—o) < >0 @j,
proving the statement [A.6.6] for i = k + 1. On the other hand, if ¢; < 0 then inequality [A.6.8]
together with the requirement 0 < ¢; < 1 implies

k=2 [k—i
[Is | @i +1(@r-1+ o) (1 — o Zcpl> 11 [A.6.9]
i=1 \j=1

If @1+ @k <0 then —(1—o) <370 ;. @; follows from knowing —(1— o) < >0, | @;, proving
[A.6.6] for i = k + 1. But if @p_1 + @& > 0 then [A.6.9] and 0 < ¢ < 1 imply:

k=3 [k—i
[T ] @i +as(ors+ @r1+ o) (1—oc+Z<pz> I [A.6.10]
i=1 \j=1

Proceeding this way, the claim [A.6.6] either follows, or the following inequality is eventually deduced:

k—1 k n k
[T (Z@i>§<1—“+2@i)n§j-
j=1 i=1 i=1 j=1

Since [A.6.6] is known to be true for i = 1 and as 0 < ¢ < 1, it follows that:

k-1 k n k1
e (z%) < (1“2@@-) o).
j=1 =1 i—1 j=1

from which the statement [A.6.6] is proved for ¢ = k + 1. Thus [A.6.6] is demonstrated for all
i=1,...,n by induction. Therefore —(1 — ) < Z?:Z @j<aforalli=1,...,n

(ii) Suppose n =1 and @ = @1. In the case @ = 0, the restriction 0 < <1 is clearly all that is
required for the hazard function to be well defined. Thus assume ¢ # 0 in what follows.
The hazard function recursion [3.1] in the case n = 1 reduces to

%
= (x — S A6.11
xp = (& (P)+1_“€_17 [ ]
and the linear recursion for the survival probabilities [3.2] becomes:
Y= (1 -+ @)br1 — @po. [A.6.12]

Define the quadratic equation ¢(z) = 1—(1—a+@)z—@22. Note that ¢(2~1) = 0 is the characteristic

13



equation for the sequence of survival probabilities {1¢}72,. Let (; and (y denote the reciprocals of
the two roots of ¢(z) = 0. The quadratic can thus be written as ¢(z) = (1 — (12)(1 — (22). By
equating coefficients of powers of z, it follows that 1 — « + @ = {3 + (2 and @ = (1(2. Note that
«1 = o« — @, which must be a well-defined probability, so ¢ < « is always required.
The roots (; and (s are real numbers when the following condition is satisfied:
(1—a+@)?—4p=0>-2(1+x)@+ (1 -x)?>0. [A.6.13]
Interpreted as a quadratic in @, it is straightforward to see that it has two positive real roots. The
condition above is satisfied when @ is below the smaller of the two roots:

e<(l4+a)—V(I+a)?—(1-a)?=(1-Vx)

2 [A.6.14]

The sum of the roots of the quadratic in [A.6.13] is 2(1 + «), so the larger root is greater than «,
which is in the range where ¢ < o is violated.

Consider first the case where ¢ > 0. Suppose it is claimed that there is an upper bound & for
the hazard function {o}72,. If &1 < & then [A.6.11] implies

¢

OCZS(“—(P)+H~

Hence « is valid upper bound for {a}7°; (satisfying 0 < & < 1) if the following inequality holds:

(cx—(p)+iéac,
x

which is equivalent to:
I-(1-a+o)(l-&)+oe(l-x)"2<0.

Since in the case @ > 0, [A.6.11] implies the hazard function is strictly increasing as long as it remains
well defined. Thus the hazard function is well defined if and only if ¢ < « and there is some bound
& satisfying 0 < & < 1 such that ¢((1 — &)™) < 0. This requires ¢(z) = 0 to have real roots, which
in turn requires the inequality in [A.6.14] to be satisfied. Furthermore, one of the real roots must be
strictly greater than one to ensure 0 < & < 1. Note that ¢(0) = 1 and ¢(1) = &« > 0, and that the
product of the roots of ¢(z) = 0 is @~ !. Under the condition [A.6.14], @ < 1, so the product of the
roots is greater than one. The sum of the roots is positive, so both must be positive. Thus, ¢ < «
and [A.6.14] are necessary and sufficient for the hazard function to be well defined in the case ¢ > 0.

Now consider the case where ¢ < 0. Since &1 = & — @, it is necessary to assume @ > —(1 — «)
to ensure oy is a well-defined probability. Note that any negative value of ¢ satisfies [A.6.13], so
both (; and (y are real numbers. As (103 = @, one of these numbers must be positive and the other
negative. Without loss of generality, assume (; > 0 and (o < 0. Since (1 + (o = 1 — &« + ¢ and
as &1 = o — @ is well defined, it follows that (; > —(2. Noting that ¢(0) = 1 and ¢(1) = «, so as
#(¢71) = 0 and ¢(; 1) = 0 it must be the case that ¢; < 1 (otherwise ¢(z) would have to change
sign twice between 0 and 1, implying that both ¢; and (2 would be positive).

Since ¢; and (p are distinct numbers in the case @ < 0, the survival probabilities {1}72, can be
expressed as Py = C‘i + 209 Cg, where 31 and sz are real numbers. Consequently:

Wy = sl (G _ (1 — el (1= G) (&)
L= %1C1 1+ 1 C1 5 and ll)g 11)g+1 = %1(1 Cl)Cl 1+ %1(1 — Cl) Cl . [A.6.15]

The hazard function recursion [A.6.11] implies &3 = o — @ and &2 = (¢ — @)+ @ /(1 —ax+ @). Given
the restriction @ > —(1 — «) that ensures oy is well defined in the case ¢ < 0, the probability s is

14



well defined if and only if @ > —(ox — @)(1 — a + @). Rearranging this inequality shows that it is
equivalent to
02 — 20 — (1 — o) <0.

Interpreted as a quadratic in @, the above inequality has one positive and one negative root. Given
that @ < 0 in the case under consideration, the relevant restriction is that

> a— o2+ a(l — o) =—va(l — Vo). [A.6.16]

Notice that v/o(1 — /&) < 1 — «, so the requirement @ > —(1 — «) is automatically satisfied when
[A.6.16] holds.

The condition [A.6.16] is thus seen to be equivalent to o1 and o being well defined in the case
@ < 0. This is itself equivalent to 0 < Py < Py < Pg = 1 because Py = (1 — ag)Py_1. By using
[A.6.15], Yo — 1 = sa(1 — Q1) + s02(1 — C2) > 0 and Y1 — P2 = s (1 — (1)C1 + s2(1 — C2)C2 > 0.
Since 0 < (1 < 1 and (o < 0, it follows from the first inequality that at least one of s¢; and s must
be non-negative, and thus from the second inequality that s > 0.

Since (1 > — (o, the terms (%2/%1)(C2/C1)i and (%2(1 - Cz)/%l(l - Cl))(CQ/Cl)Z in [A615] must
alternate in sign and decline in absolute value as ¢ increases. Because s, (; and (1 — ;) are non-
negative, the inequalities 0 < Py < P; < Pg imply 0 < ¥y < Py for all ¢, which ensure the
hazard function is well defined everywhere. Since this condition is equivalent to [A.6.16], the proof
is complete.

A.7 Proof of Proposition 6

(1) Let () = Y02 bez’ and w(z) = Y52, wez’ denote the z-transforms of the survival prob-
abilities {\p/}72, and the stationary age distribution {w,}7°,. Equations [2.4] and [2.5] for the reset
price r; and price level p; can be written in terms of the lag and forward operators L and F and the
power series 1(z) and w(z):

= B(B) B [G(BFP;], and py = w(D)n. (A7.1]

Suppose that the hazard function {a}7°, is generated by the recursion [3.1] using parameters « and
{@i}i;- Define the polynomial ¢(2) =1~ (1 —a+ 330, @;)z+> 7, @,2’"1. Lemma 1 shows that
() is analytic on the set Z, = {z € C | |z| < p} for some p > 1. Note that the equivalent recursion
[3.2] for the survival probabilities and g = 1 imply ¢(2)¥(z) =1 for all z € Z,.

Now multiply both sides of the equation in [A.7.1] for the reset price r; by ¢(pF) and take
conditional expectations at time ¢:

mwwmmzmdwmwwm*mwmmmﬂ:Edwm*mwwmwmwmzwmr?y]
A.7.2
This result follows first because ¢(3F) contains only non-negative powers of F, so it commutes with the
conditional expectation IE;[-] operator inside another conditional expectation. Second, ¢(2)y(z) = 1,
hence ¢(BF)Y(RF) = I, where I is the identity operator. Next, note that because w;, = (1 —
ag)we_1 and Py = (1 — op)Py_1, the functions w(z) and v (z) are proportional. Thus w(z) =
(w(1)/¥(1)¥(2), and w(z) = G(1)1h(2), since ¥(1)71 = ¢(1), and w(1) = 1 because {w,}2, is a
probability distribution. It follows that ¢(z)w(z) = ¢(1) for all z € Z,. Multiplying both sides of
the equation for p; in [A.7.1] by ¢(L) yields

O(L)pr = p(L)w(L)ry = ¢(1)Iry = G(1)ry. [A.7.3]

Now multiply both sides of equation [A.7.2] by ¢(1) and note that 1/(B) ™! = ¢(B), and then substitute
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the expression for p; from [2.3]:

E: [p(BE)¢(1)re] = ¢(1)p(B)(pr + vxi).
Substitute the formula for ¢(1)r; from [A.7.3] into the above and divide both sides by ¢(1)p(B):

E, Hzg ‘Z;((BBI? _ 1} pt] — vx;. A.7.4]

Define the Laurent polynomial x(z) as follows:

¢(2) p(B2"")
o(1)  o(B)

so that equation [A.7.4] is equivalent to I, [x(L)p;] = Vx;, noting that F = L~!. For algebraic
convenience, define the sequence of coefficients {d)] "+1 by b1 =(1—a+>", @) and ¢, =—¢,1
for y = 2,...,n+ 1 in terms of the parameters of the recursion [3.1]. With these definitions the
polynomial (b(z) can be written as ¢(z) = 1 — Z”H ¢,27. The Laurent polynomial x(z) can be
written explicitly using this expression:

x(z) = -1, [A.7.5]

n+1 n+1 n+1 n+1
X(2) =90 (1= b2 | [1=D By | = [1=D b, | [1=D B, ]| ¢
1=1 =1 1=1 =1
where 9 = ¢(1)7'¢(B)~! is defined. Expanding the brackets to obtain an expression of the form
x(z) = Zf(nﬂ) x¢z* and equating powers of z implies that x(z) can be written as
n+1 n+1—¢
Xx(2) =xo0+ ng {zz + Bgz_g} ,  where x; = —9< by — Z Bld,dje p for £>1, [AT.6]
/=1 =1

since X_y = B’y for all £. As the definition in [A.7.5] implies x(1) = 0, it follows that xo =
— S + BY)xe. Furthermore, x(1) = 0 implies that there exists a Laurent polynomial 6(z) such
that x(z) = (1— 2)9(2). Given the degree of x(z), this Laurent polynomial must have the form

0(z) => ) (n+1) 0,2°. Multiplying 6(z) by 1 — z and equating powers of z yields an expression for
x(2):

X(2) = 0_ iy 2™ "D+ 37 (0, — 0,1)2" — 0,2"H

l=—n
Equating coefficients of powers of z with those in [A.7.6] implies Xp+1 = —0p, B Xni1 = 0_(n+1)s
and Xy = 0y — 0y_1 for all £ = —n, ..., n. Iterating these relationships then implies
n+1 n+1
— > x;, and 0= Z B, [A.7.7]

1=0+1

for all ¢ =1,...,n+ 1. Combining these expressions with those for x; in [A.7.6] yields

n+1 n+l—1 n+1 i—f—1 '
0r=9 > <di— Z Bidbirs g =0 Y dig1— Y Bldjop, [A.7.8a]
i=0+1 i=0+1 Jj=1
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where a change in the order of summation has been made in the final term. Similarly,

n+1 ' n+1—1 ' n+1 ' i—L
0r=—3) B Sdi— D By g =—0D BOi{1I—D o0 [A.7.8b]
i=¢ j=1 i=¢ J=1

The original definitions of the terms of the sequence {cbj "H are o1 = 1—a+y i @;and ¢, = —¢@, 1
for y =2,...,n+1. Substituting the original parameters oc and {®,}7—1 back into [A.7.8a] and [A.7.8b]
yields

n i—0—1
0= —9< @s+ Z oi [1-B(1—o1)+ Z Bl | 3, for £=1,...,n; [A.7.93]
i=0+1 j=1
i—0—1
0_(r1) = OB Qo + Z B lpi o+ D> @i p, for £=1,...n; [A.7.9b]
i=0+1 j=1
i—1 '
0p=9< (1— o) Zcpz 1-Bl—o)+ > Be;| p; and [A.7.9¢]
j=1
1= (1 —-0n) ZB ©; oq—i—Zcpj . [A.7.9d]

Since the definition of 0(z) requires x(z) = (1—2)6(z), and as inflation is defined by 7; = (I—L)py,
it follows from equations [A.7.4] and [A.7.5] that E; [0(L)7;] = vx;. Make the following definitions
of the coefficient k and the sequences {A¢}7_, and {&,}}"] in terms of the elements of the sequence
{Gg}e_f ) from [A.7.9]:

0, 0_y 1
N = —— = —— d k= — A.7.10
¢ 0y & = 0, and K 0y [ ]

noting that 8y > 0 ensures these definitions are valid. With these definition, the Laurent polynomial
0(z) is given by 6(z) = {1 — >0 Azt — Z"H Egz_f}, and so E; [0(L)7y] = vx; is equivalent to
the Phillips curve in [4.3].

(i)  First consider the expression for 6y in [A.7.9¢|. By expanding the bracket and changing the
order of summation:

n—1 n
B0 =93 (1— o) — (1 —B(1—ou)) (Z%) S B[ Y 9
i=1 j=i+1

Adding and subtracting terms in the final summation to obtain an equivalent expression:

Bp =9 (I —o1) = (1 =B —ax) <Z <Pz> - (Z [3”1(91') Do |+ B e [ Y e
=1 7j=1 =1 7j=1

The definition of the polynomial ¢(z) implies ¢(1) = &1 + > 7" @; and ¢(B) = 1 — B(1 — oty) +
S B @,. By defining the sums s; = 22:1 @; for i = 0,...,n (with sp = 0) and noting that
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(1) —oq = D0 @i
0o =79 {(1 — 1) — (P(1) —ot1) ¢(P) + Z B (s; — Si—l)si} -
i=1

Rearranging the first two terms leads to

8 = o {(1 —an)(1— 6(B)) + (1 — S(1)B(B) + > B (s — >} - A7)
i=1
Note that (s; —s;—1)s; = (1/2) {(s? —s?_1) + (s; — si—1)?}, and thus
n n n—1
; B (s —sic1)si = % {; B i +(1-B) ; Bt + BT s) — BQS(Q)} 7

since s; — s;—1 = @;. Using sp = 0 and substituting this result into [A.7.11]:

n n—1
8y =19 {(1 —oa)(1=¢(B)) + (1= ¢(1))e(B) + % {Z BT + (1= B) Y B + B”“si}}

- - A7.12]
Now observe that ¢(1) = ¢(1)71, and ¥(1) = Y72, W, s0 0 < ¢(1) < 1 because Ppg = 1, Py > 0,
St oWe < 0o, and Py > 0 under the assumption oy < 1. Similarly, ¢(B) = ¥(B)~! and ¥(B) =
S 720 Bhby. Since 0 < B < 1, it follows that 0 < ¢(B) < 1. Together these results establish that & > 0
since ¥ = ¢(1)71p(B) L. Given oy < 1, the parameter o; must satisfy 0 < a; < 1. Consequently, the
first two terms in the brackets in [A.7.12] are strictly positive and all other terms are non-negative.
Thus, it is shown that 8y > 0. The proof of 83 > 0 then automatically shows « > 0.

(ili))  Now consider the value of &;, which requires examining 0_;. Let s; = a1 + 2321 @;, and so

si—si—1 = @; foralli=1,...,n, and s) = «;. The expression for 0_; in [A.7.9d] can be written as
—9_1 =9 {B(l — 061) — Z BiJrl(Si — Sz‘—l)Si—l} . [A713]
i=1

Note that (s; — si—1)si—1 = (1/2) {(s? —s?_1) — (s — si—1)?}, and hence
n ' 1 n—1 . n .
Z B’H—l(si _ Sifl)sifl — 5 {(]_ _ [3) Z BH_IS? + Bn—HSi - BQS(Q) - Z Bl-i-l(p%} .
i=1 i=1 i=1

Also note that > i B, = Y0 B (s; —si1) = (1 — B) Z?z_ll Bitls, + pntls, — B2sg. By
adding and subtracting a multiple of these equal terms to the equation above:

n ‘ 1 n . 1 n—1 . 1
D B (s —sii)sia = 3 > B i — 5 {(1 —B)Y B s+ B sy — 2[320c1}
=1 i=1 =1

n—1 n
4 % {(1 o E’) Z Bi+lsg + Bn+1s727, _ BZCX% _ Z BZ+1(p12} ’

i=1 =1

recalling that sy = a. Since Y oo; B, = ¢(B) — 1 + B(1 — «1), the above equation can be
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rearranged as follows:

n

D B (si—sic1)sion = _% T e %(1 ~ #(P))

=1

n—1 n
+ % {(1 —B) D BT sl =)+ B (1 =) + Y [s”lcp?} :

i=1 i=1

Substituting this result into equation [A.7.13] yields:
9
—0-1= 5 {B(L—ou)(1 —ouB)+ (1 o(B))}

n—1 n
s {(1 —B) Y BT Isi(1 =) + BT sn(1 =) + ) Bi“@?} :

i=1 =1
Proposition 5 demonstrates that 0 <s; < 1 for all i = 1,...,n is necessary for the hazard function
{og}72, to be well defined. Since 0 < oy <1,0< B <1,and 0 < ¢(B) < 1,9 >0 and Bg > 0 as
shown earlier, it follows that & = —0_1/0y is strictly positive.

(iv)  Next, note that

i i—1 J
1—-B(1— o)+ Z Bitle;=(1-B) {1 + Z Bh“sh} + Bls;,  where s; = oy + Z ®;.
h=0

j=1 h=1

Using equations [A.7.9a] and [A.7.10], the coefficients of lagged inflation {A,}}_; can be expressed as

9 i—0—2

A = <980) Pet Y <90) (L=B) | 1+ D B sy | + B sjmict | o @i
§=0

1={+1

Proposition 5 shows that 0 <s; <1 for all i =0,1,...,n. Since 3 > 0 and 8¢ > 0, it follows that A,
is a weighted sum of @y, ..., @,.

(v)  Similarly, equations [A.7.9b] and [A.7.10] show that the coefficients on future inflation {&,}}*)

=2
are:
_ 9p* = (OB sy B
Ee——{<eo>@e—1+g <90 Q;ip, for £=2...,n+1,

=L
where s; is as defined above. Thus &, for £ > 2 is the negative of a weighted sum of the parameters
P—15--+5 Pn-

(vi) Note that [A.7.5] implies x(f) = 0. Since x(z) = (1 — 2)0(z), it must be the case that
6() = 0 also. The definition of #(z) then implies that Z?_)_(n +1) B0, = 0. The result follows by
using [A.7.10].

(vii)  Finally, to derive the restrictions across the sequences of coefficients {A\,}7_, and {&/}7},
use the definition in [A.7.10] and equation [A.7.7] to deduce:

n n n o ntl 1 [i-1
(1—6)2{52'&:—(15‘5)26%‘9@-:(19_‘”22Bixj:(le_ﬁ)Z > B¢ i
=t 0 = 0 i=rj=it1 0 =t | j=¢
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using a change in the order of summation to derive the final equality. Using the formula for the
geometric sum yields

n n+1
(1-B)) BN = ei ST (B - B [A.7.14]
=L 1=0+1

Thus, adding B to the equation above in the case of £ = 1 and substituting for 8y using [A.7.7]

n ' 1 n+1 4 n+1 1 n+1 ' 0 )
B+(1-B) > BN =g {Z(B —Bxi — rstz} =g 2B =
i=1 =2 1=1 i=1

with the expression for 6_; taken from [A.7.7]. Given the definition in [A.7.10], the equation for &;
is confirmed. Now substract the expression in [A.7.14] for £ > 2 from B‘A,_;:

n . Bﬁee—l 1 n+1 . 1 n+1 n+1 .
BA1—(1-PB)D> BA=— e o > (B =B = o {Bfoi— > (B - B”)xi},
=L i =0

i=0+1 i=0+1

making use of equations [A.7.7] and [A.7.10]. It follows that

n ' 1 n+1 ' 0
V4 I i 0
/—1 ( ) ; - 90 ZE - X 0

using [A.7.7] again. Therefore the equation for &, is verified for ¢ > 2. This completes the proof.
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