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Abstract. Let E be a separable infinite-dimensional Hilbert space, and let
H(D;L(E)) denote the algebra of all functions f : D → L(E) that are holo-
morphic. If A is a subalgebra of H(D;L(E)), then using an algebraic result
of Corach and Larotonda, we derive that under some conditions, the Bass
stable rank of A is infinite. In particular, we deduce that the Bass (and hence
topological stable ranks) of the Hardy algebra H∞(D;L(E)), the disk algebra
A(D;L(E)) and the Wiener algebra W+(D;L(E)) are all infinite.
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1. Introduction

In this paper, we prove that the Bass and topological stable ranks of several com-
mon Banach algebras of operator-valued holomorphic functions are all infinite
when the underlying vector space E is a separable infinite-dimensional Hilbert
space.

1.1. Stable ranks

The notions of Bass/topological stable ranks play important roles in algebraic/to-
pological K-theory (see [1] and [6]), but they also have applications in the control-
theoretic problem of stabilization via a factorization approach [5]. We recall the
definition of Bass stable rank and topological stable rank below.

Definition 1.1. Let A be a ring with identity element denoted by 1 and n ∈ N. An
element

a = (a1, . . . , an) ∈ An := A× . . . ×A
︸ ︷︷ ︸

n times
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is called (left) unimodular if there exists b = (b1, . . . , bn) ∈ An such that
n

∑

k=1

bkak = 1 . (1.1)

We denote the set of unimodular elements of An by Un(A).
An element a ∈ Un+1(A) is called (left) reducible if there exists x = (x1, . . . ,

xn) ∈ An such that

(a1 + x1an+1, . . . , an + xnan+1) ∈ Un(A) . (1.2)

The (left) Bass stable rank of A, denoted by bsr A, is the least integer n ≥ 1
such that every a ∈ Un+1(A) is reducible, and it is infinite if no such integer n
exists.

Now let A denote a Banach algebra. (By a Banach algebra we mean a complex
Banach algebra with a unit element 1; we do not assume commutativity.) The (left)
topological stable rank of A, denoted by tsr A, is the least integer n ≥ 1 such that
Un(A) is dense in An, and it is infinite if no such integer exists.

Remark 1.2. Analogously one can define a right Bass/topological stable rank, by
changing the multiplication order in (1.1) and (1.2).

It turns out that for any ring A the left Bass stable rank is always equal to
the right Bass stable rank (see [10]).

Moreover, it is known, see [6, Proposition 1.6], that the left and right topo-
logical stable ranks are equal for a Banach algebra with a continuous involution �,
and so in this case one can unambiguously talk about the topological stable rank.
In our case of subalgebras of H(D;L(E)) listed below in Definition 1.4, we use
the involution ·� defined as follows: f� = (f(·∗))∗, and ·∗ denotes the complex
conjugate and the adjoint of a bounded linear operator.

We will study the Bass and topological stable ranks of several Banach alge-
bras of operator-valued holomorphic functions, and these are introduced in Defi-
nition 1.4 below.

1.2. Definitions and notation

Throughout the article, we will denote the complex conjugate of z ∈ C by z∗, and
the closure of a set S by S.

We will denote the unit disc {z ∈ C | |z| < 1} by D, the closed unit disk
{z ∈ C | |z| ≤ 1} by D, and the unit circle {z ∈ C | |z| = 1} by T.

Throughout the article, if A is a ring and n ∈ N, then An will denote the set
of all n-tuples with entries from A. In Proposition 2.1 (and its proof), we will con-
sider An as a left A-module with componentwise addition and scalar multiplication
(from the left):

α · (a1, . . . , an) = (αa1, . . . , αan) , α ∈ A , (a1, . . . , an) ∈ An .
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Notation 1.3. Throughout this article, unless otherwise stated, E always denotes
an infinite-dimensional separable complex Hilbert space with a fixed orthonormal
basis (en)n∈N. This allows us to identify any A ∈ L(E) with the corresponding
infinite matrix with respect to the orthonormal basis (en)n∈N. Here L(E) denotes
the complex Banach space of bounded linear operators from E to E, equipped
with the operator norm. We will use H(D;L(E)) to denote the algebra of functions
f : D → L(E) that are holomorphic with pointwise operations of vector addition,
scalar multiplication, and multiplication in the algebra.

The norm in E and L(E) will be denoted by · in order to distinguish it
easily from the norms in the various subalgebras of H(D;L(E)) considered in the
article. The latter will be denoted by ‖ · ‖, with an appropriate subscript, as we
will see in the definitions below.

Definition 1.4.

1. H∞(D;L(E)) denotes the subalgebra of H(D;L(E)) consisting of all func-
tions that are bounded in D. Equipped with the supremum norm, ‖f‖∞ :=
supz∈D

f(z) , H∞(D;L(E)) is a Banach algebra.
2. A(D;L(E)) denotes the subalgebra of functions from H∞(D;L(E)) that have

a continuous extension to D. Endowed with the supremum norm ‖ · ‖∞,
A(D;L(E)) forms a Banach algebra.

3. More generally, if S be an open subset of T, then AS(D;L(E)) is the subal-
gebra of functions from H(D;L(E)) that are bounded in D and have a con-
tinuous extension to D ∪ S. With the supremum norm ‖ · ‖∞, AS(D;L(E))
is a Banach algebra. (Note that if S = ∅, then AS(D;L(E)) = H∞(D;L(E)),
while if S = T, then AS(D;L(E)) = A(D;L(E)).)

4. The Wiener algebra W+(D;L(E)) is the subalgebra of functions f ∈ H(D;
L(E)) with ‖f‖1 :=

∑∞
n=0 fn < ∞, where f =

∑∞
n=0 znfn (z ∈ D, fn ∈

L(E)). Equipped with the norm given by ‖ · ‖1, W+(D;L(E)) is a Banach
algebra.

5. If E = C, then we denote H∞(D;L(E)), A(D;L(E)), W+(D;L(E)) by H∞,
A, W+, respectively.

1.3. Known results

Sergei Treil [9] proved that bsr H∞ = 1, and Daniel Suárez [8] showed that
tsr H∞ = 2. The Bass stable rank of the ring of all finite square matrices of size n
with entries from the ring A is related to the Bass stable rank of A [10, Theorem 3]:

bsr An×n = 
−(bsr A− 1)/n�+ 1 . (1.3)

Here for r ∈ R, 
r� denotes the largest integer less than or equal to r. So when E
is finite-dimensional, bsr H∞(D;L(E)) = 1. There is also a similar relation relat-
ing the topological stable ranks when A is a Banach algebra with a continuous
involution (see the proof of [6, Theorem 6.1]):

tsr An×n = �(tsr A− 1)/n+ 1 . (1.4)
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Here �r denotes the least integer greater than r. Hence tsr H∞(D;L(E)) = 2
when E is finite-dimensional.

The above results are also known for the disk algebra A and the Wiener
algebra W+: bsr A = 1 [3], tsr A = 2 [6], bsr W+ = 1 [7], tsr W+ = 2 [4].
Using (1.3) and (1.4), we also have bsr A(D;L(E)) = 1, tsr A(D;L(E)) = 2,
bsr W+(D;L(E)) = 1, tsr W+(D;L(E)) = 2 when E is finite-dimensional.

1.4. Main result

Our main result is the following, which is proved in Section 3:

Theorem 1.5. Let E be an infinite-dimensional separable Hilbert space. With the
notation from Definition 1.4, the Bass stable ranks of the following rings is infinite:

1. H∞(D;L(E))
2. A(D;L(E))
3. AS(D;L(E)), where S ⊂ T, S open in T

4. W+(D;L(E)).

It is known that for any Banach algebra A, the Bass stable rank of A is
bounded above by the minimum of the left and right topological stable ranks
of A [6, Corollary 2.4]. So we have the following:

Corollary 1.6. Let E be an infinite-dimensional separable Hilbert space. With the
notation from Definition 1.4, the (left/right) topological stable ranks of the follow-
ing Banach algebras is infinite:

1. H∞(D;L(E))
2. A(D;L(E))
3. AS(D;L(E)), where S ⊂ T, S open in T

4. W+(D;L(E)).

From the proof of Lemma 3.1 and Corollary 1.6 above given below in Sec-
tion 3, one can see that similar results hold for the analogues of the above algebras
of operator-valued holomorphic functions of several complex variables as well.

2. An algebraic result of Corach and Larotonda

We recall the following result from Corach and Larotonda [2]. Since the theorem
plays an important role in this article, we include its self-contained proof here for
the sake of completeness.

Proposition 2.1 (Corach and Larotonda). Let A be a ring with identity such that A
and A2 are left A-module isomorphic. Then the Bass stable rank of A is infinite.

Proof. Suppose on the contrary that the Bass stable rank of A is finite, say r.
Since A and A2 are left A-module isomorphic, it is easy to see by induction that
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then also A and Ar+1 are isomorphic as left A-modules. Let τ : Ar+1 → A be a
left A-module isomorphism. We have for all (α1, . . . , αr+1) ∈ Ar+1:

τ(α1, . . . , αr+1) = α1 · τ
(

(1, 0, . . . , 0)
)

︸ ︷︷ ︸

=:a1

+ · · · + αr+1 · τ
(

(0, . . . , 0, 1)
)

︸ ︷︷ ︸

=:ar+1

= α1 · a1 + · · · + αr+1 · ar+1 .

Since τ is surjective, it follows that (a1, . . . , ar+1) ∈ Ur+1(A). But the Bass stable
rank of A is r, and so there must exist elements b1, . . . , br ∈ A such that

(a1 + b1ar+1, . . . , ar + brar+1) ∈ Ur(A) . (2.1)

Now consider the left A-module homomorphism τ ′ : Ar → A given by

τ ′(α1, . . . , αr) := α1 · (a1 + b1ar+1) + · · ·+ αr · (ar + brar+1) , (α1, . . . , αr) ∈ Ar .

From (2.1), it follows that τ ′ is surjective. Now define the left A-module homo-
morphism μ : Ar → Ar+1 given by

μ(α1, . . . , αr) := (α1, . . . , αr, α1b1 + · · · + αrbr) , (α1, . . . , αr) ∈ Ar .

It can then be verified that τ ◦μ = τ ′. But since τ is an isomorphism and τ ′ is
surjective, it now follows that μ is also surjective. Hence (0, . . . , 0, 1)∈Ar+1 must
belong to the image of μ, and so there exists an element (α1, . . . , αr)∈Ar such that

μ(α1, . . . , αr) = (α1, . . . , αr, α1b1 + · · · + αrbr) = (0, . . . , 0, 1) .

Thus α1, . . . , αr must be zero, and we have the contradiction that 0 = α1b1 + · · ·+
αrbr = 1. �

3. Proof of Theorem 1.5

In this section we will prove our main result (Theorem 1.5). The following lemma
gives a homomorphism that enables the application of Proposition 2.1.

Lemma 3.1. Let E be an infinite-dimensional separable Hilbert space. With the
Notation 1.3, the map ϕ : H(D;L(E)) → (H(D;L(E)))2 given by

f =

⎡

⎢

⎢

⎢

⎣

f11 f12 f13 . . .
f21 f22 f23 . . .
f31 f32 f33 . . .
...

...
...

. . .

⎤

⎥

⎥

⎥

⎦

�→ ϕ(f) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

⎡

⎢

⎢

⎢

⎣

f11 f13 f15 . . .
f21 f23 f25 . . .
f31 f33 f35 . . .
...

...
...

. . .

⎤

⎥

⎥

⎥

⎦

︸ ︷︷ ︸

ϕ1(f)

,

⎡

⎢

⎢

⎢

⎣

f12 f14 f16 . . .
f22 f24 f26 . . .
f32 f34 f36 . . .
...

...
...

. . .

⎤

⎥

⎥

⎥

⎦

︸ ︷︷ ︸

ϕ2(f)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,
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for f ∈ H(D;L(E)) is well-defined, and is a left H(D;L(E))-module isomor-
phism.

Proof. If U1, U2 ∈ L(E) are the isometries given by

U1

⎡

⎢

⎢

⎢

⎣

x1

x2

x3

...

⎤

⎥

⎥

⎥

⎦

:=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

x1

0
x2

0
x3

0
...

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

and U2

⎡

⎢

⎢

⎢

⎣

x1

x2

x3

...

⎤

⎥

⎥

⎥

⎦

:=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0
x1

0
x2

0
x3

...

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

then it is clear that

∀z ∈ D ,
(

ϕ1(f)
)

(z) = f(z)U1 and
(

ϕ2(f)
)

(z) = f(z)U2 . (3.1)

Thus for all z ∈ D, (ϕ1(f))(z), (ϕ2(f))(z) ∈ L(E). Moreover, since fjk ∈ H(D)
for all j, k ∈ N, it follows that ϕ1(f), ϕ2(f) are holomorphic. So the map ϕ is
well-defined. Moreover, if f, g ∈ H(D;L(E)), then

ϕ(f + g) = ϕ(f) + ϕ(g) and ϕ(gf) = gϕ(f) ,

and so ϕ is a left H(D;L(E))-module homomorphism. The homomorphism ϕ is
injective, since ϕ(f) = 0 implies fjk = 0 for all j, k ∈ N, and so f = 0. Moreover,
given

(f, g) =

⎛

⎜

⎜

⎜

⎝

⎡

⎢

⎢

⎢

⎣

f11 f12 f13 . . .
f21 f22 f23 . . .
f31 f32 f33 . . .
...

...
...

. . .

⎤

⎥

⎥

⎥

⎦

,

⎡

⎢

⎢

⎢

⎣

g11 g12 g13 . . .
g21 g22 g23 . . .
g31 g32 g33 . . .
...

...
...

. . .

⎤

⎥

⎥

⎥

⎦

⎞

⎟

⎟

⎟

⎠

,

we define

h =

⎡

⎢

⎢

⎢

⎣

f11 g11 f12 g12 f13 g13 . . .
f21 g21 f22 g22 f23 g23 . . .
f31 g31 f32 g32 f33 g33 . . .
...

...
...

...
...

...

⎤

⎥

⎥

⎥

⎦

.

Then for all z ∈ D,

h(z)x = f(z)

⎡

⎢

⎢

⎢

⎣

x1

x3

x5

...

⎤

⎥

⎥

⎥

⎦

+ g(z)

⎡

⎢

⎢

⎢

⎣

x2

x4

x6

...

⎤

⎥

⎥

⎥

⎦

, (3.2)

and so
h(z)x ≤ ( f(z) + g(z) ) x . (3.3)

Thus h(z) ∈ L(E) for all z ∈ D, and h is also holomorphic since fjk, gjk are in
H(D) for all j, k ∈ N. We have ϕ(h) = (f, g), and so ϕ is surjective as well. �
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Theorem 3.2. Suppose that E is an infinite-dimensional separable Hilbert space.
We use Notation 1.3. Let ϕ be as in the statement of Lemma 3.1. Suppose that A
is a subalgebra of H(D;L(E)) with the following properties:

1. ϕ(A) ⊂ A2

2. ϕ−1(A2) ⊂ A.

Then the Bass stable rank of A is infinite.

Proof. Using Lemma 3.1 and the hypothesis, we see that the restriction of ϕ to A
gives a left A-module isomorphism from A to A2, and so by Theorem 2.1, the
claim follows. �

In particular, with A = H(D;L(E)), we have the following:

Corollary 3.3. Let E be an infinite-dimensional separable Hilbert space. Then the
Bass stable rank of H(D;L(E)) is infinite.

Proof of Theorem 1.5. The verification of ϕ(A) ⊂ A2 for each of the algebras
follows readily from (3.1):

Recall that AS(D;L(E)) handles simultaneously the cases of A(D;L(E))
(when S = T) and H∞(D;L(E)) (when S = ∅). If f ∈ AS(D;L(E)), then
from (3.1), we see that for all z ∈ D, (ϕk(f))(z) ≤ ‖f‖∞ Uk (k = 1, 2), and so
‖ϕk(f)‖∞ ≤ ‖f‖∞ < ∞. Moreover, if f(z) has a limit L in L(E) as z → ζ ∈ T,
then (3.1) shows that also (ϕk(f))(z) has the limit LUk, k = 1, 2. This shows that
ϕ(f) ∈ (AS(D;L(E)))2.

If f =
∑∞

n=0 znfn ∈ W+(D;L(E)), then (3.1) gives ϕk(f) =
∑∞

n=0 zn(fnUk),
k = 1, 2. Since

∑∞
n=0 fnUk ≤ ∑∞

n=0 fn · 1 = ‖f‖1 < ∞, it follows that ϕ(f) ∈
(W+(D;L(E)))2.

That ϕ−1(A2) ⊂ A can be checked using (3.2) and (3.3):
If (f, g) ∈ (AS(D;L(E)))2, then from (3.3), we see that for all z ∈ D, h(z) ≤

‖f‖∞ + ‖g‖∞, and so ‖h‖∞ < ∞. Moreover, if f(z), g(z) have limits in L(E) as
z → ζ ∈ T, then (3.2) shows that for every x ∈ E, h(z)x has a limit in E as z → ζ.
By the Banach-Steinhaus theorem, h(z) has a limit in L(E) as z → ζ. This shows
that ϕ−1(f, g) ∈ AS(D;L(E)).

If f, g ∈ W+(D;L(E)), then (3.2) gives for all n ≥ 0 that

h(n)(0)x = f (n)(0)

⎡

⎢

⎢

⎢

⎣

x1

x3

x5

...

⎤

⎥

⎥

⎥

⎦

+ g(n)(0)

⎡

⎢

⎢

⎢

⎣

x2

x4

x6

...

⎤

⎥

⎥

⎥

⎦

,

and so h(n)(0) ≤ f (n)(0) + g(n)(0) . But we have ‖f‖1=
∑∞

n=0
1
n! f (n)(0) <∞

and also ‖g‖1=
∑∞

n=0
1
n! g(n)(0) <∞. So it follows that ‖h‖1=

∑∞
n=0

1
n! h(n)(0) <

∞. Thus ϕ−1(f, g) ∈ W+(D;L(E)). �



8 A. Sasane Comp.an.op.th.

References

[1] H. Bass. K-theory and stable algebra. Publications Mathématiques de L’I.H.É.S.,
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