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Abstract

The paper constructs equilibria in a class of infinite horizon dynamic bar-
gaining models in which players care about all the dimensions of a policy space.
Both one-dimensional and multi-dimensional policy spaces are analysed. All
the equilibria have attractive property in being simple and having intuitive
structure. Equilibrium behaviour is a result of two opposing forces. One force
pushes players into proposing policies as close as possible to their single period
optimum. A second and strategic force pushes players in the opposite direc-
tion, in an attempt to propose policies that constrain the future proposals of all
other players. The resulting dynamics of the policies is shown to converge to
the most preferred policy of the median player. The paper also uncovers the
multiplicity of equilibria in certain environments, which greatly complicates
their computational simulation.
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1 Introduction

In recent years, the political science and the political economy literature
has, among other things, been studying dynamic bargaining models. On
the most general level, these models fully acknowledge the fact that real
world policies remain in place until changed and hence the last period’s
policy serves as a status-quo during today’s round of policy determination.
Similarly, policy determined today will serve as a status-quo during the next
round of policy making.

Despite considerable progress having been made, the more widespread
use of dynamic bargaining models is complicated by a lack of general results
that ensure the existence and uniqueness of (Markov perfect) equilibria,
and by the complexity of equilibria in models where these have been derived
analytically.

Faced with this complexity, a part of the literature has turned to com-
puter simulations. What the simulations reveal is indeed the ill-behaved
nature of key components of equilibria in dynamic bargaining models. The
equilibrium strategies and induced preferences often lack convenient math-
ematical properties such as differentiability or continuity.

We hope to contribute to the growing literature on dynamic bargaining
by constructing equilibria in games in which players care about all the di-
mensions of a policy space. All the equilibria that we derive here have very
simple and arguably intuitive shape, and as such might be more useful in
applied work.

We then use these equilibria to illustrate several potentially interesting
features. Besides a standard comparative static exercise, we show the mul-
tiplicity of equilibria in certain environments. This multiplicity can prove
challenging, especially in work where researchers use computer simulations,
as the typically used value function iteration method relies on an assumption
of uniqueness of the equilibrium being approximated.

Our construction can also prove beneficial in more complicated environ-
ments that are ‘close’ to the simple setup we use, as it readily produces value
functions that can be used in the first step of the value function iteration
method, in a hope to speed up convergence in the more complicated model.

The paper proceeds in the following way. We start with a brief survey of
the dynamic bargaining literature in section 2 followed by a description of the
model in section 3. Section 4 and 5 derives the corresponding equilibria when
the policy space is assumed to be one-dimensional and multi-dimensional,
respectively. Section 6 discusses our results and some possible extensions of
the model in which our approach to the construction of the equilibria might
still apply. Section 7 concludes. Proofs of all the propositions from the main
text are included in the appendix.



2 Literature survey

We start with a description of a typical dynamic bargaining model. A set
of N players interacts in an infinite horizon with discounting. In every
period t, one of the players is randomly chosen to propose a policy x; € R™.
This policy is then pitched against a status-quo policy ¢; with a winning
alternative becoming the new status-quo g;11. Players collect their utilities,
given by an utility function w;(-), and the bargaining moves to period ¢ + 1.

We distinguish the dynamic bargaining model just described from the
closely related, but nevertheless different model with evolving default, in
which the endogenous nature of the default policy, i.e. the alternative to
the proposal, is preserved, but in which utilities are collected only once the
game ends.

Both of the mentioned versions can be found in papers investigating
divide-the-dollar problems, where policy space is usually N — 1 dimensional
simplex and the players only care about their share of the dollar, i.e. only
about one dimension in the policy space. Kalandrakis (2004) derives the
equilibrium analytically in a three player version of the dynamic bargaining
model with linear utilities. Epple and Riordan (1987) on the other hand
investigate a model with general utilities, but where players take fixed turns
in proposing.

Diermeier and Fong (2008a,b) investigate a divide-the-dollar game with
evolving default where the former model is complicated by the players having
to decide about both, the size of the budget to share (with quadratic costs
motivated by distortionary taxation) and about how to share it. Diermeier
and Fong (2007) and Diermeier and Fong (2009) combine dynamic bargain-
ing across periods with evolving default over individual rounds of bargaining
within each period. The latter paper further adds a decision about the size
of the budget with quadratic and stochastic costs. Nevertheless, all four
papers just mentioned assume players derive linear utility from their share
of a budget.

It is the role of concavity over players’ share in a utility functions that
motivates Battaglini and Palfrey (2011). They simulate equilibria in a stan-
dard divide-the-dollar three-player game with concave utilities and contrast
these to the equilibria in a model with linear utilities, both theoretically and
experimentally.

As opposed to divide-the-dollar games in which players only care about
a single dimension of a policy space, several papers have considered models
where players are interested in all the dimensions of a policy space X. We
call these dynamic bargaining models over policies.

Among the first to investigate such a model is Baron (1996). In his
paper, N players bargain over policies with X = R in a framework that
is very similar to the one considered in (the one-dimensional part of) this
paper. Fong (2005) and Baron and Herron (2003) try to expand the model



by assuming X = R?. Both papers assume only three players with the most
preferred policies on an equilateral triangle. Nevertheless, in order to derive
some results they have to either put strong restrictions on X (Fong, 2005)
or resort to a computer simulation of the equilibrium (Baron and Herron,
2003).

Several extensions of these models have been made. Duggan, Kalan-
drakis, and Manjunath (2008) make the institutional structure of their model
richer by including legislature and a president with a policy veto. Alterna-
tively, Cho (2004) includes elections in a model with three parties where
voters’ preferences are defined over X € R and parties are interested also in
the spoils of holding the office. Baron, Diermeier, and Fong (2011) have a
similar model, except that X € R2. In both models that include elections,
it is the policy = € X that evolves endogenously, whereas spoils of the office
are set to zero in case the parties do not reach an agreement.

Two papers take the dynamic bargaining to a monetary policy setting,
modelling interest rate making decisions as a game with an endogenous
status-quo. Riboni (2010) investigates model with N decision making play-
ers plus a public forming expectations about future monetary policy. His
equilibrium then requires mutual consistency of both the decision makers’
and the citizens’ strategies. Riboni and Ruge-Murcia (2008) consider a
model without public expectations but with the players’ preferences chang-
ing stochastically from period to period. What is common to both models
is that the proposal-making authority is assumed to be with a single fixed
player, emulating the chairman-led nature of a typical monetary policy com-
mittee.

Faced with rather complicated equilibria that often defy attempts for an-
alytical derivation, a series of papers have turned to computer simulations.
Baron and Herron (2003) illustrate equilibrium in their model derived from
simulations, along with the discontinuous property of corresponding value
functions. Duggan et al. (2008) perform a similar exercise but use their sim-
ulations to investigate the welfare effects of several constitutional changes.
Finally, Duggan and Kalandrakis (2011) propose a new method for the com-
puter simulation of equilibria in dynamic bargaining games and compare its
speed and robustness to several other methods. As an illustrative example
they simulate equilibrium in a model with N =9 and X € R2.

Several other papers investigate related models that do not fit into any of
the categories just mentioned. Bernheim, Rangel, and Rayo (2006) focus on
a model with evolving default, where the policy space consists of a finite set
of alternatives and a fixed horizon set for bargaining. They prove that if the
policy space includes a Condorcet winner it will, under some conditions, be
the final outcome of the bargaining independent of the original default. On
the other hand, the independence of the final outcome and starting position
arises without a Condorcet winner.

Battaglini and Coate (2007, 2008) analyse two related models with a



tax-financed public spending used to finance public good and pork-barrel
programs. The intertemporal link in their models arises due to the invest-
ment nature of the public good in the former model and possibility of debt
finance in the latter.

Finally, Duggan and Kalandrakis (2010) prove the existence of a Markov
perfect equilibrium in a general dynamic bargaining game. In order to
smooth out the above mentioned discontinuities in the equilibrium value
functions, the framework uses (possibly negligible) shocks in the utilities of
the players and also a stochastic relationship between the agreed-on policy
and the future status-quo. Besides the existence result, the paper proves
the upper hemicontinuity of the equilibrium correspondence, suggesting a
relative robustness of the equilibria to small changes in the model’s parame-
ters. As an illustrative example working paper version of the paper (Duggan
and Kalandrakis, 2007) also numerically simulates equilibrium in a dynamic
bargaining game with N =5 and X € R.

3 Model

In this section we lay out our model and in the next one, we explain in detail
the construction which leads to a conjectured equilibrium and derive the
conditions under which the conjecture is indeed an equilibrium. Throughout,
we include several examples for specific parameter values of the model.

The model of this section is simple. There is a set of N (odd) players
choosing policies from X = R in an infinite sequence of periods t = 0,1, ...
with discounting ¢ € [0,1). In each period t one of the players is randomly
chosen to make a proposal r; which is then pitched against the status-quo
¢: policy and an alternative obtaining majority of votes is implemented and
becomes a new status-quo ¢;+1. Then players collect their utilities and
bargaining moves into next period ¢ + 1. Probabilities of recognition p €
{p1,...,pn} are fixed. The single period utility of each player i is taken to be
ui(r) = —(z —x;)%. We call the most preferred policies of players x; original
bliss points and order the players such that z; < ... < z; < z;41 < ... < zxpN
denoting the whole vector by = = {z1,...,zx}. We denote by i = m the
median player with i satisfying [{j|z; < z;}| = [{jlz; > ;}| with the
corresponding bliss point of x; = x;,.

We focus solely on Stationary Markov Perfect equilibria (SMPE) of
Maskin and Tirole (2001), in which pure strategies are measurable only
with respect to the payoff relevant histories. In our model, this will imply
the dependence of proposal and voting strategies on a state given by the
status-quo ¢; policy, not on a specific period ¢t. For this reason we omit the
time subscript from thereon.

SMPE will consist of two strategies for each player. The first one is
a proposal strategy of player ¢ when recognized in a period with a status-



quo ¢, which we denote by r;(q). For convenience, and without the loss of
generality, we assume that a proposer whose most preferred policy, out of
the set of policies that would be accepted, is the current status-quo ¢, will
indeed offer this policy, instead of offering a different policy knowing that it
would be rejected.

The second strategy of each player is a voting strategy determining a
player’s vote when faced with status-quo ¢ and offer r. Following Baron and
Kalai (1993) we focus on stage undominated voting strategies, which assume
that each player votes as if being pivotal and in effect for an alternative offer-
ing higher expected utility. This wipes out equilibria in which players vote
against their most preferred alternative knowing their vote cannot change
the resulting policy. Notice also that in any equilibrium it has to be true
that the player who is indifferent between ¢ and r votes for 7.

With this structure, it is easy to see that any policy offered will always
be accepted. As a result we do not have to distinguish between proposed
and accepted policies and can focus solely on r;(q).

Two sets of equilibrium strategies just described give rise to a contin-
uation value function of each player Vj(¢q). These functions measure the
expected utility from continuing the game at the beginning of each period
with a status-quo g before a proposer for that given period is recognized.
More formally, these can be written as

N
Vi(g) = ij [—(rj(q) — =) + 8Vi(r;(q))].

With the value functions defined, the proposal strategy of player i for a
status-quo ¢ solves
max  u;(r) + dVi(r)
r accepted|q
and denoting overall expected utility by U;(r) = u;(r) +0V;(r), voting strat-
egy of player ¢ faced with status-quo ¢ and alternative r dictates voting for
r if and only if
Ui(r) = Ui(q).

4 Equilibria with X € R

The first result we prove greatly simplifies the derivation of decisive coali-
tions needed to approve any given proposal r. More specifically, we prove
that, for a general set of (possibly non-Markov) equilibrium proposal and
voting strategies, r is accepted, as opposed to ¢, if and only if the voter with
a median bliss point prefers r to . More formally we have

Proposition 1 (Dynamic median voter theorem for X = R). For any set
of proposal and voting strategies and any status-quo policy, a proposal is



accepted if and only if it is accepted by a player with a median bliss point
T

An implication of this result is that the acceptance sets for each player,
when recognized to make a proposal, will be given by the shape of a median
player expected utility function and will be the same for all players. A
second implication is that the median player will for any status-quo offer his
original bliss point. Finally, when constructing the equilibrium, we do not
need to specify voting strategies of all the players relying on proposition 1
and hence focus only on the voting strategy of the median player.

Conjectured proposal strategies will have the following shape

max{min{2z,, — q,q},2;} fori<m
ri(¢) = { min{max{2z,, — q,q},&;} fori>m (1)

T fori=m

where the Z;s are what we call induced or strategic bliss points as those will
be offered by a player ¢, given a large enough acceptance set, even though
the original bliss point policy would be accepted as well. The vector of these
can be denoted by & = {&1,...,Zn}.

Example 1. To illustrate the construction in (1) consider a simple model
with N =3, x; =1, p; = % and 6 = 0.9. As will be explained below, a set of
induced bliss points that qualify as an equilibrium are & = {1.6,2,3}. Figure
1 illustrates the construction of (1) graphically.

Figure 1: Conjectured equilibrium in Example 1
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An intuition behind the shape of construction (1) and figure 1 follows.
Given the proposal strategies, the typical acceptance set with status-quo
g will be an interval between ¢ and the policy on the other side of the
median bliss point with the same distance from z,,, i.e. 2z, —¢. One such



acceptance set is indicated in the figure for status-quo qg. This general shape
arises as the overall utility of the median player decreases with a distance
of a policy from z,, and hence the median player rejects any policy further
from x,, compared to the status-quo.

Faced with this constraint, the decision of player i regarding her proposed
policy is driven by two forces. The first force drives the proposal as close as
possible to the player’s original bliss point z; increasing her current utility.
The second force arises due to strategic considerations. Notice that by
offering a policy that is closer to x,, player 7 sacrifices current utility, but
potentially gains by constraining future policies to stay closer to the z,.
For a given player, this will be especially important if the probability of
recognition of a player with the original bliss point on the other side of x,,
is high.

The interplay of these two forces determines the shape of the construction
in (1). For status-quo policies close to x,, the acceptance set is a narrow
interval around x,,, the first force dominates, and both player 1 and 3 offer
policies as close as possible to their bliss points. With increasing status-quo,
the acceptance set widens, the second force gains force and player 1 switches
to offering policy &1, for which the two forces even out, in an attempt to
prevent player 3 from offering extreme policies in the future. The same logic
holds for player 3 but for this player the second force is absent as player 1
does not offer extreme policies close to x1 and hence player 3 will offer as
high policies as possible given that her original bliss point z3 is not in the
acceptance set.

Finally, we need to specify a way to derive the strategic bliss points in
the construction. These will be derived using an algorithm explained below,
but first, we need additional piece of notation. Let us denote the general set
of players in t-th step of the algorithm by P;, and define p;r = Zieﬂm R
and p;, = Zieﬂj’ﬂxi <z, Di- In words, pzr is a sum of probabilities of recog-
nition of players in set P, with original bliss points above the median and
analogously for p, . With this notation the algorithm proceeds as follows.

Algorithm 1 (Strategic bliss points with X = R).
step 0 Set Ty, = Ty, and Py = {1,..., N} \ {m}
step t For 1 € Py compute
P T + 2060 (T — ;) i<m
ne {xz +20p; (xp, — i) i>m

and define Ry = {i|(z; — xm)(ZTix — zm) < 0}.

If Ry = 0 pick a player with &;; closest to x,, out of Pr. If more than
one player is chosen, pick one of them in an arbitrary way. Denote the
chosen player by j. Then T; = &1 and Peyqy =P\ {j}. If Pey1 # 0,

7



proceed to the next step. If Ry # (0, proceed similarly except for picking
player j out of Ry and setting £ = xy,.

In words, the algorithm starts from a set of all players apart from the
median, and assumes that all these players follow proposal strategies resem-
bling the proposal strategies from figure 1 when status-quo ¢ is close to x,,
i.e. assuming that players with ¢ > m (i < m) offer as high (low) policy as
they can given the acceptance set of the form [q, 2x,, — q|.

Given these strategies, the algorithm computes the policy offering the
maximum overall utility, £;¢, for each player and drops the player with &;;
closest to x,, as this is the player first to switch into offering her strategic
bliss point, i.e. the first to switch to the constant part of the equilibrium.
The algorithm then proceeds similarly with a smaller set of players.

There are two possible complications. The first arises when the set Ry,
capturing the players with #;; on the other side of x,, compared to their z;,
is not empty. It is easy to confirm that this happens if and only if 25}71r >1
or 20p; > 1. If this is the case, then the strategic bliss point of the chosen
player is set to x,, and this player behaves in the same way as the median.
Intuitively, this happens when the second force mentioned above is strong
enough, which happens either when the future is important as captured by
high d, or the probability of recognition of players on the other side of x,,
is high.

The second complication arises when the algorithm computes two &; s
with the same distance from z,,. If this is the case the choice of which
player to drop is arbitrary. This also implies that there will be two (or
more) candidates for equilibria. If the algorithm at some step arrives at two
players with an equal distance of #;; from z,,, eliminating one of them and
proceeding, will give the first candidate equilibrium while eliminating the
other will give the second candidate equilibrium.

Example 1 (continued). In the 0 step the algorithm drops the median player
and sets o = w2 = 2. In the first step, the algorithm computes 11 = 1.6
and 31 = 2.4, and by dropping the first player, finally gives T3 = T32 = 3
as already anticipated and indeed drawn in figure 1. Notice that dropping
player 8 in the first step of the algorithm would produce a symmetric around
T but distinct set of strategic bliss points & = {1,2,2.4}.

The next example illustrates the first complication mentioned above,
when either a high § or a high probability of players on one side of the
median (or both) induces a player on the other side of the median to behave
as median.

Example 2 (Players behaving as median). Consider model with N = 5,
x; =1, 0 =0.9 and p = {0.4,0.4,0.1,0.05,0.05}. It is easy to confirm that
Ry = {4,5} with the algorithm dropping player 4 and Ry = {5} with the



algorithm dropping player 5. After two more steps, the algorithm produces
& ={1,2,3,3,3}. It is also easy to see that if the algorithm in the first step
produces a nonempty R, eliminating player, say, above the median, then all
the remaining players on the same side of the median will be eliminated in
the subsequent steps, and all the players on the opposite side of the median
will have the strategic bliss points set to the original ones.

Finally, we use the algorithm from above for parametrization of the
model from Duggan and Kalandrakis (2007), who simulate equilibrium in a
similar model. Our setup naturally lacks the utility and status-quo transition
shocks their model has, but the values should be interesting for comparative
purposes.

Example 3 (Duggan and Kalandrakis (2007) parametrization). Consider
model with N = 5, x = {1,1.5,2,2.8,3}, § = 0.9 and p; = % The al-
gorithm proceeds by eliminating players 2, 1, 4, and 5 in steps 1 through
4 respectively and produces a unique vector of strategic bliss points T =
{1.72,1.86,2,2.8,3}.

We now proceed to specify the conditions under which the conjectured
equilibrium constructed above is indeed an equilibrium. In order to do so
we first need to construct several objects that will allow us to write the
conditions in a concise way.

First, notice that the set of induced bliss points given by algorithm 1
induces a finite set of kinks in the proposal strategies. Combine all the
(unique) values of ¢ for which such kinks occur into vector B = {b1,...,b;}
where k is the number of the kink-inducing values of ¢. Assume that B is
ordered in such a way that b;_; < b; for j =2,... k.

Next, for a given status-quo ¢, it is helpful to split the set of players
N into two subsets. Those who are on the constant part of the proposal
strategies C(q) and those who are not N \ C(q). While well-defined for
X \ B, C(q) is not well-defined for any of the break points in B as it is not
clear whether the player i for whom the 7;(¢) kinks at a specific ¢ should be
included in C(q) or not. For this reason, let us define C'(b;) for j =1,...,k
as a set of two sets, one including the player i (along with the rest of the
non-problematic players) and one that does not (again including the non-
problematic players). We regard C(q) as a correspondence mapping X into
sets, which is single valued for ¢ € X \ B and double valued for ¢ € B.

Next, we define p*(q) = 3= n\c(g) s> Pi A0 P (@) = 25 N\ (g s <o P
In words, for a specific value of ¢, p*(q) gives the sum of probabilities of
recognition of players above the median who are not on the constant part
of the equilibrium. This is analogous for p~(¢). Given that we view C(q)
as a correspondence, both p*™(q) and p~(q) will be correspondences as well,
mapping X into a single value for ¢ € X \ B and into two values for ¢ € B.
Notice also that both p*(g) and p~(q) are constant on every interval into



which policy space X is divided by B, if we disregard the correspondence
nature at the breaks in B. Finally, for any b € B, denote by p™ (1 b) one
of the values of p™(b), namely the one which is equal to p* (b — €) for small
positive values of €. Similarly, denote by p™({ b) the value of p*(b) which is
equal to p*(b+¢€) for small positive values of €. For p~(q) things are defined
analogously.

With the notation in place, we are ready to state the following condition,
under which the construction from (1) along with the strategic bliss points
given by algorithm 1 gives an equilibrium.

Proposition 2 (Sufficient condition for equilibrium with X = R). For
1 € N denote

e BN (xi,z;) fori<m
! BN (&,z;) fori>m

with a typical element xf ;. The construction from (1), with the strategic
bliss points given by algorithm 1, is an equilibrium if for each i for which
X;#0

2§, — xi+20p (T 2§ ;) (w — ) <O Vi ifi<m

w§ ;= xi+20p” (b 2§ ;) (@ —wm) >0 V) ifi>m

The intuition behind the proposition is as follows. Take player ¢ with
i < m. It is easy to see she will never offer a policy on the other side of the
median. Furthermore, in the proof of the proposition we show that her ex-
pected utility function is non-decreasing on (—oo, z;] and non-increasing on
[, Tm]. But for the construction to be an equilibrium, we need a stronger
result, namely that it is non-decreasing on (—oo, #;]. Establishing that the
expected overall utility is continuous, piecewise concave and piecewise dif-
ferentiable allows us to focus only on the set of points in X{. This is a set
of points from B between the original and the induced bliss points of player
1. A condition in the proposition then makes sure that the left derivative
of the expected utility is non-negative. When the condition holds, we know
that on (—o0, x,,| the expected utility of player ¢ attains a maximum at z;
and decreases on [&;,Z;,|. As a result, when Z; is not in median player’s
acceptance set for a given ¢, player ¢ will offer as low a policy as possible,
and if it is in the acceptance set, she will offer ;.

Notice also that the condition in proposition 2 is stronger than needed,
as it would suffice for, say, player ¢ < m, for the expected utility to attain a
maximum at &; irrespective of its shape on [z;, #;]. This indeed motivates a
condition in the next proposition, which is both necessary and sufficient, but
we have decided to include the condition in proposition 2 as it is extremely
simple to check, as shown by the next example.

Example 1 (continued). With & = {1.6,2,3} and a set of breaks B =
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{1.6,2.4},
{1,2,3} forqe€ (—o0,1]UI3,00)
C(q) =< {1,2} for q € [1,1.6] U [2.4, 3]
{2} for q € [1.6,2.4]

and the probability correspondences are

- B L forqe[l1.6,2.4]
p(q) = S for q € (—00,1.6] U [2.4,00)
B L forqe 1,3] ‘
pi(e) = S for q € (—o00,1] U [3, 00)

The condition of proposition 2 holds as X{ = 0 for i = 1,2,3. Indeed
it is easy to show that the condition will hold for any model with N = 3,
Ty —T1 = T3— Ty, and p1 = p3 where players 1 and 8 denote the non-median
ones.

We next state a condition that is both sufficient and necessary for the
construction above to be an equilibrium. The proposition uses set Z; which
is a set of points in X \ B for which the overall utility of player i has a zero
derivative, indicating a local maximum.

Proposition 3 (Sufficient and necessary condition for equilibrium with
X =R). Forie N denote

(]

{((B UZi) N (zg,2)) U{ag, 3} fori<m
(BUZ;) N (i, %)) U{, &} fori>m

with a typical element x ;. Arrange the elements of X{; in a decreasing
(increasing) order for i < m (i > m) and denote the ﬁrst element by xf .
Finally, denote by J! the number of elements in X¢.

The construction from (1) with the strategic blz’ss points given by algo-
rithm 1 is then an equilibrium if and only if for each i

Z‘jjzl [%cl(x) + 02(1‘)1‘] Ziﬂl >0 J=1,...,Jlifi<m
Z‘j]:l {%cl(x) + 02(93)1:] wzjj_l >0 J=1,...,J ifi>m
i.j
where
i) = IR @)

1 () [~ + 20p* (2

o) = { (x; —xm)]  fori<m
o1 (@) [~z + 20p~ (@

(x; —xm)]  fori>m

)
)
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Proposition 3 checks that U;(#;) is higher than U;(x) for any x in the
[;,2;] interval. It turns out to be enough to check a finite set of points
collected in X¢. The proposition does not require us to construct U;(q)
explicitly, as it turns out to be easier to integrate its derivative and use the

fact that U;(z) — U;(y) = [algéx)]x, proceeding interval by interval due to
y

the piecewise differentiability of U;.

We close this section by an example in which the conditions explained
above might fail depending on the value of . It is also easy to see that both
of the conditions above hold in all the preceding examples 1 through 3.

Example 4 (Possible failure of conditions for equilibrium). Consider a
model with N = 7, x; = 1, p; = % and 6 = 0.5. Then it is relatively
straightforward to check that the algorithm 1 gives eight possible arrange-
ments of strategic bliss points, i.e. eight conjectured equilibria, and that for
all those, the condition of proposition 2 and condition of proposition 3, hold.

For the same model with § = 0.9 the set of conjectures reduces to two
but both fail both conditions from above.

Finally, for 6 = 0.95 there are again two conjectured equilibria and for
both of them the condition of proposition 2 fails while the condition of propo-
sition & holds.

5 Equilibria with X € R"

In this section we extend results from the previous one to the models with a
multi-dimensional policy space. The setup of the model is exactly the same,
except for the policy space X = R". The utility of a player i is taken to
be quadratic over each dimension, i.e. u;(z) = >, —(27 — 21)* where 27
is taken to be a policy in dimension j. Original bliss points will be vectors
z; with the preferred policy along dimension j denoted by z]. Notice that
ui(r) = ||z — 24]|* where || - || denotes the norm.

In order to proceed we make an assumption about the arrangement of
x;s in the policy space. We assume that the original bliss points are arranged
in a way that ensures the existence of a core, more specifically we assume
that the Plott (1967) condition is satisfied. For N odd this condition is
both necessary and sufficient for the existence of a core (Austen-Smith and
Banks, 2000).

This allows us to denote the player with a bliss point at the core as the
median with bliss point x,,. The Plott (1967) condition then states that for
each player ¢ different from the median, there is another player j with a bliss
point on the line connecting x; with x,, but on the other side of z,, relative
to x;. For simplicity, we assume that exactly three players lie on each such
line, and without loss of generality, set the bliss point of the median to be
an origin of X.

12



Next, we prove a result similar to the dynamic median voter theorem
proven in proposition 1 for a multi-dimensional policy space.

Proposition 4 (Dynamic median voter theorem for X = R"™). For any set
of proposal and voting strategies and any status-quo policy, a proposal is
accepted if and only if it is accepted by a player with a median bliss point
T -

The proposition again allows us to focus on the median player who de-
termines whether a given proposal will be accepted or not. With this result
we can conjecture proposal strategies 7;(¢) : R — R™ to be of the form

(2)

The proposal strategy of player ¢ specifies, for a status-quo close to the
origin, offering a policy on the line connecting origin and x; with the same
distance from the origin as the status-quo ¢. For a status-quo far away from
origin, player ¢ will be offering a fixed policy k;x;, which we again term the
strategic bliss point, for some k; € [0, 1].

The logic behind the proposal strategies is similar to the one-dimensional
case. For a given status-quo ¢, the typical acceptance set will be a circle with
the center at the origin and a radius ||g||. There are again two forces at play.
The first force pushes players into offering policies as close as possible to their
original bliss points. The second strategic force pushes them into offering
policies closer to the origin in an attempt to constraint future policies of the
other players. For values of ¢ close to the origin, the first force dominates
and players offer a policy on a line connecting origin and z; with the same
distance from the origin as q. For values of ¢ further away from the origin,
the second force dominates and players offer fixed policies given by ki;.

Determining ks is again done via a similar algorithm as in the previous
section. The algorithm uses a(i,j) to denote an angle between x; and z;.

Subsequently it is easy to see that cos(a(,7)) = Wﬁ%ﬂl
Algorithm 2 (Strategic bliss points with X = R").

step 0 Set ky =0 and Py = {1,...,N}\ {m}

step t For 1 € Py compute

hie =1-6 5" pyl1 — cos(a(i, )]

JEP:

and define Ry = {i|k;s < 0}.
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If Ry = 0 pick a player with the smallest k; ¢| ||| out of P;. If more than
one player is chosen, pick one of them in an arbitrary way. Denote the
chosen player by 7. Then k: = kjt and Py =P\ {j}. If Peyq # 0,
proceed to next step. If Ry 7é 0, proceed similarly except for picking
player j out of Ry and setting l%j =0.

To proceed, we need to define similar objects as in the previous section,
collecting all the points at which the value function induced by the con-
struction in (2) and algorithm 2 kinks, and splitting the players into those
on the constant and variable part of an equilibrium. However, we need to
be concerned only about the distances from origin, not about the specific
location in X.

For this purpose define B to be the collection of distances of the induced
bliss points from the origin and order elements in B in an increasing order.
Naturally, the first element of B is equal to 0. Next, for a given distance
from origin d, let us define C(d) to be a set of players on a constant part of
the equilibrium proposal strategies, i.e. those players with d > ];‘ZH.%ZH For
notational convenience, when we say C(q) with ¢ € R™ we mean C(||ql).
Again C(d) is well defined for d ¢ B. For d € B we regard C(d) as a
correspondence giving two sets of players, one with the player for whom
d = k;||z;|| and all the players with d > k;||z;||, and one with only the latter
group of players.

Finally it will be convenient to redefine both constructions in terms of
relative-to-z; distance for player ¢. Hence let us define B; = ﬁ and also
Ci(k) = C(k||z;]|) for all ¢ # m and k € [0,00). With this notation we
can state a sufficient condition for the construction just explained to be an
equilibrium.

Proposition 5 (Sufficient condition for equilibrium with X = R"). For
i€ N\ {m} denote R

with a typical element k7 ;. Then the construction from (2) with the strategic
bliss points given by algorithm 2 is an equilibrium if for each i for which
K¢ #0
L—ki; =6 > pill —cos(a(i,j)] <0V
JEN\C:i({k5 ;)

The intuition behind this result is simple. As we argue in the proof, it is
enough to focus on player i offering policies on a ray starting at the origin
and passing through x;. For the construction to be an equilibrium, we want
the expected utility function to first increase along this ray, until it reaches
distance k;||z||, and then decrease. It turns out to be sufficient to focus
on the interval (kg||z;|, ||x]|) or in terms of the relative distance on (k;, 1).
Given the piecewise concavity of the expected utility function, the condition
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in the proposition ensures that at any break in B; the expected utility is
non-increasing.

Proposition 5 gives a sufficient condition which is stronger than needed
but is easy to check. The next proposition states a condition that is both
sufficient and necessary for equilibrium. We will again use set Z;, which is
a set of relative-to-z; distances in [0,00) \ B; for which the expected utility
function has a zero directional derivative along a ray starting at the origin
and passing through x;.

Proposition 6 (Sufficient and necessary condition for equilibrium with
X =R"). Forie N\ {m} denote

Kf = ((B;U Zi) N (ki, 1) U {ks, 1}

with a typical element kf ;. Arrange the elements of K7, in an increasing
order and denote the first element by kio. Finally denote by J! the number
of elements in K.

Then the construction from (2) with the strategic bliss points given by
algorithm 2 is an equilibrium if and only if for each i € N \ {m}

J k‘2 ‘Lkic,jfl
> [cl(k)+(;2(k)k >0J=1,...,J!
’ 2 c
j=1 kS5
where
c1(k) = 2l

1023 jen\o; (k)

ca(k) = c1(k)[=1+ 63 emc, i) Pill — cos(a(i, 5))]]
We finish this section with two examples both of which assume X = R2.

Example 5 (Simplest example in R?). Consider a model with N = 5,
p; = %, 6 = 0.9 and the following bliss points

player 1 2 8 4 5
;2 -2 0 0 0
22 0 0 2 -2 0

Algorithm 2 offers four possible players to be eliminated in step 1, then
2 in steps 2 and 3. As a consequence there will be 16 possible equilibria.
Eliminating players 1, 3, 2 and 4 respectively produces

player 1 2 8 4 5
ki 0.28 0.82 046 1 0
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The set of distances at which players switch between constant and non-
constant proposal strategies will be B = {0,0.56,0.92,1.64,2} and can be
translated into relative-to-x; distance B; = {0,0.28,0.46,0.82,1}. With these
we have

{1,2,3,4}  for d € [0,0.56]
{2,3,4} for d € [0.56,0.92]
C(d) = ¢ {2,4} for d € [0.92,1.64]
[

{4} for d € [1.64, 2]
0 for d € [2, 0]

and K¢ from proposition 5 will be K{ = {0.46,0.82}, K§ = {0.82} and an
empty set for the remaining players. It is easy to check that both conditions
from propositions 5 and 6 hold.

Example 6 (Duggan and Kalandrakis (2011) parametrization). Consider
a model with N =9, p; = %, 6 = 0.7 and bliss points

player 1 2 3 4 5 6 7 § 9
xl 0.8 0.8 -0.2 0.9 0.1 -0.15 0.3 -0.9 0
x 0 0 02 -0.9 06 -09 0.2 -06 0

SO

Algorithm 2 produces a unique set of bliss points (numbers rounded)

player 1 2 3 4 5 6 7 8§ 9
ki 0.79 0.51 0.38 1 0.50 0.94 048 0.91 0

for which conditions from propositions 5 and 6 hold.

6 Discussion

In this section we discuss several topics related to the results presented so
far. First, we look at the comparative static properties of the construction
above. Although we do not conduct an explicit comparative static exercise,
it is obvious that two variables have a strong influence on the shape of an
equilibrium. Firstly, there is the discount factor §. With the future becoming
more important, all the equilibria above will be more concentrated around
the bliss point of the median player. Secondly, there is a vector of recognition
probabilities p. These vectors influence the equilibria in a complex way, but
in general the higher the probability of recognition of a given player, the
closer her opposition will be to the median.

Another observation regards the position of the most extreme player
judged by the original bliss point. Notice that making player more extreme,
i.e. further away from median, if this player is the last to be eliminated
by the algorithms above, does not change the equilibrium behaviour of the
other players. To a certain extent the same observation applies for other
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players. If the shape of the equilibrium remains the same, changing the
bliss point of player ¢ does not change the behaviour of other players.

Related to the shape of the equilibria explained above is the behaviour
of policies over time. It is easy to see that starting from any status-quo,
policies will always converge to the most preferred policy of the median
player. Nevertheless, the pattern of policies during the convergence can be
rather complex.

At the same time, the convergence to the median prediction is easy to
avoid. Consider a similar model as above but with some probability the
policy approved today will not become the next status-quo. Instead, the
next status-quo would be drawn from some distribution with the cumulative
distribution F'(q). Assuming that the distribution F'(¢) is independent of the
policy approved today, the equilibria constructed above will be the equilibria
in this extended model (given some adjustment to §). But policies in the
model will not converge to the median over time.

Our construction has also uncovered the possible multiplicity of equilib-
ria in certain environments. While not explicitly proven, it should be obvious
that environments giving rise to the multiplicity are those with symmetric
bliss points and equal recognition probabilities. We want to highlight this
observation as the multiplicity can prove problematic for computer simula-
tions in which a researcher chooses to simulate an often tempting symmetric
environment.

At the same time it is obvious that the environments giving rise to the
multiple equilibria are ‘zero measure’. In example 1 we have two possible
equilibria with = = {1,2,3} and p = {1/3,1/3,1/3}. However, perturbing the
environment to, say, z = {1,2,3 4+ €} or p = {1/3,1/3 + ¢,1/3 — €} for some
small € would make the equilibrium unique.

We have also made a series of simplifying assumptions. But we think
the approach to the construction of simple equilibria in dynamic bargaining
models taken here extends to more general environments. More specifically,
we have assumed an equal § for all players, but the construction would also
be applicable to a model with player-specific §;. Specifying a model with a
different non-quadratic utility function would also admit a similar approach,
as well as an assumption in the multi-dimensional model that players attach
different weights to different dimensions of a policy space, i.e. assuming
utility of the form w;(z) = >0, —kj(27 — 21)? with some set of positive
constants k;. On the other hand, we do not think that the construction
explained in this paper for a multi-dimensional policy space would extend
to environments in which the Plott (1967) condition for core existence fails.

Finally, we admit that, for a specific parametrization of the model above,
deriving strategic bliss points via algorithms 1 or 2 can be time-consuming
and error prone. The same qualification applies when checking conditions for
the constructions to be an equilibrium or, when deriving explicit formulas for
the value functions V;(-). For this reason, we have written Matlab routines
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for both one- and multi-dimensional models that derive the strategic bliss
points, check for conditions ensuring equilibrium and derive the resulting
value and expected utility functions all in a matter of seconds. Both routines
are available upon request.

7 Conclusion

We provide an approach to constructing conjectured equilibria in dynamic
bargaining models that produces simple and intuitive equilibrium strategies.
Our results apply to models with both single and multi-dimensional policy
spaces. We have also shown under which conditions the conjecture is in-
deed an equilibrium, some of which are straightforward to check for a given
parametrization of the model.

The shape of the equilibria are in general driven by the interplay of two
forces. One force pushes players into proposing policies that maximize their
current utility. Another opposing and strategic force pushes players into
proposing policies that constraint all the players in the future.

Our analysis shows that in dynamic bargaining models where a median
is present, policies will always converge to the policy most preferred by the
median. This, however, does not preclude the possibly complex behaviour of
policies along the convergence path. We have also uncovered the possibility
of multiple equilibria in certain symmetric environments. However none
of the resulting equilibria found involves symmetric behaviour of otherwise
symmetric players.

Despite the fact that our approach is not generally applicable and does
not always produce equilibrium strategies, we nevertheless think it provides
interesting insights into an environment with rather scarce analytical results.
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A1l Proofs

A1l.1 Proof of proposition 1

The proof of proposition 1 builds on similar proof found in Riboni and
Ruge-Murcia (2008), namely on their appendix A proof.

Proof. Note that any set of strategies for an accepted policy rg generates a
stochastic sequence of policies {rg,r1,...} with implied utility for player 4
given as

Ui(ro) =E | —0"(ry — 2:)* | .
Lt=0

Similarly accepting r{, generates {r(,r],...} and gives player i

[ oo
Ui(ry) =E Z —6t(r} — x;)?
t=0 _
Differentiating the difference in utility that the two policies bring, with
respect to bliss point of player i, gives

IUi(ro) — Ui(rg)]
8561' : =E

2 Z —6t(r} — T‘t)]
t=0

which is independent of x; and hence U;(rg) — U;(r() is linear in z;. If, on
the one hand, the median player prefers rg to r(, either all the players with
a x; > Xy, or all the players with x; < x,,, also prefer ro to r(,. As a result rg
is accepted. If, on the other hand, the median player rejects 7o to r{, either
all the players with z; > z,, or all the players with z; < x,, also reject rg

to 7(. As a results r¢ is rejected. O
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A1.2 Proof of proposition 2

We proceed is several steps, first establishing some properties of the value
function induced by the construction in (1), next proving properties of the
expected value function and then showing the rationale behind the condition
in the proposition.

Proof. First observe that the continuation value function induced by con-
struction (1) is continuous, piecewise concave, piecewise quadratic and sym-
metric around x,,. Some algebra shows that it can be written as

h; (Q) + ZjeN\C(q) bju; (Tj(Q))
1 =63 en\c(q) Pi

Vi(q) =

where h;(q) is a correspondence ensuring that V;(q) is continuous and that
Vi(xm) = uil(fg‘). Its shape is similar to the shape of p™(g) in that it attains
a unique value at ¢ € X \ B and two values at ¢ € B. Moreover, for every
b € B we require one value of h;(b) to correspond to one of the sets in
N\ C(b) and the second value of h;(b) to correspond to the other set in
N\ C(b). While this is a somewhat unusual construction, it allows us to
economize on the notation later on.

With this notation it is easy to see that the derivative of the expected
utility function with respect to status-quo is

Ui(q) _ {—1_5(;#(5)@((1)) lq — x; + 20p™ () (@i — x)]  for ¢ < ap,

where again the possibility of two values at ¢ = xz,,, and at all the ¢ € B
reflects the fact that the overall utility is not differentiable at those points.
But it is easy to see that it possesses left and right derivatives, so we regard
one value of %q(q) at, say, ¢ = x,, as the left derivative and the other value
as the right derivative.

Now notice that the expected utility of the median player is strictly
increasing on (—o0, ), strictly decreasing on (z,,,00), has unique global
maximum at x,, and is symmetric around z,,. As a result, the acceptance
set for the general value of ¢ will be [q, 2z, — ¢] or [2z,,, — ¢, q] depending
on which of the two values is larger.

Faced with the symmetry of the acceptance sets, player ¢ never offers
a policy that is on the other side of x,, compared to her x;, due to the
symmetry of the V;(¢) function. As a result, we can focus only on an interval
(=00, xy,] for players i < m and on an interval [z,,,00) for players i > m.
We will only do the former as the latter relies on a similar argument.

Take player with ¢ < m. For the construction in (1) to be an equilibrium,
we need the expected utility to be non-decreasing on (—oo,#;] and non-
increasing on [Z;, x,,]. The latter part is easy and follows directly from the
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construction of algorithm 1. Non-decreasing on (—oo, z;] is also immediate
inspecting the expression for derivative above.

This leaves [z;, Z;] to be inspected. However, there is no need to inspect
the whole interval but, given the piecewise concavity, it is enough to check
the upper boundary of each interval on which the expected utility function
is differentiable. We can also omit &; as the derivative of U;(q) is zero at
that point.

Proposition 2 is then the mathematical restatement of what we have just
explained. Set X[ is a set of all points in (x;, Z;) at which U;(q) kinks and the
condition of the proposition ensures that the left derivative is non-negative
at all those points. O

A1.3 Proof of proposition 3

Proof of proposition 3 uses the fact that for a differentiable continuous func-
tion f(z) we have f(z) — f(2) = [f'(a)]?. Extending this result to a con-
tinuous but only piecewise differentiable function is straightforward. If, for
example, z < y < z and f(x) is not differentiable at y but has a left and a

right derivative, we have f(z) — f(z) = [f'(a)]} + [f'(a)]?.

Proof. We show the result for ¢ < m as the argument is similar for ¢ > m.
We also omit repeating arguments from proof of proposition 2 and hence
focus solely on the [z;, Z;] interval.

First notice that the construction in (1) along with the bliss points de-
rived by algorithm 1 is an equilibrium if and only if U;(#;) > Ui(z) V = €
[, #;]. One possible approach would be to construct the function U;(q)
explicitly. Nevertheless, we propose a simpler approach as we already know
the derivative of U;(q) from the proof of the previous proposition and are
only interested in relative, not absolute, values.

Next, it is easy to show that the condition U;(#;) > U;(z) fails if and
only if it fails at some point of the X set, which includes all the kinks and
all local maxima of the expected utility function on the [x;, #;] interval (the
if part is obvious, the only if part follows from piecewise concavity). Hence
we need to check the condition only at the points in X¥.

Using the derivative of U;(q) from the proof of the previous propositions,
it can be written as c¢1(q)q + c2(q), where ¢1(q) and ca2(g) are given in the
statement of this proposition. Integrating the derivative yields the expres-
sion Z ¢y (2) 4 c2(z)z and the sum then proceeds from ¢ = 2; checking all

2
points from X¢ for the U;(Z;) > U;(x) condition. O

Al1l.4 Proof of proposition 4

Proof. The approach to the proof of proposition 4 is analogous to the proof of
proposition 1. Accepting policy rg generates stochastic sequence of policies
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{ro,71,...} with the implied utility

Z —6t(ry — x3) (1 — xz)] .
t=0

Differentiating the difference in utility that 7o and r{, provide, gives

IUi(ro) — Ui(rp)] - [2 i —6(r} — Tt)]
t=0

Ui("r’o) =K

&%i

which is again independent of x; and hence U;(ro) — U;(r{)) is linear in z;. As
a consequence, the derivative defines a hyperplane in R™ which gives all the
bliss points such that any player 7 with a bliss point on this hyperplane will
choose between ry and r{, in exactly the same way as player i¢. The result
should now be obvious, realizing that any hyperplane going through z,, will
split the remaining players into two equal size groups, at least one of which
votes in the same way as the median. O

A1.5 Proof of proposition 5

The proof of this proposition is very similar to the proof of proposition 2 so
we keep it brief.

Proof. First notice that the acceptance sets are circles with a center at the
origin and that the continuation value function of all the players has level
sets of a similar shape. It follows that player ¢ will never offer any other
policy than the policy on the line starting at the origin and going through
her bliss point x;, we call this line the i-ray.

As a consequence, we can work with the continuation value function V;
and the expected utility function U;, mapping the i-ray into R, instead of
both functions having to map the whole policy space X into R™. It is then
convenient to define the argument of both functions to be the distance of
a policy on the i-ray from the origin, relative to ||x;||. With this notation,
some algebra gives

n xik x; A\ 2
halk) + ey P X — (sl — o)
1 =03 .cn\ci(k) P

for k € [0,00), with h;(k) defined similarly as in proposition 2, ensuring
Vi(k) is continuous and V;(0) = uff?. It is also immediate that V;(k) is
differentiable except at points in B;.

With this it is easy to see that the derivative of the overall utility function

with respect to k is

Vi(k) =

. 112
a[g;(@k) T1-5 = |1—k=0 > pi[l - cos(a(i,j))]
N ZJEN\Ci(kz) Py JENNOi (k)
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and that U;(k) is piecewise concave.

For the construction in (2), along with the bliss points derived via algo-
rithm 2, to be an equilibrium, we need U;(k) to be non-decreasing on [0, k;
and non-increasing on [k;, 00). Non-decreasing on [0, k;] comes again from
the construction of algorithm 2. Non-increasing on [1,00) is also easy by
inspecting the derivative of U;(k) above. This leaves [k;, 1] to be inspected
and, given piecewise concavity, it is enough to check the right derivative of
Ui (k) at each break B; that falls into (k;,1). O

A1.6 Proof of proposition 6

The proof of proposition is very similar to the proof of proposition 3 so we
only include a brief outline.

Proof. As in proposition 3 we want to make sure that U;(k;) > U;(k) for all
k € [k;,1]. Again, we can focus only on the points at which either U;(k)
kinks or has a local maximum. This is what the set K collects. Integrating
the derivative of U;(k) from the previous proposition gives %cl(k) +ca(k)k

and the condition of this proposition checks that U;(k;) is higher than U;(k)
for any k € K. O
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