
REALISM I N
MATHEMATICS

PENELOPE MADD Y

CLARENDON PRES S OXFOR D



This book has been printed digitally and produced in a standard specification
in order to ensure its continuing availability

OXTORD
UNIVERSITY PRES S

Great Clarendon Street, Oxford OX2 6DP
Oxford University Press is a department o f the University of Oxford.

It furthers the University' s objective of excellence in research, scholarship,
and education by publishing worldwide in

Oxford Ne w York
Auckland Bangko k Bueno s Aires Cap e Town Chenna i

Dar es Salaam Delh i Hon g Kong Istanbu l Karach i Kolkata
Kuala Lumpur Madri d Melbourn e Mexic o City Mumba i Nairob i

Sao Paulo Shangha i Taipe i Toky o Toront o

Oxford i s a registered trade mark of Oxford University Press
in the UK and in certain other countrie s

Published in the United States
by Oxford University Press Inc., New York

© Penelop e Maddy 1990

The moral rights of the author have been asserte d

Database right Oxfor d University Press (maker)
Reprinted 2003

All rights reserved . No part of this publication may be reproduced,
stored in a retrieval system, o r transmitted, in any form or by any means,

without th e prior permission in writing of Oxford University Press,
or as expressly permitted b y law, or under terms agreed with the appropriat e

reprographics right s organization. Enquiries concerning reproductio n
outside the scope of the above should be sent to the Rights Department,

Oxford University Press, at the address above
You must not circulate this book in any other binding or cover

And you must impose this same condition on any acquirer
ISBN 0-19-824035-X



1

REALISM

1, Pre-theoreti c realis m

Of th e man y od d an d variou s thing s w e believe , fe w are believed
more confidentl y tha n th e truth s o f simpl e mathematics . Whe n
asked fo r a n exampl e o f a  thoroughl y dependabl e fact , man y wil l
turn fro m commo n sense—'afte r all , the y use d t o thin k human s
couldn't fly'—fro m science—'th e sun has risen every day so far, but
it migh t fai l u s tomorrow'—to th e securit y of arithmetic—'bu t 2
plus 2 is surely 4'.

Yet i f mathematica l fact s ar e facts , the y mus t b e fact s abou t
something; i f mathematical truth s ar e true , somethin g mus t make
them true . Thu s arise s th e firs t importan t question : wha t i s
mathematics about ? I f 2  plu s 2  i s s o definitel y 4 , wha t i s i t tha t
makes this so?

The guileles s answer i s that 2  +  2  —  4 i s a fac t abou t numbers ,
that ther e ar e thing s calle d '2 ' an d '4' , an d a n operatio n calle d
'plus', and tha t th e result of applying that operatio n t o 2 and itsel f
is 4 . ' 2 +  2  = 4 ' i s true becaus e th e thing s it' s abou t stan d i n the
relation i t claim s the y do . Thi s sor t o f thinkin g extend s easil y t o
other part s o f mathematics : geometr y i s the stud y o f triangles an d
spheres; i t is the properties o f these things that make the statement s
of geometr y tru e o r false ; an d s o on . A  view o f thi s sor t i s ofte n
called 'realism'.

Mathematicians, thoug h priv y to a  wider rang e of mathematical
truths tha n mos t o f us , ofte n inclin e t o agre e wit h unsullie d
common sens e on th e natur e o f those truths . The y se e themselves
and thei r colleague s a s investigator s uncovering the propertie s o f
various fascinatin g district s o f mathematica l reality : numbe r
theorists stud y th e integers , geometer s stud y certai n well-behaved
spaces, grou p theorist s stud y groups , se t theorists sets , an d s o on .
The ver y experienc e o f doin g mathematic s i s fel t b y man y t o
support thi s position:
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The mai n poin t i n favo r o f th e realisti c approac h t o mathematic s i s th e
instinctive certaint y o f mos t everybod y wh o ha s eve r trie d t o solv e a
problem tha t h e i s thinkin g abou t 'rea l objects' , whethe r the y ar e sets ,
numbers, or whatever .  .  .  (Moschovakis (1980), 605)

Realism, the n (a t firs t approximation) , i s th e vie w tha t math -
ematics i s th e scienc e o f numbers , sets , functions , etc. , jus t a s
physical scienc e i s th e stud y o f ordinar y physica l objects , astro -
nomical bodies , subatomi c particles , an d s o on . Tha t is , math -
ematics i s about thes e things , an d th e wa y thes e thing s ar e i s what
makes mathematica l statement s tru e o r false . Thi s seem s a  simple
and straightforward view . Why should anyone think otherwise?

Alas, whe n furthe r question s ar e posed , a s the y mus t be ,
embarrassments arise . Wha t sor t o f thing s ar e numbers , sets ,
functions, triangles , groups, spaces ? Where ar e they? The standar d
answer i s that the y are abstract objects , as opposed t o th e concrete
objects o f physica l science , an d a s such , tha t the y ar e withou t
location i n spac e an d time . Bu t thi s standar d answe r provoke s
further, mor e troublin g questions . Ou r curren t psychologica l
theory give s the beginning s of a  convincing portrait o f ourselves as
knowers, bu t i t contain s n o chapte r o n ho w w e migh t com e t o
know abou t thing s s o irrevocabl y remot e fro m ou r cognitiv e
machinery. Ou r knowledg e o f the physica l world, enshrine d in the
sciences t o whic h realis m compares mathematics , begins in simple
sense perception . Bu t mathematicians don't, indee d can't , observ e
their abstrac t object s in thi s sense . How , then , ca n w e kno w an y
mathematics; ho w ca n w e eve n succee d i n discussin g this remot e
mathematical realm?

Many mathematicians , face d wit h thes e awkwar d question s
about wha t mathematica l things ar e and ho w w e can know abou t
them, reac t b y retreating fro m realism , denyin g that mathematica l
statements ar e about anything , even denying that they are true: 'we
believe i n th e realit y o f mathematics , bu t o f cours e whe n
philosophers attac k u s with thei r paradoxes we rush to hide behind
formalism an d sa y "Mathematics is just a  combination of meaning-
less symbols " .  . .'- 1 Thi s formalis t position—that mathematic s i s
just a  game with symbols—face s formidabl e obstacles of it s own ,
which I'l l touc h o n below , bu t eve n withou t these , man y math -
ematicians fin d i t involvin g the m i n a n uncomfortabl e for m o f

1 Dieudonne , as quoted in Davis and Hers h (1981) , 321 .
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double-think. Th e sam e write r continues : 'Finall y w e ar e lef t i n
peace t o g o back to ou r mathematic s and d o i t as we have always
done, wit h th e feelin g eac h mathematician ha s tha t h e i s working
on somethin g real ' (Davi s and Hers h (1981) , 321) . Tw o mor e
mathematicians summarize:

the typica l workin g mathematicia n i s a  [realist ] o n weekday s an d a
formalist o n Sundays . Tha t is , whe n h e i s doin g mathematic s h e i s
convinced tha t he is dealing with an objective reality whose properties h e is
attempting t o determine . Bu t then, when challenge d t o give a philosophical
account o f this reality, he finds it easiest to pretend tha t he does not believ e
in it after all (Davis and Hersh (1981), 321 )

Yet thi s occasiona l inauthenticit y is perhaps les s troubling t o th e
practising mathematicia n tha n th e dauntin g requirement s o f a
legitimate realist philosophy:
Nevertheless, mos t attempt s t o tur n thes e stron g [realist ] feeling s int o a
coherent foundatio n fo r mathematic s invariabl y lead t o vagu e discussion s
of 'existenc e o f abstrac t notions ' whic h ar e quit e repugnan t t o a
mathematician .  . . Contrast wit h thi s the relative eas e wit h which formal -
ism ca n b e explaine d i n a  precise , elegan t an d self-consisten t manne r
and yo u wil l hav e th e mai n reaso n wh y mos t mathematician s claim t o b e
formalists (whe n pressed} while they spen d thei r workin g hour s behavin g
as if they were completely unabashe d realists . (Moschovakis (1980) , 605-6)

Mathematicians, after all , have their mathematics to do, and they
do i t splendidly . Dispositionall y suite d t o a  subjec t i n whic h
precisely state d theorem s ar e conclusivel y proved, the y migh t b e
expected t o prefe r a  simple and elegant , i f ultimately unsatisfying,
philosophical position t o one that demands the sort of metaphysical
and epistemologica l rough-and-tumble a full-blown realism would
require. An d i t make s n o differenc e t o thei r practice , a s lon g a s
double-think is acceptable.

But to the philosopher, double-think is not acceptable . If the very
experience o f doin g mathematics , an d othe r factors , soo n t o b e
discussed, favou r realism , th e philosophe r o f mathematic s mus t
either produce a  suitable philosophical version of that position , o r
explain away , convincingly, its attractions. My goal her e will be to
do the first, to develop and defen d a  version of the mathematician's
pre-philosophical attitude.

Rather than attempt to treat all of mathematics, to bring the project
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down t o mor e manageabl e size , I'l l concentrat e her e o n th e
mathematical theor y o f sets. 2 I'v e mad e thi s choic e fo r severa l
reasons, amon g the m the fact that, in some sense, set theory form s a
foundation fo r the rest of mathematics. Technically, this means tha t
any objec t of mathematical study can be taken t o be a set , and tha t
the standard , classica l theorems abou t i t can the n b e proved fro m
the axioms o f set theory.3

Striking a s thi s technica l fac t ma y be , th e averag e algebrais t o r
geometer loses little time over set theory. But this doesn't mea n tha t
set theor y ha s n o practica l relevanc e t o thes e subjects . Whe n
mathematicians fro m a  fiel d outsid e se t theor y ar e unusuall y
frustrated b y som e recalcitran t ope n problem , th e questio n arise s
whether it s solutio n migh t requir e som e stron g assumptio n
heretofore unfamilia r withi n tha t field. At thi s point, practitioner s
fall bac k o n th e ide a tha t th e object s of thei r stud y ar e ultimately
sets an d ask , withi n se t theory , whethe r mor e esoteri c axiom s o r
principles migh t b e relevant . Give n tha t th e customar y axiom s o f
set theor y don' t even settl e al l question s abou t sets, 4 i t migh t even
turn ou t tha t this particular open proble m is unsolvable on the basis
of these most basi c mathematical assumptions, that entirely new set
theoretic assumption s mus t b e invoked. 5 I n thi s sense , then , se t
theory i s th e ultimat e cour t o f appea l o n question s o f wha t
mathematical things there are , tha t i s to say , on wha t philosopher s
call the 'ontology' of mathematics.6

Philosophically, however , thi s ontologica l reductio n o f math -
ematics t o se t theor y ha s sometime s bee n take n t o hav e mor e
dramatic consequences , fo r exampl e tha t th e entir e philosophica l
foundation o f any branc h o f mathematics i s reducible to tha t o f set
theory. I n thi s sense , comparable t o implausibl y strong version s of

2 A  se t i s a  collectio n o f objects . Amon g th e man y good introduction s to th e
mathematical theory of these simple entities, I recommend Enderton (1977).

3 Se e e.g. th e reductio n of arithmeti c and rea l numbe r theory t o se t theor y in
Enderton (1977) , chs . 4  an d 5 . Ther e ar e som e exception s t o th e rul e tha t al l
mathematical object s ca n b e though t o f a s sets—e.g . prope r classe s an d larg e
categories—but 1  will ignore these cases for the time being.

4 Som e details and philosophica l consequences of this situation are the subject of
ch. 4.

s Eklo f an d Mekle r (forthcoming ) giv e a  surve y o f algebrai c examples , an d
Moschovakis (1980) does the same for parts of analysis.

6 I n philosophical parlance, 'ontology', th e stud y o f what there is , is opposed t o
'epistemology', th e stud y o f ho w w e come t o kno w wha t w e do abou t the world . I
will use the word 'metaphysics ' more or less as a synonym for 'ontology'.
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the thesi s tha t physic s is basic to th e natura l sciences, 7 I  think th e
claim tha t se t theory i s foundational canno t b e correct. Even if the
objects of, say, algebra are ultimately sets, set theory itself does no t
call attentio n t o thei r algebrai c properties , no r ar e it s method s
suitable fo r approachin g algebrai c concerns. W e shouldn' t expec t
the methodology o r epistemolog y o f algebra to be identical to tha t
of se t theor y an y mor e tha n w e expec t th e biologist' s o r th e
botanist's basi c notions an d technique s to b e identical to thos e o f
the physicist . Bu t again , thi s methodologica l independenc e o f th e
branches of mathematics from set theory does no t mean there must
be mathematica l entitie s othe r tha n set s an y mor e tha n th e
methodological independenc e o f psycholog y o r chemistr y fro m
physics means there must be non-physical minds or chemistons. 8

But littl e hang s o n thi s assessmen t o f th e natur e o f se t theory' s
foundational role . Eve n i f se t theor y i s no mor e tha n on e amon g
many branche s o f mathematics , i t i s deservin g o f philosophica l
scrutiny. Indeed , eve n a s one branc h amon g many , contemporar y
set theory i s of special philosophical interest because it throws int o
clear relie f a  difficul t an d importan t philosophica l proble m tha t
challenges man y traditiona l attitude s towar d mathematic s i n
general. I will raise this problem in Chapter 4 .

Finally, i t i s impossible to divorc e se t theory fro m it s attendan t
disciplines o f numbe r theor y an d analysis . Thes e tw o field s an d
their relationship to th e theor y o f sets wil l form a  recurring theme
in what follows, especially in Chapters 3 and 4.

2. Realis m in philosophy

So far, I've been using the key term 'realism ' loosely, withou t clea r
definition. Thi s ma y d o i n pre-philosophica l discussion , bu t fro m

7 Thi s view is called 'physicalism'. I'll come back to it in ch. 5, sect. 1, below.
8 Ther e was a  time when the peculiaritie s of biologica l science led practitioners

to vitalism , th e assumptio n tha t a  livin g organis m contain s a  non-physica l
component o r aspec t fo r whos e behaviou r n o physica l accoun t ca n b e given .
Nowadays, this idea i s discredited—simply because it proved scientifically sterile —
and, a s fa r a s I  know , n o on e eve r urge d th e acceptanc e o f 'chemistons' . Today ,
psychology i s the special science that most often lay s claim to a  non-physical subject
matter, but a s suggested in the text , it seems to m e that a purely physical ontology is
compatible with the most extreme methodological independence. For discussion, see
Fodor (1975), 9-26 .
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correspondence trut h and reference, but here, again for the record, I
want to emphasize that thi s way of stating things is convenient bu t
not essential . Those realist s who believ e tha t a  robus t referenc e
relation is not neede d in science, eithe r becaus e the disquotational-
ist is right, or for some other reason , are invited simply to recast the
discussions that follow in terms of 'reliable connection'.

One final remark on realism and truth. Some anti-realists, assuming
the realis t i s wedde d t o correspondenc e truth , hav e argue d tha t
realism i s unscientifi c becaus e i t require s a  connectio n betwee n
scientific theor y an d th e world tha t reache s beyond th e bound s of
science itself. 44 Her e th e anti-realis t attempts t o saddl e th e realis t
with th e now-familia r unnaturalized standpoint, th e point o f view
that stand s above , outside , o r prio r to , ou r bes t theorie s o f th e
world, an d fro m whic h i s posed th e question : what connect s ou r
theories to the world?

We've see n tha t i n epistemology , the contemporar y realis t ha s
answered b y rejectin g th e extra-scientifi c challeng e itself , alon g
with th e radica l scepticis m i t engenders . Th e sam e goe s fo r
semantics. There i s no poin t o f view prior to o r superio r to tha t of
natural science . Wha t w e wan t i s a  theor y o f ho w ou r languag e
works, a  theor y tha t wil l becom e a  chapte r o f tha t ver y scientifi c
world-view. I n orde r t o arriv e a t thi s ne w chapter , i t woul d b e
madness t o cas t of f th e scientifi c knowledg e collecte d s o far .
Rather, w e stan d withi n ou r curren t bes t theory—wha t bette r
account d o w e hav e o f th e wa y th e worl d is?—an d as k fo r a n
account o f ho w ou r belief s an d ou r languag e connect u p wit h th e
world a s tha t theor y say s i t is . This ma y b e th e robus t theor y of
reference required by correspondence truth. If the disquotationalist
is right, i t may b e something less structured, an accoun t of reliable
connection. But neither way i s it something extra-scientific.

4. Realis m in mathematics

Let m e tur n a t las t t o realis m i n th e philosoph y o f mathematic s
proper. Most prominent i n this context is a folkloric position called
'Platonism' b y analogy with Plato's realis m abou t universals . As is

44 Se e e.g . Putna m (1977) , 125 . Or , fro m a  differen t poin t o f view , Burgess
(forthcoming a) .
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common with suc h venerabl e terms , i t i s applied t o view s o f very
different sorts , most o f them no t particularly Platonic.45 Here I  will
take i t i n a  broa d sens e a s simpl y synonymou s wit h 'realism ' a s
applied t o th e subjec t matte r o f mathematics : mathematic s i s th e
scientific stud y o f objectivel y existin g mathematical entitie s jus t a s
physics i s th e stud y o f physica l entities . Th e statement s o f
mathematics ar e true o r fals e dependin g on the properties o f those
entities, independen t o f ou r ability , o r lac k thereof , t o determin e
which.

Traditionally, Platonis m i n th e philosoph y o f mathematic s ha s
been taken to involve somewhat more than this. Following some of
what Plat o ha d t o sa y abou t hi s Forms , man y thinker s hav e
characterized mathematica l entitie s a s abstract—outsid e o f
physical space, eternal and unchanging—and as existing necessarily—
regardless o f the detail s of the contingen t make-u p o f the physica l
world. Knowledg e o f suc h entitie s i s ofte n though t t o b e a
priori—sense experience ca n tel l u s how thing s are, not ho w the y
must be—an d certain—a s distinguishe d fro m fallibl e scientifi c
knowledge. I  wil l cal l thi s constellatio n o f opinion s 'traditiona l
Platonism'.

Obviously, thi s uncompromising account of mathematical realit y
makes the question o f how we humans com e to know th e requisite
a prior i certaintie s painfull y acute . An d th e successfu l applicatio n
of mathematic s t o th e physica l worl d produce s anothe r mystery :
what d o th e inhabitant s o f th e non-spatio-tempora l mathematica l
realm hav e to do with th e ordinary physica l thing s o f the world we
live in ? I n hi s theor y o f Forms , Plat o say s tha t physica l thing s
'participate' in the Forms, an d h e uses the fac t o f our knowledg e of
the latter , vi a a sort of non-sensory apprehension , t o argue that th e
soul mus t pre-exis t birth. 46 Bu t our naturalize d realist wil l hardl y
buy this package.

Given thes e difficultie s wit h traditiona l Platonism , it' s no t
surprising tha t variou s form s o f mathematica l anti-realis m hav e
been proposed . I'l l pause t o conside r a  samplin g o f thes e view s
before describing the two main schools of contemporary Platonism .

45 Fo r example, thoug h th e term 'Platonism ' suggests a realism about universals,
many Platonist s regar d mathematic s a s th e scienc e o f peculiarl y mathematica l
particulars: numbers , functions , sets , etc . An exception i s the structuralis t approach
considered in ch. 5, sect. 3, below.

46 Se e his Phaedo 72 D-7 7 A .
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In th e lat e 1600s , i n respons e t o a  numbe r o f question s fro m
physical science , Si r Isaa c Newto n an d Gottfrie d Wilhel m vo n
Leibniz simultaneousl y an d independentl y invente d th e calculus .
Though the scientist's problems were solved, the new mathematica l
methods wer e scandalousl y error-ridden an d confused . Among th e
most vociferous and perceptiv e critics was th e idealis t Berkeley, an
Anglican bishop wh o hope d to silence the atheists b y showing thei r
treasured scientifi c thinking to be even less clear than theology . Th e
central poin t o f contentio n wa s th e notio n o f infinitesimals ,
infinitely smal l amount s stil l no t equa l t o zero , whic h Berkele y
ridiculed a s 'th e ghost s o f departe d quantities'. 47 Tw o centurie s
later, Bolzano , Cauchy , an d Weierstras s had replace d thes e ghost s
with the modern theor y of limits.48

This accoun t o f limit s required a  foundatio n o f it s own , whic h
Georg Canto r an d Richar d Dedekin d provide d i n thei r theor y o f
real numbers , bu t thes e i n tur n reintroduce d th e ide a o f th e
completed infinit e int o mathematics . N o on e ha d eve r muc h like d
the seemingl y paradoxica l ide a tha t a  prope r par t o f a n infinit e
thing coul d b e i n som e sens e a s larg e a s th e whole—ther e ar e a s
many eve n natural numbers as there ar e even and odd , ther e are as
many point s o n a  one-inc h lin e segmen t a s o n a  two-inc h lin e
segment—but th e infinit e set s introduce d b y Canto r an d other s
gave ris e to outrigh t contradictions , of whic h Bertran d Russell' s is
the most famous:49 conside r the set of all sets that ar e not member s
of themselves. It is self-membered i f and onl y if it isn't. The openin g
decades o f this century sa w th e developmen t o f three grea t school s
of though t o n th e natur e o f mathematics , al l o f the m designe d t o
deal in one way or another with the problem of the infinite .

The firs t o f these i s intuitionism, which deal t wit h th e infinit e b y
rejecting i t outright . Th e origina l versio n o f thi s position , firs t
proposed b y L . E. J. Brouwer, 50 wa s analogou s t o Berkeleia n

4" Se e Berkele y (1734) , subtitle d 'A  Discours e Addresse d t o a n Infide l Mathe -
matician. Wherein I t i s Examined Whethe r th e Object , Principles , an d Inference s o f
the Moder n Analysi s ar e More Distinctl y Conceived , o r Mor e Evidentl y Deduced ,
than Religious Mysteries and Points of Faith'. The quotation is from p . 89 .

48 Fo r a more detailed description o f the developments sketched in this paragraph
and the next, see Kline (1972), chs. 17 , 40, 41, and 5  1, or Boyer (1949) .

49 Th e parado x mos t directl y associate d wit h Cantor' s wor k i s Burali-Forti' s
(1897). See Cantor's discussion (1899) . Russell's primary target was Frege, as will be
noted below.

50 Brouwe r (1913 ; 1949) . Other , les s opaque , exposition s o f thi s positio n ar e
Heyting(1931; 1966) and Troelstra (1969) .
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idealism: i t take s th e object s o f mathematic s t o b e menta l
constructions rathe r tha n objectiv e entities . Th e moder n version ,
defended b y Michae l Dummett, 51 i s a  bran d o f verificationism : a
mathematical statemen t i s said to b e true i f and onl y i f it has bee n
constructively proved. Eithe r way, a  series of striking consequences
follow: statement s tha t haven' t bee n prove d o r disprove d ar e
neither true no r false ; complete d infinit e collection s (lik e the se t of
natural numbers ) ar e illegitimate ; muc h o f infinitar y mathematic s
must either be rejected (higher set theory) or radicall y revised (real
number theory and the calculus).

These form s o f intuitionis m fac e man y difficulties—e.g . does
each mathematicia n hav e a  differen t mathematic s dependin g o n
what she' s mentall y constructed ? ho w ca n w e verif y eve n state -
ments abou t larg e finit e numbers ? etc.—bu t it s mos t seriou s
drawback i s tha t i t woul d curtai l mathematic s itself . M y ow n
working assumptio n i s tha t th e philosopher' s jo b i s t o giv e a n
account o f mathematic s a s i t i s practised , no t t o recommen d
sweeping refor m o f th e subjec t o n philosophica l grounds . Th e
theory o f th e rea l numbers , fo r example , i s a  fundamenta l
component o f th e calculu s an d highe r analysis , and a s suc h i s fa r
more firml y supporte d tha n an y philosophica l theor y o f math -
ematical existence or knowledge. T o sacrifice the former to preserve
the latter is just bad methodology .

A second anti-realis t position i s formalism, the popular schoo l of
double-think mentione d above . Th e earlies t version s o f th e vie w
that mathematic s i s a  gam e wit h meaningles s symbol s playe d
heavily o n a  simpl e analog y betwee n mathematica l symbol s an d
chess pieces, between mathematics and chess , but even its advocates
were uncomfortably aware of the stark disanalogies: 52

To b e sure, ther e i s an importan t differenc e betwee n arithmeti c an d chess .
The rule s o f ches s ar e arbitrary , th e syste m o f rule s fo r arithmeti c i s such
that by means of simple axiom s th e numbers ca n be referred to perceptua l
manifolds an d ca n thu s mak e [an ] importan t contributio n t o ou r
knowledge o f nature.

The Platonis t Gottlo b Freg e launche d a  fierc e assaul t o n earl y
formalism, fro m man y direction s simultaneously , bu t th e mos t

51 Dummet t (1975; 1977).
52 Frege  cite s thi s quotatio n fro m Thoma e i n hi s critiqu e o f formalism : Frege

(1903), § 88.
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penetrating aros e fro m jus t thi s point . I t isn' t har d t o se e ho w
various true statements o f mathematics can help me determine ho w
many brick s i t wil l tak e t o cove r th e bac k patio , bu t ho w ca n a
meaningless string of symbols be any more relevan t to the solutio n
of rea l worl d problem s tha n a n arbitrar y arrangemen t o f ches s
pieces?

This i s Frege's problem : wha t make s these meaningless strings of
symbols usefu l i n applications? 53 Suppose , fo r example , tha t a
physicist test s a  hypothesi s b y usin g mathematic s t o deriv e a n
observational prediction . I f th e mathematica l premis s involve d is
just a  meaningles s string o f symbols , wha t reaso n i s there t o tak e
that observation t o b e a consequence of the hypothesis ? And i f it is
not a  consequence, i t can hardly provide a fai r test . In other words ,
if mathematic s isn' t true , w e nee d a n explanatio n o f wh y i t i s al l
right to treat i t as true when we use it in physical science.

The mos t famou s versio n o f formalism , th e on e expounde d
during th e perio d unde r consideratio n here , wa s Davi d Hilbert' s
programme.54 Hilbert , lik e Brouwer , fel t tha t onl y finitar y math -
ematics was truly meaningful, bu t he considered Cantor' s theor y of
sets 'one of the supreme achievements of purely intellectual human
activity' and promised, in a famous remark, that

No on e shal l drive us out o f the paradise which Canto r has created fo r us .
(Hilbert (1926), 188,191)

Hilbert propose d t o sav e infinitar y mathematic s b y treatin g i t
instrumentally—meaningless statement s abou t th e infinit e ar e a
useful too l in deriving meaningful statement s abou t th e finite—bu t
he, unlik e th e scientifi c instrumentalists , wa s sensitiv e t o th e
question o f how thi s practice could b e justified. Hilbert' s pla n wa s
to giv e a  metamathematica l proo f tha t th e us e of th e meaningles s
statements o f infinitar y mathematic s t o deriv e meaningfu l state -
ments o f finitar y mathematic s woul d neve r produc e incorrec t
finitary results . The sam e line of though t migh t hav e applied t o it s
use i n natura l scienc e a s well , thu s solvin g Frege' s problem .
Hilbert's effort s t o carry through o n thi s project produced th e rich

53 Se e Fregef 1903), § 91.
54 Se e Hilbert (1926; 1928).
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new field of metamathematics, bu t Kur t Godel soo n prove d tha t its
cherished goal could not be reached.55

For all the simplicity of game formalism and the fame of Hilbert' s
programme, man y mathematicians, when the y claim to b e formal-
ists, actually have another ide a in mind: mathematics isn' t a  science
with a  peculia r subjec t matter ; i t i s th e logica l stud y o f wha t
conclusions follo w fro m whic h premisses . Philosopher s cal l thi s
position 'if-thenism' . Severa l prominen t philosopher s o f math -
ematics hav e hel d thi s positio n a t on e tim e o r another—Hilber t
(before hi s programme) , Russel l (befor e hi s logicism) , and Hilar y
Putnam (befor e his Platonism)56—but all ultimately rejected it. Let
me briefly indicate why.

A numbe r o f annoyin g difficultie s plagu e th e if-thenist : which
logical language i s appropriate fo r th e statemen t o f premisses an d
conclusions? whic h premisse s ar e t o b e presuppose d i n case s lik e
number theory , wher e assumption s are usuall y lef t implicit ? from
among th e vast range o f arbitrary possibilities, why d o mathemat -
icians choose th e particular axio m system s they do to study ? wha t
were historica l mathematician s doin g befor e thei r subject s wer e
axiomatized? what are they doing when the y propose new axioms?
and so on. But the question tha t seems to have scotched if-thenism
in th e mind s o f Russel l an d Putna m wa s a  versio n o f Frege' s
problem: how can the fact that one mathematical statement follows
from anothe r b e correctly use d i n our investigatio n of the physical
world? The genera l thrus t o f the if-thenist' s reply seem s to b e tha t
the anteceden t o f a  mathematical if-the n statemen t i s treated a s a n
idealization of some physical statement. The scientist then draws as
a conclusion th e physical statement that i s the unidealization of the
consequent.57

Notice tha t o n thi s picture , th e physica l statement s mus t b e
entirely mathematics-free ; th e onl y mathematic s involve d i s tha t
used i n movin g betwee n them . Unfortunately , man y o f th e

55 Se e Gode l (1931) . Enderto n (1972) , ch . 3 , give s a  readabl e presentation .
Detlefsen (1986 ) attempt s to defen d Hilbert' s programme against the challeng e of
Godel's theorem. Simpson (1988) an d Feferma n (1988 ) pursue partial or relativized
versions within the limitations of Godel's theorem.

56 Se e Resnik (1980), ch. 3 , fo r discussion . There if-thenis m i s called 'deductiv-
ism'. See also Putnam (1979), p. xiii. Russell's logicism and Putnam's Platonism will
be considered below.

57 Se e Korner (1960), ch. 8. Cf. Putnam (1967b), 33.
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statements o f physical scienc e see m inextricabl y mathematical. T o
quote Putnam , afte r hi s conversion:

one wants to say that the Law of Universal Gravitation make s a n objectiv e
statement abou t bodies—no t jus t abou t sens e dat a o r mete r readings .
What i s the statement ? I t i s just tha t bodie s behav e in such a  way tha t th e
quotient o f tw o number s associated  wit h th e bodie s i s equa l t o a  thir d
number associated  wit h the bodies. But how ca n such a statement hav e any
objective conten t a t al l i f number s an d 'associations ' (i.e . functions ) ar e
alike mere fictions ? I t is like trying to maintain tha t Go d doe s no t exis t an d
angels d o no t exis t whil e maintainin g at th e ver y sam e tim e tha t i t i s a n
objective fac t tha t Go d ha s pu t a n ange l i n charg e o f eac h sta r an d th e
angels i n charge of each o f a pair of binar y stars were alway s created a t th e
same time ! I f talk o f number s and 'associations ' betwee n masses , etc . an d
numbers i s 'theology' (i n the pejorativ e sense) , the n th e La w o f Universa l
Gravitation is likewise theology. (Putnam (19756), 74-5 )

In othe r words , th e if-thenis t accoun t o f applie d mathematic s
requires tha t natura l scienc e b e wholl y non-mathematical , bu t i t
seems unlikely that scienc e can be so purified. 58

The thir d an d fina l anti-realis t schoo l o f though t I  wan t t o
consider here is logicism, or really , the version of logicism advance d
by the logica l positivists. Frege's origina l logicist programme aime d
to sho w tha t arithmeti c i s reducible to pur e logic , tha t is , that it s
objects—numbers—are logical objects and that its theorems ca n be
proved b y logi c aione.^ 9 Thi s versio n o f logicis m i s outrigh t
Platonistic: arithmeti c i s th e scienc e o f somethin g objectiv e (be -
cause logic i s objective), that something objective consists o f objects
(numbers), and ou r logica l knowledg e i s a priori. I f this project ha d
succeeded, th e epistemologica l problem s o f Platonis m woul d hav e
been reduce d t o thos e o f logic , presumabl y a  gain . Bu t Frege' s
project failed ; hi s syste m wa s inconsistent. 60 Russel l an d White -
head too k u p th e banner i n their Principia  Mathematics  bu t wer e
forced t o adop t fundamenta l assumption s n o on e accepte d a s

58 Hartr y Field' s ambitious attemp t t o d o thi s wil l b e considered i n ch. 5, sect . 2 ,
below. See Field (1980; 1989) .

59 Se e Frege( 1884).
60 Th e troubl e wa s th e origina l versio n o f Russell' s paradox. (Se e Russell' s lette r

to Frege , Russel l (1902), ) Frege' s number s wer e extension s o f concepts . (Se e ch . 3
below.) Som e concepts , lik e 'red' , don' t appl y t o thei r extensions , others , lik e
'infinite', do . Russel l considere d th e extensio n o f th e concep t 'doesn' t appl y t o it s
own extension' . If it applies to it s own extension then i t doesn't, and vic e versa. This
contradiction was provable fro m Frege' s fundamental assumptions . There have been
efforts t o revive Frege's system; see e.g. Wrigh t (1983) and Hodes (1984).
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purely logical. 61 Eventually , Ernst Zermelo (aide d b y Mirimanoff ,
Fraenkel, Skolem , an d vo n Neumann ) produce d a n axio m syste m
that showed how mathematics could b e reduced to set theory,62 but
again, n o on e supposed tha t se t theory enjoy s th e epistemologica l
transparency of pure logic .

Still, the ide a tha t mathematic s is just logic was no t dead ; i t was
taken up by the positivists, especially Rudolf Carnap.63 For these
thinkers, however, ther e are no logical object s of any kind, and the
laws o f logi c an d mathematic s ar e tru e onl y b y arbitrary conven-
tion. Thu s mathematic s i s not, as the Platonis t insists, an objectiv e
science. Th e advantag e o f thi s counterintuitiv e vie w i s tha t
mathematical knowledg e i s easily explicable ; i t arises fro m huma n
decisions. Question : Wh y ar e th e axiom s o f Zermelo—Fraenke l
true? Answer: Because they are part of the language we've adopte d
for using the word 'set' .

This conventionalis t lin e o f though t wa s subjecte d t o a  histori c
series of objections by Carnap's student , W. V. O. Quine.64 The key
difficulty i s that bot h mathematica l an d physica l assumption s ar e
enshrined in Carnap's officia l language . How ar e we to separate the
conventionally adopted mathematica l part o f the language from th e
factually tru e physica l hypotheses ? Quin e argue s tha t i t isn' t
enough t o say that th e scientific claims , not the mathematical ones,
are supported b y empirical data:

The semblanc e of a difference i n this respect i s largely du e to overemphasi s
of departmenta l boundaries . Fo r a  self-containe d theor y whic h w e ca n
check wit h experienc e includes , i n poin t o f fact , no t onl y it s variou s
theoretical hypothese s o f so-called natural scienc e bu t also such portions of
logic and mathematic s a s it makes us e of. (Quine (1954) , 367)

Mathematics i s part o f the theor y we test agains t experience, and a
successful test supports th e mathematics as much as the science.

Carnap make s severa l effort s t o separat e mathematic s fro m
natural science, culminating in his distinction between analyti c and
synthetic. Mathematical statements , he argues, are analytic, that is,

61 Se e Russell and Whitehead (1913).
62 Zermelo' s firs t presentatio n i s Zermelo (19086) . See also Mirimanof f (1917d ,

b), Fraenke l (1922) , Skole m (1923) , an d vo n Neuman n (1925) . Th e standar d
axioms are now called 'Zermelo-Fraenkel set theory' or ZFC (ZF when the axiom of
choice is omitted). See Enderton (1977), 271-2.

63 Se e Carnap (1937; 1950) .
64 Se e Quine (1936; 1951; 1954) .
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true b y virtu e o f th e meaning s o f th e word s involve d (th e logica l
and mathematica l vocabulary) ; scientific statements, o n th e othe r
hand, ar e synthetic , tru e b y virtue o f th e wa y th e worl d is . Quin e
examines thi s distinctio n i n grea t detail , investigatin g variou s
attempts at clear formulation, and concludes :

It i s obviou s tha t trut h i n genera l depend s o n bot h languag e an d
extralinguistic fact . The statemen t 'Brutu s kille d Caesar ' would b e fals e if
the world ha d bee n differen t i n certain ways, bu t i t would also be false if
the word 'killed ' happened rathe r to hav e the sens e of 'begat'. Thus on e is
tempted t o suppos e i n genera l tha t th e trut h o f a  statemen t i s someho w
analyzable into a linguistic component an d a  factual component . Give n this
supposition, i t nex t seem s reasonabl e tha t i n som e statement s th e factual
component shoul d b e null ; an d thes e ar e th e analyti c statements . But , fo r
all it s a  prior i reasonableness , a  boundar y betwee n analyti c and syntheti c
statements simply has not bee n drawn. That there is such a distinction to be
drawn a t al l is an unempirica l dogma o f empiricists, a metaphysical article
of faith. (Quin e (1951), 36-7 )

Without a  clea r distinction between analyti c and synthetic , Carnap' s
anti-Platonist version of logicism fails .

I wil l leave the thre e grea t schools  a t thi s point. I  don't claim t o
have refute d eithe r formalis m or conventionalism , though I  hop e
the profound difficultie s the y face hav e been drawn clearl y enough .
Intuitionism I  reject o n th e ground s give n above; I  assume tha t th e
job o f th e philosophe r o f mathematic s i s t o describ e an d explai n
mathematics, not t o reform it.

Let m e retur n no w t o Platonism , th e vie w tha t mathematic s i s an
objective science . Platonis m naturall y conflict s wit h eac h o f th e
particular form s o f anti-realis m touched o n here—wit h intuition -
ism o n th e objectivit y of mathematica l entities , with formalis m on
the statu s o f infinitar y mathematics , wit h logicis m o n th e nee d fo r
mathematical existenc e assumption s going beyon d thos e o f logic—
but th e Platonist' s traditiona l an d pures t opponen t i s the nominal -
ist, who simpl y holds tha t ther e ar e no mathematica l entities . (Th e
term 'nominalism ' ha s followe d 'Platonism ' i n it s migratio n fro m
the debat e ove r universal s int o th e debat e ove r mathematica l
entities.) Tw o form s of Platonism dominat e contemporar y debate .
The firs t o f thes e derive s fro m th e wor k o f Quin e an d Putna m
sketched above—thei r respective criticisms of conventionalism and
if-thenism—and th e secon d i s describe d b y Gode l a s th e philo -
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sophical underpinnin g fo r hi s famou s theorems. 65 A s Quin e an d
Putnam's writings have just been discussed, let me begin with them.

Quine's defenc e of mathematica l realis m follows directly on th e
heels o f th e defence s o f common-sens e an d scientifi c realis m
sketched above . O n th e naturalize d approach , w e judg e wha t
entities ther e ar e b y seein g what entitie s w e nee d t o produc e th e
most effectiv e theor y o f th e world . S o far , these includ e medium-
sized physica l object s an d th e theoretica l entitie s o f physica l
science, an d s o far , the nominalis t migh t wel l agree . Bu t i f w e
pursue th e questio n o f mathematica l ontolog y i n th e sam e spirit ,
the nominalist seems cornered:

A platonistic ontolog y . .. is, from th e point of view o f a strictly physicai-
istic conceptua l scheme , a s muc h a  myt h a s tha t physicalisti c conceptua l
scheme itsel f i s for phenomenalism . Thi s higher myt h i s a good an d usefu l
one, i n turn , i n s o fa r a s i t simplifie s ou r accoun t o f physics . Sinc e
mathematics is an integra l par t of this higher myth , th e utilit y of this myth
for physical scienc e is evident enough. (Quin e (1948) , 18 )

If w e countenanc e a n ontolog y o f physica l objects an d unobserv -
ables as part o f our bes t theory o f the world, ho w ar e we to avoi d
countenancing mathematical entities on the same grounds? Carnap
suggested wha t Quin e call s a  'doubl e standard' 66 i n ontology ,
according t o whic h question s o f mathematica l existenc e ar e
linguistic and conventiona l and question s of physical existence are
scientific and real, but we've already seen that this effort fails .

We've als o see n tha t Putnam take s th e same thinking somewhat
further, emphasizin g not onl y tha t mathematic s simplifies physics ,
but tha t physic s can' t eve n b e formulated without mathematics: 67

'mathematics and physics are integrated i n such a way that i t is not
possible t o b e a  realis t wit h respec t t o physica l theor y an d a
nominalist with respec t t o mathematica l theory' (Putna m (1975 b),
74). He concludes that talk about68

mathematical entitie s i s indispensabl e fo r scienc e .  . .  therefore w e shoul d

65 Se e hi s letter s t o Wang , quote d i n Wan g (19746) , 8-11 , an d Feferman' s
discussion (19846) .

66 Quin e (1951), 45.
67 Se e the long quotation fro m Putna m (19756) above . A more complete account

appears in Putnam (1971), esp.§§ 5 and 7.
68 H e reall y say s 'quantificatio n over' , whic h derive s fro m Quine' s officia l

criterion of ontological commitmen t (1948), bu t I  don't want to get into the debat e
over that precise formulation.
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accept suc h [talk] ; bu t thi s commit s u s t o acceptin g th e existenc e o f th e
mathematical entitie s in question . Thi s typ e o f argumen t stems , o f course ,
from Quine , wh o ha s fo r year s stressed bot h th e indispensabilit y of [tal k
about] mathematica l entitie s and th e intellectua l dishonesty of denying the
existence o f what one daily presupposes. (Putna m (1971), 347 )

We are committed t o the existence of mathematical objects becaus e
they ar e indispensabl e t o ou r bes t theor y o f th e worl d an d w e
accept that theory.

The particula r bran d o f Platonis m tha t arise s from thes e Quine /
Putnam indispensabilit y arguments has som e revolutionar y features .
Recall tha t traditiona l Platonism takes mathematical knowledg e t o
be a  priori , certain , an d necessary . But , i f ou r knowledg e o f
mathematical entitie s i s justifie d b y th e rol e i t play s i n ou r
empirically supporte d scientifi c theory , tha t knowledge ca n hardl y
be classifie d a s a  priori. 69 Furthermore , i f w e prefe r to . alter ou r
scientific hypothese s rathe r tha n ou r mathematica l one s whe n ou r
overall theor y meet s wit h disconfirmation , i t i s onl y becaus e th e
former ca n usuall y be adjusted with les s perturbation t o th e theor y
as a whole.70 Indeed, Putnam/} goes so far as to suggest that the
best solutio n t o difficultie s i n quantu m mechanic s may wel l b e t o
alter our logica l laws rather than any physical hypotheses. Thu s th e
position o f mathematic s a s par t o f ou r bes t theor y o f th e worl d
leaves it as liable to revision as any other par t o f that theory , a t least
in principle , so mathematica l knowledge i s not certain . Finally, the
case o f necessit y i s les s clear , i f onl y becaus e Quin e reject s suc h
modal notion s ou t o f hand , bu t th e fac t tha t ou r mathematic s i s
empirically confirme d i n thi s worl d surel y provide s littl e suppor t
for th e clai m tha t i t i s likel y t o b e tru e i n som e othe r possibl e
circumstance. So Quine/Putnam Platonism stands a t some consider -
able remove from the traditional variety.

But whil e disagreement wit h a  venerabl e philosophical theor y i s
no clea r demerit , disagreemen t with th e realitie s of mathematica l
practice is . First, notic e tha t unapplie d mathematics i s completel y
without justificatio n o n th e Quine/Putna m model ; i t play s n o
indispensable role in our bes t theory, so it need not b e accepted:72

69 Se e Putna m (19756 ) fo r a n explici t discussio n o f a  posterior i method s i n
mathematics. Kitche r (1983 ) attacks th e ide a tha t mathematic s is a  prior i fro m a
different angle .

70 Se e Quine (1951), 43 .̂
71 Putna m (1968).
72 Se e also Putnam (1971), 346-7.
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So much of mathematics as is wanted for us e in empirical science is for m e
on a  par wit h the res t o f science. Transfinite ramification s ar e on the sam e
footing insofar a s they come of a simplificatory rounding out, but anythin g
further i s on a par rather with uninterpreted systems. (Quine (1984), 788)

Now mathematician s ar e not ap t t o think tha t th e justificatio n fo r
their claim s wait s o n th e activitie s i n th e physic s labs . Rather ,
mathematicians hav e a  whol e rang e o f justificator y practice s o f
their own, rangin g from proof s and intuitiv e evidence, to plausibil-
ity argument s an d defence s i n term s o f consequences . Fro m th e
perspective o f a  pur e indispensabilit y defence , thi s i s al l jus t s o
much talk; what matters is the application.

If thi s weren' t enoug h t o disqualif y Quine/Putnamis m a s a n
account o f mathematics as it is practised, consider one last point. In
this picture of our scientifi c theorizing , mathematics enters only a t
fairly theoretica l levels . The mos t basi c evidence takes the for m of
non-mathematical observation sentences—e.g . 'thi s chunk o f gol d
is malleable'—an d th e initia l level s o f theor y consis t o f non -
mathematical generalizations—"gol d i s a malleabl e metal' . Math -
ematics only enters the picture at the more theoretical levels—'gold
has atomi c numbe r 79'—s o i t i s o n a n epistemi c pa r wit h thi s
higher-level theory.73 But isn't it odd to think of '2 + 2  = 4 ' or 'the
union of the se t of even numbers with the se t of odd number s is the
set o f al l numbers ' a s highl y theoretica l principles ? I n Charle s
Parsons's phrase , Quine/Putnamis m 'leave s unaccounte d fo r pre -
cisely the obviousness o f elementary mathematics'.74

By wa y o f contrast , th e Godelia n bran d o f Platonis m take s it s
lead fro m th e actua l experienc e o f doin g mathematics , which h e
takes t o suppor t Platonis m a s suggeste d i n sectio n 1  above . Fo r
Godel, the most elementary axioms of set theory are obvious; in his
words, the y 'force themselves upon us as being true'.75 He account s
for thi s by positing a  faculty o f mathematical intuition that plays a
role i n mathematic s analogou s t o tha t o f sens e perceptio n i n th e
physical sciences, so presumably the axioms force themselves upon
us as explanations o f the intuitiv e data muc h as the assumption of
medium-sized physica l objects forces itsel f upo n u s a s a n explana -
tion o f ou r sensor y experiences. To pus h thi s analogy , recal l tha t
this styl e of argumen t for common-sens e realis m migh t have been

73 Se e Quine (1948), 18-19.
74 Parson s (1979/80), 151 . Se e also Parsons (19836).
75 Gode l (1947/64), 484 .



32 R E A L I S M

undercut i f phenomenalist s ha d succeede d i n givin g non-realisti c
translations o f ou r physica l objec t statements . Similarly , Gode l
notes that Russell's 'no-class' interpretation of Principia was an
effort t o d o th e wor k o f se t theory , tha t is , t o systematiz e al l of
mathematics, withou t sets . Echoin g th e common-sens e realist ,
Godel take s th e failur e o f Russell' s projec t a s suppor t fo r hi s
mathematical realism:

This whole schem e o f th e no-clas s theory i s of grea t interes t a s one o f th e
few examples , carrie d ou t i n detail , o f th e tendenc y t o eliminat e
assumptions about the existence of objects outsid e the 'data' and to replace
them b y constructions on th e basi s o f these data.76 The resul t ha s bee n in
this cas e essentiall y negativ e .  .  . Al l thi s i s onl y a  verificatio n o f th e vie w
defended abov e that logic and mathematic s (jus t a s physics) ar e buil t u p o n
axioms wit h a  rea l conten t whic h canno t b e 'explaine d away' . (Gode l
(1944), 460-1)

He concludes tha t

the assumption of [sets ] is quite as legitimate as the assumptio n of physica l
bodies and ther e is quite as much reaso n to believ e i n their existence . They
are i n th e sam e sens e necessar y t o obtai n a  satisfactor y syste m o f
mathematics a s physica l bodie s ar e necessar y fo r a  satisfactor y theor y o f
our sense perceptions .  . . (Godel (1944), 456-7)

But thi s analog y o f intuitio n with perception , o f mathematica l
realism wit h common-sens e realism , i s no t th e en d o f Godel' s
elaboration o f th e mathematica l realist' s analog y betwee n math -
ematics an d natura l science . Just a s ther e ar e fact s abou t physical
objects tha t aren' t perceivable , ther e ar e fact s abou t mathematica l
objects tha t aren' t intuitable . I n bot h cases , ou r belie f i n suc h
'unobservable' fact s is justified b y their rol e i n our theory , b y their
explanatory power , thei r predictiv e success , thei r fruitfu l inter -
connections wit h othe r well-confirme d theories , an d s o on . I n
Godel's words :

even disregarding the [intuitiveness ] of some new axiom, and eve n i n case it
has n o [intuitiveness ] a t all , a probable decisio n abou t it s truth i s possible
also i n anothe r way , namely, inductivel y b y studyin g it s 'success' . .  . .
There migh t exis t axiom s s o abundan t i n thei r verifiabl e consequences ,

76 I n this passage , 'data ' mean s 'logic without the assumptio n o f the existence of
classes' (Gode l (1944) , 460 n . 22). Earlie r in this same paper, Godel refer s to arithmeti c
as 'th e domai n o f th e kin d o f elementar y indisputabl e evidence tha t ma y b e mos t
fittingly compared with sense perception' (p. 449).
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shedding s o muc h light upo n a  whol e field , and yieldin g suc h powerful
methods for solving problems . . . that, no matter whether or not they are
[intuitive], they would have to b e accepted at least in the same sense as any
well-established physical theory. (Godel (1947/64), 477)

Quite a  number of historical and contemporary justification s for set
theoretic hypotheses take this form, a s will come out i n Chapter 4 .
Here th e higher , les s intuitive , level s ar e justifie d b y thei r
consequences a t lower , mor e intuitive , levels , jus t a s physica l
unobservables ar e justifie d b y thei r abilit y t o systematiz e ou r
experience o f observables . A t it s mor e theoretica l reaches , then ,
GodePs mathematical realism is analogous t o scientific realism.

Thus GodeP s Platonisti c epistemology is two-tiered: th e simple r
concepts and axioms are justified intrinsicall y by their intuitiveness;
more theoretica l hypothese s ar e justifie d extrinsically , b y thei r
consequences. Thi s second tier leads t o departures fro m traditiona l
Platonism simila r to Quine/Putnam's . Extrinsicall y justified hypo -
theses ar e no t certain, 77 and , give n tha t Gode l allow s fo r
justification b y fruitfulnes s i n physics a s well a s i n mathematics,78

they ar e no t a  prior i either . But , i n contras t wit h Quine/Putnam ,
Godel give s full credi t to purely mathematical form s of justification
—intuitive self-evidence, proofs, an d extrinsi c justifications withi n
mathematics—and th e facult y o f intuitio n doe s justic e t o th e
obviousness of elementary mathematics.

Among GodeP s staunches t critic s i s Charles Chihara. 79 Eve n if
Godel ha s succeede d i n showing tha t th e cas e fo r th e existenc e of
mathematical entities runs paralle l to th e cas e fo r th e existenc e of
physical ones, Chihar a argue s that he has by no means shown tha t
the tw o case s ar e o f the sam e strength , an d thus , tha t h e ha s no t
established tha t there i s as much reaso n t o believ e in the on e as to
believe i n th e other. 80 Furthermore , Chihar a argues , the existenc e
of mathematical entities is not require d to explain the experience of
mathematical intuition and agreement :

I believ e i t i s a t leas t a s promisin g t o loo k fo r a  naturalisti c explanation
based o n th e operation s and structur e of th e interna l system s of human
beings. (Chihara (1982), 218)

77 Gode l (1944) , 449 .
78 Gode l (1947/64) , 485 .
79 Se e Chihara (1973), ch. 2; (1982).
80 Chihar a (1982) , 213-14.
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. .  . mathematicians , regarde d a s biologica l organisms , ar e basicall y quite
similar. (Chihara (1973) , 80)

And finally , h e question s whethe r Godel' s intuitio n offer s an y
explanation a t all:81

the 'explanation ' offere d i s s o vagu e an d imprecis e a s t o b e practicall y
worthless: al l w e ar e tol d abou t ho w th e 'externa l objects ' explai n th e
phenomena i s that mathematicians are 'in some kin d of contact' with these
objects. Wha t empirica l scientis t woul d b e impresse d b y a n explanatio n
this flabby? (Chihara (1982), 217)

Now th e Godelia n Platonis t i s not entirel y defenceless in the fac e
of thi s attack . Fo r example , Mar k Steiner 82 point s ou t tha t
Chihara's 'explanation ' i s likewis e lackin g i n muscl e tone : th e
similarity o f huma n being s a s organism s ca n hardl y explai n thei r
agreement abou t mathematic s whe n i t i s consistent with s o muc h
disagreement o n othe r subjects . Still, most observer s tend t o agre e
that no appea l t o purported huma n experiences o f xs that underli e
our theor y o f xs ca n justif y a  belie f in the existenc e o f xs unless we
have som e independen t reaso n t o thin k ou r theor y o f xs i s true.83

Thus the purported huma n dealing s with witche s that underli e our
theory o f witche s don' t justif y a  belie f i n witche s unles s w e hav e
some independen t reaso n t o thin k tha t ou r theor y o f witche s i s
actually correct .

But notice : w e hav e recently rehearse d jus t such a n independen t
reason i n th e cas e o f mathematics , namely , th e indispensabilit y
arguments o f Quin e an d Putnam . Unles s endorsing thes e commit s
one t o th e vie w tha t ther e i s no peculiarl y mathematica l for m of
evidence—and I  don' t se e why i t should 84—there i s room fo r a n
attractive compromis e betwee n Quine/Putna m an d Godelia n Platon -
ism. I t goe s lik e this : successfu l application s of mathematic s give
us reason t o believe that mathematics i s a science, that much of it at
least approximate s truth . Thus successfu l application s justify , i n a
general way , th e practic e o f mathematics . But , a s we've seen , thi s
isn't enough t o give an adequate accoun t o f mathematical practice ,

K1 Thes e remark s of Chihara's are actually addressed t o a quotation from Kreisel ,
but i t i s clear from th e contex t tha t he thinks the sam e objection applies to Godel' s
intuition.

82 Steine r (19756), 190 .
8-' Se e Steiner (19756), 190 . Fo r a similar sentiment, see Putnam (19756), 73-4.
84 No r does Parsons (19836) , 192-3.
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of ho w an d wh y i t works . W e stil l ow e a n accoun t o f th e
obviousness o f elementary mathematics, which Godel's intuition is
designed t o provide , an d a n accoun t o f other purely mathematical
forms o f evidence , lik e proof an d variou s extrinsi c methods . Thi s
means we need to explai n what intuition is and ho w i t works; w e
need t o catalogu e extrinsi c method s an d explai n wh y the y ar e
rational methods in the pursuit of truth.

From Quine/Putnam , this compromise takes the centrality of the
indispensability arguments ; from Godel , i t takes the recognition of
purely mathematica l form s o f evidenc e and th e responsibilit y for
explaining them . Thu s i t avert s a  majo r difficult y wit h Quine /
Putnamism—its unfaithfulnes s t o mathematica l practice—an d a
major difficult y wit h Godelism—it s lac k o f a  straightforwar d
argument fo r th e trut h o f mathematics . Bu t whateve r it s merits ,
compromise Platonis m doe s nothin g t o remed y th e flabbiness o f
Godel's accoun t o f intuition . And i t i s in thi s neighbourhood tha t
many contemporary objections to Platonism are concentrated.85

I opene d thi s chapte r wit h th e hop e o f reinstatin g th e mathemat -
ician's pre-philosophica l realism , of devising a defensibl e refinemen t
of that attitude that remains true to the phenomenology o f practice.
Along th e way , I'v e side d wit h common-sens e realism , scientifi c
realism, an d philosophica l naturalism , an d seconde d man y o f th e
advances of Quine/Putnam and Godelian Platonism. It will come as
no surprise, then, tha t the position t o b e defended her e is a version
of compromise Platonism. I'll call it 'set theoretic realism'.

Chapter 2  outline s a  naturalistic epistemology for items locate d
on the lower tier of Godel's two-tiered epistemology , a replacement
for Godel' s intuition . Th e ontologica l questio n o f th e relationshi p
between set s an d othe r mathematica l entities , particularl y natural
and rea l numbers, i s the subjec t o f Chapte r 3 . Chapte r 4  contain s
some preliminar y spadewor k o n th e proble m o f theoretica l
justification, th e secon d o f Godel' s tw o tiers . I  argue tha t thi s ill-
understood proble m i s the mos t importan t ope n questio n o f ou r
day, no t onl y fo r se t theoreti c realism , bu t fo r man y othe r
mathematical philosophies a s well. Chapte r 5  take s a final look a t
set theoretic realism from physicalist and structuralist perspectives.

s5 Se e ch. 2, sect. 1 , below.




