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1. OVERVIEW

One can view the cornerstones of orthodox quantum mechanics as consisting

in four crucial theorems:

e Gleason’s theorem (statistical origin of Hilbert space)
e The spectral theorem (observables and statistics)
e Wigner’s theorem (symmetries)

e Stone’s theorem (Noether correspondence)

When evaluating an extension of the quantum framework, it is good philosophical
practice to evaluate the fate of these cornerstones. Here we consider the extension of
quantum theory to include Positive Operator-Valued Measures (POVMs), often asso-
ciated with an operational and information-theoretic approaches to quantum theory
(c.f. Busch et al.; [1995; Nielsen and Chuang; [2000)).

2. POVMs AND EFFECT SPACES

The set of projection operators on a Hilbert space is not a Boolean logic;
however, it is a generalisation of this logic known as an orthomodular lattice, on
which it is possible to define a generalised probability measure. However, it has been
argued that even these logics are overly restrictive. Might there be even more general
logics of interest?

For example, an idealised experiment is often described as consisting in a
sequence of definite outcomes. This is the case, for example, when we say that the
Stern-Gerlach outcomes are described by two projections Py and Py such that P+ P =
I and PP, = @, associated with two “spots” of silver atoms on a screen. However,
as [Busch et al.| (1995, §1) point out, this is an idealised description of the experiment
Stern and Gerlach produced, which actually consists in two “lips” of silver atoms
due to the magnet failing to be perfectly homogeneous, and so failing to produce a
perfectly pure beam (Figure [1).

This can be corrected inn the following way. Suppose the localisation of silver
atoms on the upper and lower halves of the screen is described in terms of projections

on a new “position on screen” degree of freedom:

e H, is a Hilbert space representing “position on the screen” states;
e P, (upper) and P_ (lower) are projections representing deflection onto the

upper and lower halves of the screen;
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FiGURE 1. The deflection pattern observed by Stern and Gerlach
(Busch et al.; 1995, p.8).
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When a given silver atom is measured spin-up, this corresponds to the measurement
of a “deflection up” state ¢, and similar for spin-down and a “deflection down” state
¢_. However, since the silver atom’s centre of mass is not perfectly localised on one
or the other half, these states are not necessarily eigenstates of P..

These tools allow us to redescribe the Stern-Gerlach experiment in more detail.
For a given silver atom, the two general “effects” of motion into the upper and lower

halves of the screen can be described by operators of the form,

Fyi= (¢4, Prop) Py + (90—, P_¢_) P,
F_= <¢+> P—¢+>PT + <¢—a P—¢—>P~L

These clearly satisfy Fy + F. = P, + P, = 1. But, they are not projections unless
(¢4, Prpy) and (¢_, Prop_) are 0 or 1. Each operator F, and F_ rather has two
positive eigenvalues, respectively (¢4, Py¢+) and (¢4, P_¢+). Operators with a pos-
itive spectrum of this kind are called positive operators. That is, we have replaced
projections with positive operators.

Now let ¢ = ¢y + ¢y ) be the spin-state of the silver atom, with eigenstates
¢+ and ¢;. The more detailed, combined description of a given silver atom in the

experiment can then be given in terms of a mixture of the form,

Vr = c1(Py ® 1) +c (- @ @y).

The expected deflection for the silver atom can then be expressed in terms of effects

as,
(W5, Petyg) = |cy|(¢4, Poy) + ley (o, Peg-)
= (p, Fap).
Just as the Hilbert space projections have a logic generalising classical logic,
so do the positive operators. This is known as an effect algebra. In a Hilbert space,

this is found by extending the set of projection operators to the set of operators with

spectrum in the interval [0, 1], known in the literature as ‘effects’. It is easy to check
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that it forms an algebra; and, one might try to view this as a logic, on the following
analogy:

e A projection P € P(H) has eigenvalues 0,1, which can be viewed as repre-
senting “true” or “false” outcomes; probabilities on projections correspond to
the probability of the proposition being true.

e An effect E € E(H) has eigenvalues in the interval [0,1]. These are some-
times said to represent “unsharp measurement” outcomes of the kind described
above.

Just as the Hilbert space projections can be described axiomatically as a logic
in terms of an orthomodular lattice, so the effects can be described in terms of a logic
as well. This approach was developed by |Ludwig| (1983, 1985)); see |[Busch et al.| (1995)
for a textbook treatment.

3. CORNERSTONE 1: GLEASON’S THEOREM

Gleason’s theorem shows that the probability measures on projections are com-
pletely characterised by the Born rule, so long as dim’H > 3. But by expanding at-
tention from projections to the larger space of effects £(#H) on a Hilbert space, Busch
(2003)) found a similar (and much simpler) result. Remarkably, the result also holds
for Hilbert spaces of arbitrary dimension.

We first define a positive operator valued measure to be an association A —
FA of elements of a o-algebra (usually Borel sets of reals) with positive self-adjoint
operators that sum to the identity. In the discrete case, this is written, > . F; = I for
1 € Z*. In the case of continuous spectrum operators, it is written, fR dFy = 1. We
can now state the Busch-Gleason theorem:

Generalised Gleason Theorem (Busch). Given a generalised probability measurd]]
p: E(H) — [0,1], there exists a density operator p on H such that p(E) = TrpE for
dl E € E(H).

So, analogous to our interpretation of Gleason’s theorem, we may conceive
of a general statistical experiment in terms of generalised probabilities on an effect
algebra, and conclude that statistical experiments can always be described in terms
of Hilbert spaces and the Born rule. Moreover, unlike Gleason’s theorem, the proof
of the Busch-Gleason theorem is surprisingly elementary, and can be understood in
just a couple of pages of reading and elementary methods.

4. CORNERSTONE 2: THE SPECTRAL THEOREM

Elements of a projection-valued measure (PVM) A — EA sum to give a self-
adjoint operator, in that A := >, \E; = is self-adjoint (discrete case), or A :=

LA generalised probability measure on a set of effects £(H) is a function p : £(H) — [0,1] such that
p(I) =1and p(}_, E;) < >, p(E;) whenever the countable sequence E; satisfies ), E; < I.
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[, € RAE, is self-adjoint (continuous case). The spectral theorem guarantees that
the converse is true: every self-adjoint operator admits a PVM decomposition of the
kind written above. Is there a spectral theorem analogue for positive operator-valued
measures or POVMs?

The answer is “yes”. Let H be a (possibly infinite dimensional) Hilbert space.
An operator A is symmetric if,

A" =AY

for all 9 in the common domain DN D 4« of A and A*. It is self-adjoint iff Dy = D 4.

It is easy to check that the weighted sum of elements of a POVM is symmetric,
though not necessarily self-adjoint. It turns out that the converse is also true:

Naimark Spectral Theorem. Let A be a closed, densely defined symmetric oper-
ator. Then there exists a POVM A +— Fa such that A = fR AFy, which is unique
(up to unitary equivalence) if and only if A is maximal symmetric, and which is a
Projection Valued Measure if and only if A is self-adjoint. (Dubin and Hennings;
1990, Thm. 5.16, pg.135)

5. CORNERSTONE 3: WIGNER'’S THEOREM AND STONE’S THEOREM

5.1. Wigner’s theorem. In our analysis of Wigner’s theorem, we proposed to view
symmetries as the bijections preserving the 1-dimensional subspaces (the rays), or
equivalently the one-dimensional projections, of a Hilbert space H. By shifting at-
tention from projections to positive operators, we now have a new definition of sym-

metries:

An effect symmetry is a bijection U on the effect algebra £(H) associ-
ated with a Hilbert space.

One might think that an entirely new analysis of Wigner’s theorem would be needed
in light of this change. In fact, no such change is needed: this symmetry group turns

out to be equivalent to the one on rays.

Fact 1 (Cassinelli et al| 1997). Every effect symmetry preserves ray-space orthog-
onality; conversely, every ray-space orthogonality-preserving transformation can be

implemented by a unique effect symmetry.

See also [Chevalier| (2007)). The analysis of symmetry for this generalisation of
quantum theory is therefore essentially the same: every symmetry can be implemented

by either a unitary or antiunitary operator, as in ordinary quantum theory.

5.2. Generalised Stone Theorem. The assumptions of Stone’s theorem fail for
maximal symmetric operators, so they do not generate a unitary group in the usual
sense. However, they do satisfy a closely related result. Stating this result uses the
concept of an isometry, that is, a linear Hilbert space operator U for which U*U = E

is a projection operator (a unitary operator is thus a particular isometry for which
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U*U = UU* = I). An isometry is a symmetry transformation in much the same sense
as a unitary operator, but in a more restricted domain, in that (U, Ug)| = (¢, ¢)|
for all ¢, ¢ € E'H. Isometries also allow one to state the following generalisation of
Stone’s theorem

Generalised Stone Theorem. If s — U, is a strongly continuous, one-parameter
set of isometries satisfying U,Us = U,y for all r;s > 0 (or for all ;s < 0, but not
both), then there exists a unique mazimal symmetric operator A such that U, = €4,
Conwversely, every mazimal symmetric operator A generates a strongly continuous one
parameter set of isometries s — U, = ¢4 satisfying U,U, = Uy, for all r,s >0 (or

for all r;s <0, but not both). (Cooper; 1947, 1948)

This means that maximal symmetric operators are associated with a set of
symmetries after all, in much the same way as self-adjoint operators. These symme-
tries are simply limited to a restricted subspace, in addition to being limited by the
parameter values of the set.

When a maximal symmetric observable is a Hamiltonian, the Generalised Stone
Theorem says that a unique solution to the Schrodinger equation exists, although it
is only defined for non-negative times or non-positive times (but not both). As far
as determinism is concerned, this situation is an improvement on the failure of es-
sential self-adjointness considered by [Earman| (2009). The generalised Stone theorem
says that the dynamical evolution generated by a maximal symmetric Hamiltonian
is unique, much like the dynamics of an essentially self-adjoint Hamiltonian. The
dynamics is time-translation invariant, in the restricted sense of an isometry. The
limitation is merely that this dynamics is not defined for all times ¢ € R. But as
discussed above, having a dynamics for all times is a very strong requirement, which

we may have good reason to relax.
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