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Examples

Question
What is the smallest dimension d2 such that any 2-colouring of Rd2

contains two points of the same colour at distance 1?

The following colouring of the real line R, does not have two such
points, hence d2 ≥ 2.

−3 −1 1 3−2 0 2

However, the vertices of any unit triangle in R2 must have two of the
same colour, hence d2 = 2.
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Examples

What if we can use more colours?

Hadwiger–Nelson Problem (1950)
What is the minimum number of colours χ(R2) needed to colour
the plane so that there are no two points of the same colour at
distance 1? I.e. what is the chromatic number of the plane?

Our example shows that χ(R2) ≥ 3. Simple constructions show that
in fact 4 ≤ χ(R2) ≤ 7.

However, these bounds remained untouched for over 60 years until a
very recent breakthrough.

Theorem (D e Grey, 2018)
χ(R2) ≥ 5.
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Notation

What if we want to find other geometric objects (instead of just two
points)?

Notation
Given X ⊂ Rd, Y ⊂ Rn and r ∈ N we say that Y r−→ X if in every
r-colouring of Y, there is some monochromatic X′ ⊂ Y which is
congruent to X.

Two sets X ⊂ Rd and X′ ⊂ Rd′ are congruent if there is an isometry
f : Rd → Rd′ such that X′ = f(X).

The above examples show that R ̸ 2−→ and that 2−→ .

De Grey’s theorem shows that R2 4−→ .
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Ramsey sets

Definition (Erdős–Graham–Montgomery–Rothschild–Spencer–
Straus, 1973)
A set X ⊂ Rd is called Ramsey if for every r ∈ N, there is some
n ∈ N, such that Rn r−→ X.

Question: Is X = Ramsey?

Denote by ∆d the d-dimensional unit simplex. By the pigeon-hole
principle, we have ∆r

r−→ for every r ∈ N. Hence is Ramsey.

Question: Is X = ∆d Ramsey?

By the pigeon-hole principle, we have ∆rd
r−→ ∆d for every r ∈ N.

Hence ∆d is Ramsey.
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What do we know about Ramsey sets?

There has been a lot of work in this area.

• Every Ramsey set must be finite and spherical (EGMRSS).
• Cartesian products of Ramsey sets are Ramsey (EGMRSS).
• Simplices are Ramsey (Frankl–Rödl, 1990).
• Regular polytopes are Ramsey (Kříž, 1991).

The problem of fully characterising Ramsey-sets remains open.

Conjecture (EGMRSS, 1973)
A set is Ramsey if and only if it is
finite and spherical.

Conjecture (Leader–Russell–
Walters, 2010)
A set is Ramsey if and only if it is
contained in a finite transitive
set.
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Diameter-Ramsey Sets

Definition (Frankl–Pach–Reiher–Rödl, 2017)
A set X ⊂ Rd is called diameter-Ramsey if for every r ∈ N, there is
some n ∈ N and some Y ⊂ Rn with diam(X) = diam(Y) such that
Y r−→ X.

FPRR proved the following facts about diameter-Ramsey sets.

• Every diameter-Ramsey set is Ramsey.
• Cartesian products of diameter-Ramsey sets are
diameter-Ramsey.

• Acute and right-angled triangles are diameter-Ramsey.
• Almost-regular simplices are diameter-Ramsey.
• Triangles with an angle larger than 150◦ are not
diameter-Ramsey.
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Borsuk’s Conjecture

Conjecture (Borsuk, 1933)
Every finite set Y ⊂ Rn can be partitioned into n+ 1 sets of smaller
diameter.

The n-simplex cannot be partitioned into n sets of smaller diameter.

Definition
Given some X ⊂ Rd, let f(X,n) denote the maximum number r ∈ N
for which there is some Y ⊂ Rn with diam(Y) = diam(X) such that
Y r−→ X.

X is diameter-Ramsey if and only if f(X,n) → ∞ as n → ∞.

f(X,n) describes “how diameter-Ramsey” X is.

Borsuk’s conjecture states that f(X,n) = n if |X| = 2.
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Borsuk’s Conjecture

Definition
Given some X ⊂ Rd, let f(X,n) denote the maximum number r ∈ N
for which there is some Y ⊂ Rn with diam(Y) = diam(X) such that
Y r−→ X.

Conjecture (Borsuk, 1933)
f(X,n) = n if X if |X| = 2.

Borsuk’s conjecture is false, in fact f(X,n) ≥ 1.2
√
n (Kahn–Kalai, 1993).

For every d ∈ N, there is some ε = ε(d) > 0, such that
f(X,n) ≥ (1+ ε)

√
n for the regular d-simplex X (FPRR).

10



Our Results

Every Ramsey set must be spherical; Every diameter-Ramsey set
must in addition have small circumradius.
(The circumradius of a spherical set X is the radius of the smallest sphere
containing X.)

Theorem (C.–Frankl N., 2017)
If X ⊂ Rd is a finite, spherical set with circumradius strictly larger
than diam(X)/

√
2, then X is not diameter-Ramsey.

Corollary
Triangles with an angle larger than 135◦ are not diameter-Ramsey.

11



Proof

Theorem
If X ⊂ Rd is a finite, spherical set with circumradius strictly larger
than diam(X)/

√
2, then X is not diameter-Ramsey.

To prove the theorem we embed a given set Y ⊂ Rn with
diam(X) = diam(Y) in a ball and then colour the whole ball.

Theorem (Jung’s inequality)
Every bounded set Y ⊂ Rn can be covered by a closed ball of radius√

n/(2n+ 2) · diam(Y) < diam(Y)/
√
2 < cr(X).

Lemma
For every finite, spherical set X ⊂ Rd and every R < cr(X), there is
some r = r(X,R) ∈ N such that Bn(R) ̸

r−→ X for every n ∈ N.
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Proof

Lemma
For every finite, spherical set X ⊂ Rd and every R < cr(X), there is
some r = r(X,R) ∈ N such that Bn(R) ̸

r−→ X for every n ∈ N.

Proof.
For a congruent copy X′ ⊂ Bn(R) of X,
define h(X′) := maxx,y∈X′ (∥x∥ − ∥y∥) .

Since cr(X) > R, we have h(X′) > 0 for
every X′.

Using a compactness argument, we
obtain minX′h(X′) > c > 0.

Colour Bn(R) concentrically with stripes
of length c.

X′

h(X′)
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Open Problems

A triangle is diameter-Ramsey if its largest angle is at most 90◦.

A triangle is not diameter-Ramsey if its largest angle is larger than
135◦.

Question (Frankl P.–Pach–Reiher–Rödl, 2017)
Is there any obtuse triangle which is diameter-Ramsey?

Conjecture (C.–Frankl N., 2017)
A d-simplex is diameter-Ramsey if and only if its circumcentre is
contained in its convex hull.
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Thanks

Thanks!
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