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This supplementary material contains the discussion of several potential extensions in
Section A, examples for infinite-dimensional functional data satisfying Condition 2 in
Section B, proofs of main theorems in Section C, additional technical proofs in Sec-
tion D, derivations of functional stability measure for the illustrative VFAR(1) example
in Section E, some derivations for VFAR models in Section F, details of the algorithms
to fit sparse VFAR models in Section G and additional empirical results in Section H.

A. Discussion of potential extensions

We identify several important directions for future research. The first topic considers the
functional extension of high-dimensional factor models (Bai and Ng, 2002; Lam and Yao,
2012), where the observations, Xtp¨q’s, can be decomposed as the sum of two unobservable
and mutually orthogonal components

Xtpuq “ Wtpuq ` εtpuq, t “ 1, . . . , n, u P U . (A.1)

Here Wtp¨q “ Bftp¨q are the common components driven by r (much smaller than p)
functional factors ftp¨q “

`

ft1p¨q, . . . , ftrp¨q
˘T
, B P Rpˆr is the factor loading matrix and

εtp¨q “
`

εt1p¨q, . . . , εtpp¨q
˘T

are idiosyncratic components. For each h P Z and tXtp¨qu
n
t“1,

denote ΣX
h pu, vq “ CovtXtpuq,Xt`hpvqu and its sample estimator by pΣ

X

h pu, vq. To es-
timate such functional factor model (A.1), we discuss two different approaches. (i) The
first one is based on the following integrated covariance decomposition,

ż ż

ΣX
0 pu, vqdudv “ B

!

ż ż

Σf
0 pu, vqdudv

)

BT `

ż ż

Σε
0pu, vqdudv. (A.2)

Intuitively, by imposing some eigenvalue conditions on two terms on the right-hand side
of (A.2) similar to those in Fan, Liao and Mincheva (2013), the above decomposition
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is asymptotically identified as p Ñ 8 and hence B can be recovered by performing

an eigenanalysis of
ş ş

pΣ
X

0 pu, vqdudv. (ii) If tεtp¨qu follows a white noise process, then,

inspired from Lam and Yao (2012) and the fact that ΣX
h pu, vq “ BΣf

hpu, vqB
T for h ě

1, an autocovariance-based procedure can be developed to estimate model (A.1). To
theoretically support both estimation procedures under high-dimensional settings, the

main challenge is to investigate convergence properties of pΣ
X

h ´ΣX
h for h “ 0, 1, . . . , and

hence our concentration results in Theorem 1 and Proposition 1 can be applied.
Second, in the dimension reduction step of the three-step procedure, one can also

perform dynamic FPCA (Hörmann, Kidziński and Hallin, 2015) based on tXtjp¨qu
n
t“1

for each j. Such dimension reduction technique provides an optimal truncated approx-
imation for functional time series, but is computationally intensive as it relies on the
eigenanalysis of spectral density functions fX,θ with sample estimators given by pfX,θ “

p2πq´1
ř

h wHphq
pΣh expp´ihθq, where wHp¨q “ wp¨{Hq is some appropriate weight func-

tion with H (the lag window size). To provide theoretical guarantees for relevant esti-
mated terms under a dynamic FPCA framework similar to those in Theorems 3 and 4,
our established non-asymptotic error bounds on pΣh for h P Z become applicable.

Third, within the proposed functional stability measure framework, we believe our
established concentration results can be extended beyond Gaussian functional time series
to accommodate linear processes with functional sub-Gaussian errors. It is also interesting
to develop suitable concentration results for heavy-tailed non-Gaussian functional time
series under the functional generalization of the β-mixing condition in Wong, Li and
Tewari (2020).

Fourth, it is of great interest to develop new inference tools for high-dimensional func-
tional time series and to apply these techniques to quantify deviations of autocoefficient
functions in sparse VFAR models. Fifth, our analysis is based on the estimation where
smoothness parameters are assumed to be known. It is interesting to develop adaptive
estimation procedures that do not require the knowledge of the parameter space and au-
tomatically adjust to the smoothness properties. However, this would pose complicated
challenges under the high-dimensional, functional and dependent setting we consider.

These topics are beyond the scope of the current paper and will be pursued elsewhere.

B. Examples satisfying Condition 2

It is clear that Condition 2 holds for finite-dimensional functional data. In this section, we
give some illustrative examples for infinite-dimensional functional data, where the upper
bounds of their functional stability measures can be easily controlled. As long as the
denominator of MpfXq is arbitrarily small, the numerator can also be arbitrarily small,
Condition 2 in this sense still holds for a large class of infinite-dimensional functional
data including, but not limited to the examples below.

Consider the functional linear process Xtp¨q “
ř8

l“0 Alpεt´lqp¨q (Fang, Guo and Qiao,
2021). Denote the polynomial Bpzqpu, vq “

ř8

l“0 Alpu, vqz
l for u, v P U . We can derive
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the spectral density matrix function as

fX,θpu, vq “
1

2π

ż ż

B
`

e´iθ
˘

pu, u1qΣε
0pu

1, v1qB
`

e´iθ
˘˚
pv, v1qdu1dv1 (B.3)

and the covariance matrix function as

Σ0pu, vq “
8
ÿ

l“0

ż ż

Alpu, u
1qΣε

0pu
1, v1qA˚

l pv, v
1qdu1dv1, (B.4)

where Σε
0pu, vq “ Covpεtpuq, εtpvqq and ˚ denotes the conjugate. Note that the functional

stability measure MpfXq is defined in (3) based on the functional Rayleigh quotients
of fX,θ in (B.3) relative to Σ0 in (B.4). We can express MpfXq based on (B.3) and
(B.4). However, unlike VAR or vector moving average (VMA) model, it seems difficult
to give explicit expressions of MpfXq for functional versions of VAR or VMA model to
accommodate multivariate functional time series, since one need to derive expressions
in terms of abstract functional analysis language in the direct sum of multiple Hilbert
spaces rather than the compact matrix forms for multivariate scalar time series, e.g. Basu
and Michailidis (2015). We first give two specific examples of one-dimensional case and
derive the upper bounds on the functional stability measure, which help us to understand
the usefulness of our framework.

Example 1: Consider the functional moving average model Xtp¨q “
ř8

l“0Alεt´lp¨q,
whereAl P R and tεtp¨qu follows a white noise process. Denote Σε0pu, vq “ Covpεtpuq, εtpvqq,
then we can obtain that

fX,θpu, vq “
1

2π
Σε0pu, vq

ˇ

ˇ

ˇ

8
ÿ

l“0

Ale
´iθl

ˇ

ˇ

ˇ

2

and

Σ0pu, vq “
´

8
ÿ

l“0

A2
l

¯

Σε0pu, vq.

By (3),

MpfXq ď
1

2π

ř8

l“0 |Al|
ř8

l“0A
2
l

.

Note
ř8

l“0 |Al| ă 8 is a sufficient condition to guarantee the stationarity of tXtp¨qu.
Example 2: Consider the functional linear process Xtpuq “

ř8

l“0

ş

u
Alpu, vqεtpvqdv,

where tεtp¨qu is a white noise process. Write Σε0pu, vq “
ř8

k“1 ωkψkpuqψkpvq, then

fX,θpu, vq “
1

2π

8
ÿ

k“1

ωk

!

8
ÿ

l“0

alkpuqe
´iθl

)!

8
ÿ

l“0

alkpvqe
iθl
)

and

Σ0pu, vq “
8
ÿ

k“1

ωk

!

8
ÿ

l“0

alkpuqalkpvq
)

,
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where alkpuq “
ş

u
Alpu, vqψkpvqdv. Suppose that Alpu, vq for each l is symmetric with

respect to u, v and can be decomposed as Alpu, vq “
ř8

k“1 βlkψkpuqψkpvq leading to
alkpuq “ βlkψlkpuq. By the fact that pa` bq{pc` dq ď maxta{c, b{du for a, b, c, d ą 0, we
can obtain that

MpfXq ď sup
φ,θ

@

φ, fX,θpφq
D

@

φ,Σ0pψq
D

ď
1

2π
sup
φ,θ

ř8

k“1 ωk
ˇ

ˇ

ř8

l“0 βlkxφ, ψkye
´iθl

ˇ

ˇ

2

ř8

k“1 ωk
ř8

l“0 β
2
lkxφ, ψky

2

ď
1

2π
sup
θ,k

ˇ

ˇ

ř8

l“0 βlke
´iθl

ˇ

ˇ

2

ř8

l“0 β
2
lk

ď
1

2π
sup
k

`
ř8

l“0 |βlk|
˘2

ř8

l“0 β
2
lk

where
ř8

l“0 |βlk| ă 8 can be satisfied by a wide family of parameters.
Example 3: When Xt and Xs are independent for any t ‰ s and each Xjtp¨q is infinite

dimensional for j “ 1, . . . , p, then MpfXq “ 1 ă 8.
Example 4: It can be shown that for any p ą 1, if tXt1, t P Zu, . . . , tXtp, t P Zu

are independent and sup1ďjďpMpfXj
q ă 8, then the functional stability measure of

Xt “ pXt1, . . . , Xtpq
T is

MpfXq ď sup
1ďjďp

MpFXj
q ă 8.

Example 5: Consider a general case Ytpuq “ AXtpuq with A P Rpˆp and MpfXq ă 8.
We can easily obtain that

MpfYq ďMpfXq ă 8,

which implies that linear transformation of Xt does not increase the functional stability
measure. It is also worth noting that components of Yt can be dependent in this example.

Example 6: Consider a more general scenario, Ytpuq “ AXtpuq ` ξtpuq, where A P

Rpˆr, Xtpuq is a r-dimensional vector of Gaussian processes and Xtpuq, ξspuq are inde-
pendent for all t and s. When r is fixed, it implies that Ytpuq can be expressed under
a factor model structure. Note that pa ` bq{pc ` dq ď maxpa{c, b{dq for all positive real
numbers a, b, c and d. Hence if maxtMpfXq,Mpfξqu ă 8, then

MpfYq ď maxtMpfXq,Mpfξqu ă 8.

C. Proofs of main theorems

C.1. Proof of Theorem 1

(i) Define Y “
`

xΦ1,X1yH, . . . , xΦ1,XnyH
˘T

, then Y „ Np0,Qq, whereQrs “
@

Φ1,Σr´spΦ1q
D

H
for r, s “ 1, . . . , n. Note

@

Φ1, pΣ0pΦ1q
D

H “ n´1ZTQZ with Z „ Np0, Inq and
@

Φ1,Σ0pΦ1q
D

H “

E
`

n´1ZTQZ
˘

. By the Hanson-Wright inequality in Rudelson and Vershynin (2013),

P
!
ˇ

ˇ

ˇ

@

Φ1,
`

pΣ0 ´Σ0

˘

pΦ1q
D

H

ˇ

ˇ

ˇ
ą ε

)

ď 2 exp

"

´cmin

ˆ

n2ε2

}Q}2F
,
nε

}Q}

˙*
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for some constant c ą 0. By }Q}2F {n ď }Q}
2 and letting ε “ η}Q}, we obtain that

P
!
ˇ

ˇ

ˇ

@

Φ1,
`

pΣ0 ´Σ0

˘

pΦ1q
D

H

ˇ

ˇ

ˇ
ą η}Q}

)

ď 2 exp
 

´cnmin
`

η2, η
˘(

(C.5)

for some universal constant c ą 0.
Next we derive an upper bound on the operator norm }Q}. Specifically, for any w “

pw1, . . . , wnq
T P Rn with ||w|| “ 1, define Gwpθq “

řn
r“1 wr expp´irθq and its conjugate

by G˚wpθq. Then we obtain that

wTQw “

n
ÿ

r“1

n
ÿ

s“1

wrws
@

Φ1,Σr´spΦ1q
D

H

“

n
ÿ

r“1

n
ÿ

s“1

wrws

ż π

´π

@

Φ1, fX,θpΦ1q
D

H exptipr ´ sqθudθ

“

ż π

´π

@

Φ1, fX,θpΦ1q
D

HGwpθqG
˚
wpθqdθ,

where the second line follows from the inversion formula (2). For a fixed Φ P H, denote
MpfX,Φq “ 2π ¨ ess supθPr´π,πs

ˇ

ˇxΦ, fX,θpΦqyH
ˇ

ˇ. Since
@

Φ1, fX,θpΦ1q
D

H is Hermitian and
şπ

´π
GwpθqG

˚
wpθqdθ “ 2π, we have }Q} ďMpfX,Φ1q. Then it follows from (6) that

}Q} ďMpfX,Φ1q ďMkpfXq
@

Φ1,Σ0pΦ1q
D

H.

This result, together with (C.5) implies (8).
(ii) Note that

4
@

Φ1, ppΣ0 ´Σ0qpΦ2q
D

H ď
@

rΦ1, ppΣ0 ´Σ0qprΦ1q
D

H ´
@

rΦ2, ppΣ0 ´Σ0qprΦ2q
D

H.

where rΦ1 “ Φ1 `Φ2, rΦ2 “ Φ1 ´Φ2 and MpfX, rΦiq ď 2tMpfX,Φ1q `MpfX,Φ2qu for
i “ 1, 2. Combing these with results in (i) leads to

P
”ˇ

ˇ

ˇ

@

Φ1, ppΣ0 ´Σ0qpΦ2q
D

H

ˇ

ˇ

ˇ
ą tMpfX,Φ1q `MpfX,Φ2quη

ı

ď

2
ÿ

i“1

P
”
ˇ

ˇ

ˇ

@

rΦi, ppΣ0 ´Σ0qprΦiq
D

H

ˇ

ˇ

ˇ
ąMpfX, rΦiqη

ı

ď 4 exp
!

´ cnmin
`

η2, η
˘

)

for some universal constant c ą 0. This, together with, MpfX,Φiq ďMkpfXq
@

Φi,Σ0pΦiq
D

H
for i “ 1, 2, implies (9), which completes the proof. ˝

C.2. Proof of Theorem 2

First, we derive the concentration bound on }pΣ
p0q
jk ´Σ

p0q
jk }S for each j and k. Let ∆jklm “

pλjlλkmq
´1{2

@

φjl, ppΣ
p0q
jk ´ Σ

p0q
jk qpφkmq

D

for j, k “ 1, . . . , p, and l,m “ 1, . . . ,8. Then we
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have that
›

›pΣ
p0q
jk ´ Σ

p0q
jk

›

›

2

S “
ř8

l,m“1 λjlλkm∆2
jklm. By Jensen’s inequality, we have that

E
!

›

›pΣ
p0q
jk ´ Σ

p0q
jk

›

›

2q

S

)

ď

´

8
ÿ

l,m“1

λjlλkm

¯q´1 8
ÿ

l,m“1

λjlλkmE
ˇ

ˇ∆jklm

ˇ

ˇ

2q
ď λ2q

0 sup
l,m

E
ˇ

ˇ∆jklm

ˇ

ˇ

2q
.

(C.6)
For any given pj, k, l,mq, let

Φ1 “ p0, . . . , 0, λ
´1{2
jl φjl, 0, . . . , 0q

T and Φ2 “ p0, . . . , 0, λ
´1{2
km φkm, 0, . . . , 0q

T.

By the definition of ∆jklm and orthonormality of tφjlp¨qu and tφkmp¨qu for each j, k “

1, . . . , p, we have ∆jklm “ xΦ1, ppΣ0 ´Σ0qpΦ2q
D

H, xΦ1,Σ0pΦ1qyH “ xΦ2,Σ0pΦ2qyH “ 1.
Applying (9) in Theorem 1, we can obtain that

P
!

ˇ

ˇ∆jklm

ˇ

ˇ ą 2M1pfXqη
)

ď 4 exp
!

´ cnminpη2, ηq
)

, (C.7)

for j, k “ 1, . . . , p, l “ 1, . . . , dj and m “ 1, . . . , dk. It then follows from Lemma 6 in
Section D of the Supplementary Material that for each integer q ě 1,

t2M1pfXqu
´2q

E
ˇ

ˇ∆jklm

ˇ

ˇ

2q
ď q!4p4c´1n´1qq ` 4p2qq!p4c´1n´1q2q.

This together with (C.6) implies that

p2M1pfXqλ0q
´2q

E
!

›

›pΣ
p0q
jk ´ Σ

p0q
jk

›

›

2q

S

)

ď q!4p4c´1n´1qq ` p2qq!4p4c´1n´1q2q. (C.8)

Finally, it follows from Lemma 6 that there exists some universal constant c̃ ą 0 such
that

P
!

›

›pΣ
p0q
jk ´ Σ

p0q
jk

›

›

S ě 2M1pfXqλ0η
)

ď 4 exp
!

´ c̃nminpη2, ηq
)

.

Using the definition of }pΣ0 ´ Σ0}max “ max1ďj,kďp}pΣ
p0q
jk ´ Σ

p0q
jk }S and applying the

union bound of probability, we obtain that

P
!

}pΣ0 ´Σ0}max ě 2M1pfXqλ0η
)

ď 4p2 ¨ exp
!

´ c̃nminpη2, ηq
)

.

Let η “ ρ
a

log p{n ď 1 and ρ2c̃ ą 2, which can be achieved for sufficiently large n.
We obtain that

P

#

}pΣ0 ´Σ0}max ě 2M1pfXqλ0ρ

c

log p

n

+

ď 4p2´c̃ρ2 .

The proof is complete. ˝
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C.3. Proof of Theorem 3

To simplify our notation, for each j, k “ 1, . . . , p, we will denote Σ
p0q
jk and pΣ

p0q
jk by Σjk

and pΣjk, respectively, in our subsequent proofs. Let δjl “ min1ďkďltλjk ´ λjpk`1qu and
p∆jk “ pΣjk´Σjk for j, k “ 1, . . . , p and l “ 1, 2 . . . . It follows from (4.43) and Lemma 4.3
of Bosq (2000) that

sup
lě1

|pλjl ´ λjl| ď }p∆jj}S and sup
lě1

δjl}pφjl ´ φjl} ď 2
?

2}p∆jj}S . (C.9)

Moreover, we can express pλjl´λjl and pφjl´φjl, as stated in Lemma 7 in Section D of the
Supplementary Material. The proof of Theorem 3 relies on the concentration inequalities
for eigenvalues and eigenvectors as stated in the following Lemmas 1 and 2, whose proofs
are provided in Section D.

Lemma 1. Suppose that Conditions 1–3 hold. Then there exists some universal con-
stant c̃1 ą 0 such that for each j “ 1, . . . , p, l “ 1, . . . ,8, and any η ą 0,

P

#
ˇ

ˇ

ˇ

ˇ

ˇ

pλjl ´ λjl
λjl

ˇ

ˇ

ˇ

ˇ

ˇ

ąM1pfXqη ` ρ1l
2α`1M2

1pfXqη
2

+

ď 4 exp
!

´ c̃1nminpη2, ηq
)

, (C.10)

where ρ1 “ 16
?

2c´2
0 αλ2

0.

Lemma 2. Suppose that Conditions 1–3 hold. Then there exists some universal con-
stant c̃ ą 0 such that for each j “ 1, . . . , p, l “ 1, . . . ,8, and any η ą 0,

P
!
›

›

›

pφjl ´ φjl

›

›

›
ą 4

?
2M1pfXqλ0c

´1
0 lα`1η

)

ď 4 exp
!

´ c̃nminpη2, ηq
)

. (C.11)

Proof of Theorem 3. Applying the union bound of probability in (C.10), we obtain
that

P

#

max
1ďjďp,1ďlďM

ˇ

ˇ

ˇ

ˇ

ˇ

pλjl ´ λjl
λjl

ˇ

ˇ

ˇ

ˇ

ˇ

ąM1pfXqη ` ρ1l
2α`1M2

1pfXqη
2

+

ď 4pM exp
!

´c̃1nminpη2, ηq
)

.

Let η “ ρ̃2

a

logppMq{n ď 1 and 1` ρ1M
2α`1M1pfXqη ď ρ̃1, which can be achieved for

sufficiently large n ÁM4α`2M2
1pfXq logppMq. We obtain that

P

#

max
1ďjďp,1ďlďM

ˇ

ˇ

ˇ

ˇ

ˇ

pλjl ´ λjl
λjl

ˇ

ˇ

ˇ

ˇ

ˇ

ą ρ̃1ρ̃2M1pfXq

c

logppMq

n

+

ď 4ppMq1´c̃1 rρ
2
2 . (C.12)

Finally, letting η “ ρ̃3

b

logppMq
n ă 1 and following the same developments, we obtain

that

P

#

max
1ďjďp,1ďlďM

˜

›

›pφjl ´ φjl
›

›

lα`1

¸

ą 4
?

2λ0c
´1
0 rρ3M1pfXq

c

logppMq

n

+

ď 4ppMq1´c̃rρ
2
3 .

(C.13)
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It follows from (C.12) and (C.13) that, for sufficiently large n ÁM4α`2M2
1pfXq logppMq

and suitable choices of constants c1, c2 ą 0, (17) holds. ˝

C.4. Proof of Theorem 4

The proof of Theorem 4 is based on the following Lemma 3.

Lemma 3. Suppose that Conditions 1–3 hold. Then there exist some positive constants
ρ4, ρ5, c̃3 and c̃4 such that

(i) for each j “ 1, . . . , p, l “ 1, . . . ,8, and any η ą 0,

P

#
ˇ

ˇ

ˇ

ˇ

ˇ

pσ
p0q
jjll ´ σ

p0q
jjll

λjl

ˇ

ˇ

ˇ

ˇ

ˇ

ąM1pfXqη ` ρ1M2
1pfXql

2α`1η2

+

ď 4 exp
!

´ c̃3nminpη2, ηq
)

;

(C.14)
(ii) for each j, k “ 1, . . . , p, l,m “ 1, . . . ,8, but j ‰ k or l ‰ m, a fixed h and any

η ą 0,

P

#
ˇ

ˇ

ˇ

ˇ

ˇ

pσ
phq
jklm ´ σ

phq
jklm

λ
1{2
jl λ

1{2
km

ˇ

ˇ

ˇ

ˇ

ˇ

ě ρ4M1pfXqpl _mq
α`1η ` ρ5M2

1pfXqpl _mq
3α`2η2

+

ď c̃4 exp
 

´ c̃3nminpη2, ηq
(

` c̃4 exp
 

´ c̃3M´2
1 pfXqnpl _mq

´2pα`1q
(

.

(C.15)

Proof of Lemma 3. For the special case of pj, k, l,mq with j “ k, provided that pσ
p0q
jjlm “

pλjlIpl “ mq and σ
p0q
jjlm “ λjlIpl “ mq, (C.14) follows directly from Lemma 1.

For general cases of pj, k, l,mq with j ‰ k, pσ
phq
jklm “ pn ´ hq´1

řn´h
t“1

pξtjlpξpt`hqkm and

σ
phq
jklm “ Epξtjkξpt`hqlmq. Let prjl “ pφjl ´ φjl, then pσh,jklm ´ σh,jklm can be decomposed

as

pσ
phq
jklm ´ σ

phq
jklm “

@

prjl, pΣ
phq
jk pprkmq

D

`

´

@

prjl, p∆
phq
jk pφkmq

D

`
@

φjl, p∆
phq
jk pprkmq

D

¯

`

´

@

prjl,Σ
phq
jk pφkmq

D

`
@

φjl,Σ
phq
jk pprkmq

D

¯

`
@

φjl, p∆
phq
jk pφkmq

D

“ I1 ` I2 ` I3 ` I4.

For a fixed h ą 0, let Ω
phq
jk “

!

}p∆
phq
jk }S ď λ0

)

and rΩ
phq
jk “

!

}p∆
phq
jk }S ď 4M1pfXqλ0η

)

.

It follows from the same developments as in the proof of (10) in Theorem 2 and Propo-
sition 1 that there exists some universal constant c̃ ą 0 such that for any η ą 0, a fixed
h ‰ 0 and each j, k “ 1, . . . , p,

P
!

›

›pΣ
phq
jk ´ Σ

phq
jk

›

›

S ą 4M1pfXqλ0η
)

ď 8 exp
!

´ c̃nminpη2, ηq
)

. (C.16)
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On the event Ω
phq
jk X

rΩ
p0q
jj X

rΩ
p0q
kk X

rΩ
phq
jk , it follows from Condition 3 with λjl ě c0α

´1l´α,
(C.9), Lemma 8 in Section D that

ˇ

ˇ

ˇ

ˇ

ˇ

I1

λ
1{2
jl λ

1{2
km

ˇ

ˇ

ˇ

ˇ

ˇ

À plmqα{2}prjl}
`

}p∆
phq
jk } ` }Σ

phq
jk }S

˘

}prkm}

ÀM2
1pfXqpl _mq

3α`2η2,

(C.17)

ˇ

ˇ

ˇ

ˇ

ˇ

I2

λ
1{2
jl λ

1{2
km

ˇ

ˇ

ˇ

ˇ

ˇ

À plmqα{2}p∆
phq
jk }S

´

lα`1}p∆
p0q
jj }S `m

α`1}p∆
p0q
kk }S

¯

ÀM2
1pfXqpl _mq

2α`1η2.

(C.18)

For the term I4, it follows from (16) in Proposition 1 and the fact λjl ` λjm ě 2λ
1{2
jl λ

1{2
jm

that

P

#
ˇ

ˇ

ˇ

ˇ

ˇ

I4

λ
1{2
jl λ

1{2
km

ˇ

ˇ

ˇ

ˇ

ˇ

ě 4M1pfXqλ0η

+

ď 8 exp
!

´ cnminpη2, ηq
)

. (C.19)

Finally, we consider the term I3. By Lemma 8, we have that }Σ
phq
jk pφkmq} ď λ

1{2
kmλ

1{2
0 and

}Σ
phq
jk pφjlq} ď λ

1{2
jl λ

1{2
0 . These results together with (C.39) in Lemma 4 in Section D and

Condition 3 with λjl ě c0α
´1l´α imply that

ˇ

ˇ

ˇ

ˇ

ˇ

I3

λ
1{2
jl λ

1{2
km

ˇ

ˇ

ˇ

ˇ

ˇ

ÀM1pfXqpl _mq
α`1η `M2

1pfXqpl _mq
p5α`4q{2η2 (C.20)

holds with probability greater than 1´16 exp
 

´c̃2nminpη2, ηq
(

´8 exp
 

´c̃2M´2
1 pfXqnpl_

mq´2pα`1q
(

, with some positive constant c̃2.
Combining (C.16)–(C.20) and by Theorem 2, we obtain that there exist four positive

constants ρ4, ρ5, c̃3, c̃4 such that (C.15) in Lemma 3 holds. For the case of h “ 0, we
follow the same developments as above by applying Theorems 1–2 and hence (C.15)
follows with the different choice of relevant positive constants. The proof of Lemma 3 is
complete. ˝

Proof of Theorem 4 . Let η “ ρ̃4

a

logppMq{n ă 1 and ρ4 ` ρ5M
2α`1M1pfXqη ď ρ̃5,

which can be achieved for sufficiently large n Á M4α`2M2
1pfXq logppMq. Following the

similar techniques as used in the proof of (17) in Theorem 3, we can obtain (18), which
completes the proof. ˝

C.5. Proof of Theorem 5

Since pBj P Rpqˆq is the minimizer of (23), we have

´xx pYj , pBjyy `
1

2
xxpBj , pΓpBjyy ` γnj}pBj}

pqq
1 ď ´xx pYj ,Bjyy `

1

2
xxBj , pΓpBjyy ` γnj}Bj}

pqq
1 .
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10 S. Guo and X. Qiao

Letting ∆j “ pBj ´Bj and Scj be the complement of Sj in the set t1, . . . , pu, we have

1

2
xx∆j , pΓ∆jyy ď xx∆j , pYj ´ pΓBjyy ` γnj

´

}Bj}
pqq
1 ´ }B1j `∆j}

pqq
1

¯

ď xx∆j , pYj ´ pΓBjyy ` γnj

´

}BjSj }
pqq
1 ´ }BjSj `∆jSj }

pqq
1 ´ }∆jSc

j
}
pqq
1

¯

ď xx∆j , pYj ´ pΓBjyy ` γnj

´

}∆jSj }
pqq
1 ´ }∆jSc

j
}
pqq
1

¯

By Lemma 10 in Section D, Condition 7 and the choice of γnj , we have

ˇ

ˇxx∆j , pYj ´ pΓBjyy
ˇ

ˇ ď } pYj ´ pΓBj}
pqq
max}∆j}

pqq
1 ď

γnj
2

`

}∆jSj
}
pqq
1 ` }∆jSc

j
}
pqq
1

˘

.

Combing the above two results, we have

0 ď
1

2
xx∆j , pΓ∆jyy ď

3γnj
2
}∆jSj

}
pqq
1 ´

γnj
2
}∆jSc

j
}
pqq
1 ,

which implies }∆jSc
j
}
pqq
1 ď 3}∆jSj

}
pqq
1 and therefore }∆j}

pqq
1 ď 4}∆jSj

}
pqq
1 ď 4

?
sj}∆j}F .

This result together with Condition 5 and τ2 ě 32τ1q
2sj implies that

xx∆j , pΓ∆jyy ě τ2}∆j}
2
F ´τ1q

2
 

}∆j}
pqq
1

(2
ě
`

τ2´16τ1q
2sj

˘

}∆j}
2
F ě

τ2
2
}∆j}

2
F . (C.21)

Therefore,
τ2
4
}∆j}

2
F ď

3

2
γnj}∆j}

pqq
1 ď 6γnjs

1{2
j }∆j}F ,

which implies that

}∆j}F ď
24s

1{2
j γnj

τ2
and }∆j}

pqq
1 ď

96sjγnj
τ2

, (C.22)

as is claimed in Theorem 5.
Next we prove the upper bound on pA´A.
For k P Sj , it follows from Ψjk “

ş ş

φkpvqAjkpu, vqψjpuq
Tdudv, Condition 4 with

Ajkpu, vq “ φkpvq
Tajkφjpuq ` p

ř8

l,m“1´
řq
l,m“1qajklmφjlpuqφkmpvq and orthonormality

of tφjlp¨qulě1 and tφkmp¨qumě1 that }Ψjk}F “ ||ajk||F “
 
řq
l,m“1 µ

2
jkpl`mq

´2β´1
(1{2

ď
 

µ2
jk

şq

1

şq

1
px` yq´2β´1dxdy

(1{2
“ Opµjkq. For k P Scj , we have Ψjk “ 0. Hence

}Ψj}
pqq
1 “

p
ÿ

k“1

||Ψjk||F “ O
`

ÿ

kPSj

µjk
˘

“ Opsjq. (C.23)

Observe that pΨj ´ Ψj “ pD´1
pBj ´ D´1Bj “ ppD´1 ´ D´1qBj ` D´1ppBj ´ Bjq `

ppD´1 ´D´1qppBj ´Bjq. It follows from the diagonal structure of pD´1 and D´1 that

} pΨj ´Ψj}
pqq
1 ď}ppD´1 ´D´1q}max}Bj}

pqq
1 ` }D´1}max}pBj ´Bj}

pqq
1

` }ppD´1 ´D´1q}max}pBj ´Bj}
pqq
1 .

(C.24)
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By Conditions 3, 6 and the fact pDk “ diag
`

pλ
1{2
k1 , . . . ,

pλ
1{2
kq

˘

, Dk “ diag
`

λ
1{2
k1 , . . . , λ

1{2
kq

˘

, we

have }ppD´1´D´1q}max ď α1{2c
´1{2
0 qα{2CλMpfXq

b

logppqq
n and }D´1}max ď α1{2c

´1{2
0 qα{2.

By Condition 1 and (C.23), we have ||B||
pqq
1 ď ||D||

pqq
max}Ψj}

pqq
1 “ Opλ

1{2
0 sjq. These results

together with (C.22) implies that

} pΨj ´Ψj}
pqq
1 ď

96α1{2qα{2sjγnj

c
1{2
0 τ2

!

1` op1q
)

, (C.25)

where the constant comes from the second term in (C.24), since the first and third terms
are of smaller orders relative to the second term.

For each j, k “ 1, . . . , p, note that

pAjkpu, vq ´Ajkpu, vq “ pφkpvq
T
pΨjk

pφjpuq ´ φkpvq
TΨjkφjpuq ` Rjkpu, vq

“ pφkpvq
T
pΨjk

!

pφjpuq ´ φjpuq
)

`

!

pφkpvq ´ φkpvq
)T

pΨjkφjpuq

` φkpvq
Tp pΨjk ´Ψjkqφjpuq ` Rjkpu, vq,

We bound the first three terms. By Lemma 9 in Section D, we have
›

›

›

pφkpvq
T
pΨjk

!

pφjpuq ´ φjpuq
)
›

›

›

S
ď q1{2 max

1ďlďq
}pφjl ´ φjl}} pΨjk}F ,

›

›

›

!

pφkpvq ´ φkpvq
)T

pΨjkφjpuq
›

›

›

S
ď q1{2 max

1ďmďq
}pφkm ´ φkm}} pΨjk}F , (C.26)

›

›

›
φkpvq

Tp pΨjk ´Ψjkqφjpuq
›

›

›

S
“ } pΨjk ´Ψjk}F .

We then bound the fourth term. By Rjkpu, vq “ p
řq
l,m“1´

ř8

l,m“1qajklmφjlpuqφkmpvq,
we have

||Rjk||
2
S “ Op1q

›

›

›

8
ÿ

l“q`1

8
ÿ

m“1

ajklmφjlpuqφkmpvq
›

›

›

2

S

“ Op1q
8
ÿ

l“q`1

8
ÿ

m“1

a2
jklm ď Op1qµ2

jk

8
ÿ

l“q`1

8
ÿ

m“1

pl `mq´2β´1 “ Opµ2
jkq

´2β`1q.

This together with Condition 4 implies that

max
1ďjďp

p
ÿ

k“1

||Rjk||S ď O
`

q´β`1{2 max
1ďjďp

ÿ

kPSj

µjk
˘

“ O
`

sq´β`1{2
˘

. (C.27)

It follows from (C.23), (C.25), (C.26), (C.27) and the fact } pΨj}
pqq
1 ď } pΨj ´Ψj}

pqq
1 `

}Ψj}
pqq
1 “ Opsjq that

}pA´A}8 ď 2q1{2 max
1ďjďp
1ďlďq

}pφjl ´ φjl} max
1ďjďp

} pΨj}
pqq
1 ` max

1ďjďp
} pΨj ´Ψj}

pqq
1 ` ||R||8.

ď
96α1{2qα{2sγn

c
1{2
0 τ2

!

1` op1q
)

,
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12 S. Guo and X. Qiao

where the constant comes from maxj } pΨj´Ψj}
pqq
1 , since other terms are of smaller orders

of this term. The proof is complete. ˝

D. Additional technical proofs

D.1. Proof of Proposition 1

Let Y1,t “ Xt`Xt`h , ΣY1,`pu, vq “ CovtY1,tpuq,Y1,pt``qpvqu, ` P Z, pu, vq P U2. Define
the spectral density operator of Y1,t by

fY1,θ “
1

2π

8
ÿ

`“´8

ΣY1,` expp´i`θq, θ P r´π, πs.

Then we can obtain that fY1,θ “ t2 ` expp´ihθq ` exppihθqufX,θ. Similarly, by letting
Y2,tpuq “ Xtpuq ´ Xt`hpuq, ΣY2,`pu, vq “ CovtY2,tpuq,Y2,pt``qpvqu, ` P Zpu, vq, P U2,
and fY2,θ be the spectral density operator of Y2, θ P r´π, πs, we have fY2,θ “ t2 ´
expp´ihθq ´ exppihθqufX,θ. Note that

4
@

Φ1, ppΣh ´ΣhqpΦ1q
D

H “
@

Φ1, ppΣY1,0 ´ΣY1,0qpΦ1q
D

H ´
@

Φ1, ppΣY2,0 ´ΣY2,0qpΦ1q
D

H

and MpfYi
,Φ1q ď 4MpfX,Φ1q for i “ 1, 2. Combing these with results in the proof of

(8) leads to

P
”
ˇ

ˇ

ˇ

@

Φ1, ppΣh ´ΣhqpΦ1q
D

H

ˇ

ˇ

ˇ
ą 2MpfX,Φ1qη

ı

ď

2
ÿ

i“1

P
”
ˇ

ˇ

ˇ

@

Φ1, ppΣYi,0 ´ΣYi,0qpΦ1q
D

H

ˇ

ˇ

ˇ
ąMpfYi

,Φ1qη
ı

ď 4 exp
!

´ cnmin
`

η2, η
˘

)

,

for some constant c ą 0. This result, together with, MpfX,Φ1q ďMkpfXq
@

Φ1,Σ0pΦ1q
D

H
implies (15).

Note that

4
@

Φ1, ppΣh ´ΣhqpΦ2q
D

H ď
@

rΦ1, ppΣh ´ΣhqprΦ1q
D

H ´
@

rΦ2, ppΣh ´ΣhqprΦ2q
D

H,

where rΦ1 “ Φ1 `Φ2, rΦ2 “ Φ1 ´Φ2 and MpfX, rΦiq ď 2tMpfX,Φ1q `MpfX,Φ2qu for
i “ 1, 2. Combing these with results and the proof of (15) leads to

P
”
ˇ

ˇ

ˇ

@

Φ1, ppΣh ´ΣhqpΦ2q
D

H

ˇ

ˇ

ˇ
ą 2tMpfX,Φ1q `MpfX,Φ2quη

ı

ď

2
ÿ

i“1

P
”
ˇ

ˇ

ˇ

@

rΦi, ppΣh ´ΣhqprΦiq
D

H

ˇ

ˇ

ˇ
ą 2MpfX, rΦiqη

ı

ď 8 exp
!

´ cnmin
`

η2, η
˘

)

for some constant c ą 0. This, together with, MpfX,Φiq ď MkpfXq
@

Φi,Σ0pΦiq
D

H for
i “ 1, 2, implies (16), which completes the proof. ˝
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D.2. Proof of Proposition 2

It is easy to see that θT pΓθ “ θTΓθ ` θT ppΓ´ Γqθ. Hence we have

θT pΓθ ě θTΓθ ´ }pΓ´ Γ}max}θ}
2
1.

By Condition 8, λminpΓq ě µ, where λminpΓq denotes the minimum eigenvalue of Γ.
Together with Lemma 5 in Section D.9, this proposition follows. ˝

D.3. Proof of Proposition 3

Note that on the event
 

|pλjl´λjl| ď 2´1λjl
(

, we have pλjl ě λjl{2, pλ
´1{2
jl ď

?
2λ
´1{2
jl and

|pλ
´1{2
jl ´ λ

´1{2
jl | ď

pλ´1
jl |

pλjl´λjl|λ
´1
jl

pλ
´1{2
jl `λ

´1{2
jl

ď 2λ
´3{2
jl |pλjl ´ λjl|, which implies that

ˇ

ˇ

ˇ

ˇ

pλ
´1{2
jl ´λ

´1{2
jl

λ
´1{2
jl

ˇ

ˇ

ˇ

ˇ

ď

2
ˇ

ˇ

ˇ

pλjl´λjl

λjl

ˇ

ˇ

ˇ
. Then it follows from Theorem 3 that there exist positive constants Cλ, Cφ,

c5 and c6 such that the first and second deviation bounds in (25) respectively hold with
probability greater than 1´ c5ppqq

´c6 . The proof is complete. ˝

D.4. Proof of Proposition 4

Notice that

pYj ´ pΓBj “

!

pn´ 1q´1
pD´1

pZT
pVj ´ pn´ 1q´1D´1EpZTVjq

)

(C.28)

`pn´ 1q´1D´1E
!

ZTpVj ´ ZD´1Bjq

)

´
`

pΓ´ Γ
˘

Bj .

First, we show the deviation bounds of pD´1pn´1q´1
pZT

pVj´D´1Eppn´1q´1ZTVjq.We

decompose this term as pD´1
!

pn´1q´1
pZT

pVj´Eppn´1q´1ZTVjq

)

`ppD´1´D´1qEppn´

1q´1ZTVjq. It follows from Theorem 4 that there exists positive constants C˚1 , c5 and c6
that

sup
j,k

›

›

›
D´1
k

!

pn´ 1q´1
pZT

k
pVj ´ E

`

pn´ 1q´1ZT

kVj

˘

)

D´1
j

›

›

›

max
ď C˚1 M1pfXqq

α`1

c

logppqq

n
,

(C.29)

with probability greater than 1 ´ c5ppqq
´c6 . Note that pDk “ diagppλ

1{2
k1 , . . . ,

pλ
1{2
kq q and

Dk “ diagpλ
1{2
k1 , . . . , λ

1{2
kq q, it follows from Proposition 3 that there exists positive constant

C˚2 , such that

›

›

›

´

pD´1 ´D´1
¯

D
›

›

›

max
ď C˚2 M1pfXq

c

logppqq

n
, (C.30)
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14 S. Guo and X. Qiao

with probability great than 1 ´ c5ppqq
´c6 . By Condition 1, we have maxj ||Dj ||F ď

λ
1{2
0 and }D´1E

`

pn´ 1q´1ZTVj

˘

}
pqq
max ď q1{2}D´1E

`

pn´ 1q´1ZTVj

˘

D´1
j }max||Dj ||F “

Opq1{2q, where the fact that, for q ˆ q matrix A and a diagonal matrix B, }AB}F ď
q1{2}A}max}B}F , is used. These results together with (C.29) and (C.30) imply that there
exists C˚3

›

›

›

pD´1pn´ 1q´1
pZT

pVj ´D´1E
`

pn´ 1q´1ZTVj

˘

›

›

›

pqq

max
ď C˚3 M1pfXqq

α`3{2

c

logppqq

n
(C.31)

Second, consider the bias term pn´ 1q´1D´1EtZTpVj ´ ZD´1Bjqu. By Section F.1,
Rj is a pn ´ 1q ˆ q matrix whose row vectors are formed by trtj , t “ 2, . . . , nu with
rtj “ prtj1, . . . , rtjqq

T and rtjl “
řp
k“1

ř8

m“q`1xφjl, xAjk, φkmyyξpt´1qkm for l “ 1, . . . , q.
It follows from Conditions 1, 4 and similar arguments in deriving (C.27) and (C.31) that
there exists some positive constant C˚4 such that

›

›pn´ 1q´1D´1EtZTpVj ´ ZD´1Bjqu
›

›

pqq

max

ď q1{2
›

›pn´ 1q´1D´1EpZTRjqrD
´1

›

›

max
||rD||F ď C˚4 sjq

´β`1, (C.32)

where rD “ λ0Iq.
Third, it follows from Lemma 5 in Section D.9, Lemma 15 in the Supplementary

Material of Qiao et al. (2020) and ||B||
pqq
1 “ O

`

λ
1{2
0 sj

˘

that there exist some positive
constants C˚5 such that

›

›

›

`

pΓ´ Γ
˘

Bj

›

›

›

pqq

max
ď

›

›

›

pΓ´ Γ
›

›

›

pqq

max
||Bj ||

pqq
1 ďM1pfXqsjq

α`2

c

logppqq

n
, (C.33)

with probability great than 1´ c5ppqq
´c6 .

Combing results in (C.28), (C.31), (C.32) and (C.33) implies that there exist positive
constants CE , c4 and c5 such that

|| pYj ´ pΓBj ||
pqq
max ď CEM1pfXqsj

!

qα`2

c

logppqq

n
` q´β`1

)

, j “ 1, . . . , p,

with probability greater than 1´ c5ppqq
´c6 . The proof is complete. ˝

D.5. Proposition 5 and its proof

Proposition 5. Suppose that Conditions 1 and 2 hold. Then there exists some universal
constant c̃ ą 0 such that for any η ą 0

P
!

›

›pΣ0 ´Σ0

›

›

F
ą 2M1pfXqλ0η

)

ď
p2

η2n

`

16c̃´1 ` 128c̃´2n´1
˘

. (C.34)
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In particular, if the sample size n satisfies the bound n ą 128pρ̃2c̃2 ´ 16c̃q´1, where ρ̃ is
some positive constant with ρ̃ ą 4c̃´1{2, then with probability greater than 1´ρ̃´2

`

16c̃´1`

128c̃´2n´1
˘

, the estimate pΣ0 satisfies the bound

›

›pΣ0 ´Σ0

›

›

F
ď 2M1pfXqλ0ρ̃

c

p2

n
. (C.35)

Proof. It follows from the definition of }pΣ0´Σ0}
2
F “

řp
j,k“1 }

pΣ
p0q
jk ´Σ

p0q
jk }

2
S , Chebyshev’s

inequality and (C.8) with q “ 1 that for any η ą 0,

P
!

}pΣ0 ´Σ0}F ą 2M1pfXqλ0η
)

ď
1

p2M1pfXqλ0q
2
η2

p
ÿ

j,k“1

E}pΣ
p0q
jk ´ Σ

p0q
jk }

2
S

ď
p2

η2
p16c̃´1n´1 ` 128c̃´2n´2q

“
p2

η2n
p16c̃´1 ` 128c̃´2n´1q.

By letting η “ ρ̃
a

p2{n with ρ ą 0, we have that

P

#

}pΣ0 ´Σ0}F ą 2M1pfXqλ0ρ̃

c

p2

n

+

ď ρ̃´2p16c̃´1 ` 128c̃´2n´1q.

The proof is complete. ˝

D.6. Proof of Lemma 1

By Lemma 7, we obtain that

pλjl ´ λjl
λjl

“

@

φjl, p∆jjpφjlq
D

λjl
`
Rjl
λjl

, j “ 1, . . . , p, l “ 1, . . . , L. (C.36)

Note that λjl “
@

φjl,Σjjpφjlq
D

. It follows from (8) in Theorem 1 that for any η ą 0,

P

#
ˇ

ˇ

ˇ

ˇ

ˇ

@

φjl, p∆jjpφjlq
D

λjl

ˇ

ˇ

ˇ

ˇ

ˇ

ąM1pfXqη

+

ď 2 exp
!

´ cnminpη2, ηq
)

. (C.37)

We next turn to the term
ˇ

ˇRjl{λjl
ˇ

ˇ. By (C.9), Lemma 7 and Condition 3 with δjl ě
c0l
´α´1 and λjl ě c0α

´1l´α, we have

ˇ

ˇ

ˇ

ˇ

Rjl
λjl

ˇ

ˇ

ˇ

ˇ

ď 4
?

2c´2
0 αl2α`1}p∆jj}

2
S .
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16 S. Guo and X. Qiao

It then follows from (10) in Theorem 2 that there exists some constant c̃ ą 0 such that
for any η ą 0

P

"
ˇ

ˇ

ˇ

ˇ

Rjl
λjl

ˇ

ˇ

ˇ

ˇ

ą 4
?

2c´2
0 αl2α`1t2M1pfXqλ0ηu

2

*

ď 4 exp
!

´ c̃nminpη2, ηq
)

. (C.38)

Let c̃1 “ minpc, c̃q. It follows from ρ1 “ 16
?

2c´2
0 αλ2

0, (C.36), (C.37) and (C.38) that
(C.10) in Lemma 1 holds, which completes our proof. ˝

D.7. Proof of Lemma 2

It follows from (C.9), Condition 3 with δjl ě c0l
´α´1 and (10) in Theorem 2 that there

exists some universal constant c̃ such that for any η ą 0, (C.11) holds.˝

D.8. Lemma 4 and its proof

Lemma 4. Suppose that Conditions 1–3 hold. Then there exists some universal con-
stant c̃2 ą 0 such that for each j “ 1, . . . , p, l “ 1, . . . , dj , any given function g P H and
η ą 0,

P
!
ˇ

ˇ

ˇ

@

pφjl ´ φjl, g
D

ˇ

ˇ

ˇ
ě ρ2}g

´jl}λM1pfXqλ
1{2
jl l

α`1η ` ρ3}g}M2
1pfXql

2pα`1qη2
)

ď 8 exp
!

´ c̃2nminpη2, ηq
)

` 4 exp
!

´ c̃2M´2
1 pfXqnl

´2pα`1q
)

,
(C.39)

where gp¨q “
ř8

m“1 gjmφjmp¨q, }g
´jl}λ “

`
ř

m:m‰lλjmg
2
jm

˘1{2
, ρ2 “ 2c´1

0 and ρ3 “

4p6` 2
?

2qc´2
0 λ2

0 with c0 ď 4M1pfXqλ0l
α`1.

Proof. It follows from the expansion gp¨q “
ř8

m“1 gjmφjmp¨q and (C.43) in Lemma 7
in Section D.11 that

@

pφjl ´ φjl, g
D

“
ÿ

m:m‰l

ppλjl ´ λjmq
´1gjm

@

pφjl, xp∆jj , φjmy
D

` gjl
@

pφjl ´ φjl, φjl
D

“
ÿ

m:m‰l

!

ppλjl ´ λjmq
´1 ´ pλjl ´ λjmq

´1
)

gjm
@

pφjl, xp∆jj , φjmy
D

`
ÿ

m:m‰l

pλjl ´ λjmq
´1gjm

@

pφjl ´ φjl, xp∆jj , φjmy
D

`
ÿ

m:m‰l

pλjl ´ λjmq
´1gjm

@

φjl, xp∆jj , φjmy
D

` gjl
@

pφjl ´ φjl, φjl
D

“ I1 ` I2 ` I3 ` I4.

Let Ωdj “ t2}
p∆jj}S ď δjdju. It follows from Condition 3 and (10) in Theorem 2 with

the choice of η “ t4M1pfXqλ0l
α`1u´1c0 ď 1 that

P
`

ΩCdj
˘

ď P
`

}p∆jj}S ě 2´1c0l
´α´1

˘

ď 4 exp
!

´16´1c̃M´2
1 pfXqλ

´2
0 c20l

´2pα`1qn
)

.

(C.40)
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On the event Ωdj , we can see that suplďdj |
pλjl´λjl| ď λjdj {2, which implies that 2´1λjl ď

pλjl ď 2λjl. Moreover, |pλjl ´ λjl| ď 2´1|λjl ´ λjm| for 1 ď l ‰ m ď dj and hence

|pλjl ´ λjm| ě 2´1|λjl ´ λjm| for j “ 1, . . . , p. By Condition 3, |λjl ´ λjm| ě c0l
´α´1 for

1 ď m ‰ l ď dj . Using the above results, we have

|I1|
2 ď

`

pλjl ´ λjl
˘2 ÿ

m:m‰l

ppλjl ´ λjmq
´2pλjl ´ λjmq

´2g2
jm}

p∆jj}
2
S

ď 4
`

pλjl ´ λjl
˘2
}p∆jj}

2
S

ÿ

m:m‰l

pλjl ´ λjmq
´4g2

jm

ď 4c´4
0 }g´jl}2l4pα`1q

`

pλjl ´ λjl
˘2
}p∆jj}

2
S ,

where ||g´jl|| “ p
ř

m:m‰l g
2
jmq

1{2. This together with (C.9) implies that, on the event
Ωdj ,

|I1| ď 2c´2
0 }g´jl}l2pα`1q

›

›p∆jj

›

›

2

S .

Similarly, we can show that

|I2| ď c´1
0 }g´jl}lα`1}pφjl ´ φjl}}p∆jj}S ď 2

?
2c´2

0 }g´jl}l2pα`1q}p∆jj}
2
S .

Moreover, by the result ||pφjl ´ φjl||
2 “ xpφjl ´ φjl,´2φjly and (C.9) we have

|I4| “ 2´1|gjl|}pφjl ´ φjl}
2 ď 4c´2

0 |gjl|l
2pα`1q}p∆jj}

2
S .

Combing the above upper bound results, we have

|I1| ` |I2| ` |I4| ď p6` 2
?

2qc´2
0 }g}l2pα`1q}p∆jj}

2
S .

Let rλg “
ř

m:m‰lλjmpλjl ´ λjmq
´2g2

jm ď c´2
0 l2pα`1q}g´jl}2λ. Then it follows from (9)

in Theorem 1 that

P
!
ˇ

ˇ

ˇ
λ
´1{2
jl

rλ´1{2
g I3

ˇ

ˇ

ˇ
ě 2M1pfXqη

)

ď 4 exp
!

´ cnminpη2, ηq
)

. (C.41)

Define Ω1,η “

!

}p∆jj}S ď 2M1pfXqλ0η
)

and Ω2,η “

!

ˇ

ˇI3
ˇ

ˇ ď 2c´1
0 λ

1{2
jl }g

´jl}λM1pfXql
α`1η

)

.

Let ρ2 “ 2c´1
0 and ρ3 “ 4p6` 2

?
2qc´2

0 λ2
0. Under the event Ωdj XΩ1,η XΩ2,η, we obtain

that
ˇ

ˇ

ˇ

@

pφjl ´ φjl, g
D

ˇ

ˇ

ˇ
ď ρ2}g

´jl}λM1pfXqλ
1{2
jl l

α`1η ` ρ3}g}M2
1pfXql

2pα`1qη2.

Let c̃2 “ minp16´1λ´2
0 c20c̃, c̃1q. It follows from (10) in Theorem 2 and (C.41) that

P
`

ΩC1,η Y ΩC2,η
˘

ď 8 exp
!

´ c̃2nminpη2, ηq
)

.

This together with (C.40) completes the proof of (C.39). ˝
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D.9. Lemma 5 and its proof

Lemma 5. Suppose that Conditions 1–3 hold. Then there exist some positive constants
CΓ, c5 and c6 such that

›

›pΓ´ Γ
›

›

max
ď CΓM1pfXqq

α`1

c

logppqq

n

with probability greater than 1´ c5ppqq
´c6 .

Proof. Note that

}pΓ´ Γ}max “ max
1ďj,kďp,1ďl,mďq

ˇ

ˇ

ˇ

pλ
´1{2
jl

pλ
´1{2
km pσjklm ´ λ

´1{2
jl λ

´1{2
km σjklm

ˇ

ˇ

ˇ
.

Let psjklm “
pλjl

pλkm

λjlλkm
for each pj, k, l,mq. Then we have

pλ
´1{2
jl

pλ
´1{2
km pσjklm ´ λ

´1{2
jl λ

´1{2
km σjklm “ ps

´1{2
jklm

˜

pσjklm ´ σjklm

λ
1{2
jl λ

1{2
km

¸

`

´

ps
´1{2
jklm ´ 1

¯ σjklm

λ
1{2
jl λ

1{2
km

.

Let Ωλ “
!

sup1ďjďp,1ďlďq

ˇ

ˇ

ˇ

pλjl´λjl

λjl

ˇ

ˇ

ˇ
ď 1{5

)

. Observe that

psjklm ´ 1 “

˜

pλjl ´ λjl
λjl

` 1

¸˜

pλkm ´ λkm
λkm

¸

`
pλjl ´ λjl
λjl

.

Then under the event Ωλ, we have |psjklm ´ 1| ď 1{2, and thus ps
´1{2
jklm ď

?
2. Moreover,

provided that fact that |p1` xq´1{2 ´ 1| ď x if |x| ď 1{2, we have

ˇ

ˇ

ˇ
ps
´1{2
jklm ´ 1

ˇ

ˇ

ˇ
ď

6

5

˜
ˇ

ˇ

ˇ

ˇ

ˇ

pλkm ´ λkm
λkm

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

pλjl ´ λjl
λjl

ˇ

ˇ

ˇ

ˇ

ˇ

¸

.

Under the event Ωλ, the above results together with the fact of σjklm ď λ
1{2
jl λ

1{2
km imply

that

}pΓ´ Γ}max ď
?

2 max
1ďj,kďp,1ďl,mďq

ˇ

ˇ

ˇ

ˇ

ˇ

pσjklm ´ σjklm

λ
1{2
jl λ

1{2
km

ˇ

ˇ

ˇ

ˇ

ˇ

`
12

5
max

1ďjďp,1ďlďq

ˇ

ˇ

ˇ

ˇ

ˇ

pλjl ´ λjl
λjl

ˇ

ˇ

ˇ

ˇ

ˇ

.

Then it follows from Theorems 3 and 4 that there exist some positive constants CΓ, c5
and c6 such that

}pΓ´ Γ}max ď CΓM1pfXqq
α`1

c

logppqq

n

with probability greater than 1´ c5ppqq
´c6 . The proof is complete. ˝
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D.10. Lemma 6 and its proof

The following lemma shows how to derive the tail probability through moment conditions.

Lemma 6. Let X be a random variable. If for some constants c1, c2 ą 0

P p|X| ą tq ď c1 expt´c´1
2 minpt2, tqu for any t ą 0,

then for any integer q ě 1,

EpX2q
q ď q!c1p4c2q

q ` p2qq!c1p4c2q
2q.

Conversely, if for some positive constants a1, a2, EpX2q
q ď q!a1a

q
2 ` p2qq!a1a

2q
2 , q ě 1,

then by letting c˚2 “ 8 maxt4pa2 ` a
2
2q, a2u and c˚1 “ a1, we have that

P p|X| ą tq ď c˚1 expt´c˚´1
2 minpt2, tqu for any t ą 0.

Proof. This lemma can be proved in a similar way to Theorem 2.3 of Boucheron, Lugosi
and Massart (2014) and hence the proof is omitted here. In the proof, the following two
inequalities are used, i.e. for any c ą 0 and t ą 0,

1

2
minpt2, tq ď

t2

1` t
ď minpt2, tq,

and
c

ct

2
`
ct

2
ď
cpt`

a

t2 ` 4t{cq

2
ď
?
ct` ct. ˝

D.11. Lemma 7 and its proof

Lemma 7. For each j “ 1, . . . , p and l “ 1, . . . , the term of pλjl ´ λjl can be expressed
as

pλjl ´ λjl “
@

φjl, p∆jjpφjlq
D

`Rjl, (C.42)

where |Rjl| ď 2}pφjl ´ φjl}}p∆jj}S . Furthermore, if infm:m‰l |pλjl ´ λjm| ą 0, then

pφjl ´ φjl “
ÿ

m:m‰l

ppλjl ´ λjmq
´1φjm

@

pφjl, p∆jjpφjmq
D

` φjl
@

pφjl ´ φjl, φjl
D

. (C.43)

Proof. This lemma follows directly from Lemma 5.1 of Hall and Horowitz (2007) and
hence the proof is omitted here. ˝
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D.12. Lemma 8 and its proof

Lemma 8. For a pˆp lag-h autocovariance function, Σh “
`

Σ
phq
jk

˘

1ďj,kďp
, h “ 0, 1, . . . ,

we have
}Σ
phq
jk }S ď λ0 and }Σ

phq
jk pφkmq} ď λ

1{2
kmλ

1{2
0 for m ě 1.

Proof. By the expansion Σ
phq
jk pu, vq “

ř8

l,m“1Etξtjlξpt`hqkmuφjlpuqφkmpvq, the or-
thonormality of tφjlp¨qu for tφkmp¨qu for each pj, kq and the Cauchy-Schwarz inequality,
we have

}Σ
phq
jk }S ď

”

8
ÿ

l,m“1

Epξ2
tjlqEtξ

2
pt`hqkmu

ı1{2

ď

!

8
ÿ

l“1

λjl

8
ÿ

m“1

λkm

)1{2

ď λ0.

Moreover, applying similar techniques, we have

}Σ
phq
jk pφkmq}

2 “

ż

U

´

8
ÿ

l“1

Epξtjlξtkmqφjlpuq
¯2

du

ď

8
ÿ

l“1

Epξ2
tjlqEpξ

2
tkmq “

ż

U
Σjjpu, uqduλkm ď λ0λkm,

which completes the proof. ˝.

D.13. Lemma 9 and its proof

Lemma 9. For each j, k “ 1, . . . , p, let tφjlp¨qu1ďlďq and tpφjlp¨qu1ďlďq correspond to

true and estimated eigenfunctions, respectively, and pψjklm be the estimate of ψjklm for
l,m “ 1, . . . , q. Then we have

›

›

›

›

›

q
ÿ

l“1

q
ÿ

m“1

pφkmp¨q pψjklm

!

pφjlp¨q ´ φjlp¨q
)

›

›

›

›

›

2

S

ď

q
ÿ

l“1

}pφjl ´ φjl}
2
q
ÿ

l“1

q
ÿ

m“1

pψ2
jklm,

›

›

›

›

›

q
ÿ

l“1

q
ÿ

m“1

φkmp¨qp pψjklm ´ ψjklmqφjlp¨q

›

›

›

›

›

2

S

“

q
ÿ

l“1

q
ÿ

m“1

p pψjklm ´ ψjklmq
2.

Proof. We prove the first result

›

›

›

›

›

q
ÿ

l“1

q
ÿ

m“1

pφkm pψjklmppφjl ´ φjlq

›

›

›

›

›

2

S

“

q
ÿ

m“1

›

›

›

›

›

q
ÿ

l“1

pψjklmppφjl ´ φjlq

›

›

›

›

›

2

ď

q
ÿ

m“1

q
ÿ

l“1

pψ2
jklm

q
ÿ

l“1

}pφjl ´ φjl}
2,
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where the first equality from the orthonormality of tpφkmp¨qu1ďmďq and the second in-
equality comes from Cauchy-Schwarz inequality. By the orthonormality of of tφkmp¨qu1ďmďq
and tφjlp¨qu1ďlďq, we can prove the second result

›

›

›

›

›

q
ÿ

l“1

q
ÿ

m“1

φkmp pψjklm ´ ψjklmqφjl

›

›

›

›

›

2

S

“

q
ÿ

m“1

›

›

›

›

›

q
ÿ

l“1

p pψjklm ´ ψjklmqφjl

›

›

›

›

›

2

“

q
ÿ

m“1

q
ÿ

l“1

p pψjklm ´ ψjklmq
2,

which completes the proof. ˝

D.14. Lemma 10 and its proof

Lemma 10. Let A,B P Rpqˆq with j-th blocks given by Aj ,Bj P Rqˆq, respectively.
We have

xxA,Byy ď ||B||pqqmax||A||
pqq
1 . (C.44)

Proof. By the definition and Cauchy-Schwarz inequality

xxA,Byy “

p
ÿ

j“1

xxAj ,Bjyy

ď

p
ÿ

j“1

xxAj ,Ajyy
1{2xxBj ,Bjyy

1{2

ď max
j
||Bj ||F

p
ÿ

j“1

||Aj ||F “ ||B||
pqq
max||A||

pqq
1 ,

which completes the proof. ˝

E. An illustrative example

In the following, for any A “ pAjkq1ďj,kďp,B “ pBjkq1ďj,kďp with their pj, kq-th compo-
nents Ajk, Bjk P S and x P H, write AB, Ax and xTA for

ż

U
Apu, v1qBpv1, vqdv1 ,

ż

U
Apu, vqxpvqdv and

ż

U
xpuqTApu, vqdu,

respectively. For a pˆp matrix, C, we denote its maximum eigenvalue, spectral radius and
operator norm by λmaxpCq, ρpCq “ |λmaxpCq| and }C} “

a

λmaxpCTCq, respectively.
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Let p “ 2, xt “
`

xt1, xt2
˘T
, ψ “ diag

`

ψ1, ψ2

˘

, C “

ˆ

a b
0 a

˙

and et “
`

et1, et2
˘T
,

then the VFAR(1) model in (4) and (5) can be rewritten as

ψpuqxt “

ż

U
ψpuqCψpvqψpvqxt´1dv `ψpuqet,

which leads to a VAR(1) model

xt “ Cxt´1 ` et. (D.45)

Provided that Apu, vq “ ψpuqCψpvq and ||C|| “
a

λmaxpCTCq “ λ1 with CTCy “
λ2

1y for ||y|| “ 1, it is easy to see that

ATA “

ż

ATpu, v1qApv1, vqdv1 “

ż

ψpuqCTψpv1qψpv1qCψpvqdv1 “ ψpuqCTCψpvq

and
ż

pATAqpu, vqpψpvqyqdv “

ż

ψpuqCTCψpvqψpvqydv “ ψpuqCTCy “ λ2
1ψpuqy.

Hence ||A||L “
a

λmaxpATAq “ ||C|| “ λ1. The left side of Figure ?? plots ||A||L vs b
for different values of a P p0, 1q.

Let pωj ,vjq, j “ 1, 2, be the eigen-pairs of C satisfying Cvj “ ωjvj . Then

ż

U
ψpuqCψpvqψpvqvjdv “

ż

U
Apu, vqψpvqvjdv “ ωjψpuqvj .

Hence A and C share the same eigenvalues, which are ω1 “ ω2 “ a. When ρpAq “
ρpCq “ |a| ă 1, (4) and (D.45) correspond to stationary VFAR(1) and VAR(1) models,
respectively.

For the VFAR(1) model in (4),the spectral density function and the covariance func-
tion of tXtutPZ are

fX,θ “
1

2π

˜

Σ0 `

8
ÿ

h“1

!

Σ0pA
Tqh expp´ihθq `AhΣ0 exppihθq

)

¸

(D.46)

and

Σ0 “ σ2
8
ÿ

h“1

AhpAhqT, (D.47)

respectively. For the VAR(1) model in (D.45), the spectral density matrix and the co-
variance matrix of txtutPZ are

fx,θ “
1

2π

˜

S0 `

8
ÿ

h“1

!

S0pC
Tqh expp´ihθq `ChS0 exppihθq

)

¸

(D.48)
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and

S0 “ σ2
8
ÿ

h“1

ChpChqT, (D.49)

respectively. Noting that AhΣ0 “
ş

U ψpuqC
hψpv1qψpv1qS0ψpvqdv

1 “ ψpuqChS0ψpvq
and applying similar techniques, we can obtain that fX,θ “ ψpuqfx,θψpvq and Σ0 “

ψpuqS0ψpvq. The functional stability measure of tXtutPZ under (4) is

2π ¨ ess sup
θPr´π,πs,ΦPH0

ΦTfX,θΦ

ΦTΣ0Φ
“ 2π ¨ ess sup

θPr´π,πs,ΦPH0

pψΦqTfx,θψΦ

pψΦqTS0ψΦ
,

where ψΦ P R2 with pψΦqj “ xφj ,Φy, j “ 1, 2. Hence the functional stability measure of
tXtutPZ under (4) is the same as that of txtutPZ under (D.45), i.e. the essential supremum

of the maximal eigenvalue of 2πS
´1{2
0 fx,θS

´1{2
0 over θ P r´π, πs. Some calculations yield

fx,θ and S0 as follows.
By (D.48), we have

fx,θ “
1

2π

„

S0 ` S0

ˆ
ř8

h“1 a
h expp´ihθq 0

ř8

h“1 ha
h´1 expp´ihθqb

ř8

h“1 a
h expp´ihθq

˙

`

ˆ
ř8

h“1 a
h exppihθq

ř8

h“1 ha
h´1 exppihθqb

0
ř8

h“1 a
h exppihθq

˙

S0



“
1

2π

«

S0 ` S0

˜

α expp´iθq
1´a expp´iθq 0
b expp´iθq

p1´a expp´iθqq2
a expp´iθq

1´a expp´iθq

¸

`

˜

a exppiθq
1´a exppiθq

b exppiθq
p1´a exppiθqq2

0 a exppiθq
1´a exppiθq

¸

S0

ff

.

By (D.49), we have

S0 “

ˆ
ř8

h“0 a
2h `

ř8

h“0 h
2a2h´2b2

ř8

h“0 ha
2h´1b

ř8

h“0 ha
2h´1b

ř8

h“0 a
2h

˙

“

˜

1
1´a2 `

pa2`1qb2

p1´a2q3
ab

p1´a2q2
ab

p1´a2q2
1

1´a2

¸

.

F. Derivations for VFAR models

F.1. Matrix representation of a VFAR(L) model in (20)

Note that the VFAR(L) model in (19) can be equivalently represented as

Xtjpuq “
L
ÿ

h“1

p
ÿ

k“1

xA
phq
jk pu, ¨q, Xpt´hqkp¨qy ` εtjpuq, t “ L` 1, . . . , n, j “ 1 . . . , p. (E.50)

It then follows from the Karhunen-Loéve expansion that (E.50) can be rewritten as

8
ÿ

l“1

ξtjlφjlpuq “

L
ÿ

h“1

p
ÿ

k“1

8
ÿ

m“1

xA
phq
jk pu, ¨q, φkmp¨qyξpt´hqkm ` εtjpuq.
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This, together with orthonormality of tφjmp¨qumě1, implies that

ξtjl “
L
ÿ

h“1

p
ÿ

k“1

qk
ÿ

m“1

xφjl, A
phq
jk pφkmqy ξpt´hqkm ` rtjl ` εtjl,

where rtjl “
řL
h“1

řp
k“1

ř8

m“qk`1xφjl, A
phq
jk pφkmqyξpt´hqkm and εtjl “ xφjl, εtjy for l “

1, . . . , qj , represent the approximation and random errors, respectively. Let rtj “ prtj1, . . . , rtjqj q
T

and εtj “ pεtj1, . . . , εtjqj q
T. Let Rj ,Ej be pn ´ Lq ˆ qj matrices whose row vectors are

formed by trtj , t “ L`1, . . . , nu and tεtj , t “ L`1, . . . , nu respectively. Then (E.50) can
be represented in the matrix form of (20).

F.2. VFAR(1) representation of a VFAR(L) model

We can represent a p-dimensional VFAR(L) model in (19) as a pL-dimensional VFAR(1)
model in the form of

rXtpuq “

ż

U
rA1pu, vqrXt´1pvqdv ` rεt´1puq, u P U , (E.51)

where rXt “

¨

˚

˚

˚

˝

Xt

Xt´1

...
Xt´L`1

˛

‹

‹

‹

‚

, rA1 “

¨

˚

˚

˚

˚

˚

˝

A1 A2 ¨ ¨ ¨ AL´1 AL

Ip 0 ¨ ¨ ¨ 0 0
0 Ip ¨ ¨ ¨ 0 0
...

...
. . .

...
...

0 0 ¨ ¨ ¨ Ip 0

˛

‹

‹

‹

‹

‹

‚

, rεt “

¨

˚

˚

˚

˝

εt
εt´1

...
εt´L`1

˛

‹

‹

‹

‚

and Ip denotes the identity operator. In the non-functional setting, a similar VAR(1)
representation of a VAR(L) model can be found in Basu and Michailidis (2015).

F.3. VFAR(1) representation of the simulation example

Noting that θt “ Bθt´1`ηt, we have θtj “
řp
k“1 Bjkθpt´1qk`ηtj for j “ 1, . . . , p. Mul-

tiplying both sides by spuqT and applying
ş

U spvqspvqTdv “ I5, we obtain that spuqTθtj “
ş

U
řp
k“1 spuqTBjkspvqspvq

Tθpt´1qkdv`spuqTηtj . LettingAjkpu, vq “ spuqTBjkspvq, Xtjpuq “
spuqTθtj and εtjpuq “ spuqTηtj , we have Xtjpuq “

řp
k“1xAjkpu, ¨qXpt´1qkp¨qy ` εtjpuq.

G. Algorithms in fitting VFAR models

G.1. Selection of tuning parameters

To fit the proposed sparse VFAR model, we need choose values for three tuning pa-
rameters, qj (the number of selected principal components for j “ 1, . . . , p), ηj (the
smoothing parameter when performing regularized FPCA, as described in Section G.2
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below) and γnj (the regularization parameter in (21) to control the block sparsity level

in t pΨ
phq

jk : h “ 1, . . . , L, k “ 1, . . . , pu).
We adopt a K-fold cross-validated method to choose pqj , ηjq for each j. Specifically, let

Wtjs be observed values of Xtjpusq at u1, . . . , uT . We randomly divide the set t1, . . . , nu
into K groups, D1, . . . ,DK of approximately equal size, with the first group treated as a
validation set. Implementing regularized FPCA on the remaining K´1 groups, we obtain

estimated mean function pµ
p´1q
jl puq, FPC scores pξ

p´1q
tjl,ηj

and eigenfunctions pφ
p´1q
jl pu; ηjq for

l “ 1, . . . , qj . The predicted curve for the t-th sample in group one can be computed by
xW
p1q
tjs “ pµ

p´1q
jl pusq`

řqj
l“1

pξ
p´1q
tjl,ηj

pφ
p´1q
jl pus; ηjq. This procedure is repeated K times. Finally,

we choose qj and ηj as the values that minimize the mean cross-validated error,

CVpqj , ηjq “ pKT q
´1

K
ÿ

k“1

T
ÿ

s“1

ÿ

tPDk

pWtjs ´xW
pkq
tjs q

2.

The optimal γnj ’s are selected by minimizing AICs or BICs in (29), where details can
be found in Section 3.4.

G.2. Regularized FPCA

In this section, we drop subscripts j for simplicity of notation. Suppose we observe
Xp¨q “ pX1p¨q, . . . , Xnp¨qq

T on U , our goal is to find the first q regularized principal
component functions tφlp¨q, l “ 1, . . . , qu. We obtain the l-th leading principal component
φlp¨q through a smoothing approach, which maximizes the following penalized sample
variance [(9.1) in Ramsay and Silverman (2005)]

PENηpφlq “
Varpxφl, Xiyq

||φl||2 ` η||φ2l ||
2
, (F.52)

subject to ||φl|| “ 1 and xφl, φl1y ` ηxφ2l , φ
2
l1y “ 0, l1 “ 1, . . . , l ´ 1, where η ě 0 is a

smoothing parameter to control the roughness of φlp¨q.
Suppose that Xpuq “ δTbpuq and φlpuq “ ζ

T

l bpuq where bp¨q is a G-dimensional B-
spline basis function, δ P RnˆG and ζl P RG are the basis coefficients for Xp¨q and φlp¨q,
respectively. Let J “

ş

bpuqbpuqTdu, U “ JδTδJ and Q “
ş

b2puqb2puqTdu, (F.52) is
equivalent to maximizing

PENηpφlq “
ζT

l Uζl
ζT

l pJ` ηQqζl
, (F.53)

subject to ζT

l Jζl “ 1 and ζT

l pJ`ηQqζl1 “ 0, l1 “ 1, . . . , l´1. By singular value decompo-
sition (SVD), we obtain eigen-pairs, pS1,P1q and pS2,P2q such that J`ηQ “ P1S

´2
1 PT

1

and S1P
T
1UP1S1 “ P2S

´2
2 PT

2 . Then (F.53) becomes PENηpφlq “
xT
l PT

2 S2P2xl

xT
l xl

, where

xl “ S´1
1 PT

1ζl. This suggests us to perform SVD on PT
2S2P2, where we can obtain pxl,

pζl “ P1S1pxl and pφlpuq “ pζ
T

l bpuq{
`

pζ
T

l J
pζl
˘1{2

, l “ 1, . . . , q. In practice, we can set G
to a pre-specified large enough value, and implement the cross-validation procedure as
described in Section G.1 to select q and η.
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G.3. Block FISTA algorithm to solve (21)

The optimization problem in (21) can be reformulated as follows.

min
XPRrˆqj

gpXq, gpXq “ fpXq ` γnj

pL
ÿ

k“1

}Xk}F , (F.54)

where fpXq “ 2´1trace tpY ´BXqTpY ´BXqu , r “
řL
h“1

řp
k“1 qk, Y P Rpn´Lqˆqj ,

B P Rpn´Lqˆr, and X “ pXT
1 , . . . ,X

T

pLq
T P Rrˆqj with Xk P Rqkˆqj for k “ 1, . . . , p.

(F.54) is a convex problem including the smooth part for Xk, i.e. fpXq and the non-

smooth part for Xk, i.e.γnj
řpL
k“1 }Xk}F . To solve the minimization problem in (F.54), we

adopt a block version of fast iterative shrinkage-thresholding algorithm (FISTA) (Beck
and Teboulle, 2009) combined with a restarting technique (O’Donoghue and Candès,
2015), namely block FISTA.

The basic idea behind our proposed block FISTA is summarized as follows. Let ∇fpXq
be the gradient of fpXq at X. We start with an initial value Xp0q. At the pm ` 1q-th
iteration we first try to solve a regularized sub-problem

min
XPRrˆqj

trace
!

p∇fpXpmqqTpX´Xpmqq

)

` p2Cq´1
›

›

›
X´Xpmq

›

›

›

2

F
` γnj

pL
ÿ

k“1

}Xk}F ,(F.55)

where Xpmq is the m-th iterate and C ą 0 is a small constant controlling the stepsize at
pm ` 1q-th step. The second term in (F.55) can be interpreted as a quadratic regular-
ization, which restricts the updated iterate not to be very far from Xpmq. The analytical
solution to (F.55) takes the form of

rXpm`1q “
`

rX
pm`1q
k

˘

with rX
pm`1q
k “

´

1´ γnjC}Z
pmq
k }

´1
F

¯

`
Z
pmq
k , k “ 1, . . . , pL,(F.56)

where Zpmq “ Xpmq ´C∇fpXpmqq “
``

Z
pmq
1

˘T
, . . . ,

`

Z
pmq
pL

˘T˘T
and x` “ maxp0, xq. (See

also (3.a) and (3.b) of Algorithm 1).
We then take block FISTA (Beck and Teboulle, 2009) by adding an extrapolation step

in the algorithm (see also (3.c) and (3.d) of Algorithm 1):

Xpm`1q “ rXpm`1q ` ωpm`1qprXpm`1q ´ rXpmqq,

where the weight ωpm`1q is specified in Algorithm 1. Finally, at the end of each iteration,
we evaluate the generalized gradient at Xpm`1q by computing the sign of

trace
!

pXpmq ´ rXpm`1qqTprXpm`1q ´ rXpmqq

)

,

which can be thought of a proxy of trace
!

p∇gpXpmqqqTprXpm`1q ´ rXpmqq

)

. For a positive

sign, i.e. the objective function is increasing at rXpm`1q, we then restart our accelerated
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Algorithm 1 Block FISTA for solving (F.54)

1. Input: C “ 0.9
`

λmaxpBTBq
˘´1

, θ0 “ 1, Xp0q “ pX
p0qT
1 , . . . ,X

p0qT
pL qT “ 0, Zp0q “

pZ
p0qT
1 , . . . ,Z

p0qT
pL qT “ 0, rXp0q “ p rX

p0qT
1 , . . . , rX

p0qT
pL qT “ 0.

2. For m “ 0, 1, . . . do

(3.a) Zpmq “ Xpmq ´ C∇fpXpmqq,

(3.b) rX
pm`1q
k “

´

1´ γnjC}Z
pmq
k }

´1
F

¯

`
Z
pmq
k , k “ 1, . . . , pL,

(3.c) θm`1 “
`

1`
a

1` 4θ2m
˘

{2,

(3.d) Xpm`1q “ rXpm`1q `
θm´1
θm`1

`

rXpm`1q ´ rXpmq
˘

,

(3.e) If trace
!

pXpmq ´ rXpm`1qqTp rXpm`1q ´ rXpmqq
)

ą 0, set

Xpm`1q “ Xpmq, θm`1 “ 1.

end do until convergence.

3. Output: the final estimator Xpm`1q.

algorithm by setting Xpm`1q “ Xpmq and ωpm`1q “ ωp1q (O’Donoghue and Candès, 2015).
This step can guarantee that the objective function g decreases over each iteration. We
iterative the above steps until convergence. We summarize the restarting-based block
FISTA in Algorithm 1. In practice, one issue is how to choose the stepsize parameter C.

In general, the proposed scheme is guaranteed to converge when C ă
`

λmaxpB
TBq

˘´1
.

Here we choose C “ 0.9
`

λmaxpB
TBq

˘´1
, which turns to work well in empirical studies.

Alternatively, C can be selected through a line search and one simple backtracking rule.

H. Additional empirical results

H.1. Simulation studies

Figures 1 and 2 of the Supplementary Material plot the median best ROC curves (we rank
ROC curves by the corresponding AUROCs) over the 100 stimulation runs in Models (i)
and (ii), respectively. Again we see that `1{`2-LS2, which explains the partial curve
information, although performing better than `1-LS1 is substantially outperformed by
`1{`2-LSa in terms of model selection consistency.

H.2. Real data analysis

Table 1 of the Supplementary Material provides tickers, company names and classified
sectors of 98 stocks under our study. Figure 3 of the Supplementary Material plots the
sparsity patterns in pA (estimated transition function) for either 18 or 36 stocks. For a
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Figure 1. Comparisons of median estimated ROC curves over 100 simulation runs. `1{`2-LSa (black
solid), `1{`2-LS2 (green dotted) and `1-LS1 (red dashed) for Model (i).
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Figure 2. Comparisons of median estimated ROC curves over 100 simulation runs. `1{`2-LSa (black
solid), `1{`2-LS2 (green dotted) and `1-LS1 (red dashed) for Model (ii).
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large collection of p “ 98 S&P100 stocks, to better visualize a large causal network,
we set the row-wise sparsity to 3{98. We then plot a large and sparse directed graph
in Figure 4 of the Supplementary Material. We observe that companies, e.g. Allergan,
Halliburton, Target Corp., have relatively higher causal impacts on all 98 stocks in terms
of their CIDR curves.
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Table 1. List of S&P 100 stocks under study.
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Figure 3. Topleft, topright and bottom graphs plot the sparsity structures in pA for stocks in only
the financial sector, only the IT sector and both financial and IT sectors, respectively. Black and

white correspond to non-zero and zero functional components in pA, respectively.
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Figure 4. The directed graph with indegree=3 for p “ 98 stocks.
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