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History

Theorem (Gerencsér–Gyárfás, 1967)
The vertex-set of any 2-edge-coloured complete graph Kn can be
partitioned into a red and a blue path.

Proof.

(i) Consider a path of maximal length
that switches colours at most once.

(ii) Let r and b be the endpoints on the
red and blue side.

(iii) Suppose for contradiction that there
is some vertex v outside the path.

(iv) Then by maximality of P, rv must be
blue and bv must be red.

(v) We can extend the path using rb.
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History - Lehel’s Conjecture

Conjecture (Lehel, 1979)
The vertex-set of any 2-edge-coloured complete graph Kn can be
partitioned into a red and a blue cycle.

• In 1998, Łuczak, Rödl and Szemerédi proved Lehel’s conjecture
for all sufficiently large n using the regularity method.

• In 2008, Allen gave an alternative proof, which gave a better
bound on n.

• Finally, in 2010, Bessy and Thomassé proved Lehel’s conjecture
for all integers n ≥ 1.
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History - Multiple Colours

Theorem (Erdős–Gyárfás–Pyber, 1991)
The vertices of every r-edge-coloured complete graph on n vertices
can be partitioned into O(r2 log r) monochromatic cycles.

• It was further conjectured that r cycles should always suffice.
• The conjecture was refuted by Pokrovskiy for every r ≥ 3.
• The currently best-known upper bound is due to Gyárfás,
Ruszinkó, Sárközy and Szemerédi, who showed that O(r log r)
cycles suffice.

• Note that the number of cycles needed is independent of the
size of the graph.
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Beyond Cycles

Question
What if we want to cover with other graphs instead of cycles?

• We consider families of graphs F of the form F = {F1, F2, . . .},
where Fi is a graph on i vertices for every i ∈ N.

• An F-tiling T of a graph G is a collection of vertex-disjoint
copies of graphs from F in G with V(G) =

∪
T∈T V(T).

• If G is coloured, we say that T is monochromatic if every T ∈ T
is monochromatic (but not necessarily in the same colour).

• Let τr(F ,n) be the minimum t ∈ N such that for every
r-edge-coloured Kn, there is a monochromatic F-tiling of size at
most t.

• We call τr(F) = supn∈N τr(F ,n) the tiling number of F .
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Beyond Cycles

Example
We have τ2(C) = 2 and r+ 1 ≤ τr(C) ≤ O(r log r) for every r ≥ 3,
where C is the family of cycles.

Main Question
When do we have τr(F) < ∞?

Theorem (Grinshpun–Sárközy, 2016)
We have τ2(F) ≤ 2O(∆ log ∆) for all F with ∆(F) ≤ ∆. In particular,
τ2(F) is finite whenever ∆(F) is finite.

Conjecture (Grinshpun–Sárközy, 2016)
For all r ∈ N, there is some cr > 0 such that τr(F) ≤ rO(∆cr ) for all F
with ∆(F) ≤ ∆. In particular, τr(F) is finite whenever ∆(F) is finite.

Theorem (Bustamante–C.–Frankl–Pokrovskiy–Skokan, 2019+)
We have τr(C(k)) < ∞ for all r, k ∈ N, where C(k) is the family of k-th
powers of cycles.
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Our results

Theorem (C.–Mendonça, 2019+)

We have τr(F) ≤ rrO(∆
5) for all F with ∆(F) ≤ ∆. In particular, τr(F)

is finite whenever ∆(F) is finite.

• The main tool is the so called absorption technique, which was
introduced by Erdős, Gyárfás and Pyber.

• The general set-up is very similar to [Grinshpun–Sárközy, 2016].
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Absorption Technique I

Theorem (Erdős–Gyárfás–Pyber, 1991)
The vertices of every r-edge-coloured complete graph on n vertices
can be partitioned into O(r2 log r) monochromatic cycles.

Definition
Let H be a graph and A ⊂ V(H). Then (H,A) is called absorber if for
every A′ ⊂ A, H− A′ contains a Hamilton cycle.

Lemma
Every r-coloured Kn contains a monochromatic absorber (H,A) with
A = Ω(n).
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Absorption Technique II

Theorem (Erdős–Gyárfás–Pyber, 1991)
The vertices of every r-edge-coloured complete graph on n vertices
can be partitioned into O(r2 log r) monochromatic cycles.

Proof Sketch.

(i) Find a large monochromatic
absorber (H,A)

(ii) Greedily remove cycles until
all but few vertices are
covered.

(iii) Find cycles in K(R,A) covering
R (Absorption Lemma).

(iv) Cover V(H) and the remaining
vertices of A using one cycle.
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Differences in our case

We make the following adjustments (see [Grinshpun–Sárközy, 2016]).

• As Absorbers, we will use super-regular cylinders and the
blow-up lemma.

• In the greedy process, we use that bounded-degree graphs have
linear Ramsey number ([Fox–Sudakov, 2009]).

• Proving a suitable absorption lemma is the main difficulty of the
proof.

• We will prove a weaker absorption lemma and then iterate until
all vertices are covered.
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Graphs with linear Ramsey number

• The r-colour Ramsey number Rr(G) of a graph G is the smallest
integer N such that every r-coloured KN contains a
monochromatic copy of G.

• We say that F = {F1, F2, . . .} has linear r-colour Ramsey number
if Rr(Fn) = O(n).

• If F is increasing, i.e. Fn ⊂ Fn+1 for every n ∈ N, then we have
Rr(Fn) ≤ τr(F) · n.

• “Linear Ramsey number is a necessary condition.”
• Graphs with bounded maximum degree have linear Ramsey
number (see [Chvatál–Rödl–Szemerédi–Trotter, 1983],..., [
Graham–Rödl–Ruciński, 1998], ... , [Conlon–Fox–Sudakov, 2012]).
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Open Problems

• Improve the bounds on τr(F) for families of bounded degree

• Investigate other families, for example graphs with bounded
degeneracy.

• Proving a long-standing conjecture of Burr and Erdős, Lee
recently proved that graphs with bounded degeneracy have
linear Ramsey number.
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Thanks!
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