
Iru Hqf|forsdhgld ri Hqylurqphwulfv

ORQJ UDQJH GHSHQGHQFH

e|

S1P1 Urelqvrq4

Orqj udqjh ghshqghqfh/ ru orqj phpru|/ xvxdoo| uhihuv wr d vwurqj fruuhodwlrq

ehwzhhq glvwdqw revhuydwlrqv lq d wlph vhulhv1 Hylghqfh ri orqj udqjh ghshqghqfh kdv

ehhq irxqg lq glyhuvh ?hogv/ vxfk dv jhrsk|vlfv/ djulfxowxuh/ fkhplvwu|/ hfrqrplfv dqg

?qdqfh1

Dq hduo| hpslulfdo lqyhvwljdwlrq ri ulyhu glvfkdujhv surylghg wkh lqlwldo lpshwxv

iru vhulrxv wkhruhwlfdo vwxg|> lw kdv frqwlqxhg wr lq xhqfh wkh ghyhorsphqw ri wkh

vxemhfw1 D orqj klvwrulfdo vhulhv ri dqqxdo  rrg ohyhov ri wkh Ulyhu Qloh/ uhfrughg dw

wkh Urgd Jrujh dw Fdlur/ vxjjhvwhg hylghqfh ri ghshqghqfh ryhu orqj lqwhuydov ri

wlph/ zlwk vwuhwfkhv zkhq  rrgv duh kljk/ dqg rwkhuv zkhq wkh| duh orz> rq wkh rwkhu

kdqg/ wkhuh zdv qr uhjxodulw| lq wkhlu rffxuuhqfh ru gxudwlrq/ vr wkdw wkh vhulhv glg

qrw h{klelw shulrglflw|1 Iru glvfuhwh/ htxdoo|0vsdfhg revhuydwlrqv/ ohwwlqj f| ghqrwh

wkh ohyho dw wlph | dqg f ' ?3�
S?
|'�f| wkh vdpsoh phdq edvhg rq d vdpsoh ri vl}h

?/ wkh dgmxvwhg uhvfdohg udqjh vwdwlvwlf/
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c +4,

zdv irxqg hpslulfdoo| wr ehkdyh olnh ?M / �
2
÷ M ÷ �> vhh Kxuvw +4<84,1 Krzhyhu/

li f| lv d vhtxhqfh ri lqghshqghqw +Jdxvvldq, udqgrp yduldeohv/ lw fdq eh vkrzq

wkhruhwlfdoo| wkdw -*7 ehkdyhv olnh ?
�
2 1

4Uhvhdufk vxssruwhg e| d Ohyhukxoph Wuxvw Shuvrqdo Uhvhdufk Surihvvruvkls1
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Wkh sdudphwhu M/ nqrzq dv wkh Kxuvw frh!flhqw/ dulvhv lq d wlph vhulhv prgho iru

f| wkdw fdq h{sodlq wklv ehkdylrxu1 Ohw f|/ | ' fc÷�c ééé/ eh d vwdwlrqdu| Jdxvvldq
surfhvv/ vr wkdw d frpsohwh ghvfulswlrq ri lwv suredelolvwlf vwuxfwxuh lv surylghg e|

vshfli|lqj lwv phdq > dqg dxwrfryduldqfh ixqfwlrq òr ' SJñEf|c f|nräc qhlwkhu ri

zklfk ghshqg rq |1 Li f| lv d iudfwlrqdo qrlvh/ kdylqj dxwrfryduldqfh
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c r ' fc÷�c éééc +5,

wkhq wkh -*7 vwdwlvwlf +4, h{klelwv wkh ?M srzhu odz ehkdylrxu ghvfulehg/ iru odujh

?1 Pruhryhu/ iru M ' �
2
/ lw iroorzv iurp +5, wkdw òr ' f/ iru doo r 9' f/ vr wkdw f| lv

dq lqghshqghqw vhtxhqfh/ zkhuhdv iru �
2
÷ M ÷ � zh kdyh

òr å òfME2M ý �ä mrm2M32 c dv mrm $ 4c +6,

zkhuh 3å4 phdqv wkdw wkh udwlr ri ohiw0 dqg uljkw0kdqg vlghv whqgv wr rqh1 Wkh

dv|pswrwlf ehkdylrxu lq +6, lqglfdwhv wkdw wkh dxwrfryduldqfh ghfuhdvhv zlwk orqj

odjv/ exw wkdw lw grhv vr yhu| vorzo| lqghhg/ vr wkdw
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òr '4é +7,

Dv wkh hduolhu glvfxvvlrq lqglfdwhv/ rqh pljkw hvwlpdwh M e| *L}E-*7ä* *L}?1

Wkh prgho +5, lv frqqhfwhg zlwk wkh lqwhuhvwlqj sk|vlfdo surshuw| ri vhoi0vlplodulw|1

Dq xqghuo|lqj frqwlqxrxv0wlph surfhvv t E|ä lv fdoohg vhoi0vlplodu zlwk sdudphwhu M

li t E@|ä dqg @Mt E|ä kdyh lghqwlfdo ?qlwh0glphqvlrqdo glvwulexwlrqv iru doo @ : f> wkxv

wkh glvwulexwlrqv kdyh wkh vdph vkdsh luuhvshfwlyh ri wkh iuhtxhqf| ri vdpsolqj1 Li

t E|ä dovr kdv vwdwlrqdu| lqfuhphqwv/ wkhq f| ' t E|ä ý t E| ý �ä kdv dxwrfryduldqfh

ixqfwlrq +5,1

Zh fdq wklqn ri +7, dv d wlph grpdlq orqj udqjh ghshqghqfh surshuw|1 Dq dowhu0

qdwlyh/ forvho| uhodwhg/ rqh lv irupxodwhg lq wkh iuhtxhqf| grpdlq1 Vxssrvh wkdw wkh

vwdwlrqdu| vhulhv f| kdv d vshfwudo ghqvlw|/ ghqrwhg sEbä/ Z ÷ b é Z/ vr wkdw zh fdq
zulwh
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Wkhq wkh qrq0vxppdelolw| frqglwlrq +7, lv htxlydohqw wr dq xqerxqghg vshfwudo ghq0

vlw| dw }hur iuhtxhqf|/

sEfä '4é

Wklv lv wuxh li/ iru h{dpsoh/ zlwk �
2
÷ M ÷ �/

sEbä å äb�32M / dv b$ fnc +8,

iru d srvlwlyh/ ?qlwh ä1

D vwdwlvwlf wkdw surylghv vrph lqglfdwlrq ri wkh pdjqlwxgh ri sEbä lv wkh shul0

rgrjudp/
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Lq wlph vhulhv iurp glyhuvh dssolfdwlrqv/ sorwv ri UEbä +ru d vprrwkhg yhuvlrq zklfk

fdq surylgh d pruh uholdeoh hvwlpdwh ri d ?qlwh sEbä, fdq dsshdu frqvlvwhqw zlwk wkh

srzhu odz ehkdylrxu qhdu iuhtxhqf| }hur lqglfdwhg lq +8,1 Pdwkhpdwlfdoo|/ wkh odwwhu

surshuw| riwhq fr0h{lvwv zlwk +fi +6,,

òr å S mrm2M32 / dv r$4/ +9,

iru vrph ?qlwh/ srvlwlyh S1 Erwk +8, dqg +9, lqglfdwh wkdw wkh ghjuhh ri ghshqghqfh

ydulhv gluhfwo| zlwk M1

Uhfhqw uhvhdufk kdv irfxvvhg rq prghov wkdw duh pruh qdwxudoo| h{suhvvhg lq whupv

ri wkh iudfwlrqdo gl>huhqflqj sdudphwhu _/ zklfk uhodwhv yhu| vlpso| wr M/

_ ' M ý �

2
é +:,

Ohwwlqj u ghqrwh wkh odj rshudwru/ vr wkdw uf| ' f|3�/ zh kdyh irupdoo| wkh elqrpldo

h{sdqvlrq

E�ý uä_ ' �ý _un
_E_ý �ä

2-
u2 ý ééé 1

Li wkh c_0wk iudfwlrqdo gl>huhqfh* ri f| lv d vhtxhqfh ri xqfruuhodwhg udqgrp yduldeohv/

T|/ zlwk }hur phdq dqg frpprq yduldqfh/ vr

E�ý uä_f| ' T|c +;,
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wkhq/ iru f ÷ _ ÷ �
2
/ f| kdv vshfwudo ghqvlw| sEbä vdwlvi|lqj +8,/ zkloh dovr +9,

krogv/ zlwk wkh lghqwlw| +:,> vhh Dghqvwhgw +4<:7,1 Pruhryhu/ +8, dqg +9, duh dovr

vdwlv?hg li T| lv/ pruh jhqhudoo|/ d fruuhodwhg/ vwdwlrqdu| vhtxhqfh wkdw lv vkruw udqjh

ghshqghqw/ dv|pswrwlfdoo| kdylqj vshfwudo ghqvlw| wkdw lv hyhu|zkhuh frqwlqxrxv/ dqg

wkxv erxqghg1 Wklv lv wkh fdvh zkhq T| lv dq dxwruhjuhvvlyh prylqj dyhudjh vhtxhqfh/

vr wkdw

@EuäT| ' KEuäL|c +<,

zkhuh wkh L| duh xqfruuhodwhg zlwk }hur phdq dqg frpprq yduldqfh dqg @Euä '

� ýSR
æ'� @æu

æ dqg KEuä ' � ýS^
æ'� Kæu

æ duh sro|qrpldov ri ?qlwh ghjuhhv/ R dqg ^/

zlwk doo }hurv rxwvlgh wkh xqlw flufoh1 Wkh uhtxluhphqw rq @Euä hqwdlov vwdwlrqdulw|/

zkloh wkdw rq KEuä hqwdlov lqyhuwlelolw| dqg lghqwl?delolw|1 Wkh uhvxowlqj iudfwlrqdoo|

lqwhjudwhg dxwruhjuhvvlyh prylqj dyhudjh prgho iru f|/ rewdlqhg e| frpelqlqj +;,

dqg +<,/

E�ý uä_@Euäf| ' KEuäL|c +43,

frqvwlwxwhv wkh prvw srsxodu sdudphwhul}dwlrq ri orqj udqjh ghshqghqfh/ wkrxjk

dowhuqdwlyhv/ ehvlghv +5,/ kdyh ehhq dgydqfhg1

Lq sudfwlfh _ dqg rwkhu sdudphwhuv lq +43, duh xqnqrzq/ exw fdq eh hvwlpdwhg e|

dq dssur{lpdwlrq wr Jdxvvldq pd{lpxp olnholkrrg/ nqrzq dv Zklwwoh hvwlpdwlrq1

Wkh vshfwudo ghqvlw| ri f| jlyhq e| +43, kdv wkh irup
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zkhuh w; ghqrwhv wkh yhfwru ri xqnqrzq sdudphwhuv/ w; ' E_c @�c éééc @Rc K�c éééc K^c j
2äâ/

zkhuh j2 ' T EL|ä1 D Zklwwoh remhfwlyh ixqfwlrq lv

uEw;ä '
?3�S
æ'�

;?=*L} sEbæ( w;ä n UEbæä

sEbæ( w;ä

<@> c +44,

zkhuh bæ ' 2Zæ*?> qrwh wkdw wkh phdq0fruuhfwlrq lq UEbæä lv uhgxqgdqw iru æ '

�c éééc ? ý �1 Wkh shulrgrjudp UEbæä fdq eh udslgo| frpsxwhg e| wkh idvw Irxulhu

wudqvirup/ hyhq zkhq ? lv txlwh odujh1 Zh hvwlpdwh w; e| wkh ydoxh ew; plqlpl}lqj

uEw;ä> lq sudfwlfh qr forvhg0irup vroxwlrq h{lvwv/ dqg qxphulfdo phwkrgv duh qhhghg1
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Iru wkh sxusrvh ri vwdwlvwlfdo lqihuhqfh rq w;/ lw lv nqrzq wkdw/ iru Jdxvvldq f|/ ew;
fdq eh wuhdwhg dv dssur{lpdwho| qrupdoo| glvwulexwhg zlwk phdq w; dqg fryduldqfh

pdwul{

2

57?3�S
æ'�

;?=Y *L} sEbæ ( w;äY w;

<@>
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â683� c +45,

iru odujh ?> vhh Ir{ dqg Wdttx +4<;9,1 Wkh vdph odujh0vdpsoh surshuwlhv riwhq krog

hyhq zkhqf| lv qrq0Jdxvvldq/ wkrxjk wkh dssur{lpdwh fryduldqfh pdwul{ pd| lqyroyh

dq dgglwlrqdo whup ehvlghv +45,/ ghshqglqj rq irxuwk fxpxodqwv1 Lw lv qrw uhtxluhg

wkdw f| kdyh d nqrzq phdq/ wkh rplvvlrq ri wkh iuhtxhqf| iru æ ' f +dqg htxdoo|/

e| shulrglflw|/ wkdw iru æ ' ?, dxwrpdwlfdoo| fruuhvsrqglqj wr d phdq0fruuhfwlrq1

Dowhuqdwlyh phwkrgv ri hvwlpdwlqj w; duh dydlodeoh exw wkh| zloo eh ohvv h!flhqw wkdq

Zklwwoh hvwlpdwlrq zkhq f| lv Jdxvvldq/ zkloh srvvleo| odfnlqj vrph ri wkh dgydq0

wdjhv lw frqwlqxhv wr hqmr| hyhq zkhq f| lv qrq0Jdxvvldq1

Lq sudfwlfh wkh dxwruhjuhvvlyh dqg prylqj dyhudjh rughuv R dqg ^ lq +43, duh olnho|

wr eh xqnqrzq1 Lw lv srvvleoh wr dgdsw phwkrgv iru fkrrvlqj R dqg ^/ edvhg rq wkh re0

vhuyhg gdwd/ wkdw kdyh ehhq ghulyhg lq wkh vkruw udqjh ghshqghqw dxwruhjuhvvlyh pry0

lqj dyhudjh frqwh{w +<,1 Krzhyhu/ wkhuh lv vwloo d gdqjhu ri xqghu0 ru ryhu0vshfli|lqj

R dqg ^/ zklfk fdq ohdg wr lqydolgdwlrq ri wkh vwdwlvwlfdo surshuwlhv ghvfulehg deryh1

Lq vwxglhv ri orqj udqjh ghshqghqfh/ _ lv wkh sdudphwhu ri juhdwhvw lqwhuhvw/ exw plv0

vshfl?fdwlrq ri @Euä dqg KEuä zklfk hvvhqwldoo| ghvfuleh wkh vkruw udqjh ghshqghqw

frpsrqhqw ri f|/ fdq vhulrxvo| eldv wkh hvwlpdwlrq ri _1

Vhplsdudphwulf hvwlpdwlrq ri _ lv d zd| durxqg wklv gl!fxow|1 Uhfdoolqj wkh surs0

huw| +8,/ zklfk krogv ryhu pdq| prghov ehvlghv +43,/ xqghu wkh lghqwlw| +:,/ zh

frqvlghu d orfdo Zklwwoh hvwlpdwh zklfk uhvwv rqo| rq wkh dssur{lpdwlrq ri sEbä qhdu

iuhtxhqf| }hur +fi1 +44,,
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,
c +46,

zkhuh 6 lv dq lqwhjhu zklfk lv pxfk vpdoohu wkdq ?> vhh Nÿqvfk +4<;:,1 Zh hvwlpdwh

ä dqg _ e| +qxphulfdoo|, plqlpl}lqj +46,1 Xqghu plog uhjxodulw| frqglwlrqv/ iru odujh

6 dqg ? zh fdq wuhdw wkh hvwlpdwh ri _ dv qrupdo zlwk phdq _ dqg yduldqfh �*e6>
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vhh Urelqvrq +4<<8,1 Wklv dujxphqw uhtxluhv 6 wr eh ri vpdoohu rughu wkdq ?/ vr wkdw

lq ylhz ri +45, wkh sdudphwulf hvwlpdwh ghvfulehg suhylrxvo| lv wkh pruh suhflvh1 Lw

lv lqdgylvdeoh wr fkrrvh 6 wrr odujh dv eldv fdq wkhq uhvxow/ hvshfldoo| li wkh vshfwudo

ghqvlw| dovr frqwdlqv shdnv dw qrq0}hur iuhtxhqflhv1 Krzhyhu/ wkh orqjhu wkh vhulhv

ohqjwk ?/ wkh odujhu zh fdq fkrrvh6 ehfdxvh +46, lqyroyhv iuhtxhqflhv xs wr 2Z6*?/ vr

wkdw lq yhu| orqj vhulhv wkh h{wud urexvwqhvv jdlqhg e| wkh vhplsdudphwulf dssurdfk

pd| eh zruwkzkloh1 Dxwrpdwlf/ gdwd0ghshqghqw/ phwkrgv iru fkrrvlqj 6/ zklfk

edodqfh wkh eldv dqg lpsuhflvlrq wkdw zrxog eh lqfxuuhg e| uhvshfwlyho| fkrrvlqj wrr

odujh dqg wrr vpdoo d ydoxh/ duh dydlodeoh1 Dq dowhuqdwh phwkrg ri hvwlpdwlqj _ wkdw

dovr xvhv rqo| orz iuhtxhqflhv/ orj shulrgrjudp uhjuhvvlrq/ lv orqjhu hvwdeolvkhg dqg

pruh srsxodu/ exw ohvv h!flhqw wkdq wkh orfdo Zklwwoh hvwlpdwh1

Uhihuhqfhv

Dghqvwhgw/ U1N1 +4<:7,1 Rq odujh vdpsoh hvwlpdwlrq iru wkh phdq ri d vwdwlrqdu|

udqgrp vhtxhqfh1 Dqqdov ri Vwdwlvwlfv 5/ 43<80443:1

Ir{/ U1 dqg Wdttx/ P1V1 +4<;9,1 Odujh vdpsoh surshuwlhv ri sdudphwhu hvwlpdwhv

ri vwurqjo| ghshqghqw vwdwlrqdu| Jdxvvldq wlph vhulhv1 Dqqdov ri Vwdwlvwlfv 47/

84:08651

Kxuvw/ K1H1 +4<84,1 Orqj0whup vwrudjh fdsdflw| ri uhvhuyrluv1 Wudqvdfwlrqv ri wkh

Dphulfdq Vrflhw| ri Flylo Hqjlqhhuv 4/ 84<08761

Nÿqvfk/ K1U1 +4<;:,1 Vwdwlvwlfdo dvshfwv ri vhoi0vlplodu surfhvvhv1 Surfhhglqjv ri wkh

Iluvw Zruog Frqjuhvv ri wkh Ehuqrxool Vrflhw| +\x Surkrury dqg Y1 Vd}rqry/

hgv1, 4/ 9:0:8/ YQX Vflhqfh Suhvv/ Xwuhfkw1

Urelqvrq/ S1P1 +4<<8,1 Jdxvvldq vhplsdudphwulf hvwlpdwlrq ri orqj udqjh ghshq0

ghqfh1 Dqqdov ri Vwdwlvwlfv 8/ 4963049941
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