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Abstract

We develop a two-step estimator for a class of Markov decision processes with continuous
control that is intuitive and simple to implement. Making use of the monotonicity assumption we
estimate the expected continuation value functions nonparametrically in the first stage. In the
second stage our estimator minimizes a minimum distance criterion that measures the divergence
between the nonparametric conditional distribution function and a model implied simulated
semiparametric counterpart. We show that our minimum distance estimator is asymptotically
normal and converges at the parametric rate under some regularity conditions. We estimate the
expected value function by kernel smoothing and derive its pointwise distribution theory. We
illustrate how our estimation methodology forms a basis for the estimation of dynamic models
with different class of control variable(s) as well as a class of Markovian games.
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1 Introduction

In this paper we propose a two-step estimation methodology for a class of Markov decision models
without solving the numerical dynamic programming problem. Our work builds on the literature
for estimating Markov decision problems based on the conditional independence assumption of Rust
(1987) and the subsequent two-step approaches following Hotz and Miller (1993). We first focus
on a single agent problem with continuously distributed control variable. We then show the same
estimation principles can be used to estimate dynamic models with different types of controls, as well
as a popular class of Markovian games. Most methodology papers in the literature consider a single
class of control, many with purely discrete choice. One notable exception to this is Bajari, Benkard
and Levin (2007), hereafter BBL, who illustrate that their forward simulation method can be used
to estimate dynamic discrete choice models as well as those with continuous components.

A common obstacle in estimating a general dynamic programming model is the presence of the
value function. Although some purely continuous control problems can use Euler equations to bypass
this issue, e.g. see Hansen and Singleton (1982), more generally Euler equations may not be easy,
if at all possible, to derive, see Pakes (1994). The latter point is particularly relevant for dynamic
models with strategic interactions, which is of significant interest in the empirical 1.O. literature. In
dealing with the value functions, inspired by Hotz and Miller (1993), our general two-step approach
is similar in spirit to the work of Pesendorfer and Schmidt-Dengler (2008) who use the policy value
equation in the first stage to identify and estimate their dynamic discrete action games. This is in
contrast to the forward simulation methodology of BBL, which has been motivated by Hotz, Miller,
Sanders and Smith (1994).!

We define our estimator to minimize the distance between the conditional distribution functions
implied by the model and the data. Under purely discrete choice setting, this is a version of Hotz
and Miller conditional choice probabilities estimator. To estimate a continuous control problem, we
make use of the monotonicity assumption on the policy function to recover the unobserved state
variables nonparametrically. This assumption has been utilized in Olley and Pakes (1996), and more
recently by BBL and Hong and Shum (2009).

Although there is an intrinsic value in providing an estimator for purely continuous control prob-

!Under the infinite time horizon framework, which has become increasingly popular in applied work, the com-
putational advantage that motivates the simulation approach of Hotz et al. (1994) over Hotz and Miller (1993) is

removed.



lems that do not rely on Euler’s equation, since there are few methodologies available at present.?:3
The main goal of this paper is to provide a unified approach to estimate a variety of dynamic op-
timization models. Our work is complementary to BBL’s in providing general methods to estimate
structural models without solving out the equilibrium. However, a distinctive feature in our approach
is that we use the information of the model to estimate our parameter of interest. We provide a set of
primitive conditions to ensure consistent estimation under an interpretable identifying assumption.
In constrast, most known applications of BBL’s methodologies consider a class of inequalities that
are ad hoc random perturbations of the policy observed from the observed data. Since there is no
theory for selecting an appropriate class of inequalities even if one assumes a high level identification
assumption analogous to ours, the objective functions contructed from these local perturbations may
fail to provide a consistent estimator for the parameter of interest, see Srisuma (2010).

We take a semiparametric approach. Since the transition law of the observables is one of the model
primitives, which we often have no prior information on, it is desirable to be as flexible as possible
when modeling this. In constrast to discrete decision problems, where the traditional nonparametric
technique leads to the frequency estimator, models with continuous choice require smoothing. A
well known drawback from using nonparametric methods in practice is the curse of dimensionality.
This is less of an issue in this literature as applied researchers often assume that the observable state
variables only take on finitely many values and the continuous component of the control variable
is usually one dimensional; so the effective rate of convergence of the nonparametric estimator is
determined by a one dimensional object.

The paper proceeds as follows. The next section begins by describing the Markov decision model of
interest for a single agent problem and provides a simple example that motivates our methodology, it
then outlines the estimation strategy and discusses the computational aspect. Section 3 provides the
conditions to obtain the desired distribution theory and discuss inference based on semiparametric
bootstrap. Section 4 reports a Monte Carlo study of our estimator and illustrates the affects of
ignoring the model dynamics. Section 5 extends our methodology to estimate Markovian processes
with discrete/continuous controls, ordered discrete response as well as a class of Markovian games and
considers the estimation problem when the observable state space is uncountably infinite. Section 6
concludes. The proofs of our Theorems can be found in the Appendix and we collect the Tables at

the end of the paper.

2Berry and Pakes (2000) propose an estimation method to estimate a dynamic oligopoly model with purely con-
tinuous control. However, their framework is rather different to ours, in particular they do have any unobserved state

variables in their model.
3 Another example can be found in the dynamic auction literature, see Jofre-Bonet and Pesendorfer (2003).



2 Markov Decision Processes

2.1 Basic Framework

Time is indexed by ¢, each economic agent, i, is forward looking in solving an infinite horizon
intertemporal problem. The random variables in the model are the control and state variables,
denoted by a;; and s;; respectively. The support of control variable is a convex set A C R. and the
state space S is a subset of RE*T!. In each period, the economic agent observes s;; and chooses an
action a; in order to maximize her discounted expected utility. The per period utility function is
time separable and is represented by u (a;, s;). The agent’s action today affects the uncertain future
states according to a Markovian transition law F'(s;;11]Si, ait). Next period’s utility is subjected to
discounting at a rate § € (0, 1), which is assumed to be known. Formally the agent is represented
by a triple of primitives (u, 5, F'), who is assumed to behave according to an optimal decision rule

{a(si)},=., in solving the following sequential problem:

V (si) = {a(gn%i<m E ZBT_tu (a(Sir) , Sir) sit] ,8.b. a(sy) € Aforall 7>t (1)
=t T=t

Under some regularity conditions, there exists a time invariant Markovian optimal decision rule « (-)
so that
a(sy) = arg max {u(a,si) + BE [V (Sit11) |Sit, air = a]} . (2)

Furthermore, the value function, V/, is the unique stationary solution to the Bellman’s equation
V(sy) = max {u(a,sy) + BE [V (Si41) |Si, ai = al }. (3)

More details on the mathematical theory and of specific Markov decision models that are commonly
used in economics can be found in Pakes (1994) and Rust (1994). In order to avoid a degenerate
model, we assume that the state variables s; = (z4,64) € RY x R can be separated into two
parts, which are observable and unobservable respectively to the econometrician; see Rust (1994) for
various interpretations of this unobserved heterogeneity. We next provide an economic example that

naturally fits in our dynamic decision making framework.

DynAMIC PRICE SETTING EXAMPLE:

Consider a dynamic price setting problem for a firm. Fach period ¢, firm i faces the demand
for some goods summarized by D (ay, z,€;) where: a; denotes the price; z;; is some measure of
the consumer’s satisfaction that affects the level of the demand for the immediate period that is
publically observed; ¢;; is the firm’s private demand shock. The firm sets a price and earns the

following immediate profit
w (i, Tit, i) = D (@i, Tir, €it) (@i — €)

3



where ¢ denotes a constant marginal cost. The price setting decision affects the sentiment of the
demand of the consumers for the next period, z;.1, that can be modelled by some Markov process.
So the firm chooses price a; to maximize its discounted expected profit

Qi = arg Iileaj( {u(a, zi, e) + BE [V (Sit11) |Tit, €it, aie = al} .
In Section 5, we focus on a specific example of this dynamic price setting problem and use a Monte
Carlo experiment to illustrate the finite sample behavior of our estimator as well as the effects of

ignoring the underlying dynamics in the model.

Now we introduce the main modelling assumptions that are standard assumptions in this litera-

ture; unless stated otherwise they are assumed to hold throughout the paper.

AssuMPTION M1: (Conditional Independence) The transitional distribution has the following
factorization: F (Ziti1,Eitr1|Tits €its Qit) = Q (€it41) Pxv|x,4 (Titg1|Tit, i), where Q is a known cdf of
g¢ that is absolutely continuous with respect to the Lebesgue measure on £ with density q.

The conditional independence assumption of Rust (1987) imposes restrictions on the dependent
structure of our stochastic process. In particular, it implies that {e;;} is an i.i.d. process independent
of {x;;} and all variables in the past, and &;; only correlated to ;.1 through the choice variable a;.
It is conceptually straightforward to relax the former condition and have ¢; to be conditionally
independent of the past given z;;. The functional form for the cdf of ¢, can be relaxed to upto any

finite dimensional parameterization.

ASSUMPTION M2: The support of sy = (zy,e4) is X x &, where X = {1,...,J}, for some
J < o0, denotes the observable state space and € C R.

Finiteness of X is a simplifying assumption. It is generally feasible to allow for continuous
component in ;. A rigorous treatment of this extension can be found in Srisuma and Linton (2009),
although they only consider a discrete control problem, their techniques can directly be applied to

other dynamic models as well.

AssuMPTION M3: (Monotone Choice) The per period payoff function v : A x X x € — R has
increasing differences in (a,€) for all x.

The monotonocity assumption is crucial in our methodology since ¢ necessarily enters u non-
additively. However, this condition can be empirically motivated, see Olley and Pakes (1996), BBL
and Hong and Shum (2009). In particular, the implication of M3 together with M1 is that policy
function is increasing on &; this follows since M1 implies the policy function can be defined as (cf.
(2))

a(x,e) = arg max {u(a,z,e) + BE[V (Si+1) |Tit = x, i = al}. (4)

4



The function to be maximized on the RHS is supermodular in (a,¢) for all x, the claim follows from
Topkis’ theorem (see Topkis (1998)).

2.2 Estimation Methodology

In practice, researchers are often interested in some structural parameters § € © C R that parame-
terize the payoff function wy. Suppose we have a set of balanced panel data {a;, xit}ﬁitzl from N
i.i.d. agents that have been generated by a controlled Markovian process with primitives (ug,, 5, F').
Throughout this paper, for notational simplicity, we suppress the dependence on 6, for all functions

generated from (ug,, 5, F).

Methodology Outline

Our starting point is the (a.e.) one-to-one relation between the optimal policy function that generates

the data and its corresponding conditional distribution function
Fax (a|lz) = Prio(z,e0) < alay = .

We consider their reduced form counterparts, indexed by 6, which are generated from a family

4

of policy value functions {Vy},.q, to be defined below." We define the model implied policy and

distribution functions as follows

ag (r,e) = arg I(?eaj( {ug (a,z,e) + BE [V (Sit41) | it = z, a4 = al}, (5)
Fax (alz;0) = Priag (@i, en) < alry = . (6)

We shall show that Fux (-;60) = Fax when § = 0y, and base our estimation criterion on the distance
between the empirical versions of Fyx (-;6) and Fax. However, the choice specific expected future
value E [Vj (Sit41) |Zit, ai], which we denote by gy, is a solution to some fixed point problem that does
not have a closed form. The first part of our two-stage procedures consists two steps: (i) estimation
of gg; (ii) use the estimated gy to construct the objective functions on the RHS of (5) that allows us
to simulate the model implied distribution function Fyx (-;6). The second is the optimization stage,
where a class of minimum distance estimators can then be derived from minimizing the distribution

functions observed from the data and simulated from the first stage.

First Stage Nonparametrics

STEP 1: PoLicy VALUE FUNCTIONS

4See Rust (1994) and Magnac and Thesmar (2002) for the definitions of reduced forms in closely related contexts.



For any 6 € © we define a policy value function, Vj, by

o

> Blug (a (si) » 5it)

t=0

Vo(s)=E

Sip = s] for any s € .S.

By definition of the policy function « that generates the data, V, coincides with the solution to the
sequential problem defined in (1) when 6 = 0. From the Neumann series expansion, Vj can also be

written as a (stationary) solultion to the following policy value equation (cf. equation (3))
Vi (Sit) = Ug (CY (Sit) ) Sit) + BF [Ve (Sit+1) |3it] . (7)

We can interpret Vj as the value function for an economic agent whose underlying preference is 6
but is using the policy function that is optimal with respect to 6y. For notational simplicity, we
henceforth replace « (s;;) with a;.

The goal of the first step is to estimate gy, where under M1 it can be written as the following

conditional expectation
9o (a,2) = E[E [V (1) |iesa] |72 = 2 030 = a] for amy (a,2) € A x X.

Marginalizing out the unobserved states in policy equation (7), under M1, we obtain an analogous

characterization of the conditional policy value function from
E Vo (sit) [vie] = E [ug (ait, Tit, €it) |7ie] + BE [E [Vo (Sitq1) [irya] |Tie] -
Since | X| = J, the equation above can be conveniently summarized by a matrix equation as
my = 19 + Lmy. (8)

where 79 denotes a J—dimensional vector of (E [ug (@i, Ty, i) [T = x])i:p and £ is a J x J dis-
counted stochastic matrix whose (z/,x) —th entry represents [ Pr[z;1 = 2|z; = z]. The matrix
(I — L) is invertible by the dominant diagonal theorem, therefore the J—dimensional vector of con-
ditional value functions, my, is the unique solution to equation (8). Therefore the choice specific

expected value can be written in a linear functional notation
9o = ng, (9)

where ‘H is a conditional expectation operator so that, H¢ (x,a) = > .y ¢ (2") px/x,a (2|2, a) for
any function ¢ of x;.

To implement, one proceeds by estimating the matrix equation in (8). This requires estimators
for g and L. Although we do not observe {g;;}, we can use the monotonicity assumption to generate

their nonparametric estimates from the following relation
i =Q " (FA|X (ait|$it)> ; (10)

6



where () is the known distribution function of ¢;;;> and ﬁA‘ x (a|z) = NT Zz 1 =1 Wien (2) 1ay < df

is an estimator for Fax, where wyy (z) = 1;[?2;(;)1] with px (z) = 77 ST 1= L[zie = z]. Given
{ai, %t,at}f\it:l, we can estimate ry by
L N
%@ﬁzﬁfggf%N@W“%”m%” (11)

Assuming further that px (x) > 0 for all z, we again use the frequency estimators to estimate the
N -1
elements in £. The dominant diagonal theorem implies (I — £) exists, we can then uniquely

estimate the conditional value function by the relation

- (I - E) 5 (12)

In order to estimate gy, we now only need to estimate the conditional expectation operator H.

We employ the Nadaraya-Watson type estimator:

= Hing, (13)
where for any a € int (A)
~ o) px x4 (2,7, a)
a,r) = m , 14
G (a.) :Z; o Pxa(z,a) (14
L NI
ﬁX',X,A (96/, z, a) = NT Z 1 [ﬂfitﬂ = $/, Tyt = SC] Ky (ait - a) )

i=1,t=1

px.a(z,a) = NT Z [z = @] K (a — a),
1=1,t=1
where px’ x 4 denotes our estimator for pxs x 4, the mixed-continuous joint density of (zt41, Tit, Git);
DPx.a and px a4 are defined similarly; K, (-) = %K (E) denotes a user-chosen kernel and h is the
bandwidth. Typically we may need to trim off the estimates near the boundaries or the tails of the

distribution, this discussion is deferred until Section 3.

STEP 2: MODEL IMPLIED DISTRIBUTION FUNCTIONS

For any 6 € O, we consider the model implied objective function my where

7o (a,z,¢) = ug (a,x,€) + By (a,x) .

SBBL also uses the one to one correspondence between a;; and e in their forward simulation method, where they

draw {e,} and generate the corresponding optimal choice from {ﬁgllx (Q: (ep) |xb)}, for any state .



Since 7y is the objective function on the RHS of (5) that defines «p, naturally we define the model

implied policy by plugging in gy, namely
o (¢.€) = arg max {7y (0,2, 2)}
ac

where Ty (a,x,¢) = ug (a,z,¢) + gy (a, ). The corresponding conditional distribution function can

then be simulated by to approximate Fyx (-;6). In particular, we define
FA‘X (alz;0) = Zl ag (z,e,) < da,

where {eT}le is a random sample drawn from the known distribution of ;.

Second Stage Optimization

By construction of the policy values and their related functions, we must have Vy = V', ay = o and
Fyx (;0)=F 4x when 6 = 6. We can then write down the following set of continuum of moment

restrictions (see Carrasco and Florens (2000))
E [1 lair < a) — Fajx (a|zy; 6)| :cl-t] =0, for a € A when 6 = 0,. (15)

Since no general theory for semiparametric moment estimation with a continuum of moments is avail-
able at present. We instead use the following equivalent interpretation to these moment conditions

as a basis for our estimation problem
Fax (alz) = Faix (a|z;0) a.e. when 6= 6,.

We focus on a class of minimum distance estimators.® Wolfowitz (1953) introduce the minimum
distance method that since has developed into a general estimation technique that has well known
robustness and efficiency properties, see Koul (2002) for a review. In this paper, we define a class of
estimators that minimize the following Cramér von-Mises type objective function that defines some
L?—distance between the CDF implied the model and that of the data

_ ; /A [Py (ale:0) — Buyx (al2)] s (da) (16)

Here {y,} is a sequence of user chosen sigma-finite (for now, assume non-random) measures on
A. Clearly the property of 0 will depend on the choice of measures. In Section 3, we provide
a discussion on how to select the measures to ensure consistent estimation under some regularity

conditions. However, we leave the issue of choosing {1, } efficiently for future work.

6 Another alternative to the moment based estimator is to maximize the conditional maximum likelihood function,
however the maximum likelihood estimator (MLE) is much more computationally demanding. Although one can
proceed with our minimum distance approach and perform Newton Ralphson type iterations to ensure we get the

same first order asymptotic distribution as the conditional MLE.



2.3 Practical Aspects

First note that all elements we require to solve and transform the linear equations in (8) and (9) have
explicit functional forms, so they are easy to program. In addition, similar to Hotz et al. (1994) and
BBL, we can also take advantage of the linear structure the policy value equation. In particular, if
the parameterization of 6 in w is linear so that wy = 0Tug, then 7y (j) can be writen as 077y where

~ 1 N7T ~ ~ ~
To (T) = 57 Zi:u:l win () ug (@i, T, €¢) for each z. In a vector form, ry = Wiy = W56 for some

~\ —

1
matrix W5;. To estimate the conditional value function mg = <I — E) W30, since we estimate £

A

nonparametrically, therefore we only have to compute the matrix ([ — E) - W4 once as it does not
depend on 6. We comment that, since the dimension of A and £ are both one, this allows one to
rapidly search for the maximizer of 7y (-, z, ¢) for the entire set of {5T}f:1 by grid search for different
values of 6.

It is also straightforward to carry out our methodology in a fully parametric framework. One can
choose to parameterize the transition law pxx,a (+;0y), for some 6,,.. The choice specific continua-

tion value function is still defined through equation (9) where the conditional expectation operator

Px’ x.A
DPx,A

in equation (14) by px/|x,4 (:;04). Although the conditional expectation operator Hg,, depends on

becomes Hy,,.. For a fixed 0., we can estimate gy using the relation (13) by simply replacing

0:., it does not affect how we estimate my. Note also that all the subsequent stages of the method-
ology only assume we have gy and not how they are obtained, therefore the remaining steps in our

procedure remains unchanged.

3 Distribution Theory

Our goal is to estimate the structural parameter, 0y, that generates {a;, z; }. Our minimum distance
estimator, which falls in the class of a profiled semiparametric M-estimator with non-smooth objective

function, is any sequence of 0 that satisfies
5 . .
My (9) < inf My (6) +0, (V7). (17)

where gy and My are defined in (14) and (16) in the previous section.

We now provide sufficient conditions to derive the asymptotic theory for our estimators.

ASSUMPTION M4:
(i) {ait,mit}l].v:’{tzl is i.1.d. across i, for each 1, {ait,xit}thl is a strictly stationary realizations
of the controlled Markov process for a fixed periods of T with exogenous initial values; (i1) A and

E are compact and convex subsets of R; (iii) Let © be a compact subset of RM, then the following



condition holds for all x
ag(z,") =a(zx,-) @ — ae.if and only if § = 0,

where 0y € int(0); () For each x,u, is a finite measure on A that dominates Q) and has zero
measure on the boundary of A;

(i) Exogenous initial value is often assumed in this literature. We anticipate a data set with short
panel, however, we can also allow for large T asymptotics with no modification for the procedure,
see Srisuma and Linton (2009); (ii) We assume the support of A (by monotonicity of the policy
function, hence &) to be compact for simplicity, otherwise one just add some standard trimming
conditions discussed in Robinson (1988); (iii) This is the main identification assumption. It can be
shown directly that the conditions we impose on the policy functions above is equivalent to imposing
that the moment restrictions in (15) hold if and only if § = 6. This condition has the interpretation
that the only model implied policy function induced by 6 that is consistent with the data is only
when 6 = 6y; (iv) We only consider the object functions that make use of all the information from
the moment restrictions, which ensures they will converge to functions that have a unique minimum
at fp in the limit. One possible choice for {y,} that satisfies this condition is simply the Lebesgue
measure. Alternatively, we can also use random measures, as long as they converge weakly to {y, }
that satisfy the finiteness and dominant conditions.” The most natural choice of random measures
that one may use is the empirical measure, which puts equal mass on each observed data points

{ait, x;} and zero measure outside it.
Next we impose some conditions on the kernel function and simulation size:

AsSuMPTION M5:

(i) K is an even and continuously differentiable 4-th order kernel function on [—1,1]; (ii) The
bandwidth sequence hy satisfies hy = dyN~° for 1/8 < ¢ < 1/6, with dy is a sequence of real
numbers that is bounded away from zero and infinity; (iii) Trimming factor vy = o (1) and hy =
o(vy); () The simulation size R satisfies N/R = o (1);

(i) We need to use a higher order kernel despite the fact that dim (A) = 1 since the effective
nonparametric rates we are dealing with corresponds to that of a nonparametric estimator for the
derivative of a density function; this can be seen from defining the policy function as an implicit func-
tion satisfying the following first order condition 27y (cg (z,€),2,¢) = 0; (ii) We provide the range
of bandwidths, which will ensure root— N consistent estimation of our semiparametric estimator; (iii)

"In the Appendix we simply consider sequence of nonrandom measures { W } However, the proofs can be lengthened
leading to the same asymptotic results for random measures { KN }, where py; = p; for each j; this can be shown to

follow from repeated applications of continuous mapping theorem following the results from Ranga Rao (1962).
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Since we assume bounded support on A, we need to trim off our estimates near the boundary. In
practice, this can be done by simply approximating the policy function on a compact subset of A.
(iv) requires the simulation size to diverge faster than N to ensure we can ignore the approximation

error of Fyx (+|-;6), which arises from simulation, in our asymptotic results.

We can also write down the general expressions for higher order kernels of order r, see Robinson
(1988). Since dim (A) = 1, we explicitly work with a 4 —th order kernel for transparency that avoids
imposing unnecessary arbitrary degree of smoothness assumptions. In particular, we impose the

following standard smoothness conditions on various density functions and the payoff function:

ASSUMPTION M6:

(i) For all x € X, the density px.a(z,-) is b—times continuously differentiable on A and
inf,capxa(x,a) > 0; (it) For all o',z € X the density px x.a(2',x,-) is 5—times continuously
differentiable on A; (iii) The known distribution function of e, Q, is Lipschitz continuous and
twice continuously differentiable; (iv) For all x € X, ug (a,z,€) is twice continuously differentiable
in a and 0, once continuously differentiable in €, these continuous derivatives exist for all a,e and
0. In addition we assume az_faeue (a,z,e) > 0 and aag—ggu@ (a,z,€) exists and is continuous for all
a,e and 0;

We note that, given our smoothness assumptions a_2u9 (a,x,€) > 0 is the analytical condition

) dade
for M3.

We need to introduce some notations before stating the last set of assumptions for our main
theorems. By M1 and M3, our model implied policy functions are monotone in €, so we can define
a corresponding inverse of the policy function by p, (a,z). In addition, by implicit function theorem
in Banach space, oy and p, (and Fx (;0)) depend on the function 9,99, where J, is short for %, we
define the relevant normed space and make these dependence explicit in the Appendix. We denote
the (partial-) Fréchet differential operators by Dy and D, where the indices 6 and g denote the finite

and infinite dimensional argument used in differentiating.®

ASSUMPTION MT:
(1) The inverse of the policy function is twice Fréchet differentiable and || D,p,| < oo; (it) For

some x in X, the following M x M matrix

/A 4 (00, ()P [Dopny () Dapy, (2] i (da)

8For any map T : X — Y and some Banach spaces X and Y, we say that T is Fréchet differentiable at z, that
belongs to some open neighborhood of X, if and only if there exists a linear bounded map D7 : X — Y such that
T+ f)—T(x) = Dr(x)f+o(||f|l) with ||f|| — 0 for all f in some neighborhood of z; we denote the Fréchet
differential at x in a particular direction f by Dy (z)[f].

11



is positive definite; (i) For all a and w, the Fréchet differential of py, (a,x) w.r.t. 0,9 in the
direction [0aGa, (+, ) — Ouge, (-, x)] is asymptotically linear, in particular for any a € int (A)

N,T
Dypg, (a;2) [0ago, (-, ) — Dage, (-, 7)] = % Z Yo (@i, zig; a, ) + 0, (N71?)
i=1,t=1
with E [t (@i, Ty;a,x)] = 0 and E [w(z] (ait,xit;a,x)] < oo for all i,t; in addition, w.p.a. 1, the
expression above holds uniformly on any strict compact subset As of A and V¥, (ay, xy;-) € Vs where
Us is some class of functions on As that is a Donsker class.

(i) We impose the primitive conditions on the inverse of the policy function, as opposed to the
policy function, for notation convenience. This is without any loss of generality by using implicit,
inverse and Taylor’s theorems in Banach space; (ii) This is a standard rank condition on the second
derivative on the Hessian; (iii) We implicitly assume that the effects from using the nonparametric
estimator can be captured by a leading term that satisfies the Donsker theorem. The pointwise
linearization is a reasonable assumption that we expect to be satisfied in most applications.” For
the Donsker property, first note that {Us} only depends on ¢ through the support of A, we need the
space of functions {W¥s} to not be too rich (in our case, sufficiently smooth). The Donsker property
that generalizes the central limit theorem to random elements is satisfied by a large class of functions,
see van der Vaart and Wellner (1996).

THEOREM 1: Under M1-M7: For gy that satisfies (13), if [ satisfies (17) then [N 0y, and
VN (0 60) = N (0, Hy "1 )

where

[DoFapx (alz; 6o)]

Q = lim var | — ~ da) |,
N—oo 2;{/ N <FA\X (a|lz) — Fax (a!x)) pe (00
- (DQFAIX (a\x; 90) [aaﬁeo (,l‘) — Oagoy (" JJ)])

Hy = 2 Z /A [DQFA'X (a|x; QO) DGFA|X (CL|$; 80)},/%; (da) .

zeX

9Suppressing = and 6y, M1- M6 ensure that J,g is a square integrable function and, by Taylor’s theorem in
Banach space, Dyp (a) [0ag — 0,9] is a smooth linear functional of 9,G — 0,9 for each a € int (A). Then, by Riesz
representation theorem, there is a unique square integrable function «y (-; a), defined on A, so that Dyp (a) [0, —0ag] =
[ (a;a)[0ag (') — Dag (a')]dF, (a') for some measure F,. Since 9, is a kernel estimator that is well approximated
by a closed form expression, it follows from standard change of variables and integration by parts that the integral
will lead to an average of mean zero terms and a smaller order term. See Chen, Linton and van Keilegom (2003) for

some explicit examples that make use of this argument.
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Next theorem provides the pointwise distribution theory of g;. Denote [ w/ K (u) du and [ K7 (u) du
by 11; (K) and r; (K) respectively:

THEOREM 2: Under M1-M7: For any a € int (A) and = € X, if gy satisfies (18) and 0 satisfies
(17) then

VNI (/9\? (a,2) = g, (a, %) — By (a, z; meo)) =N (O

Ko (K) - )
) TpX’A ({L‘, a) var (m90 (xzt+1) |ZEzt =1x,a; = CL)) :

where

By (a,73m) = by (K) 3 m (2

(,%pxgx,/x ($', z, Cl) I Pxr x,A (I', z, G) ,%Z?X,A (xa a))
?
r'eX

px.a(x,a) Px.a (2, 0)

furthermore, g5 (a,x) and g5 (a',z") are asymptotically independent when o' # a or ' # x.

The pointwise asymptotic property of g; (a, ) in Theorem 1 is identical to that of a Nadaraya-
Watson estimator of the regression F [myg, (Ti+1) |s4 = 2, a;; = a] when myp, is known. In other
words, the nonparametric estimation of my, as well as the generation of the nonparametric residuals
(10), does not affect the first order asymptotic of gy. The reason behind this is due to the fact that
<?9, My, E) converges uniformly (over © x X) in probability to (rg, mg, £) at the rate close to N~%/2,

which is much faster than the nonparametric rate (cf. Theorems 4 and 5 of Srisuma and Linton
(2009)).

The asymptotic variance of the finite dimensional estimator in semiparametric models can have
a complicated form that generally is a functional of the infinite dimensional parameters and their
derivatives. Not only it is difficult to estimate such object, the estimate often works poorly in finite
sample. The semiparametric bootstrap seems to be a natural resampling method since we know the
DGP for the controlled processes up to an estimation error. In the parametric setting, Kasahara and
Shimotsu (2008a) develops a bootstrap procedure for discrete Markov decision models, where they

use parametric bootstrap framework of Andrews (2005).

4 Numerical Example

In this section we illustrate some finite sample properties of our proposed estimator in a small scale
Monte Carlo experiment. We consider a dynamic price setting problem for a representative firm

described in Section 2 with the following specification.

DESIGN:

13



For some unknown 6y = (1, 002), each firm faces the following demand
D (ait, Tt €t) = D — Oorai + bo2 (x4 + €3t) -

The observable state x;; takes value either 1 or —1, where 1 signifies an increase in demand towards
the firm’s product and vice versa; the firm’s private shock in the demand ¢;; is not observed to the
econometrician. D can be interpreted as the upper bound of the supply and 6, are the parameters
representing the market elasticities. Unlike x;, the evolution of the private shocks are completely
random and transitory. The distribution of the consumer satisfaction measure depends on the previ-
ous period’s price set by the firm, which is summarized by Pr [z,11 = —1|2y, a;] = “=*, where @ and
a denote the minimum and maximum possible prices respectively. It is a simple exerci;e to show that
the policy function can be characterized in terms of the conditional value function E [V (si41) |2,

in particular, the firm’s optimal pricing strategy has the following explicit form

a(z,e) = (E—l—@m (x+€)+c€01—5/\i_/\2) /2001, (18)

a—a

where \y = E[V (sy) |vy = 1] and Ay = E[V (s3) |ze = —1]. It follows that D (a,z,¢)(a —c¢) is
supermodular in (a, ¢;) for any x if fy; and 6y, are positive, which ensures the policy function above
will then be strictly increasing in . If we ignore that the firm is forward looking, the optimal static

profit can be obtained from the following pricing policy
Qg (ZL‘,E—:) = (E—f-@og ($+8)+0901) /2001. (19)

Intuitively, we expect firms which do not take into the account of the consumer’s adverse response
to high prices will overprice relative to their forward looking counterparts. This is confirmed by the
expressions in the displays above since we expect A\ — A2 (and fy;) to be positive, i.e. the latter
implies a; (z,¢) > a(x,¢) for any pair of (z,¢).

In our design, we assign the following values to the parameters
D =300 =100p=1/2c=1,

and let ¢; ~ Uni[—1,1]. Then it can be shown that @ — a = 1 and the stochastic matrix £ is

symmetric, in particular

r - 5 < Pr [:Eit+1 = 1|J7zt = ]_] Pr [Iit—‘rl = —1|$1t = 1] )

Pr [l’it+1 = ]-|'th = —]_] PI' [Iit-i-l = —1|£L'Zt = —1]
_ (025 075
0.75 025 )
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A numerical method that mirrors our estimation of the policy value equation in Section 2 can be
used to calculate the exact value of \; — Ay (= 1/1.45). These information allow us to simulate the
controlled Markov processes that are consistent with optimal pricing behavior in (18). We generate
1000 replications of such controlled Markov processes with for various sizes of N € {20, 100,200}
random samples of decision series over 5 time periods; this leads to five sets of experiments with the
total sample size, NT, of 100,500 and 1000.

IMPLEMENTATION:

We are interested in obtain estimates for the demand parameters 6, and assume the knowledge of
(E, c). In estimating the nonparametric estimator of gy, we construct a truncated 4-th order kernel
based on the density of a standard normal random variable, see Rao (1983). For each replication, we
experiment with the 3 different bandwidths {hc =1.06s (NT)*:¢ = %, %, %}; the rates of decay for
hi and hg lie on the boundary off the admissible range stated in M5. We trim out the calculations
involving gy (a,z) when a that lies within a bandwidth neighborhood of the boundary. For the
simulation of Fx (-;6), we take R = N log (N) random draws from (). We approximate the model
implied policy function by grid-search. We use two sets of measures { pudM } and { M } to construct
the objective functions defined in (16) that lead to 5U and §EM respectively. The uniform measures
{pYM} simply put equal weights on all a and z, whilst {4/} are the empirical measures. For a

comparison, we also compute the structural estimators for the static model, which is much simpler

to estimate since the policy function in such framework has a closed form as described in (19).

RESULTS:

We report the bias, median of the bias, standard deviation, interquartile range (scaled by 1.349)
and the mean square error for the estimators in Table 1 and Table 2 that can be found at the
end of the paper; the tables give the results for the estimators of 6y, and 6y respectively. The
rows are arranged according to the total sample size and bandwidths. We have the following general
observations for both of our estimators regardless across all bandwidths and measures: (i) the median
of the bias is similar to the mean; (ii) the estimators converge to the true values as N increases as
their respective mean and standard deviations (and MSE) are converging to zero; (iii) the standard
deviation figures are similar to the corresponding scaled interquartile range.! There does not seem
to be any significant difference in the performance of the estimators that are defined using different
measures. We also report analogous summary statistics when the model is wrongly assumed to be
static, they can also be found in Table 1 and 2 in the rows labelled static. It is clear that the
estimators under static environment do not converge to 6, instead they display a significant positive

bias. This finding is very intuitive, since our minimum distance estimators reflect the model that

10(iii) is a characteristic of a normal random variable.
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best fit the observed data, the upwards bias of the elasticity parameters estimates is highly plausible.
To see this, first recall from (19) that firms who do not take into the account of the future dynamics
will overprice relative to the forward looking firms. The firms that only maximize their static profits
will therefore, on average, need to expect the market elasticities to be more sensitive in order to
generate more conservative pricing schemes consistent with the behaviors of their forward looking

counterparts.

5 Other Dynamic Models

The estimation methodology discussed in Section 2 can be adapted to estimate different classes of
dynamic problems. Notice that, once we can provide a consistent estimator for the conditional value
functions, the model implied distribution function can be readily obtained and used to construct a
variety of objective functions to estimate the finite dimensional parameter of interest. Therefore we
only discuss how to obtain consistent estimators for the conditional value function defined as the
solution to some policy value equation, analogous to the solution to equation (8), under different

settings.

DISCRETE AND CONTINUOUS CONTROLS:

An important contribution of BBL is to be able to estimate models that have discrete as well as
continuous control variables without solving the model equilibrium. This class of problems is useful
for many empirical models, for instance where the economic agents endogenously choose whether
to participate in the market before deciding on the price or investment decisions, see the dynamic
oligopoly studies of Ryan (2009) and Santos (2009).

Our modeling framework here is similar to Section 4 of Arcidiacono and Miller (2008). For
each economic agent, the model now consists of the control variables (a;,d;) € A x D, where
A CRand D = {1,...,K}, and the state variables s; = (zy,e4,05) € X x & x VX, where
X ={1,...,J},€ CRand VX C RE so vX = (vy (1),...,v4 (K)). In each period the economic
agent makes a sequential decision, first on the discrete choice then the continuous one. The decisions
made within and across period generally are allowed to affect the consequential state variables. The
decision problem leads to the following pair of policy functions

) (55) = arg max. {E [u (a (sg) L it Ty, ait,vff) |z, diy = d] + BEV (Sis1) |Tit, dis = d]} ,

« (Sg) = argmax {U (a‘7 dit, Tit, €t Uft() + BE [V (8it41) |wit, aie = a, dit]} ;

D _ K c_ K
where s;; = (xit, vit) and s;; = (xit, Eit, Uy ,dit).
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For any payoff function u that is parameterized by some 6 € O, we can define a policy value

function that is a stationary solution to the following linear equation (cf. equation (7))
Vo (s) = ug (Oé (Slct) ;0 (35) » Lit €itavilt() + BE [Vy (si141) |sie = s] for any s € S.

Simplify the notation by replacing (a (szct) ,0 (sﬁ )) with (a;, d;;), under a conditional independence
assumption analogous to M1, the conditional value function is then the solution to this matrix eqation

(cf. equation (8))
E Vo (sit) |va] = B [Ue (aita dit, Tit, Eit, ,Uzlt() |$zt} + BE[E [Vo (sit11) [Tivs1] [id] -

The matrix equation (and its solution) is identified under some familiar assumptions. In particular,
let ug (a,d, z,e,v%) = uf (a,d,z,e) + v (d) and u§ has increasing differences in (a, ¢) for all d, z and
0, then

E [Ue (a'it7 dit, Tit, Eit, U,It() |90zt] = F [u@C (ait, dit, Tit, €it) |xzt} + E vy (dit) |7it]
= Z Pr[dy = d|vy| E [Ug (@it dit, Tit, €it) |Tit, dig = d]
d

+ Z Pr[dy = d|wy| B [vi (di) |73, diy = d] .
d

For instance, the conditional choice probabilities can be estimated nonparametrically using the fre-
quency estimator. Although we do not observe {¢;;}, under analogous conditions to M1 and M3, they
can be generated by the relation ;; = Q! (ﬁmx,[) (ait| T, dit)), where F\A|X,D (alz,d) is the non-
parametric estimator for Prla; < a|x; = x,dy; = d]. The selectivity term, E [vy (di) |z, diy = d],
that arises from the discrete choice problem can be estimated using Hotz and Miller’s inversion
theorem as in a purely discrete choice problem. The transition laws and conditional distribu-
tions of the observables are nonparametrically identified under some regularity conditions. The
estimates of F [Vp (si)|z4] can then be use to estimate the choice specific conditional value func-

tion, which can once again be written as a conditional expectation of the observables, namely
E Vo (Sit11) |Tie, aie, dig] = B [E Vo (8it11) [Ties1] [it, @ir, di]

ORDERED DISCRETE RESPONSE:

A dynamic problem with ordered choice is precisely the discrete counterpart of the continuous
control framework. Practical application includes investment models where firms purchase or rent
goods in discrete units, e.g. see Gowrisankaran et al. (2010).

In this case, the support of a;;, A, is an ordered set {al, .af } The policy function that solves
the dynamic discrete ordered choice problem satisfies

o (Sit) = arg 12}2% {U (ak7 Sit) + 8K [V (Sit-‘rl) |Sita Qi = ak} } .
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The conditional policy value equation can be generated for each #, analogous to the matrix equation

(8). We are only concerned with consistent estimation of E [ug (a;, sit) ||, where
K
E [ug (i, i) [za) = > Pr [an = d*lau] B [ug (i, s1) |wi, ai = a] .
k=1

The conditional choice probabilities are nonparametrically identified under some regularity condi-
tions. The per period payoff function contains the unobserved state variable €;,. Analogous to the
case with continuous control case, the policy function is weakly monotone in ¢;; under conditional
independence and increasing differences assumptions. We can utilize the quantile invariance prop-

erty between a; and ¢;; to identify the choice specific expected payoff. In particular, for £ > 1 let
Ty = [Q7' (Faix (" M) , Q7 (Fax (a¥|zi))], we have

E [ug (ait, sit) T, an = a*] = E [ug (au, su) |z, €0 € L]
fIk Ug (ak, Tit, 5) Q (de)

Faix (aFlai) — Fax (aFHag)”
when k=11let Z; = [Q7'(0), Q" (Fax (a*|z))], and

le ug (a', x4, ) Q (de)

Fapx (afz)

E [“9 (@it, Sit) |Tit, air = al] =

We can consistently estimate {Z;} from the nonparametric estimators {F 41X (ak|xit)} and the as-
sumed distribution function (). Therefore we can estimate fIk Ug (a"’ , Tit 6) Q (de) for any k. The
conditional policy value function can be estimated and solved. The feasible model implied policy
and conditional distribution functions can then be used to construct a minimum distance criterion

as before.

MIXED DISCRETE-CONTINUOUS CONTROL:

The control variable in many investment and pricing problems naturally have both continuous and
discrete components. As in the empirical example in Hong and Shum (2009), firms may choose to not
invest with positive probability, or for a pricing problem, price may be regulated to lie without certain
bounds (which is binding). For simplicity, suppose that A = {0} U (a, @], where 0 < a < @ < oc.

The policy function for this class of controlled problem satisfies

u (0, 84) + BE [V (sit+1) |Sit, air = 0]

a(S;) = Ozc Sit
(sit) (i) 1 <u (a®(sit) s sit) + BE [V (sits1) |8t ai = a (sir)]

)

where o (s;;) = arg MaX,ciaa 1U (@, Sit) + BE [V (Sit41) |sit, air = a]}. As seen in the previous cases,

the main feature that distinguishes the conditional policy equations (see equation (8)) for different
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type of control variables is the conditional mean of the payoff function E [ug (ay, Si) |xy]. In this

setting, we can write

E[ug (ait, sit) |Tit] = Priayg = 0|zi] E [ug (ait, sit) |Tit, ai = 0]

+ Pr[ay > 0|zy) E [ug (@i, sit) |Ti, a > 0].

Again, under the conditional independence and increasing differences assumptions we rely on the
monotonicity condition of the policy function. For the discrete part, similar to the ordered choice
case, we can estimate E [ug (@i, Sit) |Tit, air = 0] by fz up (0,3, €) Q (de) / Prla;; = 0|xy], where Z =
Q71 (0),Q7! (Pr|ay = 0|zy])]. For the continuous contribution, we can again generate e;; that
corresponds to positive values of a; by same relation in Equation (10). Given the monotonicity

framework, it is straightforward to allow for a control variable that has multiple mass points.

MARKOVIAN GAMES:

The development of empirical methods to analyze of dynamic games has been growing in the
empirical industrial organization literature, we refer to Ackerberg, Benkard, Berry and Pakes (2005)
and Aguirregabiria and Mira (2008) for recent surveys. To avoid repetition, we illustrate that our
methodology can be extended to estimate a class of Markovian games when the action variable is
purely continuous. We consider the independent private value framework similar to Aguirregabiria
and Mira (2007), BBL, Pesendorfer and Schmidt-Dengler (2008).

For each period ¢, there are N players, indexed by the ordered set {i}. Assuming that the game

has a unique equilibrium so that each player i’s optimal strategy satisfies

a;€A;

E[u (i, 0e—; (5—it) , Sit) |Sit, aie = 4]
+B:E Vi (Sit41; 0—5) |8it, @i = a4 ’

a; (8;;) = arg max {

where a¢_; and s_;; denotes the strategy profile and information of all players other than player ¢

respectively, and

E [ui (i, 0 (5_it) , Sit) | Sie, @i = a4
Vi (8i; ;) = max .
a;€4; +B,E Vi (Sits15 0) |80, air = ai

Let s;; = (x4, €4) denote the public and private information for each player i. We can define a family
of policy value functions {Vp,;} that is generated from using the players equilibrium strategy profile
{a;}. So that, for each 6 and i, the conditional policy value function is the solution to the following

matrix equation

E [Ve,z‘ <Sit) |$zt] =F [Ue,z' (aita aA_gt, Sit) |$zt] + ﬁiE [E [Va,z' (Sit+1) |$z’t+ﬂ |Izt] .
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The linear equation above is the continuous action counterpart of Equation (6) in Pesendorfer and
Schmidt-Dengler (2008). Once again, under the monotonicity assumption, we can generate €;; from
Q; ! <F\ 41X (ait|x,~t)>, so the matrix equation has to be estimated and solved N times, once for each
player i. The model implied strategy/policy functions and conditional distribution of the actions
can then be estimated for each players, which can then be used to construct the minimum distance

estimator for dynamic games.

6 Conclusion

In this paper we develop a new two-step estimator for a class of Markov decision processes with
continuous control that forms a basis to estimate a larger class of structural dynamic models. Our
criterion function has a simple interpretation and is also simple to construct; we minimize a minimum
distance criterion that measures the divergence between two estimators of the conditional distribution
function of the observables. In particular, we compare the conditional distribution functions, one
implied purely by the data with another constructed from the structural model. We provide some
conditions to ensure our estimator is consistent for the structure parameter of interest. As an
alternative estimator to BBL, which is designed to estimate the same class of models without having
to solve for the dynamic programming problem, for a parametric model we can simply use the
empirical measure to construct our objective functions hence there is no additional decisions to be
made by the practitioners (e.g. choosing classes of inequalities). We also explicitly work with the
framework where we do not need to impose any distributional assumptions on the transition law of the
observables. This additional flexibility is important since the transition law is a model primitive. We
provide the distribution theory of both the finite dimensional parameters as well as the conditional
value functions. We illustrate the performance of our estimator in a Monte Carlo experiment on a
dynamic pricing problem, where our criterion function provides a simple intuition for the direction of
the biased of the estimator which ignore the model dynamics. We also demonstrate how the general
approach we take to estimate dynamic models with continuous control, analogous to the discrete
choice counterparts proposed by Hotz and Miller (1993), can easily be adapted to estimate other
class of interesting and practically relevant dynamic models.

There are also other important aspects of dynamic models we do not discuss in this paper.
We end with a brief note of two issues that are particularly relevant to our framework. The first is
regarding unobserved heterogeneity. The absence of unobserved heterogeneity has long been the main
criticism against two-step approaches developed along the line of HM. Recently, finite mixtures have
been used to add unobserved components in related two-step estimation methodologies, for example
see Aguirregabiria and Mira (2007) and Arcidiacono and Miller (2008), Kasahara and Shimotsu
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(2008a,b). Finite mixture models can also be used with the estimator developed in this paper.
Secondly, our paper focuses on estimation and assumes the model can be identified from some moment
conditions. There are ongoing research on the nonparametric and semiparametric identification of
dynamic decision models of single and multiple agents, for some recent examples, we refer interested
readers to Aguirregabiria (2008), Bajari et al. (2009), Heckman and Navarro (2007), Hu and Shum
(2009) and Pesendorfer and Schmidt-Dengler (2008).

21



7 Appendix

We first make an explicit assumption on the choice of norms. In a general semiparametric prob-
lem, the parameter space © x G is the Cartesian product of ®© C RM and G, a Banach space
of J—vector-valued functions defined with the supremum norm on A. Since the policy values are

i:p so that

indexed by 6, a generic element in g can be written explicitly as ¢ (-,0) = (g (+,0))
llg9llg = maxi<.<sSupgee |19z (-, 0) ||, Where [|-|| . denotes the usual sup-norm. Since G is a Cartesian
product of J spaces of functions X ,exG., the norm ||-||; are defined for a particular element of the
J—vector in G accordingly. The norm on © x G is defined additively with respect to the finite and
infinite dimensional components, namely ||(0,9)lloxg = I10]l + llgllg, where the norm on the finite
dimensional vector space is the usual matrix norm; the norms for other Cartesian products of any
subset of R (e.g. A x ©) and G are defined similarly. In relation to our problem, the space of
functions of interest contains the vector of expected policy value functions gy, defined in Equation
(9), we henceforth denote this by gq (-, 0) for any 6. We are also interested in the space of functions
of derivatives of the expected value functions, we denote this by GV, where it is equipped with an
analogous sup-norm as G; the norm [|-||g, gy are be defined on © x G accordingly.

We have used several abbreviations to simplify the notations in the main text. Throughout the
appendix, we denote the model implied objective policy functions oy (,¢), defined in Equation (5),
and its inverse by a, (¢,0,0,9. (+,0)) and p, (a,0,0,9. (-,0)), for any a,z,¢,0, g., respectively. The
explicit dependence on the derivative of the function ¢ follows from implicit function theorem in
Banach space as we assume that the policy function is characterized as the solution to the first
order condition of the objective function on the RHS of Equation (5). We denote the corresponding
conditional distribution functions Fa x (a|z;0), defined in Equation (6), by Fajx—s (a,0, 0.9, (-, 0))
for any a,z,0,9,. We also use the short-hand notation Fyujx—, (0,0,9. (-,0)) and Fyx—, for the
functions Fajx—; (+,0,0.9: (-,0)) and Fajx—s (0o, Ougox (+,00)) respectively. Lastly, we denote the
feasible objective function My (6), defined in Equation (16), by My (0,9(-,0)) for any 6.

We let VW abbreviates van der Vaart and Wellner (1996). We also use the multi-index notation
for the higher order derivatives with respect to a and 6, in particular 8},"' = oM /o7 ... 007 when
In| = > L, m for any given natural number |n| and any combination {r;}. In what follows we let:
¢ > 0 be a number that is arbitrarily close to 0; Cy denotes a positive constant that may take different

values in various places.

7.1 Theorem G and Some Lemmas

We first present a general theorem that will be useful to obtain the asymptotic normality of our es-

timator. We denote the (partial-) Fréchet differential operators by Dy, D, Dgg, Dy, and D,,, where

99
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the indices denote the argument(s) used in differentiating and double indexing denotes second deriv-
ative. For any map 7' : X — Y and some Banach spaces X and Y, we say that T is Fréchet
differentiable at x, that belongs to some open neighborhood of X, if and only if there exists a linear
bounded map Dr : X — Y such that T (z + f) — T (z) = Dy (x) f + o (|| f||) with || f|| — 0 for all
f in some neighborhood of x; we denote the Fréchet differential at = in a particular direction f by
Dy (x)[f]. For Theorem G below, let 6y and go denote the true finite and infinite dimensional pa-
rameters that lie in © and G respectively. Since we only need to focus on the local behavior around
(6o, go), for any 6 > 0 we define ©5; = {0 € © : |0 — || <6} and G5 = {g€ G : [lg— gollg <6},
here ¢ can also be replaced by some positive sequence dy = o(1). The pseudo-norm on G5 can be
suitably modified to reflect the smaller parameter space ©;, and the choice of ¢ for ©5 and G5 can
be distinct, but for notational simplicity we ignore this. Let M (0, ¢ (-,0)) denote the population
objective function that is minimized at 0 = 6y, and My (6, ¢ (-,0)) denote the sample counterpart so
that M (0,9 (-,0)) = limy_.o E [My (0,9 (+,0))]. Further, we denote DyM (6,9 (-,0)) by S (0,9 (-,0))
and DggM (0,9 (-,0)) by H (6,9 (-,0)).

THEOREM G: Suppose that [N 0o, and for some positive sequence oy = o (1),

G1 My (0.5(-9)) < infoco My (6,5 (-6)) + 0, (N1)

G2 Forall 0, G(-,0) € G5y w.p.a. 1 and supgee |[7 (-, 0) — go (+,0)| . = 0p (N7V/4)

G3 For some § > 0, M (0, g) is twice continuously differentiable in 6 at 0y for all g € Gs.
H (0,9) is continuous in g at go for 0 € Os. Further, S (0o, go (+,00)) =0 and Hy = H (09, go (-, 60))
18 positive definite.

G4 For some § > 0, S(0,g(-,0)) is (partial-) Fréchet differentiable with respect to g, for any
6 € ©s5 and for all g € Gs. Further ||S (60,9 (-,00)) — DyS (60,90 (+,00)) [ (-,60) — g0 (-, 60)]|| <
By x subge 19 (8) — go ( 8)|%, for some By = Oy (1),

G5 (Stochastic Differentiability)

Dy (0,9 (-,0))

sup — o (1),
16—60||<dn 1—}—\/N||9_90” p( )
where there exist some sequence Cy, so that

MY (0.5C.0) = My (605 (-, 00) = (M (6,5 (0)) = M (60, (-,00))) = (0 = ) C]

16— ol
G6 For some finite positive definite matrices 2y and €1, we have the following weak convergence
VNCx = N (0,9) and VNDy = /N (Cx + DyS (6o, 90 (,60)) [7 — 90]) = N (0,9).
Then
VN (0-60) = N (0, Hy'0H; )
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Losua 1. Under M1 - Mf and M6: | £~ £]| = 0, (N1/2).

LEMMA 2. Under M1 - M6: For any x € X, Ty (x) = rp (z) + 74 (x) such that
max|<,<J SUPyee |7e ()| = 0, (N7*) for any A < 1/2.

LEMMA 3. Under M1 - M6: For any x € X, Mg (z) = mg (z) + My (x) such that
Max <z<J SUPpcg }ﬁzf (x)| =0, (N™*) for any A < 1/2.

LEMMA 4. Under M1 - M6: For any 6 € ©, x € X, and a € A, G, (a,0) = g, (a,0) + 95 (a,0) +
g5 (a,0) + g% (a,0) such that

~B 4
max_  su a,0) = O,(h”),
1<2<T G,aEQEAN 92" (@, 6)] b (1)
3
~S
max  su a, ) = o, | — |,
1<z<J G,ae@EAN 9 (2, 0) P (th)
32 @) = o (14 )
max  su a, = o — .
1<z<J 9,ae@Ix)AN I i V' Nh
LEMMA 5. Under M1 - M6: For all x € X, maxXo<i<2,1<z<J SUDg acox Ay g, (a,0) — &Iz”gow (a, 0)) =
op (1).
LEMMA 6. Under M1 - M6: maxo<ip<21<z<J SUPgacox Ay NG, (a,0) — Al o, (a, 9)‘ =
o, (1).

LEMMA 7. Under M1 - M7 for all v € X, F, ={1]- < p,(a,0,0,9.)] :a € A,0 € ©,¢g, € G} is
a Donsker class.

LEMMA 8. Under M1 - M7: For any x € X and some positive sequence oy = o0(1) as N — oo

¥ i (Les < o (@,0,0u9,)] = Q (p, (a0, 8u3,)))
_% Zf\il (1 [Ei < Pz (OJ? 97 8ag$>} - Q (pm (CL, 97 aagfl?)))

lim sup

N
T (0,0,00g2)€AXOXGLY,
ll(a'—a,0"—0,009;, —Bagx) || <o N

LEMMA 9 Under M4: For any v € X

\/N (F\A|X:m - FA\X:x) ~ ]Fma

where F, is a tight Gaussian process that belongs to (> (A).
LeMMA 10: Under M1 - M7 For any ©x € X

VN(Fajx=z (00, 0.9z (,00)) — Fajx—s (00, 0agos (-, 00))) ~ G,

where G, is a tight Gaussian process that belongs to [ (A).

7.2 Proofs of Theorems 1 and 2

For the proof of Theorems 1, it is convenient to introduce the following notations: (i) E, (¢, 0,9 (-,6))
where Ex (9, aagx ('a 9)) = FA|X=96 (97 aag$ ('7 9))_FA\X=9C; (11) EN@ (97 aagl‘ ('> 9)) = ﬁA\X=$ (9, aagx (" 9))_
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F A|X=z, Where ﬁA‘ x=z (0, 0.9: (+,0)) and ﬁA‘ x—, are functions defined on A that are the short for
F ax (4|50, 0.95 (-, 0)) and F Ajx (-|r) respectively. Therefore we can write the infeasible counterpart
of the objective function My 0,9(-,0)) as

M Z/E]Q\Mc 6 aagm 79))d/jlm>

zeX

whose limit is

=3 [ B26.00. .00 .

zeX
In addition, for z € X, let vg, denote the empirical process indexed by (0,0,g9.) € © x g
. R
be a random element that takes value over A, i.e. v, (6,0,9,) = \/LE Yoy e, < py(+,0,0492)] —

Q (pm ('7 97 aaga:))'

PROOF OF THEOREM 1. We first show that 0 is a consistent estimator for fy. To do this,
we show that M (6,90 (-,0)) has a well separated minimum at 6y. By assumption M4 we have
M (0, 90(-,0)) > M (6o, 90 (-,60)) for all § in the compact set © with equality only holds for 6§ = 6.
We also have Fyx (-|7;0,0.9: (,0)) = Q(p, (+,0,0.90 (-,0))) that is continuous in 6 given, this
ensures a well-separated minimum. By standard arguments, consistency will now follow if we can

show

sup [My (0,5 (-,0)) = M (6,90 (-,0))| = 0, (1) . (21)

By the triangle inequality, we have

|MN (07§(’0>> - M<9790 (70))| < 42/‘FAX T 0 azzgm( 79)) - FA|X:$ (Haaa/.dm (79))) d:uw

zeX

+4 Z / ‘FA\X x 9 aagac ( 70)) - FA|X:J: (07 a(/‘L.g(),:Jc ('7 9)){ d/vba;

zeX

+4Z/‘FAX m_FA|X =z

zeX

== A1+A2+A3.

dt,

For Ay, for each x and any n > 0 we have

Pr sup Fax (alz;0,0,5 (-,0)) — Fax (alx;&&zﬁ(n@))‘ > n]
Loe

R
S PI‘ Sllp Z 87‘ < pgj a 9 aag:r)] - Q (px (a,e,aa@\x)) > 77]
0,acOX AN —1
I R
< Pr . sup N EZ r < pp(a,0,0,9:)] — Q (p, (a,0,0,9:))| > 77]
10,0,0092z€OX AN XGy r—1

+Pr [aa/g\x ('a 9) ¢ gi‘l)} :
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From Lemma 7, F, is ()—Glivenko-Cantelli by Slutsky’s theorem, therefore the first term of the last
inequality above converges to zero as R — co. By Lemma 6, Pr |0,9. (+,0) ¢ g ] = 0 (1) hence by

finiteness of 1, it follows that |A;| = o, (1) uniformly over ©. For A,, for each x we have

‘FA\X:z (9, aa/g\x ('7 0)) - FA|X:$ (07 aag:c ('7 0))} = |Q (pm (CL, 9, aa/g\x ('7 0))) - Q (px (CL, 07 aagﬂ,z ('a 9)))|
S OO |:0x (CL, 67 aa/g\z (" 0)) - (px (CL, ‘97 aag(),z ('7 0)))' )

where the inequality follows from the mean value theorem (MVT) and the fact that the derivative of Q)
is uniformly bounded. Given the smoothness assumption on (p,) in assumption (xiii), by MVT in Ba-
nach space sup,c 4, |0, (@,0, 0.9z (+,0))—(p, (@, 60,0490 (-,0))) | < SUDy o o coxAxg) | Do,gps (@, 8, 0.92) ||
X SUPg geox Ay |0aJz (@, 0) —0ugox (a,0)|. Since u1, has zero measure on the boundary of A, by Lemma
9, f |FA|X:9[: (0,049 (+,0)) — Fajx=a (0, 0ago,2 (-,0)) ldp, < Co SUDPg qcox Ay 0.3z (a,0) —0ao.x (a,0) ]+
2, (A\An) = 0, (1). So we also have |As| = o0, (1) uniformly over ©. Lastly for A;, for each = we

write
Fux (ale) — Fax (al2) pxl(x) Fax (a,7) — Fix (a,7)
Fax (ale)
) 5 ) 0)

where FAX (a,7) = 57 SV 1i=1 Lai < a,ry = 2], then wp.a. 1

I3 F ‘
e, Sup | Flayx (a|z) = Fax (alz)

1
F F
Miny<,<; px () 15050 aen | (0,2) = Fax (0, 7)
maxi<;<s [px (7) — px (v)] ‘
ming << px ()

By Lemma 9, the class of functions {1[- < a,z; = ] — Fa x (-, ) : a € A} is also a Glivenko-Cantelli
class, so: the first term on the RHS of the inequality above converges in probability to zero; the second
term also converges in probability to zero since px () — px () = o, (1) for each x € X. Since Aj is
independent of 6, the uniform convergence in (21) holds and consistency follows.

For the asyptotic normality, we set out to show that our assumptions imply we satisfy all the con-
ditions of Theorem G. We have just shown the consistency of our estimator. G1 is the definition of the
estimator. For G2, it suffices to show 0,9, (-,0) € Gs, » W.p.a. 1 and supgcg [|0a9x (-, 0) — Ougoe (-, )|l
= 0, (N"V/4) for all z € X. The former is implied by Lemma 6, from the proof of Lemma 5, the

latter holds if h* + \/]]\\%3 = o (N~'/*), this is certainly the case when h is in the suggested range.
G3 and G4 simply requires translating the smoothness we impose in M6 and M7 to satisfy these
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conditions. Now we show G5, in particular we need to show that
My (8,9 (-,0)) — M (60, (,60)) — (M (8,5 (-,0)) — M (60,7 (-, 60))) — (0 — o)’ COn (22)
oz 10—6f 1
op (10— tul? + 122004 1),

holds uniformly for ||§ — 6y|| < dn for some sequence Cy. For any pair (6, 0,9, (-,0)) we can write

Ei (07 8a§x (’7 9)) - E;% (907 aa/g\m ('7 60)) - (FA\X:x (67 aa/g\x ('7 6)) - FA|X:1’ (007 aaar ('7 00))) X
(FA\X:x (97 8a/g\x ('7 9)) + FA\X:x (907 aa/g\z ('7 90)) - 2FA|X:r) 5

and analogously

B3 (0,05 (,0)) = B, (00,0 (- 00)) = (Fapee (0,0,3: (+0)) = Fapx—s (60, 03 (-, 00)) )
<ﬁA|X:x (07 aa/gx ('7 9)) + FVA\X::J: (00, aa/g\x ('a 00)) - 2ﬁA|X:z> .

Combing these we have

My (0,/5;(,6))_MN (007/9\('7(90)) -
RV (v (0,0 (9)) = Vi (00, Dl (-, 00)) ]

) + (Faix—s (0. 049 (0)) = Fajx—s (60, 0a8 (-, 00)))

B Z/ X R_1/2 (VR,:B (Qaaa/g\w (’9)> +VRx(60; agx ('7 ))) ) ] dlux

|X x

reX
<FA\X T (9 8a/g\x ('7 9)) + FA\X:m (907 aagx ('7 90))

-y / B2 (0,0,3: (+9)) — £2 (0. 0.z (-, 60)) dp,

zeX
—QZ/ Fajx—z (0,0.35 (-,0)) — Fajx—s (00, 0aGs (-, 60))) (F\A|X:z - FA\X:x) djt,
zeX
[VRJ/ (97 aag$ ('7 9)) — VR (007 aa/g\x (" 60))]
HED /1, Faxr (8.0,3: (+6)) _ dp,
+FA\X:x (907 aagm ('7 00)) - 2FA|X:$
+R 1/2 Z / [VR,I ((9, aaai('a 0)) + VRa ((90, aa/g\x (1\90))] dﬂm
reX L X [FA\sz (97 aagac ('; 0)) - FA|X::I: (607 aagx ('7 90))]

xeX VRI 8 aagﬂ? ( 70)) + VR (907 all./g\w ('7 90))]
= M(0,9(-,0)) — M (00,9 (-,00)) + B1 + Ba + Bs + B.

R Z/[ I/Rx (9 aagx ('79))_VR,:L" (907aa/g\x (760))] ]dﬂx

We now show that, out of {B;};_,, B is the leading term that contains Ciy in (22), the rest are of

smaller stochastic order. Since we are only interested in what happens as |6 — 6y|| — 0, in what
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follows, the little ‘0’ and big ‘O’ terms will be implicitly assumed to hold with ||§ — || — 0 and

N — 0.
For B; :
By mean value expansion
B = -2 (0 - 00)/ Z /DHFA|X::1: (aan aa/g\w (agaz)) (AA|X::E - FA|X=9:> d:ux
zeX

= —2(0—0p) Z /DaFA|X_x (00, 0ago (+,60)) <AA\X:x - FA|X:x> dp,

reX

-9 (0 N 00)/ Z / [DBFA\XZx (gxa aa/g\z (l\gm)) — DHFA\X::B (90, aag&x (.7 90))} dlllm
reX X [FAlex - FA|X::1:]
= D1+ Bia,

where for each z,0, is some intermediate (vector) value between 6 and #, that corresponds to
the MVT w.r.t. the x — th summand. We first show that Bj; is the leading term that is equal
to (0 —6y)' Cy in (22) and that v/ NCy converges to a normal random variable. By Lemma 9
VN (F\ A x=z — Fa X:m) ~~ I, where [F,, is a tight Gaussian process that belongs to (* (A) for all x,
by Slutsky theorem and a similar argument used in the proof of Lemma 9, it is easy to show that
Do Fsx=2 (00, 0ugox (-, 00)) \/N(ﬁA‘X:x — Fajx—z) also converges weakly to a tight Gaussian process.
To see the latter, note that for any 0,9, (-,0) € G

DgFax (alx;0,009: (-, 0))
= dq (pa: (CL, 97 aagr ('7 9))) (aOpx (CL, 07 aagz ('7 9)) + Daagpac (CL, (97 aagx ('7 9)) [898ag ('7 9)]) )
where, Jy denotes the ordinary L—dimensional partial derivative, /06, w.r.t. in the argument . This
is continuous on A for any z. Now, if we define a linear continuous map T, : [*° (4) — R (w.r.t. sup-
norm) so that T, f = [ DgFajx=s (00, 0agos (-, 60)) fdp for any f € I (A) then the map is linear and

continuous, the boundedness follows from the observation that sup,¢ 4 HD@F Alx=z (00, 0agoz (-, 00)) H <

00. Then, by continuous mapping theorem (CMT)

[ DoFaes (60,000 (. 00) VA (Fas = Fa—s) dity = [ DaFapsee (00,00 (,00) Eud,.

Furthermore, the limit is also Gaussian since we know Gaussianity is preserved for any tight Gaussian

process that is transformed by a linear continuous map, see Lemma 3.9.8 of VW. So we let

\/NC’N - Z / DGFA|X:J: (‘907 aagO,w ('7 00)) \/N (F\A|X:x - FA\X:x) d,ux, (23)

zeX

then vV NCy also converges a Gaussian variable.
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For Bjs, for each z, by Cauchy Schwarz inequality we have

’(9 - 90)'/ (DoFaix=s (02, 0aGs (+,02)) — DoFaix=z (60, Oago (+,00))) (ﬁA\sz - FA|X:m) dy,
_ 1/2
< |- 90)1/ (DoFajx—s (Hz_va 3a9i (-, Qi:)) — DyFajx=2 (00, 0agoz (- 00))) N, (0 — 60)

X (DoFaix=s (0z:0aGz (+,02)) — DoFajx=s (00, Oagoz (-, 00)))

X [/ [F\A\sz - FA|X=m}2 dﬂx} 1/2,

where for each z, 0, is some intermediate value between 6, and 6o,» that corresponds to the MVT

w.r.t. the x — th summand. Let 0y, denotes the [—th element of Jy then

| Do, Faix=z (02, 0aGs (,02)) — Do, Fajx—s (60, agos (-, 60))|
‘ ¢ (ps (0,02, 0472 (-, 02))) Do, (0,02, 0uGi (-, 62)) ‘
—q (P (a, 60, 0ago,s (+,60))) Do, p, (a, b0, Dago,s (-, b0))
q (P (0,02, 90Gu (,02))) Dagpy (@02, 0aGe (+0)) (00,0000 (- 0.)] '
=4 (ps (@,00,0u90: (+,60))) Do,gpa (@, 00, 9agos (-, 60)) [96,0agos (-, 00)]

First note that the terms on the RHS are uniformly bounded, it is easy to see that the terms on
the RHS of the inequality are o (1) as ng — HUH — 0 since (596,8&?;} (~,§x)) LN (0o, 0ugo . (+,00)) by
Lemma 5 and continuity in 6 of 0,90 (-, ). Then it will follow by DCT that

<

+

[(0 B 00>// [ [DHFA\X (gx, @@c (,gx)) - DQFA|X ((90, aagovz (-, 90))]

1/2
o dp (6 = 60) | = 0p (10— 0ol]) -
X [DOFA|X (917 aagx (’7 9:):)) - DGFA|X (907 aago,x ('7 90))]/ ’ ] " ’

R ,  11/2
From Lemma 9 and CMT, {f [FA|X:$ - FA‘X:I] d,u} = O, (N~'/%). Since we have finite z then

| Bra| = 0, (N2 — 6o]]).
For B, :

For each z

Faix—z (0,043 (-,0)) + Fajx—a (00, 8aGic (-, 00)) — 2F a1 x—s
= (Fajx=e (0,040 (-,0)) — Fajx—=z (00, 092 (-, 60)))

+2 (Fapx=a (00, 0agi (+,00)) — Fajx (60, 0ago.z (-, 60)))

—2 (ﬁA|X:x - FA\X:x) ;
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then we can write By as

B2 — R_1/2Z/

[VR,m (07 aa/g\ac ('7 9)) — VR (907 aaﬁz ('7 00))] ] d,u
X [Fax=o (60,0295 (-,0)) — Fapx—e (00,0232 (-.00))] |

zeX
xeaaa: ) - $‘978a/\:c '70
+2R_1/22/ [V, 9z (,0)) = VR (00, 0a5a (-, 00))] .,
reX FA\X =z ‘90, ag:r:( )) _FA\X (007aa90,x (',90))}

2R_1/2 Z/ VRx 0 6agx . )) — VR (007811/9\:1: (790))) <F\A\X:x - FA|X:x> d’ux

reX

= DBy + Bay + Bas.

We first show [ [Vg. (0,040 (- 0)) — VR (00, 0aGs (-, 00)))* d, = o0, (1) for any z. By Lemma 6
8aGs € G w.p.a. 1, and by Lemma 8 it suffices to show that 100G (-, 0) — 0ufix (-, 00)|| 2 0 as
|0 — Bo||. This follows from the triangle inequality since ||0,9. (+,0) — 0.Gx (-, 6o)|| is bounded above
by 1. (+6) — Butio (- 6) 11047 (- 60) — Bugos (- 80)]| + [Butios (- 6) — Bugioe (- 0) ], and the fact
that the first two terms of the majorant converge to zero by Lemma 5 and the last term converges

to zero by the continuity of 0,90, (+,6) in . For By,

B21 _ 2R—1/2 Z / [VR,x (9, 811/9\2('7 0)) — VR (00> aa/g\x (1\00))] ] d,u
zeX X [FA|X=$ (97 aagiﬂ ('7 9)) - FA\XZ:B (907 aagx ('7 00))]

_ 2R—1/2 Z / [VR,JC (97 aa/g\x ('a 9)) — VRx (90, &@c (-, 90))]
vex”’ | x Do Fax—s (00400 (-,02))

] du (0 - 00) )
by Cauchy Schwarz inequality
[Bar| < 0, (R7Y?) %

B B B _ 1/2
1213<XJ |:(9 - 90)// [DGFA\X:x (exa 8a/g\x ('7 9:0)) DHFA|X::E (91‘7 aa/g\x ('a ex)) ] dﬂ (9 - 90):|

= 0y (R%) 0, (1|0 — o))
= 0, (N7210 = 60ll) ,

the first inequality follows from the stochastic equicontinuity condition of Lemma 8, then it is easy to
show the outer product term inside the integral is also bounded in probability and the last equality
follows from N = o (R). This same argument using Cauchy Schwarz inequality again be applied for
By and By, in particular, it follows from Lemma 10 and Lemma 9 respectively that |Bg| = o (N71)
and |Bas| = o (N71).

For Bj :

30



For each z

VRx (9, 3a§x ('7 9)) + VR (90, 3a§x ('7 90)) = 2vp (90, aago,m ('7 Qo))
+ (VR (0, 049z (+,0)) — vr (60, 0agoz (-, 00)))
+ (VR,x (90, 8a§z (', 90)) — VR (907 aago,x ('7 90))) )

then we can write B3 as

By = 25~ 1/2 Z / VRx 90, 8&909& ( 90)) (FA\X =z (9 aagx ('7 0)) - FA|X=I (00> aa/g\x ('7 00))) d:um

_ [ [VR:I: (0 aaga: ( 7€)) (907 aQOm ( 00))] ]
1/2 d
+R a;(/ L [FA\X =z (9 0@990 ( ,9)) FA|X = (907 aagx ( 790))] i e
By [ VR (00,082 (- 60)) = v (60, 0ug0a (- 60)] ]|
+R a;(/ L [FA\X =z (9 aagz ( ’9)) FA|X =z (607 aaga: ( 790))] | e

= D31 + B3y + Bss.

For each z: we have [f [Fajx=z (0,0.Gz (- 0)) = Fajx=z (0o, 0ags (-,00))]2d/¢$} R O, (116 = 0o))
by Cauchy Schwarz inequality; from Donsker theorem and CMT, [ [ [vr (6o, Dago.. (-, 00)))° d }1/2
O, (1). Then it follows that |Bsi| < 0, (N~'/%|[0 —65||). By a similar argument, using Cauchy
Schwarz inequality, continuity of d,¢ (-, #) in 6, Lemma 5, 6 and 8, | Bss| and | Bss| are also o, (N_1/2 10 — 90”),
in particular as we can use the triangle inequality to show ||(6,0uGx (+,0)) — (00, Ougo,z (-, 60))||, and

|(00, 0ugx (+,00)) — (fo, Oago (-, 00))||, converge in probability to 0 as || — 0y|| — 0 for all x.
For B, :

T

By the same argument above, we can re-express By

B4 = 25 Z/VR:E 007aa901< 00)) (VR:E(Q 8(19:1:( 79>>_VR,90 (HO;aa/g\z (7‘90)))sz

rzeX

+R™ Z / VR:L“ 9 aag:v 7‘9» —VRz (607 aagx ('7 90))]2 dluz
rzeX

‘R 12/ Rz (0o, 0.0x (+,00)) — VR (90786190/,\50(':90))] du,
zeX VRfﬂ 9 aagw ('7 0)) — VRa (907 8@9:13 ('7 90))]

= DBy + By + Bys.

By repeatedly using Cauchy Schwarz inequality, continuity of d,g (-, ) in 0, and Lemma 5,6 and 8,
as seen in the analysis of By and Bs, it follows easily that |By| = 0, (N71) for i = 1,2, 3.
G6 then follows from Lemma 10.H

PrROOF OF THEOREM 2. We proceed by obtaining the pointwise distribution theory for gy, (a)
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for any non-stochastic € © and a € int (A); more specifically

K2 (K)
’ TpX,A (l', a

VN (Go.z (a) — gow (a) — By (a;mg)) = N (o

)var (mg (xja1) |Ti = x, 05 = a)) .

This immediately follows from Lemma 4. For the asymptotic distribution, we only have to calculate
the variance of (28), the rest follows by standard CLT.

From (13) we have
—~ ~ —1
GG = R(I-L) (7~ 7n)
= A(1-2) " ((3-0) i)

where the expansion above follows from MVT and @ denotes some intermediate value between 0 and

0p. It is easy to see that, for z € X

5. (:8) sl - o,(Jp-a)
= 0, (N2),
since || (1 - 2)7 H — 0, (1), [l = 0, (1) and VN = o (NV2), then VNT [, (aﬁ) — % (a, 90)‘

= 0, (1). It remains to show the asymptotic independence between any pair (fq\m (a,@) s (a’ ,5))

for any 2’ # x and o’ # a. Since
cov (fq\x <a,§> . G <a’,§)>
— cov (G (a,00) G (@, 60)) + cov (3 (a,00) . Gur (@',9) = G (/. 0))
+cov (’g}/ (a',00) ,Gs (a,@) — 7. (a, 90)> + cov </g\x (aﬁ) — G (a,0p) , G (a’,@) — G (d, 00)> ,
by Cauchy-Schwarz inequality, it suffices to show var (\/N_h (ﬁx/ (a’ ,5) — g (d, 90)>> = 0(1); this
3 (+0) = 3. (,00)|_ =0, (v12).m

o0

follows since

7.3 Proofs of Theorem G and Lemmas 1-10

PrOOF OF THEOREM G. Our argument proceeds in a similar fashion to the case with no preliminary
estimates of Newey and McFadden (1994, Theorem 7.1), see also Pollard (1985), by first showing
that § converge to 0, at rate N~1/2. By definition of the estimator, we have My (5,?}(,5)) —
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0 — 0,

g
= 0 (8.5(-0)) — M 003+ O (3-60) + N2 [0 0| D (3.6(9))
g

> (Cx+8 (003 (-8))) (0-00) + o[- o] 7=t (2.9(-9))

= 0, (v (5 60) + Colfi— a0y (02 [ ]+ [ ).

(140, (1)) + N2

The first equality follows from the definition of Dy in (20). For the inequality, we expand M (5, g ( , 5))
around 6y, since H (6, g) is continuous around (6y, go) and H is positive definite by G3, there exists
some Cy > 0 such that, w.p.a. 1, (0 —60)' H (00,3 (-, 00)) (6 — 00) + 0, (|0 — o]|*) > Co || — 6o]*.
Notice that Cy + S (60,9 (-,00)) = O, (N71/?), the first term follows from assumption G6 and the
latter by G3 and G6 since

15 (0,9 (-, 00))| < 115 (60,9 (-, 00)) = DS (0o, g0 (+,60)) [9 (-, 60) — go (-, 0o)]|
+{[DgS (0o, go (+,00)) [g (-, 00) — go (-, o)l

0p (N712) + 0, (N712)

= 0, (N7'?).

IN

By completing the square

<H§ B 9““ +Op (NI/Z))Z +0p <N1/2

@—90H+H5—90

) <o, (N7,

thus H/H\— QOH = O, (N~'/2). To obtain the asymptotic distribution we define the following re-
lated criterion, Jy (/) = Dy (8 — 6) + 5 (6 — 6o)" Ho (6 — 6p), note that Jy (6) is defined for each
g (-,0) that satisfies the conditions of Theorem G2, implicit in Dy. Jy (6) is a quadratic ap-
proximation of My (6,9(-,0)) — My (60,9 (+,00)), whose unique minimizer is 0 = 6 — H;'Dy,
and VN (5— 9()) = N (0,Hy'QHy"). Next, we show the approximation error of Jy () from
My (0,9 (-,0)) — My (00,3 (-,0)) is small. For any Oy = 0y + O, (N~V/?) in O,

My (On,9 (-, 0n)) — My (60,9 (-, 60))

M (B 0)) = M (00,5 (- 80)) + Cly (9 — bo) + WDN (03,3 (- 0n))
= (Cy+5(00,9(-,60))) (05 — 00) + % (On —00) H (0,5 (-,0)) (On — o) + WDN (On, g (-, 0N))

/ 1 / ||9 —0 ”
= Diy (O —00) + 5 (O = 00) Ho (O — b0) + 0, (% + 105 — ol

— Iy (0n) + o, (%) |

33



The equalities in the display follow straightforwardly from the definition of the Dy, G3, G4 and G5.
In particular, this implies that My (0,3 (-,0x)) = My (80,9 (-, 80)) = Jn (0x) +0, (&) when 6y =0

or 6, hence we have

IN <5> = (JN @) — (My (On5,9 (+,0N)) — My (90,5]\('790))»
+(Mn (On, 7 (+,0n)) — My (00,7 (+,00)))

< v (9) +o <%) ,

where the inequality follows from the relation derived from the previous display and G1. Since

HOENO)

o (%) = v (0) - v (9)
_ DN@—QO)+%<5—90)/H0(5—90)—DN@“_QO)_%@_90)’}10(5_90)
Gy mlie) ) o))
L) m-9)

~ 2 -
this implies that H@ — GH = 0p (%) Since VN (0 — 00> has the desired asymptotic distribution,
this completes the proof.ll

PrOOF OF LEMMA 1. We can write, for any 1 < 2/, x < J

N ey — oer < (allg) = PXX (@52) = prox (@) pxx (@l2) o
Dx'|x (l’ |l’) bPx |X( | ) Dy (37) Dy (x)l/)\X (I) ( X( ) p ( ))

Under M4, by standard CLT and LLN, we have px: x (¢/,2) — px/ x (¢/,2) = O, (N"'?) . px (z) —
px (¥) = 0, (N~2) and px (v) ' = O, (1), so it follows that px/x (2']z) —pxix ('|7) = O, (N )
for any 2’ and x. Since £ is a linear map on R’ to R, for any vector m € R’ we have <(£ ,C) m) =
BY ex (D (@'|2)—p (2'|x))m; = O, (N~V/2) for all x then it follows from the definition of an opereftor
norm that H/:'— £H =0, (N"/?).m

PrOOF OF LEMMA 2. For any z € X and 6 € O, 7y (x) is defined in Section 2, and define

Ty (z) = NT ZZ 14=1 B m)u@(alt, Tit, €it). Then we write

7o (x) =19 (2) = (7o (x) — 19 () + (79 (x) =T (1)), (24)

the first term is the usual term had we observed {e;}, the latter term arises due to the use of
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generated residuals. Treating them separately, for the first term

- 1 1
P (@) =ro(e) = s—rsE D Ll =a] (s (an 7. 0) =7 (2)
Px i=1,t=1
N, T
1 1 :
= = ~ Z vg,itl [Ty = 7],
px (2) NT i=1,t=1

where for each 0, vg ;s = ug (@, i, €t) —79 (2i) is & zero mean random variable, note that 1 [z;; = x| X
(ro (xit) —rg (x)) = 0 for all i, x and t. Define Yy, () as the sample average of i.i.d. random variables
{Zthl %'Ugyit]_ [Ty = x] }1—1’ given the assumptions on the DGP, in particular on the second moments,
T (0) = O, (N7/2) for any 6 by standard CLT. We want to obtain the uniform rate of convergence
of Ty, () over ©. This can be achieved by using the arguments along the line of Masry (1996).
We first obtain the uniform bound for the variance of Ty, (#), some exponential inequality is then
applied to get the rate of decay on the tail probability for any #. The pointwise rate can then be made
uniform by Lipschitz continuity of vy (in #) and compactness of ©. More precisely, we first show
that supycovar(Tu. (0)) = O (N~Y). Since var(Yy, (0)) is just a variance of 3., Tvgil [z = ]

by divided by N, the numerator takes the following form

T T
1 1
v <T ; vorl [t = a:]) =7 ; var (vg,i1 [ry = x])
9 T-1 s
+T 82:; (1 — T) Cov (Ugﬂ'o]_ [xi[) = Q;] 7'09,1'31 [xis — SL’]) ,
= }/9,17:5 + }/9,2@.

The covariance structure in Yy, , follows from the strict stationarity assumption, which also im-
plies we can write Yp1, = E va,itmt} 1[zy = x]] Since ug (a,x,¢) is continuous in 6 for all a, z
and ¢, it follows that supycg Yy 1, < 00. For the covariance term, by Cauchy-Schwarz inequality,
Cov (vg,i0l [i0 = ], V9,51 [13s = 2]) < B [5;01 [i0 = m]}z < 00, since supgeg |3 1. < 0, it fol-
lows that supy Yy 2 < oo for any finite 7". Since T, (0) is an average of N—i.i.d. sequence of random
variables that, for each 0, it satisfies the Cramér’ conditions (since u is uniformly bounded over all
its arguments), then Bernstein’s inequality, e.g. see Bosq (1998), can be used to obtain the following
bound

N2§2
Pr[|[NY Noy| <2 - ) ' ?
r| Nz (0)] > Non] < 2exp { AVar (NYTy. (0) + QCN(SN} (25)

Let 0y = N(-1+9/2 simple calculation of the display above yields Pr [| Yy, (6)] > dn] = O (exp (—N¢)).

By compactness of ©, let {Ly}y_, be an increasing sequence of natural number, we can define
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Ly

a sequence {HiLN}Z.L:Nl to be the centres of open balls, {©;.,}.”, of radius {ELN}Z.Lle such that

0 c U O, and Ly x eg,, = O (1), then it follows that

1<i<Ly

Pr [sup [T (0)] > 5N] < Pr [ max | Ty, (Qiry)| > 0N
0

+ Pr

max sup ’TNJ« ((9) — TN@ (QlLN)| > 5N]

1SN geo, L,

CoLN exp (—Ng) + Pr [ELN > (51\7]
= o(1).

IN

The second inequality from the display above follows from, Bonferroni inequality and (25) for the
first term, and by Lipschitz continuity of Ty, for the latter. Then the equality holds if we take
€y = 0(0y) such that Ly grows at some power rate. It then follows that that sup, |Yn. (6)] =
0p (N™*). Then w.p.a. 1

N To (8
sup |7y (z) — 1o (z)] < —oxizes)SUPpee [T (0)]
vee min<,< s px ()

= 0p (N’A) .

The procedure to obtain the uniform rate of convergence is shown above in detail to avoid repe-
tition later since we will require to show many zero mean processes converge uniformly (either over
the compact parameter space or the state space) to zero faster than some rates. The argument
above can also be applied to nonparametric estimates, as well as some other appropriately (weakly)
dependent zero mean process, see Linton and Mammen (2005), and especially Srisuma and Linton
(2009) for such usages in closely related context. We comment here that, our paper along with the
papers mentioned in the previous sentence, unlike Masry (1996), are not interested in sharp rate of
uniform convergence so our proofs are comparatively more straightforward.

For the generated residuals, by definition

NT
- . 1 ’ ~
ro (2) =70 (1) = T > wan (x) (ug (@i, Tir,Eir) — g (air, Tir, €10))
i=1,t=1
where g; = x (ﬁA‘ X (ait]xit)) with x = Q7 !. Using mean value expansion, ug (@, Ti, i) —
ug (@i, Tit, €4¢) = %Ue (@it, Tit, Eie) X' (FA\X (@it’%‘t)) (FA|X (ait|zi) — Fax (Git’l"it)), where g;; and

FA‘ x (ait|xy) are some intermediate points between £;; and €;;, and, F Alx (ai|wi) and Fajx (ai|ri),
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respectively. Then it follows that

N.T
. - 1
ro (z) —Tp(x) = NT Z wirn () (o (@it, Tit, Eit) — tp (Qit, Tirs €it))
1 L :th = 1 ~ 4
= _T 29 (i, Tt Eit ) (FA|X (ait|zit) — Fajx (ait|xit)> +0, (N7,
1,t=1

where g (air, Tig, €1t) = %u@ (@it, Tit, €4) X (FA|X (ait\xit)). In addition, the O, (N~!) —term holds
uniformly over # and x, this follows from Markov inequality since g—;u and x” are uniformly bounded
over all of their arguments, maxi<,< [px (z)—px (z) | = O, (N~1/?), and, max;<,<; Sup,e 4 |ﬁA|X (alz)
—Fyx (alz)| = O, (N —1/ 2) by Lemma 9. By a similar argument, using the leave one out estimator

for ﬁA| x, the leading term for 7y (x) — 7y (z) can be simplified further to

N, T
1[Iz‘t=ﬂ?]1[%s=$it}
29 (Qit, Tit, €; 1|azs < ait| — Fax (ait|Tit))
NT(NT - 1) NT—l zzumz( M D@ pan O = Fax (aulwi)

where -7

Subsequently, the term in the display above can be written as the following second order U-statistic

-1 it =) 1[Tzs=x
( NT ) 1 > ( 329 (aig, wig, &) S M=l (1 [a,, < ag] — Fapx (aule)) >
2 Y

1[.799;5:17] ]_[1315:1?1‘ ]
2 C((it)(w3)) +219 (am, Tos, 615) o) P t (]_ [ait < ams] - FA|X (ams‘lﬁ'zs))

2.5 (—it) SUMS Over the indices = 1,...,N and s = 1,...,T but omits the it""—summand.

where 3o (2s)) Sums over all distinct combinations of C'((it), (zs)). Note that 1[a; < a] =
Fux (alzi) + w (zi; a) where E [w (x4 a) |24] = 0, S0 w (z4; +) is a random element in L? (A). Then
it is straightforward to obtain the leading term of the Hoeffding decomposition of our U-statistic, see
Powell, Stock and Stoker (1989) and Lee (1990), in particular we have for all x

7o (v) —Tp (7) NT Z Co (W (wis;-), wir; ) + 0y (Nfl/Q) 5

i=1,t=1

where (g (w (@), ;) =

p(xst)
and f4 x¢ denotes the joint Contlnuous—dlscrete density of (ay,xi,c4). Note that (, is random

@ fw Tt axs |:f 2 (am, Tit, 5$$) 1 [xz‘t — ZE] fA,X,S(azs7$it,€zs)d€$S dam

with respect to w;; and x;, and E [w (xy; - ) |zi)] = 0, so ¢, has zero mean. Given the boundedness

and smoothness conditions on g, then ST 1i=1Co (W (zit; ), xit; ¥) can be shown to converge

uniformly in probability to zero faster than the rate N~* as shown above. In sum, we have shown
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for x € X that 7 (z) = 1y (x) + 7} (x) with

1 1 N,T

?ff (x) = Px (:c) N_T i:;t:l 1 [xit = JU] (Ue (ait; xit,é“it) — Ty (117))

1 N, T
+ﬁ Z Co (W (wit; ), wag; ) + Op (N_/\)

i=1,t=1

= 0p (N’)‘) ,

where the smaller order term holds uniformly over z and 6.l
PrOOF OF LEMMA 3. Since 0 < [|£]] < 1 and 0 < HZH < 1, the argument used in Linton and

Mammen (2005) can be used to show

H (1 - E)_l —(I—-L) =0, (N"V?.

N -1
We note that, using the contraction property, (I — E)_l and (I — L’) are bounded linear oper-

(-0 < (- Je) <=

this can be shown from the respective Neumann series representation of the inverses and by the

ators since H([—E)AH < (1—-1£])~" < oo and similarly

basic properties of operator norms. Then for each x € X and 6 € O, my (x) is defined in (12),

we write my () = <[ - Z>_1 (ro (x) + 74 (), given the results from Lemma 2, it follows that

(1-£) T (@) (1-£) -
_ N1

we can write (I - E) ro (1) = my (z) + My (x) where mj (z) = <I - £> (E - E) mg ().

9]

maxi<,<J SUPpeg |Mo ()] = O (1) as my (x) is a continuous function on a compact set © any z, this

= 0, (1). For first term,

_ -\ :

maxi<z<jSUPgco = 0p (N ), since
A
)

Since we know

= O, (1) from earlier, from Lemma 1 HEA— ,CH = 0, (N*I/Z), and,

N\ 1
completes the proof with Ml = m' + ([ — E) A |

PrROOF OF LEMMA 4. The empirical analogue of (9) is
g@ = ﬁm@a

where H is a linear operator that uses local constant approximation to estimate the conditional
expectation operator H. Then we proceed, similarly to the proof of Lemma 3, by writing g, (a, ) =
gz (a,0) +34 (a, 0) +7'Alfﬁf (z,a) where g4 (a,0) = (ﬁ — H) mg (2, a) for any x. The approach taken
here is similar to that found in Srisuma and Linton (2009), we decompose g4 (a, #) into variance+bias
terms, note that the presence of discrete regressor only leads to a straightforward sample splitting
in the local regression for each z. Since A is a compact set, the bias term near the boundary for

Nadaraya-Watson estimator has a slower rate of convergent there than in the interior, for this reason
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we will need to trim out values near the boundary of A. For the ease of notation we proceed by
assuming that the support of a; is Ay, where {An}fj:l is a sequence of increasing sets such that
U,—, A, = int (A), here the boundary of the set A has zero measure w.r.t. any relevant measure
to our problem so we can ignore the difference between A and int (A). In our case A = [a,a] and
An = [a+ vy, @ — vy] such that vy = 0(1) and h = o(yy). So we only need the trimming factor
to converge to zero (at any rate) slower than the bandwidth, the reason behind this is fact that, for
large N, the boundary only effect exists within a neighborhood of a single bandwidth. Then for any
m=(m(1)...m(J)) €R’ aand z

(7’7 — H> m(x,a) = Z m (x) (ﬁx/’X’A (@ 2.0) _pxxal@e, a)) (26)

eX ﬁX,A (l', Cl) D.x,A (SU, @)

_ Z m (x’) (ﬁX/,X,A (l", xz, a) — PX' X A (33'>37, fl))

eX Px,A (fE,a)

— Z m (x) ( Px/x.a (@, a) ) (Px,a (z,a) — px.a (%@)) )

ﬁX,A ('1:7 Cl) Px,A (.17, a

r’'eX
where
1 N,T
ﬁX',X,A (95/7% CL) = W Z 1 [$¢t+1 = I/, Tyt = 96] K (ait - CL) )
i=1,t=1
1 N,T
px.a(z,a) = NT ' Z 1|zy = 2] Ky (ay — a).

For any x, 2/, then

ﬁX’,X,A (-I'/a X, a) — DPx'.x A (xl7 xz, Cl)
= (Px'x.a (@ z,0) = Epxr x4 (2, 2,0)]) + (B [pxr x4 (2, 7,0)] — pxr x4 (7', 2, 0))

= Iy (2, z,a) + Iz (2, x,a),

where I1; (2, z, a) has zero mean and I, (2', x, a) is nonstochastic for any a € Ay. Under stationarity,
by the standard change of variable and differentiability of pxs x 4 (¢/, z,a) (w.r.t. a)
o2

1
Lo (x/v z, CL) = §h4:u2 (K) @pX’,X,A (‘7:/7 z, (1,) +o (h2) :

It then follows that maxi<y ./<sSup,ea, |12 (¢, 2, a)] = O (h*) since %ngX,A (', x,a) is a contin-

uous function on a for any x and 2. It is also straightforward to show by using the same arguments

as in Lemma 2 that max;<, <7 Sup,ca, |11 (2, 7,0)] = o, (%) In particular, this follows since

var (\/ NThIy (2, a)) =px xa (2, z,0) ke (K)+0(1),
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where the display above for any = and x’ uniformly over Ay. Combining terms we have

max sup
1<z,2'<J g Ay

m (x’) <]3X',X,A (96',13; Cl) — PXx'.X,A (I/; z, G))
rex pX,A (,’L‘, CL)

maxi<gz<j ]mx\

IN

X max sup |p 2 r,a) — .z a
minlg:cgj infaEAN |pX,A (l’, a)’ 1§xvx/X§J aGAIJ)V |pX/7X,A( Y ) pX,7X7A ( Y )|

VNh

where the inequality holds w.p.a. 1 since we know (to be shown next) px 4 converges to px 4 uniformly

over X x Ay. By the same type of argument as above, write for each x

px.a(z,a) —px.a (7, a)
= (Px.a(z,a) = Epx.a(z,a)]) + (E[px.a (2, a)] — px.a(z,a))
= Iy (z,a)+ Ipn(x,a),

then it is straightforward to show the followings hold uniformly over its arguments

1 ot
I (x,a) = §h4,u4 (K) prA (r,a)+o (h2) ,

var (\/mlm (2, a)> = px.a(z,a)ke (K)+o(l),

then we have

max sup
1<z,2'<J qc Ay

3 ) (s e vt )

maxi<g<J \mx|

IN

J

: : X max sup |px.a (r,a) — px.a(z,a)|
mini <<y infaeay [pxa (2, @)|2 1<e<JqcAy ’ ’

- o, (h4+£).
VNh

So we can write for each x

(ﬁ — H) m(x,a) = Z m (2') (ﬁX/,X,A (2, 2,a) — px x4 (7', 2, a))

reX pX,A (:U7a)

_ Z m (2') (pX/,X,A (2,2, q) (ra (2,0) — pxa(, a))) - Wi (a;m)

z'eX p_2X,A ('x?a)

- BN,J: (a, m) + VN,:C (CL, m) + WN,J: (aa m) )
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where

1 8_4pX’XA (f T @) pX'XA(I/ T a) a—4410)(/1(93 a)
By (a; = —pt K ! 9a? — L o 1 da : ’ 27
N, (CL, m) 2 Hq ( )1;( m ('T ) ( Px.A (ZL‘, CL) + p%(,A (l’, CL) ) ( )

SN 121 = o', 2 = 2] K (0 — )
PXA NT i=1,t=1 _E [1 [l'it+1 — «T/755it — 33] Kh (@z’t _ a)] ( 8)

Vv (a;m) = Zm(:v’)

r'eX _ px XA Z ( 1 [ffit = ‘T] Ky, (ait - CL) )
,a) NT i=1,t=1

Pale E1 [y = 2] Ky (ai — a)]
1 <ﬁXL,X,A(x/@7a) _ Px!x, A(mlvx:a))
WN,x (CL; m) _ Z m ({E/) px,a(z,a) \ px,a(z,a) px,a(z,0) . (29)
z’'eX X (pX,A (l‘aa') —Px,A (x,a))

Note that By , is a deterministic term, Vi , is the zero mean process that will deliver CLT whilst, us-
ing the same arguments as above, it is straightforward to show that maxi<,<sup,c 4, Wna (a;m) =
0 (By . (a;m) + Vi (a;m)) for any m € R7. Then we can conclude H?’Al — HH =0, <h4 + \/NT%>
Using the decomposition of H — H above we have

7, (a,0) =7 (a,0) + 77 (a,0) + Wi (a;my) ,

where, from (27) - (28), g2 (a,0) = By, (a;mg) and G2 (a,0) = Vi (a;mg). It also follows that
these terms have the desired rate of convergence that holds uniformly over © as well since H is
independent of # and my is a vector of J—real value functions that are continuous on ©. Finally, we
define g% (a,0) to be Wi .. (a;mg) + ﬁfﬁg‘ (x,a). By the previous reasoning Wy , (a;my) already has

the desired stochastic order so the proof of Lemma 4 will be complete if we can show, generally, that

MaX1<z< 7 SUPg qeox Ay ‘ﬁfﬁg (:c,a)‘ = 0, <h4 + \/NTL}J This is indeed true, since we have already
shown that Hﬁ - HH = 0, <h4 + \/NT%) and given that H is a conditional expectation

operator, this implies that ||H|| < 1, it follows from triangle inequality and the definition of operator
norm that maxi<,<s SUPy acoxay ‘ﬁﬁ@f (z,a)| =0, (N7*).1

ProoF oF LEMMA 5. When [ = 0, this follows from Lemma 4 with h = O (N*1/7). Other

81
Bal’’

values of | can also be shown very similarly, only more tedious. Since dim (A) = 1 then ol =
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when [ = 1, taking a derivative w.r.t. a on (26) we obtain

T (A-H)m(r.a) = me)%(ﬁX“X’A(:”"x’“)_px"X’A(x"x’a))

reX pX,A (33,61)

_ Z ( Pxr.x.a (@', @,a) ) (Dx.a (z,a) — px.a (IE,G))>

= Px.a(x,a)pxa(z,a

1 9 (& / /
B Z m (') px a(wa) da (Pxrxa (@', 2,0) — pxrxa (2, 2, 0))

%pX,A(lHa) ~

r'eX _W (pX’,X,A (m’,x,a) — Px' XA (:L’I,{L‘,a))
/ (z',x,a)
S @ o b atea d 0 (1:0) = pxa (1,0)
— p (2 \z,a) ~
z'eX + da p}fi(;{a?PX Az, a)) <pX’A ($’ a) ~Px.a (33, CL))

As seen in the proof of Lemma 4, it will be sufficient to show that max; <, y< s Sup,ea, |2Dx" x4 (2,7, a)
9 / 9~ 3 .

—Lpxrx,a (2, a) | = 0, (1), and, maxi <y o< SUP,c A, |%pX7A (z,a) — 5-px.a(v,a) | = 0, (1) since

we assume that a%p x'.x.4 (2, z,a) and 8%;0 x.4 (7, a) are continuous functions on a compact set A for

any x,x’. Proceeding as in the proof of Lemma 4, first note that for any z, x’

0

~ 1
E JalxxA (35’,33,(1)} = /px x4 (@ x,a+wh)dK (w)

= / —pxr x4 (@, z, a4+ wh) K (w) dw

= a—pX'XA(fL' z,a) + O (h*) .

The first line in the display follows from a standard change of variable argument, then using integra-
tion by parts and Taylor’s expansion, the last equality above holds uniformly over A. It is easy to

verify that uniformly over A
ar (V NTh382]/)\X/7X’A ([)’},7 xZ, CL)) =0 (].) .
a

As seen in Lemma 2, it then follows that maxi <, »/<7SUp,c 4, ‘%ﬁxgx,/x (', x,a) — %pxgx,A (o, x, a))|

= O,(h*+ \/%) Similarly one can show maxi<, 1< SUP,ea, | 2Dx,4 (T,a) — £px,a (z,a)| = Oy(h?

—l—\/]]\%ﬁ) It is easy to see that choosing h = O (N~Y/7) will imply max;<,<; SUDp qeox Ay ]%fq\x (a,0)
— 24, (0,0)] = 0, (1)

PrOOF OF LEMMA 6. When p = 0 the result follows from Lemma 5. Consider the case
when p = land [ = 0, for all 1 < z < J1 < k < L and A < 1/2, the exact same argu-

ments used in proofing Lemma 2 can then be used to show %’Fg (x) = 82 o (x) + ae 27t (z) with
MaxXj<;<J SUPp 4cox Ay ‘%?ﬁ (x)) =0, (N™), and since L is independent of 6, the same arguments

found in Lemma 3 can be used to show a%kfﬁg (x) = a%cmg (x) + a%jﬁf () with
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MAaX)<z<J SUPp qeox Ay ‘a%kfﬁg (x)‘ = 0, (N~*). Apart from replacing (75, mg) everywhere by <a%r9, a%km9>,
we note that it is here that we need %u@ (a,x,€) to be continuous on all a,x and 6. Since H is

independent of #, the arguments used in Lemma 4 can be directly applied to show

0 9 0 4 R d

0
— G, (a,0) = —q, (a,0) + — 0) + —73° (a,0) + —3" (a, 0

such that

0
8_91‘395 (CL, 9) = OP (h2) )

max  sup
1<2<J g acOx AN

i ()
—q (a,0)] = o, — |,
aekgm ( ) p \/N_h
9 g ( o N* >
an Iz aae = 0 h® + — s
where %/g\f (a,0) = By <CL; %Ww), a%k/g\f (a,0) = Vg (a; a%km9> and %qu (a,0) =Wy, <a; %wa)
+H%fﬁ{f (,a) and these terms are defined in (27) - (29). For [ = 2 and 1 < k,d < L, we simply

replace % by #{;Gd and the exact same reasoning used when p = 1 can be applied directly. All

max  sup
1<2<J g qcOx AN

max  sup
1<2<J g acOx AN

other cases of 0 < [, p < 2 can be shown similarly.ll

PROOF OF LEMMA 7. We first show that 1 [ < p, (a, 0, 0,g.)] is locally uniformly L? (Q) —continuous
for all x with respect to a, 8, 0,9,. More precisely, we need to show for a positive sequence oy = o (1)
and any (a,0,0,9,) € A X © X G that

(e’ —a,0'=0,0a9, —0aga) | <On

1/2
sup 1[e; < pp (a0, 0ug,)] — 1es < p, (a,0, aagz)HQD =0. (30)

lim (E
N—oo
To do this, take any [|(a’ — a,0 — 0,0,9., — 0ags)|| < dn, then we have for all =

0.0, 09%) = p, (0,0,09.)] < Co{ll(@ = 0.6/ = )| + 0u, — Dugillg}
o (lta’ = 0,6 = 0)]1* + 19ug), — Buge )
< Cody +0(0n),

this follows from Taylor’s theorem in Banach Space since p, is twice Fréchet differentiable, see

Chapter 4 of Zeidler (1986). Ignoring the smaller order term, this implies

P (&, 97 agQ;p) - 0051\7 < Py (ala 9/7 Gag;) < Py (a7 (97 aagm) + CO(SN?
P (av 0> 8agx) - C’O(SN < Py (a> 07 aagx> < Py (a’> 07 aagx) + CO(SN'

Combining the inequalities above, it follows that SUP| s _¢—0.0,91 —0.00)1<on |1 €0 < P, (@07, 0ug,)]
-1 [E’i S Pz (a7 9, aagx)] | is bounded above by 1 [px (CL, 97 aaga:) - C’O(SN <& S P (CL, 97 aag:c) + OoéN]'
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This majorant takes value 1 with probability @ (p, (a,6,0.9.) + Codn) — Q (p, (a,0,0u9.) — Codn)
and zero otherwise, then by Lipschitz continuity of @, (30) holds as required. Since A X © is
a compact Euclidean set it has a known covering number. For gg(gl), since G, C C?(A), a class

of continuously twice differentiable function on A, we can apply Corollary 2.7.3 of VW so that

I \/log N (5, GtV H'||g)d€ < 00, together with L? (Q)) —continuity of 1 [- < p, (a, 0, 9,9.)], as shown
in the proof of Theorem 3 (part (ii)) in Chen et al. (2003), F, is Q—Donsker for each z.l

PROOF OF LEMMA 8. For all z, F, is Q—Donsker and is locally uniformly L? (Q) —continuous
with respect to a,0,0,9., as described in (30), Lemma 1 of Chen et al. (2003) implies that the
stochastic equicontinuity also holds with respect to the parameters that index the functions in F,.H

PrROOF OF LEMMA 9. For any a and x write

\/N (F\A|X (CL|I> - FA\X (a|x)) = SI,N (CL, I) + 32,1\7 (CL, I) )

where
1 1 X
Sin(a,z) = Tox (0) X ed Z (1]ay < a,xy =2] — Fax (a,)),
Saw (@) = —YIEX WD) o ) o (@),

px (z)
Define C, = {y, € R: y, < a}, then C = J,.,C, a classical VC-class of sets, for the definition VC-

class of sets see Pollard (1990). Since X is finite, it is also necessarily a VC-class of sets. Then

acA

for each z, \/ﬁ i o1 (L]ai <2y = 2] = Fax (-, x)) converges weakly to some tight Gaussian
process in [* (A) since C x X is VC in A x X, by Lemma 2.6.17 in VW, and VC-classes of functions

is a Donsker class, see also Type I classes of Andrews (1994). With an abuse of notation, for each

p—Xl( )) also denote a random element that takes value in [*° (A) such that the sample
p

path of I#(z) (pX = )) is constant over A. By standard LLN = (x) = ( and it follows by Slutsky’s

1

theorem that §; n (-, ) converges weakly to a random element in l°° (A). In particular, the limit

of F1.n (-, x) is also a tight Gaussian process. From the ﬁnite dimensional (fidi) weak convergence,

Gaussianity is clearly preserved if we replace AX

remainder term from the expansion ﬁx;(m) — I#(x) can be used to construct a random element that

converges to zero in probability on A, so by an application of Slutsky’s theorem Gaussianity is

, but since px (z) — px () = 0, (1) the

preserved. Tightness trivially follow since the multiplication of I#(I) does not affect the asymptotic
tightness of {F SV 1i—1 (Law < 2y =] — Fax (,z))}. Since the only random component of
Son (+,2) is from VNT (px (z) — px (z)), which is a finite dimensional random variable, then a
similar argument to the one used previously can trivially show that §a n (-, 2) must also converge

to a Gaussian process which is tight (* (A), where tightness follows from the (equi-)continuity of
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Fux (a|lr) on A. Therefore v N <F\A‘X:x — FA|X=x> must converge to a tight Gaussian process in

[ (A) for all = since asymptotic tightness is closed under finite addition and, in this case, it is easy

to see that Gaussianity is also closed under the sum.H

ProOF OoF LEMMA 10. By MVT, for all @ and =

Fax (alz; 00,049 (+,60)) — Fax (al; 0o, 9ago,z (+,00))
= dq (ﬁaj (CL’ 907 aago,z ('7 90))) (p:c (CL, 907 aa/g\w ('7 90)) — Py (Cl, 907 aago,w ('7 90))) ;

where p, (a, 0o, 0ago. (-, 0o)) is some intermediate value between p, (a, 0o, 0.7: (-, 6o)) and

P (a,00,0.90 (+,00)). Since p, (a,00,0,9.) is twice Fréchet continuously differentiable on A at

Oafo.z (-, 00), using the linearization assumption, the argument analogous to Lemma 9 with Slut-

sky theorem can be used to complete the proof.l
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~UM ~EM
1 1
NT S bias mbias std iqr mse bias mbias std iqr mse
100 1/6 -0.0052 0.0126 0.1609 0.1337 0.0259 -0.0005 0.0180 0.1663 0.1349 0.0276
1/7 0.0056 0.0262 0.1456 0.1270 0.0212 0.0143 0.0345 0.1448 0.1262 0.0212
1/8 0.0138 0.0326 0.1370 0.1201 0.0190 0.0214 0.0402 0.1355 0.1181 0.0188
static  0.2610  0.2610 0.0179 0.0176 0.0685 0.2666 0.2664 0.0179 0.0179 0.0714
500 1/6 -0.0034 -0.0030 0.0665 0.0663 0.0044 -0.0014 -0.0015 0.0665 0.0651 0.0044
1/7 0.0024 0.0028 0.0627 0.0643 0.0039 0.0037 0.0039 0.0632 0.0627 0.0040
1/8 0.0090 0.0094 0.0598 0.0619 0.0037 0.0103 0.0100 0.0590 0.0612 0.0036
static  0.2608  0.2609 0.0073 0.0077 0.0681 0.2619 0.2619 0.0073 0.0076 0.0687
1000 1/6 -0.0016 -0.0009 0.0487 0.0443 0.0024 -0.0016 -0.0004 0.0485 0.0442 0.0024
1/7 0.0020 0.0019 0.0464 0.0443 0.0022 0.0022 0.0017 0.0463 0.0451 0.0021
1/8 0.0065 0.0062 0.0436 0.0432 0.0019 0.0066 0.0063 0.0438 0.0433 0.0020
static  0.2607  0.2606 0.0052 0.0052 0.0680 0.2612 0.2611 0.0053 0.0052 0.0683

Table 1: he = 1.06s(NT)~ are the bandwidths used in the nonparametric estimation, s denotes the

- N,T
standard deviation of {a;};7 ,—;-

~UM ~EM
2 2

NT S bias  mbias std iqr mse bias  mbias std iqr mse
100 1/6 0.0875 0.0413 0.2187 0.1708 0.0555 0.0901 0.0474 0.2122 0.1738 0.0532
1/7 0.0787 0.0411 0.1998 0.1643 0.0461 0.0782 0.0399 0.1954 0.1621 0.0443
1/8 0.0702 0.0357 0.1964 0.1614 0.0435 0.0709 0.0324 0.1970 0.1638 0.0438
static  0.1288 0.1297 0.0319 0.0316 0.0176 0.1306 0.1333 0.0329 0.0328 0.0181
500 1/6 0.0412 0.0348 0.0933 0.0826 0.0104 0.0418 0.0340 0.0929 0.0851 0.0104
1/7 0.0410 0.0323 0.0901 0.0787 0.0098 0.0405 0.0319 0.0902 0.0793 0.0098
1/8 0.0391 0.0286 0.0870 0.0800 0.0091 0.0391 0.0296 0.0867 0.0792 0.0090
static  0.1306 0.1308 0.0138 0.0137 0.0172 0.1310 0.1315 0.0138 0.0138 0.0173
1000  1/6 0.0334 0.0322 0.0653 0.0625 0.0054 0.0334 0.0304 0.0646 0.0604 0.0053
1/7 0.0330 0.0307 0.0628 0.0586 0.0050 0.0322 0.0302 0.0635 0.0612 0.0051
1/8 0.0335 0.0315 0.0604 0.0578 0.0048 0.0331 0.0303 0.0609 0.0564 0.0048
static  0.1302 0.1304 0.0096 0.0095 0.0170 0.1304 0.1308 0.0096 0.0097 0.0171

Table 2: he = 1.06s(NT)~ are the bandwidths used in the nonparametric estimation, s denotes the

N,T

standard deviation of {a;};2; ;-

49



