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Invention and Bounded Learning by Doing

Alwyn Young

Massachusetts Institute of Technology

This paper attempts to integrate traditional models of invention and
learning by doing, developing a model that emphasizes the interde-
pendence between research activity in the laboratory and production
experience on the factory floor. Learning depends on invention in
that learning by doing is viewed as the exploration of the finite and
bounded productive potential of invented technologies. At the same
time, the profitability of costly invention is dependent on learning
in that costs of production depend on cumulative learning experi-
ence. The model is a true hybrid, allowing for circumstances in
which either the incentives to engage in research and/or the incen-
tives to produce different goods are the binding constraints on
growth.

I. Introduction

Models of endogenous technical change fall into two broad, and yet
surprisingly disjoint, categories. On the one hand, there are models of
“invention” (e.g., Romer 1990; Segerstrom, Anant, and Dinopoulous
1990; Grossman and Helpman 1991), in which technical change is
the outcome of costly and deliberative research aimed at the develop-
ment of new technologies. On the other hand, there are models of
“learning by doing” (e.g., Arrow 1962; Lucas 1988), in which techni-
cal change is the serendipitous by-product of experience gained in
the production of goods. Models of invention generally focus on the
factors that influence the incentive to consciously innovate, such as
the institutional framework and market size, whereas models of learn-
ing focus on factors that influence the incentives to produce different
types of goods, such as the pattern of comparative advantage. This
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paper seeks to integrate these two literatures, developing a model in
which sustained technical progress involves an interaction between
deliberative invention and serendipitous learning. The model pro-
vides some preliminary insights into the conditions under which ei-
ther the incentives to innovate or the pattern of demand and produc-
tion might be the binding constraints on growth.

One of the most troubling features of existing learning-by-doing
models is the assumption that the potential productivity gains from
learning are essentially unbounded.! This formulation implies that
fairly steady technical progress should have occurred throughout hu-
man history since goods have always been produced. The historical
record indicates, however, that the premodern world was character-
ized by extraordinarily long periods of technical stagnation. Further-
more, the solutions to some surprisingly simple technical problems
appear to have eluded producers, despite centuries of repetitive activ-
ity. Thus, the Europeans strangled their horses with the throat and
girth harness for millennia, until the invading Avars introduced the
vastly superior trace harness in the sixth century a.p. For their part,
the Chinese experienced extraordinary technical progress up until
the end of the Sung dynasty in the mid—thirteenth century, but then
suffered from almost total technological stagnation (if not regression)
until the nineteenth century, when they began to imitate European
technology en masse. If one views technical change as the steady and
never ending serendipitous by-product of production experience,
then one is completely at a loss to explain the recurring pattern of
technological improvement and stagnation apparent in premodern
history.?

Intuitively, it seems reasonable to assume that the potential for

! The usual formulation involves a finite number of goods, with productivity in each
industry either a linear (e.g., Lucas 1988) or a log-linear (e.g., Arrow 1962; Bardhan
1970; Krugman 1987) function of cumulative production or investment experience,
both of which imply that experience alone can lead to unbounded productivity im-
provements. Young (1991) introduces a bound on learning in each good, allowing for
unbounded growth by taking as given the existence of an infinite continuum of poten-
tially producible goods. Bounds on learning have frequently been introduced in partial
equilibrium analyses, as in Spence (1981), Fudenberg and Tirole (1983), and Stokey
(1986).

2 For details on the Chinese and European experiences mentioned above, see Elvin
(1973), Temple (1986), and Mokyr (1990, chaps. 2, 9). Jones (1988) provides a general
survey of periods of growth and stagnation. I should emphasize that concavity alone (as
opposed to boundedness) in the learning process is not sufficient to explain asymptotic
stagnation. For example, if Q, = AL, A, = E! (1>b6>0),E, = Q,and L, = Lye",
then A /A, converges to bn/(1 — b). Thus, population growth in the typical log-linear
model overcomes the concavity in learning and prevents asymptotic stagnation. In the
600 years following the Sung dynasty, China experienced an enormous increase in its
population. Contrary to the prediction of the log-linear learning model, this increase
did not prevent technological stagnation.
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learning in the production of any particular good, using any particu-
lar process, is in fact finite and bounded. When a new technical pro-
cess is first invented, rapid learning occurs as, by virtue of experience,
the productive potential of that process is explored. After some time,
however, the inherent (physical) limit on the productivity of a tech-
nology will be approached and learning will slow and, perhaps, ulti-
mately stop. In the absence of the introduction of new technical pro-
cesses, it is unlikely that learning by doing can be sustained. Put
differently, it seems likely that in any given environment there is
simply a finite amount of knowledge to be serendipitously acquired
from experience in productive activity, as opposed to purposeful in-
vestigation.?

For their part, models of invention make the surprising assumption
that new technologies attain their full productive potential at the mo-
ment of their invention and are, at that point in time, superior (or at

3 Many of the early empirical studies of learning (e.g., Carr 1946; Asher 1956;
Conway and Schultz 1959; Baloff 1966) argued that learning was bounded but did not
test this proposition formally. Much of the empirical work since then (e.g., Wright
1936; Hirsch 1956; Alchian 1963; Lieberman 1984) has focused on the log-linear
model, which allows for unbounded learning. Levhari and Sheshinski (1973), however,
found that a formulation in which the elasticity of output with respect to experience
was a (concave) quadratic function of the level of experience provided as good a fit as
the log-linear model. Similarly, Epple, Argote, and Devadas (1991) found significant
evidence of a slowdown in learning in a log-quadratic model. Head (1991) found that
the learning elasticity was not significantly different from zero for the last 25 of his 50
years of data on the British steel rails industry.

Some readers might object to my empbhasis on the serendipity of learning by doing.
Clearly, not all the knowledge generated by production experience is unappropriable.
To the degree that it is appropriable, learning will give rise to costly attempts to acquire
knowledge. In this sense, a model with appropriable learning is conceptually and
technically analogous to a model of invention, with current utility sacrificed in pursuit
of the rents from knowledge. As an example, consider the case of a firm that initially
produces a product of such poor quality that the market value of its output is near
zero. As a result of its experience, however, the firm acquires the (appropriated) knowl-
edge of how to produce a high-quality and valuable product. One might term the
firm’s investment in improving the quality of its product learning by doing or, equiva-
lently, research and development.

Technological change may be the serendipitous by-product of other activities, the
outcome of conscious attempts to acquire knowledge, or the result of a combination
of both factors. Models of invention focus exclusively on the incentives to invest in
costly research, whereas models of learning (with the exception of Spence [1981]) focus
exclusively on the manner in which technical change emerges as the serendipitous
by-product of other activities. Both approaches are extreme, and yet both focus one’s
attention on important aspects of the process of technical change. My argument above
is that the amount of knowledge to be serendipitously acquired in any given environ-
ment, while positive, is finite and bounded. I am quite willing to believe that appropria-
ble learning could give rise to sustained technical progress since I basically consider
such activity to be conceptually indistinguishable from research. Like all research activ-
ity, appropriable learning will respond to the incentives (such as market size) to invest
in knowledge and, consequently, generate the type of threshold/stagnation effects that
I believe are necessary to explain premodern economic history.
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least equal) to the older technologies for which they substitute (see,
e.g., Romer 1990; Grossman and Helpman 1991; Aghion and Howitt
1992). The history of technical change suggests, however, that most
new technologies are, in fact, initially broadly inferior to the older
technologies they seek to replace and are actually competitive in only
a narrow range of specialized functions. Incremental improvements
over time, however, allow new technologies to ultimately dominate
older systems of production across a wide variety of activities. Thus,
the steam engine, even after the invention of the separate condenser
by James Watt in 1765, was still merely a crudely engineered piston,
which was principally used as a water pump in mines. At that point
in time, it posed no threat whatsoever to the dominance of the water-
wheel in the provision of power. Only after John Wilkinson’s boring
mill (in 1776) eliminated gaps between pistons and cylinders (which
had previously been stuffed with rags) and William Murdock’s sun
and planet gearing system (in 1781) provided a means of converting
vertical motion into rotary force did the steam engine become a gen-
erally useful source of power. Even so, as late as 1869 fully 48.2
percent of all primary power in U.S. manufacturing was still provided
by waterwheels and turbines, which provided a more regular speed,
required less maintenance, and used a cheaper fuel than steam en-
gines. Similarly, mid-nineteenth-century steamships, because of fre-
quent fouling of their iron bottoms and the need to carry on board
large quantities of coal fuel, on long voyages were actually slower,
less reliable, and more costly to operate than the more primitive
wooden sailing ships. Although as early as 1850 steamships domi-
nated sailing ships on short routes, it was not until the mid-1880s,
when, after a variety of design changes and metallurgical advances,
the fuel-efficient, high-pressure compound steam engine had been
perfected, that they universally dominated the older technology.*

A recognition that most products of research, although brimming
with potential, at the moment of their invention may be broadly infe-
rior to more mature technologies alerts one to the important role of
both production experience and complementary inventive activity in
actualizing the enormous productive potential of new technologies.
In this paper I focus on the role of experience, leaving an analysis of
complementarity in inventive activity to another paper (Young 1993).
A new technology, when invented, is capable of providing only lim-
ited utility services (per unit of factor input) to consumers and, hence,

*See Graham (1956), Harley (1971), Rosenberg (1976, chaps. 10, 11), and Burke
(1985, chap. 6). Jewkes, Sawers, and Stillerman (1958) and Rosenberg (1976) provide
additional examples of the initial inadequacies and subsequent improvements of new
technologies.
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only limited profits to the holder of its patent. Experience in produc-
tion increases the productivity of the new technology, which allows it
to supplant older technologies and increases the flow of profits to the
holder of its patent. In time, additional inventions will appear, which,
as production experience accumulates, in turn will supplant the now
mature technology. Thus, both the rate of invention and the rate at
which production experience accumulates will determine the life cy-
cle, and hence discounted profitability, of new technologies. Just as a
recognition of potential bounds on serendipitous learning makes the
rate of learning dependent on the rate of invention, so a recognition
of the need to actualize the productive potential of newly invented
technologies makes the incentives to engage in costly invention, and
hence the rate of invention, dependent on the rate of learning.

My objective in this paper is to develop a model that retains the
main themes of traditional models of invention and learning while
simultaneously introducing assumptions that capture some of the
characteristics of the history of technical change noted above. Follow-
ing models of invention, I assume that the invention of new products
requires the costly sacrifice of current consumption as resources are
reallocated from the production of goods to research. With each suc-
cessful innovator receiving an infinitely lived patent to the product
she invents, this aspect of the model emphasizes the incentives to
engage in costly research. Following models of learning by doing, I
assume that production experience generates new knowledge on how
to produce goods more efficiently. Since the knowledge generated by
this production experience is not appropriated by any economic
actor, this aspect of the model emphasizes the incentives to produce
different types of goods, with productivity improvements emerging
as the serendipitous by-product of this goods production. Following
many learning-by-doing models and numerous examples in the his-
tory of technical change, I also assume that the productivity gains
generated by learning spill over across sectors.® Assuming that these
spillovers are symmetric across sectors allows me to derive an analyti-
cally convenient measure of the society’s cumulative learning expe-
rience.

To incorporate the arguments presented above, I shall assume that

3 For formal models with learning spillovers across sectors, see Succar (1987), Boldrin
and Scheinkman (1988), and Stokey (1988). Empirically, it is notable that clock makers
played a critical role in the construction of early British industrial machinery, where
they could make use of their experience with gearing mechanisms, metalworking,
dynamics, and other problems in mechanical engineering. Similarly, the experience of
fourteenth-century European craftsmen in the casting of church bells turned out to be
very useful in constructing bronze cannons, which were decidedly superior to cannons
constructed from wrought iron (Musson and Robinson 1960; Cipolla 1965, chap. 1;
Rosenberg 1976, p. 328).
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the potential for learning-induced productivity improvements in each
good is finite and bounded. Consequently, the measure of the soci-
ety’s cumulative learning experience will, at any point in time, be
bounded from above by the total number of goods the society has
invented. I shall also assume that although newly invented goods have
the potential to provide more utility per unit of factor input than
older goods, they are initially inferior to mature technologies that
have attained their maximum productivity (i.e., their learning
bound), with the margin of inferiority increasing in the degree to
which the newly invented goods move beyond the society’s cumulated
learning experience. In general equilibrium, learning and invention
will be mutually interdependent, with sustained invention necessary
to allow the continuation of (otherwise) bounded aggregate learning
and sustained learning necessary to allow the continued invention of
(otherwise) increasingly unproductive new technologies.

As we shall see, the model of this paper behaves like a true hybrid.
With small markets, large rates of time preference, or relatively costly
invention, the profitability of inventive activity is so low that no inven-
tion takes place. In this equilibrium, the model behaves exactly like
a traditional model of invention (emphasizing the incentives to with-
draw resources from production), with, in particular, the parameter
governing the rate of learning having no effect. With very large mar-
kets or relatively inexpensive invention, inventive activity is extraordi-
narily profitable and tends to pull ahead of the society’s learning
experience, leading to an equilibrium with the rate of invention (and
growth) paced by the society’s rate of learning. In this equilibrium,
the model behaves exactly like a model of learning in that the pattern
of production is the sole constraint on growth, with, for example, a
subsidy to inventive activity having no effect on the economy’s steady-
state growth rate. For intermediate parameter values, both invention
and learning are important constraints, and policies aimed at either
activity will influence the economy’s growth rate.

Section II presents the formal structure of the model. Sections I11I
and IV develop the instantaneous and intertemporal aspects of the
general equilibrium. Section V analyzes the steady state, and Section
VI concludes the paper.

II. A Model of Invention and Learning

Imagine that all the goods that have ever been or ever will be invented
can be arranged, in order of increasing technical sophistication, along
the real line. At any point in time, however, a society will know how
to produce only a subset of this real line, goods in [0, N(¢)], where
N(¢) naturally denotes the most sophisticated good the society is cur-
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rently able to produce.® Labor is the sole factor of production, and
the function a(s, t) describes the amount of labor necessary to produce
one unit of good s at time ¢:”

a(s,t) =ae™* Vs€[0,T@),

1
a(s,t) = ae"T0e~TO Y5 € [T(t), N@)], M
with T'() evolving according to the learning-by-doing equation
. N(@©)
T = [ WL s, (@)
()

where { denotes the rate at which each worker learns.

This economy experiences bounded learning by doing with sym-
metric spillovers across goods. Learning is bounded in that the
amount of labor required to produce each good s cannot fall below
ae™*. Since all goods will enter into utility symmetrically (see below),
the fact that this lower bound is downward sloping reflects the notion
that the ultimate productivity of labor (in units of utility) is increasing
in the technical sophistication of the production processes involved.
There are spillovers in learning across goods, with technical improve-
men:s that originate in any particular industry s having applications
in other industries. This is encompassed in the formulation for T(z),
which essentially implies that these spillovers are symmetric across all
sectors. Once an industry has reached its lower bound, ae~, there is
nothing left to learn in that industry. It seems logical to conclude that
further experience in the production of that good will not contribute
to productivity increases in the rest of the economy. Hence, the econ-
omywide learning-by-doing equation (2) includes only the labor de-
voted to the production of goods in which learning has yet to be
exhausted.® Given the symmetric nature of learning-by-doing spill-
overs, learning is exhausted sequentially in goods, and T'(f), the most
recent good to reach the lower bound ae™*, constitutes a state variable
that summarizes the society’s cumulative learning experience.’

New goods are invented through the creative efforts of entrepre-
neurs/firms, which acquire an infinitely lived patent on each good
they invent. The rate of invention is linear in the aggregate amount

® Throughout this paper, the notation with respect to time denotes an implicit, rather
than explicit, dependence that emerges from the general equilibrium behavior of the
economic actors. Overdots will denote time derivatives.

" The function af(s, t) is defined only on the domain [0, N(?)].

8 Thus, as in the typical learning-by-doing model, there is a constant rate of learning,
¥, but only until the industry has exhausted its potential stock of knowledge.

9 As can be seen from (2), many different historical production paths could lead to
the same T'(¢).
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of labor devoted to research:

. Lg
N@) =—, )
ar

and there is free entry into the process of invention. Firms finance
their research and development efforts by selling shares, which are
traded in a capital market. After a good is invented, the firm that
owns the patent will engage in monopolistic competition with all other
patent holders, distributing any profits to its shareholders. The as-
sumption that the unit labor requirements curve a(s, ¢) is upward
sloping beyond T(t) reflects the notion that new technologies may
initially be inferior to mature technologies (which have attained their
maximum productivity). The further invention progresses beyond
the society’s cumulative learning experience; that is, the larger N(t)
— T(t), the larger the initial margin of inferiority.

In this economy there are L representative consumers, each of
whom inelastically supplies one unit of labor at all times and seeks to
maximize the present discounted value of the logarithm of a time-
separable utility functional:

max® = [ ¢~ 0log(U{C(, v)}) dv 4)
t
subject to the intertemporal budget constraint
| T ROTROE () dy = A(t) + f " ROTRO Ly () do, )
t t

where R(f) denotes the cumulative interest factor up to time ¢, and
w(t) and A(f) denote the nominal wage and individual assets at time
t. Instantaneous consumer expenditure, E(f), equals

N()
E@) = [ ps.0CG. s, (6)

with p(-, t) and C(:, t) describing goods prices and individual consump-
tion along [0, N(#)]. The utility functional, U{C(:, #)}, is given by'°

L CGs, t))
vice o= uca)ug(uc(t)” )
where
N(t)
Icol= [ c.ods (8)

10 preferences are actually defined over all current and future goods along the real
line, [0, «). Since, at any point in time ¢, consumption of any good x > N(#), which has
yet to be invented, is trivially zero, for ease of exposition I restrict the upper bound
on the integral to N(¢).
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and g(*) is strictly concave and continuously differentiable, with
g(0) =0, g'(0) <. 9)

For the purposes of this paper, it is necessary to pick a particular
functional form for g(-), and to that end I choose the quadratic!!

x2

g =x % (10)

Clearly, the presence of ||C(#)| in g(-) ensures that, for any given

p(-, t) function, consumer demand for each good s is unit income

elastic.'? At the same time, the concavity of g(-), combined with the

restriction on g'(0), indicates a strong, but not unbounded, preference

for variety. Changes in p(:, #) will lead to changes in the set of goods

consumed, with, over time, new and more advanced goods replacing

older, more primitive goods. Thus, these preferences retain a rich

structure while remaining tractable enough to handle nontrivial inter-
temporal optimization.'3

III. Instantaneous Equilibrium

I begin with the analysis of the instantaneous equilibrium at each
time ¢. Let labor be the numeraire. Thus, the flow of each consumer’s
labor income equals one, and all prices and values are denominated
in units of labor. To simplify the notation, in what follows I shall
frequently suppress the notation denoting the implicit dependence
of the variables on time.

Given the time separability of the consumer’s utility function, the
consumer’s optimal consumption and expenditure program can be
broken down into a two-stage analysis: first maximizing instantaneous
utility subject to instantaneous expenditure and then, with U{C(:, )}
defined as a function of E(¢) and p(-, ¢), maximizing total intertempo-
ral utility subject to the intertemporal budget constraint. With respect
to the maximization of the instantaneous utility functional, U{C(-)},

! Absolutely none of the results of this paper is dependent on the choice of the
quadratic functional form, which simply eases the analysis. To avoid the possibility of
negative utility (due to insufficient variety) and to simplify the analysis, throughout
this paper I assume that the initial stock of goods is sufficiently large that good 0 is no
longer consumed. One can assume that this initial variety of goods was provided by
nature.

12 One can see that if one multiplies the consumption of each good s by a constant
\, the marginal utilities g’ do not change.

13 The notion of these types of preferences is borrowed from Wan (1975). For exam-
ples of preferences with a bounded desire for variety, but without unitary income
elasticities, see Stokey (1988, 1991) and Young (1991). Despite the nonunitary income
elasticities, Stokey (1991) handily solves the consumer’s intertemporal maximization
problem in the steady state.

This content downloaded from 158.143.192.135 on Wed, 30 Oct 2013 06:07:19 AM
All use subject to JSTOR Terms and Conditions


http://www.jstor.org/page/info/about/policies/terms.jsp

452 JOURNAL OF POLITICAL ECONOMY

the solution to this problem is best understood by characterizing
C(s)/|IC]| as a consumption density f(s), which integrates to one. The
consumer’s problem is to allocate this consumption density across
goods and then adjust the consumption scaling factor (||C||) on the
basis of the desired level of instantaneous expenditure, that is,

N
max U{C()} = | "ICllg(f()ds (an
subject to
N
1= j f(s)ds (12)
0
and
N
E=["p6) /O IClds (13)

Appendix A explores the mathematical details of the consumer’s
optimization problem. For our purposes here, it is sufficient to pro-
ceed intuitively.!* Clearly, since all goods enter symmetrically into
her utility, the consumer will choose to consume the cheapest goods.
Similarly, symmetry implies that if the consumer consumes any good
z, she will also consume all goods s cheaper than z. Given that the
consumer has a bounded desire for variety, it follows that there exists
some limit good Z such that the consumer consumes all goods that
are cheaper than Z and consumes no goods that are more expensive
than Z."® The density of consumption allocated to each good s
(cheaper than Z) should, intuitively, depend in some fashion on the
difference between the price of good Z and the price of good s. As
it so happens, with quadratic utility this dependence is linear, with
the optimal f(s) being given by

f6) =N[pZ) = pG)], (14)

where \ is the marginal utility derived from an additional unit of
expenditure, E, at the consumer optimum. Good Z is determined by
the requirement that the integral of the consumption density, f(s),
equal one (eq. [12]). The consumer’s budget constraint (13) then de-
termines the consumption scaling factor, ||C||.

Since the output of each individual firm (of measure zero on the
real line) makes no significant contribution to economywide learning,
the current behavior of any particular firm does not influence its

!4 The reader is encouraged to become familiar with the intuitive exposition before
turning to App. A.

15 Given sufficient variability in goods prices. If all goods shared the same equilibrium
price, the consumer would obviously choose to consume them all.
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future profitability. Consequently, all firms find it optimal to max-
imize current profits:

max m(s) = LC@[p(s) — a@)] = LICIf©)[pG6s) — als)].  (15)

The profit-maximizing equilibrium price of each good s is given by'®

Z) +
po =220 (16)

Since (16) holds for firm Z as well, it follows that p(Z) = a(Z). Conse-
quently,

pis) = 2220 (16

The instantaneous equilibrium is illustrated in figure 1. Consumers
consume a range of goods T = T — Zand n = A — T on either side
of T. Given the unitary income elasticities, T and r are invariant with
respect to T and E and are determined by N — T alone.” If N — T
is sufficiently small, A = N (as drawn in fig. la). An increase in N —
T will lead to a substitution away from goods below T (dt/d[N — T]
< 0) to those above T (y = N — T), with the total variety (+ + m) of
goods consumed increasing. If N — T is larger than some critical
value m*, then, as illustrated in figure 15, consumption is a symmetric
around T (* = m = 7*), and the most recently invented goods, in [T
+ m*, N], are not consumed. Although the blueprints to produce
these goods exist, their costs of production have not yet fallen to a
level at which they can be profitably marketed. This is a case in which
basic research has outstripped economywide learning, producing
technologies that are “ahead of their time.”®

Given the pattern of consumer expenditure determined by (14)
and (16'), it is possible to compute the (consumer) price of a unit of
instantaneous utility, U{C(-, #)}:"°

_ (1'+1])e"+2—e7-—e":|
—3 T
P, = ae [ 5 s

(17)

16 Since the individual firm is of insignificant measure on the real line, dN/dp(s) =
ACIap(s) = ap(Z)/ap(s) = 0.

17 The consumptlon scaling factor, however, is linear in Ee'.

8 An example is Charles Babbage’s analytical engine (c. 1832), which would have
performed many of the basic operations of the modern computer but required preci-
sion engineering far beyond the capabilities of nineteenth-century British craftsmen.
Similarly, in the early eighteenth century, Christopher Polham devised a variety of
techniques for the use of machinery in the construction of metal products that could
not be implemented given the power sources and wooden machinery of his time (Hol-
lingdale and Tootill 1965, pp. 42-49; Rosenberg 1976, chap. 11).

19 Once again, see App. A for computational details.
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F16. 1.—Static equilibrium

whereas the actual (labor) cost of producing this unit of utility is
MCy, =
ae T2 + ¥ —4e" + 2e"e — eM)[e"(T+ M) + 2 — & — "]
€21 + 2m) + 2 — £ — '

(18)

Thus, overall, in this monopolistically competitive setting there is a
markup (relative to costs) of

Py e¥(r+m) + 1 - (e2/2) — (¢2)
MC, 2 + 2" — 4¢" + 2eMe" — o™

m(N—-T). (19)

This economywide markup is decreasing in N — T.2° An increase
in N — T provides the consumer with more symmetrically priced

®For N — T < n* For N — T = n%*, it is obviously invariant with respect to N —
T. Appendix A provides a sketch of the proof.
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substitutes, which, given that no good is essential in consumption,
increases the elasticity of demand and squeezes the markups of all
producers in the economy.?' As will be seen further below, this result
holds interesting implications for the relationship between rents and
growth.

Finally, labor market equilibrium requires that the demand for
labor in manufacturing (L,,) and research (L) equal the total supply:

Ly+Lg=L. (20)

The amount of labor in final goods production is equal to aggregate
consumer expenditure divided by the price of a unit of utility times
the amount of labor required to produce a unit of utility, or, more
simply, consumer expenditure divided by the economywide markup
over costs:

EL EL
b= (G = Sty .

and the distribution of that labor between learning and nonlearning
industries is determined by N — T:

Lyigp = Ly[1 — h(N — T)],
where??
267e" — 2¢" — ™ + 1
2 4+ e%" — 46 + 2¢" —

AN - T) = <Y, KN -T)>0. (23)

IV. Intertemporal Equilibrium

Having derived the equilibrium price of a unit of utility, we can con-
sider the consumer’s dynamic optimization problem as one of picking
an expenditure plan, E(f), so as to maximize

P = J’we"’(”"){log[E(v)] — log[Py(v)]}dv (24)

subject to the intertemporal budget constraint (5) above. This leads

2l This can be seen in fig. 1, where, for given T, an increase in N lowers p(Z) (increases
Z), reducing the gap between p(s) and a(s) for all firms above Z.

2When N — T = n*, k(N — T) = Y, since, in that case, demand is distributed
symmetrically between learning and nonlearning industries (examine fig. 15). For a
full derivation of A(N — T), see App. A.
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to the familiar optimality condition for the time path of expenditure
E(1):

£

EQ R() — p. (25)

Turning to the behavior of firms, let V(s, f) equal the asset market
value of holding the patent to good s at time :
Vs, = [ e ROTROm(s v)do, (26)
t
where (s, #) denotes the profits of firm s at time ¢. Differentiating
(26) with respect to time yields an expression for the interest rate:

V(s, 1) (s, t)

RO=vi o T ve o

Vs, (27)
which simply states that, in this deterministic environment, asset mar-
ket equilibrium requires that the return to holding the patent to any
good s (profits plus patent value appreciation) must equal the risk-
free rate of return. Free entry into the inventive process will ensure
that the present discounted value of the profits of firm N(¢) will be
less than or equal to the cost of invention:?*

an= VNG, 1) = [ o ROTROmN (), vydo (= iEN(D) > 0). (28)
t
Assuming that N(#) > 0 and thus that (28) holds with equality, we can

differentiate to derive an expression for R(f) as a function of easily
determinable values:**

T(N@), ) — N(t)[ f T ROTRO 5 (N (1), v)dv]

R()

ar

TN (), ) = NOVLN (@), ) (29)
AR

Figure 2 helps explain equilibrium condition (29). At any point in
time, the value of each firm depends on its position along the real
line. Firms s < Z(¢) have a value of zero since, as demand has moved

2 Consider that by devoting labor I to invention for an infinitesimally small period
of time dt, a firm can, at cost lpdt, acquire patents to goods in (N(f), N(t) + (Izrdt/ag)],
which, again for infinitesimally small dt, have value V(N(0), t)igdt/ag. With free entry,
profits in the process of invention are driven to zero, and hence az = V(N(¥), #).

2 If N = 0, then Lz = 0 and the equilibrium interest rate can be determined by
differentiating (21) with respect to time and applying (25). The subscript 1 in (29)
denotes the derivative with respect to the first argument of the function.
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Vs |

Z(t) s N(t)

Fi1Gc. 2.—Market value of firm s

to the right, they will never again earn any profits.®® Free entry into
the inventive process ensures that V(N(f), {) = ag. Thus, we know
that there exists a differentiable curve?® describing V (s, ¢) linking the
coordinates (Z(t), 0) and (N(t), ag), as drawn in the figure. This curve
need not be monotonic, nor is it stationary through time. Comparing
(27) and (29), we see that we need to show that Vo(N(), t) =
—N@)V,(N(2), ). At time ¢, the value of firm N(¢), V(N (), 1), equals
ag. However, at that same time ¢, as a result of invention, firm N(¢) is
being pushed to the left in figure 2 (since some other firm is becoming
‘N(t + dt)). The rate of change of the value of firm N(¢), Vo(N(?), t),
depends on the derivative of the V(s, ¢) function at the point N(¥),
Vi(N(®), ), times the rate at which firm N(¢) is being pushed to the
left, —N(t). Hence, Vo(N(2), t) = -N(®) Vi (N(t), t), which explains (29).
To summarize, consumers, maximizing current utility subject to
current expenditure, choose a distribution of expenditure across
goods that depends only on N(¢) — T(¢), as illustrated in figure 1, with
the density of expenditure given by (14). Maximizing intertemporal
utility, consumers find it optimal to set the growth rate of expenditure
equal to the interest rate minus their rate of time discount, equation
(25). Existing firms, competing monopolistically, set their current
price as the average of their costs of production and those of the limit
good Z, (16’). Free entry into invention, combined with asset market
equilibrium, determines the interest rate as a function of the profits
of the most advanced firm (N(f)) and the rate of change of the value
of that firm, (29). The current level of consumer expenditure, as well

* Increases in either T or N move Z to the right. Hence, once a firm s has become
Z(t), there will never again be any demand for its product.
% Examine (26), (15), (16), and (14).
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as the economy’s current structure (as given by N — T), determines
the amount of labor allocated to industries in which learning contin-
ues and industries in which learning has been exhausted, (21)—(22).
Labor market clearing requires that this labor, plus the labor allocated
to research, equal the total labor force, (20). Given these relations,
the intertemporal equilibrium then consists of dynamic paths for T(¥),
N(¢) — T(), and E(z), which satisfy equations (2), (3), and (5).

V. Steady-State Behavior

In the steady state, E and N — T must be constant. This implies that
the real rate of interest (R) equals the rate of time discount (p) and
that the rate of invention (N) equals the rate of learning (7). With a
constant steady-state level of expenditure, E, and an exponentially
declining price of a unit of U{C(+)},?’ the proportional rate of growth
of U{C(")} is equal to the equilibrium rate of learning and invention,
which I shall call g.8

It is easiest to begin our analysis by examining two extreme types
of equilibria. This model, as in typical models of invention, allows for
a stagnant steady state with zero growth In that case, T = N = 0
and N — T = 0, with all the firms in (Z, T] earning an infinitely lived
stream of constant profits. This will constitute an equilibrium if and
only if the present discounted value of the flow of profits to firm T
is less than or equal to the cost of invention.?® Intuitively, the flow of
profits to each firm in this equilibrium should be proportional to
the aggregate market size, a measure of which is the total labor in
manufacturing (L, = L). As it so happens, for the functional forms
chosen in this paper, the instantaneous flow of profits to firm T in
this stagnant steady state is exactly equal to L.** Thus, for stagnation
to occur, it is necessary and sufficient that

L
ar o’ (30)
Condition (30) states that if the aggregate market is small enough,
the cost of invention (ag) high enough, or the steady-state rate of
interest (p) large enough, firms will not find it profitable to invent,
and the economy will stagnate. It is interesting to note that the rate
of labor learning, ¥, has no effect on the existence of this equilibrium,

27 Recall that P, = ae”T[(t + m)e" + 2 — & — €"]/2.

% Since instantaneous utility is actually the log of U{C(:)}, for p > 0 total intertempo-
ral utility will always be bounded, no matter how large g.

% Otherwise, entrepreneurs would find it profitable to invent products infinitesimally
to the right of T.

% For mathematical details, see App. B.
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for there must be at least some minimal level of invention for learning
to occur and have an impact on growth. This contrasts with the typical
learning-by-doing model, in which there is always some growth (even
at small scales of production) and in which the rate of growth is always
strictly increasing in the rate of learning. Thus, for small market sizes,
this model behaves exactly like an endogenous growth model based
solely on invention (with no modeling of learning). In this equilib-
rium, the incentives to withdraw resources from goods production
for use in the research and development of new technologies are the
sole constraints on the growth process.

For L, p, and ay such that (30) does not hold, the steady-state
growth rate is positive, with N — T > 0. An increase in L relative
to ay raises the profitability of invention, leading to an endogenous
increase in N — T, which lowers markups, squeezes profitability, and
reestablishes an equilibrium. For large enough L or small enough ag,
the steady-state equilibrium N — T exceeds n* (recall fig. 16). In this
case, potential profits are so large (relative to the cost of invention)
that firms find it optimal to invent products before they are even
marketable, holding the patents until aggregate production experi-
ence brings their costs of production down to acceptable levels.?! The
rate of growth in this type of equilibrium is easily computed. With N
— T > m*, the demand for manufactured goods will be distributed
symmetrically between learning and nonlearning industries. Conse-
quently, T = g = yL,/2. With N = g = Lg/a, and labor market
clearing requiring that L, + L, = L, it follows that

—_ WL
724 Yay G

Although both the cost of invention and the learning parameter in-
fluence the rate of growth, it is apparent that, in this equilibrium, the
growth rate is (locally) independent of the incentives for invention.

81 Although a small p is sufficient to guarantee an equilibrium with positive rates of
invention, it is not sufficient to guarantee an equilibrium with N — T > n*. With N —
T > 0 in the steady state, the economy experiences a positive rate of growth and
transformation, with each firm passing through a life cycle from invention at time ¢,
N(t), to maturity at time ¢, T(t'), to obsolescence at ¢", Z(t"). Consequently, each firm
accumulates positive profits over a finite time horizon. For a small enough market size
relative to the cost of invention, there does not exist any p = 0 sufficient to justify an
equilibrium with N — T > m*. Similarly, changes in § can change the economy’s growth
rate and rate of transformation and, hence, the rate at which firms transit from one
state to another. Nevertheless, if L is sufficiently small relative to ag, given the small
markups in a state with N — T > m*, there exists no rate of transition sufficient to
justify the cost of invention. However, a value of p near zero (almost no discounting)
and a value of ¢ near zero (slow transition/long life cycle) are jointly sufficient to
guarantee the existence of an equilibrium with N — T > n*. Proofs of these statements
are available on request from the author.
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For example, a subsidy to invention would increase only N — T
(which increases the time spent before the firm begins to earn positive
profits and thereby reestablishes an equality between the private costs
and benefits of inventive activity), without influencing the steady-state
growth rate in any way.?? Thus, for large market sizes and low costs of
invention, this model behaves exactly like a simple learning-by-doing
model with a constant learning parameter (equal to ¥/[2 + ag]). In
this equilibrium, as in traditional learning-by-doing models, it is the
static pattern of demand and production alone, that is, the incentives
to produce different types of goods, rather than the incentives to
engage in research and development, that determines the economy’s
growth rate.

Outside of these two types of equilibria, the steady-state growth
rate is positive, with m* > N — T > 0. The determination of the
equilibrium growth rate can be analyzed using some simple graphical
tools. One can think of this economy as having two sectors, a manu-
facturing (consumption) goods sector and an invention (growth)
goods sector. Using the equation

Ly +gagp =1L, (PPF)

one can draw a production possibilities frontier illustrating the poten-
tial trade-offs between the size of the consumption goods sector (as
measured by L,,) and the rate of invention, g (fig. 3a). Clearly, a rise
in L expands the total resource base of the economy and shifts the
curve out, whereas an increase in ay rotates it clockwise.

In the steady state the rate of learning must equal the rate of inven-
tion. This “balanced growth” relation can be written as

Gh(N — T)Ly, = g, (BG)

which, for given N — T, can be drawn (in g, L, space) as a ray
emanating from the origin. As N — T increases, a greater proportion
of any manufacturing labor force is allocated to learning industries
(h' > 0), and thus the curve rotates clockwise, reaching the limiting
locus $L,/2 = g for N — T = m*. An increase in { rotates the BG
curve clockwise.

Finally, free entry into invention defines a factor market equilib-
rium relation, which states that the return on devoting a unit of labor
to invention, that is, V(N (t), t)/ap, must be less than or equal to the
real return to labor in manufacturing, that is, one:

1= YN®. Y (FME)
ar

32 I fact, during the transition dynamics, in which N — T increases, it would actually
lower the growth rate by drawing labor out of the learning sector.
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(a)
L BG
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LKPPF

FME

0 Uaq g

F16. 3.—Graphical determination of the steady state

It is easily shown that V(N(¢), ¢) depends on the steady-state size of
the final goods market, as measured by L,,, and lifetime profits per
unit of market size, which depend on N — T, p, and g:*

VIN@,t) = LyT(N — T,p, g)- (32)

A rise in Ly, for given N — T, p, and g, will raise the value of firm
N(?). The partial effect of an increase in the steady-state rate of inven-
tion and learning, g, is more ambiguous. With a more rapid rate of
learning, firms find that the society’s production basket is moving to
the right more rapidly; thus the firm transits more quickly from being
firm N(t) at time ¢, to being firm T'(t') at time ¢’, to being firm Z(t")
at time ¢". As a firm goes from being N (¢) to T(¢'), its profitability rises
(see fig. 1), but its profitability falls as it transits from T(¢') to Z(t").
In addition, although a more rapid rate of transit puts a firm in a

3 For details, see App. B.
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more desirable state (T'(¢')) at an earlier date, the more rapid rate of
transit also ensures that the firm will spend less time in each such
state and ultimately move on to less desirable states. Whether the net
effect is positive or negative depends on the distance between N and
T as well as the discount rate p.** Thus, in (g, L)) space, the factor
market equilibrium relation may slope upward or downward (as
drawn in fig. 3a and ¢).3® For any given market size and rate of
growth, an increase in N — T (which squeezes markups), p, or a; will
lower the relative profitability of invention, shifting the entire FME
curve up.

The steady-state size of the final goods market L, rate of learning
and invention g, and level of N — T are determined by the joint
intersection of these three curves.* For example, consider an expan-
sion in the resource base, L, that shifts out the PPF curve in figure
3b. At the original growth rate g, invention is now more profitable,
leading to a surge in inventive activity that outpaces the rate of learn-
ing, which increases N — T. As N — T rises, the balanced growth
equation rotates down (more of any given manufacturing labor force
is allocated to learning industries) and the factor market equilibrium
relation shifts upward (lower return to invention requiring an in-
crease in market size), establishing a new equilibrium, with increased

3% For example, for a discount rate of zero, the net effect is always negative since
there is no benefit to arriving at a more favorable state earlier in time, but the higher
rate of transit ensures that the time spent in each state is shorter. Similarly, as N — T
goes to zero, the net effect becomes negative since, along [Z, T], the firm finds itself
moving more rapidly into less profitable states. For large p and large N — T, however,
it can be shown that the net effect is unambiguously positive.

3 Clearly, there is no intuitive reason why the FME curve cannot be steeper than
the PPF curve (whose slope is given by technological constraints). The FME curve
must, however, be flatter than the BG curve. The intuition is as follows: The FME
curve slopes upward whenever the partial effect of an increase in g on the net present
value of profits is negative because an increase in the growth rate results in a more
rapid rate of transit from good to bad states. As one moves up along the BG curve,
the final goods market size is increasing in proportion to the growth rate. Thus, if one
moves up along the BG curve from an initial intersection with the FME, one finds that
although firms are transiting through states at a faster rate, the flow of profits in each
such state (which is linear in Ly) has increased in proportion to the increased rate of
transit, which exactly cancels the negative effect of the increased rate of transit. In
essence, the firm enjoys the same (undiscounted) integral value of profits. However,
with a positive rate of discount and the flow of profits compressed into a shorter time
frame, the value of the firm actually rises. A reduction in L is necessary to reestablish
an equality between the return to labor in invention and the return to labor in manufac-
turing. Consequently, the FME curve must be flatter than the BG curve. An appendix,
available on request from the author, proves formally that the FME curve is always
flatter than the BG curve and, when negatively sloped, may be either more or less
steep than the PPF curve.

%71 have focused my analysis on L, rather than E since the steady-state value of
the latter depends on the overall markup and is therefore harder to interpret. As can
be seen from (21), Ly and N — T jointly determine E.
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levels of Ly, g, and N — T. Alternatively, an increase in p shifts the
FME curve up (fig. 3¢, drawn for a downward-sloping FME curve).
As invention becomes less profitable, the rate of learning will begin
to outstrip the rate of invention, leading to a drop in N — T. Conse-
quently, the FME curve will shift back down and the BG curve rotate
up, reestablishing a steady-state equilibrium with a larger manufac-
turing labor force (L)) and lower levels of N — T and g.

Using similar graphical analyses, one can derive the following re-

sults, most of which are fairly intuitive:%’
j—i>o, %<0, 5§>0, a—g< 0,
Luss 2{;: = 3:¢M <0, %w >0, (39)

Finally, it is interesting to note that this model has implications for
the relationship between growth rates and the share of rents in na-
tional income. Presumably, most economies face the same underlying
technical opportunities, that is, have similar az’s and {’s, but may vary
in their resource base/market size, L, or the rate at which inventive

%7 The graphical analysis is more difficult when the downward-sloping FME curve is
steeper than the PPF curve. In that case, an increase in N — T moves both the FME
and BG curves to the right. An appendix, available on request from the author, shows
that in this case an increase in N — T always moves the FME curve further along the
PPF than the BG curve. Thus, e.g., in the case of an increase in p analyzed in fig. 3¢,
if the FME curve were steeper than the PPF curve, then the initial upward shift in the
FME curve would put its intersection with the PPF curve to the right of that of the BG
curve. A fall in N — T, however, would move the FME curve to the left (along the
PPF curve) faster than it would the BG curve, reestablishing a three-way intersection
at a lower N — T and higher Ly The same appendix also establishes that the steady
state is always unique.

38 An increase in ap lowers the rate of invention but increases the amount of labor
required for any given rate of invention. The net effect on L), depends on the type of
equilibrium. When N — T is near zero, an increase in ag shuts down all invention and
unambiguously increases Ly. When N — T > n*, the total labor in invention equals
agbL/(2 + agy), which is unambiguously increasing in ag.

%9 A rise in ¥ increases the rate of learning and transformation in the steady state.
To match the increased rate of learning associated with a rise in ¢, more labor is
drawn into invention (3L,/dy < 0). The reduction in market size lowers the return to
invention, but, as discussed before, the effect of the increased rate of transit on the
return to invention is ambiguous. Generally, the market reduction effect dominates,
and the return to steady-state equilibrium requires a reduction in N — T. However,
when the FME curve is steeper than the PPF curve, the effect of an increase in the
rate of transit is strongly positive and dominates the loss associated with a reduction
in market size. In this case, a return to steady-state equilibrium actually requires an
increase in N — T.
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profits must be discounted, p.** An increase in L or a fall in p leads
to a steady-state rise in N — T, lowering the economywide markup.
Consequently, economies that grow faster will tend to have lower
markups and, thus, a lower share of rents in national income.*' It is
a common belief that in slow-growth economies a larger proportion
of income is derived from rents, with the usual explanation focusing
on the perceived detrimental effects of rent seeking on growth. The
model of this paper suggests that the direction of causality might in
fact be the reverse. In economies with low growth rates, holders of
privilege reap large rents because there are few emerging competi-
tors. If the economy were growing faster, then, even though each
new entrant also acquired privilege, the intensified competition could
lower the overall proportion of rents in national income. If one wants
to argue that rent seeking reduces growth rates, the argument should
perhaps rest not on the detrimental effects of rent seeking per se,
but rather on the attempts by existing rentiers to bar other claimants
to government-decreed privilege. Thus, rent seeking by economic
actors in a fairly open political system, such as that of the United
States, need not have detrimental effects on growth and might, in
fact, encourage growth by allowing innovators to reap rewards
greater than those that could be achieved under a free-market
system.*?

VI. Conclusion

This paper has made a first attempt at integrating models of inven-
tion and models of learning by doing. In part, I have followed the

%0 T should note that in a more complex model, such as Romer’s (1990) multifactor
model, the appropriate measure of resource base or market size is not simply the
aggregate labor force. Similarly, in a model with risk the rate at which inventive profits
are discounted would exceed the rate of time preference, p, and could vary from
country to country.

41 Total profit income (TPI) equals total sales times profits per sale:

m(N —T) — 1
m(N — T)

Using the PPF and BG relations, one can solve for TPI in the steady state:

mN - T) - 1 ]
1+ Yagh(N - T) |’

TPI = f)—L(PU - MCy) = EL = LyIm(N - T) — 1.
U

TPISS = L[

The share of rents in national income equals TPI/(L + TPI), which, for given N —
T, is clearly homogeneous of degree zero in L. As m'(-) < 0 and A'(:) > 0, while N —
T is increasing in L and decreasing in p, it follows that increases in the steady-state
growth rate brought about by changes in L or p will lower the share of rents in national
income.

2 The positive welfare effects of granting innovators temporary monopolies are
cleanly illustrated in Krugman (1990).
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assumptions typical to these models, modeling invention as the costly
and conscious attempt to develop new technologies (for which inven-
tors are rewarded with patents) and learning by doing as a process
whereby technical improvements are generated as the serendipitous
(and unappropriated) by-product of goods production. I have, how-
ever, modified these models with assumptions that, I believe, are mo-
tivated by the history of technological change, arguing that, in the
absence of further costly invention, learning by doing is fundamen-
tally bounded and that, in the absence of further development, most
of the new technologies developed by research are broadly inferior
to existing productive techniques.

The resulting model is a true hybrid. When the cost of invention
is large relative to market size, the profitability of invention is low,
and hence the rate of invention becomes the constraining factor in
growth, with the learning parameter having no effect. In this type
of “invention-constrained” equilibrium, the incentives to withdraw
resources from current production for use in costly research are the
sole constraint on the growth process. In contrast, when the cost
of invention is small relative to market size, invention is extremely
profitable and tends to run ahead of the society’s cumulated learning
experience. This leads to a “learning-constrained” equilibrium in
which the incentives to produce different types of goods, that is, the
pattern of consumer demand, become the relevant constraint on the
growth process.

These results are suggestive of the types of issues different types
of endogenous growth models might most appropriately address. For
the analysis of the industrial revolution or the historical periods of
growth and stagnation alluded to in the Introduction, models of in-
vention, with their emphasis on minimum market size (i.e., threshold
effects) and the incentives to engage in costly research, would seem
to be the most appropriate. For the analysis of the interaction of
modern trading economies, given the large size of the international
market, it might easily be the case that the incentives to produce
different types of goods are the principal constraint on the growth
process, suggesting that the simple insights into the dynamic effects
of static comparative advantage provided by many learning-by-doing
models provide a useful means of thinking about the postwar growth
process.
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Appendix A
Mathematical Details of the Instantaneous Equilibrium

A. Consumer’s Optimization Problem

Combining (11)—(13), one can form the Lagrangian:
N() N(t)
&= [ Iclgsonds + x[E - IICIIP(s)f(s)ds]
(A1)
N
+ c[ucu - IICIIf(s)ds]-

The conditions necessary and sufficient for f(-), {, N\, and |C|| to maximize
this Lagrangian are*?

FUDN =T+ M) (= iff6)>0), (A2)
1= [ 1o, (a9
N(t)
E = [ICIpo f6)ds, (Ad)
M posods = g(f@)ds (AB)
0 0

Since g'(f(s)) = 1 — f(s) and { and X\ are constants, it is apparent from
(A2) that the consumer will consume all goods cheaper than some good Z,
with f(s) = 0 as p(s) = p(Z) from below. Consequently, { = 1 — Ap(Z).
Substituting back into (A2) yields equation (14) in the text. Maximization on
the part of firms then gives (16). As highlighted in figure 1, the consumer
enjoys all goods in (Z, A], where

A-T=N-T or A—-T=T-2. (A2")
Substituting (14) and (16) from the text into (A3)—(A4) and integrating
(using the notationm = A — Tand 7 = Z — T), we get

N A
L= [ rods = [ Mp@) - polds = [ 51a@ = eolas

T A
= b(f ae=%? — @e*ds + f ae~? — Ee‘Tes'Tds)
2 zZ T '
\ (A3")
= §[(T +m)ae % + 2ae T —ae % — ae~Tet T
-~
= hae [C+m)e"+2—¢ —eM],

2

3 Concavity of g(*) ensures concavity of the integrand in f(s). Thus the inequality-
constrained Euler equation (A2) is both necessary and sufficient for a path f(s) to
maximize (Al). If the optimal f(s) is taken as given, since the Lagrangian is negative
semidefinite in [|C||, {, and A, the first-order conditions (A3)—(A5) are necessary and
sufficient for an optimum, where (1) I treat the problem as one of unconstrained
optimization, since (A4) will ensure that ||C|| is nonnegative; and (2) the envelope
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£ J' 11l p(6) f5)ds = |C||f [a(Z) + a(s)] [a(Z); “(3)]ds

T
_ el ( [Tttt _ateva o [t aze—zrezs—wds) (A4')
4 z

_Micl@ze T o, _em e
= " e"(t+m) + 1 5 5 |

Since (A4) implies that X [} p(s) f(s)ds = NE/||C||, we also have

()2
= [ etronds = NG —f—«b
N 2 (A
=1- %fo fls)2ds =1 - %L (¢(Z) ~ a(9))%ds (A5")
= —-—)‘2 28_2T[(7+n—§)e2*—1+4e"+%2n—2e*e"].

Combining (A3')—(Ab’'), one can derive a single equation in 7 and m alone:

D(r,m) =2[(r + M)eF+ 2 — € — "] — 3e¥(1 + M)

(A6
— 1 + %e? + ae® + 267" — 4¢" = 0. )

It is easily shown that there exists an m* > 0 such that ®(n*, n*) = 0.
Furthermore,**
D fg-0 =
(T + M2 + 3% — 8¢" + de"e" — M) + 86" + 86 — 2027 — 22 — 4¢7¢" — 8]
T+me+2—¢—e
>0 Vi>n=0,
(€ — eM[e (Bt + 3m) — 2% + 267 — 2" — "7 (r + M) + 2]
T+me+2—e"—¢
Vi>n=0.

q)ld:' 0=

(A7)

Recall the restriction imposed by (A2'). Consequently, for N — T = n*, 1 =
m = n* For N — T < n*, ® determines a unique Tt > n*>n = N — T with
dt/d(N = T) = dr/dn|g-o < 0. In each case, [|C| and X are given by

icl =a 2E[(T+m)e"+ 2 — € — "] (A8)

e T[e? (1 + m) + 1 — (27/2) — (£27/2)]

theorem ensures that the partial of f(s) with respect to ||C||, {, and A does not appear
in these first-order conditions.
* Take the derivative and substitute for e'(t + q) + 2 — ¢" — ¢" using (A6).
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and

ae” T

-1 —
> 2

[(r+me +2—¢6 — el (A9)

B. Pyand MCy

From (Al) and (Ab’), it can be seen that \ is the utility of an additional unit
of expenditure at the consumer optimum. Consequently, A\~ ! is the price of
a unit of utility, which is the origin of equation (17) in the text. Define || C||,
as the ||C|| necessary to enjoy one unit of utility at the consumer optimum.
This is easily determined using U{C(-)} = NE = 1 and (A4’). The total labor
used in producing a unit of U equals ||C| [} f(s)a(s) ds, which, with (A4") and
(A9), yields (18) in the text:

N
MCy = |Cl [ f)a(s)ds

=|Cl;, (g) @2e72T(1 — 26" + e + ¢"e™ — Yoe?)

2 — 46"+ e+ 260" — ™ (A10)

- NeZ(r+m) + 1 — e — Yhe?]
_aeTT[(r M) +2 -6 — "2 -4 + €2 + 267eM — £21)
B €227 + 2m) + 2 — 2T — o™, '

C. m'(N—-T)
For N — T <m* m = N — T. Consequently,

e — eMi(r + MA(T,m) + B(r,m)]

m() = DT +m)e + 2 — & — (2 + ¥ — 4¢" + 2N — 2T

(All)

where
A(T,m) = 1262 — 46" — 28e% + 20e* + 467 — 16%¢" + 32677 e"
+ 26272 — 43720 — 20e% M + 20267 + 203627 — 23,7
B(1,m) = 22¢" — 17¢* — 637 — 502 + 53637 + 12" — 8 — 42¢7e"
+ 84e%e — T1e¥eM + 17¢%7eM — 392 + 2167
+ 1863720 4 5e2Tedn + 673N 4 204 — 94TpdM

and where I have used the fact that dv/dq = —®, /@, (as given by [AT7])
and have substituted for terms involving (1 + m)? using (A6) above. As the
denominator is clearly positive for all 1 > m = 0, it follows that the sign of
m'(-) will be determined by the sign of F(v,m) = (t + m)A(r,m) + B(r, m). It
is easily shown that F(r,m) < 0 for all7 > n = 0.9

% The most straightforward approach is to show that F(n, m), F.(m, m), F.(n, m),
and F,_.(n, m) are all less than or equal to zero for all m = 0 and then to show that
Fo.(1,m) <Oforallt>n=0.
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D. h(N -T)

The total labor in industries in which learning continues equals

A
Lusp = [ ICILf5)a()ds
_ ||C||2L)\ J’A G20-Zp=Ts~T _ g2p=2T 22T g
T
_ ICI|LAG2e~2T (27 — 26 — €2 + 1)
4
- E 2¢"e — 267 — 2 + 1
et +m) + 1 — (£27/2) — (e27/2)
2¢TeM — 267 — ¢ + 1
M9 + ¢2 — 46" + 267 — 20

which is the origin of (23) in the text. For N — T > q*, 7 = m = n*, and A(")
is invariant with respecttoN — T. For N — T < m* n = N — T and, hence,

= 3, (30)(dn
h()_3n+(%>am>
2eM(e” — e")(e" — 1)2

(2 + €% — 46" + 2N — 22

Mm—nw—mu—m<ﬂ>
(2 + €% — 4¢™ + 2" — 2M)2 \dm)’

(A12)

(A18)

which, given dt/dm < 0, is clearly strictly positive for all T > n = 0.

Appendix B

Mathematical Details of the Steady State

A. Flow of Profits to Firm T in the Stagnant Steady State

From (14)—(16) we know that the flow of profits to any firm s such that a(s)
= a(Z) equals

(g = LCLENe®) = )

Substituting for ||C|| and \, using (A8), (A9), and (21) in the text, yields
LM(e’ _ es—T)?

2 4+ e¥ — 4¢" + 2e"e" — 20
Lo(e" — eT—5)2 (B2)

- 2 + ¥ T(4(2T + 23")(3* — e fZ=s=T.
In the stagnant steady state, Lyy = Land n = N — T = 0. Consequently,
L —1)2
1+ e¥ —2¢

(BI)

ifA=s=T

m(s) =

w(T) = =L (B3)
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B. V(N(t),t) = Ly T(N — T, p, g)

For a firm s invented at time 0 (i.e., s = N(0)),s — T = m — gt until such
time as ¢ = m/g, after which T — s = gt — m, until such time as ¢t = (n/g) +
(7/g), after which the firm earns zero profits. The steady-state value of firm
N(t) equals the present discounted value of its future profits:

V(N(@),t) = V(N(0),0) = f:e"”ﬂ(N(O), t)dt (B4)

or (using [B2] above)

n/g (n/g)+(r/g)
LM[J (€7 — e"8)2e7 Pt + f (" — eg‘““)ze""dt]
0 /g

2 + 2 — 4¢" + 2eMe" — M
= LMT(N - T, p’g)

(I remind the reader that T and m are determined by N — T alone). In the
preceding I have assumed that N — T =n* If N — T > n* thent = q =
n* and*®

T(N—-T,p,8) =

VIN®, 0 = (B5)

- 2/
e‘P(N*T—n*)/g[f g(e"* — e e 2Py 4 f " g(en* - eg‘""*)%—'”dt]
0 n*lg
2 — 4" + 220"

(B6)
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