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ABSTRACT

The paper develops a model of bubbles that can be taken to the data and explain the
behavior of asset prices and their statistics. We depart from the rational expectations
framework and assume that investors are only boundedly rational. They observe the
price process, but do not fully understand how its volatility and expected returns are
determined in equilibrium. Investors learn about the market by looking at past prices.
When they observe unexpectedly high returns, they infer that the asset must currently
have a high Sharpe ratio, and therefore, allocate a higher share of their wealth to
the asset, further increasing the asset price. The interaction of this feedback effect
with investors’ wealth effect determines the price dynamics and evolution of investors’
beliefs in the model. We fit the model to cryptocurrency markets and show that it can

successfully explain many empirical facts in these markets.
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“I can calculate the movement of stars, but not the madness of men.”

— Isaac Newton

There are few events in financial markets that capture public attention more than
financial bubbles. Bubbles are a persistent and prevalent phenomenon. They are not
confined to a particular country or time period. Yet, despite extensive research, our
knowledge of bubbles is still incomplete. This paper aims to develop a realistic model
of bubbles that can be taken to the data and explain the behavior of asset prices and
their statistics.

The core of almost any model of bubbles is the dynamics of investors’ beliefs about
expected returns. The rational expectations framework postulates that investors have
correct beliefs at every moment in time without making specific predictions about the
source of this knowledge. In practice, the knowledge can be either an outcome of
learning or a deep understanding of equilibrium. Neither of these two channels is likely
to deliver complete knowledge in the case of bubbles since the majority of bubbles are
short-lived, with investors displaying notoriously irrational behavior.

In this paper, we depart from the rational expectations framework and assume that
investors are only boundedly rational. In our model, investors have CRRA preferences
and can trade a risk-free asset and a risky asset. The risky asset does not offer any pay-
off, so investors trade it for purely speculative reasons. The main sources of uncertainty
are random fluctuations in investors’ wealth.

Investors observe the price process, but do not fully understand how its volatility
and expected returns are determined in equilibrium. They attempt to learn about
the market by looking at past prices.! They presume that the Sharpe ratio follows a
mean-reverting process and try to infer its value from the data. When investors observe
unexpectedly high returns, they infer that the asset must currently have a high Sharpe
ratio and update their beliefs upwards. A higher estimate of the Sharpe ratio makes
investors allocate a higher share of their wealth to the speculative asset, leading to a
further increase in the price. This feedback effect amplifies investors” wealth shocks. Its
interaction with investors’ wealth effect determines the price dynamics and evolution
of investors’ beliefs in the model.

Investors’ estimate of the Sharpe ratio is correct on average, but without the exact
knowledge of the dynamics of the true Sharpe ratio, they make systematic mistakes.
When investors are optimistic, i.e., their estimate of the Sharpe ratio is high, they

invest a large share of their wealth in the risky asset. Therefore, the possibility that

! This is consistent with prior research which finds that investors’ expectations of future prices are
influenced by the history of past returns, Smith et al. (1988), Vissing-Jorgensen (2003), Haruvy et al.
(2007), Amromin and Sharpe (2008), Greenwood and Shleifer (2014), Liao et al. (2021).



even more wealth is attracted to the asset is small, and as a consequence, the true
risk premium and Sharpe ratio are low. In contrast, when investors are pessimistic,
the wealth invested in the speculative asset is expected to increase, resulting in the
true risk premium and the Sharpe ratio being high. This negative link stabilizes the
dynamics of investors’ beliefs and leads to the stationary dynamics of beliefs and asset
returns.

In equilibrium, the price displays the typical bubble dynamics: it rises in the begin-
ning fueled by the increasing optimism of investors, only to fall later. In steady state,
the price and the aggregate investors’ wealth are expected to decrease over time be-
cause the asset is unproductive, and investors consume over time, but the convergence
is not monotone. The market goes through waves of optimism and pessimism.

Our model is set in continuous time and has an explicit solution, which allows us to
compute many objects of interest such as volatility and the Sharpe ratio in closed form.
The model predicts a novel pattern of volatility of assets affected by strong speculative
demand. Typically, in equity markets, volatility is strongly negatively correlated with
prices: volatility is high when prices are low and vice versa. In contrast, in our model,
volatility is a U-shaped function of investors’ beliefs and prices. To the best of our
knowledge, this U-shaped pattern of volatility (and as we show later, volume as well)
over bubble cycles is a unique and novel prediction of our model not shared with the
existing literature.

The U-shape pattern of volatility in our model is a result of interaction of the wealth
and feedback effects. When investors are pessimistic they invest a small fraction of their
wealth in the asset, so the price is low. In this case, even a small wealth shock leads to a
large proportional change in portfolio holdings, and as a consequence, to a large change
in the price. Volatility is also high when investors are very optimistic and allocate a
large fraction of their wealth to the speculative asset. A a result, the investors’ wealth
become volatile, which makes the asset price volatile.

Our model is also able to explain time-series momentum often observed during
bubble periods. In the model, expected returns are positively autocorrelated because
they are a function of persistent state-variables. Realized returns and expected returns
tend to be negatively correlated because the true Sharpe ratio and investors’ estimate
of the Sharpe ratio are inversely related. The momentum is determined by the interplay
of these two effects.

When the expected returns are high or low, the realized returns tend to be also high
or low and continue to be high or low for some time in the future, leading to momentum
in returns. When the expected returns are around zero, the market moves from slight

positive expected returns to slight negative expected returns following positive realized



returns and vice versa. This creates reversals in returns. In steady state, the second
effect dominates. As a result, returns are slightly negatively correlated. But in the
beginning of bubble periods and when the bubble crashes prices exhibit momentum.

Another prediction of our model is that assets affected by strong speculative demand
can experience large price impact of trades. This prediction is consistent with the
results of Makarov and Schoar (2020) who document large price impact in the bitcoin
market, and unusually high price impact experienced by stocks like Yahoo and Tesla
upon their inclusion in the S&P 500 index. In the model, a large price impact occurs
because investors believe that prices are informative about investment opportunities
and as a result, follow feedback strategies.

Because the model has only boundedly rational investors, a potential concern could
be that the resulting price dynamics leads to many arbitrage opportunities, which in
turn would question the plausibility of the model. To address this concern, we study
return predictability and show that in steady state prices follow nearly a random walk,
and opportunities to make profits by trading against boundedly rational investors for
realistic parameter values are limited in our model.

We test the predictions of our model by applying them to cryptocurrency markets.
Consistent with the assumption of our model, cryptocurrencies do not offer any payoft
to their investors. Further in support of model assumptions, Makarov and Schoar
(2020) show that there is a strong positive relation between investor flows and prices
in cryptocurrency markets. The net order flow explains 80% of return variation — a
substantially greater proportion than in traditional capital markets. Liu and Tsyvinski
(2020) show that cryptocurrency returns do not significantly load on macroeconomic
factors or cryptocurrency production factors but correlate with measures of investor
sentiment. We consider the three most liquid and largest cryptocurrency markets:
bitcoin, ethereum, and ripple, and show that consistent with the model’s predictions,
in each of these markets, volatility is indeed higher at the height and the bottom of
cryptocurrency price cycles. We conjecture that the U-shaped behavior of volatility is
not limited to cryptocurrency markets but holds more generally for all assets affected
by strong speculative demand.

Our model has few parameters and can be efficiently fitted to the data. The model
parameters and the price history uniquely determine the evolution of investors’ beliefs
about the Sharpe ratio, which in turn govern all statistics of asset returns. We fit the
model to bitcoin data and show that the model can successfully match the time-series
of moments returns.

Finally, in our main setting, investors have homogeneous beliefs. To study trading

volume, we extend the model to allow investors to have heterogeneous priors and update



them at different speed. In this paper, we focus on the case where there are two groups
of investors. One group has constant beliefs about the Sharpe ratio. The other group,
as before, uses the history of past prices to update their beliefs.

The main economic mechanism in the heterogeneous beliefs model is similar to that
in the main setup, but prices display considerably more complicated dynamics. The
asset pricing moments are no longer just functions of investors’ beliefs but depend
on the ratio of the aggregate wealth of the constant-belief and feedback investors.
Following positive wealth shocks, the feedback investors increase their holdings of the
speculative asset relative to the constant-belief investors. We show that in our extended
setup trading volume and volatility are strongly positively correlated. In particular,
similar to volatility, trading volume has a U-shaped pattern: It is high at the bottom
and the height of price cycles. We show that these predictions hold in the bitcoin
market.

Our paper is related to several strands of literature. First, it is connected to large
literature that studies bubbles. We refer the reader to excellent surveys by Xiong
(2013) and Brunnermeier and Oehmke (2013). In this literature, our paper is closest
to the research that emphasizes investors’ bounded rationality and the resulting use
of feedback trading strategies. As in Fuster et al. (2012), investors in our paper adopt
a parsimonious model to infer quantities of interest. Since the model does not nest
the true model investors in our model tend to over extrapolate their beliefs. Similar
to Cutler et al. (1990), De Long et al. (1990), Hong and Stein (1999), Barberis et al.
(2015, 2018), past prices influence investors’ trading decisions in our model. However,
prior research abstracted from the wealth effect of investors by assuming that investors
either have CARA preferences or follow exogenously specified trading strategies. These
assumptions lead to the linear dynamics for the price which is too restrictive to fit these
models successfully to the data. For example, these models have constant volatility,
which is strongly rejected in the data. In contrast, investors in our model have CRRA
preferences. We show that the interaction of extrapolative beliefs and wealth effect help
explain many stylized facts associated with bubble periods in a single parsimonious
model.

Our paper is also linked to literature that studies the role of extrapolative beliefs in
asset prices. Choi and Mertens (2013), Jin and Sui (2019), Hirshleifer et al. (2015), Li
and Liu (2019) study Lucas type economies and show that extrapolative beliefs help
explain excess volatility and high equity premium in the stock market. In contrast,
we focus on the price dynamics during bubble episodes and apply our framework to
cryptocurrency markets.

Our paper is also linked to large literature that studies the interaction of differences



in beliefs and trading volume, Harris and Raviv (1993), Kandel and Pearson (1995),
Scheinkman and Xiong (2003). The main source of heterogeneity in our model is how
strongly investors update their beliefs in response to past prices. We show that the
resulting joint volatility and trading volume dynamics are consistent with that observed
in cryptocurrency markets.

Finally, our paper contributes to the emerging literature on cryptocurrencies. Sim-
ilar to our paper, Biais et al. (2019) develop and estimate an equilibrium model of
bitcoin pricing. In their model, investors are risk-neutral and trade off the transac-
tional benefits against the risk of hacking. Cong et al. (2020), Pagnotta and Buraschi
(2018), Pagnotta (2020), and Sockin and Xiong (2020) link cryptocurrency prices to
the degree of bitcoin adoption and network properties of bitcoin users. Different from
these papers, we do not assume that cryptocurrencies have any intrinsic value. The
demand for a cryptocurrency in our model is speculative and comes from boundedly
rational investors who form their expectations based on the history of past prices.

The rest of the paper is organized as follows. We describe the model in the next
section. Section 2 provides analysis of the model. Section 3 applies the model to
cryptocurrency markets. In Section 4, we discuss some of our assumptions and extend
the model to allow investors to have heterogeneous priors. Section 5 provides our

conclusions.

1. The Model

The model studies equilibrium of an asset market, which is small in size compared with
the size of the aggregate economy. It takes the interest rate as exogenous and assumes
that all market participants can borrow and lend their capital at a constant risk-free
rate 7.

The financial market consists of one infinitely lived asset, which is in constant
supply normalized to one share. The asset does not pay any dividend. The demand
for the asset is speculative and comes from a mass one of boundedly rational utility

maximizing investors. Each investor ¢ maximizes her utility over consumption,

max FEy [/ e log(cit)dt] :
0
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The assumption of logarithmic utility is for simplicity.
The economy evolves in continuous time. Denote the price of the asset at time ¢ by

P, the wealth of investor ¢ by W, and the proportion of investor i's wealth invested



in the asset by m;;. Each investor i faces the budget constraint
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where B; and B;;, t > 0 are one-dimensional standard Brownian motions. Brownian

motions By, @ € [0, 1] are mutually independent and independent from B;. The process
pudt + odBy + 5;dBy

represents random fluctuations in investor’s ¢ wealth which occur because of unmodeled
labor shocks or unexpected returns on other investments, and are the main source of
uncertainty in the model.

We assume that B, is defined on a complete probability space (2, F, P). We also as-
sume that the exact law of large numbers holds in this economy and focus on equilibria

where the asset price evolve according to an Ito process:
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Without loss of generality we can rewrite equation (2) as

dP,
?t = (r + ol hy)dt + o dB,, (3)

t

where
P
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h = 4
t O'f ( )

is the asset’s Sharpe ratio.

1.1. Bounded Rationality

Investors’ knowledge about the state of the world is affected by behavioral limita-
tions. They observe the price process but do not understand how volatility and Sharpe
ratio are determined in equilibrium. Instead, they believe that the current Sharpe ratio

follows an Ornstein-Uhlenbeck process

dhy =y(h — hy)dt + 6dB, (5)



and use the history of normalized returns

1 dP;
dzyi = — | — —rdt | = h,dt + dB
. af(a ) i+ dB, (6)

to infer them. The parameter  represents the speed of mean reversion and h is the
long-run mean. Investors assume that Brownian motions B; and Bt have constant
correlation. Denote investors’ estimate of the Sharpe ratio by 6, = E;[h|F;]. Lemma 1

describes the evolution of investor beliefs 6;.

Lemma 1: Suppose investors believe that the dynamics of the Sharpe ratio follows (5)
and observe the history of normalized returns (6). Then investors’ estimates of the

Sharpe ratio evolves according to
where k is given in the Appendiz.

Proof. See the Appendix.
The dynamics of investors’ beliefs (7) can be written as the sum of predictable and

unpredictable components:

d@t = y(]jl — Gt)dlz +k’ (dZt - Et(dzt))J . (8)
predictagis change unpredict;gle change

When investors observe unexpectedly high returns, they infer that the asset must
currently have a high Sharpe ratio and update their estimate of the Sharpe ratio
upwards. Inspecting (8) we can see that investors’ beliefs are a function of past return
innovations. A fully rational investor would also use the history of past returns to make
predictions but would use the correct functional form for the dynamics of beliefs.

As suggested in the Introduction, the knowledge of the correct functional form
for the dynamics of beliefs might be an unrealistically strong assumption in the case
of bubbles. In practice, this knowledge can be either an outcome of learning or a
deep understanding of equilibrium. But the majority of bubbles are short-lived, with
investors displaying notoriously irrational behavior. It seems natural to assume that
investors trading in such complicated markets do not have perfect foresight of future
prices. Therefore, they use some simplified models to describe the evolution of prices.

The dynamics (8) can be viewed as a continuous-time analog of the VAR method
for discrete systems. It is commonly viewed as a first-order approximation of many

economies and markets, and for this reason, is widely used in economics and finance.



Specification (8) can also fit many forms of technical analysis, which is popular among
retail investors, and cryptocurrency investors in particular.

In specification (5), we assume that investors form their beliefs about the Sharpe
ratio. Since volatility is observable, there is a one-to-one map between beliefs about the
Sharpe ratio and beliefs about the expected returns. The specification where investors
learn about the expected returns following an Ornstein-Uhlenbeck process leads to a
qualitatively similar but less tractable dynamics.

Finally, we assume that investors neglect the correlation of investors” wealth shocks
and asset returns when making their portfolio decisions. Our results are not driven by
this assumption, but this assumption simplifies the analysis. It is consistent with the
notion that investors have bounded rationality. The correlation of investors’ wealth
shocks and the asset returns at the individual level is likely to be low: §; > o, and
might be unstable over time. Thus, as a first-order approximation, investors may

disregard this correlation in their decision-making process.

1.2. Portfolio Choice

Investors’ estimate of the Sharpe ratio determines their portfolio allocation choices.
By the well-known property of the logarithmic preferences, Merton (1973), the optimal
portfolio of investors is myopic and takes a simple form:

Eyl|F] 0

P ] L2 R 9
Tt Ty Jtp Uf ()

Consumption is a constant fraction p of wealth, ¢; = pW;;. Therefore, investor i’s

wealth evolves according to

dWi
W

Standard aggregation results imply that the aggregate investors’” wealth obeys the

following dynamics:

AW,
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2. The Equilibrium

An equilibrium is a set of asset prices, aggregate wealth, and investors’ portfolio
choices { P, Wy, m¢} that clears the asset market:

Pt :ﬂ't'Wt. (12)

In what follows, we show that investors’ beliefs 6, is the only state variable and char-
acterize the equilibrium in terms of 6;.
The market clearing (12) and Ito’s lemma imply that return volatility o7 is the

sum of two components:

oF — ' (6:)
)

changes in portfolio m¢

+  (Bito) . (13)
——

changes in wealth W;

The percentage change in the price is the sum of percentage changes in the portfolio
policy and aggregate wealth. From equation (11), the percentage change in investors’
total wealth at time ¢ is equal to (6; + 0)dB;. The percentage change in investors’
portfolio choice is equal to 7’(6;)/7(6;) - kdB;.

From equation (9), return volatility o/ can also be expressed as the ratio of 6; and
7(0;). Substituting it into (13), we arrive at an ordinary differential equation that

describes the evolution of investors’ portfolio choice as a function of their beliefs:
0, = kn'(0;) + (0: + o)m(6y). (14)

Equation (14) contains only parameters k& and o. Volatility and portfolio choice
do not directly depend on the belief mean reversion parameters v and h because they
affect only predictable changes in the dynamics of investors’ beliefs (7). Proposition 1

reports the solution to this equation and characterizes the resulting equilibrium.

Proposition 1: There is a unique equilibrium, where the price follows an Ito process
and investors’ beliefs evolve according to (7). In equilibrium, investors’ portfolio choice

7, the Sharpe ratio hy, and volatility of are functions of investors’ estimate of the



Sharpe ratio 0; and are given by
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The process 0, is stationary and recurrent on (0,00), and has a density

0(8) = C exp {% /6 (7 ) + K(h(a) - x))daz} s (18)

0o

Proof. See the Appendix.

2.1. Volatility

Figure 1 depicts volatility and investors’ portfolio choice as a function of investors’
estimate of the Sharpe ratio 6;. The parameter values are set at ¢ = 0.05, £ = 0.05.
These values are in line with our empirical estimates in Section 3. But it should
be stressed that qualitative behavior of the model is robust and does not depend on
particular values of parameters.

Looking at Figure 1, we can see that consistent with intuition, investors’ portfolio
choice 7; is monotonically increasing in 6;. A higher estimate of the Sharpe ratio makes
investors allocate a larger share of their wealth to the speculative asset. We provide a
formal prove of this fact in the Appendix. In contrast, volatility is a U-shape function
of #;. Volatility goes to infinity as 6, approaches zero or infinity.

To understand these results, notice that volatility decomposition (13) shows that
return volatility always exceeds volatility of the aggregate wealth 6,4c, which is linearly
increasing in 6, and becomes the dominant component of return volatility when 6, is
large. This linear growth stabilizes the portfolio choice m;, which is equal to the ratio of
0; and return volatility of. As 6, approaches infinity, 7; tends to one and its percentage
changes tend to zero.

Equation (13) also indicates that for §; > 0 return volatility is bounded below by the
volatility of wealth shocks o. Therefore when 6; tends to zero, 7(6;) also tends to zero,
and so does the asset price. In this situation, the percentage change in 7, amplified by
the feedback effect, exceeds the percentage change in W;, and becomes the dominant
component of return volatility. The feedback effect arises because investors use past

returns to update their beliefs about the Sharpe ratio. A positive systematic shock to
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Figure 1: Portfolio choice and return volatility
The left and right panel depict return volatility of and the fraction of wealth invested 7,
respectively, as functions of investors’ estimate of the Sharpe ratio 6;. The parameter values
are set as follows: o = 0.05, £ = 0.05. Return volatility and portfolio choice do not depend
on parameters v and h.

their wealth leads to a price increase, which in turn, leads to a more rosy outlook for
the speculative asset. As a consequence, investors allocate a large fraction of wealth
to the asset, which leads to a further increase in the price. As 0, approaches zero, the
feedback effect gets stronger. As a result, volatility goes to infinity.

For a given level of aggregate wealth, the price P, is increasing in investors’ estimate
of the Sharpe ratio #;. Thus, our model predicts a novel pattern of volatility that differs
from that observed in traditional financial markets. In traditional markets, volatility
is strongly negatively correlated with prices: volatility is high when prices are low and
vice versa. In contrast, our model predicts that the volatility of assets affected by
strong speculative demand should be high when investors are either very pessimistic

or optimistic about the asset.

2.2. Sharpe Ratio

A higher estimate of the Sharpe ratio, #;, induces investors to allocate a larger
fraction of their wealth to the speculative asset and, therefore, leads to a higher price
of the asset. The actual Sharpe ratio, h;, measures the expected change in the asset
price and therefore is determined by the dynamics of 6;, which in turn, depends on
h; through investors’ belief updates (7). The equilibrium is determined by this fixed
point problem of the Sharpe ratio and its estimate.

Figure 2 plots the Sharpe ratio and risk premium. For large values of #;, the Sharpe
ratio goes to (i — p)/o. For small values of 0;, the Sharpe ratio is positive and tends

to infinity as #; approaches zero. The risk premium exhibits a similar pattern.
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Figure 2: Sharpe ratio and risk premium
The left and right panel depict the Sharpe ratio h; and risk premium u/ —7 , respectively, as
functions of investors’ estimate of Sharpe ratio 6, . The parameter values are set as follows:
p=0.02 1=0,0=0.05 k=0.05 =02, h=0.5.

To understand these results, notice that the Sharpe ratio and risk premium are
high when investors are expected to increase the amount of their wealth invested in
the speculative asset. When 6, is high, investors allocate a large share of their wealth
to the risky asset, so the possibility that even more wealth is attracted to the asset is
small. Unless the expected rate of wealth shocks p exceeds the consumption rate p the
risk premium and Sharpe ratio are negative. In contrast, when 6, is low, only a small
fraction of investors’ wealth is invested in the asset, so there is ample room for further
price appreciation. As 6; goes to zero and the feedback affect gets stronger, the Sharpe
ratio and risk premium go to infinity.

Keeping other parameters constant, the Sharpe ratio and risk premium are increas-
ing in belief mean reversion parameter v when 6, is below &, and, and are decreasing
in v when 6, is above h. When 6, is below h, investors are expected to increase their
investment in the speculative asset, which has a positive effect on the price, and vice
versa, when 6, is below h, investors are expected to decrease their investment in the
speculative asset, which has a negative impact on the price.

In general, the Sharpe ratio and investors’ estimate of the Sharpe ratio are inversely
related. While investors’ estimate of the Sharpe ratio is correct on average (if v = 0
or h = Eh,), they make systematic mistakes. When investors are least optimistic the
Sharpe ratio is positive and high, and when they are most optimistic it is negative. This
negative link stabilizes the dynamics of investors’ beliefs and leads to the stationary

dynamics of 6, on (0, c0).
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2.3. Steady State

In steady state, the Sharpe ratio follows a mean-reverting process. When the Sharpe
ratio is high, investors’ expectation of the Sharpe ratio 6, is low, and vice versa. The
resulting mean-reverting dynamics, however, does not follow an Ornstein-Uhlenbeck
process assumed by investors. The discrepancy between the assumed and true dynamics
of the Sharpe ratio is the reason for investors’ systematic learning mistakes.

Because the Sharpe ratio goes to infinity sufficiently quickly as 6; goes to zero, if
investors’ start with strictly positive beliefs about the Sharpe ratio their beliefs stay
away from zero for all time. As a result, investors never take a short position in the
speculative asset, ensuring that the price is strictly positive at all times. This inability
to reach 0 at a positive time is similar to the behavior of the square-root process often
used to model the dynamics of interest rates and volatility. We would like to stress,
however, that in our model the fact that the dynamics of investors’ beliefs is restricted
to positive values is not a consequence of a hard-wired assumption, but an equilibrium
outcome.

The left panel of Figure 3 plots the stationary distribution (@) for the case v = 0,
in which investors believe that the Sharpe ratio follows a random walk, and v = 0.25
and h = 0.5, in which they believe that the Sharpe ratio follows a mean-reverting
process. Mean reversion in investors’ beliefs shifts the stationary distribution towards
h, and when v goes to infinity, the stationary distribution converges to a degenerate
distribution. The middle and right panel Figure 3 show volatility and the Sharpe ratio
restricted to values of 6; in the interquantile range [0.001,0.999]. While both volatility
and the Sharpe ratio can take arbitrary large values, in practice, the probability of

reaching extreme values is very small.
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Figure 3: Stationary distribution of 6;
The left panel depicts the stationary distribution of investors’ estimate of Sharpe ratio 6;.
The blue and red line correspond to the case of ¥ = 0 and v = 0.2, h = 0.5. Other parameter
values are set as follows: p = 0.02, p = 0, ¢ = 0.05, £ = 0.05. The middle and right
panel show volatility and the Sharpe ratio restricted to values of 6; in the interquantile range
[0.001,0.999].
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Proposition 2 reports the expected time for the process 6, to first arrive at @ or 6

from its initial value 6,.

Proposition 2: Suppose the process 0, starts at 6y > 0 att = 0. The expected time it
first hits 8 < 0y s given by:

2 1)
BTy = /0 e (19)

The expected time it first hits 6 > 0y is given by:

2 [0 W(b)

- ﬁ o Wd@ (20)

ET,

where U(6) = f09¢(y)dy is the CDF of the stationary distribution.

Proof. See the Appendix.

The left panel of Figure 4 plots the expected time for 6, to reach a particular value
6 when it starts from its median value. The expected time quickly increases and goes
to infinity as # moves away from the median value. For example, it would take on
average 100 years for #; to reach the value of § = 0.3 that corresponds to the Sharpe
ratio value of 2.7. The right panel of Figure 4 plots the expected time for 6; to reach
the median value when it starts from a particular initial value 6. We can see that it
would take on average 2 years for 6, to reach the median if it starts from 6, = 0.3.
Taken together, Panel (a) and (b) provide information about the possible duration of
bubble cycles.

The knowledge of the stationary distribution (18) allows us to compute steady-state
empirical moments of returns. Figure 5 shows the mean excess return, mean excess
log-return, and mean Sharpe ratio. Provided that ; < p the mean excess log-return is
negative. Therefore, the price is expected to decline over time. This is expected since
the asset is not productive, and the expected growth of wealth is below the consumption
rate.

In contrast to the mean excess log-return, the mean excess return and mean Sharpe
ratio are positive. The sign difference between the mean log and simple returns might
seem surprising at first glance. While 6; spends a roughly equal amount of time in
the positive and negative expected return area, the risk premium and Sharpe ratio are
highly skewed and negatively correlated with investors’ beliefs. When investors are
pessimistic and invest a relatively low fraction of their wealth in the speculative asset,
the expected returns are high and positive. But when investors are optimistic and

invest a relatively large share of their wealth, the expected returns become negative.
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Expected time from median Expected time to median

Figure 4: Expected first-hitting-time of 6;
The left panel plots the expected time for 6; to reach a value # when it starts from its median
value. The right panel plots the expected time for 6; to reach the median value when it starts
from an initial value 6y. The parameter values are set as follows: p = 0.02, p = 0, o0 = 0.05,
k =0.05, v =0.2, and h = 0.5.
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Figure 5: Empirical moments
The left, middle, and right panel depict the mean excess return, mean excess log-return, and
mean Sharpe ratio under the stationary distribution (18). The parameter values are set as
follows: p = 0.02, p =0, v = 0.2, and h = 0.5.

Since the logarithm is a concave function, it penalizes negative returns more than
rewards positive returns. As a result, when returns are highly skewed it is possible to

have negative expected log-returns but positive expected simple returns.

2.4. Arbitrage Opportunities

Because the model has only boundedly rational investors, the market can potentially
be very inefficient with many arbitrage opportunities present. If this is indeed the
case and it is easy to take advantage of irrational investors, one might question the
plausibility of the model. In this section, we study return predictability and show that
inefficiencies are generally small.

We start with computing the correlation of returns at different horizons. The
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closed-form solutions for correlations are not available. Therefore, we present the
results based on simulations. Simulation of returns is straightforward and fast since
both volatility and the Sharpe ratio are available in closed form. We simulate 1000
sample paths of 10,000 years of daily returns. In simulations, we sample the starting
value of #; from the stationary distribution and set the same parameter values as
before: p = 0.02,1 = 0,0 = 0.05,k = 0.05,7 = 0.2,h = 0.5. With these parameter
values, we obtain that the autocorrelations of returns at daily, weekly, and monthly
frequency are -0.1%, -0.6%, and -2.7%, correspondingly. The returns tend to exhibit
mean-reversion but the magnitudes are small. Therefore, strategies that do not depend
on the knowledge of the state of the economy, 6;, generate negligible profit.

Next, we examine and compare the average long-run profit of investors who have
some knowledge of the economy with that of feedback investors. We consider two
cases. First, we look at the profit of a rational investor who knows 6, and its true
dynamics. Second, we look at the profit of an investor who does not know the Sharpe
ratio and needs to estimate it using the Kalman filter (7), but who can choose the
optimal parameter values.

We assume that investors do not have wealth shocks (o = 3; = 0) and choose their

portfolio policies to maximize the expected logarithmic return on their wealth. Let
] S
logR' = lim —FElog(W;/Wy), i€{r f, o}, (21)
T—oo T

be the average logarithmic return of a rational (r), feedback (f), and feedback in-
vestor who chooses the optimal parameter values (0), and let 7%, i € {r, f, 0}, be their

respective optimal portfolio strategies. Proposition (3) reports the results.

Proposition 3: The optimal portfolio policies and expected logarithmic return on the
wealth of a rational, feedback, feedback investor who chooses the optimal parameter

values are given by the following expressions:

h(@t) 1 2
r__ T _ —-F 22
7Tt U(et), lOgR T+ /’L p + 2 [h (0t)]7 ( )
= Egééet)] . logR =r+pu—p+ %(E [h(0:)])%, (23)
t
0 k4 2y 7, k
f_ 0 f_ Y ey _F

where the expectation is taken with respect to the stationary measure (18).

Proof. See the Appendix.

For any investor, the optimal portfolio policy to maximize the expected log-return
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is to invest a share of wealth in the speculative asset equal to the ratio of her estimate
of the Sharpe ratio and volatility. Since a rational investor knows the link between
equilibrium quantities and #; and observes return volatility, which is a function of 6,
she can deduce 6; from the knowledge of o' (6;). As a result, she can also deduce the
current value of the Sharpe ratio, h(6;).

A feedback investor uses her estimate of the Sharpe ratio, ;. In the proof, we show
if a feedback investor could choose parameters optimally, she would be better off if
she fixes her estimate of the Sharpe ratio at its mean value and does not update it.
The reason for this is that, as we have shown in (2), investors’ estimate of the Sharpe
ratio and the true Sharpe ratio are inversely related. By setting her estimate of the
Sharpe ratio to its mean, an investor can minimize her average mistake. Notice that to
implement this strategy, the investor would need to know the mean of the Sharpe ratio,
which might not be available. Fixing the estimate of the Sharpe ratio away from its
mean results in a lower expected return. For sufficiently large deviations, the resulting
expecting return can be lower than that of the feedback investors who use past returns
to update their estimate.

For parameter values p = 0.02,1 = 0,0 = 0.05,k = 0.05,v = 0.2, and h = 0.5,
we obtain the following values for the expected excess log-return: logR" — r = 8.64%,
logR® — r = —1.51%, and logR! — r = —6.43%. Consistent with our previous results,
the excess log-return of feedback investors is negative. An investor who knows the mean
value of the Sharpe ratio correctly can achieve a better but still negative excess return.
Finally, a fully rational investor can achieve an excess log-return of about 8.64%. The
average volatility of the portfolio that delivers this return is 45%. Overall, our results

show that opportunities to make trading profits in this market are limited.

3. Application to Cryptocurrency Markets

In this section, we apply our model to cryptocurrency markets. Consistent with the
assumption of the model, cryptocurrencies do not offer any payoff to their investors.
Further in support of model assumptions, Makarov and Schoar (2020) show that in
cryptocurrency markets, there is a strong positive relation between investors flows
and prices. The net order flow explains 80% of return variation — a substantially
greater proportion than in traditional capital markets. Liu and Tsyvinski (2020) show
that cryptocurrency returns do not significantly load on macroeconomic factors or
cryptocurrency production factors but correlate with measures of investor sentiment.
Bhambhwani et al. (2019) show that cryptocurrency returns load positively on the U.S.

market factor.
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In our empirical analysis, we consider the three most liquid and largest cryptocur-
rency markets: bitcoin, ethereum, and ripple, and particularly focus on bitcoin, which
is the oldest and most prominent cryptocurrency. Our model makes a number of spe-
cific predictions about volatility. In particular, it predicts that volatility is a U-shape
function of investors’ beliefs #;. Holding the aggregate wealth constant, the price is an
increasing function of #,. Therefore, our model predicts that volatility should be high
at the height and the bottom of cryptocurrency price cycles.

Since in practice prices are observed only at discrete dates, volatility is not directly
observable and should be estimated. To estimate volatility we use model-free daily
realized volatility based on 5-minute returns (5-minute RV). This choice of estimator
as a measure of realized volatility is motivated by Liu et al. (2015) who consider over
400 different estimators and find little evidence that 5-minute RV is outperformed by
any other measures. To construct 5-min RV, we use tick-level transaction prices from
Kaiko and Bitcoincharts.com, which obtain the data by querying APIs provided by
exchanges.?

While cryptocurrencies are traded on many exchanges, cryptocurrency exchanges
are nonintegrated. As a result, as shown by Makarov and Schoar (2020), cryptocurrency
markets exhibit periods of large, recurrent arbitrage opportunities across exchanges.
To avoid capturing price variation across exchanges, we therefore use price originating
from a single exchange. The choice of the exchange is motivated by liquidity and data
availability. For bitcoin, we use transaction data from Bitstamp in the period from
1/1/2014 to 31/12/2020; for ethereum we use data from Coinbase in the period from
1/1/2017 to 28/05/2020; finally, for ripple we use data from Bitstamp in the period
from 1/09/2017 to 28,/05/2020.

Cryptocurrency markets trade 24 hours a day, seven days a week. We take mid-
night to midnight Coordinated Universal Time (UTC) as a trading day. For each day,
whenever there are several trades within the same second, we take the median price
for this second. Next, we create a one-minute grid whereby we find the latest available
price before each minute on this day. We use these 24 x 60 prices to compute five
different 5-minute RV based on returns starting at 00.00, 00.01, ..., and 00.04 UTC.
Each 5-minute RV is the sum of squared 5-min returns. Finally, we average these five
“5-minute sub-sampled RV” to obtain the final estimate of the realized variance.

Figure 6 plots daily log price and realized volatility for the three cryptocurrency
markets. The right upper panel shows the bitcoin price. The bitcoin price dynamics
exhibits the well-documented and publicized cycles. There were large run-ups in the

bitcoin price prior to 2014 and from 2015 to early 2018, followed by steep declines. As

2See Makarov and Schoar (2020) for more details about data description.
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Figure 6: Bitcoin price and returns

The panels depict daily log price, 5-minute RV estimate, our estimate of cryptocurrency
cycles, and scatter plots of daily realized volatility against our measure of crypocurrency
cycles for bitcoin from 1/1/2014 to 31/12/2020, ethereum from 1/1/2017 to 28,/05/2020, and
ripple from 1/09/2017 to 28/05/2020.

of December 2020, the bitcoin price is again at all-time high. Ethereum and ripple
prices follow similar dynamics.

The second panel of Figure 6 shows the 5-minute RV estimate. Eyeballing the
behavior of realized volatility and prices in Figure 6 we can notice that consistent with
the model’s predictions, volatility is indeed generally higher both at the height and the
bottom of cryptocurrency price cycles. To verify this behavior, we construct a simple
measure of cryptocurrency cycles by taking the deviation of cryptocurrency price from
its exponentially-weighted moving average with the weight parameter equal to 0.99.

Notice that the dynamics of beliefs (7) imply that investors’ beliefs 6; can be written
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as an exponentially moving average of past returns. Therefore, one should expect our
simple measure of cryptocurrency cycles to be correlated with ;. The results are shown
in the third panel of Figure 6. The deviations are highest during bitcoin run-ups in
2017, 2019, and the end of 2020, and lowest during bitcoin crashes in 2015 and late
2018.

The last panel of Figure 6 shows a scatter plot of daily realized volatility against
our measure of cryptocurrency cycles along with the LOESS (locally estimated scat-
terplot smoothing) curve. We can see that the LOESS curve is a U-shaped function,
which confirms our observation that volatility is higher at the height and the bottom
of cryptocurrency price cycles. Thus, volatility in cryptocurrency markets displays a
different pattern from that in traditional markets, where rising asset prices are accom-
panied by declining volatility, and vice versa (the “leverage effect”). We conjecture
that our model’s prediction about the U-shaped behavior of volatility is not limited
to cryptocurrency markets but holds more generally for all assets affected by strong
speculative demands.

Next, we estimate and fit the model to data. In this exercise, we restrict our
attention to the bitcoin market. Our goal here is to see if the model can match the
dynamics of prices and moments of returns. Denote the time-t log bitcoin price by p;.
The joint process (py, 0;) is Markov. Its evolution is described by the following system

of stochastic differential equations

dp; = (r + o (0)h(0;) — %0(@)2) dt + o(6,)d B,

db, = (y(h — 0,) + k(hy(6,) — 6,))dt + kdB,, (25)

where functions h:(6;) and o(6;) are given by equations (15) and (17). Of the two
processes, p; and 6, only the price is observed.

Since the closed-form solution for the transition density is not available one can-
not apply the maximum likelihood method directly. The literature proposed several
methods to approximate the transition density. These include simulated maximum
likelihood estimation, Pedersen (1995), Brandt and Santa-Clara (2002); Markov chain
Monte Carlo, Eraker (2001), Elerian et al. (2001); and using Hermite function with
coefficients obtained using higher order Ito-Taylor expansions, Ait-Sahalia (2002). In
this paper, we take advantage of high frequency data and use the Euler scheme to

estimate the unknown parameters in (25) and infer the unobserved states 6, and s;.
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The Euler scheme uses a first-order approximation given by the discrete-time process

1
D(i+1)A = Pia + (T‘ + o (0in)he(Oin) — 50(‘9m)2> A+ U(QiA)\/ZC%

Ourna = in + (Yh — (v + k)0in) A+ k (pirya — pia — 1A [ (6;a), (26)

where ¢;, i = 1,...,n are independent, identically N (0, 1)-distributed. We expect this
approximation to work sufficiently well at the daily frequency (Florens-Zmirou (1989)).

The parameters p and p cannot be identified separately in the data. Therefore, set
p = 2% and r = 1%, and use the maximum likelihood estimator for the discretized
system (26) to estimate other parameter values. We obtain the following estimates:
pw=54%, 0 = 0.012, k = 0.08, v = 0.19, h = 0.55, and 6y = 0.73. The high estimate
of 11 is the consequence of large bitcoin appreciation over the considered period, and is
unlikely to hold in the long-run.?

The imputed unobserved investors’ beliefs 8; are plotted in Figure 7. The system
starts at the state where the perceived Sharpe ratio 6; is high. This predicts lower
expected returns and leads to a sharp price decline. The early 2018 and late 2020
peaks of bitcoin prices realize again when 6; reaches its highest values.

Investors'beliefs 0,
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Figure 7: Investors’ beliefs
The figure depicts the evolution of investors’ beliefs 8; obtained by fitting the model to the
bitcoin data using the maximum likelihood estimator for the Euler scheme (26).

In the model, the expected return and volatility are functions of investors’ beliefs,
;. Having obtained the parameter estimates and investors’ beliefs, we can check these
predictions by regressing bitcoin realized returns and volatility on their model pre-

dicted values. Regressions (27) and (28) report the results. The t-stats are given in

3See our discussion in Section 4.

21



parentheses.

ry = —0.002 + 2.087(0,_1) + & (27)
(—1.0) (2.07)

Orot = ?_06%6 + (21.21.38)&(6’75_1) +e. (28)
If the model is correct, one should expect the coefficients at the predicted values from
the model to be equal to one. Looking at the regression results, we can see that the
coefficients are indeed reasonably close to one and significant at the 5% level. Overall,
regressions (27) and (28) confirm that the model is able to fit the data.

Next, we show that the model can also generate time-series momentum. Liu and
Tsyvinski (2020) document that there is time-series momentum in cryptocurrency mar-
kets at horizons from one week to four weeks. In the model, expected returns are pos-
itively autocorrelated because they are a function of persistent state-variables, 6;, and
s¢. The realized returns and expected returns tend to be negatively correlated because
the true Sharpe ratio and investors’ estimate of the Sharpe ratio are inversely related.
The momentum profit is determined by the interplay of these two effects.

When the risk premium is high or low, the realized returns also tend to be high or
low and continue to be high or low for some time in the future, leading to momentum in
returns. When the risk-premium is around zero, the market moves from slight positive
expected returns to slight negative expected returns following positive realized returns
and vice versa. This creates reversals in returns. In steady state, the second effect
dominates. As a result, returns are slightly negatively correlated. But on the way to
the steady-state returns exhibit momentum.

To demonstrate this, we simulate 1,000,000 samples of weekly returns over the six-
year horizon using the dynamics (26) and parameter values we obtained from fitting
the model to the bitcoin market. As initial values for 6; we set 8y = 0.3. Similar to Liu
and Tsyvinski (2020), we regress cumulative i—week return R;;,; on weekly return Ry,
1t =1,2,3, and 4. The average coefficients along with the coefficients observed in the

data are reported in the table below.

weekly Ry Rt7t+2 Rt,t+3 Ryiia
model: R; 0.03 0.06 0.9 0.12

data: R, 0.04 0.13 0.20 0.10
(0.70)  (1.71)  (1.96)  (0.77)

Finally, we note that the model predictions are also consistent with the large price
impact observed in the bitcoin market. Makarov and Schoar (2020) estimate that a buy

order of 1,000 bitcoin leads to a 30bs increase in the bitcoin price. The total amount of
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active bitcoins during the estimation period was about 16.5M, which translates into a
price impact of 50. In the model, price impact is equal to the ratio o} /o, and is about

50 for the fitted parameter values.

4. Discussion and extensions

In the current model, we have made a number of simplifying assumptions. In
particular, we have assumed (1) that investors have the same expectations of the Sharpe
ratio, and (2) that all investors participate in the market from date 0. As a consequence
of these assumptions, there are two dimensions where our model is at odds with the
data. First, as in any setting with homogeneous agents, trading volume is zero in
our model. Second, the bubble growth in the model realizes through the dynamics of
investors’ beliefs and the mean of wealth shocks.

In practice, a large portion of bubble growth occurs when investors, previously
unaware of a speculative asset, jump on the bandwagon and invest in it. As a result,
the total aggregate wealth of investors who invest in a speculative asset grows at a
high rate in the early stages of the bubble. Over time, as more and more investors
become aware of the speculative asset, the growth of “new” money slows down, and
the growth rate of total aggregate wealth converges to its “natural” rate determined
by inflation and the growth rate of the economy. Thus, our estimate of p in Section 3
is likely biased upwards.

One relatively straightforward way to make our model more realistic would be to
assume that aggregate wealth shocks have not constant but stochastic drift u,;, where
innovations to the drift process are positively correlated with the wealth shocks. It can
be shown that in this extended setup, the expressions (15) for the portfolio policy and
volatility remain unchanged, and the Sharpe ratio (16) becomes

' (0r) n L, 2m(0)

w(6;) 20 w(6)

h(y, 112) = “t; i (1 +L(h- 9t)) k (29)

ko
As in the main setup, the drift process only changes the asset’s expected return but
not its volatility.

Another way to address the current shortcomings of the model is to allow investors
to have heterogeneous beliefs and model the entry of investors using the dynamics
of their beliefs. For example, one can imagine retail and institutional investors have
different priors and different speeds with which they update their beliefs. Initially,
retail investors are more optimistic, so they drive bubble growth in the early periods.

Over time, institutional investors seeing large run-up in the price slowly update their
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preferences and enter the market, fueling bubble growth at the later stage. Developing
a fully-fledged realistic model with heterogeneous investors is an interesting direction
for future research but goes beyond the scope of this paper.

In the rest of this section, we consider a simple extension of our model to the case of
heterogeneous beliefs. Despite its simplicity, we show that this model can successfully
explain the joint qualitative behavior of prices and volume in the bitcoin market.

Suppose that in addition to the group of investors who update their beliefs according
to equation (7), there is another group of investors who hold constant beliefs about
the Sharpe ratio. Denote their beliefs by 6. Similar to the first group, investors in
the second group have logarithmic utility, face the same budget constraint (1), and
neglect the correlation of investors’ wealth shocks and asset returns when making their
portfolio decisions. Thus, the optimal portfolio policies of the feedback and constant-

belief investors are

0,
Ty = ?, (30)
%\t — E, (31)

respectively.
Denote the aggregate wealth of the feedback investors by W; and that of the

constant-belief investors by /V[Z The market clearing condition (12) becomes
Pt = TtWt + /ﬁtWt. (32)

With the two groups of investors present, their wealth ratio, /Wt /Wy, becomes an
additional state variable. Denote this ratio by X;. Applying Ito’s lemma to ratios, we

obtain the dynamics of X;:

dX A A
7; = (0 —0,) (he — 0 — 6,) dt + (6 — 6,)d B, (33)
where h; is the Sharpe ratio, which is now a function of both 6; and X;. Proposition 4

shows that the extended model preserves the tractability of our base model.

Proposition 4: There is a unique equilibrium, where the price follows an Ito process
and the feedback investors’ beliefs evolve according to (7). In equilibrium, all quantities

are functions of the feedback investors’ estimate of the Sharpe ratio 0; and the wealth
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ratio X;. In particular,

X, + 0,
0, Xy) = 34
g ( ts t) Z(et,Xt)7 ( )
- . Z,
(6 X0) = E—L ot (k+ 2 - 0)) 7 (35)
o o A
171 N 1 .
+— bk%e + k(0 = 0) X Zox +5(0 - 9t>2XEZXX]. (36)
where Z (0, Xy) is given by
1 @02 [? ~ (y+0)?
Z(0r, Xy) =—e = / (0X: +y)e = dy, (37)
k 6(6:.X0)
and 6(6;, X;) solves
j_o\2 “ H_ » 2
e = —hX,e (38)

Proof. See the Appendix.

The main economic mechanism in the heterogeneous beliefs model is similar to that
in the baseline model. However, the heterogeneous beliefs model displays considerably
more complicated dynamics. The asset pricing moments are no longer just functions
of investors’ beliefs but depend on the wealth ratio as well. When X, goes to zero,
feedback investors dominate the economy, and the model solution converges to the
solution in the main setup. When X, goes to infinity, the economy is dominated by the
constant-beliefs investors. In this economy, volatility and the Sharpe ratio are constant
and are equal to 0 =0+ o and (u — p)/o, respectively.

To illustrate the model dynamics consider the case where v = 0, 4 = 0, and 0 is
equal to the mean of the Sharpe ratio in the economy populated only by the feedback
investors. We showed in Section 2.4 that in the economy populated only by the feedback
investors, the portfolio strategy of the constant-beliefs investors would deliver a higher
logarithmic return than any other feedback strategy. Thus, in partial equilibrium, the
constant-beliefs investors eventually would dominate the feedback investors. In general
equilibrium, however, as the relative wealth of the constant-beliefs investors grows,
volatility and the Sharpe ratio converge to constant values. In this case, the portfolio
strategy of the feedback investors, who update their beliefs, starts outperforming the
portfolio strategy of the constant-beliefs investors. As a result, the economy converges
to a steady state where no type of investors completely dominates the other in the long
run.

Figure 8 plots volatility and the Sharpe ratio in the heterogeneous beliefs economy
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given by equations (34). For any fixed wealth ratio X, volatility exhibits the familiar
U-shape pattern: It is largest for small and large values of 6;. Volatility generally
declines with X since the price needs to adjust more to induce the feedback investors
to rebalance their portfolio. As in the main setup, the Sharpe ratio goes to infinity
as #; and the price decline. Different from the main setup, where feedback investors
never take a short position, now investors sometimes can short the asset. The price,

however, stays always positive.

Volatility Sharpe ratio
09: 10!
0.8
0.7 1 05
0.6
05 0.0
04
-05
03
01 03 go 10 0103 g3y 5—— gy 10

(¢} X 0 X

Figure 8: Volatility and Sharpe ratio
The left and right panel depict volatility and the Sharpe ratio, respectively, as functions of
feedback investors’ estimate of Sharpe ratio 6; and wealth ratio X;. The parameter values
are set as follows: p = 0.02, =0, 0 = 0.05, k = 0.05, v = 0.0, § = 0.21.

Given portfolio policies of the investors (30), the fraction of the speculative asset

held by the constant belief investors is equal to

%tﬁ/\t éXt

L O (39)
7TtVVt + 7TtWt eXt + Qt

Applying Ito’s lemma to ratios, and using (7) and (33), we find that its dynamics is
given by

al - 60X, _ ( ' .)dt o L . (k + Qt(et — é)) dB;. (40)
0X, + 0, (0X; +6,)

In the model, the feedback and constant-beliefs investors constantly trade with each
other. Because we use Brownian motion to model uncertainty, trading volume in fact
is infinite over any period. Therefore, to study volume, we follow Lo and Wang (2003)
and use the coefficient at the dB; in the above equation as a proxy for volume. Its plot
is shown in the left panel of Figure 9.

Similar to volatility, the volume goes to infinity when 0X,+ 6, and the price tend to
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zero. Also, volume tends to be high when 6, is high. In general, volume tends to be high
when volatility is high and vice versa. This can be proved using explicit expressions
for volatility and volume derived above. To visualize this relationship, we simulate the
model using the dynamics equations (7) and (33) for 6; and X;. In simulations, we
set as before, p = 0.02, p = 0, 0 = 0.05, and k = 0.05, and simulate the model over
10,000 years to obtain the stationary distribution of #; and X;. For each 6, and X; we
compute volatility and volume. The scatter plot of log volatility versus log volume is
shown in the right panel of Figure 9. The figure confirms a strong positive relationship

between volume and volatility in the model.

Volume Model log volatility vs log volume

log volume

-1.00 -0.75 -050 -025
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Figure 9: Volume
The left panel depicts volume as a function of feedback investors’ estimate of the Sharpe ratio
0; and wealth ratio X;. The right panel shows the scatter plot of log volatility versus log
volume from model simulations. The parameter values are set as follows: p = 0.02, u = 0,
o =0.05,k=0.05 v=0.0,0=0.21.

A strong positive relationship between volume and volatility has been documented
in many markets; see Karpoff (1987) for a survey of empirical evidence. Next, we show
that it also exists in the bitcoin market. To calculate bitcoin volume, we use bitcoin
volume data from 17 largest and most liquid crypto exchanges provided by Kaiko. Our
data cover the period from 1/1/2014 to 28/05/2020. Following Makarov and Schoar
(2020), each day on each exchange we compute bitcoin volume to major fiat currencies
(USD, EUR, JPY, and KRW). We then sum all these volumes and take the log. The
resulting time series are shown in the left panel of Figure 10.

Similar to volatility, volume tends to be high at the bottom and the height of bitcoin
cycles. To verify this, the middle panel plots volume fit against our measure of bitcoin
cycles we used in Section 3. The LOESS fit is shown in red. As in the case of volatility,
it is a U-shaped function. This is not a random coincidence since in the bitcoin market
volume and volatility are strongly related. The latter is confirmed in the right panel

of Figure 10 which plots volume against log volatility. Comparing Figures 9 and 10 we
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Figure 10: Bitcoin market volume
The left panel depicts the log bitcoin volume for the period from 1/1/2014 to 28/05/2020.
The middle panel plots volume fit against our measure of bitcoin cycles. The right panel
shows the scatter plot of log volatility versus log volume from data. Bitcoin volume data
includes those from the 17 largest and most liquid cryptocurrency exchanges and is provided
by Kaiko.

can see that the joint behavior of volume and volatility in the model is similar to that

in the bitcoin market.

5. Conclusion

The paper develops a novel model of bubbles. In the model, boundedly rational
investors have CRRA preferences. They observe the price process, but do not fully
understand how its volatility and expected returns are determined in equilibrium. In-
vestors learn about the expected returns by fitting a parsimonious model to the history
of past prices. The model has an explicit solution, which allows us to compute many
objects of interest in closed form and to efficiently estimate the model. We fit the
model to cryptocurrency markets and show that it is able to explain the joint behavior
of expected returns, trading volume, volatility, momentum, and large price impact in

these markets.
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Appendix. Proofs

Proof of Lemma 1

The observation equation (6) is

dZt = htdt + O'dBt.

(A1)
Denote the correlation between dB; and dB, by p. Then, investors’ estimate of the
state variable evolves (Jazwinski (1970), p.239) according to

d‘gt = "}/(ht — Gt)dt + k(dZt - Qtdt),

where

(A2)

k= /"2 +62+2ypoG — (A3)
Q.E.D.
Proof of Proposition 1

The general solution of the linear ODE (14)

1 i to)? 0t o2
(0;) = Ee’(e 5 </o we - dy + C) (A4)

In equilibrium, the portfolio choice 7(0) = 0/0(0) is equal to the ratio of asset price
and aggregate wealth P,/W,;. Applying Ito’s Lemma to 7(#) and substituting in (7),
(3) and (11),

dr(0,) = '(0,)d0, + 17r '(60,)(d6,)>?

{(fyh RO — (v B0 R0 + 00| dt 4+ ke (0B,
dn(6)) = d (If;t)

12P
- Wtht L apaw, + 1 3778
P,
= (o=t (o = 8)he— (6. + 0o

(A5)

By

Wi -

7 (AW

— 0= 0))dt + (of — 6 — 0)dBy|.

(A6)
Comparing the coefficients of dt terms in two expressions of dr(6;), substituting in (14)
and simplifying, we arrive at (16)
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Consider the limit of 7, when 6; tends to zero. If this limit is nonzero, the Sharpe
ratio h; does not tend to infinity when 6, — 0. Therefore, equation (7) that describes
the evolution of investors’ beliefs implies that both positive and negative realizations
of 6; are possible. Since investors perceive the expected excess return to be negative
(positive) for negative (positive) 6 their portfolio choice 7(#) should change sign at
0; = 0, contradiction.

Thus, 7(0) = 0, and therefore, there is only one solution in (A4), which is consistent

with equilibrium. Namely,

1 @ [P @ro?
w(0) = —e” 2k re 2 dx
k 0

which is equation (15).

Next, we prove that 7(6;) is an increasing function of 6,.

(A7)

The first inequality follows from the fact that x/(xz + o) is increasing for = € [0, 6).
Combining (14) and (A7), we arrive at 7’'(6) > 0.
Finally, consider the dynamics of 6;. Equation (7) implies that

d, = p(0;)dx + o9(0,)d By, (A8)

where
po(0) = vh + kh(0) — (v + k)b, (A9)
0'9(9) = K. (AlO)
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Define

s =oo{-2 [ 200} —op {2 [ahimw - o+,

o O-g (y) 6o

5(6) = / S (y)dy. (Al1)

The function s(6) is known as the scale function of the diffusion 6;. It can be verified
that

elim s(0) = oo, (A12)
lim s(0) = —o0. (A13)
0—0

Therefore, 6, is recurrent on (0,00) (Khasminskii (1980), p.95). A stationary density
of 6, satisfies the Kolmogorov forward equation

0= s [ou(070(0)] — - [ma(0)(0)]. (A14)

The solution can be written (Karlin and Taylor (1981), p. 221) as

P(0) = 2 <

2 [f _
W:Cexp{ﬁ/<’7h+kh(y)—<v+k)y)dy}, >0, (A15)

0o

Q.E.D.

Proof of Proposition 2

For 6, € [0, 6], define

i ' (wwrl / 9w<y>dy) o,

() = > Foow st [ (vor [ o) a

(A16)
It can be verified that g(8) = g() = 0, and that g(6,) satisfies
1 /
(609 (6:) + 50°(0)g"(6,) = —1 (A17)

Let Tys = {inft|6, = 0 or 6, = 0}. T3 is a stopping time with E[Tj5] < co. Then
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Dynkin’s formula holds:

/0 Te(—l)dt} (A18)

ETy5 = g(6o) — E°[g(61,,)] = 9(60) (A19)

Taking the limit § — oo in (A16), we arrive at (19). Taking the limit § — 0, we
arrive at (20) . Q.E.D.

Proof of Proposition 3

Investor i’s wealth evolve according to

) ) 1 . )
dlog(W{) = (r+pu—p+mol hy — 5(7r§af)2)dt + il dB,, (A20)

Therefore,

) 1 . .
log R' = lim —FElog(Wr; /W)
T—oo T

. 17 i Lo
:T_‘_M_p_l—jll_{gof/o E[Wtafht—ﬁ(ﬂtaf)ﬂdt
. 1 .
=r—+u—p+ E[rjo b — =(mjo])?]. (A21)

2

Substituting rational investors’ portfolio choice 7} = h; /o] into (A21), we obtain (22).
Consider an investor whose belief §, about the Sharpe ratio obey the following

dynamics
8, = 3(h — 0,) + k(h(8,) — 6,)dt + kdB,. (A22)
Applying Ito’s lemma to /9;2,
d6? = 26,d0, + (d6,)? = (K> + 290,(h — 6,) + 2k0,(h(6,) — 6,))dt + 2k6,dB,.
Her portfolio choice is 7, = 0, /ol and her wealth evolve according to

_— ~ 1 ~
dlog(W,) = (r — p + 0;hy, — ~62)dt + 6,dB,

(]

-~

i
=(T+u—p—§+§é?+

—
=)

o 1
0,(6, — 1)) dt + ﬁd%. (A23)
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Therefore her expected logarithmic return is equal to

A~ 1 — —_
log R = lim —FElog(Wr/Wy)
T—oo T

k+29 ~ Ah_~ k
—r4p—p+——LE[?] - <E[0] - =. A24
Ho Pt [67] ; [0 - 5 (A24)

Setting k =k and ~y =7, we have 6, = 0, and from the above equation we obtain (24)
for the feedback investor.

Solving (A22), we obtain the expression of 6,

~ t N
0, =—L—h+ / ke~ OHR(E=9) g, (A25)
Y + k —00
~ t N
=T ht / ke~ TR (b ds + dBy). (A26)
Yy + k —00

The unconditional expectation of «9: is equal to

o~

t ~
Eff) = ——h+ / ke~ ORI Bip, |ds =
Y + k‘ —00

Elhy]. (A27)

Now we look at the limit ¥ — 0 and 4 — 0. In this case the variance of 6A’t tend to
zero and the stationary distribution of 6, tend to a degenerate distribution 0, =E [Pt

We argue that this choice is optimal and the expected logarithmic return is equal to

~ 1

For the proof of optimality, we need to calculate the unconditional variance of é\t
for any k. The innovation in the return process dz; is negatively autocorrelated. For

time s < t, positive realized return at time s increases ; and therefore decreases h(6;)

Cov(dzs,dz;) = Cov(dzs, hydt + dBy)
= Cov(dzs, h(6;))dt < 0. (A29)

é\t is a weighted average of dz;. The variance of GAt is thus smaller than the sum of
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variance of its components

t

Var[@\t] </ Var [Ee_(%rz)(t_s)dzs]

t . 7.2
= / k2e 20+ =) Var(dz,] = % (A30)

For any positive % and ~,

~ k+2% _~ Ah .~k
logR=r+pu—p+——~F|0;] — =<FE|0;] — =
nopt = [67] - [6:] = 5
k+2y, _~. o 7h k+ 2y ~  k
=r+u—p+———(F|0))" — =<FEI|0 —Varl0,] — =
n—=p o (£]6:]) 7 [6:] % [6:] 9
1 ~? - k+ 25 k
=74+ p—p+ 5(Elh])? - ~—(E[h] — h)? + ——Var[y] — =
= ot B = o (Bl = )+ = VD) - 5
1 k+29 k2 k
<r+p—p+=(Eh))? - =~ — =
B + = s = 3
< limlog R (A31)
k—0
7—0

In other words, choosing k= 7 = 0 and fixing the estimate of Sharpe ratio at the
unconditional estimate of Sharpe ratio E[h|, on average, yield a higher average loga-

rithmic return than that for any positive k. Q.E.D.

Proof of Proposition 4
Define Z; = P,/W,. Using the market clear condition (32) and substituting in the
optimal portfolio policies of the feedback and constant-belief investors (30)-(31),

. i . 7TtWt +/7T\-tWt
W Wi ’
X, +0,

P
0y

Zy

(A32)
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Applying Ito’s Lemma to Z;,
dZt = |:("}/ib + kht — ("}/ + k)et)Zg + (é\— 61/) (ht — 0 — 61/) XtZX

1 ~ 1 ~
+ §k2Z09 + kf(e - et)XtZGX + 5(9 - et)QXEZXx] dt

+ [kzg 4 (- 6)X,Zx|dB., (A33)

P,
dZ, =d | —
' (Wt>

P,
=i (o= 1t (0F = 0k = (6 + 0)(of — 0, 0))dt + (o] = 6, — o) dBy).
(A34)
Comparing the coefficients of dB;,
k'ZQ + (é\— gt)XtZX = Zt (O'f — Qt — O')
= 0X, + 0, — (0, + 0) Z, (A35)
Along the characteristic curve X (0) = C exp(—5¢ (0 — 5)2),
az ~
k@ +(0+0)Z =0X(0)+ 0, (A36)
1 w2 [0~ vio)?
Z = / 0X (y) + y)e "5 dy. (A37)
k 6(x.0)
where 6(X,0) < 0 is the solution to
IX(0)+0 =0 (A38)

Note that C' = X exp(5(0 — 5)2) Therefore, 6(X,0) solves (38). Comparing the
coefficients of dt in (A33) and (A34), we obtain (36). The proof of uniqueness follows

similar steps as in Proporsition 1. Q.E.D.
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