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Abstract

Nonparametric methods of estimation of conditional density functions when the di-
mension of the explanatory variable is large are known to suffer from slow convergence
rates due to the ‘curse of dimensionality’. When estimating the conditional density of a
random variable Y given random d-vector X, a significant reduction in dimensionality can
be achieved by approximating the conditional density by that of a Y given 0T X , Where
the unit-vector 0 is chosen to optimise the approximation under the Kullback-Leibler cri-
terion. The proposed estimation procedure is based on standard kernel methods. Under
strong-mixing conditions, we derive a general asymptotic representation for the orienta-
tion estimator, and as a result, the approximated conditional density is shown to enjoy
the same first-order asymptotic properties as it would have if the optimal 6 was known.

The method is illustrated in a simulation study with nonlinear time series models.



1 Introduction

Conditional probability density functions play a key role in many statistical appli-
cations, including regression analysis (Yin and Cook 2002), forecasting (Hyndman
1995, Fan and Yao 2003), sensitivity to initial conditions in nonlinear stochastic dy-
namic systems (Yao and Tong 1994, Fan, Yao and Tong 1996), quantiles estimation
(Engle and Manganelli 2004, Wu, Yu and Mitra 2008), and asset pricing (Ait-Sahalia
1999, Engle 2001), among many others. In this paper we consider estimation of the
conditional density fy|x (y|x) of Y given X = x, where Y is a random scalar X is
a random d-vector.

If the conditional density is assumed to be normal, then the estimation of the pre-
dictive density reduces to estimation of the conditional mean and autocovariances.
However, in real life probability densities are often charachterised by asymmetry,
heavy-tails, and even multimodality. Moreover, even for a known parametric model,
the conditional density may be difficult to derive analytically. In such cases, a non-
parametric estimation of the conditional density can be useful. Nonetheless, even
for small dimension of X, d > 2, nonparametric estimators are known to suffer
from slow convergence rates and unstable performance in practice due to the ‘curse
of dimensionality’ and the ‘empty space phenomenon’ (see Silverman 1986, section
4.5). For this reason, we suggest approximating the conditional density fy|x (y|x)
by fyjorx (y|0Tx), the conditional density of Y given 87 X = 6z, where the orienta-

tion 0 is a scalar-valued d-vector that minimises the Kullback-Leibler (K-L) relative



entropy,
Elog fyx (y|r) — Elog fY|9TX (?J|9T33) . (1)

The approximated conditional density fyyrx (y|0Tm) is estimated nonparametri-
cally by a kernel estimator. In doing so, our approach provides a low dimensional ap-
proximation of the conditional density which is optimal under the Kullback-Leibler
criterion.

In the popular single-index regression model it is typically assumed that ¥V =
g (07 X)+¢, where g is some link function and ¢ is a noise term such that £ (|X) = 0
(see Ichimura 1993). Our methodology differs from this regression model by aiming
for the most informative projection #7 X of X to explain the conditional density
of Y given X, rather than just the conditional mean. However, that is not to say
that the true conditional distribution of Y| X is assumed to be the same as that of
Y |67 X. The method aims to provide the optimal single-index conditional density
approximation possible for a general fy|x (y|z).

The approach of using the K-L relative entropy for estimation of orientation has
been utilised by Delecroix, Hirdle and Hristache (2003) in single-index regression,
Yin and Cook (2005) for dimension reduction subspace estimation, and by Fan et
al (2009), who similar to us, dealt with conditional densities. Yin and Cook (2005)
discuss several equivalent presentations of the K-L relative entropy and they show
relations to inverse regression, maximum likelihood and other ideas from information

theory. Our work extends the approaches taken by the above papers in two main



aspects.

First, by allowing the data to be stationary strong mixing, the suggested method
is shown to be applicable for dependent data, and in particular to the estimation of
predictive densities in high-dimensional time series. As an example, ARMA, GARCH
and stochastic volatility processes were proved to be strong-mixing under some mild
conditions (cf. Pham and Tran 1985, Carrasco and Chen 2002, Davis and Mikosch,
2009), and our method can be applied to these series when the assumption of Gaus-

n+d+k—1
1

sianity is not applicable. For a general univariate strong mixing series {z,},~ ,

let

Y = Zrarn1, = Ziyar, - Z)", t=1,..n.

Then fy 47, (yt|¢9Txt) provides a k-steps ahead conditional density based on the d-
lagged vector x;, which allows generalising standard time series models to possibly
nonlinear or nongaussian processes.

As a second contribution, we derive a general asymptotic representation for the
difference between the orientation estimator  and the unknown optimal orientation 6,
that is equal to a sum of zero-mean asymptotic Gaussian components with /n-rate
of convergence and two other, stochastic and deterministic, components. The rep-
resentation holds for kernels of either order two or four, while the asymptotically
dominant terms are determined by the order of kernels in use and the choice of
kernel bandwidths.

Kernels of high-order benefit from reduced asymptotic bias in the estimation,



yet they take negative values and thus often produce negative density estimates.
An investigation by Marron and Wand (1992) of higher order kernels for density
estimation concluded that the practical gain from higher order kernels is often absent
or insignificant for realistic sample sizes (see also Marron 1992 for graphical insight
into the effectiveness high-order kernels). Our proposed procedure allows estimating
0y with high-order kernels, while then estimating the conditional density with non-
negative second-order kernels.

We carry out a numerical study to compare the performances of the orientation
estimators obtained with second and fourth order kernels. Our results indicate that
despite having better asymptotic properties, orientation estimators obtained with
fourth-order kernels perform poorly relative to those obtained with only second-
order non-negative kernels. Our conclusion is that the ‘failure’ of high-order kernels
to attain their theoretical benefit in realistic sample sizes carries through to the
estimation of the orientation.

The outline for the rest of paper is as follows. Section 2 states the model’s general
setting and estimation methodology; Section 3 contains the assumptions and main
theoretical results; and Section 4 presents a Monte-Carlo study with three simulated
time series examples. The proofs of the main theorems are given in Appendix A,

while some other technical lemmas are outlined in Appendix B.



2 Model and Estimation

Let {y;, z; }?:1 be strictly stationary strong mixing observations with the same dis-
tribution as (Y, X), where Y is a random scalar and X is a random d-vector. Our
alm is to estimate the conditional density fy o7y (y|9Tx) of Y given a random d-
vector §7 X=0"z, where 6 is a vector in R? that minimises the K-L relative entropy
. Since the first term of the K-L relative entropy does not depend on #, min-
imising K-L relative entropy is equivalent to maximising the expected log-likelihood
Elog fygrx (y\HTa:). Clearly, the orientation 6 is identifiable only with regards to
its direction, and we therefore consider unit-vectors that belong to the compact
parameter space

O={0eR":0"0=1, 6, >c>0},

where 6, is the first element of the orientation and ¢ > 0 is arbitrarily small. For
example, if Y; is the k-step ahead observation of a time series and X; consists of d
lagged values of the series, then the constraint that 6; # 0 represents the belief that
the k-step ahead observation depends on the most recent observed value.

In order to ensure the uniform convergence of our estimator, we need to restrict
ourselves to a compact subset of the support of Z = (Y, X) such that for any
¢ € © the probability density fy o7y (y|9T:E) is well defined and bounded away from

0. Denote such a subspace by S, and let also Sx = {:U eR?: Jyst. (y,7) € S}.



Let 6y be the maximiser of expected log-likelihood conditional on Z € S, that is,

0o = arg e Es <log fyiorx (YWTXD ) (2)

where Ejs is the conditional expectation given Z € S. Note that the condition Z € S
should not have any significant effect on 6 if the subset S is large enough. For ease
of presentation, we shall assume that all observations {y;, z; };L:l belong to S.

To estimate #y one can maximise a sample version of . Define the orientation
estimator by 0= arg maxgeo L£(0), where £(0) is the likelihood function

n

1 i
L(0) = - ;bg V6T X (yi\HTa:i) ﬁf (3)

Here, ﬁf is a trimming term, which is discussed below, and with probability 1 it
is eventually equals to 1 for large enough n. The unknown conditional density is

estimated by a nonparametric kernel estimator

f;,;TX (yza QT‘/L‘Z)
f/‘;_TiX (QT%’)

/, viorx (Wil0"wi) =

where .]/C\YﬁT x (y, QTx) and .]/‘\.GT X (GTJ:) denote the standard kernel probability density
estimates, whereas the superscript ‘—i¢’ indicates exclusion of the ¢'th observation

from the calculation, that is,

Frims (0878) = {= 0 S & (L) i (=),

’ i
i (pT..\ _ n— -1 0" (z; — z)
[y (07 ;) {(n—1)h,} ;K <—hx ) ,

where hy, h, are bandwidths and K is a fixed, bounded-support, kernel function.



The trimming term ﬁf that appears in 1) is introduced to stabilise the finite-
sample performances of the algorithm. To appreciate the role of this term, observe
that even if observation (y;, x;) belongs to S it may still be the case that the kernel
estimates ]?; ;T X (yi, (9T.I'i), feT X (QT.Z‘@) rely on very few neighbouring observations,
or even none, and as a result these estimates may be close to zero and even non-

positive when high-order kernels are used. Including log (yl|9Tx,~) in the

Y\GT X
computation of the likelihood function in such cases may have a drastic adverse effect
on the accuracy of the likelihood surface estimates, and it is therefore preferable to
trim such terms. In this paper, we adopted the following simple trimming scheme,
which works very well in practice (For alternative trimming schemes cf. Hérdle and
Stoker 1989, Ichimura 1993, Delecroix, Hristache and Patilea 2006, Ichimura and

Todd 2006 and Xia Hirdle and Linton 2012). For a given observation (y;,x;) and

0 €0, let

1, if min { A;éTX (y“ 07 2. ) J/”;TX (QT )} > agn” ¢,
n,0
0, otherwise,

for some small constants ag,c > 0. As I’ o depends on 6 it needs to be normalised
to account for the actual number of observations considered in the computation of

L(0), and hence we take

_[Ze/ Zz 1 n9 (4)

We show in appendix B that if ¢ is sufficiently small, then ﬁf eventually equals to

1 for any large enough n with probability 1. Therefore, ﬁf has no asymptotic effect



on the method performance.

It is common in single-index regression models, that the kernel’s bandwidths for
orientation estimation are required to undersmooth the nonparametric estimator of
the link function (cf. Hall 1989, p. 583). Our theory indicates that a similar property
arises in single-index conditional density estimation. It is therefore the reason that
a second stage of estimation is utilised when now fy o7y (y|9T$) is estimated with
the already estimated orientation  and with optimal bandwidths H, and H,.

Let the conditional density estimator be obtained with non-negative symmetric

kernels K with all observations and bandwidths H, and H, in place of h, and h,,
1 n o(uv) w0 (a2
i S K (4) K ( e )
n 7 gT T;—x ‘
ﬁ Zj:1 K (%)

fY@TX <y|§T$> -

~ ~ ~T
The following section presents the asymptotic properties of  and fY|/0\T X (y|9 x) .

3 Asymptotic Results

We introduce some new notations that will be used throughout the section and in
the proofs. For a function ¢ (6) that possibly also depends on y and z, let Vg ()

and V?g (#) be the vector and matrix of partial derivatives of g (f) with respect to

9?g (0)

999) kel dv.
20,06, "l€Lmd}

(Vo0 =22 and {0}, -



Denote now Z = (X,Y) and

W(0) = Es|Viog fygrx (YI0TX) Viog fygry (V]67X)"]

Q) = Bs [-vQ log fy o7 x (Y|9Tx)} .

where FEg is the conditional expectation given Z € S. For some small § > 0, define
also the set S; distant no further than § > 0 from some (y, HTx) such that (y,z) € S
and 0 € O.

The following assumptions are required to obtain the asymptotic results for the
orientation estimator .

(A1) (Y, X) € R¥! is strong mixing with mixing coefficients that satisfy a; <
At~ with 0 < A < oo and 7, > 3, and X € R? is strictly stationary and strong
mixing with oy < Bt772 with 0 < B < 0o and 71, > 2.

(A2) K (-) is a symmetric, compactly supported, boundedly differentiable kernel.

(A3) The bandwidths satisfy h,, h, = o(1) and n¢il;7zhz = o(1) with ¢, = (n, —
3)/(, +1) and 82— o(1) with ¢ — (n, — 2)/(ny + 2).

A4) For all § € O, (V,67X) has probability density fy vy (y,t) with re-
v,0T X

spect to Lebesgue measure on Ss5 and inf(, es; fygrx (,t) > 0. fyoryx (y,t) and
E (X|Y =y, 0T X = t) and F (XXT\Y =y, 07X = t) are twice continuously differ-
entiable with respect to (y,t) € S5. Moreover, there is some j* such that for all j > j*
and (Y1,07X1), (Y;,07X;) € Ss the joint probability density of (Y3, 6" X1,Y;, 07 X;)
is bounded.

(A5) For the trimming operator, we require that ag,c > 0 and n° (hz + hi) =

10



o(1) and n*~%*h,h, — oo.

(A6) For all § € O, Es <10g fyjor X) is finite and it has a unique global maximum
0y that lies in the interior of ©.

We further require that K () is either a second-order or a fourth-order kernel

function, such that

/qu(u)du:O for j=1,..,p—1, and /u”K(u)du;ﬁO,

for p =2 or p = 4. We then make the following assumptions.

(A7) K (-) is p’th-order kernel with p = 2 or p = 4, and it is three times
boundedly differentiable.

(A8) The bandwidths h,, h, satisfy n?~°h,h3 — oo for some § > 0.

(A9) fygry (y.1) and E (X|Y =y, 0"X =t) and E (XXT|Y = y,0"X =1t) are
(2 + p)-times continuously differentiable with respect to (y,t) € S;.

(A10) wQ (6p) wT > 0 for any non-zero d-vector w L 6.

Conditions (A1)-(A6) are needed for uniform consistency of the log-likelihood
function on © x S, and therefore for consistency of 6. In particular, condition (A1)
allows the data to come from a strong mixing process. For many common time series
processes (e.g. ARMA, GARCH), the mixing coefficients decay exponentially and
n, and 7, can be taken as +o0o. Condition (A2) requires that K (-) is symmetric
and therefore it is of second-order at the least. Condition (A3) on the bandwidths is
needed to obtain uniform convergence of the kernel density estimators. In condition
(A4), the bound on the joint probability density of (QTX LY 0T X Y;) may not hold

Jr =]

11



for j < j*, which allows components of X; and X, to overlap for some small j’s, as
in the case where X consists of multiple lags of Y;. Condition (A5) for the trimming
operator terms is derived from Lemma (8] in the appendix. (A6) is an identifiability
requirement for §y. Conditions (AT7)-(A9) are stronger versions of (A2)-(A4) and are
needed for the derivation of the rate of consistency of 6. Condition (A8) discusses
rate of decay for the bandwidths. It implies together with condition (A3) that the
exponent for the mixing coefficients in (A1) cannot decay too slowly. For example,
if both bandwidths h,, h, are taken to be proportional to n~7, v > 0, then by (A3)

and (A8) v must satisfy

n —3 772_2}
(m +1) 1y, +2

0<y< min{l/?), 5
Finally, condition (A10) is a standard requirement (see Hall and Yao 2005).

We now turn to state the main theorems of the paper, proved in appendix A.

The following theorem shows the consistency of 0.
Theorem 1 Let (A1)-(A6) hold. Then as n — oo
/Q\ —p (90.

As an implication of Theorem |1/ and the fact that both 8y and 0 are unit-vectors,
it follows from a simple geometric argument that the difference 0 — Ay can be ap-
proximated up to first-order asymptotics by /Q\L, the projection of 9 into the plane
orthogonal to 6y, i.e.,

~1

0-0,=0 +op(H§—90

).

12



Since fy g7y (Y]HTX ) depends only on the direction of 6, then for any vector 6 € R?
we get that both vector Vlog fy ory (V16" X) and the column (row) space spanned
by matrix V?log fyiorx (y|«9Tx) are perpendicular to #. Indeed, this can also be
seen directly from Lemma ] in appendix B. Note, however, that by (A10) there is a
generalised inverse of Q (), denoted Q2 (6y) ", that is well defined in the perpendic-
ular space to 0y. Let now V (6g) = Q(0y)” W (0g) 2 (0y) . The next theorem gives

a general second-order asymptotic representation for = 0o.
Theorem 2 Let (A1)-(A10) hold. Then
0— 60 =n""2V (00)/% Z + O, (n*h,h?) "> + O + h2),

where Z is asymptotically normal N (0,1) random d-vector and 6 > 0 arbitrarily

small.

It is clear from this theorem that for 8 to be v/n-consistent estimator of 6y, one

needs

(n2’5hyhf’c)71/2 <n'? and RY4+hE <n'2 (5)

However, it is easy to see that both conditions cannot be satisfied if p = 2, and
hence the y/n-convergence rate is not achieved in that case (cf. Remark 2 of Fan et
al 2009), although the convergence rate can still become arbitrarily close to /n. By
increasing the order of the kernel to p = 4, the condition can be fulfilled under
hy, by < n~Y8 and hyh2 > n’~1 and if the two last inequalities are strict, then the

Theorem implies asymptotic normality of the estimate.

13



The asymptotic expression given by Theorem [2 at the limit 6 — 0 suggests that
the optimal bandwidths A, and 5, have both the asymptotic rate n~ Y/ @+2)  where p is
the kernel’s order. Taking p = 2, for example, we have that the optimal bandwidths

/4 This optimal rate reflects undersmoothing of the

are of asymptotic order n~
kernel estimator, which is a typical requirement in many single-index models.
Under appropriate choice of bandwidths, 0 can converge fast enough to 6y so

~ ~T
that fY|»0~T X (y|9 :c) estimates fyr (y|9§x) with the same first-order asymptotic

properties as if #y was known. The Theorem below formalises this idea.

Theorem 3 Let (A1)-(A10) hold and HyH,/h,h3 = o (n'=°) for some § > 0 and
HyH, (hg” + hip) =o(nY). In addition let K bea symmetric, compactly supported,

boundedly differentiable kernel, and H,, H, = O (n™'/%) and -2 = 0(1). Then

HyH,
for any 0 > 0,
_ 7 . Inn \?
(;B)IZS fY@TX (y|9 3:) — Friogx (y|90$)‘ = (<nHyH$> > |

4 Implementation and Simulations

In this section, we discuss implementation of the proposed method and we examine
its finite-sample properties over few simulated time series models.

In all of the simulations we used the three-time differentiable and IMSE optimal
kernels with support (—1,1), derived by Miiller (1984) and specified below. The

second-order Miiller’s kernel, also known as the Triweight kernel, is given for u €

14



(_17 1) by

K(u) =35/32- (1 —3u* + 3u* — u%), (6)
and the fourth-order Miiller’s kernel is given for v € (—1,1) by
K(u) = 315/512 - (3 — 20u” + 42u* — 36u°® + 11u%) .

~ ~T
For the estimation of the conditional density fY|§T X <y|9 x) we use only the non-
negative Triweight kernel.

In order to facilitate the implementation, we standardised z; = (z;1, ..., zj4) by

setting x; <« S;'(x; —T) and we standardised y; by setting y; — (y; —U) /sy,

n

where T and ¥ are the vector and scalar sample means of {z;}’_; and {y;},_,,

and S? and 512/ are the d x d-matrix and the scalar sample variances. Once the
two-stage estimation procedure was complete, the estimates of the orientation and

the conditional density were transformed back to the original coordinates by setting

6 — 519/ HS;@

‘ and fy‘aTX (y@Tx) — ~Y|§TX <y|/9\Tx> /Sy

We now provide a brief discussion on the topic of bandwidths selection. Typical
bandwidths selection methods proposed in the literature of single-index models usu-
ally suffer from heavy computational burden (cf. Xia, Tong, i 1999, Hirdle, Hall,
and Ichimura 1993, Hall and Yao 2005). Such burden may be particularly noticeable
in models like ours, where the estimation requires solving a numerical multivariate
optimisation problem. In practice, however, various prior numerical studies that
we carried out with different selection rules for h, and h, demonstrated that the

orientation estimator is very robust to the choice of bandwidths as long as the band-

15



widths are not too small. Motivated by the single-index regression algorithm of Xia,
Hérdle, Linton (2012), we propose the following iterative procedure that successfully
reconciles effective bandwidth selection with fast and robust numerical optimisation.

Step 0. Let 50 € O be any initial guess for 6y, for example 50 =(1,0,...,0). Set
also a finite sequences of decreasing bandwidths h] = k] = a™n™V/@*2) 7 =1, T,
where p is the kernel-order and {a"} > 0 is a decreasing sequence such that the
first bandwidths notably oversmooth the unconditional density and the last one is
chosen, e.g., by Scott’s (1992) normal reference rule. In our simulations, we used
(at,a? ...,a") = (9,8,...,3), which yields good results. Set the iteration number
T=1

Step 1. Apply a multivariate variant of the Newton-Raphson method with
starting point 57_1 to find a maximum log-likelihood estimate 0 numerically based
on bandwidths hj and h} (e.g. use the Broyden-Fletcher-Goldfarb-Shanno BFGS
method).

Step 2. Stop the procedure and use the estimate 9 =10 eitherif r =T orif a

~\ T 71

certain convergence criterion is met, i.e. if (0 ) 0 > 1—¢ for some small € > 0.
Otherwise, set 7« 74 1 and h], = h] = a™n~"*?and return to Step 1.

Note that since hl = h}, = 9n~/#*2) are chosen to oversmooth the conditional
density in the first iteration of estimation, the corresponding likelihood surface is
thus oversmoothed as well, and the optimisation algorithm is insensitive to the

~0
choice of # . On the other hand, if we simply use one step of maximization with

16



only h, = h, = 3n~1/(®+2) then the algorithm is very likely to converge to some
local maximum, depending on the starting point 50 provided.

For the second stage estimator of the conditional density, leaT X <y|/9\Tx>, we
used Scott’s (1992) normal reference rule for bandwidth selection, which suggests
using bandwidths given by H, = H, = an~ Y% where for Triweight kernel @ a = 3.

In all of our simulations, we used all observations in both stages of the estimation,
but we set ﬁf to trim down only observations whose density estimates were non-
positive.

The performances of the proposed methods are demonstrated in the following

three examples of simulated time series models.

Example 1. As a first example, we consider the linear AR(4) model

4
Yy = 05 . Z]’:l eont,j =+ 05 + Et,
where 0 = (001, ..,004) = (3,2,0,—1) //14 and &, are i.i.d. N (0,1).

Example 2. In the next example we consider the nonlinear AR(4) model

4
Y =9 <Zj:1 90,jyt_j) + 0.5 - &4,

where g (u) = exp ((0.4 — 2u®)u), 05 = (0o1,.,004) = (1,2,—1,0) /v/6, and the
g; are as in Example 1.
Example 3. Finally we would like to examine how the method works where the

optimal projection QOTX is related to higher moments of X. For the third example,
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AT
TABLE 1: Mean and Standard error (in brackets) of the inner product 6 6.

k.order n = 100 n = 200 n = 400 n = 800
Example 1

p=2 |0.9241 (0.0776) | 0.9630 (0.0312) | 0.9758 (0.0258) | 0.9864 (0.0182)

p=4 |0.8958 (0.1026) | 0.8962 (0.0949) | 0.8953 (0.0799) | 0.9113 (0.0529)
Example 2

p=2 |0.8867 (0.2193) | 0.9632 (0.1325) | 0.9809 (0.1043) | 0.9936 (0.0654)

p=4 |0.7114 (0.2617) | 0.7203 (0.2969) | 0.7122 (0.2970) | 0.7439 (0.3154)
Example 3

p=2 | 0.6412 (0.2864) | 0.7374 (0.2636) | 0.8703 (0.1689) | 0.9301 (0.0961)

p=4 | 0.6858 (0.2757) | 0.8131 (0.2201) | 0.8914 (0.1534) | 0.9195 (0.0975 )

we consider the nonlinear ARCH(4) model

4
ye=g (Zj:1 Ho,jyt_j) e,

where g (u) = 0.5v/1 + u*. Here, 6y = exp (—) /\/2:21 exp (—2k),j=1,...,4,and
the ¢, are as in the previous examples.

All the three models can easily be verified to be geometrically ergodic by either
Theorem 3.1 or Theorem 3.2 of An and Huang (1996), and hence they are strictly
stationary and strong mixing with exponential decaying rates (see Fan and Yao 2003,
p. 70). In all examples, our goal was to estimate the optimal orientation 6, and the

single-index predictive density fy gz, (yt\HTxt) of y; given the lagged observations

18



rr = (Y4—1,Yt—2, Yt—3, Yt—a). For each model 200 replications were generated with
sample sizes n = 100, 200, 400 and 800, and we implemented the method to produce
the corresponding estimates 9 and fY@T X <y|/0\Tx>

Table 1 presents the average and standard error (over 200 replications) of the

~T
inner products ‘8 90‘ obtained for the three models with different sample sizes.

~ ~T
Note that since # and 6, are unit vectors, |6 90‘ is just |cos a, where « is the angle

~T
0 0

between § and 0y. Therefore the closer is to 1, the more accurate the estimate

0.

As a general conclusion from Table 1, we can see that the orientation estimates
become more accurate as the sample size increases, although the rate of improvement
is not as fast as suggested by the theoretical asymptotic results. Two exceptions
appear for the fourth order kernel in Examples 1 and 2, where the average accuracy
of the estimates did not improve between n = 200 and n = 400. For both Examples 1
and 2, the fourth-order kernel yields consistently much inferior estimates with higher
standard errors in comparison to the second-order kernel. We therefore attribute
these two exceptions to sample fluctuations.

Comparing between the accuracy of the orientation estimates across the three
different models, one can see that the method seems to be less accurate for the
nonlinear models, and in particular for the nonlinear ARCH model with relatively

small sample sizes (n = 100 or 200). However, when the number of observations is

~T
increased to 800, the average of the inner product ‘9 fy| is consistently higher than
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0.9 for all of the models with second-order kernels, and two out of the three models
with fourth-order kernels.

The generally better performances of the second-order kernels compared with
the fourth-order kernels in terms of the accuracy of the corresponding orientation
estimates are particularly striking in Examples 1 and 2. In Example 3, on the other
hand, the fourth-order kernel yields some more accurate estimates for 6y with sample
sizes n = 100, 200 or 400. However, when the sample size is increased to n = 800
the accuracy of the second-order kernels ‘catches up’ with that of the fourth-order
kernels. An extensive investigation performed by Marron and Wand (1992) of the
effectiveness of high-order kernels in nonparametric density estimation provides an
explanation for this discrepancy between theory and practice as it shows that it
may take extremely large sample sizes (with a typical order of magnitude of few
thousands and up to hundreds of thousands) for the asymptotic dominant effect
to begin to be realised, and for the high-order kernels to produce more accurate
estimates. In particular, Marron and Wand (1992) conclude that high-order kernels
are not recommended in practice for kernels density estimation with realistic sample
sizes.

In order to assess the accuracy of the conditional density estimator, f a7 x (y@Tx) ,

Y

we used the sample Root Mean Square Percentage Error (RMSPE),
n ~ ~T 2 n
RMSPE = 21 [fY@TX (3/z|9 917@> — fyix (yz’%)] /;fmx (yi‘xz’)Qa

where fy|x (yi|r;) is the real conditional density of the model. The average and
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TABLE 2: Mean and standard error (in brackets) of the sample RMSPE.

k.order n = 100 n = 200 n = 400 n = 800
Example 1

p =2 | 0.0460 (0.0201) | 0.0327 (0.0117) | 0.0245 (0.0097) | 0.0167 (0.0055)

p=4 | 0.0497 (0.0213) | 0.0415 (0.0156) | 0.0363 (0.0130) | 0.0289 (0.0102)
Example 2

p=2 | 0.0756 (0.0333) | 0.0511 (0.0205) | 0.0370 (0.0167) | 0.0272 (0.0086)

p=4 | 0.1050 (0.0355) | 0.0939 (0.0376) | 0.0866 (0.0413) | 0.0722 (0.0453)
Example 3

p=2 |0.0712 (0.0271) | 0.0500 (0.0172) | 0.0374 (0.0148) | 0.0276 (0.0100)

p=4 |0.0626 (0.0241) | 0.0455 (0.0165) | 0.0347 (0.0135) | 0.0256 (0.0093)

standard error (over 200 replications) of the sample RMSPE are given in Table 2.
Here, we see that the estimation error given by the sample RMSPE consistently
decreases as the sample size increases for all the simulation settings. Observe that
although the average accuracy of the orientation estimates did not improve in Ex-
amples 1 and 2 between n = 200 and n = 400, the approximated conditional density
obtained at the second stage is more accurate on average for the larger sample size
n = 400. Finally, as a consequence of the orientation estimation performances, we
see that in Examples 1 and 2 the conditional density estimates obtained by us-

ing second-order kernels (at the first-stage of the estimation) outperforms the ones
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obtained with fourth-order kernels. In Example 3, however, the estimates corre-

sponding to fourth-order kernels are slightly more accurate on average.

5 Appendix A - Proofs of the Theorems

Proof of Theorem |1} By (A6) it is sufficient to prove that

sup |(£(0) — Bs (10g frprx (41672) ) )| = 0 (1) (7)

0cO

By Lemma |8 we can ignore the trimming-terms, i.e. set /p\f = 1, in the sense of
almost sure consistency. Since fy g7y (v, QTx) , forx (9T$) are bounded from below
by e >00on © xS and © X Sx, by Lemma [5| and the continuous mapping theorem

we get with z; = (y;, ;) ,

1 n
sup |~ Z log fy ey (1107 :) — = 3> 10g fygrx (410" a:)
0€6 =1
< max sup log fyhr . (i, 0" s) —10g fygrx (i, 6" 1)
+ max sup log feTX (QT@-) —log fyry (QTxZ-)
<isn geo
< sup |log fYﬂTX (y, QTx) —log fyyrx (y, GTx)’
0€O,2€8
+ sup ‘log f/;TX (07z) — log fyry (HTx)‘ +o0(1)
00,35 x

= o (1). (8)

Next, the series log fypry (yi|0" ;) is itself strong mixing with a; = O (t™) (see,

for instance, White 1984). By the ergodic theory we get for any 6 € ©

‘ (% ﬁ:llog fyiorx (wil0"z;) — Es (log Fyiomx (yIHTx)>) ‘ —0 a.s. (9)

22



By smoothness condition (A4) we have that for any ¢ > 0 there exists a positive
constant § > 0 such that for any (61,y,2) € ©x S and 0 € U; (61), a d-ball with

centre at 61,
‘log fyiorx (y]GTx) —log fygrx (y\@lTa:)‘ < e.

As a result, we have

sup
0€Us(01)

1 n
(E ; log fygrx (vil0fz:) — Es <log fyiorx (?J|9{95)>) ‘ . (10)

(% Xn: log fY\QTX (%|9T$i) — Es <log fY|9TX (?J|9Tx)>> ‘
i=1

= 2+

Note also that since is © compact, it is possible to construct a finite open covering

of © by é-balls Us (0y) , k =1,..., K. Thus, using we have that for any € > 0

1o
P (SUP =2 log fyry (i]0" ;) — Es (log fyiomx (?J|9T$)>' > 45)
0co | T =1
1 n A,i T ]- n T
< (s (5 £ 0w B 0072 — St s 1672 ) )
1 n
+K max P | sup (— > log fyiorx (y¢|9T33i) — FEs (log fyierx (y|0Tg;))) > 3¢
k=1,...K 0cUs(0)) | \Tv i=1
1 n A,i T ]- n T
< (g5 o Ao () = S s 1072 )| > )

1 n
+K ma,XKP (‘ (_ > log fypry (yz\efxz) — Es (log fyierx (y[&fx)))
ni=1

.....

-9

Results , @D imply that the last expression approaches zero as n — oo, i.e.,
is proved. W

Proof of Theorem Since 6 lies in the interior of © and # converges in
probability to 6y, then V. (5) = 0,(1). By an application of the mean value
theorem it is sufficient to prove the following assertions.
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(a)  VL(0) = n V2 (6)* Z + O, (n2_‘5hyh§)_1/2 + O(hh + h) for some
>0,

(b) 6 —, 0 implies V2L (0) —, —Q(6o) .

Denote VL (6y) and V2L (§) as the versions of VL () and V>L (6) when con-

ditional density estimates are replaced by the true conditional densities, that is,

VL (0p) =n" ;Vk log fYﬂOTX (yllﬁgxl) ,

(2

for k = 1,2. By the central limit theorem (CLT) for a-mixing processes (cf. Fan

and Yao 2003, Theorem 2.21),
2V L (05) —a N (0,9 (6y)).
and with smoothness condition (A9), it follows from 0 —, , that
V2L (0) + Q2 (60) = 0, (1).

We therefore get that assertions (a) and (b) will be established if we show the
following two assertions.

(a”) VL (0y) —VL(0) = O, (n2_5hyhi)_1/2 + O(hh + h?) for some § > 0,

(b) SUDge, (6o) V2L () — V2L (0)| = 0, (1), where Us (6g) is an arbitrarily
small neighborhood of 6.
We can simplify the new assertions (a’) and (b’) somewhat further. Setting

ﬁ? = 1 by Lemma , we have

~ . S
VL () =n"" Z”: VA]}eOTX (yi, 0 ;) B ergx (65 ;)

i=1 YT X (yi, ngi) ﬁ_gix (QOTQ;Z.) )
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and

n V2 . (yz-,HTm) v2f*i (e%)
V2L (0) = n! varx :
0)=n"%

i T ~ ~
- zn: Viverx (v, 9T ) Vi voTx (yz-, 0" x;) - Vi (0 07 z) Vi (QTxi)T
Foir 05 R

Recalling that n?~°h,h> = o(1), assertions (a’) and (b’) will follow if we prove the

following six assertions. For some § > 0,
T,..
@)@ a3 (Wﬂx(% ) ergx@%’m))

i=1 fe_glx@Tmi) - Forx (082:)

—-1/2

=0, (n*~ %3) +O(hp),
N & oy (Wibim) vy orx (Vi85 i)
(@)()  ntYy ( o R )

i=1 ygTX yl GOI fyeTX<yi’90 xl)

0, (n2hyh3) "% + O(h2 + he).

In addition, uniformly on a small neighborhood of 6,

oot (T - )

i= 0TX

n - ¢,9TIZ') V2 fy o1 (y~9T:E‘)

b)) (i -1 0Tx(y 0 _ v,0T x \Yi,%0 Li

( )(11) = < fY oT x (yZ,GOTa:Z) fy’@TX (y“@g;xz)
2—

1/2

1
=0, (n*13) """ + o),
(

Op (n*~°hyh3) """ 4+ O(ht + hE),

n
DY
=1

sl
= 0, (n?9h3) 7 + O(),
) n_l i <V]?Y7i9TX(yz 05 w7’>va0TX (yiangi)T . VfYﬂTX(yi,GoTxi)VfY’gTX(yi,HTxi)T
(

(b) (i

vfo?x(e “)erTX(on)T i erTX(eT“)erTX(‘QT”)T
Ty (072:)" For s (672:)"
~1/2

(b)) (v

o vi 0% 1)2 fyorx (yi’eTxif

v,0T x
o + ),

i=1

=0 (n%éhyhi)
The proofs of (a’)(i)-(ii) and (b’)(i)-(iv) are long and tedious. However, they are

all proved similarly with the theory for U-statistics given in Lemma [7} For the sake
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of brevity, we shall focus here on proving (a’)(i), while the rest of the assertions
follow by the same line of arguments. The uniformity of arguments (b’)(i)-(iv) is
achieved from the regularity conditions on the kernel and the density functions. Note
also that the proof of assertion (a’)(i) involves handling some third-order U-statistic
remainder terms that are similar to the terms in assertion (b’)(iii)-(iv).

In the following, whenever confusion does not occur we denote fyry = fyr (QOTxi)

and f}l = f”'T (Gga:i) for some x; € Sx. We now have by the mean-value theo-

Y

rem with }feT — fors | < ’ forsy = Jora

1 1 1 ~
J?_:rl _feTX - 2 <f9TX_f9§X>+
0" X 0 <f9§x>

We then obtain

2 (B~ tfux) - ()

Vi viz. [ N
J?;ZXX - fa;XX " _J/i;iX - fejTX [va,OOTX + <Vf9TX - VfYﬂOTXﬂ
— Vi x + VJ/C\@_Tix B J/E;TiXVfY,QOTX B <ngX feTx> (Vf/;_TiX - Vf90TX>
fHOTX fOOTX <f9§X>2 (fyegX)Q

+2Vf0TX (feTX f@Tx)2 . 2 (V]};?X - Vf0§X> <f9TX feo >

(795}() 3 (703 X) 3

Thus,
10 VS 12 Vi
Sy SN S DX L g g Ry 4 Ry + Ry, (12)
n ;4 feTX n ;=1 f@OTX
where
1 n
U — C Ti,Ti), U = —— \P) i, Zj),
’ n(n LZU; (ewn) U T s @)
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are second order Révector U-statistics with arguments

oy L (P ma) 1 Va0 (e, )

ge (.TZ,J;J) h f Ty ( 'I‘,L) (m_] xl) ( hx h 92TX (QT:L‘,L) h/z )
1 0Tz, —t , - _

SHCEDE | (@ E (X[0"X =1)) K < h ) K (+> f e

—E (Vlog fyry (07 X) 07X = 6"2;) — E (Vlog fyrx (07X) 07X = 0" x;)

+E (Vlog fyrx (07X)) .

Note that UG(B) was added to simply to make R; a degenerate U-statistic. Now,

Ry, Ry, R3 are the high-order remainder terms,

R — %zn: (f;_TiX - feOTX) <VJ?9_T:X - eroTX) B Uéf),
=1 (fy,eg“x)

R 2
 _ lzn: 2V fyrx <_foTX : feTX> |
=1 (fe{{x)

2 (Vs = Vi) (T~ Jugx)

(793 X) 3

We now handle the terms in the expansion (12) and we prove that for 6 > 0 an

R3:

S|+
i-

arbitrarily small constant

—-1/2

U U = 0, (n>002) 7+ 0 (k) (13)

and

Ri,Rs, Ry = 0, ((thg)*W) Lo, (14)

The asymptotic bounds are derived with Lemma Iﬂ Consider first Ué?). Write

27



Ué?) as
UO(A) — L Z 1 ( ‘(QA) (337;, x]’) + géA) (xja xz))
n(n—1) 1<ici<n 2

2 Z ¢((9A) (4, xj) .

n(n—1)1<Sj<n

We also show now that UH(A) is a degenerate U-statistic up to a O(h?) term. Let

Z(gl) (i, ) = hixfeTX (QTxi)_l K (HT(J;JL—;%)> ’
Z8 (wi,2;) = % forx (072:) " (2 — 23) K (M) , (15)
so that
CéA) (25, 5) = ZeSQ) (25, 5) — VJ;})TX(EHT—YE)Z) Ze(l) (x5, ;) .
07X ¢

For a fixed z; € Sx we obtain with a change of variables, integration by parts and

V for 5 (07 X)

Taylor expansion and Lemmathat E ( Ty (7X)

ZW (z, X)) and E (Z? (z;, X))

are both equal to

V forx (072;)

+O(hy), (16)
Jorx (eTxi)
while for a fixed z; € Sy, E (VJCJCHT)‘(—MZéI) (X, x])) and F (Zé2) (X, %)) are
oTx\V" Tj
equal to
- — E(X|0"X =t) + O(h?) (17)
dt t=0Tz

= E(Vlog fyry (07X) 07X = 0"z) + O(R),
uniformly on © xSy . By denoting néA) ()=FE (gbéA) (X, )) and ,uéA) =F (néA) (X)),
it follows from — that £ ( ((,A) (X, a:)) = O(h?) and uéA) = O(h?). Hence,

Uy = Uy o), (18)
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where U, “ is the degenerate U-statistic,

2
#(A) _ } : w(A) (o
UG - n(n_ 1) ¢0 (ZL‘Z,LE]),

1<i<j<n

with elements

*(A A A A A
SN (g, y) = oF" =0 (@) — b () + Y.

Applications of Chebyshev’s inequality and Lemma [7] then yield

n—1)" 1<iS<n

- o 1/(246)
- 0, <n L () ,

;Y = o, (%m 5 o <xz-,xj>>211/2> (19)

» 916
&5 (w1, 7))

1<i<j<T

MQ(A) = InaX Imnax {E ‘¢Z(A) (iL’Z’,ij)

246 /
)

Here, P (X) denotes the probability measure of r.v. X and 0 < 6 < 1. Since

dP (z;)dP (xj)} .

;(A) (x5, 25) = gzﬁéA) (i, z;) + O (h2), we get with the C, inequality,

245 245
MY = max max {E 06" (zisp)| / 06" (@ivap)| dP (@) dP <:nj>}
1<i<j<T
+0O (R3O |
A standard calculation leads to
Me(A) -0 (h;2(2+5)+1) —0 (h;(3+25)) _ (20)

Hence, we conclude with results — that Ue(f) =0, (n2_5hi)_l/2 + O (h?).

29



We now turn to deal with Ue(f). Note that the first term in the definition of

géB) (i, ;) is

1 0T, —t 0Ta, —t _
) () = g [ (o= B0 =) i () e () ot
(21)
Using Fubini’s theorem and applying the standard argument, it is easy to see that

both £ <§éB’1) (X, x)) and E (géB’l) (x, X)) are equal to

E(X|6"X =t) + O(h2) (22)

=0Tz

= E(Vlog fyry (07X) 07X = 0"z) + O(R2),

d
dt

for fixed x € Sx. Thus, we have again that UéB) is a degenerate U-statistic up to a
O(h?) term. Applying Lemma IEI to the U-statistic Uéf) in a similar way to Ué?), it
is possible to show now that Ue(f) =0, (n2_5h§)_1/2 + O (hE). Thus, is proved.

We continue to prove the asymptotic bounds in probability for the remainder
terms Ry, Ry and R3. We start with

ho iy

J?(;TiX - f@OTX) (VJ?;?X - er{x)

B
i=1 (fYﬂgX)
Put
VfT (GT:L‘) VfT (GTLI})
_ L) 2) 1) 0T X i ) 0T X i
Ty X xp) = Ly (wg,15) 27 (wg, w)— 2y (x5, 0;) ————>—257 (1, 03 )+ —————>,
pl,@( J k) 0 ( J) 0 ( k) 0 ( ]) ngX (eTxZ) 0 ( k) f@TX (HTZL'Z)

where Z() (-,-) and Z® (-, -) are defined in (15). Note that R, can be redefined as
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a sum of third and second order R?vector U-statistics in the following way

Ri = S5 S A () — UL
n(n—1)" 7 jZkA
B Z - i n(n— 11) (n—2) léi?f%ékgn ('01’9 (@ 2y. ) = 57 (2 xk))
1 1
L Ry ey 19;@/)1,9 (@, 35, ;)
= Z:i ~U<1’A)+ni1 .yQB), (23)
We have for fixed z;,z; € Sx,
B (2 (X,2) 22 (X.20)) = <P (s, (21)

with géB’l) (i, ;) as in , and it is easy to verify with results , , and
that U4 is a degenerate U-statistic up to a O(h2) term, in the sense that for

any fixed z;,z;, z; € Sx,
B (prg (X.zm) =< (0j,00)) = O), B (pry (20 Xomw) = < (X)) = O(L),
and B (pf!) (5,5, X) = i (25, X)) = O(hE).
As an Applications of Lemma [7] we now obtain
U =0, (n*n3) "+ 0 (hp). (25)

For UMP) | it is enough to note that by Lemma |5| and the continuous mapping

1/2
theorem, we have p (z;, z;, ;) = O, (<ln”> ) + O (h?) and hence

3
nh3

—-1/2

UB) =0, (n*h3) "2+ 0 (n"'hr). (26)
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Thus, it is clear from , and that
By = o, ((nh2) ™) + 0 (k).

Next, we show a stochastic bound for

_~ 2
1" ergx <f(;TZX—f0§X) erTXfQTX 1 u <9TX 1>2
1

|Ry| = 2_2 < 2 sup For
07 X

n T 5 €S 3
. xr
i=1 <f90TX> . (feOTX) i=

Note as that as the first term in the RHS is bounded, it is enough to bound the

(27)

second term in probability. Let now
Pog (Ts, 15, 1) = AR (i, 5) AQ, (), xg) — AY) (@i, ;) — AR (i, xp) + 1,

where Z(W (-, -) is defined in (15), and

1 0Tw: —t 0T x; —t _
Céc)(ﬂfiaxj)Zﬁ/K<—}j )K(—h )f(t) Yatr— 1.

T

We have for large enough n,

il 0rx _
Z (faTX 1)
) ZZZpQG(xzax]axk)

n(n— 1)" 7 ik

n—2 1 ( © )
- ' p TiyXTj, T — G Tj, T
! ! 1 (©)
" ' P2 \Ti, Tjy Tj) + -3 p (i, w;
n—1 n(n—l)lgz;gn 2.0 (Ti T, 25) n(”_l)g%gn o (i, x))
_ n—2 . U2A4) LURB) 4 o),
n—1 n—1

Here, U4 is a third order R%vector U-statistic, and U*#) and U®©) are second
order R%vector U-statistics. Following a similar treatment as above, these three
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U-statistics are shown to be degenerate up to a O(h®) term, and by Lemma E] we

have
U =0, (3 h2) P4 o), UCB) =0, (n*h,) " + 0 (k)
p T x/) y4 x x)

and U2 =0, (n>h,) "> +0(hr).

The last arguments imply that
Ry =o, ((n*°n3) ™) + 0 (1)

Finally, bounding Rj is trivial with the continuous mapping theorem. We have
therefore established . Retracing through results —, we have completed
the proof of assertion (a’)(i). H

Proof of Theorem By the mean-value theorem with mean value § and

Theorems 2] and [3],

sup
(y,x)€S

legTX <y|§T-T> - fy|00TX (?JWOTx))

< Jp-o

Inn 1/2
— % (nHny) - u

6 Appendix B - Technical Lemmas

—T
sup VfY@TX <y|0 I) + 0, (1)

(y,z)€S

This section gives some useful technical results that are needed in the proofs of the
main theorems.

Recall that for a function ¢ (#) that depends on # € O and possibly also on
other variables we denote Vg () and V3¢ (f) as the vector and matrix of partial
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derivatives of g (/) with respect to 6. As a convention, we also use Vg () = g (0).

The following Lemma gives the forms of the partial derivatives of fy gr (y, (9T.73>
and fyry (QTx) with respect to 6. One has to remember that ¢ affects the value of the
probability densities fy 47y (y, HTx) and fyr (HTJU) not only through the variable

672, but it also defines the density functions fyorx (-;+) and fyrx (+) themselves.
Lemma 4 Let E (X|Y =y, 0" X =t), E(XXT|Y =y,0"X =t), E(X|0"X =1t),

E(XXT|0"X =t) and fyorx (y,t) and forx () exist and they are twice differen-

tiable with respect to y,t € R. Then

Vfyerx (v,67z) = % o {E(x-X|Y =y, 0"X =t) fygrx (y, 1)},
Vi 1870) = Gz B (0= 0@ 0 =08 =1) frar (10
and similarly,
Uik (072) = & B XX =1) Sy 0
V2fyry (072) = 5—; . {E ((x ~X) (e - X)" 07X = t> Fforx (t)} .

Proof. We prove here only the last two identities of the Lemma as the first
two follow similarly. Assume 6,70 since otherwise we may reduce the dimension to

d—1. Let fx (&,...,&,) be the probability density of X at (£, ...,&;). We now have

d—1
foTX (t) = 9;1 /fX <f17 ---afdﬂa@;l(t - Z@'fj)) d&y...d&, 4,
j=1

where 6;1 is the determinant of the Jacobian matrix. Thus, for t = 6%z,
d—1
forx (07a) = 605" / Fx(€r s €amnima+ 050 )0 (a5 — €))déydy .
j=1
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Note also that for k,l € {1,2,...,d — 1} we have

d—1
E(Xy0"X =1) fry (t) = 63" / Eufx(Ery s €y 071 (E =) 0,6,))dEydEy_y,
j=1
d—1 d—1

L (Xd|9TX = t) Jorx (t) = 9(;2 /(t - Z ejfj)fX(fp €t egl(t - Zejgj))dél-“dfd—la
J=1 j=1

d—1

E(XiX6'X =t) fyry (1) = 67" / EELFx (€ o, 07 (= D 0,6,))dE, dEy
j=1

d—1 d—1

B (XiXal6"X =t) fry (t) = 6;° / Et =S 0,0 x (€ o€y 07 (E =D 0,6)))dE o dEy s,
j=1 j=1

d—1 d—1
E(XG07X =1t) fo(t) = 6;° / (=D 056 x (61 s6an 01 (E = Y 0,€)))dEy 6 .
j=1 j=1
Using the above expressions one can use direct differentiation to verify the last two
identities of the Lemma. W
The proofs of Theorems [1] and [2| rely heavily on the uniform consistency of the
kernel density estimators’ derivatives with respect to 6. The next two Lemmas are
direct modifications of the results of Hansen (2008), but unlike Hansen’s (2008)
theory, they concern with partial derivatives of the kernel estimates with respect to

0, rather than with derivatives with respect to the density variables themselves.

Lemma 5 Let (A1)-(A4) hold. Then

sup
0€0,2€S

-~ 1 1/2
Fearx 0.072) = frarx (v,0"2)| = 0, ((ﬁ) +h§+hi),

0€0,z€Sx

R an\ Y2
sup ‘ngX (HTQ:) — forx (QTSC)) = 0, ((1 ) + hi)
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If, in addition, also (A7) and (A9) hold. Then for k =0,1,2,

=N Inn 1/2
k T K T
0T 1) — 0 ‘ ) - hP + hP
HES@u,EeS V frorx (9,07 2) = Vi fygrx (y,0" @) P <(nhyh;+2k> iyt x) ’
s T X T Inn 1/2
07 ) — 9 ‘ - o, | (22 W
GESSCIE)SX )V Jorx ( x) Vi ( x) P (nhglc+2k) T

Proof of Lemma [5. We prove here only that

R 1 1/2
sup )erTX (072) — Viyry (QTx)) =0, ((n_z) + h’;) :
0cO,zeSx nhg

The proofs for the rest of the arguments are very similar. By Lemmal6], it is sufficient
to prove that supgs, ‘E (Vf/;TX (GTx)) — Vforx (HTx)‘ = O(h?). A change of

variables, integration by parts, and a Taylor expansion around h, = 0 yield with

(A7) and (A9) that uniformly in x € Sy,

E (v Forx (QTx))

= h_12 (x—E(X|0"X =t)) K’ (GTZD_ t) Jorx () dt

= hi / (a: - F (X]HTX =0Ty — hxu)) K’ (u) Forx (QT:E _ hxu) du
d
- /@ [(z — E(X[07X = 1)) fyry ()] K (u) du
t=0Tz—hzu
p—1 J1+

= /{; [dﬂ-‘rj i
d

dt

(x— E(X]|0"X =1t)) forx (t) (—hwu)]} +0 (hf;)} K (u) du

0Tz

[(z— E(X|0"X =1t)) fyryx ()] + O(RD).

=0Tz

By Lemma , the last expression is just V fyr (HTx) +O(h?). 1
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Lemma 6 Let (A1)-(A4) hold. Then

n n Inn 1/2
07z) — E o7 ) — 0
GES(;ZPGS fY,GTX (y’ x) fYﬂTX (y7 :L‘) b <(nhyh:c> ) ’
~ -~ Inn 1/2
sup ‘feTX (HTm) — Efpry (QTx)) = 0, ( ,
9O, zeSx nhy

If, in addition, also (A7) holds. Then for k =0,1,2,

sup

P o 05) - o (075~
0€0,zeS

Inn /2
nh h1+2k !
- —~ lnn
kE T,\ _ ke oo (6% ‘ = .
L, [T (072) = B9 (072)| = 0, ( (%)

Proof. We prove here only that

T n Inn\"?
Vi (072) = BV Jyrx (60"2)| = 0, <(W) )

The proofs for the rest of the arguments in the Theorem are very similar. Let 6; € ©,

sup
@XSX

T; € Sy and define

_ h,Inn\ Y2 h,Inn\ >
Alz{e,x:ue—elus( 2 e-mls ()b e

n
hglnn

Since © XSy is compact, then it can be covered by J (n) = O ( ) such subspaces

Aq,..., A around centres {(@k,@) };.]:1‘ Since

R R 1 1/2
P sup |Vfry (GTx) — EVfyry (HTLE)‘ > (=2
OxSx nh3
Inn\"?
< J(n) max P [ sup ‘erTX (07z) — EVf(,TX (0" ‘> ( 3> ,
J=LlnJ (0,5)€A; h3

it is therefore suffice to prove that for any (gl,fl) € 0 X Sx and A; as in , the

following holds

R R 1/2
P < sup |V fry (HTQ:) — EV fyry (HTx)’ > <lnh7;> ) =0 (hx lnn) . (29)
(6,2)€A; nhy

n
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where the constant in the o(-) term is independent of (51, fl) and n.
Define the functions I?j, j=1,23,onT = {t ER:t= f—f for some 0 € © and 7, —z € SX}

by

~ " 0Tz
b Rt s ot (52) o
H(t) x

0"z
K’ )
(%)
X

where all the sups are taken over # € © and x € Sy such that % is not too far

b

- o7
mwzm@w%( ﬂx
H(t) I

and

fN{s (t) = sup
H(t)

from ¢ in the sense that

h,1 1/2 h,1 1/2 o7z,
H@E{@wwwmm<x“ﬂ muﬂms( ;ﬂ and © 0 = ¢
n €T

Note that K i, 7 = 1,2,3, are well-defined and finite for any ¢ € 7" by assumption

(A7) and compactness of © and Sy. Let z; denote the i'th X-observation, and for

any (0,x) € A; we have with mean-values 0., x, such that H@l -0, < H@l - 9H <
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1/2

(2elae) ! and |7 — 2. < ||71 — o] < (2222)"* that

‘VK (5{ (z;bx— xi)> ok (gT (J;L_ x))‘

< h% [K’ (_Q—f (f];_ mi)) ~ K (@)] (71 — )
+h% K’ (QT(xh—;x)) (T1 — )
< o0 Em e (B @
+hi% 07 (T, — x) K" 0. hz_ml))( +hi K’ (QT(Q;L—I_:C)) (71 — )
< II%}% 7 (57? & -5 >> | L} (e? - )‘
Hflhm 7 (9? @;%— ))‘
()" (s (152

Note that the last term is independent of (0,z) € A;. We now define for any

(0,z) € Ay and j =1,2,3,

T — 1)
a5 (Tle=)

We have

E ‘};TXJ (HTa:)‘ < sup |for, (072)| / ‘I?] (u)‘ du < o0, (31)

(0,2)eO©xSx
) (32

Also, inequality implies

V iy (@fx) — Vi (9%)‘ < (Zlhg)l/z <é ‘f@ ; (éfzﬂ

sup
(0,3})6141
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Thus, the last three inequalities yield for any (0, ) € Ay, for some large enough M,

independent on 6, 1 and n,
~ =T ~ T Inn\ >
sup E{VfQTX (91x>—Vf9TX (6 x)}‘ﬁ]\/[ 3 : (33)
(9,(E)EA1 nh‘x

Next, results (31)), (32), (33) and the condition that 27 = o(1) give
nhy

(esxl)lSAl V.]/C\GTX (07z) — EV.J/C\QTX (GTx)‘
< (G,le)lgfh VJ?@TX (51Tx> — VJ?@TX (QTIIZ)‘ + ‘VJ?@TX (5;%) — EVJ?;TX <§?:c)‘
+ s | {vﬁ}TX (@ﬁ) Vi (9%)}‘
< (B)" S {Jfrn, (77) ~ B, 71|+ ], (7))
z e
+ ‘V.]?@TX <§1Tfl> — EVfyry (ngTl> + M (glhq;)l/z
< hi Zi: ‘fGTXj < 1951) - EfeTX,j (gipfl)) + ‘VﬁTX (51Tfl> EV fyrx ( ?551)‘

Inn 1/2
oM .
" (nh)

As a result we get

Pl sup
(9,$)€Ak

< (‘vﬁ)TX (075, — B9y (31

1/2
Vi (072) — EV fyry (672 (>5M (; 3) ) (34)

oM Inn\ Y2 n
nh3
5 ~ T ~ T Inn\ Y2
+3 P ‘feTXJ. (01x1> — Efyry, (91x1> >0 (o .
j:1 x

We now bound the four terms in the RHS of using the same argument, as all

kernels used in the construction of f;T x,; and feT y all bounded and compactly sup-
ported. We therefore prove the bound only for the term ‘V]?QT x (9T£L‘) - F V.]?@T x (GTx) ‘ .
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Set m = (?nhfl)l/ 2, and note that for n sufficiently large, m < max (n i) where

7 4b

b=2supg,s, |||zl &K (u)| < co, and € = M (nh, Inn)*/2. Define for (6, z) € A,

0 0 .
Zi = (v — x;) { a‘tﬂ(w—%) K(t)-FE (& (e K (t)) } , i=1,...,m.
- ha - hy

Now, notice that |Z;| < b, and by Theorem 1 of Hansen (2008),

Lm)

o?’(m)= sup E ZZ < Cmbh,
(Gaj)eAl i=1

for some large enough C' > 0. By Theorem 2.1 of Liebscher (1996) we obtain
-~ —7_ ~ —7_ Inn\ 2
P )v Forx (91 xl) BV (el x1> > (2

= P( i>5)
=1

A g2 Ll
exp | — —
P 64202 (m) + Semb m

2 —(n2+1)/2
Jexp <_ M? (nhyInn) > 4dn (nhm>

IN

IN

64Cnh, + 3Mnh,b Inn

M?1nn Inn (n2+1)/2
4 _ 4A
P ( 64C + 3Mb> adn (m)

IN

IN

4~ M/(E430) g Ap ( (35)

NNy
where the last inequality is justified by taking M > C'. Now, we have for the first

term of . n~M/E430) = o (helnn) for sufficiently large M. Also, recall that

womz = o(1) with ¢y = (n, — 2)/(ny + 2) € (0,1). Thus, using ;3% = o(h,n® ') =
e Ny B
0(hyn=4M2%2)) we get for the the second term of (35)), 4An ( n”) =o0(hyn™ ).
Hence is established. This completes the proof of Lemma @ ]
The next Lemma is Lemma C.2 of Gao and King (2004) that gives a bound
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for the stochastic order of second- and third-order degenerate U-statistics of strong

mixing stochastic process.

Lemma 7 (Gao and King, 2004) (i) Let ¢ (-,-,-) be a symmetric Borel function
defined on R" x R" x R", and let the process &; be an r-dimensional strictly sta-
tionary and strong mixing stochastic process. Assume that for any fived x,y € R",

EY (&, z,y)] =0. Then

2
E{ Z ¢(§zafj,§k)} SC’7'1£’>]\41/(1+5)7

1<i<j<k<T
where 0 < 6 < 1 1s a small constant, C' > 0 is a constant independent of T and the

function ¥, M = max {My, My, M3}, and

M, = max maX{EW (ﬁl,fi,fj)}ﬂé,/w (§1a§i7fj)‘2+6dp(§1)dP(fi»fj)}7

1<i<j<T

My = max max{/w (517§j7§k)}2+5dp(§i)dp (51,5]-)},

1<i<j<T

245
Ms = 1<IZI1<3;,§TH13X{/W (fpfj;fk)} dp (f1)dp(fi) dp (fj)}-

(ii) Let ¢ (-,-) be a symmetric Borel function defined on R" x R”", and let the
process &; be defined as in part (i). Assume that for any fired z € R™, E'[¢ (&, )] =

0. Then

2
E{ ) ¢(5i,5j)} < oM/,

1<i<j<k<T

where 0 < 6 < 1 is a small constant, C' > 0 is a constant independent of T and the

function ¢, and
My = s max { 1o 6,0 [ 1661807 ap (€) P (€}
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We conclude the appendix by proving that the trimming term ﬁ?, defined in ,

is eventually equals to 1 for any sufficiently large n with probability 1.

Lemma 8 Let (A1)-(A4) hold and

o] iR (07 Fy (070) > aon
no —

0, otherwise,

for some small constants ag,c > 0 such that n® (hi +h%) =o0(1) and n'~*hyh, —

o0o. Then eventually for any sufficiently large n
f?%?ug ‘Ine — 1} =0
with probability 1.
Proof. Define
Ty = {(y, z) € R : min {fyﬂTX (y, HTQ:) , for x (HTx)} > 2aon_c} )
It is trivial now to show that
sup |1, o — 1| < sup Iy, )¢y + Iizi>a0n-c3
0co 0co

where

b

By definition of S there exists some large N such that for any n > N, we have that

/;TX (QT%) feTX (QT%‘)

Zi = zug max{’ YeTX y,, HTxZ-) — fyﬁTX (yi, QT:E,-)
€

S C ) Ty, and as (y;, ;) € S, we get Supyee L{(y:,2,)¢1,3 = 0 for any 1 <i <n. We
=)

now show that

n—oo

P (hmsup{U (Z0 > aon~ }}) . (36)
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For sake of brevity, we prove here only that

Z P (Ul {iug ‘f\;éTX (i, 0" ;) — fyorx (yi, 0 ;)| > aon_c}) < oo, (37)
n=1 = € '

from which follows by the Borel-Cantelli lemma. The second term of Z! can
be handled in the same way.

For some C, C5 > 0 independent of n, we have

peo 1”1
and from the proof of Lemma [5]

sup
0€O,2€S

where z = (y,z). The last two results imply that for n large enough,
Z P <U > aon_c}>

= {Sup ‘f;,ZQTX (Z/u QT{L‘Z) - fY,QTX (yl, QTQZ’Z)
n=1 =
P <sup sup ‘J/C\Y’QTX (y, HT:U) - Ef/\yﬂTX (y, QTx)’ > cmc> , (38)

0cO

<

— 2€S €0

for some 0 < a < ayg. We can continue to bound the last term as in the proof of
Lemma@ Let {4 };_, form a cover of subspace © x S, with J (n) = O (h, *h;'n*),

and
A= {02y [6=0u] < (hon™)" i =l < (hn™) " lly = ill < hm™}

Define for (gk,@k,fk) )

9, (T4 — ) 0, (U — ) 9, (T — ) 0, (W — )
i (B0 (B o ( (B e (R ).



Now, notice that |Z;| < b = 2supg,s, |K (u)| < oo, and by Theorem 1 of Hansen

(2008), for any 1 < m < n,

2

[m]
o?(m)=sup B Z Z;| < Cmhyh,
CEON

for some large enough C' > 0. Set m = Cn'"?*h,h,/a; and € = ayn'~h,h,, and

note that 4bm < e for any sufficiently large n. By Theorem 2.1 of Liebscher (1996)

we obtain
—~ o N o »
P (‘fYﬂTX (ykvekxk) - EfY,eTX (%ﬁk%)‘ > an )
< 4 - +4n
ex — —Qy,
- P 64202 (m) + Semb m
<

4 i e + 4An b T
exp 64C’n1hyhx+ %Cn273ch§h%b n y gy M

2,,c
ain

< S -
< 4exp( 0(64+3b))+4AJ(n)n ,

where J (n) = h,'h;'n*. Thus, we have

Z J (n) (Sup sup ‘fYﬁTX (y, HT:B) — EfyﬂTX (y, QTQS)) > aln_c) < 00, (39)
o z€S €O

and is established with , , and the arguments in the proof of Lemma @
|
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