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1. INTRODUCTION

During the 1970's, Takeshi Amemiya considerably advanced the asymptotic theory of
estimation of parametric econometric models for cross-sectional data. Previously, most work
had concerned closed form estimates, such asgeneralized | east squaresand instrumental variable
estimates of linear regressions, or two- or three-stage least squares estimates of linear-in-
equations-and parameters simultaneous equations systems. Prompted by Jennrich’s (1969) work
on strong consistency and asymptotic normality of nonlinear least squares, Amemiyadevel oped
asymptotictheory for implicitly-defined extremum estimates of avariety of econometric models.

Let Y,, X , i=1,2,..., be sequences of, respectively, scalar and dx1 vector
observables, and define

Y, =(pX +¢&) L(B'X +¢ >0), i =1,2,..., (1.1
where ¢, i =1,2,..., isasequence of unobservable zero-mean random variables,
iIsa dx1 unknownvector, t denotestransposition,and 1(-) istheindicatorfunction.(1.1)
iscalled aTobit model. Least squaresregressionof Y, on X, usingeither al observations
or all observationssuchthat Y, >0, inconsistently estimates 3. Assumingthe e, are
independent and identically distributed (iid) normal variates, maximum likelihood (ML)
estimates based on (1.1) can be consistent. These, however, are only implicitly defined.
Amemiya(1973) established their strong consistency and asymptotic normality, later extending
these results (Amemiya (1974a)) to amultivariate version of (1.1).

Another model of econometric interest is

( - 1)1(»0) +(10gY,) 1(A=0) =X +¢, , (1.2)

where the scalar A is unknown. This is called a Box-Cox transformation model. If A is
specifiedincorrectly, least squaresregressioninconsistently estimates 3. Thus, methodshave
been proposed for estimating g and A simultaneously. Onesuch purportstobe ML, based on

normal e, butunless A=0 or 1/ A isodd theleft hand side of (1.2) cannot possibly be



conditionally normal. Alternative, logically consistent, distributions have been proposed, e.g.,
Amemiyaand Powell (1981), but if the distribution ismisspecified inconsi stent estimates again
result. Amemiya and Powell (1981) also applied non-linear two-stage least squares estimation,
which applies to a general class of models including (1.2), and whose asymptotic theory was
earlier developed by Amemiya (1974b). This estimate, which again is only implicitly defined,
isconsistent over awideclassof ¢, . Amemiya(1977) also developed asymptotic theory for
non-linear three-stage |east squares and ML estimates of non-linear simultaneous equations, to
provide an extension to vector dependent variables.
Both models (1.1) and (1.2) are of the single linear index type

EC(Y, IX) =G(B'X), i=12,..., (1.3
amost surely (as.), for afunction G: R~ R. LetF bethedistribution functionof ¢, . In
(LD),

G(u) = ufﬁ‘:dF( V) - fi;“vdF( V) .
If F isan unknown, nonparametric function, then soisG. Then B can beidentified only up to
scale. But if we can estimate 3 up to scale in (1.3), with unknown G, we have a form of
robustness with respect to F. In (1.2),

G(u) :f{ 1+A(u+v)}Y2dF(v) 1(2>0) +e “fe VdF(v) 1(a=0) ,
so the same considerations arise. As aready noted, we can robustly estimate 3 (andalso A )
in (1.2) using nonlinear two-stage least squares. However, the general index form (1.3) indicates
that we may be able to estimate ¢ up to scale whether or not the transformation of Y, is of

Box-Cox type. Notethat 3 can be identifiable on the basis of objective functions used in other
semiparametric methods such as LAD (Powell, 1984), symmetrically trimmed least squares
(Powell, 1986), semiparametric M-estimation (Horowitz, 1988), and semiparametric least
squares (Horowitz, 1986; Lee, 1992).

We can estimate 3 up to scale by the density-weighted averaged derivative statistic
n -qnh-1 n
2] =5 Y
where



U, =h 9K @m -Y)
suchthat K/(u) =(0/du)K(u), where K: RY -~ R isadifferentiable (kernel) function
such that fRdK( uydu=1, and h=h_ isa postive (bandwidth or smoothing) sequence
which tendsto zero dlowly as n- «. For anunknownscalarc, n'2(U-cp) wasshown
to be asymptotically norma when the Y, , X areiid (Powell, Stock and Stoker (1989)) and
when they are weakly dependent (Robinson (1989)), and to be possibly asymptotically non-
normal in case of an element of long range dependence (Cheng and Robinson (1994)).

Thus, in case of the Tobit model (1.1), for example, U achieves the same rate of
convergence as that of the ML estimate established by Amemiya (1973) where the ¢, are
normal, and by Robinson (1982) where the ¢, are normal but actually weakly dependent.
(Robinson (1982) also established consistency whenthe e, arelong range dependent normal).
On the other hand, the smoothing entailed in U might be expected to produce inferior higher-
order asymptotic properties, sincethese moreclosely approximatethefinite samplesituation. We
know of no explicit treatment of higher-order properties of the Tobit MLE (or of the Box-Cox
estimates we have mentioned), but general results of Pfanzagl (1971, 1973), Bhattacharya and
Ghosh (1978), Linton (1996) suggest that, under suitable conditions, they are likely to have
an O(n Y2) Berry-Esseen bound (uniform rate of convergence to normality) and valid
Edgeworthexpansioninpowersof n 2, whileRobinson (1991) established aBerry-Esseen
bound for an optimal version of Amemiya’s (1977) nonlinear three-stage | east squares estimate.
Robinson (1995) showed that while in general U has a Berry-Esseen bound of order greater
than n Y2, it can be implemented (using suitable h and K) to havean O(n *'2) bound.
Correspondingly, Nishiyama and Robinson (1998) (hereafter NR) established that the leading
Edgeworth expansion termis O(n *?2) or larger.

Theorems 1 and 2 of NR established valid theoretical and empirical Edgeworth
expansionsof Z =nY25 'yt (U-cp) forany dx1 vector v, where o> =v'sv and 3
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isthe asymptotic variancematrix of n¥2?(U-cp) . Of course = isunknown so that these

Edgeworth expansions fall short of being operational. For a consistent estimate, =, of ¢ ,

we are led to consideration of Z =n25'vT(U-cp) , where 3 =v'sv. NRin fact

proposed such a (jackknife) estimate ; , and reported valid theoretical and empirical
Edgeworth expansions for % in their Theorems 3 and 4. NR also derived a choice of hthat is
optimal in the sense of minimizing the maximal deviation of Edgeworth correction terms from
the normal approximation, and proposed also a consistent estimate of the scale factor of this,
leading to afeasible approximately optimal h. NR a so reported a Monte Carlo examination of
their Edgeworth expansions, and of their bandwidth choice proposal. However, NR did not
include the proofs of their Theorems 3 and 4, which entail additional regularity conditions and
a considerable and lengthy development beyond that of their Theorems 1 and 2. By marked
contrast with the routine application of Slutsky’s lemmawhich is all that is needed to deduce
asymptotic normality of % from that of Z, the Edgeworth expansions for % involve
considerable extrawork and actually differ from those for Z. The present paper fillsthis gap, by
providing the proofs of NR's Theorems 3 and 4, while taking for granted the proofs of their
Theorems 1 and 2. Callaert and Veraverbeke (1981), Helmers (1985, 1991) have established
higher-order asymptotics for studentized versions of standard U-statistics. Though we follow
their broad approach, our U is a U-statistic with an n-dependent "kernel" (through h) which
significantly complicates matters, whereby we must aso make substantial use of lemmas
established by Robinson (1995) and NR.

The following section presents regularity conditions and theorem statements. Section 3

contains the main details of the proofs, with some detailed technical material left to appendices.

2. THEORETICAL AND EMPIRICAL EDGEWORTH EXPANSIONS
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Our conditionsbelow imply that X hasaprobability density, f (x) , and existence of
the conditiond moments g =E(Y|X) , q=E(Y?|X) , r =E(Y3|X) , where, for a
function h: R9-~ R, we write h=h(X) . For such a function, suitably smooth, we
define h’/=(a/oX)h(X) , h”=(a/aX")h/ (X) and h" =(a/9X*)vec(h’) .
Wiee=fg, p=p(XY) =Yf'-e’, a=gf-Egf), wn=EW =-Egf)
and 3 =4Var () . Weintroduce the following assumptions.
() E(Y® <.
(i) s isfinite and positive definite.
(iii) Theunderlyingmeasureof ( X*,Y) canbewrittenas p <y, ,where g and p, are
Lebesgue measure on RY and R respectively, and (X, Y;) ae iid observations
on (X4,Y)
(iv) fis(L+1) timesdifferentiable, and fanditsfirst (L+1) derivativesare bounded, for 2L>d+2.
(v) gis(L+1)timesdifferentiable, and eanditsfirst (L+1) derivativesareboundedfor L > 1 .
(vi) gistwicedifferentiadbleand q’,q”, g/, g”, 9’ E(|Y]3| X)f and gf ' arebounded.
(vii) f, gf,g’f and gf vanish on the boundaries of their convex (possibly infinite) supports.
(viii) K(u) iseven and differentiable,

[ A (14Ul [K(u) [ +IKCu) [}du + sup|K/(u) || < =,

usRY

and for the sameL asin (iv),

= 1, |f | l+-..+| d — O
fdul'l...u(;dK( udui =0, if 0<I +=sl <L
" #0, if | ++] ., =L

1
9
(ix) %-FnhZ'—_»Oasnaoo

(x) suplimsup|Eexp{ito,'vi(p-p)}| <1.

viv=l |t]- =

These assumptions are the same asthose of Theorem 1 of NR except (i) strengthenstheir

third moment assumption to sixth moments, our treatment of studentization requiring finitethird



moments of certain squared terms.

In our studentized statistic Z wetake

5 - 4 an{znj (U, ‘U)}{; (Uik—U)T} , @2.1)

(n-1) (n-2) 2= |’

ajackknifeestimate of 3 . We are concerned with approximating
F(z) = P(Z<2z)

by the Edgeworth expansion

+ K 4
Fi(2) = o(2) ~o(2) [0t - 2oz - 3n1/2{(222+1) kg +3(22+1) )

where ®(z) and ¢ (z) arerespectively the distribution function and density function of

the standard normal, and, with

A(l Ll i a(I 1l g) |
ale-l...a XCIJd
2( —1) LO';l d | . (| v | )
Kl = - @@ Z"'Z H UI IK( U) du d:(A pood \)If /) g:| ]
L! 05T, = Tq<LPi-1
I+l 4=l

K, = 20;2f{wK/( u) PduE{(q-g2)f} ,
{r-3(9-g? g-g% (vif)3-3(q-g?) (vf)?(va) -(va)?
K, = -OisE[f(q—gz)(vtf ) (viav) -f(vif){v'(q'-299)} (v-a)

£ (q-g?) (va) (vif V) +f (vigh) (via)?| ,

_ -3
Ky = O, E

THEOREM A : Under assumptions (i)-(X), as n- «
sup sup|F(z) -F(z)| = o(nY¥2+nth 92:nt2pt
viviv=l Z
Thecorrectiontermsin F *(z) areof thesameordersasthoseintheunstudentized case

(see Theorem 1 of NR), though their coefficients are different.



The x, areunknown, but afeasible, empirical Edgeworth expansion is

N

F'(z) =2(z) -9(2)

%
Nt - 2z - % l22240) %, + 3(2241) &}

nh 9+2 3nl2 ’
where
2(-1) st d | n -/
T{l = % ZZ U_HUiIIK(U)du} EZ{A(IP ,|d)\)tf (XI)}YI ’
: O<ly, =, lT4<LPi=1 ni=1
I+l g=L
T{ — 6*2 n 71n71 hd+2W 2 ~ — ’\O_V?’Zn: _3
2 "\ 2) A5 b 3 ni= "'’
'(‘573 n, .n _ _
~ _ v U ’
4 n(n—l).z:;j;\) (N
wherefor positive b and afunction H: RY- R
" 1 0 X, -X
f(X) = H——) .
! (n—l)bdj; °
and
_ 1 n — o — . _ _
| = H,Z U, » vV, =vi(U -U) , W, =v(U, -U -U~+U) .22
Weimposethefollowing additiona assumptions, which areidentical to those of Theorem
2 of NR.

(iv) fis(L+2) times differentiable, and f and its first (L+2) derivatives are bounded, where
2L>d+2.

(v) gis(L+2) timesdifferentiable, and e and itsfirst (L+2) derivatives are bounded.

9
(ix)’ (Icr)ligdng) +nh2t - 0 as n- o
n +

(xi) H(u)isevenand (L+1) times differentiable,

fRdH(u)du -1,

(| 7...7| ) (| ,...,| )
[ a7 R Uy [du ¢ supjat TR U) | <
ueR

for any integers | 1y satisfying O< |+ +l

IR

i=1,...,1

2
(i) b~0and%—0(l) asn - e



THEOREM B : Under aswmptlons(l) (i), (iv)’, (v)’, (vi) - (viii), (ix)and (x)-(xii),

sup sup|F(z) —F (z)] =o(nY2+nth92+nt2hly as

viviv=l Z

3. PROOF OF THEOREMSA AND B

Proof of Theorem A.

In the sequel, C denotes a generic, finite, positive constant and the qualification "for
sufficiently large n" may be omitted.

Asisstandard in U-statistic theory, we write

n1/20_ \)I(U u) _ _ZV +nl/Z( )

_qn-1

M:

+nY25 N (BU- L)
i=1j= J

- \7 + W + A. (3.1

where U = E(U [i), V, = o,'v'(U-EU), W, = o vi(U,-EU) -V, -V, ,such

Vi
that E(-[i ,, = ,i,) =EC[(X ,Y, ),j=1,,r). Writing S=4Var(U), s?=
] J
o,>v'Sv , Taylor's theorem gives

-3
05 =8-S ( 57 Ss?ea(tl-s7)} VAL -57)?

1, R s R (3.2)
for some 6 [0, 1] . Similaly to Calaert and Veraverbeke (1981), we expand R as
follows. With V, = E(V.W, [i) , W, =E(W,W,[i k), wehave

R-T+Q+R, T-T,+T,+T, , G-G+G, , R=R +R,+R,+R,+R,
where

R L Y A s L

Q1_45(2) Z{v V)W, -V ~}’Q2__§(n£1)12”:2”: VW, |

i<j



SERE A IS SN S R B 55 SR AVASUA

i< i =1 k<m

R, - (4_5;)( ) S W W, -, WD)
_ ~ :_46n(n—1)
R, o 2)ZZ{V\(, E(W3)} , R BT {( ) ;va,}

where 5 =-s 3/ 2 and kzzr:n(i) denotes summation with respect to k and m for
1 <k<m<n excluding k=i and m~i. Because
Z - (s 1+R+R) (V+Wen) |
by a standard inequality
sup|F(2) ~F (2) | < supl(s 1+T+Q (VW) +s 0 <2) -F (2)]
P( (R+R) (VsWsa) +(T+Q) 4| zan) +0(a) (3.3)

for a,>0, where here and subsequently we drop reference to sup . Taking

viviv=l

-~ olgn max(n Y2, nth 92 n'2n'y  weboundthesecondtermontheright of (3.3)
by
Pl |(R+R) (V+ W Lol s )T n"%h*
A > Al >
((R+R) (V + +)\>2 + PLI( +Q)‘>2Iogn

P| |IR+R %n P()V+W+a|=1ogn) + P| [(T+Q & AR W
< + > + W+ n) + + .
| |>2logn P\ | =109 ( | 2 aogn )&%

Thefirst termin (3.4) is, by an elementary inequality, bounded by

a R -2
P( IR| > n P > C Pl R >—" 3.5
(IR > 41 ogn) i é2> of * ( : 4G, ogn] (35)

for aconstant C, determined later. The third term of (3.5) is bounded by

2 an 2
P( T; zm) + P(T1+T3 > 12%0%) P(|Q 2 12C0Iogn)

= (a) + (b) ¥ (c)



Lemmas 10-19 and Markov’ sinequality give, for ¢ >0

E|T.12(1+9) ~(1+0) 2(1+7) -1
(a) < T, SCn (logn) - o(n ?)
a, 1+¢ -2(1+0)
12G,l ogn n
E|T, + -|-3|2(1+<) C(n th 92) 210 (| ogn) 21D
(b) < < =o(nth 9?2 |
a, 1+¢ (n—lh —d—Z) 1+¢
12C)logn
2 -2 -d-2 2
(c) < E/IR+Q L Cn “h ““(logn) - o(n thd?) |
a, n -1/ 2
12C;l ogn

where <:§ sufficesin (b), and ¢ arbitrarily small sufficesin (a).

Thefirst term of (3.5) is, using Markov’ sinequality, (ix) and Lemmas 15-19, bounded by
16 E(R?) (1 ogn) 2

2

an

~ ~ ~2 w
Now, inview of (3.2), R = 3s(1-26sR) 2R sothatbecause R>0 and 0<6<1 ,

sC(n’1+n72h72d74)(|Ogn)4:0(n—1/2+n71h,d,2) .

G

vV

- P(Bs(l “20sR) 52 > CO)

;U;\)l bR

3Sya 5}) . (3.6)
0

- 1
<Pl IR > =—{1-
<['>25{ (2

Taylor' sexpansionof s ' around s? =1 and Lemma2 of Robinson(1995) givefor integer r ,
s" =1+0(c, vi(S-3)v) =1+0(hY (3.7)
so that we can choose C, such that C,>3s for sufficiently large n by (ii). Then by (3.7) and
Markov’s inequality, (3.6) is bounded by a constant times E|T+Q+R|?
=0(n¥2+n23h739% from Lemmas 10-19, so that the second term of (3.5) is

O( n ¥24+n3h 399 | Therefore,

~ 1
P(R+Rz lj‘g”nJ ~o(n 2+nthd? | (3.8)
Put F(z) =P[nY25,'v (U-p.) <z] . Then

P(|V+Wsa| =1 ogn) =1-F(l ogn) +F( -1 ogn) . (3.9)

10



NR proved in Theorem 1 that

SUp‘F(Z) _|N:(Z)‘ _ O(n—1/2+n—lh—d—2+nl/2h L)
z

where
- K 4( x, +3x,)
F(z) = o(2) —cp(z){nl’zh Fxy nh§+2 ¥ 33n i (22—1)} (3.10)
which impliesthat for any z
1-F(z) +F(-z) = 1-F(2) +F(-2) +o(n Y2+n1h 92, nl2ht) (3.11)
Now by (3.10),
~ ~ 21{2
1-F(z) +F(-z) =1-2(z) +o(-z) +¢(2) " 5Z
n +
2
-2 20(2) +o(2) —2 7 . (3.12)

nh d-+2
Substituting (3.12) into (3.11) and putting z =1 ogn, because 1-® (1 ogn) =o(n Y?) and

o(l ogn)l ogn=o0(n 2 | wehave

1-F(logn) +F(-logn) =o(n Y2+nth92:nt2pty (3.13)
By (3.9) and (3.13),
P(V+W+a|>logn) =o(nY2+nth92.inl2pL) (3.14)

Finally, Markov’'sinequality, (ix), Lemma 1 of Robinson (1995), and Lemmas 10-14 bound the last

term of (3.4) by
A2E[T +Q?(2logn)? _ c
nh2t B
Substituting (3.8), (3.14) and (3.15) into (3.4),

(nt+n2h 2% (logn)2=0(nY2+nth 92, (315

P( \(R+Fe) (V+W+2) +(T+Q)al>a | =o(nY2+nthd2.+n¥2hl)  (316)
To deal with the first term on the right of (3.3), write b, = sV , b, = s W ,

b, - (T+QV ,b, =(T+QW ,b, =b,+b, , b, =b,+b

, B=b, +b, ,ad

3 H

define

X+(t) _ feitZdF+(Z)

1+{n1’2h Ly _M}(it)

1
I,~|1/2

t2
2

=€

11



K (it)2_4(21<3+31<4)
nhd+2 3n1/2

(it)3 .

Esseen’s smoothing lemmagivesfor N, =1 ognni n(nn*'2, nh%?) n=(E[2s 'V |3)

supP((s 2+T+Q) (V+W) +s *a<z)-F(2)|

Eeit(B+s’1A) —vi(t B
N — W ar <o

which, for p =mi n(1 ogn, en??2, nh92) | isbounded by

Eeit(B+s’lA)

dt
t

it(B+sta) _+
fp‘Ee X(t)\dt +f |
-p t p<lt <Ny

x (1) 12,y 1p d-2
+f“‘2p|t—\dt +o(nY2inlhd2

= (1) (1) +(111) +o(nY2+n1th 92,

Here we can set £¢(0, n] for sufficiently large n as discussed in the proof of the Theorem of

Robinson (1995) using (3.7) dso sothat p< N, . Wefirst mention an inequality frequently used

hereafter:

_(ix)kfl‘ < |X‘k

e X-1-ix- - (k-1)1

forinteger k andrea x.

Estimation of (1)

Since s 'A isnonstochastic,
E{eit(B+s’lA)} _eits™ E(eitB>
where (3.7) and (3.18) yield

et = 1+ita+0O(t 22+ |t|htn)

(3.17)

(3.18)

(3.19)

Writing b, =b,+b," where b)=TV and b, =QV ,and applying (3.17) repeatedly, we have

E(eitB) _ E(eitbl) + E(eitB_eitbl)

12



o~ . ~ . ~ .
CEe'ty . { t(by B, 6y _ ity bz)} . {Eelt(bl ) _E(eltbl)}

- E(e''™) + O(|t|E|B) +bB,[) - {Ee”(b“ﬁz/) ~E(e'"™) - |tE(b’e'”’1)}
+itE(bje' "™ -be''™) +itE(Ble'"™)
- E(e'"™) +itE(Bje'"™) + O [t|E|B, +B,| +t 2(E[6)? + E[BJb,)) ) . (3.20)
Write
E(e''"™) = E|le" 2{L+itb3+L2)2b§H + O( [t °E[b,|®) (3.21)
and put v(t) :E(eitﬁvl) . Asin Appendix A of NR,
E(e''™ = {v(t)}", (3.22)
b ™) - (0} 20wy,
-0 tnsz; (5 tn'g)hi“]‘, (3.23)

. L _A4-
E(ble' ™) = —Z{v(1)}"E(WD) + O m:‘m “ltinven 2)‘

()20t n ¥2h 3P

~44-2 )
+{v(t)}"*o(t*nt+tén3h = " +tn2h ) . (3.29)
Since, for m=0,1,2,3,
n-m 71_22 E( 1)3 -1/ 2 3 6 71_42
(O} =e TiLe SE (1% <o n VAPt e T, (329

by Lemma 1 of Robinson (1995), Appendix B-(a) and (3.18)-(3.25),

E{eit(Bss '} - {1 +i tA+O(t 2nh2t + |t |nl/2h2L)}

12 4EV 2

4(it)3 it)? 2(it)?
x[l+ (nll/z) E(W,V,V,) + (In) E(W;) _(Iin)E(Wg)

13



_ (i) ®+(it) {4E(v13) +8E(W2V1V2)} + O(An)‘

nl/2
; t|E52”+63+t2(E|52/2+E|52/b3|)>} (3.26)
where
3hp L 5 4 _24- 2 2L L 3 6
An:‘t|h +(‘t| +t_)h 3d1+ t +th + |t‘ +t_
n 12 n 32 n n2hd2 p2hd-2 n3’2h%d+2 n
th t8 ‘t|3
i 4 i 4 i d+2y 3/2
n3h§d+2 nZhEd+2 (nh )
t 2 it |3 t2ht t?
+ + + +
n2h9+2 n 3 2pd+2 nhd+2 n
LS S L 5 A L 1 t° et
+ + + + +
n n3/2 n3hd+2 rl5/2hd+2 nZhd+2
A t2+t 10 N t 2+t 6
nhd+2 r]1/2

Expanding (3.26), we have

2

_ 2 AE( V) +8E(W.,V, V. E( W3

E{elt(B+s’lA)} _ e ? 1+{A ( 1) +8 (Wz 1 2)}<it) B (WZ)(it)z

3n1/2 n
4{ 2E(V3) +3E(W.V.V.
- H2E(Vy) (W,Vy 2)}(it)3 + D, (3.27)
3n1/2 n

where

) -t a6 mve b 12 Rt
D, =0 {e n1’2+0(n (t°+|t]H)e ) lnghd+2+ a2 tA,

N

5 1/ 2] L 21 2L 1/ 21 2L t 2 |t‘3+‘t|
+e 2(|tInY“h-+t“h*-+|t|n**h )(nzhd*2+ 12 +A)

2

23 12
+(tn1/2hL+t2nh2L){e 2 |t‘ +0(n71/2(t6+‘t|3)e 4)}

nl/2

NP 12
+(tn1’2hL+t2nh2L){e 2 |tl,‘2+o(n*1’2(t6+\t|3)e “)}
n

2 3
(L2 LR

n2nd-2 nl2
14



+ ([t]+t2n¥2nt+ |t 1®nh2Y Eb, + b,
+(t2+]t°nY2n L+t 4nh2Yy (Elb,)2 + E62/b3)) : (3.28)
By Holder's inequality, equation (14) of Robinson (1995) and Lemmas 9-14,
E6/| - EIQV| < (EIQPEIV/) Y2 = O(n*h 7) (329
E[b,| = E(T+QW < (E|T+Q?E|W?)"2
- O((nY24nthd42)(nlh 9212 (3.30)
Writing E|b)|2 < C(|T,|?E|V|2 + E|T,V|? + E|T,V|?) , Lemmas9, 10, 12and Holder'sinequality
give
[ T,I2E[V|? + E|[T,V|? < [T, |?E|V|? + (E|T,|*E|[V|*) ¥2 = O(n 2h 24)
and (3.7), (i), (iii), Lemma 1-(d) of NR and (A.1) give

_ C n ~ n
E|T2V|2 < FE‘E (4Vi2 -s?2 +8Vi)jz:;\/j 2

- n—Cs{nE|(4V12 ~s248V,)V,|% +n(n-1) E[(4VZ - 52 + 8V V,|?
~o(n Y
Thus
E|b,|2 = E[TV|2 = O(nt+n2h 24 (3.31)

Holder'sinequality, (3.31) and equation (14) of Robinson (1995) yield
E|b/b,| = (E|b)2E|b,|?)¥2 = O((n Y2+n th 92) (n th 922 (3.32)

Itis straightforward due to (C.1) of NR that E(V;) =E(vy) +0 (1) and E(W,V,V,)
=E(W,v,v,) +0o(1) where v, = oglvt{ M(X,Y,) -—W.} . Therefore, using (3.27)-(3.32)

and Lemmas 11-13 of NR,

it(B+sta) _ +
(1) < flogn‘ Ee x (1) dt = o(n Y2+n1lhd2,nl2nL)
-1 ogn t

Estimation of (11)

Put b, = TW, b} = QW , then noting that b

15



(by +b;) , wehave, using (3.17),
|Ee”B| < |EeitB_Eeit(bl+52+53) |tEb// it(b,+b, +b3)| . |Eeit(bl+62+63f)|
+ |t HEb// it(b, +b +b3)|
< [tPE[B)|2 + et (PP ¢ | gD e (OB B | (3.33)
Writing E|by’|2 < C( E|QW|2 + E|QW|?) ,Hdldersinequality, equation (14) of Robinson
(1995) and Lemma 14 give
E\QZ\MZ < ( E\Q2|4) vz E\\7V|4) 12 _ O(( n 4h 3d-4y12p 1p —d—z) (3.34)

and
EIQW? < %E\ZZ{ (V V)W, -V, -V} W, P
S—EIZZZZ{(VN)W, V-V W, 2

i<j<k<lI

+_E|2<XJ:<Z{(V.+V)WJ v V}V\(||2

B —7E|ZZ{ (V, V)W, -V, -V 3W, 2
CX T Y TELY V)W, -V, VI,

) 1< < k< |
%EZnZE{ (Vi V)W, -V, -V )W, 2
S (V) W,V VW
= O(n 3h 34y 555

where the third inequality uses the Theorem of Dharmardhikari et.al.(1968; abbreviated to DFJ
hereafter), and the equality uses nested conditional expectation, Lemmas 1-(d), 4 of NR, Lemma4 of
Robinson (1995) and Lemma 2. Therefore by (3.34) and (3.35),

E/B)|? = EJQW|2 = O(n 3h 344y (3.36)

To investigate the second term of (3.33), let

d =(4V?-s?) +8V , eij—4{(vi +VW, -V, -V +ﬁwj} , (3.37)

16



then

Define

8n1/2

573
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smy D,-D, and b)-b, are independent of

for m=1,...,n-1. Note that b,-b
(X{, Y, =, (Xs Y) . Putting B =(b,-b, ) +(b,-b, ) +(b;-b)), and using (3.17)
repeatedly, we have

it(bl+52+53/)‘ <

t2_~ = it(B, b
Ee 7E|b2m+t)3/m|2 + |Ee’ an |
+|t[|Ee" P (B, + By |

[t
6

2 - - LB i 2
o [ Elby,)® + [Ee ' * 141 tby, - (1) "bZ) ‘

~ 9 itB., ~ ~
" [t 2E|b, ||b,,.+ b | +|t||Ee' "(b, +b.) J

t2 0 & Y
- [7Eb2m+ b:%m‘2 + 1 2E“:)3m| |me+ b3m|‘

itB,

1+ith, + Lz)zbszn} ‘

1 PEp, 2 Ee
6 3m

; [|t |Ee''®(B, +B]) |J . (3.39)

By elementary inequalities, (ix), Appendix B-(d), () and equation (14) of Robinson (1995), the first
bracketed term is bounded by
Ct 2{E[B,|2 + E[By,|? + [Elb,/2) 2EIB,,° + EIB, 2" %]

1 1 1
3 2d+4 F n 4 34+6

. 1 1 L1 1
2y d+2y 1/2 3p2d:4 1/2  n 41, 3d+6y 1/ 2
(n<h%9) (n°h=%* (n*h=9"")

1 1
d+2 * 5  3d+6 ' (339)
da-2 S =2

n2h nzh 2

< Cmt ?

The second bracketed term on the right of (3.38) is bounded by

t|3(7m)3/2+{1+ mt| " I'T'“‘ +t2m2}v(t)m4

n2hd+2 nllzh n2hd+2 nh2

c , (3.40)

which isverified asin equations (13)-(19) of Robinson (1995), because s ! isbounded dueto (3.7)

p— n ~ ~ -~ ~ H
and B_is the sum of 2 V; and (byoby) +(b,-by) b,-b,) , the latter being

Vs =

18



independent of (X, Y)) , ... , (Xy Y,) . Appendix B-(b), (c) bound thelast termin (3.38) by

Cnlt |

e IGIAR (341)

Now weinvestigate thethird term on theright of (3.33). Using elementary inequalities, (3.17),

(3.36), equation (14) of Robinson (1995), Appendix B-(d), (e), (f),
| Eb// it(b, +b +b3) ‘

|Eb// it(b,+b,+bg) Eb” it(b, b3m+62762m+6476;n;| |Eb// |tB|

IN

IN

It [E|B)||b,,, L+ |EBJe!t B

IN

Clt |(E|63// 2) 1/2[(E|b ‘2) 1/2+(E|62m‘2) 1’2+(E|b ‘z) 1/2} N \Eb” ItB‘

Cit|h 1/2 m 1/2 my 12 m 1/2
(nhd+2)3/2[( 2hd+2) +( 3h2d+4) +(?) +( n4h3d+6) ‘
Cn1/2
e OLs
1/ 2 1/ 2
Cltlhm =~ S0 7ty ms . (3.42)
nl/2(nhd+2)2 h2
Therefore, by (3.33), (3.36), (3.38)-(3.42),
\Ee”B\ 7Ct2 Cmt 2 1 + 1
n3hp3d+4 d+2 5 3d+6
n2h 2 n2h 2
3 32, mt | mt | t 2mP 4
L e .l MY
Cnlt
ST () e
Chml/Zt 2 1/2|t ‘ 5
nl’z(nhd*z)z h 2 V() [T (3.43)

Now divide (3.43) by |t | andintegrateover p< |t [< N, , wherewe partition therange of
integrationinto two parts, p< [t |<N, and N<|[t[<N, ,for N, =nin(nn%2 nh??)
(i) p<jt|< N

We can choose m=[9nl ogn/t ?] to satisfy 1 <m<n-1 for large n. For this n ,

since E(2V,/s) =0 and Var(2V/s) =1,

V(1) ™ < exp(-T2t2) < cexp(-3logn) - < . (3.44)

n3

19



By (3.43), (3.44) and (ix), we obtain

itB
f ‘Ee dt
p<t] <N t

< —_ t |dt
n3h3d+4fps\t\snhd*2| |
nl ogn nl ogn dt
+C @z s e fp<t<nnﬂ2|t—
n?h 2 n?h ? -

312
. C nl ogn f dat
nzhd“r2 p<|t|<nnt/2 |t‘

2
+£f 1 ., nlogn _ (nlogn)“l,
n3Jp<|t|<nn?? |t‘ r']l/zht2 nh2|t\3

Cnl ogn dt
+
fp

n7/2h3 S‘t‘gnnl/ztz

1/2
. Ch(nl ogn) f dt + C f dt
p< |t |<nhd+2 p<|t|<nnt/2

n1/2(nhd+2)2 rl5/2hZ
=o(nY2+nthd? | (3.45)
(i) N<[t|< N
For sufficiently largen, thereexists £€>0 suchthat |y(t) |[<1-& by assumption (x). We
3l ogn . -
may take m—[—— to satisfy 1<m<n-1  for sufficiently large n.
rog(1-£) Yo

Since |y(t)|™*<Cn3,

itB
f |Ee dt
N<[t]<N, t

g
n3n3d+4 JN<|t|<nh9? ogn

| ogn | ogn
gn , 199 [ It |dt
d+2 5  3d+6 N< [t < n2| ogn

It |dt

+ C

nh 2 nz2h 2

| ogn |32 2
+ C t |<dt
( nzhd+2) leg\t\gn”zlogn| |

2
+£f 1 , logn  (logn) t [}t
n3JINz=itj=n¥2ogn” [t | nl2p nh 2
. Clogn

n’2n3 leg\t\gnl’zl ogn

20



, Ch(logn)?

t |dt
nllz( nhd+2)2 leg\t\gnhd*zlogn| |

el
+ —_—
n>2n2JN<|t|<nY2 ogn

_ 0(n—1/2 " n—lh —d—Z)
by (ix). Therefore, by (3.45) and (3.46),

(11) =o(n¥2+nth?

Estimation of (111).

2

,t 2
2

- —= 1 o
dt +n¥2ht["e 2dt + —— _
fp nhd*zfp

UH)<Cﬁ%

e

2
1 e« 2N e T
mﬂu+tm dt

+

n

Thefirst integral in (3.47) is bounded by

t2 p2

1l (e,  — 1 - _
— [“te 2dt = —e 2 =o(n?) ,
pzfp > (nY

because p=mi n(logn, en?2) . Theremaining integralsareclearly o(1) as p- « .

Therefore,
(| ||) _ 0(n—1/2+n—1h—d—2+n1/2hL) ’

to complete the proof.

Proof of Theorem B.

Inview of theproof of Theorem20of NR, % - k., i =1, 2, 3,4, as Combinethiswith

Theorem A.
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APPENDIX A

Lemma 1. Under assumptions (i), (iii), (iv), (v), (vi), (vii) and (viii),
EIVW,[" = E[V,W,|" = O(h " 14Ty for 1<r<3 .
Proof. Using Lemmas 1-(d) and 4 of NR,
EIVIW,I" < ELIVLT ECIW,[T[1) )
< CE{(]Y,["+1)?} h(rDdr

< Ch (rDdT for 1<r<3 by ().

EIV\W,|" = E[V,W,|" isobvious by the symmetry of W, and (iii).

Lemma2. Under assumptions (i), (iii), (iv), (v), (i), (vii) and (viii),
E\\;1|r =0O(1) for 1<r<6 .

Proof. Asinthe proof of Lemma 3 of Robinson (1995),
V[T = [E(V,W,[1) |7 < C(]Y,|" +1) as.

so (i) immediately produces the conclusion.

Lemma3. Under assumptions (i), (iii), (iv), (v), (vi) and (viii),
(@ E/W,|" = O(h"(@) for 1<r<3
(b) E|W,|" = O(h D42y for 1<1 <6 .

Proof.

(A1)

(a. V\N{1 = E(V\(§|1) < C(]Y,|?+1)h 92 as by Lemma4 of NR so again application of (i)

22



completes the proof.
(b). Apply Lemma6 of NR. O

Lemmad4. Under assumptions (i), (iii), (iv), (v), (vi), (vii) and (viii), for d, givenin (3.37),

(@ E[d,V,|" =O(1) for 1<r<3,

(b) E[d,V,|" =0O(1) for 1<r<2 .
Proof.
(@ By (iii), E[d,V,|" = E|d,|" E|V,|" , wherethe second factor is bounded due to Lemma 1-(d)
of NR. From Lemma 1-(d) of NR and (A.1),

d,|" < c( V2T 4 |V, +1] < C(Y, | +1) (A.2)
then apply (i). O
(b) By an elementary inequality and (3.7), E[d,V,|" < C(E|VY|" + E|\;1V1|r +E[V,|") . By
Lemma1-(d) of NRand (A.1), E[V{|" + E|V,|" = O(1) for 1<r<2 , and

E[V,V,|" < CE(|Y,|" +1)2 = O(1) (A.3)

for 1 <r<3 by(i). O

Lemmab. Under assumptions (i), (iii), (iv), (v), (vi), (vii) and (viii),
@ EW,V,V,|" = EW,V,V,|" = O(h(rDdT) for 1<r<3 ,
() EW,VI|" = EMWLVST = O(h (" D4y for 1<r<2 .
Proof.
(8). Using (iii), Lemma1-(d) of NRand Lemmal,for 1<r<3 ,
EIW,V,V,|" = E[W,V,|" E[V,|" = O(h{r1dT)
EW,V,V,|" = E\W,V,V,|" isstraightforward by (iii) and symmetry of W, .
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(b). By Lemmas 1-(d) and 4 of NR, the left sideis

E{V1|2r E( |W2r1)} < E{C( |Y1‘3r +:|_)h(r1)dr} _ O(h—(r—l)d—r)

EIW, V" = E|W,V;|" isstraightforward by (iii) and symmetry of WA, . O

Lemma6. Under assumptions (i), (iii), (iv), (v), (vi), (vii) and (viii), with e, givenin (3.37),
(@ Ele,V,|" = O(h D=2y for 1<r<3 ,
(b) Ele,V,|" = Ele,,V,|" = O(h(rDd=2)y for 1<r<2 .

Proof.

(a). By (iii) and Lemma 1-(d) of NR, write

EIV,1" < COE[V,W,|" +E|V,|" + E[W,|")

Ele,,V;|" = Ele,, |’

Then apply Lemmas 1, 2 and 3-(b).

(b). An elementary inequality gives

Ele,,V,|" < C( E[V,V,W,|" + E[VAW,|" +E[V,V,|" +E[V,V,|" +E]V,V, || . (A4)
writing E[V,V,W, |" = E{[V,["E( [V,W,|"[1) | , the proof of Lemma 4 of NR applies to
yied E(|V,W,|"[1) < C(|Y,|" +1)h (" D9 as Thus for 1<r<3 ,

EIV,V,W,|" = O(h{rhdry (A.5)
Thesecondtermin (A.4) hasthe sameorder bound as(A.5) by Lemma5-(b)for 1< r <2 .Thethird
termin (A.4) isbounded dueto (A.3), whilethefourth term isbounded dueto Lemma 1-(d) of NR and
Lemma 2. We handle the last term in (A.4) smilarly to Lemma6 of NR:

EIW,V,|" = E|E(W,W,|1, 2) V,|" = O(h (r-Dd2r) (A.6)

Ele,,V,|" = Ele,,V,|" isstraightforward by (iii) and symmetry of e, . O

Lemma7. Under assumptions (i), (iii), (iv), (v), (vi), (vii) and (viii),
(@ E[dW,|" = O(h "4y for 1<r<3 ,
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(b)  E[d,W,|" = E[d,W,|" = O(h ("DdT) for 1<r<2 .
Proof.
(a). Using (A.2) and Lemma 4 of Robinson (1995),

E[d,W,|" = Eld,|" EIW,|" = O(h (T04T)

for 1<r<3 .

(b). Using (A.2) and Lemma 4 of NR the left sideis
e, EW, 10 | < EfCv, 7+ 2) (Y| - ayh o)
< CK( \Y1|3r +1) h -(r-1d-r :O(h—(r—l)d—r)
for 1<r<2 under(i). E|d,W,|" =E|d,W,|" isstraightforward by (iii) and symmetry of W, .

(]

Lemma8. Under assumptions (i), (iii), (iv), (v), (vi), (vii) and (viii),
a E y = et mhan or 1<r<3,
WZWZ r O(h (2r-1)d-3r f 3
E y = ATy e or 1<r<3,
(b) ‘WgWg‘r O(h 2(r-1)d 3r) f 3
c) E y = cetrmnan or 1<r<3,
( ) ‘V\{zv\ég‘r O(h 2(r-1)d 3r) f 3
E y = e us or 1<r<6 .
(d) |V\{2V\é4|r O(h 2(r-1)d 3r) f 6
Proof.
(@). Inview of the proof of Lemma6 of NR,
E‘V\fz\/\{z‘r - E|V\{2‘rw\{2|r
h (2 CE(L+ Yy [" + Y, |+ Y, [V, ] ) W, "

Ch (42 (E|V\{2‘r +E[Y, W, [T+ EJY, W, [ +E|Y1Y2V\{2‘r) :

Thefirst term in parenthesesis O(h (* VdT)  py Lemma4 of Robinson (1995). From inspecting

IA

IA

their proofs, Lemma 1 and (A.5) still hold with V, and V, replacedby Y, and Y, sothatthe
other termsare O(h (" DdT) for 1<r<3 .
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(b). UsingLemma4of NR,for 1<r<6 ,

E[W,W,|" = E{v@f E<|w3f1,2)}

A

< Eﬁv({zf C(|Y,|" +1) h<f1)df}

Ch (rl)dr( E‘V\N{ZYl‘r +E|V\N{2r) .

Wemay replace V, by Y, in(A.6), sothat using also Lemma 3-(b),

E‘W2W3‘r = O(hiz(ril)digr) for 1<r<3 .
(c). Theproof isasin (b).

(d). Writing E\V\kﬂ\éﬂr = E|V\~{2\r E|W,|" by (iii), the proof is straightforward by Lemma 4 of

Robinson (1995) and Lemma 3-(b). O

Lemma9. Under assumptions (i), (iii), (iv), (v), (vi), (vii) and (viii),
E|V]" = O(1) for 2<r<6 .
Proof. Since V, ,i=1,..,nisaniid sequence, theresult followsstraightforwardly by DFJand Lemma

1-(d) of NR. 0

Lemma 10. Under assumptions (i), (v), (vi), (vii) and (viii)

IT,|" =0O(n"h"(d2) for r>0.

1
Proof. Using Lemma4 of Robinson (1995) and |5| <C dueto (3.7),

I < S JE(WD) | =O(n Th T(#2) 0
n

Lemmall. Under assumptions (i), (iii), (iv), (v), (vi), (vii) and (viii),
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E|IT.|" =O(n 2) for 2<r<3 .
2

Proof. Using (3.7), write
r C N 2 2\ |1 C N S
EIT,I" < —E|Y (4V°-s?)|" + —E|) 8V.|".
n" =1 i n" i1 )
Since E(4V7) =s2 and E(V,) =0 , by (iii) both the 4V7-s? and V, are martingae
differences and thus the theorem of DFJ appliesto yield
n L L
E|) (4VP-s?)|" < CnZE[4V]-s?|" = O(n?)
i=1
for 2 <r <3 by (3.7) and Lemma 1-(d) of NR and
n, - Lo L
E[) 8V.|" < CnZ2E|V,|" = O(n?)
i=1

by Lemma 2. O

Lemmal2. Under assumptions (i), (iii), (iv), (v), (vi) and (viii)

E[T,|" = O(n "Th(rDad2ry for 2<r<6 .

3l
Proof. Using (3.7), write

EIT

n-1
./ < Cn ?E| k};zk K (A7)

n ~

where Z = Y W_ ,fork=1,...,n-1 Since

m=k +1
E(W,[2) = E(W, 1) —E{E(V\{3V\531,2) 1}—E(V\{3V\£31) -0 as,

Z ,k=nl .. ,1isamartingae difference sequence. Thus we apply DFJ to bound (A.7)

k

r

_qn=1 ~ -
by Cn2(n-1) 2 1kz; E|Z |". Since E(W, /M =0 asfornek+l,...n the W  aremartingae

differences. We use DFJ again and get, by Lemma 3-(b),

r 4 N - I
E| Zk|r < C(n—k)f ! Z E‘Wm|r < C(n—k) 2 1(n—k) h—(r—l)d—Zr ) 1
1

+

Lemma 13. Under assumptions (i), (iii), (iv), (v), (vi), (vii) and (viii),

EIQ]|" = O(n"h (" DdTy  for 2<r<3 .
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n

Proof. Write P =(V, +Vj)ij —\;i —\}j .Then ) P isamartingale difference sequence

j=i+1

for i=n-1,...,1. We can proceed by replacing Vim in Lemma 12 by P, dueto

the property E( P, j) =0 as.for i #j . Applying DFJand (3.7),

MY E Y Py
< o) N7 < |2 Pylt

n r

n-1
S e,

=i +1

EQl < o §) e

Since Pij ,J=n, ..., i+lisamartingaledifferencefor fixedi, we can apply the theorem of DJF again
n r_ n

and obtain E| ), P | <C(n-i)? 'y EIP,|" . By Lemmas 1 and 2,
j=iel

[

EIP,, " <CLE|V, | +E[V,W,|"] = O(h (" D97) for 1<r=3 .

j=i+1

Lemma 14. Under assumptions (i), (iii), (iv), (v), (vi), (vii) and (viii),
EIQ|" = O(n"h(r 4Ty for 2<r<6 .

Proof. By an elementary inequality and (3.7),

n-1.. n

C({n-1)"_ (i) 0
E r<« = E V. r
< n r( 2 ) |;g; k=1 n;%§1 Ve
-1,. n,.
C(n-1)"_, ¥ N~ i) )
- > n E V. .
n r( 2 ) ;g; | ;g; n;%§1 Ve

VW, ., nrk+l..n is a martingale difference for fixed i, k, k#i and m#i , and

N
Z V.W_ , k=n-1,...,lisadsoamartingaedifferencefor fixediand k=i sothatwe apply DFJ

m=k +1

repeatedly asin the proof of the previous Lemma and get

n nly D n o Ml N (i)
YE Y Y Vw2t Y UE Y v,
m=k +1 i =1 k=1 m=k +1

i1 et
oy T M
< C(n-1)7 ), E(n-k)? = ) EVW,|'
i1 k=1 mek 1

Cnr+1h -(r-1)d-r

IN

for 2 <r <6 by (iii), Lemma1-(d) of NR and Lemma 4 of Robinson (1995).

Lemma15. Under assumptions (i), (iii), (iv), (v), (vi), (vii) and (viii),
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EIR[" =O(n™") for 2<r<6 .
_ n-1 n
Proof. Writing E|R |" < C( 2) gy ¥ V.V, | dueto(37),asinLemmal2orl3, V.V, ,
i=1j=i+1 .
I=1,..., j-1isamartingale difference sequence for fixed j aswell as Z Vi\/j ,i=n-1,...,1. Weuse
j=i+1

DFJrepeatedly again and (i), (iii) and Lemma 1-(d) of NR to obtain

n-1 n r n
B>,
i=1j-=i

r_qh=l
VIV < C(n-1)F Y E Y ViV
1 i=1

R

+

T oqn-l T
<C(n-1)7 'Y (n-i)7 "
-1 i

.Mj

E[V,V.|" =0(n") . O

+1

Lemma 16. Under assumptions (i), (iii), (iv), (v), (vi) and (viii),
EIR,|" = O(n 3 Mp2r1d2ry for 2<r<3 .

Proof. Using (3.7), write

ERI - (M EY Y OX (WaWa- W I
n 2 1

i =1 k=1 mek +
Since R, has the same martingale structure as C, , the same method of proof as in Lemma 14
applies. The difference isin the moment bounds of the two summands, i.e.
E[VW,_|" = O(h ("dT) for 1<r<6
and
E[W W, -W [ = O(h 20 b2y j.kan

by Lemmas 1-(d), 4 of NR and Lemma 3-(b). O

Lemma17. Under assumptions (i), (iii), (iv), (v), (vi) and (viii)
EIR,|" = O(n 2rp(2rd2ry for 2<r<3 .

_r n-1 n ~ ~
Proof. Write E|R,|" < £( 2) E[Y, Y {wW2-w, W, +E(W2)}|" using (3.7). Since
n' =1 =i+
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E{W/ W, -V, *ECW3) [} - E(W/ -W, -\y; <E(W) i} -0

for j>i , R, hasthesame martingaestructureas T, . Therefore, we apply DFJto obtain

n-1 n

EIY, Y {W2-W, -W, «E(W2)}['

i=1j=i+1

r 71nfl

< C(n-1)* izlEji (W2-W, -W, E(W2)} |

=i +1

IN

r

qn=l T4 . -
C(n-1)? "3 (n-i) 1j > EIWS W, Wy, <E(WD)} |

IN

O( n'h -(2r —l)d—Zr)

by Lemma4 of Robinson (1995) and Lemma 3-(a). O

Lemma 18. Under assumptions (i), (iv), (v), (vi) and (viii)

3
EIR,|" = O(n 2’7y for 1<r<3 .

nir E|i§n;{v{(i “E(W)}|" using (37). Since W, -E(W2) is a

martingale difference, by (iii), DFJ and Lemma 3-(a),

EN (W, ~EWD} < Cn S EW, -EWE [T - o(nFh @)

Proof. Write E|R,|" <

Lemma19. Under assumptions (i), (iii), (iv), (v), (i), (vii) and (viii),

EIR|" = O(n?h @2y for 1<r<3 .

Proof. Using (3.7), DFJand Lemma 6 of Robinson(1995),

R« SES L w Sy e w
< . < n- N .
R5 n4r i:1j:i+1WJ n4r = j:i+1WJ
_ O(n—Zrh—r(d+2)) ) O
APPENDIX B
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Here, we present some of the derivations used in the proof of Theorem A, namely:

(a) E(b/ |tb)

nZhd+2 n3/2hd+2 nhd+2

4E(V;) +8E
{v(t)}”l{ SARLELAAD 0(;)}

——{Y(t)}”l{it%E(W§)+O( LI +|thL)}

n1/2

- {v(t)}n? (it)* {4E(V)) +8E(W,V,V,)} +o(t2+\t|3+ t4)
Y nl?2 1 2V1Va n 372
o of [P+t t 2 t© [T EE
+{v(t)}"~ 0 . + RETET + T + PR + T ’
~ Y C:n,
(b) [E(B, '™ | < — o [v(t) ™",
n-+<h
~ Y C:n,
(© [E(Bge' ™™ | < — o V() ™,
n-+<h
~ 1 1
(d) E|b2m\2 < Cm(W +F) ,
2 Cn
@ Ebyl? < — 0
~ Y 1/2
(f) |EB/e’ ' < CL‘ () ™S

for 1<m<n-1.

Proof.

() Write

E(Bz/eitbz) _ E(Tveitbz)
n ) n ) n '
:E(Tliz:\/Jeltbz) +E(Tzizvjeltb2) +E(T3£Z\/Jeltb2)
yni-i yni-i Jyni-i

= (A +(B) +(CQ

Thus

4n
(A) = W E(W3) EE(V 1P
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(B.2)



Dueto (iii), (3.17), vy(t) = E(eitﬁvl) , 4E(V12) =s2 ,(3.7) and Lemma1-(d) of NR,

n
it—2_3V

?) fE(Ve =) Ee ey
2
)
t

n- t?
- {v(1)} 1ﬁ+0(7+ nm)} (B:3)

E( |tb

{v(t)}"*

it—Vj
E{Vj(e Vi1 -t

{3 injz+0(‘—2)}

Substituting (B.3) into (B.2),

3/2 i 2
I D zng(WS){Zr']tl,z ro( o %'J‘ZL)}

—{Y(t)s}nl{z”E(wé)w( o, _t* +t'hL)}. (B.4)
S n

n2hd+2 rl3/2h d+2 nh d+2

Now write (B) =(B)/+(B)” , where

(B)/ = ~——=— —5e ZE(4V -s +8V)V (B.5)
(B)” = - 3/253;”:; E(4V, -s +8V)Ve . (B.6)

Thesummand of (B)’ is, using (3.17) and Lemma 1-(d) of NR,
2

E{ (4V2-s2+8V,) Ve | ;ls}E(e RVIENN
- {v(t)}"IE[(4V2-S2+8V,) Ve )
- {v(t)}”1{4E( V) +BE(W,V,V,) + O nﬁ,'z)} . ©7)
Substituting (B.7) into (5.5)
(B)/ - nm N 1{4E(V1 +8E(W,V,V,) +O( n|tl’2)} _ (B8)
For j » k ,thesummandof (B)” is, dueto (iii),
E{ (4V2-52+8V,) V,e | Z(V;SVZ)}E(e't%' 12

L 2(Vq V.
it (V1 +V3)

- {V(1)}"2E{(4V2-5?) +8V)V,e v }

vy 2

= {v(t)}"2E{(4V[-s?) +8V)e. VEYE(V,e )
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2vy

() B (avEos2+8V) (e VR o1-it L) b it B (4v2-s2+8V.)
Y 1 1 1 1
yns y/ns

i) V. vy
E{V,(e v®-1-it—2)r+itE—

" yns yns
5 2
- {y(1)}n2 _itE%(4Vf—sz+8V1) + O |th)‘ it E%i) ro( L5
i 2 ; 2
SN | BV SBECWYV) ) - O 15 Hﬁs o L1
Sty | O E)) BEW,V ) ) - O( L ;—')‘ ®9
by (3.17). Therefore, substituting (B.9) into (B.6) yields
(8)” - —1(3?;812[“;)2{4E(VE) SBE(W,VV) b ~o( S0 I veyyn
(8.10)
By (B.8) and (B.10),
(B) - {y(t)}n1{4E(Vf) +8E(W,V,V,) L O t)}
g3 n1/2 n
n-2 i 2
) [ U (aB() +BE(W, V)
t 2, t 3 t 4
-0 n| | ) (B.11)
Now, write
4 -1 1 v ith,
© ] ) R RS e
4 1)1 y ith,
_nl/283( n2 ;;Kk(l)E(Vka'etb)
4 n-1) K& ¥ ith,
_n1/253( 2 ) j;k;1 E(W.WV, )
4 n-1) K& ¢ y ith,
_n1/253( 2 ) j:lk;l ECW, Vi )

- (C)/+(C)"+(C)".
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Using (iii), Lemma1-(d) of NR, E(V,) =0 and E(W,) =E(W,|k) =E(W,|m =0 ,thesummand
of (C)/ is

~ |t—(V+V+3) it_2 3 v, ~ It—(V+V+3)
E WZV V/ns }E(e Visi+1,2,3 ) — E{WZV V/ns }{\/(t)}”3

gy 2V, itz 2V,
EWZe Vs -1 - -1t —=)
J/ns yns

2V.

it —2

+(|t)2—E(W2V1V2) +(it) 2 E{V\{zvl(e Vs _1 - |t2—)}
ns [ yns
2V.

it —L

| - 2V
+(|t)ﬁ5{wzv2( VRS _q - |tﬁ)}

2V
it —3

x{E{vs(e ﬁs1it%)}+(it)ﬁE(V§)}{v(t)}”

n 3/2h d+2

—{(it)Z%E(V\zzvlvz) + O nzth2+2+ t]3 )}

x{(it)iE(vsz) +O(t—nz)}{v<t)}”3 .

yns

Thelast equality uses (3.17) and

2

- - -£d-2
EW,ViV7 | <{EIW, [} Y2(E|V,V,[3#3<Ch 3 “=0(h 9?2

due to Holder'sinequality, Lemma 3-(b), (i), (iii) and Lemma 1-(d) of NR.

(c) - LX)} Bn(n-1) (n-2)
ns?2

8(it)3 -, v ) t© it |° t 4
{n3/2 3E(W2 Z)S + O( n3hd+2+n5/2hd+2+n2hd+2)

(60 ) S 1 A LS S L4 +t“+lt‘°’“. (B.12)

S3

n n3hd+2 rl5/2h d+2 n2h d+2

Here we use, dueto (iii) and Lemma 2,
~2
E(W,V,V,) ~E(W,W,V,V,) ~E[ E(W,V,|3) E(W,V,[3)] =E( V, ) -O(1). (B.13)
The summand of (C)" can be expressed asfollowsusing (iii), E( V\zzvleitﬁvl) =0 ,Lemma3-(b)

and (3.17).



tb

~ i 2
E(W,Ve''™) = {[v(t)}"2E(W,V,e VP )

{y(t)}”zE{WZVe ‘/ﬁs(e' Vs _1 - Itﬁ) +\/_S

- )32 2w vy oy E
\/ﬁ 27172

nh d-+2
Thus, using (3.7) and (B.13),

~8n(n-1) { 2it

I,.|5/2

(C)// — {Y(t)}niz

S3

2
(s W) <O ) H

BGOSR A S

S3 n n3/2hd+2

Similarly,

(C)" = {Y(t)s}nz o |tn ’ n3/t2;d+2) '

By (B.12), (B.14) and (B.15),

(C) = (C)/+(C)"+(C)"
R0 L P B G N S S AN (1

]

(B.14)

(B.15)

83 n rl3/2hd+2 n3hd+2 rl5/2hd+2

Therefore, by (3.7), (B.1), (B.4), (B.11) and (B.16),
E(bje''™) = (A) +(B) +(C)

‘—{Y(t)}”l{it%E(W§)+O( t| o, t° +|thL)}

nzhd+2 n3/2hd+2 nhd+2

4E(VY) +8E(W,V, V.
{v(t)}“{ SRS A +0(t7)}

n1/2

2+‘t|3

t4+|t ‘3
n2hd+2 '

(B.16)

N O T LA =V S T RVAVAS W T

n1/2

[t P+t | t? t° t[®
+ + +

t4 ‘
+ )
n n3/2

+{v(t)}"? 0

n rl3/2h d+2 n3hd+2 rl5/2h d+2

(b) Writing, using (3.7) and Lemma 4 of Robinson (1995),

~  _itB C . itB,
[E(bye ™) | < ng“z(\/je )|
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EEAELSTED 3>

|E<djvke"Bm) |}

C n
ns/z{JZ; k=1 j =1 k=m:1
C n-1 n m |th m n n itEm
5,2{ Y Y e, Ve <Y Y Y |E(e Vet
n J:]. k:J +]1 s=1 ]:l k:j 1 s=m+l
C | () itB,
i n7/2j§ kz<I: SZ;‘E(VJ'\%VSE' ) |
n M) Ny B
' jZ:; = et s%l E(ViW, Ve ) |
m "lgy Ngy a -
' jZ:; k=m:l | =k+1 s%l |E(Vj W, Ve )]
itB it—2v it(—2 2V+b by, By By B -Bap)
|E(Vjelth)‘ = ‘E(\/Je Vs J)E{e \/_Skl k 2 2 3 3 }‘
< E[V, [[v(t) ™
for j =1, ,m, since b,-b, +b,-b,,+b,-b] isindependentof V,, -, V_

For j<nm, kemand =Kk,

E(d, Vie' )

(V +Vk+I E Vl) +b37b3m+5275

't s Sn} It 2ns ;Vl
= \E[dije v ] [|E{e P}

A

= E|dijHY(t)‘mz-
For j =k<m,

E(d;Ve't®)

it{—2(V + 2 V,) +by-by +b,-b
[E[d,V,e Vst kem

ant it isgvk
1 l|E{e V& ]

IN

< E[dV [[v(t) ™ < E[dV[[v(t) "2
For j<mand k> nm+1 ,

E(d, Ve |

Pt —2(V, - 2 V,) +by-by+b,-b ant it-—2 rzn_vI
- [E[d Ve Y& ™ ] [|E{e Y™}

< E‘dijHY(t) ™ < E‘dijHY(t) ™2 .

IN

For j>nm+1 and k< m ,smilarly to (B.21),

E(d, Ve "*) [ < EldV,[|v(t) ™2
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(B.17)

(B.18)

(B.19)

(B.20)

(B.21)

(B.22)



Therefore, by (B.19)-(B.22) and Lemma4, for al j, k,

itB,

E(d;Vie'® | < Eld;V, | [v(t) ™2 (8.23)

Similarly to the derivation of (B.23), for any j, k, I, s,

itB
[E(e; Vee' ) | < Ele; V| [v(t) ™, (B.24)

[E(V,W, Ve ™) | < EIVW, V| [v(t) ™ (B.25)

Substituting (B.18), (B.23)-(B.25) into (B.17),using |[y(t) | < 1 ,

[E(B,e'"®) | < Cly(t)|™*x

+
j=1k=j+1s=1 j=1k=j+1s 1
1 zn: n(j)zm:EV v Zn: My L) Zn: EIV. WV
+ + ;
n”2\i3 I 4 ViV Vsl s A A e | ViV Vsl
m "o M) @
£ > EVW, V| (B.26)
j=1  k=m:l | =k+1 s=m+1
The summations in the square brackets have the following bounds.
m
Y ElV,| < Cm by Lemmal-(d) of NR. (B.27)
=1
n. m m n M)
ZZEMJ'VU - ZE|djVj‘ + Z Z E|dij\ (B.28)
j=1k=1 j=1 i=1 k=1
< C(m+mm) byLemmad.
m n
Y. ) E[d V| < Cm byLemma4-(a). (B.29)
j =1 s=m:1l
n-1 n m n-1 .n M K m n
) ZE|ejsz‘ =) ) 2 Ele; Vsl + > Ele; V|
j=1k=j+1s=1 j=1k=j+1 s=1 j=1k=j+1
m-1 Zm:
+ Ele V
ErEE &l
< C(m?+m +m?) h 2 (B.30)
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by Lemma6, Y. 'z ") denoting summations excluding s =i P
S

m .n n m N N

D> D Ele V=3 X E

m n
e Vol + X ) EleV,
T kG 1 sSma k571 st J '

j =1 k=) +1
< C(m?+m)h? byLenmas. (B.31)
Z ”(J)zm:EV v
R R | VW V|
Z ”(J)ij(ivkﬁ') zm: z”:(j) )
E|V. |E E|V_ | + E|V.
=1 k= 41 ‘J| W [EIVS | =1 < VW, |
m n M)
= ZI: E[V, W, V| +j; k; E[VW, V, |
<C(m3+m?2+nPn)h? (B.32)
by (iii), Lemma1-(d) of NR, Lemma4 of Robinson(1995) and Lemmas.
Zn: Magy M zn: £V v
=1 1 151 stma i s
Zn: may zn: (.1n
= E|V. |E E|V
=1 1 151 stma | J‘ W [EIV|
n zm:m n ) E|V2 | zn: zm: N £V v
+ . + .
[t e S e ] i W < k1 1 %A i
<C(m3*+m?h1 (B.33)

by (iii), Lemma1-(d) of NR, Lemma4 of Robinson (1995) and Lemma 5.

n,.

Y Y Y Evwy,
Tl mk< stma i Vs
m ngy oo (k1)

n,.

m (i)
=Y Y Y ENVIEWIEV <Y Y (EIVW, V] ~EV;W, V)
j =1 mxk<l s=m+l 1 nxk<I

<C(m3*+m?h1 (B.34)

by (iii), Lemma 1-(d) of NR, Lemma 4 of Robinson (1995) and Lemma 5. Therefore, substituting

(B.27)-(B.34) into (B.26), using 1<m<n-1 ,
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m m m 2 m 3

~ itl§m m-4
[E(bye ) [ < Clyv(t) | n 3/ 2 d+2 ’ n 3?2 ! n 5 2h 2 ! n’'2n

Thz |Y( ) |nrHl (B.35)

the third term in parentheses dominating for sufficiently large n by assumption (ix).

(c) Using (3.7) and Lemma 4 of Robinson(1995), we write

~ H |§
E(bye'" ™|

|ty £ W)
LSS Eawe )J;IZZ e |

1/2[ zm: z”: z”: \E(WKWS ItB Xn: Zm: zlnzl |E(VYkWseit§m) ]‘ . (B.3)

=1 k=j +1 I <s nxj <k | =1 s=

Similarly to (B.23)-(B.25), for dl j, k, |, s,

E(We' ") | < EIW,[[v(t) ™2, (B.37)
E(d,We''®) | < Eld W, [[v(t) ™, (B.38)
E(W,We' ™) | < EW, W, [v(t) ™ . (8.39)

Substituting (B.37)-(B.39) into (B.36), we have, dueto |[v(t)|<1 ,

~ itB
IE(b] e'"® |

hd2{= s5

< cwt)““‘[ D Z E[W,|
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Applying Lemma4 of Robinson (1995), Lemmas 7 and 8, and (ix),

~ itB, m-4 m m ? 1 m m
[E(bye ™ | < Clv(t) | { 5/2p d+3 i n’%2nh i nwz( hd+3+ h3]}

m-4 1 1 1 1
Cmiy(t) | ( n32pd-3 i nl/2h ’ n 5 2nd+3 ’ n1/2h3]

v(t) ™

1/2h3

(d) Write, using (3.7) and Lemma 4 of Robinson(1995),

+
n i =1 k<I s=1 i=1k=1 | =k+1 =
m n-1., Nay on )
+E[ ) Y ) VWV
i=1 k=m+l | =k+1 s=mrl

(B.40)

Weshow boundsonly of sometypical terms. Since V, isaniid sequencewith zero mean, due

m
to Lemma 1-(d) of NR, E|_Z V. [2= mE|V,|? < Cm. Writing

n m m m n
E|ZZdV|2<CE|ZdV|2+E\ Y d V. |2+E[Y diVS|2)
s=11i=s+1

i=1s= i=1s=i+1

m1

the first term in parentheses is bounded by
nEld,V,|? + m(m-1) E|d,V,|E|d,V,| < Cn?
dueto (iii) and Lemma4-(b). Since d, and V, areiid with zero mean,

m
E\Z > dV 7 - ZE(d ) Y E(V) <cn?
=1 s=i +1 s=i +1
by Lemma 1-(d) of NR and (A.2) under (i). Similarly, using Lemma 4-(a),

gy

S

dV2<Y Y E(d)E(VE) < Cmn .

s+1 s=11i=s+1

M:

=1
From (B.41)-(B.

g

E\ dV 2 < C(n? +m)

|_\

gz
» M3
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(B.42)

(B.43)

(B.44)



Similarly,

E\ijfj d V% = iXm;E(olf) Sznjl E(VZ) <Cm.

i=1j=ml =m+

We next consider

n-1 n m 5 ml n-1 n ) m n 5
2358 SEIALRIC L 5 34 SENAEC) 39 SR
i=1j=i+1s=1 s=1i=s+1j=i+1 i=1j=i+1
ml _m n ) ml _m ) m2 ml m )
' E‘;sgljgleijvs‘ +E|i;j;1eijvj| +E‘i:1j:i+1s§;1eijvs| } (B.49)

Dueto(iii), E( e i) =E( CH j) =0, E(V,) =0 andLemmas, thetriplesummationtermsonthe
right of (B.45)is O((m® + m2n + m?2) h 94) UsingLemma6andHolder'sinequality, the second

termin (B.45) is

m n 1 m n
. Z E(eijvi)2 +2.Z Z Z E(e;;Vie, V)
i=1j=i+1 i =1 k=i +1]j=k+1
< C[mE(e,,V,)? +m’n{ E(e,,V,) ’E(e,,V,) %3 ?] < CmPnh @4 | (B.46)

Similarly, the fourth term of (B.45) is O(mh 9%) . Using Lemma 5, as above, the terms
involving V. W, V, in(B.40) are o((m* +men +m?n2 +m3) h 92}, soby (ix)

~ (2 C m C 2
ElPan” < nhd*z( nZhd*Z) F ™

+ %(m3+m2n +m,]Z)h—d—4
n

C d-
+—7(m4+m3n+m2n2+n113)h d-2
n

<Cm(——— +
n3h294 [

1 1
=) .

(e) Thederivationissimilar using Lemma4 of Robinson (1995), Lemmas 7 and 8. Asin (d), wecan
show

Elb, |2 < ~C mhe2e C(mimencm2)h 92
n5h2d+4 n5

C “3d-
+ —7(m4+m3n+m2n2+rm3)h 3d-6

n
Cn
n 4h 3d+6
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(f) Write

itB |tB

Ebje’ '™ - |EQWe''*| < [EQWe'™| + |EQWe @47
By (3.7),
[E(QWe' ' |
C n-1 n n-1 n - - itB
= e j:lk;l_ls;l BV ~VO Wi -V, -Vid We
6C n-3 n-2 n-1 n ~ ~ o
< E{(V. -V. -V t
- n7’21:1k;1|:k+1s;1 1 i k)VYk | Wl v(t) |
6C n-2 n-1 n ~ - na
" 2y 2 B VWiV - MW ()
C n-1 n .
f Y Y BV, VI WY VW, () |
n"2{=3 k5
= Cnlle\{(V1+V2) W, -V, =V} W, [ [v(t) |™*
c V)W, -V, - V. m3
v ) W, =V = VoW [v(t) |
C ~ ~
G BV Vo) Wy =V =V WG () [ (B.48)

Using (i), (iii), Lemmas 1-(d), 4 of NR, (A.1) and Lemma4 of Robinson (1995), the first expectation
of (B.48) is bounded by
CE{([Y,] +[Y,] +1) W, [} E[W,| <Ch 2 .
Using (i), Lemmas 1-(d), 4 of NR, (A.1) and Lemma4 of Robinson (1995), the second expectation of
(B.48) is bounded by
CE{CIYL[ + 1Y, +1) W, [[W,]}
<CE{(Y,[ +[Y,] +1) W, [ E([W,] [1)}
< Ch (Y, ]+ Y, +1) (Y,] +1) [W,| }
Similarly to Lemmaland (A.5), E[Y,W,| +E|Y?W,|+E|Y,Y,W,| =O(h ) so that the above
quantity is O(h 2) . Thethird expectation of (B.48) is bounded by
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CE[V,WZ| +E[V,W,| < C(h ¢2+h %) = O(h ¢?)

due to Lemmas 1-(d), 4 of NR, Lemma 4 of Robinson (1995) and Lemma 2. Therefore,

— .5 r]1/2 Cn
E(QWe' ™) | < OS5+ 3,2hd+2)| MOIEEE Chv(t)

The second term of (B.47) is bounded by, using (3.7),
n-1

() N¢nyn-1 n
Zf E(VVYkWS |tB

r=1 j=1 k=) +1 1 =1 s=I

C n-4 n-3 n-2 n-1 n

: ElV t) |ms
ng/zrzlj:r+1k:j+1|:k+1s;l | rVYKVYSHY( )|
C n-3 n-2 n-1 n
’ E|V t) |m4
nglzr:lj:r+lkzj+1s;l ‘ rVYkV\LSHY( )|
S5 9 M M AT ATAIMC S
+
nglzrzlj:rq k5 +1 s=k+1 rVYkWs Y
C n-2 n-1 n
* E|V t) |m3
nglzrilj:r+1k;l | VYkVYkHY( ) |
n%2{3 kg
< Cnl/2E|V1\E|V\£3\E|V\£5"Y(t) ‘m5

1/2(E| L [E[WW, |+ E[Vy W, [E[W, ) [v(t) ™

3/2(E| L EIW |2 + B[V WW, ) [v(t) ™2

n1/2 1

m-£
SC( h2 i n1’2h2+ 3/2hd+2)‘Y( )‘

by (i), (iii), Lemmas 1-(d), 4 of NR, Lemma 4 of Robinson (1995) and Lemma 1. Then apply (ix) ]
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