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Overview

Weeks 6-10: Analysis

In weeks 6-10, we will learn some of the basic concepts from the subject of ‘Math-
ematical Analysis’ or briefly ‘Analysis’. Roughly speaking, Analysis is Calculus
made rigorous.

We are familiar with Calculus as a branch of mathematics in which the focus
is on two main things: Given a real-valued function of a real variable,

o (Differentiation) What is the rate of change of the function at a point?

e (Integration) What is the area under the graph of the function over an interval?

Differentiation and Integration
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What is the slope of f What is the area under the graph of f
at the point ¢? over an interval from a to b?

In Calculus, while there are these two quite different topics of study, the Funda-
mental Theorem of Calculus is a bridge between these different worlds, saying that
the processes of differentiation and integration are inverses of each other:

b x
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This interaction between differentiation and integration provides a powerful body
of understanding and calculational technique, called ‘Calculus’.
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2 Overview

A thorough treatment of Calculus, i.e., of the subject of Analysis, must start with
a careful study of the number system in which the action takes place, namely the
set R of real numbers. To see why, let’s consider an example. Suppose we want to
find the area under the graph of the function f(z) = 1/x from x =1 to x = 2.

We are trying to obtain the area by approximating it via the sum of rectangular
areas, each time doubling the number of rectangles, hence ‘exhausting’ more and
more of the required area. The area at the n'® stage is

1 ( 1 . 1 . . 1 . 1 )
Ap on—1 1+ 2n1—1 1+ 27%1 1+ 27;;1,T1 14 on—1 |
The idea is then that if A is the area we seek, and a,, is the area at the nth step,
then for large n, a, approximates A. Clearly a; < as < ag < ---, and they are all
less than some big number!. Since a,, misses A by smaller and smaller amounts as
n increases, we expect that A should the ‘smallest’ number exceeding the numbers

ai,as,as, . Does such a number always exist? We seem to need the fact that

=T

For an increasing sequence a1, a9, as, -+ , of numbers
(F) < all of which are less than a certain number,
there is a smallest number which is bigger than each of a1, a9,as,--- .

Note that each a,, € Q (set of rationals). Does (F) hold for rational numbers?

This question might seem frivolous to a scientist who is just interested in ‘real
world applications’. But such a sloppy attitude can lead to trouble. Indeed, results
in Calculus during the 16" to the 18" century relying on a mixture of deductive
reasoning and intuition, involving vaguely defined terms, were later shown to be
incorrect. To give a quick example of how things might easily go wrong, one might
naively, but incorrectly?, guess that the answer to the question above is ‘yes’. This
prompts the question of whether there is a bigger set of numbers than the rational
numbers for which the property happens to be true? The answer is ‘yes’, and this
is the real number system R.

ITake a square of height and width 1. Then each an is less than (the area of this square, which is) 1.
°In fact, for our sequence ap,az2,as,--- above, there is no smallest rational number which is bigger
than each of the aps. If we consider the sequence in R, then A=1og, 2, which can be shown to be irrational!



Weeks 11-15: Number systems 3

So the subject of Analysis must start with a careful study of the real number system
R, and this is where our journey begins. After learning about the key properties
of the real numbers, we will discuss two useful notions in Analysis:

e the concept of convergence of a sequence of real numbers, and
e the concept of continuity.

These are the first fundamental notions with which one can embark on a more
detailed study of Analysis (to be continued in later courses such as MA203).

Weeks 11-15: Number systems

In the weeks 6-10, we begin our study of the subject of Analysis by stipulating
carefully the properties of the real number system, and proceed from there. But
we do not address the issue of what exactly the set of real numbers is, i.e., how
one constructs it as a mathematical object. Thus, in some sense, in the first part
we hit the ground running, accepting on faith the properties we need and making
quick progress from that starting point.

In the second part, i.e., in the weeks 11-15, we will spend some time learning
about the foundations of the number systems, starting with the natural number
system N of the ‘counting numbers’, and progressively enlarging the number system
set whenever we meet an arithmetic hurdle, until we meet an ‘analytical’ hurdle
with the rationals, which is finally remedied by the real number system:

NcZcQcR.

We will first learn about the manner in which these number systems are con-
structed. Subsequently, we shall also delve deeper into the ‘algebraic structure’ of
the integers obtained from its arithmetic, since it plays a fundamental role in all
of Mathematics. In particular, we will learn about

e the Division Algorithm,

e divisibility, the greatest common divisor, and Euclid’s Algorithm,
e prime numbers, and the Fundamental Theorem of Arithmetic, and
e modular arithmetic.

Challenging exercises within these notes are indicated with an asterisk symbol ().
Nonexaminable sections or remarks are labelled by (k).

Before beginning, we fix some notation and terminology. If X,Y are sets, and
f a function from X to Y, then we write f : X — Y. We refer to the set X as the
domain of f, the set Y as the codomain of f, and the set f(X) := {f(z) : x € X}
as the image/range of f. Sometimes we write X 3 x — f(x) € Y, which is read as
‘element z belonging to X is mapped to the element f(z) belonging to Y.

Amol Sasane
2021.






Chapter 1

The real numbers

From the considerations in the overview, it is clear that one needs to begin the
subject of Analysis by studying the real numbers carefully. The plan is as follows:

(1) An intuitive, visual picture of R: the number line. We will begin our
understanding of R intuitively as points on the ‘number line’. So we will have
a mental picture of R, in order to begin stating the precise properties of the
real numbers that we will need later. It is a legitimate issue to worry about
the construction of the set of real numbers, and we will say something about
this in Section 1.7 (and do it more carefully in Chapter 4).

(2) Properties of R. Having a rough feeling for the real numbers as being points
of the real line, we will proceed to state the precise properties of the real
numbers we will need. So we will think of R as a given (undefined) set for
now, and just state rigorously what properties we need this set R to have.
These desirable properties' fall under three categories:

(a) the field axioms, which tell us about what laws the arithmetic of the real
numbers should follow,

(b) the order axiom, telling us that comparison of real numbers is possible with
an order > and what properties this order relation has, and

(c) the Least Upper Bound Property of R, which tells us roughly that unlike
the set of rational numbers, the real number line has ‘no holes’. This
property is the most important in Analysis. Had the set Q of rationals
possessed this property, then we wouldn’t have bothered studying R, and
instead we would have just used QQ for Calculus.

(3) The construction of R. Although we will think of real numbers intuitively
as ‘numbers which can be depicted on the number line’, this is not acceptable
as a rigorous mathematical definition. So we ask:

Is there a set R that can be constructed with the properties (2)(a),(b),(c) above?

Answer: Yes. This will be outlined in Section 1.7 and detailed in Chapter 4.

I These will be given in detail in Sections 1.2, 1.3, 1.4.

"5



6 1. The real numbers

Intuitive visual picture of R
as points on the number line

I
Y

R

Construction of R

Properties of R

(1) Field axioms (laws of arithmetic)
(2) Order axioms ( >, <,=)

(3) The Least Upper Bound Property

1.1. Intuitive picture of R as points on the number line

In elementary school, we learn about

the natural numbers  N:={1,2,3,---}
the integers ~ Z:={---,-3,-2,-1,0,1,2,3,--- }, and
the rational numbers Q:= {g :n,deZ,d# 0},

and we are accustomed to visualizing these numbers on the ‘number line’. The
number line is any line in the plane, on which we have chosen a point O as the
‘origin’, representing the number 0, and chosen a unit length by marking off a
point on the right of O, where the number 1 is placed. In this way, we get all
the positive integers, 1,2,3,4,--- by repeatedly marking off successively the unit
length towards the right, and all the negative integers —1, —2, —3,-- - by repeatedly
marking off successively the unit length towards the left.

chosen unit length

/

A

Just like the integers can be depicted on the number line, we can also depict all
rational numbers on it as follows. Firstly, here is a procedure for dividing a unit
length on the number line into d (€ N) equal parts, allowing us to construct the
rational number 1/d on the number line. See Figure 1. The steps are as follows.
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Figure 1. Construction of rationals: Given the length 1 (= ¢(OB)), we can
construct the length 1/5, and so A corresponds to the rational number 1/5.

(1) Take an arbitrary length £(OA’) along a ray starting at O in any direction other
than that of the number line itself.

(2) Let B’ be a point on the ray such that ((OB’) = d - ¢(OA").
(3) Draw AA’ parallel to BB’ to meet the number line at A.
Conclusion: AOAA' is similar to AOBB’, and so ¢(OA) = 1/d.

Having obtained 1/d, we can now construct n/d on the number line for any
n € Z, by repeating the length 1/d n times towards the right of 0 if n > 0, and
towards the left —n times from 0 if n is negative.

Hence we can depict all the rational numbers on the number line. Does this
exhaust the number line? That is, suppose that we start with all the points on
the number line being coloured black, and suppose that at a later time, we colour
all the rational ones by red: are there any black points left over? The answer is
‘ves’, and we demonstrate this below. We will show that there does ‘exist’, based
on geometric reasoning, a point on the number line, whose square is 2, but we will
also argue that this number, denoted by /2, is not a rational number.

Firstly, the following picture shows that 1/2 exists as a point on the number
line. Indeed, in the right angled triangle AOBA, by the Pythagoras Theorem, we
have (£(0OA))? = (((OB))? + ({(AB))? = 12 + 12 = 2, and so {(OA) is a number,
denoted say by 1/2, whose square is 2. Taking O as the center and radius £(OA),
we draw a circle intersecting the number line at a point C, corresponding to the
number /2. Is 4/2 a rational number? We will now show that it isn’t!

A

e
Y




8 1. The real numbers

Exercise 1.1. Depict —11/6 and /3 on the number line.

Theorem 1.1 (An ‘origami’ proof of the irrationality of 1/2).
There is no rational number g € Q such that ¢* = 2.

Proof. Suppose that /2 is a rational number. Then some scaling of the triangle
V2

1

by an integer will produce a similar triangle, all of whose sides are integers. Choose
the smallest such triangle, say AABC, with integer lengths ¢(BC) = ¢{(AB) = n,
and ¢(AC) = N, n, N € N. Now do the following origami: fold along a line passing
through A so that B lies on AC, giving rise to the point B’ on AC. The ‘crease’
in the paper is actually the angle bisector AD of the angle ZBAC.

A
Fold along a line
N passing through A
" so that B
lies on AC.
s L N |
C n B C D B

In ACB'D, ZCB'D = 90°, Z/B'CD = 45°. So ACB’'D is an isosceles right
triangle. We have ((CB’) = ( D) =((AC) —U(AB’") = N —n € N, while

{(CD)=4¢CB)—¢DB)=n—{¢B'C)=n—(N—-n)=2n— NeN.
So ACB'D is similar to the triangle

V2

1

has integer side lengths, and is smaller than AABC, contradicting the choice of
AABC. So there is no rational number ¢ such that ¢ = 2. O
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You had met a different proof earlier, and we will meet a different proof yet again
in §4.6, based on the ‘Rational Zeroes Theorem’.

Exercise 1.2. (x) The number 7 := 1+—2\/5 ~ 1.618--- is called the golden ratio. This ratio
is believed to create geometrical figures of particularly pleasing proportions, for example,
the golden rectangle, with sides in the ratio 1 : 7. Using the smaller side, if a square is
separated from the golden rectangle, we obtain yet another golden rectangle, thanks to the
relation 72 — 7 — 1 =0, that is, 7 — 1 = 1/7.

T
A

r N

T—1

Give a geometric proof that 7 can’t be rational. Conclude that /5 is not rational either.

Thus we have seen that the elements of Q can be depicted on the number line, and
that not all the points on the number line belong to Q. We think of R as all the
points on the number line. As mentioned before, if we take out everything on the
number line (the black points) except for the rational numbers Q (the red points),
then there will be holes amongst the rational numbers (for example there will be
a missing black point where /2 lies on the number line). We can think of the real
numbers as ‘filling in’ these holes between the rational numbers. We will say more
about this when we make remarks about the construction of R. Right now, we
just have an intuitive picture of the set of real numbers as a bigger set than the
rational numbers, and we think of the real numbers as points on the number line.
Admittedly, this is certainly not a mathematical definition, and is extremely vague.
In order to be precise, in Analysis we just can’t rely on this vague intuitive picture
of the real numbers. So we now turn to the precise properties of the real numbers
which we are allowed to use. While stating these properties, we will think of the
set R as an (as yet) undefined set containing Q which will satisfy the properties of

(1) the field axioms (laws of arithmetic in R),

(2) the order axioms (allowing us to compare real numbers with >, <, =), and

(3) the Least Upper Bound Property (making Calculus possible in R),
stipulated below.

It is a pertinent question if one can construct (if there really exists) such a set
R satisfying the above properties (1), (2), (3). The answer to this question is ‘yes’,

but it is tedious. So in this first part of the course, we will not worry ourselves
too much with it?>. We will actually give some idea about the construction of the

21t is a bit like the process of learning a new language: If one starts painfully memorising systematically
all the rules of grammar first then not much progress will be made. Instead, a more fruitful method is
to start practicing simple phrases, listening to news, reading comics, and so on. Along the way grammar
rules can be picked up, and a formal study can be done at leisure later, resulting in better comprehension.



10 1. The real numbers

real numbers in § 1.7, and return to it in §4.5. Right now, we just accept on faith
that the construction of R possessing the desired properties above can be done. To
have a concrete object in mind, we rely on our familiarity with the number line to
think of the real numbers when we study the properties (1), (2), (3) listed above.

We also remark that property (3) (the Least Upper Bound Property) of R will
turn out to be crucial in Analysis. The properties (1), (2) are also possessed by
the rational number system Q, but we will see that (3) fails for Q.

1.2. The field axioms

This section’s content® can be summarised in one sentence: (R, +,-) forms a field.
What does this mean? It is a compact way of saying the following: R is a set,

equipped with two maps, namely
addition + : RxR — R, sending a pair (z,y) of reals to their sum z+y, and
multiplication - : R x R — R, sending a pair of reals (z,y) to their product x -y,
and these two operations + and - satisfy certain laws, called the ‘field axioms’.

The field axioms for R are listed below:

(F1) (Associativity) Forall z,y,zeR, o+ (y+ 2) = (x + y) + 2.
(F2) (Additive identity) ForallzeR, 2 +0=2 =0+ =z.
+ < (F3) (Inverses) For all x € R, there exists —x e R

such that z + (—2) = 0= —z + z.
(F4) (Commutativity) Forallz,yeR, z+y=y+x.

(F5) (Associativity) For all z,y,ze R, - (y-2) = (z-y) - 2.

(F6) (Multiplicative identity) 1#Oand forallzeR, z-1=2=1-=z.

(F7) (Inverses) For all x € R\{0}, there exists z~! e R
such that z -2 ' =1=2""1 2.

(F8) (Commutativity) Forallz,yeR, z-y=y-x.

+,-{ (F9) (Distributivity) For all z,y,2€R, z-(y+2)=z-y+z- 2.

With these axioms, it is possible to prove the usual arithmetic manipulations we
are accustomed to. Here are a couple of examples.

Example 1.1. For every a € R, a -0 = 0.
(£9)

Let a € R. Then we havea-O(lg)a-(0~l—0) ="a-0+a-0. Sowith z:=a-0, we
have  + z = . Adding —z on both sides (F3), and using (F1) we obtain:

3This section has more detail that we need. The student may skip it, and begin reading from Sec-
tion 1.4 onwards. For MA103 students, after learning about the construction of the real numbers in
Chapter 4 (covered in the Lent Term), we will define real number addition and multiplication carefully
and prove the properties (F1)-(F9).

4There are other number systems, for example the rational numbers Q which also obey similar laws
of arithmetic, and so (Q, +, -) is also deemed to be a field. So the word ‘field’ is invented to describe the
situation that one has a number system F with corresponding operations + :F xF - Fand - :FxF > F
which obey the usual laws of arithmetic, rather than listing all of these laws.
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(F1) (F3) (F2)

O=z+(—x2)=(z+z)+ (—2) z+ (z+ (—x)) z+0 =a-0.C
Example 1.2. If a,be R, and a-b =0, then a = 0 or b = 0.

If a = 0, then we are done. Let a # 0. By (F7), there exists a real number a~
such that a-a™'=a"1-a=1. Sob=1-b=(a"t-a)-b=a"t (a-b)=a"1-0=0. So if
a # 0, then b = 0. Thus (a,b € R such that a-b=0) = (a =0 or b = 0). &

1

In this part of the course, we won’t do such careful justifications every time we
need to manipulate real numbers. We have listed the above laws to once and
for all stipulate the laws of arithmetic for real numbers which justify the usual
calculational rules we are familiar with, so that we know the source of it all. As
examples, we consider the following exercises of giving a rigorous justification based
on (F1) to (F9) of facts that are well-known to us.

Exercise 1.3. (x) Using the field axioms of R, prove the following:

(1) Additive inverses are unique.

(2) Forallae R, (1) -a = —a.

(3) Show that (—1)-(—1) = 1.

1.3. Order axioms

We now turn to order axioms® for the real numbers. This is the source of the
inequality ‘>’ that we are used to, enabling one to compare two real numbers. The
relation > between real numbers arises from a special subset P of the real numbers.

Order axiom. There exists a subset P of R such that
(O1) If z,ye P, thenx+yePand x-yeP.
(02) For every x € R, one and only one of the following statements is true:
1° z=0. 2° zel. 3 —xel.
Definition 1.1 (Positive numbers).
The elements of P are called positive numbers. For real numbers z,y, we say that
r>y if —yeP,
r<y if y—xzelP,
r=zy if z=y or x>y,
r<y if z=y or x <y.
It is clear from (O2) that 0 is not a positive number. Also, from (02) it follows

that for real numbers x,y, one and only one of the following statements is true
(‘Trichotomy Law’):

1° z=uy. 2° x>y. 3 x<uy.

5This section has more detail that we need. The student may skip this section, and begin reading
from Section 1.4 onwards. For MA103 students, we will define the order relation for the real numbers
carefully in Chapter 4 (covered in the Lent Term), and also prove the Trichotomy Law.
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Indeed, if x # y, then x — y # 0, and so by (02), we have the mutually exclusive
possibilities z —y € P or y — x = —(x — y) € P, that is, either z > y or z < y.

Example 1.3. 1 > 0.
We have three possible, mutually exclusive cases:

1° 1=0. 2° 1eP. 3 —1eP.
As 1 # 0, we know that 1° is not possible.

Suppose that 3° holds, that is, —1 € P. We had seen in Exercise 1.3.(3) that
(=1) - (=1) = 1. From (O1), and the fact that —1 € P, it then follows that
1=(-1)-(—=1) € P. So if we assume that 3° holds, then both 2° and 3° are true,
which is impossible as it violates (02).

Thus by (02), the only remaining case, namely 2° must hold, that is, 1 e P. <&

Exercise 1.4. (x) Using the order axioms for R, show the following:
(1) For all a € R, a® > 0.
(2) There is no real number z such that 22 + 1 = 0.

Again, just like we the field axioms, it is enough to know that if challenged, one can
derive all the usual laws of manipulating inequalities among real numbers based on
these order axioms, but we will not do this at every instance we meet an inequality.

From our intuitive picture of R as points on the number line, what is the set
P? P is simply the set of all points/real numbers to the right of the origin O.
P

< . -
0 1

Also, geometrically on the number line, the inequality a < b between real numbers
a,b means that b lies to the right of @ on the number line.

Y

< . .
a b

1.4. The Least Upper Bound Property of R

This property is crucial in Analysis, and when we prove the key results (Bolzano-
Weierstrass Theorem, Intermediate Value Theorem, Extreme Value Theorem, etc.),
we will gradually learn to appreciate the key role played by it.

Definition 1.2 (Upper bound of a set).
Let S be a subset of R. A real number w is said to be an upper bound of S if for
allze S, z <u.

If we think of the set S as some blob on the number line, then u should be any
point on the number line which lies to the right of the points of the blob.

S u

< s
) 4
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Example 1.4.

(1) If S = {0,1,9,7,6,1976}, then 1976 is an upper bound of S. In fact, any real
number u > 1976 is an upper bound of S. So S has lots of upper bounds.

(2) Let S := {x € R: z < 1}. Then 1 is an upper bound of S. In fact, any real
number u > 1 is an upper bound of S.

(3) If S = R, then S has no upper bound. Why? Suppose that u € R is an upper
bound of R. Consider u+ 1€ S =R. Then S 3u+ 1 < u (upper bound of 5).
So 1 < 0, a contradiction!

(4) Let S = & (the empty set, containing no elements). Fvery u € R is an upper
bound. For if u € R is not an upper bound of S, then there must exist an
element = € S which prevents u from being an upper bound of S, that is,

‘It is not the case that z < w. ‘

But S has no elements at all, much less an element such that |- - - | holds.

(This is an example of a ‘vacuous truth’. Consider the statement

‘Every man with 9 legs is intelligent. ‘

This is considered a true statement in Mathematics. The argument is:

Can you show me a man with 9 legs for which the claimed property (namely
of being intelligent) is not true? No! Because there are no men with 9 legs!
By the same argumentation, also the following statement is true:

‘Every man with 9 legs is not intelligent. <&

Definition 1.3 (Set bounded above).
If S < R and S has an upper bound (that is, the set of upper bounds of S is not
empty), then S is said to be bounded above.

Example 1.5. The set R is not bounded above.
Each of the sets {0,1,9,7,6,1976}, ¢J, {z € R : z < 1} is bounded above. )

The notions of ‘lower bound’, and ‘bounded below’ are defined analogously.

Definition 1.4 (Lower bound of a set; set bounded below).

Let S be a subset of R. A real number / is said to be an lower bound of S if for all
xe S, <.

If S © R and S has an lower bound (that is, the set of lower bounds of S is not
empty), then S is said to be bounded below.

If we think of the set S as some blob on the number line, then ¢ should be any
point on the number line which lies to the left of the points of the blob.

4 S

< S
) (4
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Example 1.6.

(1) If S ={0,1,9,7,6,1976}, then 0 is an lower bound of S. In fact any real number
£ < 0 serves as a upper bound of S. So S is bounded below.

(2) Let S :={r € R:x < 1}. Then S is not bounded below. Let us show this.
Suppose that, on the contrary, .S does have a lower bound, say £ € R. Let x € S.
Then ¢ < z < 1. We have

(—1<l<x<l,

and so £ —1 < 1. Thus £ —1¢€ S, and as £ is a lower bound of S, we must
have £ < £ —1, that is, 1 < 0, a contradiction! So our original assumption that
S is bounded below must be false. So S is not bounded below. (This claim was
intuitively obvious too, since the set of points in S on the number line is the
entire ray of points on the left of 1, leaving no room for points on R to be on
the ‘left of S’.)

(3) If S = R, then S has no lower bound: If ¢ € R is a lower bound of R, then

¢ < (-1,
~—— ~——
lower bound of S €S

and so 1 < 0, a contradiction. Thus R is not bounded below.

(4) Let S = & (the empty set, containing no elements). Every ¢ € R is a lower
bound. If £ € R is not an lower bound of S, then there must exist an element
x € S which prevents ¢ from being an lower bound of .S, that is, it is not the
case that ¢ < x. As S is empty, this is impossible. So S is bounded below. <

Definition 1.5 (Bounded set).
Let S < R. S is called bounded if S is bounded below and bounded above.

Example 1.7.
An upper Bounded A lower Bounded a
5 bound above? bound below? Bounded:
1976 0
{0,1,9,7,6,1976} Any u > 1976 Yes Any £ <0 Yes Yes
1 Doesn’t
{reR:x<1} Any u > 1 Yes exist No No
R Doe?n t No Doe.sn t No No
exist exist
Every ] Every . .
%) LeR Yes leR Yes Yes
<&

We now introduce the notions of a least upper bound (also called supremum) and
a greatest lower bound (also called infimum) of a subset S of R.
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Definition 1.6 (Supremum and infimum).
Let S be a subset of R.

e u, € R is called a least upper bound of S (or a supremum of S) if

(1) us is an upper bound of S, and
(2) if u is an upper bound of S, then wu, < u.

e /, € Ris called a greatest lower bound of S (or an infimum of S) if

(1) 44 is a lower bound of S, and
(2) if £ is a lower bound of S, then ¢ < /..

Pictorially, the supremum is the leftmost point amongst the upper bounds, and
the infimum is the rightmost point amongst the lower bound of a set.

all these are all these are
, lower bounds | S . upper bounds
S f* U

Y

Example 1.8.
(1) If S ={0,1,9,7,6,1976}, then u, = 1976 is a least upper bound of S because

(a) 1976 is an upper bound of S, and
(b) if u is an upper bound of S, then (S 3) 1976 < u, that is u, < u.

Similarly, 0 is a greatest lower bound of S.
(2) Let S ={reR:xz < 1}. Then u, = 1is a least upper bound of S. Indeed:

(a) 1is an upper bound of S: If x € S, then z < 1 = u,.

(b) Let u be an upper bound of S. We want to show that u, = 1 < u. Suppose
the contrary, that is, 1 > u. Then there is a gap between u and 1.

#
U 1
(But then this gap between u and 1 contains elements of S which are to

right of the supposed upper bound u, and this should give the contradic-
tion we seek.) To this end, consider the number (1 + u)/2. We have

1+u - 1+1 1
2 2
and so (14 u)/2 belongs to S. As w is an upper bound of S, we must have
1+u
<,
2

which upon rearranging gives 1 < u, a contradiction.

S does not have a lower bound, and so certainly no greatest lower bound either
(a greatest lower bound has to be first of all a lower bound!).
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(3) R does not have a supremum, and no infimum either.

(4) & has no supremum. (We intuitively expect this: indeed every real number
serves as an upper bound, but there is no smallest one among these!) Indeed,
suppose on the contrary that us, € R is a supremum. Then u, —1 € R is an
upper bound of ¢J (since it is some real number, and we had seen that all real
numbers are upper bounds of ). As wu, is the least upper bound, we must
have u, < uy — 1, that is, 1 < 0, a contradiction.

Similarly, ¢ has no infimum either. &

A set may have many upper bounds and many lower bounds, but it is intuitively
clear, based on our visual number line picture, that the supremum and infimum of
a set, assuming they exist, must be unique. Here is a formal proof.

Theorem 1.2. If a subset S of R has a supremum, then it is unique.
Proof. Let uy,u!, be two supremums of S. Then as w/, is, in particular, an upper
bound, and since u, is the least upper bound, we must have

Use < U (1.1)
Similarly, since uy is, in particular, an upper bound, and since w/, is the least upper
bound, we must also have

Uy < Use. (1.2)
From (1.1) and (1.2), it now follows that u, = u,. O
So when S has a supremum, then it is the supremum. So we can give it special
notation (since we know what it means unambiguously):

sup S.

Similarly, if a set S has an infimum, it is unique and is denoted by

inf S.

Example 1.9. We have
sup{0,1,9,7,6,1976} = 1976,
sup{reR:z <1} =1,
inf{freR:z>1}=1.

To see the last equality, we note that 1 is certainly a lower bound of the set
S:={reR:z > 1}, and if ¢ is any lower bound, then as 1 is an element of the
set S, we have £ < 1. &

Comparing the first two examples above, when S := {0,1,9,7,6,1976}, we have
supS €S,



1.4. The Least Upper Bound Property of R 17

while in the case of S := {r € R: z < 1}, we have
sup S ¢ S.
It will be convenient to keep track of when the supremum (or for that matter
infimum) of a set belongs to the set. So we introduce the following definitions and
corresponding notation.
Definition 1.7 (Maximum, minumum of a set).
e If sup S €S, then sup S is called a mazimum of S, denoted by max S.
o If inf S € 5, then inf S is called a minimum of S, denoted by min S.

Example 1.10.

| S | Supremum | Maximum | Infimum | Minimum |
{0,1,9,7,6,1976} 1976 1976 0 0
{xeR:x <1} 1 Doesn’t exist | Doesn’t exist | Doesn’t exist
R Doesn’t exist | Doesn’t exist | Doesn’t exist | Doesn’t exist
%] Doesn’t exist | Doesn’t exist | Doesn’t exist | Doesn’t exist
{reR:xz>1} | Doesn’t exist | Doesn’t exist 1 1 O

Exercise 1.5. Provide the following information about the set S
IsS
bounded?

A lower
bound

An upper

bound inf 5

sup S max S | min S

where S is given by:
(1) (0,1]:={xeR:0<z <1}
(2) [0,1]:={zeR:0< <1}
3) (0,1):={xzeR:0<x<1}.

In the above Example 1.10, we note that if S is nonempty and bounded above, then
its supremum exists. In fact this is a fundamental property of the real numbers,
called the least upper bound property of the real numbers, which we state below:

‘ If S < R is such that S # & and S has an upper bound, then sup S exists.

Example 1.11.

(1) S ={0,1,9,7,6,1976} is a subset of R, it is nonempty, and it has an upper
bound. So the Least Upper Bound Property of R tells us that this set should
have a least upper bound. This is indeed true, as we had seen earlier that S
has 1976 as the supremum.

(2) S = {x e R:z < 1} is a subset of R, it is nonempty (0 € S), and it has an
upper bound (for example 2). So the Least Upper Bound Property of R tells
us that this set should have a least upper bound. This is indeed true, as we
had seen earlier that 1 is the supremum of S.
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(3) S=R is a subset of R, it is nonempty, and it has no supremum. So what went
wrong? Well, S isn’t bounded above.

(4) S = & is a subset of R and it is bounded above. But S has no supremum.
There is no contradiction to the Least Upper Bound Property, because S is
empty! O

Example 1.12. Let S := {x € R : 22 < 2}. Clearly S is a subset of R and it is
nonempty since 1 € S: 12 = 1 < 2. Let us show that S is bounded above. In fact,
2 serves as an upper bound of S. Since if x > 2, then 22 > 4 > 2. Thus if z € S,
then 22 < 2, and so z < 2.

By the Least Upper Bound Property of R, u, := sup S exists in R. Moreover,

one can show that this u, satisfies u?2 = 2 by showing that the cases u2 < 2 and

u? > 2 are both impossible.

First of all, uy > 1 (as uy is in particular an upper bound of S and 1 € S). Define

ui —2  2(uy +1)

= — = . 1
Tt Us + 2 Us + 2 >0 (13)
Then we have
g 22 (1.4
N (us +2)2° '

1° Suppose u2 < 2. Then (1.4) implies that 2 — 2 < 0, and so r € S. But from
(1.3), r > uy, contradicting the fact that us is an upper bound of S.

2 2

2° Suppose that u2 > 2. If v > r (> 0), then r2 =7/ -7/ > 7.7/ > 7.7 = 12
From (1.4), r? > 2, and so from the above, we know that "> > 2 as well. Hence
r’ ¢ S. So we have shown that if 7’ € S, then ' < r. This means that r is an
upper bound of S. But this is impossible, since (1.3) shows that r < u,, and u.
is the least upper bound of S.

So it must be the case that u2 = 2. Note also that u, is nonnegative (as us = 1€ S).
(We will denote this nonnegative u, € R satisfying u2 = 2 by v/2.) <&

Example 1.13 (Q does not possess the Least Upper Bound Property).

Consider the set S := {x € Q : 22 < 2}. Clearly S is a subset of Q and it is
nonempty since 1 € S: 12 = 1 < 2. Let us show that S is bounded above. In fact,
2 serves as an upper bound of S. Since if > 2, then 22 > 4 > 2. Thus if z € S,
then 22 < 2, and so = < 2.

If Q has the Least Upper Bound Property, then the above nonempty subset
of Q which is bounded above must possess a least upper bound uy := sup S € Q.
Once again, just as in the previous example, we can show that this u, € Q must
satisfy that u2 = 2 (and we have given the details below). But we know that this
is impossible as we had shown that there is no rational number whose square is 2.
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Firstly, us > 1 (as uy is in particular an upper bound of S and 1 € S). Now define
uZ —2  2(uy +1)
Uy + 2 N Uy + 2

As u, € Q, the rightmost expression for r shows that r € Q as well. Then

_2(uf —2)
r?—2= (e 122 (1.6)

> 0. (1.5)

7= Uy

1° Suppose u2 < 2. Then (1.6) implies that 72 — 2 < 0, and so 7 € S. But from
(1.5), r > uy, contradicting the fact that us is an upper bound of S.

2 2

2° Suppose that u2 > 2. If v’ > r (> 0), then 72 =7/ - ¢/ > 7 -0/ > 7r.pr =72
From (1.6), r? > 2, and so from the above, we know that "2 > 2 as well. Hence
r’ ¢ S. So we have shown that if ' € S, then ' < r. This means that r is an
upper bound of S. But this is impossible, since (1.5) shows that r < u,, and u.
is the least upper bound of S.

So it must be the case that u2 = 2. But as we mentioned earlier, this is impossible
by Theorem 1.1. Hence Q does not possess the Least Upper Bound Property. <

In order to get the useful results in Analysis (for example the fact that for an
increasing sequence of numbers bounded above, there must be a smallest number
bigger than each of the terms of the sequence — a fact needed to calculate the area
as described at the outset), it turns out to be the case that the Least Upper Bound
Property is indispensable. So it makes sense that when we set up the definitions
and results in Analysis, we don’t work with the rational number system Q (which
regrettably does not possess the Least Upper Bound Property), but rather with the
larger real number system R, which does possess the Least Upper Bound Property.

Exercise 1.6. Let a1, as,as,--- be an infinite list (or sequence) of real numbers such that
an < apy1 for all n € N that is, the sequence is increasing. Also suppose that

S :={a, :neN}
is bounded above. Show that there is a smallest real number L which is bigger than each
of the a,, ne N.
Exercise 1.7.

(1) Let S be a nonempty subset of real numbers which is bounded below. Let —S denote
the set of all real numbers —z, where x belongs to S. Prove that inf S exists and
inf S = —sup(—59).

(2) Conclude from here that R also has the ‘Greatest Lower Bound Property’:

‘ If S is a nonempty subset of R having a lower bound, then inf S exists. ‘

Exercise 1.8. Let S be a nonempty subset of R which is bounded above, and let a > 0.
Show that a- S := {ax : € X} is also bounded above and that sup(«-S) = a-sup S.
Similarly, if S is a nonempty subset of R which is bounded below and « > 0, then show
that « - S is bounded below, and that inf(a - S) = « - inf S.
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Exercise 1.9. Let A and B be nonempty subsets of R that are bounded above and such
that A < B. Prove that sup A < sup B.

Exercise 1.10. For any nonempty bounded set S, prove that inf S < sup S, and that the
equality holds if and only if S is a singleton set (that is a set with cardinality 1).

Exercise 1.11. Let A and B be nonempty subsets of R that are bounded above. Prove
that sup(A u B) exists and that sup(A U B) = max{sup 4, sup B}.

Exercise 1.12. Determine whether the following statements are true or false.

(1) If w is an upper bound of S (= R), and w’ < u, then «’ is not an upper bound of S.

(2) If uy is the supremum of S (c R), and € > 0, then uy — € is not an upper bound of S.

(3) Every subset of R has a maximum.

(4) Every subset of R has a supremum.

(5) Every bounded subset of R has a maximum.

(6) Every bounded subset of R has a supremum.

(7) Every bounded nonempty subset of R has a supremum.

(8) Every subset of R that has a supremum is bounded above.

(9) For every subset of R that has a maximum, the maximum belongs to the set.

(10) For every subset of R that has a supremum, the supremum belongs to the set.

(11) For every subset S of R that is bounded above, |S| defined by {|z| : € S} is bounded.

(12) For every subset S of R that is bounded, |S| defined by {|z| : = € S} is bounded.

(13) For every bounded subset S of R, if inf S < 2 < sup S, then z € S.

Exercise 1.13. Let A and B be nonempty subsets of R that are bounded above and define
A+B={zx+y:x€Aandye B}

Prove that sup(A4 + B) exists and that sup(A + B) = sup A + sup B.

Exercise 1.14. Let S be a nonempty set of positive real numbers. Define the set

Sti={x':xeS}
(1) Show that S~' is bounded above if and only if inf S > 0.
(2) Furthermore, if inf S > 0, then show that sup S~ = (inf S) "

We now prove the following, called the Archimedean property of the real numbers.

Theorem 1.3 (Archimedean Property).
If z,y € R and x > 0, then there exists an n € N such that y < nz.

If y < 0 to begin with, then the above is just the trivial statement that n-z > 0 > y,
which works with every n € N. So the interesting content of the theorem is when
y > 0. Then the above is telling us, that no matter how small x is, if we keep
‘tiling’ the real line with multiples of the length x, then eventually we will surpass
y. Here is a picture to bear in mind.
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T nx

Proof. Suppose that it is not the case that
‘there exists an n € N such that nz > y’.

Then for every n € N, we must have nz < y. Let S := {nz : n € N}. Then S
is a subset of R, S # ¢J (indeed, x = 1 -z € S), and y is an upper bound of S.
Thus by the the Least Upper Bound Property of R, u, := sup .S exists. As z > 0,
the number u, — x is smaller than the least upper bound u, of S. Hence uy — x
can’t be an upper bound of S, which means that there is an element mxz € S, for
some m € N, which prevents u, — x from being an upper bound: mx > us — x.
Rearranging, we obtain u, < mxz +x = (m + 1)z € S, contradicting the fact that
U4 is an upper bound of S. Thus our original claim is false. In other words, there
does exist an n € N such that nxz > y. O
11
) 57 37 o
Clearly 0 is a lower bound of S since all the elements of S are positive.

Example 1.14. Let § = {% ‘nE N} = {1 . } We claim that inf S = 0.

Suppose that £ is a lower bound of S. We want to show that ¢ < 0. Suppose on the
contrary that £ > 0. Then by the Archimedean property (with the real numbers x
and y taken as z = 1 (> 0) and y = 1/¢), there exists a n € N such that

1
z=y<naj=n-1=n,
and so

1o l,

n

contradicting the fact that ¢ is a lower bound of S. Thus any lower bound of §
must be less than or equal to 0. Hence 0 is the infimum of S. O

Exercise 1.15. Provide the following information about the set S

An upper A lower Is S

bound bound | bounded? | SWPS | mfS | maxS | minS

where S is given by:
(1) {% ‘ne Z\{o}}
(2) {nil :neN}

(3) {(—1)"(1 + %) ‘ne N}
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Exercise 1.16. Let S := {(xy — 1)2 + 22 : (z,y) € R?}.
(a) Show that S is bounded below.
(b) What is inf S? Hint: To justify your answer, consider (z,y) = (1/n,n), n € N.

(¢) Does min S exist?

Example 1.15 (The greatest integer part |-| of x € R).

If we think of the real numbers as points of the line, then we see that along it,
there are ‘milestones’ at each of the integers. So if we take any real number it is
between two milestones. We take |x] to be the milestone immediately to the left
of x—in other words, it is the ‘greatest integer less than or equal to z’. So for
example [3.1] = 3, |0] =0, |n| = n for all integers n, |—-3.1] = —4, etc.

R R A

—1 0 1 2 3

Using the Archimedean Property, one can give a rigorous justification of the fact
that every real number has to belong to an interval [n,n + 1) for some n € Z (so
that this n = |z]|). By the Archimedean Property, there exists an m; € N such
that my - 1 > z. By the Archimedean Property, there exists an mo € N such that
msg -1 > —x. So there are integers mi,msy such that —mo < x < my. Among the
finitely many integers k € Z such that —mo < k < my, we take as |z| the largest
one such that it is also < . O

Theorem 1.4 (Density of Q in R).
If a,be R, and a < b, then there exists a v € Q such that a <1 < b.

S
>

< s — =

a r b

This results says that ‘Q is dense in R’. In everyday language, we may say for

example that ‘These woods have a dense growth of birch trees’, and the picture we

then have in mind is that in any small area of the woods, we find a birch tree. A

similar thing is conveyed by the above: no matter what ‘patch’ (described by the

two numbers a and b) we take on the real line (thought of as the woods), we can
find a rational number (analogous to birch trees) in that patch.

Proof. As b —a > 0 and since 1 € R, by the Archimedean Property, there exists
an n € N such that n(b —a) > 1, that is, na + 1 < nb. Let m := |na] + 1. Then
|na)] < na < |na| + 1, that is, m — 1 < na < m. So

m na+1 nb
a < — < < — =b.
n n n

m
With r := — € Q, the proof of the theorem is complete. O
n

Exercise 1.17 (Density of irrationals in R).
Show that if a,b € R and a < b, then there exists an irrational number between a and b.
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1.5. Intervals

In Analysis, we will consider real-valued functions of a real variable, and develop
results about these. It will turn out that while doing so, we will keep meeting
certain types of subsets of R (for example subsets of this type will often be the
‘domains’ of our real-valued functions for which the results of Analysis hold). These
special subsets of R are called ‘intervals’, and we give the definition below. Roughly
speaking, these are’ the ‘connected subsets’ of the real line, namely subsets of R
not having any ‘holes/gaps’.

Definition 1.8 (Interval).

An interval is a set consisting of all the real numbers between two given real num-
bers, or of all the real numbers on one side or the other of a given number. So an
interval is a set of any of the following forms, where a,b € R and a < b:

(a,b) ={xeR:a<z<b}

a b
[a,b] ={reR:a <z <b} : ;
(a,b] ={reR:a<x<b} > :
[a,0) ={reR:a <z <b} . ;
(a,0) ={xeR:a<a} > S
[a,0) ={xeR:a <z} - 5
(—o0,b) ={zeR:z < b} < -
(—o0,b] ={xeR:z <b} < ;
(~o0.0) = R : >

In the above notation for intervals, a parenthesis ‘(" or ‘)’ means that the respective
endpoint is not included, and a square bracket ‘[* or ‘|’ means that the endpoint
is included. Thus [0,1) means the set of all real numbers x such that 0 < z < 1.
(Note that the use of the symbol o in the notation for intervals is simply a matter
of convenience and is not be taken as suggesting that there is a number c0.)

Also, it will be convenient to give certain types of interval a special name.

Definition 1.9 (Open interval).
An interval of the form (a,b), (a, ), (—o0,b) or R is called an open interval.

6That are nonempty and contain not just one point.
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We note that if I is an open interval, then for every member x € I, there exists a

0 > 0 such that (x — 0,z + ) < I, that is, there is always some ‘room’ around x

consisting only of elements of I.

Exercise 1.18. Show that if a,b € R, then the interval (a,b) has the following property:
For every x € (a,b), there exists a § > 0 such that (z — d,z + d) < (a,b).

Show also that [a,b] does not possess the above property.

Definition 1.10 (Compact interval).
If a,b e R and a < b, then we call [a,b] a compact interval.

Note that R\[a,b] is the union of two open intervals, namely (—o0,a) and (b, o0)
and that [a,b] is a bounded set.

Exercise 1.19. If A,, n € N, is a collection of sets, then (] A,, denotes their intersection:

neN
N A, ={z:V¥neN, zeA,},
neN
and |J A, denotes their union: |J A4, = {z :3In € N such that z € A,}. Prove that
neN neN
1
m 2= n0;)
1
@) ot =0 [o.7]
1 1
B 0= U |- 0]
1,1
@ [0.10=0 (-5 1+7)
1.6. Absolute value |- | and distance in R

In Analysis, in order to talk about notions such as continuity, convergence, etc., we
will need a notion of ‘closeness/distance’ between real numbers. This is provided
by the absolute value | -|, and the distance between real numbers x and y is |z —y|.
We give the definitions below.

Definition 1.11 (Absolute value and distance).

e The absolute value or modulus of a real number z is denoted by |z|, and it is
defined as follows:

| — x ifx>=0,
1 - itz <o,
e The distance d(x,y) between two real numbers x and y is the absolute value

|z — y| of their difference.

Thus [1| = 1, [0] = 0, | — 1| = 1, and the distance between the real numbers —1
and 1 is equal to d(—1,1) = | —1—1| = | — 2| = 2. The distance gives a notion
of closeness of two points, which is crucial in the formalization of the notions of
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Analysis. We can now specify regions comprising points close to a certain point
c € R in terms of inequalities in absolute values, that is, by demanding that the
distance of the points of the region, to the point ¢, is less than a certain positive
number 9, say § = 0.01 or § = 0.0000001, and so on.

Theorem 1.5. Let ce R and § > 0. Then:

‘d(az,c) = \x—c|<6‘ < ‘c—5<az<c+5.

Though the proof is trivial, it is worthwhile remembering Theorem 1.5, as such a
manipulation will keep arising over and over again in our subsequent development
of Analysis. See Figure 2.

c—0 c T c+6

Figure 2. The interval I = (¢ —d,c+ ) = {x e R: |z — ¢| < §} is the set of all
points in R whose distance to the point c is strictly less than § (> 0).

Proof.

(=) Suppose that |z —c| <. Thenx —c < |[x—¢| <0, and —(z—¢) < |z —c| < §.
So—d<zx—c<d,thatisc—9d<x<c+.

(e)lfc—d<x<c+d,thenz—c<d and —(x—c) =c—x < 6. Thus |z —¢| <0,
because |z — ¢| is either  — ¢ or —(z — ¢), and in both cases the numbers are
less than 9. O

If we think of the real numbers as points on the number line, and we think about
the integers as milestones, then it is clear that the distance between, say —1 and
3 should be 4 miles, and we observe that 4 = | — 1 — 3|. So taking |z — y| as the
distance between x,y € R is a sensible thing to do, based on our visual picture of
R as points on the number line.

|z —y|

T Yy

Figure 3. Distance between real numbers.

Exercise 1.20. Show that a subset S of R is bounded if and only if there exists an M € R
such that for all x € S, || < M.

The following properties of the absolute value will be useful in the sequel.
Theorem 1.6. If x,y are real numbers, then
|-yl = || - |yl (L.7)
[z +yl < |z| + [yl

(1.8) is called the triangle inequality.
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Proof. We prove (1.7) by exhausting all possible cases:

1°z=0o0ry=0. Then |z| =0 or |y| =0, and so |z| |[y| = 0. On the other hand,
as x =0 or y = 0, it follows that zy = 0 and so |zy| = 0.

2° x> 0 and y > 0. Then |z| = x and |y| = y, and so |z| |y| = xy. On the other
hand, as z > 0 and y > 0, it follows that zy > 0 and so |zy| = zy.

3°xz>0and y < 0. Then |z| = z and |y| = —y, and so |z| |y| = z(—y) = —zy.
On the other hand, as z > 0 and y < 0, it follows that 2y < 0 and so |zy| = —xy.

4° x < 0 and y > 0. This follows from 3° above by interchanging x and y.

5° x <0 and y < 0. Then |z| = —z and |y| = —y, and so |z| |y| = (—x)(—y) = zy.
On the other hand, as z < 0 and y < 0, it follows that zy > 0 and so |zy| = zy.

This proves (1.7).

Next we prove (1.8). First observe that from the definition of | - |, it follows
that for any real x € R, |z| > x: indeed if > 0, then |z| = z, while if x < 0, then
—z >0, and so |z| = —z > 0> x.

From (1.7), we also have | —z| = | =1 2| = | = 1||z| = 1|z| = |z|, for all z € R,
and so it follows that || = | —z| = —x for all x € R.

We have the following cases:

1°x+y >0. Then |z+y| = z+y. As|z| =z and |y| =y, |z|+|y| = z+y = |z+y|

2°x4+y < 0. Then |x + y| = —(z + y). Since |z| > —x and |y| = —y, it follows
that |z| + |y = -2z + (—y) = —(z +y) = |z + y|.

This proves (1.8). O

Using these, one can check that the ‘metric/distance function’ dR x R — [0, 0)
defined by d(x,y) = |z — y| for all z,y € R, satisfies the following properties:

(D1) (Positive definiteness) For all z,y € R, d(z,y) = 0. If d(x,y) = 0 then z = y.
(D2) (Symmetry) For all z,y € R, d(x,y) = d(y, x).
(D3) (Triangle inequality) For all z,y,z € R, d(z, 2) < d(z,y) + d(y, 2).

Z

X
Y

Figure 4. How the triangle inequality gets its name.

The reason (D3) is called the triangle inequality is that, for triangles in Euclidean
geometry of the plane, we know that the sum of the lengths of two sides of a triangle
is at least as much as the length of the third side: so for the points X, Y, Z in a plane
forming the three vertices of a triangle: we know that /(X Z) < {(XY) + (Y Z);
see Figure 4. (D3) reminds us of this triangle inequality, and hence the name.
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Exercise 1.21. Prove that if z,y are real numbers, then ||z| — |y|| < |z — y|.

Exercise 1.22 (When does equality hold in the triangle inequality?).
(1) Show the generalized triangle inequality: if n € N and a4, - ,a, are real numbers,
then |a; + -+ + ap| < |ag| + -+ + |an].
(2) (*) We say that ay,--- ,a, have the same sign if either of the following cases is true:
1°a; =20,---,a, =0. 2°a; <0, ,a, <0.

Thus the numbers have the same sign if on the number line either they all lie on the
right of 0 including 0, or they all lie on the left of 0 including 0. Show that equality
holds in the generalized triangle inequality if and only if the numbers have the same
sign. Hint: Consider the n = 2 case first.

Exercise 1.23. For a,b € R, show that max{a, b} = %la*b‘ and min{a, b} = %la*b‘.

Exercise 1.24. () Let o > 0 be an irrational number.
(1) Show that {na} := na — |nal, n € N, are all distinct, and belong to (0, 1).
(2) Let € > 0. Show that there exists an N € N such that
(0,1) < [0,€) U [€,2¢) U -+~ U [(N — 1), Ne).
Using the Pigeonhole Principle, show that |[{na} — {ma}| < € for some m,n € N.
(3) Prove that inf{|n — mal : me N, ne Nu {0}} = 0.

1.7. (k) Remark on the construction of R

We have treated the real number system R as a given. But one might wonder if we
can take the existence of real numbers on faith alone. A mathematical construction
of R can be given, and we will see this in the second part of the course.

There are several ways of doing this. One is via the ‘completion of Q’, where

one considers ‘Cauchy sequences’ in QQ, and defines R to be ‘equivalence classes of
Cauchy sequences under a certain equivalence relation’. We will do this in §4.5 .

Another way, which is more intuitive, is via ‘(Dedekind) cuts’, where we identify
each real number by means of two sets A and B associated with it: A is the set of
rationals less than the real number we are defining, and B is set of rational numbers
at least as big as the real number we are trying to identify. In other words, if we
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view the rational numbers lying on the number line, and think of the sets A and
B (described above) corresponding to a real number, then this real number is the
place along this rational number line where it can be cut, with A lying on the left
side of this cut, and B lying on the right side of this cut. More precisely, a cut
(A, B) in Q is a pair of subsets A, B of Q such that A|JB =Q, A # J, B # &,
AN B = ,ifae A and be B then a < b, and A contains no largest element. R
is then taken as the set of all cuts (A, B). Here are two examples of cuts:

(A,B) = {reQ:r<0}, {reQ:r=0}) (giving the real number ‘0”)
(A)B) = ({reQ:r<0orr? <2}, {reQ:r>0andr?>2}) (‘V2)).

It can then be shown that R is a field containing @@, and that it possesses the Least
Upper Bound Property. The reader interested in this approach is referred to the
Appendix to Chapter 1 in the classic textbook by Walter Rudin [R)].

Appendix: Binomial theorem

n
Theorem 1.7. For any x € R and any ne N, (1+ 2)" = Z (Z) .
k=0

The factorial is defined by 0!=1 and for n € N, n!l=1-2--- (n—1)-n. Also,

(1) = m5r

Clearly, for all n € N, (g) =1= (Z) We will need:

8. < - '
Lemma 1.8. For allneN and all 0 < k <n, (k:) + </<;+1) </<;+1>

Proof. We have

n n n! n!
<k>+ <k:+1> T ROk kD kD)
n! 1 1
T Hi—(ktD)! <n—k+k~|—1)
_ n! (n+1)
THm -G+ ) -kt 1)
(n+1)!
&+ Dl(n— k)
(n+1)!
(k+ D ((n+1)— (k+ 1)

n+1
- . O
<k+1)
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Proof. (Of Theorem 1.7). We use induction on n. For n = 1, of course

(14+z)t =1+z = <(1)> + <1>3:

If the result holds for some n € N, then

(1+2)" = (1+2)" (1+x)_(zn] (Z)ﬁ) (142)= ( ) £y ( ) kil

a (ni1> <>x

_ (n+l N n+1 - n+1 Pt n+1 1 n+1 o n+1 ot
0 1 2 n—1 n n+1
1 1
Here we used [ nt , ") o1= nE , and Lemma 1.8. O
0 0 n n+1

Corollary 1.9. Ifa,be R, and n € N, then (a + b)" Z ( > a" k.

Proof. If a = 0, this is immediate. If a # 0, by the binomial theorem for x := b/a:

o =w(ed) e 2 (@) - X (7)) =

Remark 1.1 (The binomial coefficients are natural numbers).
Using Lemma 1.8, one can see that for all n € N and 0 < k < n, (Z) e N.
One can use induction on n. First note that
1 1
=1= .
()-1-()
Let us suppose the claim has been shown for some n € N. We have
n+1\ (n+1) - (n+1!  (m+1
0 ) 0n+1)! ~ (@m+DO \n+1)
For all 1 < k < n, we have by Lemma 1.8 and the induction hypothesis that
n+1 n n
= N.
< k > (k—l) ’ (k) )

(Alternatively, ( ) is a natural number because it is the number of ways of choosing
k objects from n distinct objects.) %






Chapter 2

Sequences and their convergence

The notion of a sequence occurs in ordinary conversation. For example when one
says ‘an unfortunate sequence of events’, we imagine a first event, followed by a
second event, followed by a third one, and so on.

Similarly, a sequence of real numbers is an infinite list

ay1,a2,0as, -

of real numbers, where

ax is the first number/member /term of the sequence,

as is the second term of the sequence,

as is the third term of the sequence, and so on.
For example

11
17 57 §7 U

is a sequence of real numbers, where 1 is the first term, 1/2 is the second term, and
in general, the nth term is 1/n, n € N.

If in the sequence aq,as,as, - , we think of a; as f(1), az as f(2), ag as f(3),
and so on, then it becomes clear that a sequence is a special type of function,
namely one with domain N and co-domain R.

Definition 2.1 (Sequence). A sequence is a function f: N — R.

Only the notation is somewhat unusual. Instead of writing f(n) for the value of f
at a natural number n, we write a,,. The entire sequence is then referred to with
the notation

(an)neN-
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2. Sequences and their convergence

The nth term a,, of a sequence may be defined explicitly by a formula involving n,

as in the example given above:

It might also sometimes be defined recursively. For example,

CL1:1,

(Write down the first few terms of this sequence.)

Example 2.1. Here are a couple of examples of sequences.
and displayed the first few terms.

(n)neN 172737' o

<1+3+---+1) 1,1+, 1+
2 "/ neN 2

——a,, for neN.

We have also listed

° ° ° °
T T T T
4 5 6 7
4 ° ° o
T T T T
° °
T T T 1
° °
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What do we want to know about sequences? In Analysis, we want to know
‘the limiting behaviour’ of the sequence, that is, what a,, behaves like for large n,
and in particular, whether a,, gets closer and closer to some number L (called the
limit of the sequence at hand).

What is the motivation for studying the limiting behaviour of sequences?
For example, the terms of the sequence might be the sum of the areas of the rect-
angles in the picture on the left below, or it might be the slopes of the chords in the
picture on the right, and we might be interested in the limiting behaviour because
we want to calculate the area under the graph (left picture) or the instantaneous
rate of change of function at the point ¢ (right picture). Thus we want to know
what happens when n increases to the sequence (a,)neny Where

n—1
k
(Left picture) an = Z M here my, := height of kth shaded rectangle,
k=1

o flet ) = flo)
(Right picture)  a, = T .
b1 b e

2.1. Limit of a convergent sequence

We want to give a precise definition for

‘The sequence (ap)nen is convergent with limit L”  or ¢ lin;o a, =L".
n—

Intuitively, by the above, we mean that there is a number L such that the terms
of the sequence are getting ‘closer and closer’ or are ‘settling down’ to L for larger
and larger values of n. If there is no such finite number L to which the terms of
the sequence get arbitrarily close, then the sequence is said to diverge.

For example, the sequence <l> seems to be convergent with limit 0, that is,
N/ neN

lim L = 0.

n—o n
This is consistent with the idea of convergence that we have in mind: a sequence
(an)nen converges to some real number L, if the terms a, get ‘closer and closer’ to
L as n ‘increases without bound’.
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The problem with such a characterization is its imprecision. Exactly what does it
mean when we say that the terms of a sequence get ‘closer and closer’ or ‘as close as
we like’ or ‘arbitrarily close’ to some number L? Even if we accept this ambiguity,
how would we use the definition to prove theorems that involve sequences?

The terms of the sequence <1+ l) are
n

neN
3 45
27 57 gv Zv )
and the first few are plotted below.
24 .
1_
1 2 3 1

The terms of this sequence get ‘closer and closer’ to 0 (indeed the distance to 0
keeps decreasing), but

lim <1+1) £0,

n—0 n
rather

lim (1+) = 1

n—o0 n
One might say ‘but clearly the terms don’t get arbitrarily close to 0, but they do
get arbitrarily close to 1V

Also, we would also like to say that a sequence is convergent with limit L even
if the adjacent terms of the sequence do not always reduce their distance to L, but
it is nevertheless true that the distance to the limit can be made arbitrarily small
provided we go far enough in the sequence: An example is the sequence

()

Here nmod5 denotes the remainder obtained when n is divided by 5. The graph
of the sequence is shown below.
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0.8

0.4

We notice that the limit of this sequence turns out to be 0, despite the fact that
any two successive terms may not always reduce the distance to 0. However, given
any small distance ¢ > 0, there is some index N beyond which all the terms of
the sequence do lie within a distance of € from 0. In other words, the sequence is
settling down to the value 0.

Based on the above examples, we would like to say that a sequence is deemed
to be convergent with limit L if

‘No matter what distance e is specified, there is an index N beyond

which all the terms ay1,an412,an+3, - all have a distance smaller
than e to L.
In other words
Ve >0 iN e N  such that Vn > N, la, — L| < e
for every there is  such that all terms have distance to L
specified distance ¢ an index beyond that index less than €

(Here the symbol ¥V means ‘for every’, and 3 means ‘there exists a/an’.)

With these introductory remarks, we now have the following concrete, precise
mathematical definition for the convergence/divergence of a sequence.

Definition 2.2 (Convergent/Divergent sequence; limit).

A sequence (ap)nen is said to be convergent with limit L (€ R) if for every e > 0,
there exists' an N e N such that for all n € N with n > N, we have |a, — L| < e.
Then we write

lim a, = L.
n—a0

If there is no L € R such that li]rr%O ap = L, then (ay)nen is called divergent.
n—

1depending on €
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The picture below gives the geometric meaning of the definition of a sequence being
convergent with limit L.

There exists an L L
such that no matter
what € > 0 we pick L+e-
and consider a shaded strip
of width € around L
the horizontal line passing
through L, L — e+
L+ e+
there exists an index N O
such that all terms with indices L
n > N lie in that strip. ¢
L — e~ e
T T T
N N+1 N+42 N+3
Had we chosen a smaller e, L+€ A °
then perhaps a larger N’ L .
would work. L— €
| T

N’ N'+1 N'+2

Let us consider some simple examples in order to illustrate the definition.
Example 2.2. (1),ey is convergent with limit 1. We want to check if:
Ve >0, 3N € N such that Vn > N, |a, — L| <e. (2.1)

Well, given € > 0, we have that |a, — L| = |1 — 1] = [0] = 0 < € always, that
is for all n € N! So any N € N works. Pictorially, no matter what the width of
the shaded region is, all the terms of the sequence lie in that shaded strip. So for
example, N = 1 works.
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N=1

Here is a rigorous proof of ‘ lim a, = 1"
n—0o0

Let € > 0.
Let N be any natural number, say N = 1.
Then for all n > N =1, we have |a, — L| =|1—-1| = [0 =0 <.

So we have checked that the statement in (2.1) holds. &
Example 2.3. <l> is a convergent sequence with limit 0.
n/ ne

Before one proceeds to give rigorous proof, we often need to do some rough work.
Recall that in order to check the claim, we need to verify

Ve >0, 3N € N such that Vn > N, |a, — L| <e. (2.2)

Thus given € > 0, the task is to find a special index N such that the inequality
lap, — L] < e is satisfied for all n > N. So in order to find this N, we will work
backwards, by first starting with the inequality |a, — L| < €, and making an
educated guess about what IV is likely to work. Then we will give a formal proof.

(Rough work: Let e > 0. We want an N such that for all n > N, |a, — L| < ¢, i.e.,
‘l — 0‘ _1 < €
n n
that is, n > 1/e. So we guess that we can take any N € N such that N > 1/,
because then for n > N, n > N > 1/e, and we may retrace the steps above.)
Rigorous argument:
Let € > 0.
Let N € N be such that N > 1/e.
(We use the Archimedean Property here with y = 1/¢, x = 1: by Theorem 1.3,
there exists an N € N such that Nz > y, that is, N > 1/e.)

1
Then for all n € N with n > N, we have |an—L|=‘l—0‘:l<N<e.
n n

So lim le. O

n—o N
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1 . . ..
Example 2.4. <1+—) N is a convergent sequence with limit 1.
n/ ne

1 1 1 1
(Rough work: |a, — L| = ‘14—— - 1‘ = ‘—‘ =—<eforn>N>-))
n n n €
Rigorous argument:
Let € > 0.

Let N € N be such that N > 1/e.

Then for all n € N with n > N, we have |a,—L| = ‘1—#1—1‘ = ‘l‘ o1
n n n N
So Tim (14+2) =1.
n—0oo n

. . 1 .
We note that it is not the case that lim (1—1-5) = 0. For, if on the contrary,

n—0

lim (1+) =0,

n—o0 n
then the following statement holds:

Ve > 0, 3N € N such that Vn > N, |a, — 0] = ‘1+l - 0‘ 1+l e
n n
But if we take e = 1 > 0, then the above gives the existence of an N € N such that
Yn > N, 1~|—l<e=1.
n

If we take n = N +1, then this last inequality gives the contradiction that
1
— < 0.
N+1
(We will soon learn (in Theorem 2.1) that in fact if a sequence is convergent with
a certain limit L, then it cannot converge to any other limit L’. So in light of this

result, the last paragraph above is superfluous: indeed, since we proved that

. 1
lim <1+—> =1,
n—00 n
we immediately know that for any L’ # 1, it cannot be the case that

Jim <1+1) _

n—0 n

and in particular, with L’ := 0 # 1, we surely know that lim <1+l> # 0. &
n

n—o0

Here is an example of a divergent sequence.
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Example 2.5. ((—1)")pen is divergent.

We will prove this by contradiction. Let ((—1)"),en be convergent with limit L.
Then

Ve > 0, 3N € N such that Vn > N, |a, — L| = |(-1)" — L| <e.

Take ¢ = 1/2. (This choice is motivated by hindsight — we want to arrive at a
contradiction, and it will turn out that this choice of € delivers the contradiction.
In order to make this transparent, let us keep working with a general ¢ in our
argument below, and at a crucial last step, we will see the rationale behind our
choice of € = 1/2!)

Then there exists an N € N such that for all n > N, |(—=1)" — L| < e. But if
we take any even n > N (for example 2N,4N,6N,8N,---), then we obtain

()" — Ll =1 - L| <e (2.3)

(This inequality says that the distance of L to 1 is less than e.) On the other hand,
if we take any odd n > N (for example 2N + 1,4N +1,6N +1,8N +1,---), then

()" —Ll=|—-1-L|<e. (2.4)

(This inequality says that the distance of L to —1 is less than e.)

So pictorially our L is supposed to lie in an interval about 1 with width 2¢, and
in an interval about —1 with width 2e. But such intervals won’t overlap if € = 1/2
(in fact any postive € < 1 will do the job!), and this will give us the contradiction.

2€ 2¢
«—> «— >
I T I
/ -1 0 1
L lies here L lies here

Indeed, we have, using (2.3) and (2.4) that
1
2:|—1—L+L—1|<|—1—L|+|L—1|<e+e=2e:2-§:1,
a contradiction. Consequently, the sequence ((—1)"),en is divergent. &

The notation

lim a,
n—00

suggests that the limit of a convergent sequence is unique. Indeed this is the case,
and we prove this now.
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Theorem 2.1. A convergent sequence has a unique limit.

Proof. Let (a,)nen be a convergent sequence with limits Ly and Lo, with Ly # Lo.

all terms beyond N7
/ should lie in

Ly this strip
Ly | all terms beyond Ng
| should lie in
this strip
Let I I
€= 7| L g 2| > 0,

where the positivity of the e defined above follows from the fact that L # Lo.
Since L is a limit of the sequence (ay,)nen, 3N1 € N such that

for all n > Ny, |a, — L1]| <e.
Since Lo is a limit of the sequence (ay,)nen, N2 € N such that
for all n > Ny, |a, — Lo| <e.

Consequently for n > Ny + Ns, we have n > Ny and n > Ny, and so
2
|L1—L2| = |L1—an+an—L2| < |L1—an|+|an—L2| <€E+e=2= §|L1—L2|.

So we arrive at the contradiction that 1 < % Hence our original assumption was
incorrect, and so a convergent sequence must have a unique limit. O

Checking whether a sequence is convergent or not by using the definition is cum-
bersome. In the rest of the chapter, we will learn ways of deducing the convergence
without having to do this hard work. Instead, we will establish results which allow
us to deduce the convergence based on certain properties possessed by the sequence.
One example of such a result is:

Bounded and monotone sequences are convergent.

So in the next section, among other things, we will study what is meant by a
bounded sequence, a monotone sequence, and also see a proof of the result stated
above.

Exercise 2.1. (*)

(1) Can the limit of a convergent sequence be one of the terms of the sequence?

(2) If none of the terms of a convergent sequence equal its limit, then prove that the terms
of the sequence cannot consist of a finite number of distinct values.

(3) Prove that the sequence ((—1)")nen is divergent using the above.
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Exercise 2.2. In each of the cases listed below, give an example of a divergent sequence
(an)nen that satisfies the given conditions. Suppose that L = 1.

(1) For all € > 0, there exists an N such that for infinitely many n > N, |a, — L| < €.
(2) There exists an € > 0 and a N € N such that for all n > N, |a,, — L| < e.
Exercise 2.3. Suppose that S is a nonempty subset of R such that S is bounded above.

Show that there exists a sequence (ay)neny contained in S (that is, a,, € S for all n € N)
and which is convergent with limit equal to sup S.

Exercise 2.4. Suppose that (a,)nen is a sequence such that for all n € N, we have a,, > 0.
Prove that if (ap)nen is convergent with limit L, then L > 0.

Exercise 2.5. Which of the following listed statements have the same meaning as
‘Tt is not the case that the sequence (ay,)nen is convergent to L’?
(A) Ye > 0, 3N € N such that Vn € N such that n > N, |a, — L| >
(B) Ye > 0, 3N € N such that Vn € N such that n < N, |a, — L| > €.
(C) 3e > 0, VN € N, 3n € N such that n > N but |a, — L| > .

(D) 3¢ > 0, AN € N, ¥n € N such that n > N but |a, — L| > €.

€.

2.2. Bounded and monotone sequences
Bounded sequences.

Definition 2.3 (Bounded sequence).
A sequence (ap)nen is said to be bounded if there exists a M > 0 such that for all
neN, |a,| < M.

all terms
/ lie here
M=

Note that a sequence is bounded if and only if the set S = {a,, : n € N} is bounded.
(See Exercise 1.20 on page 25).

Example 2.6.
(1) (1),,cy is bounded, since |1] =1 <1 for all n € N.

(2) <l) is bounded, since ‘l‘ ==-<1foralneN.
neN n

1
n n

(3) ((=1)™)pnen is bounded, since |(—1)"| =1 < 1 for all n € N.
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(4) (n)nen is not bounded.

(If there exists an M > 0 such that for all n € N, |a,| = |n| = n < M, then this
contradicts the Archimedean Property: we know there exists an N € N such
that with z=1, N=N-2 >M=y.)

(5) The sequence (an)nen is bounded, where

1
an =7+ o5 gy Tt —, neN.
Indeed this can be seen as follows:
! 1] 1
anl = |g+EtgEt ot cg T T E Tt
<tililiy]
S22 2 on
_ 1+1<1_1)+1<1_1>+ n 1 ( 1)
12 2 22 2 on—1 2
ISR N N B T L1 1
N 2 22 22 93 on—1  on
—14—1—1<3
N 2 on 2
Thus the sequence is bounded. &

The sequences (1)nen, (1/n)nen are convergent, and we have shown above that they
are also bounded. This is not a coincidence, and in the next theorem we show that
the set of all convergent sequences is contained in the set of all bounded sequences.

Theorem 2.2. If a sequence is convergent, then it is bounded.

Proof. Let (a,)nen be a convergent sequence with limit L. Let € := 1 > 0. Then
there exists an N € N such that for all n > N, |a,, — L| < € = 1. Hence for n > N,
lan| = |an — L+ L| < |a, — L| + |L| < 1+ |L|. So all the terms with index beyond
N lie in the shaded strip below.

only finitely N all terms beyond N
many left out! lie in the shaded strip
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But only finitely many are left out, and surely forn =1,--- | N,
lan| < max{|ai], - ,|an]|}.

So if we set M := max{|ai|,...,|an|,1 + |L|}, then for all n € N |a,| < M, and so
(an)nen is bounded. O

Thus:
convergent = bounded.

But the reverse implication is not true, since for example ((—1)")pen is bounded,
but not convergent. So:

convergent <= bounded.

But we will see soon enough that if we add the property of being ‘monotone’ to
boundedness, then we do get convergence:

bounded and ‘monotone’ = convergent.
We will now study what we mean by a monotone sequence before proving this last
implication.
Exercise 2.6.
(1) Let (by)nen be a bounded sequence. Prove that (b, /n)nen is convergent with limit 0.
(2) Is the sequence ((sinn)/n)pen convergent?

Exercise 2.7. (*)

(1) If (an)nen is a convergent sequence with limit L, then prove that the sequence (s, )nen;,
where s,, = Mt for all n € N, is also convergent with limit L.
n
(2) Give an example such that (s,)nen is convergent but (a,)nen is divergent.

Exercise 2.8. Let (* denote? the set of all bounded sequences. Define the set ¢2 of all
‘square summable’ sequences £2 = {(a,)nen : (a3 + -+ + a2 )nen is convergent}. Also, let cop
be the set of all sequences that are ‘eventually zero’, that is,

co0=1{(an)nen : AN € N such that Vn > N, a, = 0}.

Prove that cog = ¢? = ¢ Hint: For the last inclusion, use a2 < a3 + -+ + a2.

Monotone sequences.

Definition 2.4 (Increasing, decreasing and monotone sequences).

e A sequence (a,)nen is said to be increasing if for all n € N, a,, < a,41, that is,
ifap<as<az<---.

e A sequence (ap)nen is said to be decreasing if for all n € N, a,, = a1, that is,
ifa1 =Zap =03 = ....

e A sequence is said to be monotone if it is increasing or decreasing.

2There is some rationale behind this notation, but we will not elaborate on this will now; in later
courses in Analysis the motivation for this notation will become clearer.
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Example 2.7.
Sequence Is it Is it Is it
4 increasing? decreasing? monotone?
(n)nEN Yes No Yes
1 1 1
(Tt 545 " ) e o Yes
(Dnen Yes Yes Yes
((_1)7l)neN No No No
1
(—) No Yes Yes
N/ neN

<

The following theorem can be useful in showing that sequences converge when one
does not know the limit beforehand. This is the central result of this section on

bounded and monotone sequences.

Theorem 2.3. If a sequence is monotone and bounded, then it is convergent.

Proof.

1° We will first consider the case of increasing sequences which are bounded. Let
(an)nen be an increasing and bounded sequence. We want to show that (ay,)nen
is convergent. But with what limit?

The picture above suggests that the limit should be the smallest number bigger
than each of the terms of this sequence, and if we recall Exercise 1.6, we know
that this is the supremum of the set S:={a,:n € N}. Since (ay,)nen is bounded,
it follows that the set S has an upper bound and so sup S exists. We show
that in fact (ay)nen converges to supS. Let € > 0. Since supS — € < sup S,
we conclude that sup S — € is mot an upper bound for S, and so there exists
an ay € S such that supS — e < ay, that is supS — ay <e. As (an)nen is an
increasing sequence, for n > N, we have ay < a,. Because sup S is an upper
bound for S, a,, <supS, and so |a, —sup S| = sup S — a,, Thus for n > N we
obtain |a, —sup S| =sup S —a, <supS —ay <e.
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2° Let (an )nen be a decreasing and bounded sequence. Then the sequence (—ay, )nen
is increasing. Furthermore if (a,)nen is bounded, then (—ay,)pen is bounded as
well (| — an| = |an| < M). Hence by the case considered above, it follows that
(—an)nen is a convergent sequence with limit

sup{—ay : n € N} = —inf{a, : n € N} = —inf S,

where S'={a,, : n € N} (see Exercise 1.7 on page 19). So given € > 0, there exists
an N € N such that for all n > N, | —a,, — (—inf S)| < ¢, that is, |a, —inf S| < e.
Thus (ay,)nen is convergent with limit inf S. O

Exercise 2.9. Fill in the blanks in the following proof of the fact that every bounded
decreasing sequence of real numbers converges.

Let (an)nen be a bounded decreasing sequence of real numbers. Let £, be the lower
bound of {a, : n € N}. The existence of ¢4 is guaranteed by the of the set of real
numbers. We show that £* is the of (an)nen. Taking € > 0, we must show that
there exists a positive integer IV such that for all n > N. Since £y + € > €y, ly + €
is not of {a,, : n € N}. Therefore there exists N with <ay < . Since
(@ )nen is , we have for all n > N that {4 —e < {4 < <apny < /4y +¢, and so
|an, — x| <. |

The result in Theorem 2.3 gives a sufficient condition for convergence: namely by
knowing the properties of monotonicity and boundedness (which can be checked by
just looking at the terms a,, of the sequence), we can deduce convergence. We do
not need to make a guess about what the limit of the sequence is, and we do not
need to check the cumbersome Definition 2.2. Here is an example.

Example 2.8. We had seen earlier that the sequence (ay)nen given by

1 1 1 1 N
an—ﬁ+§+§+'“+m,ne
is monotone (indeed, it is increasing since
ap+1 — Gn = m >

for all n € N) and bounded (see Example 2.6.(5) on page 42). Thus it follows from
Theorem 2.3 that this sequence is convergent. (Although it is known that this
sequence is convergent to some limit L € R, which is the supremum of the terms of
the sequence,

1 1 1 1

neN 33
it is so far not even known if the limit® L is rational or irrational, and this is still
an open problem in mathematics!) &

0 1
1 1
3Also associated with this sequence is the interesting identity E — = J —dzx.
oo nn o xT
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We remark that although [boundedness and monotonicity] is a sufficient condition
for convergence, it is not necessary, as illustrated in the following example.

Example 2.9 (Convergence = [Monotone and bounded]).

The sequence (ay,)nen, where a, = (_i)n for n € N, is convergent with limit 0:

Suppose € > 0. Let N € N be such that N > 1/e. Then for all n > N, we have
that |a, — 0] = |52 —0) =L < L <«

We note that although the sequence is bounded (all convergent sequences are!), it
is not monotone: a; =—1 < ag :% > a3 = —%. So the sequence is neither increasing

(second inequality above), nor decreasing (first inequality above). &

The table below gives a summary of the valid implications, and counterexamples
to implications which are not true. See also the Venn diagram after the table.

‘ Question ‘ Answer ‘ Reason/Counterexample ‘
Is every convergent Yes Theorem 2.2
sequence bounded?

Is every bounded No ((=1)™)pen is bounded,
sequence convergent? but not convergent.

Is every convergent No ((_711)” JneN is convergent,
sequence monotone? but not monotone.

Is every monotone No (n)nen is not convergent.
sequence convergent?

Is every bounded and monotone Yes Theorem 2.3

sequence convergent?

Bounded
sequences

(n)nEN

Convergent
sequences

Monotone sequences
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2 1
Exercise 2.10. Let (a,)nen be defined by a1 = 1, and a,, = n3+ an_1 forn = 2.
n

(1) Show that (ap)nen is bounded.
(2) Show that (an)nen is decreasing.

(3) Conclude that (ay,)nen is convergent.

Exercise 2.11. Given a bounded sequence (ay,)nen, define
{, = inf{a, : n >k} and uy = sup{a, :n >k}, kel

Show that the sequences (£, )nen, (4n)neny are bounded and monotone, and conclude that
they are convergent. Their respective limits are called the limit superior and limit inferior,
respectively, and are denoted by liminf a, and limsup a,,.

n—0 n—00

Exercise 2.12 (Precursor to Euler’s number, e).

1 1 1 1
Consider the sequence (a,)nen, where a,, := 1+ i + a1 + 30 +t+ =, ne N.

(1) Show that (an)nen is increasing.
(2) Show that (a, )nen is bounded.

P
Hint: ap=1+1+1 45+t o <141+ d+ L+ v 5l =14+ 127 <3,
2

(3) Conclude that (a,)nen is convergent. We set a := lim a,.
n—0o0

n

1
Consider the sequence (b, )nen, where b,, := (1 + —) , n € N. Using the binomial theorem,
n

1 —1) 1 -1---2-11
b= 14nlyre=1 o npoD2-1 1
n 2! n? n! nn
=1+1+l(1_l>+...+l(1_l>...(1_n_1)'
2! n n! n n

(4) Show by replacing n by n + 1 in factors of the type (1 — %) that b, < b,,1, n € N.
(5) Show that b, < a, < 3.
(6) Conclude that (b, )nen is convergent. We set b := lim b,.

n—o0

In Exercise 2.20, we will show that in fact a = b, and this common value is denoted by e.
Exercise 2.13. In continuation to Exercise 2.8, we also define the set ¢! of ‘summable
sequences’ as £' = {(an)nen : (la1| + -+ + |an|)nen is a convergent sequence}.

(1) Show that ¢! < (. Hint: |ay,| < |a1] + - + |an].

(2) Show that ¢! < 2. Hint: If |a|+- - - +|an| < M, then a3 +---+a2 < M(Ja1|+- - +|an,|).

(3) It will be show in Example 2.17 that (14 3 4 - -+ + L)nen diverges. On the other hand,
show that (1+ 1+ + 23),en converges. Hint: 25 < n(nlfl) =12 L) forn=>2.

Remark: Thus (1),ey € £2\(1.

n

2.3. Algebra of limits

In this section we will learn that if we ‘algebraically’ combine the terms of conver-
gent sequences, then the new sequence which is obtained, is again convergent, and
moreover the limit of this sequence is the same algebraic combination of the limits.
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In this manner we can sometimes prove the convergence of complicated sequences
by breaking them down and writing them as an algebraic combination of simple
sequences. Thus, we conveniently apply arithmetic rules to compute the limits of
sequences if the terms are the sum, product, quotient of terms of simpler sequences
with a known limit. For instance, using the formal definition of a limit, one can
show that the sequence (ay,)nen defined by

4n? +9

an:3n2+7n+11

4
converges to 3 However, it is simpler to observe that

n2 (4 + %) a2
a n n
" 7T 11 7T 117
n2<3+—+—2> 34—+
n n
and by a repeated application of Theorem 2.4 given below, we obtain
I 9 I r 9
| Jim (4+5) Jim 4+ Ty i+ 4
i an = 7 11\ 7 1 3+0+0 3
lim <3~|——~|——2) lim 3+ lim — + lim —
n—00 n n n—00 n—o n n—o n

Theorem 2.4. If (ap)nen and (by)nen are convergent sequences, then:

(1) For all v € R, (aap)nen 5 a convergent sequence and lim aa, = a lim a,.
n—0 n—ao0

(2) (|an|)nen is a convergent sequence and lim |a,| = ‘ lim a,
n—0o0 n—00

(3) (an + bp)nen is convergent and lim (a, + b,) = lim a, + lim b,.
n—ao0 n—0 n—ao0

(4) (anbp)nen is a convergent sequence and lim a,b, = ( lim an>< lim bn>.
n—0 n—0 n—0

k
(5) For all k € N, (a¥),en is a convergent sequence and lim af = < lim an) .
n—aoo0 n—ao0

1
(6) If for allne N, b, # 0 and lin%o b, # 0, then (—) N s convergent, and
n— ne

bn
lim i = !
n—a by, lim b,
n—ao0

Proof. Let (ap)nen and (b, )nen converge to L, and Ly, respectively.

(1) If & = 0, then aa, = 0 for all n € N and clearly (0),en is a convergent sequence
with limit 0. Thus

lim aa, = 0=0L, = o lim a,.
n—o0 n—0
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If a # 0, then given € > 0, let N € N be such that for all n > N,
‘an - La| < ia
|al

that is,
€
laa, —aL,| = |a| |an, — La| < |a|m =€
So (aap )nen is convergent with limit aL, i.e., lingo aa, = al, = o lingo G-
n— n—
(2) Given € > 0, let N € N be such that for all n > N, |a, — L,| < e. Then we
have for all n > N: ||a,| — |Lqa|| < |an — La| < €. Hence (|an|)nen is convergent

with limit |L,|, that is,

lim |a,| = |Lq| = ‘ lim a,
n—o0 n—o0

(3) Given € > 0, let N, € N be such that for all n > N,,
€
n— Lg| < =.
an — Lal < &
Let Ny € N be such that for all n > Ny,
€
Then for all n > N := max{N,, Ny}, we have
lan+bp — (La+Lp)| = |an— La + bu— L| < |an— La|+|bo— Ls| < §+5 —e.
Hence (a,, + by )nen is convergent with limit L, + Ly, that is,

lim (ap + by) = Ly + Ly = lim a, + lim b,.
n—00 n—00 n—00

(4) Note that
|anbn— Lo Lp| = |anby,— Labn+ Laby,— Lo Lp| < |anbp— Labn |+ |Labn— Lo Lp|
= |an—La||bn|+|Lal[bn— L|. (2.5)
Given € > 0, we need to find a N such that for all n > N,
|anbn, — LoLp| < €.
This can be achieved by finding a N such that each of the summands in (2.5)
is less than €/2 for n > N. This can be done as follows.

Step 1. Since (by, )nen is convergent, by Theorem 2.2 it follows that it is bounded:

iM > 0 such that for all n € N, |b,| < M. Let N, € N be such that for n > N,
€

oM

Step 2. Let Ny € N be such that for all n > Ny,

lan, — Lq| <

€
b, — L .
b = Lol < ST 7D
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(We add +1 in the denominator to take care of the case when L, = 0.) Thus
for n > N := max{N,, Ny}, we have

€ € € €
bn—LoLp| <lan—Leo| |bn|+|La||bnh—Lp| < —=—M + |Ly| ——<=-+==k¢.
|anbyp— Lo Lp| < |an—La [bp]+[Lal [br,— Le| oM ‘ a‘2(|La|+1) 579 €
S0 (apbp)nen is a convergent sequence with limit L, Ly, that is,
lim, anby = LaLy = ( lim a, ) ( Tim b,).
n—00 n—0o0 n—00
(5) This can be shown by using induction on k£ and part 2.4 above. It is trivially
true with & = 1. Suppose it holds for some k: then (a),cy is convergent and

. k . k
lim a, = ( lim an> .
n—o0 n—o0

Hence by part 2.4 above applied to the sequences (a,)neny and (a¥)nen, we
obtain that the sequence (a,, - aﬁ)neN is convergent and

i & k k+1
lim apa, = < lim an)< lim an> = < lim an>< lim an> = < lim an) .
n—0 n—ao0 n—ao0

n—o0 n—0 n—o0

k1 : S : kel
Thus (a"*!),en is convergent and lim a; 7" = < lim an>
n—

n—o0

6) Let N1 € N be such that for all n > Ny, |b, — L| < M. Thus for all n > Ny,
2

L
| = [bn] < || L6| = [bnl] < [bn — Ly| < %
L
and so |b,| = |2—| Let € > 0, and let Ny € N be such that for all n > No,

L 2
|bn _Lb‘ < 6| 2b|

Hence for n > N := max{Ny, N2}, we have

11 lbn — Ly|  €|lLp]* 2 1

A RIS TR

So <—> is convergent and lim i = i = — ! . O
by, / neN n—w b, L lim b,

n—aoo0

Example 2.10. Consider the sequence (ay)nen, where

122 3 n? N
st E Tt el
A novice observes that

22 32
lim — =0, lim—=0lm—=0,
n—ao N n—o N, n—ao N

and hastily concludes that

‘by the Algebra of Limits, lir%oan =0+0+0+---+40=0"
n—
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Where does the error in this argument lie?

Note that by Theorem 2.4.(3), we do have that the termwise sum of a finite
fized number of sequences is convergent with the limit of the sum being the sum of
the limits. In other words, if

n—aoo

an,1 — le
n—aoo

an2 — L27

n—0o0
an3 — Ls,

n—0o0
ang —> Ly,

then we do have that ay 1 + ana + Gn3 + - + Gpp —> Ly + Lo+ Lz + - + Ly.

However, in the application above, the number of sequences wasn’t fixed. In
fact, knowing the following formula for the sum of squares (which can easily be
shown by induction)

5 nn+1)2n+1)

12422432+ +n? = 5 , neN,
we have
1 22 32 7’L2 12+22+32+"'+7'L2
ap = F‘Fﬁ%‘ﬁ‘F"'%‘F: 3
_ n(n+1)(2n+1)/6:1<1+1><2+1>7
n3 6 n
and so by the Algebra of Limits,
. o1 1 1 1 1
J%“"‘J%é(”;)(”;)—5'(1+0)'(2+0)—§- o

Exercise 2.14. Is the following manipulation justified based on Theorem 2.47

lim (1+—) - ( lim (1+—)) - (1+ lim —) - (1+0) —1"=1.

n—o0 n n—0o0 n n—o N
Exercise 2.15. Suppose that the sequence (a,)nen is convergent, and assume that the
sequence (by, )nen is bounded. Prove that the sequence (¢, )nen defined by

anbn + 5n
Cp = 712"7, neN,
ay +mn

is convergent, and find its limit.
Exercise 2.16. Let (a,)nen be a convergent sequence with limit L and suppose that
ap, = 0 for all n € N. Prove that the sequence (y/an, )nen is also convergent, with limit VL.

Hint: First show that L > 0. Let ¢ > 0. If L = 0, then choose N € N large enough so
that for n > N, |a, — L| = a, < €2. If L > 0, then choose N € N large enough so that for

n > N, |/a, — VL||\/an + VL| = |a, — L| < eV/L.

Exercise 2.17. Show that (v/n? + n — n)en is a convergent sequence and find its limit.
Hint: ‘Rationalize the numerator’ by using v/n2 + n + n.
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Exercise 2.18.

(1) Let (an)neny and (bn)nen be convergent sequences such that for all n € N, a,, < by,.
Show that lim a, < lim b,. Hint: Use Exercise 2.4 on page 41.

n—o0 n—0o0
(2) With the same notation as in Exercise 2.11, show that for a bounded sequence (@, )nen,
liminf a,, < limsupa,. Given an example to show that there can be a strict inequality.
n—0ao n—00
Exercise 2.19. The Fibonacci sequence (Fy,)nen is defined recursively by Fy; = Fy = 1
and for n > 2, Fj,41 = F, + F,—1. Thus the sequence has the terms 1,1,2,3,5,8,13,---.

Define the new sequence (&, )nen by x,, = %, n>=1.
(1) Show that 2,11 = 5t2=, n > 1.

Tn—Tn—1

24+zn)(24+zn-1)"’

(2) n = 2.
(3) Show that (z,,)nen is convergent.
(4)

2) Prove that x,, 11 — x,, =

4) Determine the limit of (2, )nen-
Hint: If (2 )nen converges with limit L, then (x,41)nen converges to L too.

(5) A French mathematician travelling by car in the UK notices the following curiosity:
In order to approximately convert a Fibonacci number of miles into kilometers, all one
needs to do is to take the next Fibonacci number! Can you explain why?

Exercise 2.20 (Euler’s constant, e).

Let us revisit Exercise 2.12.

(1) Fix m € N. Show that for n > m, we have

bn>1+1+1(1—1)+---+i(1—1)---(1—m—_1>.
2! n m! n n

Use Exercise 2.18(1) to conclude first that b > a,, and next that b > a.

(2) Use the inequality from Exercise 2.12(5) to conclude that also b < a.

(3) Conclude that b = a.

We call this number Fuler’s number, denoted by e € R:

I (1+1)"— — i (1+1+1+1+ +1)
e Y B S TR TRANEY )"
We will see later in Theorem 4.27 that e ¢ Q.

Exercise 2.21. Let the sequence (2, )nen be defined by 1 = 0 and for n > 1,

1 5\ 2020

)

2019 ' m

Prove that (x,)nen diverges. Hint: If (x,)nen converges with limit L, then (2,41)nen
converges to L too.

Tn+1 :In+<

2.4. Sandwich theorem

Another useful theorem for proving that sequences are convergent and in deter-
mining their limits is the so-called Sandwich Theorem. Roughly speaking, it says
that if a sequence is ‘sandwiched’ between two convergent sequences with the same
limit, then the sandwiched sequence is also convergent with the same limit.
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and
ll; é I \ /\ A\ ;\\/
then V \/ \/

Theorem 2.5 (Sandwich theorem).
Let (an)nen, (bn)nen be convergent sequences with the same limit, that is,

lim a, = lim b,,.
n—0o0 n—0o0

If (¢n)nen is a third sequence such that
forallneN, a, <c¢, < by,
then (cp)neN 18 also convergent with the same limit, that is,

lim a, = lim ¢, = lim b,.
n—ao0 n—0 n—ao0

Proof. Let L denote the common limit of (ay,)nen and (by )nen:

lim a,, = L = lim b,.
n—0 n—a0

Given € > 0, let N, € N be such that for all n > Ny, |a, — L| < €. For n > N,
L—a, <|L—ay| =|a,—L| <e,

and so L — a, < €, that is,
L —¢<ay.

Let Ny € N be such that for all n > Ny, |b, — L| < €. For n > Ny, b, — L < ¢, i.e.,
b, < L +e.

Thus for n > N := max{N,, Ny}, we have

L—e<a, <c,<b,<L+e,

and so L — € < ¢, < L + €. Consequently, ¢, — L < e and —(¢, — L) < ¢, and so

len, — L| < e.

This proves that (¢, )pen is convergent with limit L. O
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Example 2.11 (The geometric progression).

The aim of this example is to show that if |r| < 1, then lim r" = 0.
n—aoo0

1
First let us consider the case when r € (0,1). Then h:= — —1> 0. For ne N,
r

1
r—n:(l—kh)")l—i-nh?nh. (2.6)
(*)
One can show the inequality (*) using induction as follows. Clearly when n = 1,

(1+hm'=1+h=1+1-h.

If (1+h)" =1+ nh for some n, then
(1+h)" ™ =1 +h)"A+h)= (1 +nh)(1+h) =1+ n+1)h+nh?> =1+ (n+1)h,
and so the inequality is true for all n.

1
Hence we obtain 0 < r" < s for all n € N. Since

n
. . 1
lim 0 =0 = lim —,
n—0o0 n—0o0 nh
it follows by the Sandwich Theorem that lingO r™ =0 too.
n—

When r =0, ™ = 0 for all n € N, and so clearly lin;o r' = 0.

Now suppose that |r| < 1. Then |r| € [0,1), and so by the above,

lim |r|" = 0.
n—0o0

By the Algebra of Limits, lin%O —|r|™ = 0 as well. Since
—|r|" <" < |r|" for all n e N,
it follows again by the Sandwich Theorem that lin%O r" = 0.

As a consequence of the above, we can show that if r € (—1,1), then the
‘sequence of partial sums’ (1 + 7 4+ 72 + .-+ + "),y converges because

(I=r)Q+r+r2+--+1r")

l+r+r24- 4" =

1—7r
Lhrt o drm—(r+72 4. 40t
- 1—r
I i e R
1= r  1=7

1—7r-7" 1—1p- 1
and so lim(1+r+r2+...+rn):hm rero_ T O: '
n—0 n—>00 1—T 1—7’ 1_7»



2.4. Sandwich theorem 55

Exercise 2.22 (Decimal expansions). By a decimal expansion

N.dydyds - - -
where N € N, and d,, € {0,1,2,3,4,5,6,7,8,9}, we mean the real number
. (dy do ds3 d,,
Li= Nlim (54 254 oo £,
T Tt T T

(1) Show that (‘{l—é + % + % + et %)neN is convergent for any sequence (dy, )nen-
(2) Prove that 0.999--- = 1.000- - -.

(3) Suppose the decimal expansion is nonterminating and repeating, that is, of the form

T:N-dl"'dn‘dnJrl"'dner|dn+1"'dn+m|dn+1"'dn+m""

where a block of digits m keeps repeating. Show that r € Q.

(Conversely, every nonnegative rational number has either a terminating or a repeating
decimal expansion; see the Appendix to this chapter.)

(4) Is 0.123456878910111213 - - - a rational number?
1/n

Example 2.12. lim ¢/" =1 for a > 1.

n—0oo
For concreteness, let us take a = 2, but the proof is the same, mutatis mutandis®,
for any @ > 1. As 2 > 1, we have 2/ > 1 for all n € N. So we can write
21/n =1 4+ h, where h := 2% — 1 > 0. Thus

2=(1+h)”=1+nh+<Z>h2+---+h">1+nh,

N

g

=0

(where the inequality above can also be shown as the justification of (x) in (2.6)),
and so 1 = nh. This gives

1
—>h=2Y"_1>0foralneN.
n
By the Sandwich Theorem, lin30(21/" — 1) =0, that is, lin%O 2l/m = 1. &

Exercise 2.23. Show that for all @ > 0, lim a/" =1.
n—o0

Example 2.13. For any a,b € R, 1ingo(|a|" + |b|")% = max{|al, |b|}.
n—

Let M := max{|al, |b]}. Then |a|] < M gives |a|” < M", and similarly |b|” < M™.
Thus |a|® + [b|* < 2M™, and so (|a|™ + [b|*)"/™ < 2Y"M. Also, |a|™ + [b]* = M™
gives ([a|™ + [b]")"™ = M. So we have

M < (Ja]™ + [b]")Y™ < 27 M for all n e N.

Since lim 2'/™ =1, we have
n—0o0

lim M = M = lim (2Y/"M).

n—o0 n—0

41 atin phrase meaning “changing only those things which need to be changed”
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It follows from the Sandwich Theorem that lin;o(|a\"+\b\")1/" = M = max{]al, |b|}.
In particular, with @ = 27 and b = 2014, we have that

lim (27" + 2014™)n = 2014.

The first few terms of the sequence are given (upon rounding to three decimal

places) by 2041, 2014.181, 2014.002, 2014.000, - - - . <&
| |
Exercise 2.24. Prove that the sequence (n_) is convergent and that lim .
n"™/ neN n—ow N’
|
Hint: Observe that 0 < 2 = L. 2.0 oLy L)
n" n o n n n n
1k 2k 3k . k
Exercise 2.25. Prove that for all £k € N, lim te St T 0.

oo etz
Exercise 2.26 (nh_r)rolo nw = 1).
(1) Using induction, prove that if = —1 and n € N, then (1 + )™ > 1 + nz.
(2) Show that for all n e N, 1 <n¥ < (1+/n)# < (1+ =)
Hint: Take x = % in the inequality above.
(3) Prove that (n# )ney is convergent and find its limit.

Exercise 2.27. Suppose (an )nen is contained in the interval (a,b) (i.e., Vn € N, a<a, <b).
If (an)nen is convergent with limit L, then show that L € [a,b]. Hint: Exercise 2.4.
Give an example to show that L need not belong to (a,b).

Exercise 2.28. Let (ay,)nen be a convergent sequence, and let (b, )nen satisfy |b, —an| < %
for all n € N. Show that (b, )nen is also convergent. What is its limit?
Hint: Observe that —% +a, <b, <a,+ % for all n € N.

Exercise 2.29. () See Exercises 2.11 and 2.18. Prove that a bounded sequence (@ )nen
is convergent if and only if

lim inf a,, = lim sup a,,.
n—0ao n—00

Moreover, then lim a, = liminf a,, = limsup a,,.
n—00 n—ao0 n—oo

2.5. Subsequences

In this section we prove an important result in Analysis, called the Bolzano-
Weierstrass Theorem, which says that

Every bounded sequence has a convergent subsequence.

We begin this section by defining what we mean by a ‘subsequence’ of a sequence.

Definition 2.5 (Subsequence of a sequence).

Let (an)neny be a sequence and let ny < ng < ng < --- be a strictly increasing
sequence of natural numbers. Then (an, )ken is called a subsequence of (an)nen-
Thus the terms of the subsequence are ay,, an,, any, - -
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is mot a subsequence of (n—lg)neN, since terms of subsequence are not in the same

order as the original sequence:

1 1

CL3—§, CLZZZ’
and 3 > 2. But

111 1

94716725
is a subsequence of

T

747974725’

The sequences
((=1)®*"),eny  (that is, the constant sequence 1,1,1,---) and
((=1)*>" 1),y (that is the constant sequence — 1,—1,—1,---)

are both subsequences of ((—1)"),en. Here are some more examples:

ng<ng <mng<--- Subsequence of (an)nen Subsequence of (1)pen
1<2<3<--- (@n)nen  a1,a2,a3,- - L@%f
2<3<4<--- (@nt1)nen  a2,a3,04,- %v%viv"'
2<4<6<8<--- (@2n)nen a2, a4, 06,08, %,iaéaéa'“
2<4<8<16<--- (agn)nen a2, G4,a8,016," - %’%’%’%ﬁ""
1<4<27<64<--- | (apn)nen  G1,04,027, 064, - 1’%’2_1776%1’...
2<3<b5<T<--- (ap, Jnen  az,as,as,az,--- DB
(pn denotes the nth prime)
1<2<6<24<--- (@n)nen  a1,a2,a6,a24, - 17%%’%7'”

1 1 1 1
Exercise 2.30. Is (—> a subsequence of (—) 7 1Is (—) a subsequence of (—) ?
n* n2/ neN n3 n2/ neN
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Exercise 2.31. (%) Beginning with 2 and 7, the sequence 2,7,1,4,7,4,2,8,2,8,... is
constructed by multiplying successive pairs of its terms and adjoining the result as the
next one or two members of the sequence depending on whether the product is a one- or
two-digit number. Thus we start with 2 and 7, giving the product 14, and so the next two
terms are 1,4. Proceeding in this manner, we get subsequent terms as follows:

N
N

N
_

[ N SN

TN NN NN NN

N~~~

—_

S Sy

~N N
R
NN

=~
=~
0 o oo
N
oo

Prove that this sequence has the constant subsequence 6, 6,6, .. ..

Hint: Show that 6 appears an infinite number of times as follows. Since the terms 2,8,2,8
are adjacent, they give rise to the adjacent terms 1,6,1,6 at some point, which in turn
give rise to the adjacent terms 6,6, 6 eventually, and so on. Proceeding in this way, find
out if you get a loop containing the term 6.

If (ng)ken is a strictly increasing sequence in N, then ny > k. (This follows by
induction on k: ny > 1, and if ny > k, then ng 1 > ng = k gives ng 1 =k + 1.)

Theorem 2.6.

Any subsequence of a convergent sequence is convergent with the same limit.

Proof. Let (ap, )ren be a subsequence of a convergent sequence (@ )nen With limit
L. Given € > 0, let N € N be such that for all n > N, |a, — L| < €. Since the

sequence np < ng < ng < ... of natural numbers is increasing, it follows that
ny = N. Then for all k > N, ny > ny > N. Hence for k > N, |a,, —L| <e, and
S0 (ap, )ken is convergent with limit L. O

1
Example 2.15. From Example 2.14 and the fact that lin%O — =0, it follows that
n—w n,
1 .1 .1 o1 ) 1 .1 .1

lim =lim —=1lm —==Ilim — = lim — = lim — = lim — =0.
n—oon + 1 n—o0 2n n—o n2 n—o0 21 n—oo N n—o p, n—ow n!

In the above p,, denotes the nth prime number. &

Example 2.16. Let us give a proof of the fact that ((—1)")en is divergent based
on Theorem 2.6. Suppose on the contrary, that ((—1)"),ey is convergent with limit

L. Then the terms with odd indices give the subsequence —1,—1,—1,--- , which
is convergent with limit —1, and so (by uniqueness of limits!) L = —1. On the
other hand, the terms with even indices give the subsequence 1,1,1,--- , which is

convergent with limit 1, and so L = 1. So we have arrived at the contradiction
that —1 = L = 1. Hence ((—1)"),en is divergent. &
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Example 2.17 (‘The harmonic series diverges.’). Consider (s;,)nen, Where
1 1 1
=14 -+ =4+ = e N.
n + 5 + 3 + + e n
Suppose that (s,)nen is convergent with limit L. Then its subsequence (s2;,)nen

would also be convergent with limit L, and so by the Algebra of Limits, the sequence
(S2n — Sn)neny must converge to L — L = 0. But

1 1 71 1 1 1 1 _— — T
et e i B <1/+%+§+ - E)
- ottt
n+1 2n 2n 2n 2n 2
n times

1
Hence |(s2n, — sn) — 0] = sap, — s, > 3 showing that it is not the case that

lim (s9, — s,) =0,

n—0o0
- 1 1 1 .
a contradiction. So <1+ +o+t = > diverges. O
2 3 neN
Exercise 2.32. Recall the convergent sequence (a,)nen from Exercise 2.10 on page 47:
2 1
a1 =1 and a, = ian,l forn > 2.
3n

What is its limit?

Exercise 2.33. Determine if the following statements are true or false.
1) Every subsequence of a convergent real sequence is convergent.

2) Every subsequence of a divergent real sequence is divergent.

3) Every subsequence of a bounded real sequence is bounded.

4) Every subsequence of an unbounded real sequence is unbounded.

(

(2)

(3)

(4)

(5) Every subsequence of a monotone real sequence is monotone.

(6) Every subsequence of a nonmonotone real sequence is nonmonotone.

(7) If every subsequence of a real sequence converges, the sequence itself converges.
(8) If (a2n)nen and (azpn+1)nen both converge, then (a,)nen converges.

(

9) If (a2n)nen and (a2n+1)nen both converge to the same limit, then (a,)nen converges.

Exercise 2.34. (x) Show that if (ay)nen is a sequence that does not converge to L, then
there exists an € > 0 and there exists a subsequence (ap, )gen Of (@p)nen such that for all
keN, |lan, — L| = e

Exercise 2.35. Let (a,)nen be given by a; = v/2 and a,, 41 = 4/2+ay, for alln € N.

(The first few terms are /2, \/2+\/§, \/2+\/2+\@, cee)

) Show that for all n € N, a,, < 2. Hint: Use induction on n.

(a
(b) Show that (a,)nen is increasing. Hint: Consider a2 | — aZ.
(

¢) Is (an)nen convergent? If so, find its limit.
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Theorem 2.7. Every sequence has a monotone subsequence.

Before giving the formal proof, we give an illustration of the idea behind this proof®.
If (an )nen is the given sequence, then imagine that there is an infinite chain of hotels
along a line, where the nth hotel has height a,,, and at the horizon, there is a sea.
A hotel is said to have the seaview property if it is higher than all hotels following
it (so that from the roof of the hotel, one can view the sea). Now there are only
two possibilities, as illustrated below.

1° Infinitely many hotels
have the seaview property

2° Finitely many hotels
have the seaview property

Last hotel
with the
seaview
property
is here

1° There are infinitely many hotels | 2° There are finitely many hotels

with the seaview property.

with the seaview property.

Then by taking successively
the heights of the hotels
the seaview property

we get a decreasing subsequence.

Then after the last hotel
with the seaview property,
one can start with any hotel
and then always find one

that is at least as high,

which is taken as the next hotel,
and then finding yet another
that is at least as high as

that one, and so on.

The heights of these hotels

form an increasing subsequence.

Proof. Let (ay,)nen be a sequence, and let
S={meN:foral n>m, a, < ap}.

(This is the collection of indices of hotels with the seaview property.)
Then we have the following two cases.
1° S is infinite.
Arrange the elements of S in increasing order: nj<ns<nz<---.
Then (an, )ken is a decreasing subsequence of (ay,)nen.

5This illustrative analogy stems from [B]. The proof seems to go back to [?]. See also [?].
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2° S is finite.
We will define inductively an increasing subsequence (an, )ken of (an )nen.
If S empty, then define n; = 1, and otherwise let n; = max S+ 1.
Suppose that for some k € N, n; < --- < ng have been constructed such that
ap, < -+ < ap,. Define ngy; =min{m € N:m > ny and a,, = ay,}.
(Thus 41 is the first hotel blocking the view from the top of the ni! hotel.)
The minimum exists as S’ := {m € N:m > n; and a,, > ap,} is a nonempty
subset of N. (Indeed, otherwise if S’ = ¢, then for all m > ny, we have a,, < a,,
so that ng € S. But this is impossible if S was empty, and also impossible if §
was not empty, since we know ng > n; > maxS.) By the definition of S’, we
have ay, ., = an,. Then (ay, )ren is an increasing subsequence of (an)nen.

Thus every sequence (a,)neny has a monotone subsequence. O

An important consequence of the above theorem is the following result.

Theorem 2.8 (Bolzano-Weierstrass Theorem).
FEvery bounded sequence has a convergent subsequence.

Proof. Let (ap)neny be a bounded sequence. Then there exists an M > 0 such
that for all n € N, |a,| < M. From Theorem 2.7 above, it follows that the se-
quence (an)neny has a monotone subsequence, say (an, )ken. Then clearly for all
k€N, |ay,| < M and so the sequence (an, )ken is also bounded. Since (an, )ken is
monotone and bounded, it follows from Theorem 2.3 that it is convergent. O

Example 2.18 (‘Compactness’ of [a, b]).

Consider any sequence (a, )nen in [a,b], i.e., for all n € N, a,, € [a, b], or equivalently,
a < ap < b. Then (ay)nen is bounded, and so it has a convergent subsequence, say
(@n, )ken. Then for all ke N, a < a,, <b. By Exercise 2.18, a < klglgo ap, < b. So:

Every sequence in [a, b] has a convergent subsequence,
and the limit of this subsequence belongs to [a, b]. <&

Example 2.19. Let (ay,)nen be the sequence of fractional parts of integral multiples
of V2, ie., an := {nv/2} := nv/2 — |ny/2], for n € N. The first few terms are:

£/2=1414213---  a; = 0.414213---
24/2 = 2.828427 - ay = 0.828427 - - -
3v2 =4.242640--- a3 = 0.242640 - - -
44/2 = 5.656854--- a4 = 0.656854 - -
54/2 = 7.071067--- a5 = 0.071067 - - -

The sequence (a,)nen is bounded: Indeed, 0 <a,, <1. By the Bolzano-Weierstrass
Theorem it has a convergent subsequence®. &

6 fact, it can be shown that these fractional parts an, are dense in (0,1). Thus given any number
L € (0,1), there exists a subsequence of the sequence (an)nen above that converges to L. See [N].
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Example 2.20 (‘Nested interval property of R’). We will show the following:
Let I, :={z € R: ay <z < by}, meN, be such that

113123133"'.

Then
N Im # &.

meN
For n e N, a, € I, © I, and so a1 < a,, < b1. Thus (a,)nen is bounded, and by the
Bolzano-Weierstrass Theorem, possesses a convergent subsequence, say (an, )ken-

Let a denote the limit of (ap, )ken-
Claim A. For all me N, a,, < a.

Suppose there exists an m € N such that a,, > a, that is, € := a,, —a > 0. As
(@n, )ken is convergent with limit a, there exists a K € N such that for all £ > K,
|an, —a| < €= ap —a. Then for k > K,

an,, — a < |ap, —al < am — a,
and so
Up,, < G- (%)

Fot k > m, ng = k > m, and so I, < I,,. Thus for k > m,
Qpy, = G- (%)

Now if & > max{m, K}, then both (x) and (xx) hold, which is impossible. This
proves Claim A.

Claim B. For all m e N, a < b,,.

For k > m, np > k > m, and so a,, € I,,, < I,. Thus for all k > m, ap, < by,.
Passing to the limit as k — o0, we obtain a < b,,, proving Claim B.

From Claims A and B, for all m € N, a,,, < a < b, that is, a € I,,,. Consequently,
ae (N In,

meN

and so () I, # J. &

meN

Exercise 2.36. Does the sequence (sin n),en have a convergent subsequence? What about
the sequence (n)pen?

Exercise 2.37. () Consider the bounded divergent sequence ((—1)")nen. Note that
there exist two subsequences (—1,—1,—1,... and 1,1,1,...) which have distinct limits
(—1 # 1). In this exercise we show that this is a general phenomenon. Show that if (a,,)nen
is bounded and divergent, then it has two subsequences which converge to distinct limits.
Hint: Use the Bolzano-Weierstrass theorem twice, and also Exercise 2.34.
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Appendix (k)

Let us show that every nonnegative rational number has either a terminating or
a repeating decimal expansion, as was mentioned in Exercise 2.22. This section is
not examinable, and may be skipped.

Let

where p is a nonnegative integer and ¢ € N. We can factorize ¢ = 2'57¢/, where i, j
are nonnegative integers, and 2,5 do not divide ¢’ € N. Choose a natural number
n > 1i,j. Then 10"/(2'57) is a natural number, and so

/
107z = 1072 = 2
¢ q

where p’ = 275" "p is a nonnegative integer, and ¢’ is coprime to 10. But if we
look at the remainders we get when we divide 10,102,102, -- by ¢, then for some
integers K > k > 1, 10%, 10* leave the same remainder when divided by ¢’. So

105 — 108 = 10 (105 % — 1)

is divisible by ¢’. But ¢ is coprime to 10, and hence also to 10*. Thus ¢’ must
divide 105—% — 1. So we have with m := K — k that

/
—k P
10"(10™ — 1)z = (105 7% — 1)?
is an integer. Now let x = N.djdods3 - - - . Then”’
10" —10"x = Ndy - - - dpyyn — Ndy - - dp,
+ (erwLnH»l dn+m+2 + dn+m+3 . lerl B dn+2 o dll,+3 . )
10 102 103 10 102 103 ’

is an integer. This implies that the part in the brackets above, henceforth denoted
by A, is also an integer:

dn+m+1 - dn+1 dn+m+2 - dn+2 dn+m+3 - dn+3
A= A
10 102 103 ©

We claim that this gives d,,4mir = dpi for all k € N giving the desired conclusion.

"Here by Ndj ---dn, we mean the number which in decimal notation has the digits of NV followed by
the digits di,- -+ ,dn. The number Nd; - - - dp+m has a similar connotation.
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1° Tt cannot be the case that the sequence (d,im+r — di)nen is eventually the
constant sequence 9,9,9,---. Indeed, then there exists some K such that
dnimak — dparp = 9 for all £ > K. This means that d,, 1, = 9 and dy1 1 = 0
for all k¥ > K, which is impossible.

2° Similar to 1°, it can’t be the case that the sequence (d;, 111k —dk )nen is eventually
the constant sequence —9, —9, -9, - - either.

3° Suppose that ks € N is the smallest number such that d,4m4r, 7# dptiy-
If dyymiky > dnik,, then by 2°, there exists a number K € N such that
dnymikg+ K — dntkg+k 7 —9, and so

- 1 9 9 8 9 1
Z 10k« 10ks+1 T 10kx+K—1  {Qks+K 10k +K+1 T 10k=+K
We also have in light of case 1° that
1 9 9 9

= 10k+—1 - 10k T 10k +1 T 10k +2 o> A,

a contradiction to the fact that A is an integer.

Now we consider the other possibility, namely, d,,1m+k, < dniik,, then by 1°
there exists a K such that dp4pmike+k — dntke+x # 9, and so

A< -1 9 9 8 9 B 1
= 10k* + 10k*+1 oot 10k*+K—l + 10k*+K + 10k*+K+l T 10k*+K
We also have in light of case 2° that
1 9 9 9
—l< _10k*—1 - _10k* o 10k +1 o 10k +2 +oo <A

Hence, again, we have a contradiction to the fact that A is an integer.

Consequently dyimik = dpyy for all k € N, which means that the block of digits
dni1 -+ dpom keeps repeating.



Chapter 3

Continuity

Let I be an interval in R. So [ is a set of the form (a,b) or [a,b] or (—0,b), etc.
Among all possible functions f : I — R, there is a ‘nice’ class of functions, namely
ones which are continuous on I.

What’s so nice about continuous functions? Continuous functions have prop-
erties that make them easy to work with in Analysis. For example, we will see that
continuous functions possess two important properties, given by

e the Intermediate Value Theorem, and
e the Extreme Value Theorem.

We will learn the statements and proofs of these in the course of this chapter.
Functions which aren’t continuous may fail to possess these properties.

Many bizarre functions make appearances in Analysis, and in order to avoid
falling into pitfalls with simplistic thinking, we need definitions and assumptions
of theorems to be stated carefully and clearly.

3.1. Definition of continuity

In everyday speech, a ‘continuous’ process is one that proceeds without gaps of
interruptions or sudden changes.

What does it mean for a function f : R — R to be continuous? Roughly, f
is said to be continuous on [ if f has ‘no breaks’ at any point of I. If a break
does occur in f, then this break will occur at some point of I. So we realize that
in order to define continuity, we need to define what is meant by the notion of ‘f
being continuous at a point ce€ I’.

So (based on this visual view of continuity), we first give the formal definition
of the continuity of a function at a point. Next, if a function is continuous at each
point, then it is called continuous. If a function has a break at a point ¢, then even
if points z are close to ¢, the points f(z) do not get close to f(c). See Figure 1.

65
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I
—> C

Figure 1. A function with a break at c. If x lies to the left of ¢, then f(z) is
not close to f(c), no matter how close x comes to c.

So ‘no break in f at ¢’ should mean that f(z) stays close to f(c) whenever z is
close to ¢. This motivates the following definition of continuity, which guarantees
that if a function is continuous at a point ¢, then we can make f(x) as close as we
like to f(c), by choosing x sufficiently close to c. See Figure 2.

c—6 T c c—'Hi

Figure 2. The definition of continuity of a function at point c. If the function
is continuous at ¢, then given any ¢ > 0 (which determines a strip around the
line y = f(c) of width 2¢), there exists a 6 > 0 (which determines an interval
(¢ —d,c+ 9) of width 26 around the point c¢) such that whenever x lies in this
interval (so that z satisfies c — 0 < z < ¢ + 4, that is, |z — ¢| < §), then f(x)
satisfies f(c) —e < f(z) < f(c) + ¢, that is, |f(z) — f(¢)] < e.

Definition 3.1 (Continuity at a point; Continuous function).
Let I be an interval in R, ce [ and f: I — R.

The function f is continuous at c if for every € > 0, there exists a & > 0 such that
for all = € I satistying |z —¢| < 6, |f(x) — f(c)] <.

The function f is continuous (on I) if for every z € I, f is continuous at x.
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Remark 3.1.

(1) Continuity is a ‘local’ concept. That is, we can decide the continuity of
f on an interval by looking at each point of the domain f and checking if f
is continuous at that point, and moreover, what matters for continuity of f at
a point, roughly speaking, is what the function is doing ‘locally’ in arbitrarily
small neighbourhoods of the point, that is, ‘near the point’, and what happens
away from the point is irrelevant.

(2) History of the notion of continuity. In the early development of Analysis,
there was no rigorous definition of continuity offered. Only in the 18th century
mathematicians started examining this notion, in connection with Fourier’s
work on the theory of heat, where discontinuous functions arose naturally in
various kinds of physical problems. A satisfactory mathematical definition of
continuity was first formulated by Cauchy in 1821. %k

Example 3.1 (The constant function).

Let f: R — R be given by f(x) =1 for all x € R. Then f is continuous.

Let ce R = (—o0,00). Let € > 0. For z e R, |f(x) — f(¢)| = |1 —1| =0 < e. So any

0 > 0 will do! For example, set 6 =1. Then if z € R and |z — ¢| < § = 1, we have:
[fx) = fle)| =1-1]=[0]=0<e

So f is continuous at c¢. Since the choice of ¢ € R was arbitrary, it follows that f is

continuous on R. See the picture on the left below. &

f=z

Example 3.2 (The identity function).
f R — R given by f(z) = z for all x € R is continuous.

Let ce R. Let € > 0.
(Rough work: |f(x) — f(c)| = |x — c| < 0 < ¢, if for example § := e.)
Let 06 = €. Then if x € R and |z — ¢| < 9, we have:

1f(x) = flo)| =z —c| <=

So f is continuous at c. Since the choice of ¢ € R was arbitrary, it follows that f is
continuous on R. See the picture on the right above. &
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Example 3.3 (The Heaviside' function).
Let Y : R — R be given by

1 if >0,
Y(x):{o if = <0.

From the graph of Y displayed below, we see clearly that there is a ‘break’ or
‘jump’ at = 0, and so we guess that Y is not continuous at 0. Let us show this
using the definition of continuity at a point.

lo

Suppose that Y is continuous at 0. Let ¢ = % > (0. Suppose that there exists a

§ > 0 such that whenever |z — 0| < §, we have |Y (z) = Y(0)| = [Y(z) — 0] < e = 1.
Take z = §. Then |z — 0] = |§ — 0] = § < 6, and so we must have

1

Y (z) — Y(0)] = ‘Y(%) —0[=f1-0=1<e=,

a contradiction. So Y is not continuous at 0. &

Example 3.4 (The reciprocal function).
Let h : (0,00) — R be the function given by h(z) = 1 for all z € (0,00). Then h is
continuous (on (0,00)). See Figure 3.

Figure 3. 2 — 1 :(0,00) — R is continuous on (0, o).

INamed after the mathematical physicist Oliver Heaviside (1850-1925).
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Let ¢ € (0,00). Let € > 0.
(Rough work: We want ¢ >0 such that for |z — ¢| <0, |h(z)—h(c)|<e. We have

1 17 Jz—(

n(e) = he)l = |3 = | = T

We know that if = is close to ¢, then the numerator |z — ¢| can be made small. But
what about the denominator |z||c|. Well, |¢| > 0 is just a constant, and so it is
harmless really. What about |x|? If it gets small, then it has the effect of making
|h(z) — h(c)| big, something which we want to avoid. But we note that when x is
close to ¢, |z| will be close to |c|, and so |x| can be bounded below by some positive
constant. Indeed, by the triangle inequality,

lef = la] < fle] = |2l < |e — 2| = |z — ¢,

and so if we choose the § < |c|/2, then for x satisfying |z — ¢| < ¢ we will obtain
from the above that |z| > |¢| — [c —z| = |¢| = = |c| — |¢|/2 = |¢]/2. So for such z,

|z — - )
zlle]  (Iel/2) - Iel”

and the last quantity can be made smaller than € by further ensuring that the
2 2
also satisfies that § < e%. Hence 4 := min{%, e%} should do the job! We remark

that this is just one choice among many other equally good ds which will also work.

End of Rough Work.)

€C2

7} (> 0). Then if z € (0,00) and |z — ¢| < §, we have

[h(z) = h(c)]

Set § = min{%,

|c|—|x|<|x—c|<5<|—;|

1 2
and so g < |z|, that is, Tl < 7R Thus if z € (0,0) and |z — ¢| < 4, then
x c
1 1} Je—z| Jz—¢ 2 1 2
‘___‘: — ——:—2<6
I e[ el e

So f is continuous at c¢. As ¢ € (0,00) was arbitrary, f is continuous on (0,00). <

Exercise 3.1. Let the function f: R — R be given by f(z) = 22.
(1) Prove that f is continuous at 0.
(2)(*) Suppose that c is a nonzero real number. Prove that f is continuous at c.

In Exercise 3.7, we will give a slick proof of the fact that f is continuous on R.

Exercise 3.2. Let f: R — R satisfy f(z +y) = f(z) + f(y) for all z,y € R.

(1) Suppose that f is continuous at some real number ¢. Prove that f is continuous on R.
Hint: Since f is continuous at ¢, given € > 0, 36 > 0 such that for all z € R satisfying
|z —¢| <4, |f(x) — f(e)| < e. Show that given any other point ¢’ € R, the function f
is continuous at ¢’ by showing that the same § works (for this €).

(2) Give an example of such a continuous, additive function.
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Exercise 3.3. Suppose that f: R — R and there exists an M > 0 such that for all z € R,
|f(z)] < M|x|. Prove that f is continuous at 0. Hint: Find f(0).

Exercise 3.4. Let f : R — R be defined by
0 if z is rational,
o) - {

1 if x is irrational.

Prove that for every ¢ € R, f is not continuous at c.
Hint: Use the fact that there are irrational numbers arbitrarily close to any rational number
and rational numbers arbitrarily close to any irrational number.

Exercise 3.5. Let f : (a,b) — R be a continuous function. Prove that if for some ¢ € (a, b),
f(c) > 0, then there exists a 6 > 0 such that for all z € (¢ —d,c+9), f(z) > 0.

Exercise 3.6. Show that in the definition of continuity of a function at a point, we may
replace the symbol < with <, that is, the following statements are equivalent for f : I — R,
and c¢ belonging to the interval I:

(1) Ye > 0, 36 > 0 such that whenever z € I satisfies |x — ¢| < 0, |f(z) — f(¢)] <e.
(2) Ve > 0, 35 > 0 such that whenever z € T satisfies |x — ¢| < 0, |f(z) — f(¢)| <e.
(3) Ve > 0, 35 > 0 such that whenever z € T satisfies |x — ¢| < 0, |f(z) — f(¢)] <e.
(4) Ye > 0, 36 > 0 such that whenever z € I satisfies |x — ¢| < 0, |f(z) — f(¢)] <e.

3.2. Continuous functions preserve convergence

In Example 3.4, we had to work hard in order to prove the continuity of the recip-
rocal function. We will now learn about a result which will make life considerably
simpler. Roughly speaking, this results says that a function is continuous at a
point if and only if it preserves convergence of sequences with limit c.

Theorem 3.1. Let I be an interval in R, ce I and f: I — R. Then

‘ f is continuous at c‘

if and only if

for every convergent sequence (Zy)nen contained in I with limit c,
(f(zn))nen is convergent with limit f(c).

Proof.
Only if: Suppose that f is continuous at ¢ € I.
Let (z,,)nen be a convergent sequence contained in I with limit c.

Since f is continuous at ¢ € I, given € > 0, there exists a > 0 such that for all
x € I satisfying |x —c| <9, |f(z) — f(c)] <.

As () nen is convergent with limit ¢, there exists an N € N such that for all n > N,
|z, —c| <.

Consequently, for n > N, |f(z,) — f(c)| < €. So (f(xn))nen is convergent with
limit f(c). This completes the proof of the ‘Only if’ part.
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If: Now suppose that (3.1) holds. Then we need to show that f is continuous at ¢
and we prove this by contradiction. Assume that f is not continuous at ¢, that is,

—[Ve > 03§ > 0 such that Yz € I such that |z —¢| <9, |f(z) — f(c)] < €]

that is, 3¢ > 0 such that V¥ > 0 3z € I such that |z —¢| < d but |f(z) — f(c)| = e.
Hence if § = %, then we can find an x,, € I such that we have |z, —¢| < § = %,

but |f(zn) = f(c)] = e

Claim 1: The sequence (&, )nen is contained in I and is convergent with limit c.

1 1
We have for all n € N that |z, —¢| < 1/n, that is, c— — <z, <c+ —.
n n

1 1
As lim ¢ — — = ¢ = lim ¢+ —, the Sandwich Theorem gives lim z, = ¢ too.
n—o n n—00 n n—00

Claim 2: The sequence (f(x,))neny does not converge to f(c).

Indeed for all n € N, we have |f(z,) — f(c)| = €. Thus for instance § > 0, but
it is not possible to find a large enough N € N such that for all n > N, we
have |f(z,) — f(c)| < § (for if this were possible, then we would arrive at the
contradiction € < |f(z,) — f(c)] < §).

Claims 1 and 2 show that (3.1) does not hold, a contradiction. Hence f is con-
tinuous at c. U

Let us revisit some of our examples from the previous section in light of this result.

Example 3.5 (The reciprocal function). Let us revisit the function h considered
in Example 3.4. Let ¢ € (0,00) and (x,)neny be any convergent sequence in (0, o0)
with limit ¢. Then by the Algebra of Limits, (h(x,))neny = (1/2Z5)nen is convergent
with limit 1/c¢ = h(c). By Theorem 3.1, it follows that & is continuous at c. As the
choice of ¢ € (0,00) was arbitrary, h is continuous on (0,00). Done! &

Example 3.6 (The Heaviside function). Let us revisit the function Y considered
in Example 3.3. Consider the convergent sequence (1/n)pey with limit 0. Then
(Y(1/n))neny = (1)nen is convergent with limit 1 # 0 = Y'(0).

But if Y was continuous at 0, then by Theorem 3.1, (Y (1/n)),en should have been
convergent with limit Y(0) = 0. Thus Y is not continuous at 0. &

Exercise 3.7. Recall Exercise 3.1: f: R — R is given by f(z) = 22 for € R. Using the
characterization of continuity provided in Theorem 3.1, prove that f is continuous on R.

Exercise 3.8. Let ce R, § > 0 and f : (¢—d, ] — R be continuous and strictly increasing
on (¢ —d,c¢). Show that f is strictly increasing on (¢ — 4, c].
Exercise 3.9. Prove that if f : R — R is continuous and f(z) = 0 if z is rational, then

f(z) = 0 for all z € R. Revisit Exercise 3.4.
Hint: Given c € R, there exists a sequence (r,,)nen of rationals that converges to c.

Exercise 3.10. Let f: R — R ‘preserve divergent sequences’, that is, for every divergent
sequence (Tpn)nen, (f(zn))nen is divergent as well. Prove that f is one-to-one.
Hint: Let x1,x2 be distinct real numbers, and consider the sequence x1, X2, x1, T2, - .
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Exercise 3.11. Let I be an interval, ce I, f : I — R. Show the following are equivalent:
(1) f is continuous at c.

(2) For every (2, )nen contained in I such that (2, )nen converges to ¢, (f(2n))nen converges.

Exercise 3.12. Consider the function f : R — R defined by
z if x is rational,
f(w) = { —z if x is irrational.
Prove that f is continuous only at 0.
Hint: For every rational, there is a sequence of irrational numbers that converges to it, and
for every irrational number, there is a sequence of rational numbers that converges to it.

Exercise 3.13. () Let f: R — R be a continuous function such that for all z,y € R,
fla+y) = f(z)+ f(y)-

Show that there exists a real number a such that for all x € R, f(z) = ax.

Hint: Show first that for natural numbers n, f(n) = nf(1). Extend this to integers n, and
then to rational numbers n/d. Finally use the density of Q in R to prove the claim.

Exercise 3.14. Determine if the following are always true for two continuous f,g: R — R.

(1) 1f f(2n1+ 7) = g(nQZ 1) for all n € N, then f(0) = g(0).

(2) If f(n) = g(n?) for all n, and nh_r)rolo g(n) = L, then nh_r)]gO f(n) also exists, and equals L.

Using Theorem 3.1, we obtain the following useful result which says that the point-
wise sum, product, etc. of continuous functions is continuous. But before we state
this result, we introduce some convenient notation.

Let I be an interval in R. Given functions f: I — R and g : I — R, we define:
(1) If @ € R, then we define the function af : I — R by

(af)(@) =af(z), zel.
(2) We define the absolute value of f, |f|: I — R by
[fl(z) = |f(2)l, zel
(3) The sum of f and g, f + g: I — R is defined by
(f+9)(x) = f(z) +g(x), zel
(4) The product of f and g, fg: I — R is defined by
(f9)(x) = f(x)g(x), wel
(5) If k € N, then we define the kth power of f, f¥: 1 — R by
) = (fa)F, wzel
(6) If for all x € I, g(z) # 0, then we define é : I >R by
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Theorem 3.2. Let I be an interval in R and let c € I. Suppose that f : I — R
and g : I — R are continuous at c. Then:

1) For all a € R, af is continuous at c.
2) | f] is continuous at c.

3) f + g is continuous at c.

5) For all k € N, f* is continuous at c.

(
(
(
(
(
(

)
)
4) fg is continuous at c.
)
6) If for all x € I, g(x) # 0, then é s continuous at c.

Proof. Suppose (z)nen is a convergent sequence contained in I, with limit c.
Since f and g are continuous at ¢, from Theorem 3.1, it follows that (f(z,))nen
and (g(x,))nen are convergent with limits f(c) and g(c), respectively. Hence from
Theorem 2.4, it follows that:

(1) (o f(xn))nen is convergent with limit ac- f(c), i.e., ((af)(xy))nen is convergent
with limit («f)(c). So from Theorem 3.1, it follows that af is continuous at c.

(2) (|f(xn)|)nen is convergent with limit |f(c)|, that is, (|f|(zn))nen is convergent
with limit |f|(c). So from Theorem 3.1, it follows that |f| is continuous at c.

(3) (f(xn) + g(Tn))nen is convergent with limit f(c) + g(c), i.e., ((f + 9)(Zn))nen
is convergent with limit (f + ¢)(c). By Theorem 3.1, f + g is continuous at c.

(4) (f(xn)g(xn))nen is convergent with limit f(c)g(c), i.e., the sequence ((fg)(xn))nen
is convergent with limit (fg)(c). By Theorem 3.1, fg is continuous at c.

(5) ((f(20))*)nen is convergent with limit (f(c))¥, that is, (f*(z,,))nen is convergent
with limit f*(c). So from Theorem 3.1, it follows that f* is continuous at c.

(6) (m)neN is convergent with limit ﬁ (since for all z € I, g(x) # 0, in particular
g(xy) # 0 and g(c) # 0), that is, ((é)(:ﬂn))neN is convergent with limit (é)(c)
So from Theorem 3.1, it follows that % is continuous at c. O

Example 3.7 (Polynomials are continuous). Since f: R — R given by f(z) = x
for 2 € R is continuous (see Example 3.2 on page 67), it follows that for all k € N,

z* is continuous. Thus given arbitrary scalars cg,ci,--- ,cq in R, it follows that

the functions ¢q - 1,¢1 - ,-- -, cq - % are continuous. Consequently the polynomial

function p : R — R defined by p(z) = ¢+ c12 + - - - + cg2?, x € R, is continuous. ©

Example 3.8 (The reciprocal function). Let us revisit the function h considered
in Example 3.4. As z & x : (0,0) — R is continuous, and since g(x) = = # 0 for
. 1 . . - 1 .
all z € (0,00), it follows that h = 5 : (0,00) — R, given by h(z) =  for z > 0, is
continuous too. <&

Exercise 3.15. Show that the rational function f : R — R, given by f(x) = for

x € R, is continuous on R.

T _
1+x2
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The composition of continuous functions is continuous.
Let I,J be intervals in R, and f: I —» R, ¢g: J — R be functions such that

f)={f(z):xel}cJ

that is, the range of f is contained in the domain of g. Then the composition of g
with f, denoted by g o f is the function g o f : I — R defined by

(gof)(x) =g(f(z)), =zel

(@)

Theorem 3.3. Let I,J be intervals in R, and f : I - R, g : J — R be two
functions such that

o« ()= {f() iwel}c )
e f is continuous at ¢, and
e g is continuous at f(c) (€ f(I) < J).

Then their composition go f : I — R is continuous at c.

Proof. Let (x,)neny be any sequence in I with limit ¢. As f is continuous at c,
(f(zn))nen converges to f(c). But for all n € N, f(z,) € f(I) < J, and f(c) €
f(I) < J. As g is continuous at f(c), (9(f(zn))nen converges to g(f(c)), that is,
((g o f)(zn))nen converges to (g o f)(c). Hence g o f is continuous at c. O

Example 3.9. We know the polynomial function 2+ 1+2% : R — R is continuous,

and the reciprocal function z+%1/x : (0,00) — R is continuous. Also, the range of

p, p(R) = {1 + 22 : 2 € R} = (0,00) = domain of h. So their composition, namely
hop 1

xTr —>

R—-R
14 22

is continuous too.

More generally, suppose ¢ is a polynomial such that g(x) > 0 for all z in an interval

I. Then for any polynomial p, the rational function r : I — R given by r(z) = %

for x € I, is continuous. &

="

n

Exercise 3.16. Define f: R —» R by f(x)=|z+1| — |z|, € R. Find lirrolo(f Of)<



3.2. Continuous functions preserve convergence 75

Exercise 3.17. Determine if the following are always true for f,g: R — R and a € R.
(1) If g o f is continuous at a, then f is continuous at a and g is continuous at f(a).

(2) If g o f is continuous at a, then f is continuous at a or g is continuous at f(a).

(3) If gof isn’t continuous at a, then f isn’t continuous at a and g isn’t continuous at f(a).
(4)

4) If g of isn’t continuous at a, then f isn’t continuous at a or g isn’t continuous at f(a).

Exercise 3.18. Show that f : R — R given by f(z) =

{ xsin% if z#0
Use Maple to plot the graph of f.

0 Fr—0 } 1s continuous.

Exercise 3.19. Suppose [ is an interval, and f,g:I — R are continuous functions on I.
Define the function max{f,g} : I — R by (max{f, g})(x) = max{f(z),g(z)} for all z € I.
Is max{f, g} continuous on I? Hint: Exercise 1.23.

In the next two sections, we will learn two fundamental results concerning contin-
uous functions f : [a,b] — R on a compact interval [a, b], namely:

(1) The Intermediate Value Theorem, saying that f assumes all the values between
f(a) and f(b). Geometrically, this means the following. Consider the graph
of f in the Cartesian plane. If we choose any number y lying between f(a)
and f(b) and draw a horizontal line through the point y on the y-axis, then
this horizontal line must meet the graph of f at some point. This is ‘clear’
since f, being continuous, should have a graph having ‘no breaks’.

f(a)----/\ fl@)p--="\

a b a b
Figure 4. The right picture shows that the continuity condition can’t be dropped.

(2) The Extreme Value Theorem, saying that f has a maximiser and a minimiser
on [a,b] (i.e., the function f assumes the eztreme values of the range f([a,b])).
Geometrically, this means that if we consider the graph of f, then there must
be a point in ¢ € [a,b], where the graph y coordinate is highest, and a point
d € [a,b] where the graph y coordinate is lowest.

i e d b

Although these two properties might seem ‘obvious’ when interpreted geometrically,
they require proofs. We will see that the Least Upper Bound Property of R will be
used crucially in the proofs. We will begin with the Intermediate Value Property.
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3.3. Intermediate Value Theorem

Roughly speaking, the Intermediate Value Theorem says that a continuous function
on a compact interval cannot ‘hop over’ intermediate values. For instance, if the
height of a mountain is 1976 meters above sea level, then given any number between
0 and 1976, say 399, there must exist a point on the mountain that is exactly 399
meters above sea level. The picture shown in Figure 4 shows that the continuity
of the function is an essential requirement.

Theorem 3.4 (Intermediate Value Theorem). If f : [a,b] — R is continuous and
y € R lies between f(a) and f(b), (that is, f(a) <y < f(b) or f(b) <y < f(a)),
then there exists a c € [a,b] such that f(c) =y.

Proof. Consider first the case f(a) <y < f(b). Define S, = {x € [a,b] : f(z) < y}.

(Pictorially, this set can be visualized like this: imagine again the horizontal line
through y, and look at the portion of the graph of f that lies below y. S, is the
shadow on the z axis of this portion with a light source very high up above.)

P

Sy is a subset of R, it is nonempty (as a € Sy) and S, is bounded above (by b). By
the Least Upper Bound Property of R, ¢ := sup Sy exists. As b is an upper bound
of Sy, and c is the least upper bound of Sy, clearly ¢ < b. As a € Sy, we also have
a < c¢. Summarizing, c € [a,b]. We now claim that this ¢ does the job.

Claim: f(c) =y.

We will show that f(c) <y as well as f(c) > y, and this will prove the claim.
f(e) < y: For every ne N, ¢ — % is not an upper bound of S,. So there must be
an x, € Sy such that z,, > c— % Hence for all n, c— % < &y, < c¢. By the Sandwich
Theorem, nh_]g;o Tn = c. As f is continuous, nh—I»%o f(xn) = f(c). As f(z,) <y,neN,
(since x, € Sy), f(c) = lim flzn) <.

f(e) = y: If ¢ = b, then we are done, since y < f(b) = f(c). So we suppose that
¢ <b. Define for n € N, a,, := ¢+ = (< c+ 552 =b). Then z, € [a,b], and (zp)nen
is convergent with limit c¢. Because f is continuous, (f(xy))nen converges to f(c).
But z,, > c for each n € N, and so z,, ¢ S, for each n. Hence for all n, f(x,) > y.
Thus f(c) = v.

Consequently, f(c¢) =y, proving the claim.

Thus the proof of the theorem is complete when f(a) <y < f(b).
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Now suppose that f(b) < y < f(a). Then (—f)(a) < —y < (—f)(b). By the
continuity of f, —f is continuous too. So applying the previous result (with —f
instead of f, and —y instead of y), it follows that there is a ¢ € [a, b] such that
(—=f)(c) = —y, that is, —f(c) = —y or f(c) = y. This completes the proof. O

Example 3.10. Consider the polynomial p : R — R given by

1
2014 1976
=x + —— zelR.
399’
1

Then p is continuous, and p(0) =0+ 0 — W}g = —%g <0,p(1) =1+1— 555 >0.
As p(0) <y := 0 < p(1), and since p : [0,1] — R is continuous, it follows by the
Intermediate Value Theorem, that there exists a ¢ € [0,1] such that p(c) = 0. In
other words p has a real root in [0, 1].

p(x)

More generally, one can show that any odd degree polynomial p with real coeffi-
cients must have at least one real root. The reason is that for large positive values
of z, p(z) will have the same sign as the leading coefficient cg, while for large?
negative values of z, p(x) will have the opposite sign as that of ¢4 (since d is odd).
Consequently, p must vanish somewhere in between these two extremes of large
positive and negative xs.

o
a 0 |
b
(‘
We give a proof below. Suppose for some m € N, p(z) = copm_122™ 1+ +c1w+cg
(x € R), where cg, - ,com—1 are real numbers and cg,—1 # 0. Then p(z) =
Cam_1202""1r(z), where
Com—2 C1 €0
rz)=1+ ——+---+ + .
(=) C2m—1% Com—122M=2 " copyqa?mt

By the Algebra of Limits, lin%O r(n) =1= lin%o r(—n). So there exists an N € N

such that for all n > N, |r(n) — 1| < & and |r(—n) — 1| < 4. Thus 1 —r(n) <
Ir(n) — 1| < &, so that r(n) > 3 > 0 for n > N. Similarly, r(-n) > > 0
for n > N. Using p(n) = com_1n*""tr(n) and p(—n) = —cop_1n*" " 1r(—n), we

obtain the following table of signs for all n > N:

‘ | cam—1>0] com1 <0]
p(n) >0 <0
p(—n) <0 >0

By the Intermediate Value Theorem for plj_(yi1)n11] : [=(N + 1), N + 1] — R,
we conclude that since the values at the end points have opposite signs, p must
vanish somewhere on [—(N + 1), N + 1]. <&

2that is, < 0 and |z| large
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Example 3.11. At any given instant of time, there exists a pair of diametrically
opposite points on the equator of the earth which have the same temperature.

equator

Let T'(©) denote the surface temperature at the point on the equator with longitude
6. Then 0 — T(0) is continuous on the interval [0,27] (with longitude measured
in radians®). Note that T(0) = T(27). Let S : [0,7] — R be given by

SO)=T0)—-T@O+m), 6¢e]l0,7].
Then S is continuous, and
S(m) =T(m) = T(2r) =T(r) = T(0) = =(T(0) = T(m)) = =5(0).
So 0 lies between S(7w) and S(0) = —S(w). By the Intermediate Value Theorem,
there exists a 0, € [0, 7] such that S(0x) = 0, that is, T'(0,) = T(0« + 7). <&

Exercise 3.20. Suppose that f : [0,1] — R is a continuous function such that for all
x € [0,1],0 < f(x) < 1. Prove that there exists at least one ¢ € [0, 1] such that f(c) = c.
Hint: Consider the function g(x) = f(x) — z, and use the Intermediate Value Theorem.

Exercise 3.21. Let f : [0,1] — R be continuous. Show that there exists a ¢ € [0,1] such
that f(c) — f(1) = (f(0) — f(1))c. Hint: Consider f(x) — f(1) — (f(0) — f(1))x.
Exercise 3.22. Consider a flat pancake of arbitrary shape. Show that there is a straight

line cut that divides the pancake into two parts having equal areas. Can the direction of
the straight line cut be chosen arbitrarily?

1976
399 |

— = 28.
1+ 22(cos z)?

Exercise 3.23. True or false? There is real number x such that x

3If the reader is not familiar with the radian angle measure, one may just think of 7" as a function on
the interval [0, 360], with the angle 6 measured in degrees.
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Exercise 3.24. At 8:00 a.m. on Saturday, a hiker begins walking up the side of a moun-
tain to his weekend campsite. On Sunday morning at 8:00 a.m., he walks back down the
mountain along the same trail. It takes him one hour to walk up, but only half an hour to
walk down. At some point on his way down, he realizes that he was at the same spot at ex-
actly the same time on Saturday. Prove that he is right.

Hint: Let u(t) and d(t) be the position functions for the walks up and down, and apply
the Intermediate Value Theorem to f(t) = u(t) — d(¢).

Exercise 3.25. Show that p, where p(z) := 223 — 522 — 102 + 5, has a real root in [—1, 2].

Exercise 3.26. Let f : [a,b] — R be continuous and such that for all z € [a, b], f(z) # 0.
Show that f assumes only positive values or f assumes only negative values.

Exercise 3.27. Let f : R — R be continuous. If S := {f(x) : € R} is neither bounded
above nor bounded below, prove that S = R.

Hint: If y € R, then since S is neither bounded above nor bounded below, there exist
xo, 1 € R such that f(zo) <y < f(z1).

Exercise 3.28. () Show that given any continuous function f : R — R, there exists
an zo € [0,1] and an m € Z\{0} such that f(z¢) = mzo. In other words, the graph of
f intersects some nonhorizontal line y = mx at some point zg in [0,1].

Hint: If f(0) = 0, take 9 = 0 and any m € Z\{0}. If f(0) > 0, then choose N € N
satisfying N > f(1), and apply the intermediate value theorem to the continuous function
g(x) = f(z) — Nz on the interval [0,1]. If f(0) < 0, then first choose a N € N such that
N > —f(1), and consider the function g(z) = f(z)+ Nz, and proceed in a similar manner.

Exercise 3.29. (*) Prove that there does not exist a continuous function f : R — R which
assumes rational values at irrational numbers, and irrational values at rational numbers,

that is, f(Q) < R\Q and f(R\Q) < Q.
Hint: Note that for each m € Z\{0}, there is no zp € R such that f(xg) = mao.

Exercise 3.30. In each of the following cases, give an example of a continuous function
f:S — R such that f(S) =T, or explain why such an f can’t exist.

(1) §=(0,1), T = (0,1].
(2) §=(0,1), T ={0,1}.

3.4. Extreme value theorem

Theorem 3.5 (Extreme Value Theorem).

If f : [a,b] — R is continuous, then

(1) S:={f(x) : z € [a,b]} =: f([a,b]) = range of f is bounded.
(2) sup S and inf S ezist.

(3) sup S and inf S are attained, that is, there exist c,d € |a,b] such that
f(c) =supS =max S and f(d) =inf S =minS.

Thus, in the above conclusion, we have f(c) > f(x) for all € [a,b] (so that c is a
mazimiser of f), and f(d) < f(x) for all x € [a,b] (so that d is a minimiser of f).
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The continuity of f says something locally about f at each point of its domain.
However, the conclusion says something globally about f. This miracle happens
because [a,b] is ‘compact’. We will later see examples that show that maximis-
ers/minimisers may fail to exist if either the domain of f is not compact or if f is
not continuous. First, let us prove the Extreme Value Theorem. We will use the
following observation:

Claim: A subset S < R is bounded if and only if |S| := {|z| : © € R} is bounded.

Indeed, if |S| is bounded, then in particular, |S| is bounded above, and so there
exists a u € R such that for all z € S, |z| < u, giving —u < 2 < u. Thus S is
bounded. Vice versa, if S is bounded, then there exist u, £ € R such that for all x €
S, l < x < wu, giving z < u < max{u, —¢} =: M and —z < —¢ < max{u, —{} = M.
Hence for all z € S, 0 < |z| < M, showing that |S]| is bounded.

Proof. (Of the Extreme Value Theorem).

(1) We first show that f is bounded, that is, S := {f(x) : z € [a,b]} is bounded.
Suppose S is not bounded. Then |S| is not bounded. But |S| is bounded
below (by 0). So |S| is not bounded above. Let n € N. Then n is not an
upper bound of |S|. So there exists some x,, € [a,b] such that |f(z,)| > n.
In this way, we get a sequence (p,)nen. Since a <z, <b for all n € N, (x,)nen
is bounded. By the Bolzano-Weierstrass Theorem (Theorem 2.8), (x,,)nen has
a convergent subsequence, say (:Enk)keN, that converges to some limit L. For
all k € N, we have a < z,,, <b. It follows that a < L <), i.e., L € [a,b]. As
f is continuous in particular at L, (f(xp,))ken is convergent, and in particular
bounded. So there exists an M > 0 such that for all k € N, |f(zy,, )| < M.
So for all k € N, we have k < ni < |f(zp,)| < M, a contradiction. Thus S is
bounded.

(2) S # O (as f(a) € S!). S is bounded. So by the Least Upper Bound Property of
R, sup S exists, and by the Greatest Lower Bound Property of R, inf S exists.

(3) We claim that there exists a ¢ € [a,b] such that f(c¢) = M := supS. Let
n € N. Then M — % is not an upper bound of S. So there exists a y, € 5 such
that M — % < ynp < M. As this y, belongs to the range S of f, y, = f(z,)
for some x,, € [a,b]. By Bolzano-Weierstrass Theorem, there is a subsequence,
say (Zn, )keN, Of (@n)nen Which converges with limit, say ¢. As a < zp,, <b
for all k, it follows that ¢ € [a,b]. We have M — n—lk < f(zp,) < M for all
k € N. By the Sandwich Theorem, we conclude that (f(zp,))ken is convergent
with limit M. But since f is continuous at ¢, and since (z,, )ren converges to
¢, we must have (f(2n,))ken is convergent with limit f(c). By the uniqueness
of limits, f(c) = M =supS. But f(c) € S. So max S exists.

Finally, consider —f : [a,b] — R. As f is continuous, —f is continuous too. By
the above, there exists a d € [a, b] such that

(—f)(d) =sup{(—f)(x) : x € [a,b]} = sup{—f(z) : x € [a,b]} = sup(—S5) =—inf S,
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and so f(d) =inf S. Since f(d) € S, it follows that min S exists. O

Example 3.12. There is no continuous function f : [0,1] — R onto R. Indeed,
by the Extreme Value Theorem, there exist m, M such that for all z € [0,1],
m < f(x) < M, that is the range f([0,1]) of f is a bounded set, and so it can’t
equal the unbounded set R. &

Example 3.13.
(1) Let f1:(0,1) — R be defined by fi(x) := % for z € (0,1).
Then f; is continuous, but (0, 1) is not a compact interval. We have
A(0,1) = (a2 e (0,1} = {y 1y > 1} = (1,0),
and so sup f1((0,1)) = sup(1,00) does not exist. Also,
inf f1((0,1)) = inf(1,00) = 1,

but it is not attained: There does not exist a d € (0,1) such that f(d) = 1.
(Indeed, for all d € (0,1), f(d) =1/d > 1.)
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(2) Let fo:(0,1) — R given by fa(x) = %€ (0,1).
Then it can be shown that f2((0,1)) = (—00,—1), and so sup f2((0,1)) = —1,
but it is not attained, and inf f2((0,1)) does not exist.
(3) Similarly, consider f3: (0,1) — R given by

1
r—3

MO =TT
It can be shown that f3((0, 1)) =R. So neither sup f3((0,1)) nor inf f3((0,1)) exist.

(4) Let fy : (0,1) — R be given by fi(z) = =, x € (0,1). Then f; is continuous,
but (0, 1) is not compact, and

f1((0,1) ={f(x): 0<xz<1}={z:0<x<1}=(0,1).

z e (0,1).
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f4((0,1)) is bounded, sup(0, 1) = 1, but there isno ¢ € (0, 1) such that f4(c) = 1,
and inf(0,1) = 0, but there is no d € (0,1) such that f4(d) = 0.

(5) Let f5:[0,1] — R be given by

20 if 0<w <3,
fs(x) =<0 'f:nz%
2-2z if L<z<l.

Then [0, 1] is compact, but f5 is not continuous We have f5([0,1]) = [0,1),
and there is no ¢ € [0, 1] such that f5(c) = sup f5([0,1]) = 1.

VR

(6) (Continuity or compactness is not necessary for existence of maximisers and
minimisers.) Let fg: (0,1) — R be given by

1

Lif 0<z<g,

fe(x) =< 0 if x:%,
1if § <<l

Then (0,1) is not compact, and f is not continuous. But f¢([0,1]) = {0,1},
and there do exist maximizers and a minimizer:

f(1/2) =0 =1inf f((0,1)), and f(3/4) =1 =sup f((0,1)).

We summarize the above examples in the following table. <&
Function | I compact? | f continuous? | sup f(I) | inf f(I) | sup f(I) | inf f(I)
f:I—-R exists? | exists? | attained? | attained?

f1 No Yes No Yes - No
fa No Yes Yes No No -
f3 No Yes No No - -
fa No Yes Yes Yes No No
f5 Yes No Yes Yes No Yes
fe No No Yes Yes Yes Yes

The utility of the Extreme Value Theorem in Optimisation.

The Extreme Value Theorem (and its multivariable generalisation saying that a
real-valued continuous function on a ‘compact set’” K < R™ has a maximiser and
a minimiser) is useful in Optimisation Theory. In Optimisation Theory, one often
meets necessary conditions for maximisers, that is, results of the following form:

If 2, is a maximiser of f : § — R, then z, satisfies [ * x|
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(Where are certain mathematical conditions, such as the Lagrange multiplier
equations.) Now such a result has limited use, since even if we find all z,(s) which
satisfy [ * %], we cannot conclude that there is one among these is actually a
maximiser. But if we had an existence result (like the Extreme Value Theorem),
then we know that a maximiser exists, and so we know that it must be among the
(few) x4 (s) in S that satisfy [ ] For example, we will later on learn that:

If x, is a maximiser of f : (a,b) — R, then f'(z,) = 0.
As an example, consider f : [0,7/2] — R, where f(x)=cos z+ (z/2) for z € [0, 7/2].
Then f(0)=1, f(r/2)=n/4<1, and f(7/3)=(1/2)+(7/6)>(1/2)+(3/6) =1= f(0).
By the Extreme Value Theorem, f has a maximiser x, € [0,7/2]. But the above

calculation shows that x, # 0 and x4 # 7/2. Thus z, € (0,7/2). Hence f'(x4) = 0,
that is, —sinzy + % =0, and so =, = 7/6.

Exercise 3.31. A function f : R — R is called periodic if there exists a T' > 0 such that
forallz e R, f(x+T) = f(z). If f: R — R is continuous and periodic, then prove that f
is bounded, that is, the set S = {f(z) : € R} is bounded.

Exercise 3.32. True or false? If f : [a,b] — R is continuous and f(z) > 0 for all x € [a, b],
then f is in fact ‘bounded away from 0, that is, there exists a § > 0 such that f(z) >
for all z € [a, b].

Exercise 3.33. Let f : [0,3] — [3,9] be a continuous function such that f(0) = 3 and

f(3) = 6. Which of the following statements is/are always true?

(A) There exists a unique c¢ € [0, 3] such that f(c) = 4.

(B) The range of f contains the interval [3, 6].

(C) £([0,3]) = [3,6].

(D) There cannot exist a ¢ € [0, 3] such that f(c) = 9.

Exercise 3.34. Let f : [a,b] — R be continuous on [a,b], and define f, as follows:
falw) = {xj;(g{l;(;) e o]} if ze (ab]

(1) Show that f, is a well-defined function.

(2) If £ : [0,1] — R is given by f(x) =  — 2?2, then find f,.

Exercise 3.35. Let the function f : [a,b] — R be continuous.

Show that for any ¢1,-- -, ¢, € [a,b], there is a ¢ € [a, b] such that f(c)= fle)+---+ f(Cn)'
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Exercise 3.36. Let f : [a,b] — R be a continuous function, having the property that for
every = € [a,b], there exists a y, € [a,b] such that |f(y.)| < |f(x)|/2. Show that there
exists a ¢ € [a,b] such that f(c) = 0. Hint: Consider a minimiser of |f|.



Chapter 4

Number systems

In this chapter, beginning with an axiomatic framework, we will construct the
natural numbers, the integers, the rational numbers, and the real numbers. We
begin by recalling the important notion of equivalence relations again, because it
will play an important role in the rest of the course. For example, to construct the
integers from natural numbers, we will need to identify pairs of natural numbers
using an equivalence relation.

4.1. Equivalence relations

Definition 4.1 (Relation).
A relation R on a set S is a subset of the S x S := {(a,b) : a,b e S}. If (a,b) € R,
then we write aRRb.

For example, if we take S to be the set of all human beings, then
Rgibling := {(a,b) € S x S : a,b have the same biological parents}

is a relation. As another example, we can take the set S = Z, the set of all integers,
and Rpyod2 = {(m,n) € Z x Z : m — n is divisible by 2}. Sometimes we use the
symbol ~ to denote a relation, and then instead of aRb, we will write a ~ b.

Definition 4.2 (Equivalence relation).
A relation R on a set S is called an equivalence relation if it satisfies the following:

(ER1) R is reflexive, that is, for all a € S, aRa.
(ER2) R is symmetric, that is, if aRb, then bRa.
(ER3) R is transitive, that is, if aRb and bRc, then aRc.

In our example above, where S = {all human beings}, Rgibiing can easily be checked
to be an equivalence relation'. Similarly Rpyod 2 is an equivalence relation on Z.

Why are equivalence relations useful? They help ‘partition’ the set into ‘equiv-
alence classes’, and help to break down the big set into smaller subsets, such that

lHere we accept that a person is one’s own sibling.
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all the elements in each subset are related to each other, and hence ‘equivalent’ in
some way. For example, Rgpiing enables one to partition the set of human beings
into equivalence classes consisting of groups of brothers/sisters. On the other hand,
Rpnod 2 partitions Z into the sets {even integers} and {odd integers}.

Definition 4.3 (Equivalence class).
If R is an equivalence relation of a set S, then the equivalence class of a, denoted
by [a], is defined to be the set [a] = {b€ S : aRb}.

Given any a,b € S, either [a] = [b] or [a] n [b] = &. Indeed, let [a] N [b] # &.
Suppose c € [a] N [b], that is, aRc and bRe. By symmetry, cRb. As aRc and cRb,
by transitivity, we obtain aRb, and again by symmetry, bRa. If d € [a], then aRd.
As bRa and aRd, by transitivity, bRd. So d € [b] too. So we have shown that
[a] < [b]. In the same way, one can show [b] < [a] as well. So [a] = [b].

Clearly, | J [a] = S. For a€ S, aRa (reflexivity), and so a€[a]. Thus Sc< (J[a]. So

aesS aesS
S = U [a].
aesS

As any two distinct equivalence classes do not overlap at all, it follows that S is
partitioned into equivalence classes by R, as shown in the schematic picture below.

So the idea is that an equivalence relation is really an ‘attention focusing device’,
where we have chosen to ignore other distinguishing features of objects which are
related, and have put them together in an equivalence class. So an equivalence
relation gives one a ‘pair of glasses’ through which we ‘clump together’ things
which are ‘essentially the same’ (equivalent under the relation) and see them as
one object! For example, if our set is the collection of children in a school bus
and we consider the equivalence relation R; of ‘having the same sex’, then through
these glasses, we see only two equivalence classes: boys and girls. On the other
hand, if we consider the equivalence relation Ry of ‘having the same age’, then
through these glasses, we see groups of children sorted by age.
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Exercise 4.1. Find out which of the properties of reflexivity, symmetry or transitivity are
valid for each of the following relations R on the given set S, and hence determine which
amongst them are equivalence relations.

(1) S=R,zRy ifz <y+ 1.

(2) S =7Z, mRn if m|n, that is, if n is divisible by m.

(3) S =R\{0}, zRy if z/y € Q.

(4) S = N, mRn if there exists an k € Z such that m/n = 2*.

Exercise 4.2. Let R be a relation on the set R of real numbers. Viewing R as a subset of

the (z,y)-plane, explain the geometric meaning of the reflexive and symmetric properties.

Exercise 4.3. Which of the following R < R x R defines an equivalence relation on R?

(1) R —{(xx)€R2 x € R}.

(2) R

(3) R —{(w y) eR? 1y =0}

(4) R ={(z,y) e R? : 2y + 1 = 0}.

(5) R={(z,y) e R? : 2%y —2y? —x +y = 0}.

Exercise 4.4 (Equivalence relation induced by amap f : X —» Y).

Let f: X — Y be a map. Define the relation ~ on X by z ~ 2’ if f(x) = f(2').

(1) Show that ~ is an equivalence relation.

(2) For y € ran f = {f(x):2 € X}, consider the inverse image f~'{y}={z € X: f(z)=y}.
Show that for all z € X, [z] = f~H{f(z)}.

(3) Denote the set of all equivalence classes of X by X. Define f : X — ran f as follows.
For any equivalence class S € X, take any = € S, and set f(S) = f(x).

Show that f is well-defined, i.e., it does not depend on the choice of the representative
selected from the equivalence class S.

(4) Prove that f: X — ran f is bijective.

(5) For the following maps, consider the corresponding induced equivalence relation on their
respective domains. Determine the equivalence classes. Sketch these in the domain.
(a) The complex absolute value | - | : C — R.
(b) f:R? — R given by f(z,y) = xy.

Exercise 4.5. (x) A Cauchy sequence in Q is a sequence (a, )nen of rational numbers such

that for every rational € > 0, there exists an N € N such that whenever m,n > N, we have

lan — am| < €.

(1) Show that (1/n)pen is a Cauchy sequence in Q.

(2) Show that every sequence (a,)nen of rational numbers that is convergent? is a Cauchy
sequence in Q.

(3) Show that a sequence that is a Cauchy sequence in Q need not be convergent with its
limit belonging to Q, by considering the sequence

0.1,0.101,0.101001,0.1010010001, 0.101001000100001, - - - .
2Right now we just use the notion of convergence in R of a sequence of real numbers. We will later

revisit this exercise to construct the real numbers using rational numbers — then we will be more careful,
and explain what we mean by convergence in Q of a sequence of rational numbers.
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(4) Let C denote the set of all Cauchy sequences in Q. Define the relation ~ on C by
(an)nen ~ (bp)nen if the sequence (a,, — by)nen converges to 0. Show that ~ is an
equivalence relation. The set of all equivalence classes of C under ~ is denoted by C/~.

(5) Given a g € Q, the constant sequence (q)nen is clearly a Cauchy sequence in Q.
Show that the map Q 3 ¢ — [(¢)nen] € C/ ~ is injective.

(We will return to this equivalence relation when we construct R from Q: The set of real
numbers will be C/~. The last part of this exercise shows that Q can be considered to be
contained in R. We will clarify later how the arithmetic operations are defined in C/~.)

4.2. Natural numbers

We are familiar with natural numbers from an early age when we learn to count.
The basic idea is that for each natural number, there is ‘next one’ or a ‘successor’
(which is used to label the next object in the set we are counting). Thus the natural
numbers are built, intuitively speaking, as a sequence of objects, starting with 1
and then taking ‘successive successors’. The Italian mathematician Giuseppe Peano
(1858-1932) formulated axioms for the natural numbers in 1889 which reflect the
above intuition. The familiar properties of the natural numbers can then be proved
as theorems.

The Peano azioms for a set N and a (successor) function o : N — N state that

(N1) The set N contains an element 1 such that for every n € N, o(n) # 1.
(N2) The map o is injective.
(N3) (Induction axiom) Suppose that a subset S < N has the properties that
e1le S, and
e if ne S, then o(n) € S.
Then S = N.

The element o(n) is called the successor of n € N. The property (N3) is the
induction property, and forms the basis for why induction works.

Remark 4.1. (k) The existence/construction of such a set N and a successor
function o that satisfies the Peano axioms relies on the axioms of set theory. For
example, a possible definition is

{@}7
{D,{T}},
(@A} {T}}};

and so on. The successor of n € N is o(n) = n u {n}. To talk about the set of
all natural numbers, one requires the so-called ‘axiom of infinity’ from set theory.
We will not get into these matters here. Instead, we simply take for granted the
existence of a set N and a successor function o that satisfies the Peano axioms.
From this starting point, in the rest of the section, we will prove the familiar
arithmetic properties of the natural numbers, which will in turn be used in order
to construct the integers, and also to derive similar properties for the integers.

1:
2
3:
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Let us show that every natural number not equal to 1 has a ‘predecessor’.

Theorem 4.1. If n € N\{1}, then there exists an m € N such that o(m) = n.

Proof. Consider the set S = {1} U {k € N: 3m € N such that o(m)=k}. Since 1
is not a successor of any natural number, 1 ¢ {k € N : 3m € N such that o(m)=k}.
Clearly 1€ S. If neS © N, then o(n) € {k € N: 3m € N such that o(m)=k} < S.
By the induction axiom (N3), S=N. Hence if n € N\{1} = S\{1}, then there exists
an m € N such that o(m)=k. O

Exercise 4.6. Consider the set S={n € N:o(n)#n}. Using Peano’s axioms, show that
S=N. Conclude that for all n e N, o(n)#n.

Remark 4.2 (Recursive definitions).
The Peano axioms allow us to make ‘recursive/inductive definitions’. This means
that we can define a sequence of objects C,, indexed by the natural numbers, via

e specifying the initial value Cf,
(%) { o giving a rule for determining C, ) from C,
(so that each object is defined using the preceding one).

It is intuitively clear that (x) defines the sequence C7, Cy, Cs, - - - uniquely, though
proving this using the Peano axioms is cumbersome. A natural approach to show
this would be to define S to be the set of n such that such that () determines Cj,
for k < n. Then 1 € S. Also whenever n € S, also o(n) € S. So (N3) would yield
S = N. The problem is the usage of <, which has not been defined yet, and so
is inadmissible in the above argument. As mentioned earlier, we will not see the
proof of the recursive definition theorem here, but can be found e.g. in [C]. *

Addition and multiplication. Using Peano’s axioms, we can define addition
and multiplication in N. For each n € N, we define
n+1=o(n).
Instead of the notation o(n), we often simply use n + 1 instead. If we assume that
n + m has been defined, we define n + (m + 1) by setting
n+(m+1)=(n+m)+ L
By the induction axiom (N3), this defines n + m for all m € N.

Example 4.1 (What is 2 + 27).
Wehave 2+2=2+4+(1+1)=(24+1)+1=3+1=4. Thus, 2+ 2 is by definition

the successor of 2 + 1,
that is, the successor of the successor of 2,
that is, the successor of 3, which we call 4. &

Remark 4.3 (Principle of Induction). Let P(1), P(2),P(3),--- be a sequence of
statements, one for each n € N. Suppose P(1) is true, and whenever P(n) is true,
also P(n + 1) is true. Let S := {n € N: P(n) is true}. Thus 1 € S, and whenever
ne S, also o(n) € S. By (N3), S =N. So P(n) is true for all n e N. *
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Similarly, if n € N, then we define n x 1 by
nx1l=n.
If we assume that n x m has been defined, then we define n x (m + 1) by
nx(m+1)=(nxm)+n.
By the induction axiom, this defines n x m for all m € N.
Exercise 4.7. Determine 2 x 2 using the above definition.

We often skip writing x, and so we use the notation m n instead of m x n for
natural numbers m,n € N.

Peano playing. Using the Peano axioms and the above definitions of addition
and multiplication, the usual rules of arithmetic, namely the commutativity and
associativity of addition and of multiplication, and the distributive law can be
proved. As examples, we give two verifications.

Theorem 4.2 (Associativity of +). For all n,m,f €N, (n+m)+{=n+(m+{).

Proof. Let S = {{ e N: (n+m)+{¢=n+(m+/) for all n,m € N}. Then 1€ S
because (n+m) + 1 =n+ (m + 1) by the definition of n + (m + 1). If £ € S, then
(mn+m)+({+1) =((n+m)+£)+1 (definition of addition)

=n+(m+0))+1 (Lebl)

=n+ ((m+4¢)+1) (definition of addition)

=n+ (m+ (£ +1)) (definition of addition)
for all m,n € N. Thus o(¢) € S. By the induction axiom (N3), S = N, that is, for
all e N, (n+m)+{¢=n+ (m+{) for all n,m e N. O

Exercise 4.8. (x) (Commutativity of +).
(1) By considering the set S = {neN:n + 1= 1+ n} and using (N3), show that S = N.
(2) Consider S" = {m e N: for all n € N, n + m = m + n}. Show that S’ = N.

Exercise 4.9. Show that for alln e N, 1 x n = n.

Theorem 4.3 (Commutativity of x). For alln,m e N, n x m = m x n.

Proof.
1° We first show (m + 1) x n = (m x n) + n for all m,n € N. To this end, we
define S ={neN:(m+1)xn=(mxn)+nforallme N}. Then1le S
because (m+ 1) x 1=m+1=(mx 1)+ 1. If ne S, then for me N
(m+1)x(n+1) =((m+1)xn)+ (m+1) (definition of multiplication)
=((mxn)+n)+(m+1) (nes)
=((mxn)+m)+ (n+1) (various laws for addition)
=(mx(n+1))+(n+1) (definition of multiplication)

By (N3), S =N, ie, forallneN, (m+1) xn = (m xn)+n for all meN.
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2° By Exercise 4.9, 1 xn=nforallneN. Sol xn=n=mnx1 for all ne N.
3 Let S ={meN:mxn=nxmforallneN}. By2° 15" If meS’, then

nx(m+1) =(nxm)+n (definition of multiplication)
=(mxn)+n (mes’)
=(m+1)xn (by1°)

for all n e N. By (N3), S’=N. So for all m,n e N, m x n =n x m. O

Exercise 4.10. (x) (Distributive law). Show that m x (n+¢) = (m x n) + (m x £) for all
£,m,n e N. Hint: Consider S={{eN:mx (n+{)=(mxn)+ (m x¥£) for all m,n € N}.
Show that 1 € S, and that if £ € S, then also o(¢) € S.

(By the commutativity of x, also (n 4+ £) x m = (n x m) + (£ x m) for all £,m,n € N.)

Exercise 4.11. (%) (Associativity of x). Show that (m x n) x £ = m x (n x £) for all
£,m,n e N. Hint: Consider S ={feN: (m xn)x{=mx (n x£) for all m,n e N}.

Example 4.2 (No ‘additive identity’ in N, that is, no ‘zero’ in N).
We show that there does not exist an m € N such that for all n € N, n = n + m.

Suppose, on the contrary, that there exists such an m. If we take n = 1, then
1 =n+1=o0(n), a contradiction to (N1). <&

Example 4.3 (Order relation < on NxN).
For k, K € N, we say that k < K if there exists an m € N such that K = k + m.
The notation K > k means k < K.

(a) For instance 1 < 2, because we can write 2 = 14+ m, with m =1 € N.
In fact, for all n € N, n < o(n) since o(n) =n + 1.

(b) The equation 1 = 2 + m does not have a solution in the unknown m € N.
Otherwise 1=(1+1)+m=1+(m+1)=0(m+1), a contradiction to (N1). <

Examples 4.2 and 4.3(b), show arithmetic ‘flaws’ with the natural numbers, and
this will remedied by the integers.

Exercise 4.12 (Transitivity of <).
Suppose that m,n, k € N are such that m<n and n<k. Prove that m<k.

Exercise 4.13. Let m,n € N be such that m < n. Show that forall ke N m+k <n+k
and m x k <n x k.

Theorem 4.4 (Trichotomy Law).

For all m,n € N, one and only one of the following three statements holds:

1° m=n.
2° m < n.
3° m>n.

To show this we will use the following generalisation of Exercise 4.6.

Lemma 4.5. For m,ne N, m+n #n.



92 4. Number systems

Proof. Fix m € N, and define S={n € N: m+n # n}. Then 1 € S, because
m+1=oc(m) # 1 by (N1). Let n € N, i.e., m+n#n. By (N2), o(m+n) #o(n).
Then m + o(n) = o(m + n) # o(n). Hence whenever n € S, we have o(n) € S as
well. By (N3) it follows that S = N. O

Proof. (of the Trichotomy Law). By Lemma 4.5, the cases 1° and 2° are mutually
exclusive. Also, 1° and 3° are mutually exclusive. Finally, 2° and 3° are also
mutually exclusive, since otherwise we have n =m +k (by m <n) and m =n+/¢
(by m > n), givingn =m+k = (n+{)+k =n+ ({+k), contradicting Lemma 4.5.
Now fix m € N. Define S={n € N:one (and only one) of the cases 1° 2° 3° holds}.
We claim that 1 € S. Indeed, if m = 1, then this is true since 1° holds. If m # 1,
then it has a predecessor £ € N by Theorem 4.1: m =o({) =+ 1 =1+ ¢, and so
the statement 3° holds for n = 1. Thus 1 € S.

Now suppose n € S, that is, one and only one of the cases 1°, 2°, 3° holds.
We want to show that o(n) € S. We consider the three cases separately.

1° m = n. Then o(n) = o(m) = m + 1, showing that 2° holds for o(n).

2° m<n. Then n=m+k for a k € N. So o(n)=0(m+k)=(m+k)+1=m+(k+1),
showing 2° holds for o(n).

3°m >n. Then m =n+ k.
If £ =1, then o(n) = n+ 1 = m, and so we have case 1° for o(n).

If & # 1, then it has a predecessor: k = o(¢) for an ¢ € N. Then we have that
m=n+k=n+o{l)=n+ ({+1)=n+ (1+{)=(n+1) + {=0(n) + ¢, and so we
have case 3° for o(n).

Hence whenever n € S, o(n) € S too. By (N3), S = N. As m € N was arbitrary,
we have shown the trichotomy law for all m,n € N. O

The following exercise justifies calling o(n) the successor of n € N.

Exercise 4.14. For any n € N, there does not exist an m € N such that n <m < n + 1.
Hint: Argue by contradiction. Write m=n+k. Consider the cases k=1 and k#1.

Exercise 4.15 (Additive and multiplicative cancellation rules). Let m,n,k € N.
(1) Show that if m + k = n + k, then m = n.

(2) Show that if m x k =n x k, then m = n.

Hints: If m # n, what does the trichotomy law allow? Use Exercise 4.13.

If m,n € N, and either m = n or m < n, then we write m < n. The symbol > is
defined similarly: m > n if m =n or m > n.

Exercise 4.16. Show that for allm e N, 1 < n.

Exercise 4.17. Let m,n € N be such that m < n. Prove that m + 1 < n.
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Definition 4.4. Let S be a nonempty subset of N. An element ¢ € S is called a
least element of S if for all n € S, £ < n. An element u € S is called a greatest
element of S if for all n e N, n < w.

Exercise 4.18. Show that N has no greatest element.
Hint: If u is a greatest element, consider o(u) and use Exercise 4.6.

Theorem 4.6 (Well-Ordering principle).
Any nonempty subset of N has a least element.

Proof. Let S be a nonempty subset of N. Define
A={leN: forallnesS, ¢{<n}.

Then 1 € A by Exercise 4.16. Also, A # N: Indeed if n € S, then o(n) > n, and so
by the trichotomy law, —(o(n) < n), showing that o(n) ¢ A.

It follows that there exists a £, € A with o(4,) ¢ A (otherwise by (N3), A =N).
We claim that £, € S. Suppose £, ¢ S. We know that ¢, < n for all n € S. But
as f, can’t equal any n € S, the trichotomy law shows ¢, < n for all n € S. By
Exercise 4.17, £, +1 < n for alln € S. But then o(¢,) = ¢, +1 € A, a contradiction.

Now ¢, € A and A € S means that ¢, is a least element of S. O

Exercise 4.19. Let S be a nonempty subset of N. Show that the least element of S
(which exists, by the Well-Ordering Principle) is unique. The least element of S is called
its minimum, denoted by min S. (Similarly a greatest element, if it exists, is unique, and
it is called the mazimum of S, and is denoted by max S.)

4.3. Integers

By the definition of <, given m,n € N, the equation m + x = n is solvable in the
unknown z € N if and only if m < n. By the Trichotomy Law, it follows that that
if m > n, then the equation m + x = n is not solvable for x € N. Now the aim is to
‘extend’ the natural number system to a ‘bigger’ system, the integers Z, with an
extension of the operation +, which allows a unique solution to such an equation
for arbitrary m,n € N. Intuitively, we just think of the symbol n — m as being the
integer solution x. As the ordered pair (m,n) determines this z, we could think of
x as a pair (m,n), where m,n € N. But then we realise that the equation m+x =n
is equivalent to (m + 1) + = = n + 1, and so the integer x ought to be also the pair
(m+1,n+1). So we must identify the pairs (m,n) and (m+ 1,n +1). In fact, we
need to identify all pairs (m,n),(m + 1,n+ 1),(m + 2,n + 2),---, and think of it
as being the integer z. To formalise this, we introduce an equivalence relation ~
on N x N the equivalence classes of which will then be integers. We should deem
the pairs (k,£), (m,n) as equivalent, that is, (k,£) ~ (m,n), if they yield the same
solution z, and so we should have ¢ — k = n — m, or rearranging, k +n = £ + m.
This prompts defining the relation ~ by (k,¢) ~ (m,n) if k+n = ¢+ m. Thisis a
relation, and we check that it is an egivalence relation below.
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Theorem 4.7. Let ~ be the relation on NxN defined as follows: For k,f,m,n € N,
(k, ) ~ (m,n) if k+n=4L€+m. Then ~ is an equivalence relation.

Proof. We check that ~ is reflexive, symmetric, and transitive.

Reflexivity: Let (m,n) € N x N. Then (m,n) ~ (m,n) because m +n =n + m.
Symmetry: Suppose (k,£),(m,n) € NxN, and (k,¢) ~ (m,n). Then k+n = {+m.
Thus also m + ¢ = n + k, showing that (m,n) ~ (k,?).

Transitivity: Let (k,£), (m,n),(p,q) € N x N, (k,£) ~ (m,n), and (m,n) ~ (p,q).
Then k+n = £+m and m+q = n+p. Hence (k+n)+ (m+q) = ({+m)+ (n+p),
and so (k+¢q) + (m +n) = ({+ p) + (m + n). By the additive cancellation rule
(Exercise 4.15), we conclude that k + ¢ = £ + p, and so (k,?) ~ (p,q). O

The equivalence relation partitions N x N into equivalence classes. The equivalence
class of (m,n) e N x N is

[(m,n)] ={(k,£) e NxN: (k,¢) ~(m,n)} ={(k,0) e NxN:k+n=~+m}.

Definition 4.5 (Z, the set of integers).
The set Z of integers is the set of equivalence classes of N x N under the equivalence
relation described in Theorem 4.7.

The symbol Z comes from ‘Zahlen’, meaning ‘numbers’ in German.

Example 4.4. Intuitively [(1,1)] represents the integer ‘(1 —1 =) 0’. We have
[(1,D)] ={(m,n)eNxN:m+1=n+1} ={(m,n) e NxN:m =n}
={(m,m):meN} ={(1,1), (2,2), (3,3), - }.
Similarly, we think of [(2,1)] as representing the integer ‘(1 —2 =) —1’. We have
[(2,1)] ={(m,n)eNxN:m+1=n+2}={(mn)eNxN:m=n+1}
={(n+1,n):neN}={(21), (3,2), (4,3),---}.

The following picture depicts the equivalence classes visually. &
N
3 o
2 ]
1 ” o
0
N

Exercise 4.20 (N c Z). Show that the map N3 n — [(1,0(n))] € Z is injective.
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Addition of integers. We know that we can think of the integer [(m,n)] asn—m
in the notation from elementary school. So to add [(k,¢)] and [(m,n)], we ought
to get (¢ — k) + (n—m) = ({ +n) — (k +m), which is the integer [(k + m,{ + n)].
This motivates the following definition.

Definition 4.6 (Addition in Z).
The sum a+ b of a = [(k,¢)] and b = [(m,n)] € Z, is defined to be the integer
a+b=/[(k,0]+[(mn)]:=[k+m,Ll+n).

We need to check that the above notion is well-defined. What does this mean?
Firstly, an integer a € Z is an equivalence class, and so it is a set with many
members, and when we write a = [(k,£)], we have just picked one member (k, /)
belonging to the equivalence class a. Then we know that the equivalence class
[(k,0)] corresponding to this (k,¢) is equal to a. Secondly, after picking such
representatives (k,¢) and (m,n) for a and b, we are defining the sum a + b by
taking the equivalence class of (k + m,¢ + n). But if we had chosen different
representatives, say (k/,¢') € a, and (m/,n’) € b, do we get the same integer?
Thus we ask: Is [(K' + m/, ¢ + n')] = [(k + m,¢ + n)]? This is the question of
well-defined-ness. We now check that the answer is ‘yes’.

Theorem 4.8 (Addition is well-defined).
If k,6,myn, k' 0/ ,m’,n' € N are such that (k,0) ~ (K, ¢") and (m,n)~(m',n’), then
(k+m,l+n)~ (K +m' 0 +n). (And so [(k +m, L+ n)] = [(K' +m', ¢ +n)].)

Proof. As (k,¢) ~ (K',¢') and (m,n) ~ (m/,n’), we know that
k+0 =0+ F,
m+n’ =n+m.
Adding these we get (k+¢')+ (m+n’) = ({+k')+(n+m’). Using associativity and
commutativity of natural number addition, (k+m)+ (¢'+n’) = ((+n)+ (K'+m/).
Hence (k +m,l+n) ~ (K" +m/, ¢/ +n’). O

Ideally, we should use a different symbol for addition, since we already used +
for the addition of natural numbers, but the following result shows that the new
addition is in fact an extension of the old addition. Recall that by putting on our
‘integer glasses’, the natural number n € N is the integer [(1,0(n))] € Z.

Theorem 4.9. If m,n €N, then [(1,0(m))] + [(1,0(n))] = [(1,0(m + n))].

NxN-—N (m,n)};m—f—n
ZxZ——1Z ([(1,0(m)], [(1,0(n)]) — [(1 +1,0(m) + o(n))]

= [(1,0(m +n)]
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Proof. To show that [(1 + 1,0(m) + o(n))] = [(1,0(m + n))], we must show
(I14+1,0(m)+0(n)) ~ (1,0(m + n)). But this is clear using the commutativity
and associativity of natural number addition:

I+ +om+n)=0+1)+((m+n)+1)=(m+1)+(n+1))+1
= (o(m)+o(n)) +1. O
Example 4.5 (0 and additive inverses).

We define zero to be the integer 0 := [(1,1)] € Z. For any integer a = [(m,n)] € Z,

—
N

a+0=[mn)]+[(1,1)]=[(m+1,n+1)] = [(mn)]=a.

Justification of (x): (m+1,n+1) ~ (m,n) because (m+1)+n=(n+1)+m. In
Exercise 4.22, we’ll show that addition in Z is commutative, using which it follows
that 0 +a=a+ 0 = a.

For an integer a = [(m,n)] € Z, we define its additive inverse to be the® integer
—a := [(n,m)]. Then we have

a+(—a)=[(m,n)]+[(n,m)] =[(m+n,n+m)]=[(1,1)] =0.

In particular, if n € N, and we view this as the integer [(1,0(n))], then its additive
inverse in Z is the integer [(o(n),1)]. &

Exercise 4.21. Prove that addition in Z is associative.

Exercise 4.22. Prove that addition in Z is commutative.

We now show that result that prompted the construction of Z.

Theorem 4.10. Let a,b € Z. Then there exists a unique solution x € 7Z to
a+x=Dhb.

Proof. Set x := b+ (—a) € Z. Then using the commutativity and associativity of
addition in Z, we obtain a+x=a+ (b+ (—-a))=b+(a+(—-a))=b+0=b.
To show uniqueness, suppose that x,x’ € Z are such that a+x = b = a + x'.
Adding —a to both sides yields —a + (a + x) = —a + (a + x’), and thanks to
associativity, (—a+a)+x=(—a+a)+x',ie,0+x=0+x". Thusx=x". O
Theorem 4.11. For any integer a € Z, one and exactly one of the following hold:
1°a = [(1,0(k))] for a k € N. (Integer corresponding to the natural number k € N.)
2°a=0.
3°a=[(c(k),1)] = —[(1,0(k))] for a k e N.

(Additive inverse of the integer corresponding to the natural number k € N.)

3This is well-defined, since if (m,n) ~ (m/,n’), then (n,m) ~ (n’,m’).
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Proof. 1° and 2° are mutually exclusive, since otherwise (1,0(k)) ~ (1,1), giving
1+ 1 =o0(k) +1, so that o(k) = 1, contradicting (N1). Similarly 2° and 3° are
mutually exclusive. Finally 1° and 3° are mutually exclusive, because otherwise
(o(k'),1) ~ (1,0(k)) for some k,k' € N, ie., 1+ k" +1+k = 1+ 1, so that
o(k + k') = 1, which is again a contradiction to (N1).
Let a = [(m,n)] € Z. By the Trichotomy Law for N, one of the following hold:
1° m < n. Then n = m+ k for some k € N. If m = 1, then we have a = [(1,0(k))].
If m # 1, then m has a predecessor, say ¢ € N, that is, m = o¢(¢) = £ + 1, and
soa=[l+1,0+1+k)]=[1,0(k))]
2° m =n. Then a = 0.
3°m >n. Just as in 1°, if m = n + k, then we have a = [(o(k), 1)]. O
So the set Z is partitioned into three mutually disjoint subsets:
e the ‘positive integers’ (integers corresponding to the natural numbers),
e zero, and
e the ‘negative integers’ (additive inverses of the natural numbers).
Review the picture on page 94.
Multiplication of integers. To define multiplication formally, again we note
that we expect the product of [(m,n)] and [(k,£)] to be the integer (in elementary

school notation) (¢ —k)(n—m) = fn+ km —kn —fm, that is, [(kn +¢m, km + {n)].
This motivates the following;:

Definition 4.7 (Multiplication in Z).
The product a-b of a = [(k,£)] and b = [(m,n)] € Z is defined to be the integer
a-b=/[(k,0)] [(mn)]:=[(kn+ tm,km + {n)].

Again we need to check well-definedness.

Theorem 4.12 (Multiplication is well-defined).
Ifk, 6,m,n, k' 0',m' ,n' € N are such that (k,£) ~ (k',¢') and (m,n) ~ (m/,n’), then

(kn + tm, km + In) ~ (K'n" + 'm/ K'm’ + ¢'n’).
(Thus [(K'n" +m/, K'm/ +0'n")] = [(kn + fm,km + (n)].)
Proof. As (k,¢) ~ (K',¢') and (m,n) ~ (m',n’),
k+0 =0+k (*)

m+n =n+m. (x%)
We want to show (kn + ¢m, km + ¢n) ~ (K'n’ + ¢'m/, K'm’ + ¢'n’), that is,

kn+tm+Km' +0n =km+n+En" +0m'. (%)
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The terms on the left-hand side suggest considering n-(x), m-(x), k'-(%*), £/-(x%),
which are, respectively:

kn+4n=/I +kn
m+k'm=km+0m
E'm' +kn=FEn+km
Un' +0m=0m' +0n.
Adding these, we obtain
kn +tm +0n' + kK'm/ } B { In+ km + K'n' + 0'm/
+(Kn+m+Em+n) [ | +(Kn+0m+Em+n)

and so by the additive cancellation rule in N, we obtain (x). O

Next we show that multiplication in Z is an extension of the multiplication in N.
Theorem 4.13. If m,n e N, then [(1,0(m))] - [(1,0(n))] = [(1,0(mn))].

In the proof below, for simplicity, we have denoted multiplication in N also with a
- instead of the symbol x used in the previous section.

Proof. We must show [(1:- o(n)+o(m)-1,1-1+0(m)o(n))] = [(1,0(mn))], that is,
(c(m)+o(n),1+0(m)o(n)) ~ (1,0(mn)), that is,

(c(m)+o(n))+o(mn) = (1+o(m)o(n))+1.
But this is readily verified using the arithmetic rules in N:

(c(m)+o(n))+o(mn) = ((m+1)+(n+1))+(mn+1)
=mn+m-1+1-n+1-1+1+1
=m(n+1)+1(n+1)+1+1=(m+1)(n+1)+1+1
=o(m)o(n)+1+1=(1+0c(m)o(n))+1. O

In accordance with what we are used to, we often skip writing - to denote integer
multiplication.
Exercise 4.23. For all a, b, c € Z, show that

e (Associativity) a(bc) = (ab)c.

e (Commutativity) ab = ba.

e (Distributivity) a(b + ¢) = ab + ac.

Example 4.6 (Multiplicative identity).

We know that for any natural number n € N, 1 xn = n = n x 1. We now show that
if we view 1 € N as an integer, that is, 1 := [(1,0(1))] = [(1,2)], then it continues
to serve as a multiplicative identity, but now in the bigger set Z. Thus we want to
check that for all a = [(m,n)] € Z, we have

a-1l=a=1"-a.
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We have m-2=m-(1+1)=m-1+m-1=m+mandn-2=n+n. Thus

a-1=[(m,n)][(1,2)]=[(m-24+n-1,m-1+n-2)]
[(m+m+n,m+n+n)]=[(m,n)],

where the last equality follows thanks to (m +m +n,m +n+n) ~ (m,n). <&

Exercise 4.24. Let a,b € Z, and suppose that a = 0 or b = 0. Prove that a-b = 0.

The converse of the result from Exercise 4.24 holds.

Theorem 4.14. Leta,beZ anda-b =0. Thena=0 orb=0.

Proof. Let a = [(k,¢)] and b = [(m,n)]. Then
[(1,1)] = 0 = ab = [(k, 0)][(m,n)] = [(kn + fm, km + {n)],

and so 1+ km + ¢n =1+ kn + fm, giving km + ¢n = kn + fm. By the trichotomy

law, we have the following three mutually exclusive cases:

1° k = ¢. Then a = [(k, k)] = [(1,1)] = 0. (Here we used (k,k) ~ (1,1).)

2° k > {£. Then k = £ + p for some p € N. Hence km + fn = kn + ¢m gives
Im+ pm+ fn =¥In+ pn+ fm, ie., pm = pn by the additive cancellation rule.
The multiplicative cancellation rule gives m=mn. So b=[(m, m)]=[(1,1)]=0.

3°k < £. Then ¢ = k + q for some q € N. Hence km + fn = kn + fm gives
km + kn 4+ gn = kn + km + gm, i.e., gn = gm by the additive cancellation rule.
The multiplicative cancellation rule gives m=n. Sob={[(m,m)]=[(1,1)]=0. O

Exercise 4.25. Consider the set C[0,1] of all continuous functions on [0,1]. For f,g €
C0,1], define f-g € C[0,1] by (f-g)(x)=f(x)g(z) for all z € [0,1]. Let 0 € C[0, 1] be the
function that is identically 0. Give an example to show that f-g = 0, but neither f nor g
equals O.

Exercise 4.26 (Multiplicative cancellation rule).
Let a € Z\{0}, b, c € Z be such that ab = ac. Show that b = ¢. Hint: Bring to one side.

Order. We can extend the order relation from N to Z as follows. Given a,b € Z,
we say a < b if for some n e N, b =a+ [(1,0(n))]. We write equivalently b > a.

Exercise 4.27. Let m,n € N. Show that m < n if and only if [(1,0(m))] < [(1,0(n))].
Hint: E.g. use Theorem 4.9.

Exercise 4.28 (Transitivity of <).
Let a,b,c € Z be such that a < b and b < ¢. Show that a < ¢. Hint: Use Theorem 4.9.

Exercise 4.29. Let a,b,c € Z be such that a < b and ¢ > 0. Show that a-c <b-c.

Exercise 4.30.
Let a€ Z and 1 = [(1,2)]. Show that there is no b € Z such that a <b < a + 1.
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Theorem 4.15 (Trichotomy Law).
Let a,b € Z. Then one and exactly one of the following holds:

1° a<b.
2° a=Db.
3° a>b.

Proof. By Theorem 4.10, there exists a unique x € Z such that b = a + x. By
Theorem 4.11, for the integer x, there holds one and exactly one of the following
three mutually exclusive options:

1°° x = [(1,0(k))] for some k € N. Then a < b, that is, 1° holds.
2°° x = 0. Then b = a, that is, 2° holds.
3°° a=[(o(k),1)] for some k € N. Then case 3° holds, namely a > b, because
b+ [(1,0(k)] = (a+x)+[(1,0(k)] = a+ (x+[(1,0(k))])
=a+[(o(k)+1,1+0(k))] =a+[(1,1)] =a+0=a. a
Exercise 4.31. Let a, b € Z. Show that the following are equivalent:

(1)a-b > 0.
(2) [a>0and b> 0] or [a< 0 and b < 0].

Exercise 4.32. Show that (—1)(—1) = 1.
Exercise 4.33. Let a € Z. Prove that (—1)a = —a.

Exercise 4.34 (Failure of the Well-Ordering Principle for Z).
If S is a nonempty subset of Z, then an element £ € S is called a least element of S if for
allne S, £ < n. Show that S := Z does not have a least element.

Exercise 4.35.(x)(Validity of the Well-Ordering Principle for subsets of Z bounded below).
Let S be a nonempty subset of Z, which has a lower bound, namely an element £ € Z such
that £ < m for all m € S. Show that S has a least element. Hint: Consider {m—£: m e S}.

Example 4.7. There is no integer x € Z such that 2-x = 1, where 2 = [(1,0(2))]
and 1 = [(1,0(1))]. Indeed, as 1 > 0 and 2 > 0, it follows from Exercise 4.31 that
x > 0. So x = [(1,0(n))] for some n € N. Clearly n # 1 (otherwise 2 -x =2 # 1).
So n has a predecessor, say £ € N. Then x = [(1,2)] + [(1,0(¢)], showing x > 1.
By Exercise 4.29, 2-x > 2 -1 =2 > 1. By the Trichotomy Law, 2 -x # 1. &

The previous example shows that given a,b € Z, with a # 0, the equation a-x = b
in the unknown x € Z is not always solvable. The set Q of rational number remedies
this ‘law’ with integers. In the next section, we will learn about the construction
of Q and its arithmetic. From now on, for n € N, we will often denote the integer

[(1,o(n))] by n,

[(1,1)] by O,
[(e(n),1)] by —n.
By Theorem 4.11, Z={--- ,—3,—2,-1,0,1,2,3,--- }. The elements of {1,2,3,---}

are called the positive integers, and those of {—1,—2, =3, - -} the negative integers.
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4.4. Rational numbers

From elementary school, we think of a fraction as an expression 7, where n € Z,

d € Z\{0}. Two fractions %, 3—,’ are deemed to be equivalent/same if nd = n'd.
We now formalise this by starting with the ‘equivalence relation’ that produces
equivalence classes of fractions that are equivalent, and then formally define Q
as the set of these equivalence classes. Then we formally define addition and
multiplication in Q.

Definition 4.8 (Equivalence relation ~ on Z x (Z\{0})).
The relation ~ on Zx (Z\{0}) is defined as follows: (n,d) ~ (n/,d’) if nd’ = n'd.

Proposition 4.16. ~ is an equivalence relation on Z x (Z\{0}).

Proof.

Reflexivity: For (n,d) € Z x (Z\{0}), clearly (n,d) ~ (n,d) (as nd = nd).

Symmetry: Let (n,d), (n',d") € Z x (Z\{0}) be such that (n,d) ~ (n/,d’), so that

nd = n'd. Then n'd = nd', and so (n/,d') ~ (n,d).

Transitivity: Let (n,d), (n’,d"),(n",d") € Z x (Z\{0}) be such that (n,d) ~ (n’,d’)

and (n/,d") ~ (n”,d"). Then nd’ = n'd and n'd" = n"d'.

1° n' = 0. From nd = n'd = 0d = 0, we conclude that n = 0 (because d’ # 0).
Similarly, n”d" = n’d" = 0d"” = 0 implies that n” = 0 (because d’ # 0). But then
nd” = 0d” = 0 = 0d = n"d, so that (n,d) ~ (n”,d").

2°n’ # 0. We have (nd')(n’d") = (n’d)(n"d'), that is, (nd”)(n'd") = (n"d)(n’d’). As
n’ # 0 and d' # 0, by the cancellation rule nd” = n"d, i.e., (n,d) ~ (n",d"). O

Exercise 4.36. Let (n,d) € Z x (Z\{0}) and m € Z\{0}. Show that (n,d) ~ (mn,md).

Definition 4.9 (The set Q of rational numbers).
Each equivalence class of Z x (Z\{0}) under the equivalence relation ~ is called a
rational number. The set of all rational numbers is denoted by Q. The equivalence

class [(n,d)] of (n,d) € Z x (Z\{0}) is denoted by %.

Remark 4.4.
(a) The choice of the letter Q is motivated by thinking of [4] as a ‘quotient’.
(b) If (n,d) € Z x (Z\{0}), then (—n)d = ((—=1)n)d = n((—1)d) = n(—d), and

so (n,d) ~ (=n,—d). Thus r = 5 = =%. Consequently, for r € Q, we can

always write r = 5, where n € Z and d € {1,2,3,--- }. *

Addition and multiplication of rationals. In elementary school, we learn that
the sum of fractions is defined by

n p ng+pd
— == -
d q dq

We formalise this below.
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Definition 4.10 (Addition in Q). For r:= 5 € Q and s := £ € Q, we define

n o p nq + pd
r+s=—+-i1=——-—.
d q dq

Note that if d # 0 and g # 0, then dq # 0.

Exercise 4.37 (Addition is well-defined).

Show that if (n,d), (n',d’), (p,q), (0',¢") in Z x (Z\{0}) are such that (n,d) ~ (n/,d’) and
(psq) ~ (¥ ¢), then (nq + pd.dg) ~ (n'q' +p'd’,d'q).

It can be shown that addition in Q is commutative and associative. Define the zero
element OzgeQ. Letr=2€Q. Thenr +0=r =0 +r. Indeed,

L0 n+0 n-140-d n+0 n
r = — — = = =

d 1 d-1 d d
Exercise 4.38. Forr = 5 € Q, define —r = —* € Q. Show that this is well-defined.
Prove that r + (—r) = 0.

Definition 4.11 (Multiplication in Q). For r:=% and szzg in Q, we define

Exercise 4.39 (Multiplication is well-defined).
Show that if (n,d), (n',d’), (p,q), (v’,¢") in Z x (Z\{0}) are such that (n,d) ~ (n/,d’) and
(p,q) ~ (¢, ¢'), then (np,dg) ~ (n'p’,d'¢).

It can be checked that multiplication is commutative and associative.

Exercise 4.40 (Distributive law in Q). Let r,r’,s € Q. Show that (r+1r')-s=r-s+1’-s.

The rational number 1 := % € QQ serves as the multiplicative identity in Q. Indeed,
forallr=2€Q, wehaver-1=r=1-r:

n 1_n-1_n

d 1 d1 d
Every nonzero rational number has a ‘reciprocal /multiplicative inverse’.
Theorem 4.17. Let r € Q\{0}. Then there exists a unique rational number,
denoted by r~' € Q, such thatr-r ' =1=r"1.r.

Proof.
Existence: Let r=2. As r#0, n#0. (Otherwise r=2=9=9=0, as 0-1=0=d-0.)
Set r~! = % € Q. Then

r-r!=

- 1
d dn 1 7
where () holds since (nd,dn) ~ (1,1). By commutativity, also r=! - r = 1.

d_ndl
n

Uniqueness: Suppose s € Q is such that r-s =1 =s-r. Then

ri=1.rl=@Gr ril=s(r-rl)=s-1=s. O
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Next we show that Q does the job that prompted its construction.

Theorem 4.18. Let a € Q\{0} and b € Q. Then there exists a unique solution
x € Q to the equation a-x = b.

Proof. Set x:=a!-beQ. Thena-x=a-(a ! -b)=(a-a”!)-b=1-b=b.

Also, if X’ is a solution, then X’ = 1-x' = (a™!-a)- X =a~!-(a-x)=a!-b. O
Finally, we show that Z can be thought of as a subset of Q.

n
Theorem 4.19. The map Z 5 n — 1 € Q is injective. Moreover, for m,n € Z,

+

m
1 1

n m+n dm n mn
J— n —_ . —
1 1"

Proof. Suppose for n,n’' € Z, § = "T’ Then (n,1)~(n’,1). Son=n-1=n'-1=n.
Hence the map Z 5 n — 7 € Q is injective. Moreover,

m n m-14+n-1 m+n m n m-n  mn
AL = ,and — - — = =—. [O
1 1 1-1 1 1 1 1-1 1
Order. We now extend the order relation from Z to Q. Given rational numbers
m p
r=— and s=-,
n q

where m,n, p, q are integers and n, q are positive integers, then r < s if mqg < pn.

If r <'s, we write equivalently s > r. Let us check the notion is well-defined. Let
/

m m ;. e
° — =—, where n' is a positive integer, and
n n
/
L P /- ive int
? = 6, where ¢’ is a positive integer.

We want to show m'q’ < p'n’. As mq < np, and as n’,¢ are postive integers, it
follows from Exercise 4.29 that mqn’q’ <npn'q’, that is, (mn’)qq’ < (pq¢’)nn’. Using
m'n = mn’ and pq’ = p'q, we obtain (m'n)qq’ < (p'q)nn/, i.e., (m'q" )ng < (p'n’)ng.
Hence m/q’ < p/n’. (Otherwise, by the Trichotomy Law m'q’ > p'n’. As n,q are
positive integers, Exercise 4.29 implies (m’q’)ng = (p'n’)ng, a contradiction.)

It is clear that for m,n € Z, m < n in Z if and only if T < T in Q.

Exercise 4.41 (Transitivity of < in Q).
Let r,s,t € Q be such that r < s and s < t. Show that r < t.

Exercise 4.42 (Trichotomy law).
Show that for any rational numbers r,s € QQ, one and exactly one of the following holds:

1°r<s 2°r=s 3° r>s.
Exercise 4.43. Let r,s,t € Q. Prove that if r < s, thenr +t <s + t.
Exercise 4.44. Let r,s € Q and r<s. Show that if t € Q is such that t >0, then rt<st.

Exercise 4.45. Let r,s € Q and r < s. Show that there exists at € Q such that r <t < s.
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In the light of Exercise 4.36, we know that given any rational number r € Q, we
have a unique pair n,d € Z such that d is a positive integer, n, d have no common
divisor other than 1, and

n
r=_.

We have also seen that

e Q does not have the least upper bound property (Example 1.13), and

e not all Cauchy sequences in Q are convergent with a limit in Q (Exercise 4.5).

But in order to do Analysis, it is convenient to work with a number system which
has these two properties listed above. This ‘(analytical) flaw’ of Q is remedied
by the set of real numbers. From now onwards, we will denote rational numbers
simply using ordinary font letters such as r, s, ¢, -- (instead of boldface r,s,t, - -).

4.5. Real numbers

Finally we have reached the point where we can learn about the construction of the
most important number system from the point of view of Mathematical Analysis,
namely the real number system R. Roughly speaking, the set of real numbers
are the numbers to which Cauchy sequences in Q ‘want to converge to’. As these
limits may not be rational, we just name/label these numbers by the whole Cauchy
sequence in Q itself! But then two Cauchy sequences in Q might want to converge
to the same thing (e.g. think of (ay)nen and (a, + %)neN), and so we ought not to
distinguish between such two Cauchy sequences. So we must build an equivalence
relation ~ on Cauchy sequences (so that

(an)neN ~ (bn)neN if IIH(?)lO((In - bn) = 07

and consider the real numbers as equivalence classes of Cauchy sequences under
this equivalence relation. We had met this equivalence relation ~ in Exercise 4.5,
where we checked that this is indeed an equivalence relation. However, over there
we viewed the convergence using the notion of convergence of a sequence of real
numbers (so that the e > 0 was a real number). But since we are trying to
construct the reals, we are only allowed to use rational numbers. So we need to
restrict ourselves to € that are rational in the definition of convergence. We do this
carefully below.

Definition 4.12.

e A Cauchy sequence in Q is a sequence (ay,)nen of rational numbers such that for
every rational € >0, there exists an N € N such that whenever m,n> N, we have
|an, — am| < €. The set of all Cauchy sequences in Q is denoted by C.

e Let r € Q. A sequence (an)neny in Q converges to r in Q if for every rational
€ > 0, there exists an N € N such that for all n > N, |a,, — 7| < e.

e The relation ~ on C is defined as follows: (ap)neny ~ (bn)nen if the sequence
(an — by )nen converges to 0 in Q.
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Exercise 4.46. Let (an)nen, (bn)nen be Cauchy sequences in Q. Show that (an + by )nen
is Cauchy sequence in Q too.

Proposition 4.20. Every Cauchy sequence in Q is bounded.

Proof. Let (ay)nen be a Cauchy sequence in Q. Choose a rational e>0, say e=1.
Then there exists an N € N such that for all n,m > N, we have |a,, — a;,| < €= 1.
In particular, with m = N+1 > N, and n > N, |a, — any41| < 1. Hence by the
Triangle Inequality? in Q, for all n > N,

lan| = |an —ans1 + ani1] < an —anii1| + lans1] <1+ |an4].

On the other hand, for n < N, |a,| < max{|ai],...,|an]|, lan+1] + 1} =0 M > 0.
Consequently, |a,| < M (n € N), that is, the sequence (ay)nen is bounded. O

Exercise 4.47. Let (a,)nen and (b, )neny be Cauchy sequences in Q. Show that (anby)nen
is Cauchy sequence in Q too.

Exercise 4.48. Suppose that (a,)neny and (by)nen are sequences in Q such that (@, )nen
(respectively (by)nen) converges in Q to r, € Q (respectively r, € Q).

(1) Show that the limit is unique: If (ay)nen converges in Q to rf, € Q, then r, = 7.

(2) Show that (—ay,)nen converges to —rq.

(3) Show that (a, + by)nen converges to rq + 7.

Exercise 4.49. Show that ~ is an equivalence relation on C.

Definition 4.13 (The set of real numbers).

A real number is an equivalence class of C under the relation ~. If (ay)nen € C,
[(an)nen] denotes the real number which is the equivalence class of C containing
the sequence (ay)nen. The set of all real numbers is denoted by R.

The set of real numbers is supposed to be an extension of the rational numbers @,
that is, we want to see that Q ‘<’ R. Given a rational number r € Q, the constant
sequence 1,7, 7, -, that is, (r)nen, is a Cauchy sequence in Q. Thus [(7)nen] is a
real number. We have the following.

Proposition 4.21. The map Q 37 — [(r)nen] € R is injective.

Proof. Let r,s € Q be such that [(r)nen] = [($)nen]- Then (7)nen ~ ($)nen. So

li —s)=0.
g r=5) =0
But the constant sequence r — s,r — s, — s,--- converges in Q to » — s. By the
uniqueness of limits, » — s = 0, that is, r = s. O

4The proof of the Triangle Inequality is exactly the same, replacing ‘real/R’ everywhere by
‘rational/Q’. Note that we are not allowed to use reals yet, and so we can’t just specialise the Trian-
gle Inequality for R to the rationals.
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Addition and multiplication. Clearly, if addition in R is to respect the addition
in Q, we must have that for r, s € Q, [(7)nen] + [(8)nen] should equal [(r + $)nen]-
Similarly, [(7)nen] - [($)nen] should equal [(75)pen]. This motivates the following.

Definition 4.14. The sum of the real numbers [(a,)nen] and [(by )nen] is given by

[(an)neN] + [(bn)neN] = [(an + bn)neN]'

The product of the real numbers [(a,)nen] and [(by,)nen] is defined by
[(an)neN] : [(bn)neN] = [(anbn)neN]-

As usual, we have to check well-definedness. We leave this as an exercise for addi-
tion, but give an argument below for multiplication. Let [(an)nen] = [(a),)nen] € R
and [(by,)nen] = [(b],)nen] € R. The idea is to use the inequality

lalbl, — anbn| = |albl, — al,by + alby, — apby| < |al||b), — byl + |al, — an||by]

and the boundedness of the terms a),, b, to show (a,b,)nen ~ (a),bl)nen. We carry
out the details below.

As (a],)nen is Cauchy, it is bounded, and let A’ > 0 be a rational number such
that |a,| < A’ for all n € N. Similarly, (b,)nen is bounded, and let B > 0 be a
rational number such that |b,| < B for all n € N. Let € > 0 be a rational number.
As (ap)neny ~ (al,)nen, we have that (a, — a),)nen converges in Q to 0. So for the
rational 5% > 0, there exists an N, € N such that |a;, — a,| < 5%. Similarly, as
(bn)nen ~ (by,)nen, we have that for the rational 5% > 0, there exists an N, € N
such that [bj, — b,| < 55%7. Set N = N, + Ny. For all n > N, we have

lal bl — anby| = |albl, — al by, + al by, — apby| < |al |0, — bn| + |al, — an||bs|

< Al — o ) € € — e
A'lb,, — by + |a;, a"|B<A2A/+2BB €

Thus (anbn)neN ~ (aizbiz)HEN'

Exercise 4.50 (Addition is well-defined).
Let (an)neN ~ (a;l)neN and (bn)neN ~ (b%)neN Show that (CLn + bn)nEN ~ (CL;Z + b%)neN-

Example 4.8 (The real numbers 0 and 1). We define the real numbers 0 = [(0)pen]
and 1 = [(1)nen]. Then for every real number x € R, we have

0+x=r=x+0, and

1l x=r=x-1.

Thus 0 serves as the additive identity and 1 serves as the multiplicative identity.
Clearly 1 # 0 because the sequence (1 — 0),en converges in Q to 1 # 0. &
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The set R, together with the operations +,- : R x R — R forms a ‘field’, i.e., the
following hold.

(F1) (Associativity) For all x,y,zeR, x+ (y +2) = (x+y) +z.
(F2) (Additive identity) For allxe R, x+0=x =0+ x.
+< (F3) (Inverses) For all x € R, there exists —x e R

such that x + (—x) = 0 = —x + x.
(F4) (Commutativity) Forall x,yeR, x+y =y +x.

(F5) (Associativity) For all x,y,zeR, x- (y-2) = (x'y) -z

(F6) (Multiplicative identity) 1# 0 and forallzeR, x-1=x=1-x.

(F7) (Inverses) For all x € R\{0}, there exists x "' € R
such that x - x ! =1=x""1.x.

(F8) (Commutativity) Forallx,yeR, x -y =y x.

+,-{ (F9) (Distributivity) For all x,y,z€R, x-(y +2z) =x -y +x-z.

In fact, if we replace everywhere R by Q (and 1,0 by the rational numbers 1,0,
respectively), then the set Q of rational numbers with their addition and multi-
plication, also satisfy the same properties. We say that (Q,+,-) is also a field.
(However, (Z, +,-) is not a field, because multiplicative inverses don’t always exist:
we had seen that the equation 2x = 1 has no solution x € Z.)

We will not check each the above, as they essentially follow by ‘termwise ver-
ifications’, and by using the corresponding properties from the field of rationals.
We remark that the additive inverse of x = [(an)nen] is —x := [(—an)nen]. Let us
show the existence of multiplicative inverses for nonzero reals. First we prove the
following lemma.

Lemma 4.22. Let x € R be such that x # 0. If (ap)nen € X, then there exists a
rational d > 0 and an N € N such that for alln > N, |ay,| > d.

Proof. As [(an)nen] = x # 0 = [(0)pen], we have = ((an)nen ~ (0)nen), i-e.,

= ((an — 0)pen converges in Q to 0), i.e.,
—(V rational € > 0, 3N € N such that Yn > N, |a,, — 0] <€), i.e.,

Thus
3 rational € > 0 such that VN € N, 3n > N such that |a,, — 0] > e. (%)

Since (an)nen € C, for the rational €/2 > 0, there exists an N, € N such that for all
n,m > Ny, |ap — ap| < §. From (), taking N = Ny, there exists n, > N, such
that |a,, — 0| = €. Hence for n > N,, we have

€ €

lan| = |an — Gny + any| = ang| — an — an, | = € — 53 =:d. O

Proposition 4.23. Let the real number x # 0. Then there exists an x ' € R such

thatx - x 1=1=x""1 x.
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Proof. Let x = [(an)nen]. By Lemma 4.22 there exists a rational d > 0 and an
N e N such that |a,| > d for all n > N. In particular, a,, # 0 for all n > N. Set®
— 0if 1<n<N,

" la,t if n> N.
Then (b, )nen is a Cauchy sequence in Q. Firstly, for n,m > N,

 anllam| d?

Secondly, as (a,)nen is a Cauchy sequence in Q, given a rational € > 0, there exists
an M € N such that for all n,m > M, |a, —a.,| < ed?. Hence for all n,m > N + M,

1 1 ‘ lan, — am| _ |an — am|

‘bn_bm‘: =

n am

lan — @) ed?
e SE e
Consequently, (by)nen is a Cauchy sequence in Q. We have®
{ 0if 1 <n<N,
apby, =

b = bin| <

1ifn> N.

Hence (@b, )nen converges in Q to 1. So [(anbn)nen] = 1. Set x7 1 := [(by)nen]-

Then we have x - x 1 =1=x"1-x. O

Exercise 4.51 (Distributive law). Let a,b,c € R. Prove thata- (b+c)=a-b+a-c.

Order. To compare real numbers x = [(ay,)nen] and y = [(by,)nen], we would like
to use the order relation < on Q. If we try to define x < y by saying that for all
n € N, a, < by, then this will not be a well-defined notion. Indeed, changing the
first few terms of (ay)nen we could easily violate this, without changing [(an )nen]-
Intuitively, x is the real number that (a,)nen converges to. So thinking formally

‘x =lima,’, ‘y=Ilimb,’,
we would say x <y if ‘lima, < limb,’, that is,
‘lim(b, — a,) > 0.

But from our former intuition with limits, we know that this means that for all
large enough n € N, b, — a,, stays away from 0 by some positive distance d, say.
This motivates the following.

Definition 4.15. Let x = [(ay)nen] and y = [(bn)nen] be real numbers. Then
x < y if there exists a rational number d > 0 and an N € N such that for all
n> N, b, —a, >d. If x <y, we write equivalently y > x.

Let us show that this is a well-defined notion.

5A1though we set by, = 0 for 1 < n < N here, any arbitrary N rational numbers can be specified here.

6Had we specified b1,--- ,bn arbitrarily, we would get a bunch of initial terms anbn, for 1 <n < N,
but this won’t affect the rest of the proof.
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Proposition 4.24. Let [(an)nen] = [(a),)nen] € R and [(bn)nen] = [(U),)nen] € R.
Suppose that there exists a rational number d > 0 and an N € N such that for all
n > N, b, —a, > d. Then there exists a rational number d > 0 and an N' € N

such that for alln > N', b), —al, > d'.

Proof. As (ap)nen ~ (al,)nen, we know that (a, — a,)neny converges in Q to 0.
So for the rational d/4 > 0, there exists an N, € N such that for all n > N,,
lan, —al,| < d/4, ie., —d/4 < a, — a], < d/4. In particular

an, —a, > —g for all n > Nj. (%)
Similarly, (by)nen ~ (b),)nen yields the existence of an Ny € N such that
d
b, — by > 1 for all n > Nj,. (%)

Set N' = N, + Ny + N. Then for all n > N’, using (*) and (xx), we have

d d d
(Y _ I R L =2_ =
b, —a, =by, —a, +b, —b, +a, —a, >d 1 1°3 > 0.

So with the rational d’ := ¢ > 0, for all n > N’, we have b, — a}, > d'. O

Exercise 4.52. Show that if r,s € Q and r < s, then [(7)nen] < [($)nen]-
(In particular, for the real numbers 0,1, we have 0 < 1.

Exercise 4.53 (Transitivity of <).
Let x,¥y,z € R be such that x <y and y < z. Prove that x < z.

Theorem 4.25 (Trichotomy Law).
Let x,y € R. Then one and ezxactly one of the following hold:

1° x<y. 2° x=y. 3° x>y.

Proof. Let x = [(ap)nen] and y = [(bp)nen]- If x =y, then (a, — by )nen converges
in Q to 0. Let us show that —(x > y). Indeed, otherwise there exists a rational
d > 0 and an N € N such that a, — b, > d for all n > N. But then taking the
rational € := d/2 > 0, we get, thanks to the convergence of (a,, — by, )nen, that there
is an N’ € N such that for all n > N’ |a, — b,| < d/2. So with n = N + N/,
we arrive at the contradiction that d < a, — b, < |a, — by| < d/2. So if x =y,
then —(x > y). Interchanging the roles of x,y, we also have that if x =y, then
—(x < y). Let us also note that if x <y, then —(y < x): Otherwise there exist
rational d,d’ > 0 and N, N’ € N such that for all n > N we have b, — a,, > d,
and for all n > N’, we have a,, — b, > d, so that with n := N + N’, we get
d <ap, —b, <—d, giving 0 >d+d >d~+0=d, a contradiction.

Let [(an)nen] := x # y =: [(bn)nen]. Then it is not the case that the sequence
(an — bp)nen converges in Q to 0. Thus there exists a rational €, > 0 such that

for all N € N, there exists an n > N such that |a,, — b,| = €. (%)
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As (ap)nen is Cauchy, there exists an N, € N such that for all m,n > N,, we have
|an, — am| < €4/4, 1.e., —€4/4 < an — ay, < €;/4. In particular, a, — a,, > —€,/4 for
all n,m > N. Similarly, as (b, )nen is Cauchy, there exists an N, € N such that for
all m,n > Ny, |b, — by| < €x/4, giving in particular b, — b,, > —e,/4. Now take
N = N, + Ny in (x). Then there exists an n, > N such that |ay, — bn,| = €x > 0.
In particular, a,, — by, # 0. So by the trichotomy law for < in @@, we have the
following two mutually exclusive possible cases:
1° ap, — by, >0. Then ay,, — by, = |an, — by, | =€x. For all m> n, (>N =N,+Ny),
U — by = Gy — by + @y — Ay + by, — by > € — F — F = F =1 4.
So for all m > n,, we have that a,, — b,, > d, showing x > y.
2° ap, — by, <0. Then by, — an, =|an, — bp,|=€x. For all m> n, (>N =N,+Ny),
b = Gm = bny — Gny + by — by + Cpy — g > € — F — F = F =1 d.
So for all m > n,, we have that b,, — a,, > d, showing y > x. 0

Definition 4.16 (The set P of positive reals). We define P := {x e R: x > 0}.
Exercise 4.54. Let x,y € P. Show that x + yeP and x-y € P.

Exercise 4.55. Let x € R be such that x > 0. Prove that there exists an r € Q such that
0 < [(r)nen] < x. We write this succinctly as 0 < r < x.

Exercise 4.56. Let (ay)nen be a Cauchy sequence in Q. Suppose there exists an N € N
such that for all n > N, we have a,, = 0. Show that the real number x = [(an)nen] = 0.

Exercise 4.57. Find all positive real z,y such that
logs x +logyy = 2,
3% —2Y = 23.

Hint: One solution is (x,y) = (3,2). Use the second equation to show that = > 3 forces
y > 2, violating the first equation. The case x < 3 is handled similarly.
Exercise 4.58 (No order for C). A field F is called ordered if there is a subset P c T,
called the set of positive elements of F, satisfying the following:
(P1) For all x,y e P,z +y € P.
(P2) For all z,y e P, x -y € P.
(P3) For each € P, one and only one of the following three cases is true:

1° . =0. 2° zxeP. 3°—xeP.
(Once one has an ordered set of elements in a field, one can compare the elements of F by

defining a relation > p in F by setting y >p x for z,y e Fif y—x € P.)
Show that C is not an ordered field. Hint: Consider x := ¢, and first look at x - x.

(¥) The least upper bound property of R. Finally we are ready to prove
the ultimate goal, namely the least upper bound property of R. This is a bit
technical, and so we relegate the proof to an appendix to this chapter. This part
can be skipped (as it is non-examinable), but we give the proof here for the sake
of ‘completeness’. Thus in the appendix on pages 123-126, the interested student
will find the proof of the following important result.
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Theorem 4.26 (Least upper bound property of R).
FEvery nonempty subset of R which is bounded above has a supremum.

We reiterate that in Example 1.13 we had seen that Q does not possess the Least
Upper Bound Property. So this ‘analytical flaw’ of the rational number system is
remedied by the set of real numbers. Moreover, we had seen that not all Cauchy
sequences in QQ converge in Q. In contrast, we have the following happy situation
in R.

Exercise 4.59. (x) ({Cauchy sequences in R} = {convergent sequences in R}).

A sequence (ap)nen of real numbers is said to be a Cauchy sequence in R if for every real
€ > 0, there exists an N € N such that for all m,n > N, we have |a,, — a,| <.

(1) Every convergent sequence in R is a Cauchy sequence in R.

Suppose the real sequence (ay,)nen is a Cauchy sequence in R.

(2) Show that (ay)nen is bounded. Proceed as in Proposition 4.20.

(3) Show that (an)nen has a convergent subsequence (say (an,, )ken, converging to L € R).
Hint: Use Theorems 2.7 and 2.3.

We claim that by virtue of the fact that (an)nen is Cauchy, (an)nen is itself convergent,
with the same limit L (of its convergent subsequence (an, )ken from part (3)). Let € > 0.
Then there exists an N € N such that for all n,m > N,
€

|an — am| < 3 (*)
As (an,, ) ren converges to L, there exists an ng > N so that |a,, —L| < 5. Takingm = ng in
(), for alln > N we have |a, — L|=|an —any +an, —L| < |an—an|+|an, —L|<§5+5=¢€
Thus (an)nen is also convergent with limit L.

From now on, we will revert back to the notations we are used to for numbers
from the various number systems. Otherwise, to speak even about the rational
number —1/3 as a real number, we would think of it as ‘the equivalence class of
the constant sequence of the rational numbers —%, and each term here, namely the
rational number —%, is the equivalence class of the ordered pair of integers (—1, 3),
where the integer —1 is the equivalence class of the pair of natural numbers (2, 1)
and the integer 3 is ---’. Moreover, all these equivalence relations are on different

sets, and we have indicated this below using various colours:

(R 9) - % is [[([(27 1)J7 [(174”)]7 [([(27 1)J7 [(174”)]7 [([(27 1)J7 [(174)”]7 e ] @

We cannot sensibly proceed by insisting on using the more accurate right-hand
side notation. The main point of this chapter so far was to learn precisely about
the various number systems, their operations and properties. So everything we
are allowed to use has been justified, and if challenged, we know how the number
systems are defined, and how their properties are proved. Having established the
properties possessed by the number systems, we now carry on by relying on the
succinct notation, and sticking to the properties we have justified.
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4.6. Irrational numbers and the Rational Zeroes Theorem

While Q < R and is a smaller field inside the bigger field R, its complement R\Q of
irrational numbers does not form a field”, because the sum /product of two irrational
numbers is not necessarily irrational: V2 + (—\@) =0e0,v2-v/2=2€Q. Thus
the restriction to irrationals of the real number addition/multiplication are not
maps + : (R\Q) x (R\Q) — (R\Q) and - : (R\Q) x (R\Q) — (R\Q). We will soon
see that there are ‘many more irrational numbers than rational numbers’ in the
following section. In the present section, we will learn a simple tool, called the
Rational Zeroes Theorem, which can be useful for proving irrationality. But we
begin by showing the irrationality of the Euler’s number e, which is an important
constant in mathematics. In Exercise 2.20, we had defined e € R as the limit of
the convergent sequence (1 + 47 + o + 37 + *+ + = )nen.

Theorem 4.27. e ¢ Q.

Proof. Set a, ::1+%+%+%+~'+%forallneN. Fix an m € N. Then
(@m+k)ken 18 a subsequence of (ay,)nen, and so is convergent with the same limit e.

SO (@m+k — Gm)keN is convergent with limit e — a,,. But
1 1 1

) w2 T otk

—Y <a — Q=
(m+1)| m—+k m

1 1
] (g (m+2)---(m+k)>

<1 (1+1+ + 1)
= (mA41)! 2 2k—1

1 1-3 1 1 2
( )<(

_ - 9 _ .
(m+1)l1-1  (m+1)! 2k—1 m+1)!

Passing to the limit as k — 00, we obtain

#<6_<1+l+l+l+...+i)<i (*)
(m+1)! 2 3l m! (m+1)!

The choice of m € N was arbitrary, and so (x) holds for all m € N. Suppose
that e € Q, and write (0 <) e = g, where p,q € N. Take any natural number
m > max{q, 2}, and multiply () throughout by m!. Since m! contains ¢ as a factor

(because m > q), we obtain

1 : 2 2
S <1<zl
a contradiction. So e ¢ Q. O

"Recall from page 10 that a field is a set F together with two maps, addition, + : F x F — F, and
multiplication - : F x F — F, such that: (F1) addition is associative, (F2) there exists an additive identity
0 € F, (F3) every element has an additive inverse, (F4) addition is commutative, (F5) multiplication is
associative, (F6) there exists a multiplicative identity 1 € F\{0}, (F7) every element # 0 has a multiplicative
inverse, (F8) multiplication is commutative, and (F9) multiplication distributes over addition.
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Exercise 4.60. Show that log, 3 is irrational.

Exercise 4.61. Show that there exist irrational a, b € R such that a? is rational.
Hint: Consider ﬁﬁ: The two possibilities are \/5\/§ € Qor \/5\/§ ¢ Q.
Alternatively, use Exercise 4.60.

Exercise 4.62. Show that tan 1° is irrational.

Hint: Use tan(a+3) = N ta(r;z?n—;)t:;fﬂ) for a, 8 € [0,7/4).

In Theorem 1.1, we had given a ‘geometric’ proof of the irrationality of /2. We
now learn about a useful result, called the Rational Zeroes Theorem, which gives
a tool for showing irrationality, in particular for surds®. The proof of the Rational
Zeroes Theorem relies on the fact that if the integers m, n have no common factor,
and m divides nk, where k € Z, then m must divide k. This is Proposition 5.6,
which will be proved in the next chapter.

A polynomial (function) is a map p : R — R that is a ‘linear combination’ of the
power functions, that is, there exists an integer d > 0, and real numbers cg, - - - , ¢cg
such that for all z € R, p(x) = cp + c1@ + - - - + cgz%. Some terminology:

e The numbers ¢y, - - , ¢q are called the coefficients of the polynomial.

o If ¢4 # 0, then d is called the degree of the polynomial.

e If ¢y = 1, then p is called a monic polynomial.

e A real number ( a real zero of the polynomial if p(¢) = 0.

o If ¢, -+ ,cq € Z, then we say the polynomial has integer coefficients.

e The set of all polynomials with integer coefficients is denoted by Z[x].

Theorem 4.28 (Rational Zeroes Theorem).

Let d € N, and let cg,c1,- -+ ,cq be integers such that cog and cq are not zero.
Let r = ", where m,n are integers having no common factor, and n > 0.
Suppose 1 is a real zero of the polynomial p = co+crx+---+cqx? € Z[z].

Then n divides cqg and m divides cy.

Proof. We have ¢y +¢17* + -+ + ch—; = 0. Multiplying throughout by n¢,

d

cgm® = —(cond + eymnd!

+ o4 cgymiTin). (4.1)

As n divides the right-hand side, n divides c¢ym®. But n has no common factors
with m, and this implies that n divides c¢4. Also by rearranging (4.1), we obtain

d—1 d

con® = —(ermn® 4+ g m®Tin + cdmd),

and since m divides the right hand side, m must divide con?. But m and n have
no common factor. So m must divide cg. O

8¢Surds’ refer to irrational numbers which arise as the nt® root of a natural number. The mathemati-
cian al-Khwarizmi (around 820 AD) called irrational numbers ‘inaudible’, which was later translated to
the Latin surdus for ‘mute’.
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Example 4.9 (/2 ¢ Q). We show that /2 is irrational using the Rational Zeroes
Theorem. Suppose that 1/2 is rational, and let
m
\/7 - zv
where m,n € Z, n > 0, and m,n have no common factor. Then 7* is a rational
zero of the polynomial 22 — 2 € Z[x]. By the Rational Zeroes Theorem, m divides
—2 and n (> 0) divides 1. So m e {2,—2,1,—1} and n = 1. Hence

m
—e{2,-2,1,—1}.
ne{7 P }

But v2 = ™ is not equal to any of the values 2,—-2,1,—1 (as (£2)?2 = 4 # 2 and
(+1)2 = 1 # 2). This contradiction shows that /2 ¢ Q. <

Exercise 4.63. Show that /6 is irrational using the Rational Zeroes Theorem.
Exercise 4.64. Show that v/2 + /3 is irrational using the Rational Zeroes Theorem.

Exercise 4.65. (*) Show that (2 + v/5)'/3 — (=2 + +/5)'/3 is rational. What is its value?
Hint: Calling the number «, and cubing, show that a® + 3a — 4 = 0.
Factorise the polynomial z3 + 3z — 4 assuming it has a rational root.

Exercise 4.66.

(1) Show that sin  is a real zero of 162*—202%+5.
Hint: de Moivre’s Formula and the Binomial Theorem.

Conclude that 2sin £ is a real zero of the polynomial p := xzt — 522 + 5.

(2) Prove that 2sin £ is irrational using the Rational Zeroes Theorem.

(3) Show that if a regular pentagon is inscribed in a circle with radius 1, then its side has
an irrational length.

Remark 4.5. (k) (Algebraic and transcendental numbers).

Zeroes of nonzero polynomials in Z[x]| are called algebraic numbers. It can be
shown” that the set of algebraic numbers forms a field. Nonalgebraic numbers
are called transcendental. It can be proved that e is transcendental'” [N, The-
orem 2.12]. In 1900, Hilbert listed 23 open problems, which proved to be quite

influential'' in Mathematics. The 7' one is:

Is a® transcendental, for algebraic a # 0,1 and irrational algebraic b?

This was settled in the mid-1930s by Gelfond, and independently by Schneider.
They showed the following.

Theorem 4.29 (Gelfond-Schneider theorem).
If a,b are algebraic numbers with a ¢ {0,1}, and b ¢ Q, then a® is transcendental.

The proof (e.g. in [N, Chap. X]) is beyond the scope of the course. *

9[N, Theorem 7.2].

10Accepting this allows us to show that log, 2 ¢ Q, which was mentioned in the Overview on page 2:
If (0 <)log, 2 = p/q for positive integers p, g, then 29 = eP, so that eP is an algebraic number, and so e is
an algebraic number (why?), but e is transcendental, a contradiction.

HEor example, the 8" problem is the Riemann Hypothesis, a famous unsolved problem at present.
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4.7. Cardinality

Recall that a set S is finite if it is empty or there exists an n € N and a bijection
f:{l,---,n} — S. For finite sets, we can compare sizes by just counting the
number of elements, and this is referred to as the cardinality of the set: for example,
the set {A, B,C,--- , Z} of alphabet letters in the English language has cardinality
26, while the cardinality of {0,1,2,3,4,5,6,7,8,9} is 10. Note that finite sets of
the same cardinality can be put in a one-to-one correspondence, that is, we can
define a bijection between the two sets. Sets which do not have finite cardinality
are called infinite sets. For example, the set N is infinite'?. One can then ask
the natural question: Can any two infinite sets always also be put in a one-to-one
correspondence? For example, we know that the set N is infinite, and now suppose
we have another infinite set S. Then can we always establish a bijection between
the elements of N and those of S7 In other words can we ‘list’ the elements of 5,
as the first element of .S, the second element of S, and so on? The answer, perhaps
surprisingly, is: No! For example, such a bijection fails to exist if we take S = R,
and this is the content of Theorem 4.34 below. This motivates the following.

Definition 4.17 (Un/Countable set).
Let S be an infinite set. Then S is said to be countable if there is a bijective map
from N onto S. If S is not countable, it is called uncountable.

Example 4.10 (N is countable).
Considering the identity map n — n : N — N, then we see that N is countable. <

Example 4.11 (Z is countable).
A nontrivial example is that the set Z of integers is also countable. This is best
seen by means of a picture, as shown in Figure 4.11.

0
T T T T T T

1T T
4 -3 -2 -1 12 73 /4

Clearly the resulting map from N to Z is injective (since each integer is crossed by
the spiral path only once ever — having crossed an integer, the subsequent distance
of the path to the origin increases) and surjective (since every integer will be crossed
by the spiral path sometime). This argument can be made rigorous '*, but the idea
is clear. We give a different (rigorous) argument in Exercise 4.68 below, which relies
on the Fundamental Theorem of Arithmetic (to be proved in the next chapter). <

12F‘irstly, N # (&, since 1 € N. Also, if there exists an n € N and a bijection f: {1,--- ,n} — N, then
m:= f(1)+---+ f(n) + 1> f(¢) for all 1 < ¢ < n. In particular, by the Trichotomy Law, m # f(i) for
all 1 < ¢ < n, showing that m € N does not belong to the range of f, contradicting the surjectivity of f.

{ 5 if n is even,

177" if n is odd.

13 The picture describes the bijective map f : N — Z given by f(n) =
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Exercise 4.67. Let S < N be the set S = {m € N: 3n € N such that m = n?} of squares.
Prove that S is countable.

Next, we will show that the set Q of rational numbers is countable. To this end,
we show the following two auxiliary results, interesting in their own right.

Proposition 4.30. Every infinite subset of a countable set is countable.

Proof. Let us first show that any infinite subset S of N is countable. The idea
is quite simple. Imagine the elements of S as coloured red amongst the natural
numbers. See the picture below. We start scanning the natural numbers starting
from 1 moving rightwards, and the moment we hit a red element, which we label
in blue as 1, and we continue scanning till we hit the next red element, which we
label in blue as 2, and so on. The map f : N — S is just obtained by sending the
blue points to the corresponding read points. We now make this rigorous.

1 2 3 4 ) 6 7 8 9 10 11 12
1 2 3 4 5

Let a1 :=min S. If a; < --- < a; have been constructed, then define

ag+1 :=min(S\{aq, - ,ar}).

(Since S is not finite, the set S\{a1,- -+ ,axr} must be a nonempty subset of N, and
by the Well-ordering Principle, possesses a least element.)
As S\{ay, - ,ar} < S\{a1,--- ,ar_1} for all k > 1, we have ag,1 = ai. Also, since
ak+1 € S\{ay, -+ ,ax}, in particular axy1 # ag. S0 agr1 > ag (> ag—1 > -+ > ay).
Define f : N — S by f(n) = a,, n € N. Then f is injective because if n < m, then
f(n) < f(m).

Also, we claim that f is surjective. Let m € S. As N is infinite, f(N) cannot
be a subset of {1,---,m} (otherwise, by the Pigeonhole Principle f(n) = f(n')
for some n,n’ € N, contradicting injectivity). So there exists an n such that
f(n) > m. Take the smallest n such that f(n) > m, and call it n,. Thus we
know f(ns) = m and f(1),---, f(ns —1) < m. Now we show that f(n.) < m,
which together with f(ny) = m will yield f(ns) = m, establishing surjectivity. As
fQ), -, f(ne —1) <m, we have m ¢ {f(1),---, f(ns —1)}. Thus

f(ne) = an, = min(S\{ay, -+, an,—1}) = min(S\{f(1), -, f(n. —1)}) <m.

Justification of the last inequality:
emeS\{f(1),--, f(ne —1)} (asme Sand m¢ {f(1), -, f(n. —1)}),

e the minimum min(S\{f(1),---, f(ns — 1)}) is less than or equal to each of the
members of S\{f(1),---, f(ns — 1)}, and so in particular the member m.

f
As f(ny) = m and f(ny) < m together give f(ny) = m. Hence f is surjective.
Thus f is bijective. Consequently, any infinite subset S of N is countable.



4.7. Cardinality 117

Now let S be countable and let T" be an infinite subset of S. Let ¢ : S — N be a
bijection. There is a bijection from T to the range of '* ¢|7. But the range of ¢|7
is an infinite subset of N, and so it is countable. Hence T' is countable too. O

Exercise 4.68. Consider f :7Z — N given by

2" if n >0,

Jn) = {3—" if n < 0.
Prove that f is injective. Conclude that Z is countable.

Exercise 4.69. An integer n is even if there exists a m € Z such that n = 2m. Show that
the set of all even integers is countable.

Exercise 4.70. The aim of this exercise is to show that a finite union of countable sets is
countable. Tt suffices to prove this for just two countable sets, say A and B (Why?). The
proof is essentially the same as in Exercise 4.68, where we think of elements of A as the
nonnegative integers, and those of B as the negative integers. Here are the details. Let
a:A— Nand : B— N be bijections. Then consider the map f: Au B — N given by

Fa) = 2¢@) if v € A,
~ | 3%@ if x € B\(An B).

Prove that f is injective, and f(A U B) is an infinite set. Conclude that A U B is countable.

Proposition 4.31. If A, B are countable, then A x B is also countable.

Proof. Since A and B are countable, we can list their elements:
A= {01,02,03, T },
B = {by,bo, b3, }.

Arrange the elements of A x B in an array, and list them following the path shown:

D

(al,b1) (a17b2) (a17b3)

g

(ag,b1)  |(az,b9) (a2, b3)

/_/

(a?nbl) ((Lg,bg) (a37b3)

The resulting map from N to A x B is clearly surjective, since every element (a,, b,,)
is hit by the zig-zag path sometime. The map is also injective, since the zig-zag
path never hits a point after having crossed it because it moves on to a parallel
antidiagonal below. (We will give a different proof in Exercise 4.71 below.) O

Mpere |7 denotes the restriction of ¢ to T. In general, if f: X — Y is a function and S is a subset
of X, then the restriction of f to S is the function f|s:S — Y given by f|s(z) = f(x) for all z € S.
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Exercise 4.71. The aim of this exercise is to give an alternative proof of Proposition 4.31.
Let A and B be countable sets, and let m : A — N, n: B — N be bijections. Consider the
function f : A x B — N defined by f(a,b) = 2m(®)37®) for all (a,b) € A x B. Show that f
is injective. Conclude that A x B is countable. Hint: To show that f is injective, use the
Fundamental Theorem of Arithmetic, which will be proved in the following chapter.

Exercise 4.72. (x) The aim of this exercise is to show that a countable union of countable
sets is countable: If A,,, n € N, is a collection of sets such that each A,, is countable, then

A= U A,
neN

is countable. Analogous to the proof of Proposition 4.31, it is visually clear that there

exists an enumeration of elements using a zig-zag path (where A, = {a{™ a" a$" .- }):
agl) a(;) — agl)
o o
al?

We give a different proof which is more explicit. We proceed as follows. For n € N, let
fn A — N be a bijection. Now we define a map f: A — N as follows: If z € A, then it
belongs to some A, and let n(z) be the least/first n € N such that x € A4,,, and define

f(x) — 2n(m)3j7l(t)(m)
Prove that f is injective. Conclude that A is countable.

Exercise 4.73. () Let A,,, n € N, be finite sets (some of which may be empty), such that

A=UAn

neN

is an infinite set. Prove that A is countable. Proceed as follows. For a nonempty A,, we
denote by m,, its number of elements, and write A, = {a{”, -+ ,a® }. For z € A, let n(z)

be the least n € N such that z € A,,. As x € A belongs to A,,), there exists a unique
k(xz) e {l,---,m,q} such that z = a,(f(‘g)). We define f : A — N by

f(x) = 2M®3E@) for all z e A.
Prove that f is injective. Conclude that A is countable.
Exercise 4.74. (x) Show that Z[z] is a countable set.
(Since each polynomial of degree d has at most d zeroes, it follows from here that the set of
all zeroes of all polynomials in Z[x] is countable too. Hence the set of algebraic numbers
is countable. In particular, the infinite set of all real algebraic numbers is also countable.

Since the set of real numbers is uncountable (Theorem 4.34), we conclude that the set of
all real transcendental numbers is uncountable.)

We are now ready to show the countability of the rationals.
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Theorem 4.32. Q is countable.

Proof. Each g € Q can be written as ¢ = 7, where n,d € Z, d > 0. Among such

representations of ¢, take the smallest possible positive denominator d =: dy(q),

with corresponding numerator n4(q), that is, ¢ = Z:((g)) . So we obtain the map

Q 3 ¢ — (n«(q),d«(q)) € Z x Z, which is injective. But Z is countable, and so by
Proposition 4.31, Z x Z is countable. Consequently, Q is countable. O

Exercise 4.75. (x) Show that in the plane R?, the set of all circles whose center lies on
Q? (that is, the center is at a point x = (r,s), whose z- and y-coordinates are rational
numbers), and whose radii are rational is a countable set.

Theorem 4.33.

The set {f|f is a function from N to {0,1}}, consisting of all {0, 1}-valued sequences,
s uncountable.

Proof. Suppose there exists an enumeration f1, fa, f3,--- of these sequences.

(The idea is to arrive at a contradiction by showing that this list misses out on
a sequence f, by constructing an f which differs from each of these sequences. A
way to construct such an f is to ‘flip/toggle’ the value of the red terms occurring
along the diagonal along the diagonal:

fi = A1), f1(2), f(3),--
fo = f21), f2(2), fa(3),- -
f3 = f3(1), f3(2),.f3(3)7....

We make this idea precise below.)

We construct an f: N — {0, 1} which does not appear in this list. For n € N, set

fln) = {0 it /() =1,

1if f,(n)=0.
Then
f # f1since f(1) # f1(1),
[ # fasince f(2) # [2(2),
f# f3since f(3) # f5(3),
showing that f differs from each of fi, fs, f3, -+, a contradiction. O

Exercise 4.76. (+) Show that the set of all {0, 1}-valued sequences with infinitely many
ones is uncountable. Hint: Let A (respectively B) be the set of all {0, 1}-valued sequences
with infinitely many ones (respectively zeroes). What is A u B?

Exercise 4.77. (x) (How many subsequences for a sequence?)

Let (an)nen be a given sequence. Show that (a,)nen has uncountably many subsequences.
Hint: Given a subsequence, construct a {0, 1}-valued sequence but putting a 1 where the
subsequence term appears and 0 whenever it doesn’t. Use Exercise 4.76.
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Theorem 4.34. R is uncountable.

Proof. Let S = {f | f is a function from N to {0, 1}} be the set of all {0, 1}-valued
sequences. We will construct an injective map ¢ : S — R. Then ¢ is a bijec-
tion from S onto the image ¢(S). So ¢(S) is uncountable, since we know from
Theorem 4.33 that S is uncountable. But this means that R is uncountable (for
otherwise, its infinite subset ¢(S) would be countable).

So it remains to construct the promised injective map ¢ : S — R. We send an
f € 5 to the limit of the convergent sequence

f) f (n))
( 3 3" /neN
To see that this sequence is convergent, we note that it is increasing and bounded.

It is increasing because the difference of the (n+1)* term and the n'' term is

fé%ﬂ—) > 0. Moreover, boundedness follows from the fact that
f(1) f(n) 1 1 1(1-4) 11 1
St So4 ot =< oo =
3 3n "3 3 3 1-3 33 2

Next we show injectivity. Suppose that f, g € S are distinct sequences. Then there
is a smallest n, € N such that f(n,) # g(n.). Suppose without loss generality that
f(n.) > g(n.) (otherwise just relabel f,g). Then f(n,) = 1 and g(n,) = 0. If
n, = 1, then set ¢ := 0, and if n, > 1, set

o= 3 + + 3n.—1 3 + + =1 "

[ fny) | fln.+1) f(n) 1
Forn>n*,wehaveT+--~+ T + T +---+ an >a+37*+0.
Passing to the limit as n — o0, we obtain

1
For n > n,, we have
9(1) g9(n.) | g(n. +1) g(n)
3 + + 3 3n*+1 + + 3n .
0 1 1 (1- 3n——n*)
<O’+3T*+W+"'+3—n<0'+0+3n*+1 11
3
1 1 1
<U+—3n*+1g20+2.3n*. (**)

Passing to the limit as n — o0, we obtain
1

pl9) S o+ o (% * )
The inequalities (x) and (* » x) imply that
1
p(f)zo+ - >0+ > ¢(9);

3 2 . 3«
so that ¢(f) # ¢(g). This shows that ¢ is injective, completing the proof. O
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Example 4.12 (Uncountability of intervals).
T T

Here is a geometric proof of the uncountability of (—7, %) based on the uncount-

ability of R, using the picture below, showing a one-to-one correspondence between
points of the semicircular arc of radius 1 and the real line:

0;4
tan 6

Y

A bijection f: (=7, %) — R is given explicitly by f(f) = tan@ for all 6 € (-3, F)
Based on the continuity of tan on (=%, %), and the fact that tanf — +oo as
0 — 3, it follows from the Intermediate Value Theorem that f is surjective. It is
also injective, because it can be shown that

1

1'(0) = (cos 0)?

> 0,

showing that f is strictly increasing on (—3,%). Hence f is a bijection. Since R is
uncountable, so is (=3, ).

It follows from here than for any real numbers a, b with a < b, the open interval
(a,b) is uncountable. This is because there is a bijection ¢ : (=%,%) — (a,b), e.g.

PRD)
using the following picture:

Y

B R

This bijection g is given explicitly by g(6) = (6 + %)M +a,0e(—-%,5). O

s

Exercise 4.78. Show that the set of all irrational numbers is uncountable.
Exercise 4.79. Show that for all d € N, there is no bijection'® ¢ : R — Q.

Exercise 4.80. One can use the result from Example 4.12 to show that [0, 1] is uncount-
able. Here we give a different proof. Use
R=J[mm+1)
MEZL

and Exercise 4.72 to show that [0, 1] is uncountable.

15This allows one to conclude that R is not a ‘finite-dimensional vector space over Q.
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Definition 4.18 (Power set of a set).
Let S be a set. The collection of all of the subsets of S is called the power set of
S. The power set of a set S is denoted by P(S).

Example 4.13. Let S = {a,b,c}. Then

P(S) = {D,{a}, {0}, {c}, {a, b}, {b, ¢}, {c,a}, {a, b, c}}
is the power set of S. If S = ¢, then P(S) = {}. &
Theorem 4.35 (Cantor).

There does not exist a surjection from a set S onto its power set P(S).

Proof. Let S be a set and let f : .S — P(S5) be a surjection. Define the set

X={zxeS:x¢ f(x)}.
(This makes sense as a set. Indeed, for each z € S, f(z) € P(S) is a subset of S,
and so we can ask whether or not the element = of S belongs to this subset. X is
simply the collection of those elements of S for which = ¢ f(z).)
Note that X € P(S) as X consists of elements from S (having a certain property).
Now we claim that for all x € S, f(x) # X. This means that X € P(S5) fails to be
in the range of the map f, showing f is not surjective. We have two possible cases:
1° z € X. Then by the definition of X, = ¢ f(z). So this element = belongs to X
but not in f(z), showing that the two sets f(z) and X can’t be the same.
2° x ¢ X. Then — (z¢ f(x)), i.e., x€ f(x). So this element x doesn’t belong to X
but belongs to f(z), showing that the two sets f(x) and X can’t be the same.
So we have shown that for all z € S, f(x) # X, completing the proof. O

Corollary 4.36. There is no bijection between a set and its power set.

Exercise 4.81. Let S be a set with n > 1 elements.

(1) Show that the number of subsets of S with k (< n) elements is (}).

(2) Show that P(S) has 2™ elements. Hint: Use the Binomial Theorem to expand (1 +1)".
(3) Deduce that n < 2™ for all n € N.

Exercise 4.82.

(1) Show that the set of all two element subsets of N is countable.

(2) Show that the set of all nonempty finite subsets of N is countable.

(3) Show that the set of all subsets of N is uncountable.

Remark 4.6. (x) (Continuum hypothesis). For sets A and B, we say that A has
smaller cardinality than B if there is an injection from A to B, but there is no
bijection from A to B. Thus N has smaller cardinality than R. It can be shown
that there is a bijection between P(N) and R. A famous conjecture of set theory',
advanced by Cantor, was:

16pirst problem in Hilbert’s list of 23 problems!
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There does not exist a set S such that N has cardinality smaller than S,
and S has cardinality smaller than R.

This is called the continuum hypothesis (because R was called the ‘continuum’).
Results by Godel and Cohen showed that the continuum hypothesis is independent
of the ZFC axioms of set theory: It can neither be proved nor disproved within the
(best-known and most studied) axiomatic set theory system called the ‘Zermelo-
Fraenkel set theory with the axiom of choice’ (ZFC); see e.g. [F]. *

Appendix: Proof of the Least Upper Bound Property ()

In this appendix, we will show that every nonempty subset of R which is bounded
above has a supremum. This is not examinable material, and may be skipped.

Lemma 4.37 (‘Baby’ Archimedean Principle).
If x € R, then there exists a natural number n € N such that n > x.

We cannot use the Archimedean Principle to prove the above, since that earlier
result was proved using the Least Upper Bound Property of R, which we haven’t
established yet!

Proof. If x < 0, then take n = 1, since 0 < 1 gives by transitivity that x < 1.

Let x = [(an)nen] > 0. We have seen that every Cauchy sequence in Q is bounded.
So there exists a rational A > 0 such that for all n € N, a,, < A. This implies
X < [(A+ 1)pen] (since A+1—a, > A+1—A=1>0 for all n € N). Write
A+1=[(5)], where p,g e N. Set n = p+1. Then A+ 1= [(5)] <[(7)] (since
p<p+1<(p+1)qg=ng). Sox < [(A+ 1)pen] < [(})]. Succinctly, x <n. O

Lemma 4.38 (Density of Q in R redone).

Let x,y € R be such that x <y. Then there exists an v € Q such that y <r < X.

Proof. As y —x > 0, we have in particular y — x # 0, and so (y — x)~! exists
in R. By Lemma 4.37, there exists an n € N such that n > (y — x)~!, and so
n(ly —x) > 1, ie, nx + 1 <ny.

By Lemma 4.37, there exists an my € N such that m; > nx, and there exists an
mg € N such that me > —nx. So —mo < nx < mq for some integers mqi, ms.
Among the finitely many integers k € Z such that —ms < k < mq, we take as |nx|
the largest one such that it is also < nx.

Let m := |nx| + 1. Then |nx| < nx < |nx]| + 1, that is, m — 1 < nx < m. So

m _nx+1 ny
X < — < < = =
n n n

m
With r := — € Q, the proof is complete. O
n
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Lemma 4.39. Let x = [(an)nen] € R. Given any rational € > 0, there exists an
N € N such that for alln > N, ap, + € 2 x > a, — €.

Proof. Let a rational € > 0 be given. As (ay,)nen is a Cauchy sequence in Q, there
exists an N € N such that for all n,m > N, |a, —an| < €/2,ie., = < ap—an, < 5.
Fixann > N. For allm > N, ap + €= ap —am +am+€> =5+ am +€ = ap + 3,
ie, (an+e€)—an > 5§ =:d>0. Thus [(a,+€ an+€ an+6 )] > [(am)men] = x.
For all m > N, we also have a, — € = ap — @y + @ — € < § + Ay — € = Ay — 3,
ie., am— (a,—€)>5>0. So x=[(am)men] > [(an — €,an —€,an —€,--+)]. O

Lemma 4.40. Let x = [(an)nen]. Suppose that there exist o,3 € R and N € N
such that for alln > N, a < a, <B3. Then a < x < 3.

Proof. By the density of Q in R, for each n € N, there exist «,, 8, € Q such that
1 1
a——<a, <o, and B< B, <B+—.
n n
We claim that (a;,)nen is a Cauchy sequence in Q. Indeed, for any n,m € N

1
a——<a,<a, and —a<—qy<-—a+ —,
n m

which together give —% < ap—am < % Given any rational € > 0, let N’ € N be

such that N’ > e~!. Then for n,m > N’,
1 1 1 1
< T, S am < <o,
so that |a, — am| < 1/N' < €. So (ap)nen is a Cauchy sequence in Q. A similar
proof shows that also (53, )nen is a Cauchy sequence in Q.

We now show that e = [(a, )nen]. To do this we eliminate the other possibilities
that a0 < [(an)nen] or @ > [(an)nen]. Let a0 = [(Gn)nen]-
1° Suppose & < [(@n)nen]. Then there exists a rational d > 0 and an M € N such
that for all n > M, a,, — &, > d. By Lemma 4.39 with € = d/2, there exists an
M’ € N such that for all n > M’, &, + € = &, +d/2 > a. Thus for n > M + M’,

we obtain d < ay, — O, < @, — @ + % <0+ % = %l, a contradiction.

2° Suppose & > [(ap)nen]. Then there exists a rational d > 0 and an M € N
such that for all n > M, &, — a,, > d. By Lemma 4.39 with ¢ = d/4, there
exists an M’ € N such that for all n > M', &, — e = &, — d/4 < a. Finally,
there exists an M” € N such that M” > 4/d. Then for all n > M + M’ + M",
we haved<5zn—ozn<%+a—an <%+% <le+%= %, a contradiction.

Thus & = [(ay)nen]. In a similar manner, we also have 8 = (8, )nen].

Since for all n > N we have a,, —a, 2 a—a, >0,and 8, —a, = 8, — 3 >0, it

follows from Exercise 4.56 that [(a, — o )nen] = 0 and [(5,, — an)nen] = 0, that is,

x —a > 0 and B — x > 0. Rearranging, we obtain a < x < 3. O

Theorem 4.41. Every nonempty subset of R, bounded above, has a supremum.
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Proof. Let S © R be a nonempty subset, which is bounded above. Since S is
nonempty, there exists an element ag € S, and as S is bounded above, there exists
an upper bound by € R, that is, a < by for all a € S.

S

T I
ao bo

We define a1, by as follows:

1° If “O—ngo is an upper bound of S, then define a; := ag and by := “OTH’O.

S

“ br  bo
=:a]

Then ag<aq, bg=b1, a1 € S, by is an upper bound of S, 0 < by — a1 < bogao.
2° If @ is not an upper bound of S, then there exists a b € .S such that w <b,

and taking any such b, we define a1 := b and by = by.
S

T T
ao

1
bo
Daq =:b

<

Then ag < a1, bgp = b1, a1 €S, by is an upper bound of S, 0 < b; — a1 < bO_TaO.

Suppose for some n € N,
® ag,a1,  ,a,_1 €S and
® by, b1, - ,b,_1, upper bounds for S,
have been constructed such that
) <A <K Apq
eby=b = =by_1, and
0<by—ap<23% kefl,-- ,n—1}

Now we construct a new a, € S and a new upper bound b,, of S.
Ap—1+bp—
1° If =r—ig=n=t

. 14
is an upper bound of S, then a, := a,_1 and b, := C””B#

Then a,,_1 < ap, b1 = by, a, € S, b, is an upper bound of S, and we have

bn_1—Gn_1 bo—a bo—a
0<by,—a,==" gn <2?271701: 02n0'

o an—1+bn—1
90 If fn=itbuos
an—1+bn—1

2

is not an upper bound of S, then there exists a b € S such that
< b, and taking any such b, we define a,, := b and b,, = b,,_1. Then

an—1+an—1 an—1+bn—1
2 < 2

Ap—1 = < <b=ay, by_1 = by, a, € S, b, is an upper
bound of S, and 0 < b,— ap=bp_1—b < bp_1— b””;a”*l = bn-1 za” L b°2n“°.
So we get sequences ag, a1, - in S, and by, by, - -- of upper bounds of S, such that
eapg<ay <,
eby>=b =, and

>
o0<bn—an<b02_n“°,neN.
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If for some n > 0, a,, = b,, then we claim that u, := b, is the supremum of S.
Indeed, firstly, us = b, is an upper bound of S by construction. Moreover, for any
u < Uy = by, u cannot be an upper bound of S (because u < uy = b, = a, € 5).

So we now have to consider the case that for all n > 0, a,, < b,,. By the density of Q
in R (Lemma 4.38), for each n € N, there exists an r,, € Q such that a,, < r, < by,.
We claim that (r,,)nen is a Cauchy sequence in Q. To see this, let € > 0 be a given
rational number. By the ‘baby’ Archimedean principle (Lemma 4.37), there exists
an N € N such that N > bO_T“O, and so

bo —ap _ bo—ap

2N < N

(thanks to the inequality n < 2" for n € N: Indeed, we have 1 < 2!, and if n < 27,
then n+1 < 2" +1 < 2"+2" = 2.2" = 27! See also Exercise 4.81.). Now if
n>m > N, then a,, < ry, < bp, an < T, < by, @, = am,, which together give

<e€

T — Tn < bm —Tn <bm —an < by, — Q-
As b, < by, we have
T — Tn > Qm — Tn > G, — Op, = G, — by

Hence b b b
0 — aop 0 — ao 0 — aop
< <
2m oN N
So (rn)nen is a Cauchy sequence in Q, and uy := [(7)nen] € R.

[T — Tn| < b — @ < <e.

We will now show that u, is the supremum of S. First, for every fixed m, we
have for all n = m that a.,, < an, < 1y < b, < by, and so by Lemma 4.40,

Uy, < Uy < by (%)

Now suppose that u, is not an upper bound of S. Then there exists an a € S such
that a > us. By the density of Q in R, there exists an r € Q such that

0<r<a-—u. (%)

By the ‘baby’ Archimedean Principle, there exists an m € N such that m > WT%.
So

bo — a bo — a
0 0 _ b 0

om S m <T.

0<b,y, —am<
Hence using (%) and (x%),
b < am + 71 <up +7 < a,
a contradiction to the fact that b, is an upper bound of S.

Next, suppose that u < us. Let r € Q be such that 0 < r < uy — u. In the
same manner as above, there exists an m € N such that 0 < b,,, — a,, < r. Then

(*)
U > by — 7 = Uy — T > U,

showing u is not an upper bound of S. So u, is the least upper bound of S. O



Chapter 5

The ring of integers

In Chapter 4, we saw that the set of integers Z with its operations of integer addition
and integer multiplication does not form a field (unlike the rationals and the reals).
It fails narrowly from making the cut: Nonzero integers do not necessarily have
an integer multiplicative inverse. In general, such a structure is called a ‘ring’ in
Mathematics. We will not study rings in general in this course, but focus on the
integers and its ring structure. The main topics to be studied in this chapter are:

e The Division Algorithm.
Euclid’s Algorithm.

Prime numbers and the Fundamental Theorem of Arithmetic.

The ring Z,, and modular arithmetic.

We begin with something we are very familiar with right from elementary school,
namely the Division Algorithm.

5.1. The Division Algorithm

Theorem 5.1 (Division Algorithm).

Given integers m,d with d > 0, there exist unique integers q and r such that
em=gqd+r, and
e 0<r<d.

Proof. Consider the set S = {m —nd : n € Z and m — nd > 0}. Then S # :

Indeed, if m > 0, then m — 0d €S, and if m< 0, then m — md=(—m)(d —1) > 0.

1°If0e S, then m — gd = 0 =: r for some q € Z. So m = qd+0, and we are done.

2° If 0 ¢ .5, then S © N. Thus, by the Well-Ordering Principle, S possesses a least
element, say r. Hence r = m — gd for some q € Z, that is, m = gd+7r. Asre S,
r = 0. It remains to show that r < d. Suppose that r > d. Then 1’ :=r—d > 0,
and " =r—d=m—qd—d=m— (¢+1)d € S. As r is a lower bound of S, we
have r < r’ = r — d, which yields d < 0, a contradiction.

127
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Uniqueness: Suppose that ¢, ¢ € Z and integers 7,7’ are such that 0< r,r’ < d and
n=gqd+r=¢q¢d+71. Let r # r'. Without loss of generality, let v > r. Then
(g—q)d=7r"—r>0. As d > 0, we must have ¢ — ¢ > 0 (Exercise 4.31). Thus
r"—r=(q—q¢)d>1d =d,sothat d > 1" = r+d >0+ d = d, a contradiction.
So we must have 7/ = r. But then (¢ — ¢)d = " —r = 0, and as d # 0, by
Theorem 4.14, g — ¢’ = 0, that is, ¢ = ¢'. O

In the above, we had assumed that the integer d was positive. This wasn’t essential:

Corollary 5.2. Given integers m,d with d # 0, there exist unique integers q and
r such that m = qgd+r, 0 <r < |d|.

Proof. We only need to show this when d < 0. But then —d > 0, and so by
Theorem 5.1, there exist ¢/, r € Z such that m = ¢/(—d)+r, where 0 < r<—d=|d|.
Setting ¢=—¢' € Z, we get m=qd + r, as wanted. To show uniqueness, suppose
that m = qd +r = pd + s, for some p,q€ Z and 0 < r,s < |d| = —d. Then we
have m = (—q)(—d) +r = (—p)(—d) + s. By the uniqueness part of Theorem 5.1,
—q = —p (implying p = ¢) and r = s. O

Exercise 5.1.

(1) Show that all perfect squares (i.e., squares of integers) have the form 4k or 4k + 1 for
some k € Z.

(2) Show that none of the numbers in the sequence 11,111,1111,--- is a perfect square.

5.2. Divisibility, gcd, and the Euclid Algorithm

Definition 5.1 (Divisor/multiple).
Let m,n € Z. Then we say

e n is a divisor/factor of m, or

e n divides m, or

e m is a multiple of n, or

e m is divisible by n
if there exists an integer d € Z such that m = n -d. We write

e n|m if n is a divisor of m

e ntm if n is not a divisor of m.
Example 5.1. 3|12, as 12 = 3-4. Similarly 4|12. Also —3|12 since 12 = (—3)(—4).
But 01 1. For all n€ Z, n|0 because 0 =n -0, and 1|n asn =1"n. <&
Exercise 5.2. Let d,a,b are integers, d|a and d|b. Show that for all ,y € Z, d|az + by.
Exercise 5.3. Let a,b, c € Z be such that a|b and b|c. Show that a|c.
Exercise 5.4. Let a,be Z, a|b and b # 0. Show that |a| < |b|.
Exercise 5.5. Let a,b € Z, a|b and b|a. Show that a = b or a = —b.
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Exercise 5.6. (x) Find all integers n € Z such that n? + 1 is divisible by n + 1.
Hint: Consider n? — 1.

Exercise 5.7. Suppose a € Z is such that 4|a — 1. Prove that 4|a? + 3, but 8 a% + 3.
Exercise 5.8. Show that if n € Z is odd, then 16|n* + 4n? + 11.

Exercise 5.9. Let a,be Z, k € N. Prove that a + b|a2k—1 + b%¢~1 Hint: Induction on k.
Exercise 5.10. Show that 1202 4 22021 4 32021 4 ... 4 9020292! ig divisible by 2021.

Exercise 5.11. (*) (Infinite descent).

In this exercise we will show that there are no integer solutions to 2+ 3y3 +92z3 = 0 besides
the trivial solution x = y = z = 0 as an illustration of the ‘method of infinite descent’
(where the idea is that if a statement holds for a bunch of integers, then the same statement
is valid for smaller integers, leading to an infinite descent, and ultimately somehow a
contradiction to the Well-Ordering Principle). To use the Well-Ordering Principle, we
should have a set of integers bounded below, and so we define (with hindsight) the set

S = {2? + 9%+ 22:(0,0,0) # (z,y,2) € Z*> and 2 + 3y + 92 = 0} = N.

Suppose S is not empty. By the Well-Ordering Principle, it has a smallest element, say
m € N. Thus m = x3 + y2 + 22 for some integers o, yo, 20, not all zeros, such that
x3+3y3+923 = 0. Prove that then g, yo, 20 are each divisible by 3, allowing a new solution
71,91, 21 which is also nontrivial and for which S 3 #$ + y§ + 23 < m, a contradiction.
Conclude that there are no integer solutions to x2 + 3y® + 923 = 0 besides the trivial
solution x = y = z = 0. Hint: To show the claimed divisibility by 3, start with xg.

Exercise 5.12. (*) (Pythagorean triples). A Pythagorean triple is a triple (a, b, ¢) of natu-

ral numbers a, b, ¢ such that ¢? = a? +b%. For example, (3,4,5), (5,12, 13) are Pythagorean

triples. Pythagorean triples have many interesting number theoretic properties, and the

aim of this exercise is to consider two simple ones below.

(1) Show that if (a, b, c) is a Pythagorean triple, then (¢ — b)(c — a)/2 is a perfect square
by considering the following picture.

C

(2) Show that in any Pythagorean triple, 3 divides one of the numbers.

(3) Show that for all n,m € N with n > m, (2nm,n? — m? n? + m?) is a Pythagorean
triples. Thus we see that there are infinitely many Pythagorean triples.
(This is in striking contrast with Fermat’s Last Theorem, saying that there are no
integer solutions to the equation z" + y™ = z" for integer n > 2. This statement was
mentioned by Fermat in 1637 in the margin of a copy of Arithmetica where he claimed
he had a proof, but that it was too large to fit in the margin. After over 300 years,
a first proof was given by Andrew Wiles in 1995.)
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Definition 5.2 (Greatest common divisor).

Let a,b e Z. A positive integer d is called the greatest common divisor of a,b if
e (common divisor) d|a, d|b, and
e whenever d’ € Z is such that d'|a and d'|b, then d’|d.

We will denote the greatest common divisor of a,b by ged(a, b).

Let us show uniqueness, justifying use of the unambiguous notation ged(a,b). Sup-
pose that di,dy both satisfy the conditions demanded. Then as dy is a common
divisor of a and b, and since d; is a greatest common divisor, there holds ds | d;.
Also, since d; is a common divisor of a and b, and since ds is a greatest common
divisor, there holds d; |ds. It follows from Exercise 5.5 that d; = dy (since both are
positive). We now show that the ged(a,b) exists whenever not both a,b are zero.

Theorem 5.3. Suppose that a and b are integers, not both 0. Then ged(a,b) exists.
Moreover, there exist x,y € Z such that' ged(a,b) = axg + byo.

Proof. Let S = {ax + by : z,y € Z}. Since at least one of a,b is nonzero, there are
nonzero integers on S. Also, if ax + by € S, then —(ax + by) = a(—z) + b(—y) € S.
So S contains some positive integers. So the set S, := {n € S : n > 0} is nonempty,
and by the Well-Ordering Principle, S} has a least element d. As d € S, we have
d = axg + byp for some xg,yo € Z, and d > 0. We claim that d = ged(a,b). (Thus
the Bezout equation is then satisfied too: ged(a,b) = d = axg + byo.)

For any element n = ax + by € S, by the Division Algorithm, there exist g € Z and
r € Z such that n = qd + r and 0 < r < d. Thus az + by = n = qd + r, that is,

0 <r=ax+by—qlaxg + byy) = a(x — qxg) + b(y — qyo) € S.

If r # 0, then 0 < r, so that r € S;. As r < d, we have a contradiction with the
definition of d being the least element in S;. So r = 0. Hence d|n. So we have
shown that d divides each element of S. But as a=a1+b0 and b=a0+b1, we have
that a,b € S. Hence d divides a and b.

Suppose d’ divides a and b. So d' divides az + by for all z,y € Z (Exercise 5.2). In
particular, d’ divides axg + byg = d. O

Suppose g, yo € Z satisfy ged(a,b) =axg+byg. Then for any n € Z, we have that
x = xzo + bn, y := yo — an also satisfy the Bezout equation:

ax + by=a(zxo + bn) + b(yo — an) =axo + abn + byg — ban=axy + byo =ged(a, b).
So the coefficients xg, yo of a, b solving the Bezout equation are not unique.

Exercise 5.13. (x) Let a,b € Z, not both zero, and let d := ged(a,b) = axg + by for some
0, Yo € Z. Let z,y € Z. Show that the following are equivalent:

(1) The integers x,y satisfy ax + by = d.
(2) There exists an n € Z such that « = 2o + (3)n, y = yo — (£)n.

IThis equation is called the Bezout equation.



5.2. Divisibility, gcd, and the Euclid Algorithm 131

Exercise 5.14. Recall the Fibonacci sequence from Exercise 2.19. Show that any two
successive Fibonacci numbers are relatively prime. Hint: Induction.

Exercise 5.15. Let a,b be integers, not both zero. From the definition of the greatest
common divisor, it is clear that ged(a,b) = ged(b,a) (because the order of a,b doesn’t
matter). Show also that ged(a, b) = ged(—a,b) = ged(a, —b) = ged(—a, —b).

Euclid’s Algorithm. To compute the greatest common divisor of integers a,b,
not both zero, there is no loss of generality (by Exercise 5.15), in assuming that
one of them, say a > 0. Moreover, it is clear that for a > 0, we have gcd(a,0) = qa,
and ged(a,a) = a. We now learn an algorithm for finding the greatest common
divisor supposing b > a > 0. The key result is the following, allowing us to use the
Division Algorithm successively to keep reducing the numbers.

Lemma 5.4. Let a,b € Z, with a # 0. For any x € Z, ged(a,b) = ged(a, b + ax).

Proof. As a # 0, d := ged(a,b) and d' := ged(a,b + ax) exist. As d = ged(a,b),
we have d|a and d|b. So d|a and d|b + az. Since d’ = ged(a,b + ax), we have
d|d'. (%)
As d’' = ged(a,b + ax), we have d'|a and d' |b + ax. So d'| (b + ax) + a(—z), that
is, d'|b. Since d = ged(a,b), and as d' divides a and b, we have
dld. (o)
As d,d > 0, and they divide each other, it follows from Exercise 5.5 that d = d’. O

We now describe Euclid’s Algorithm for determining the greatest common divisor.
Let a,b be integers, where b > a > 0. We divide b by a obtaining integers q1, 71,
such that b = qra +r1, and 0 < r; < a.

1° If 1 = 0, then ged(a, b) = ged(a,b — qra) = ged(a,r1) = ged(a,0) = a.
2° If r; > 0, we repeat the process with @’ ;= ry > 0and V' :=a >r; =d >0
replacing a, b, respectively.
We note that if a + b =: N € N, then in the case 2° eventuality, we have
ad+b=ri+a<a—-1+b—1=a+b—2=N—-2.

So, by the Well-Ordering Principle, we cannot keep obtaining case 2° forever. Hence
we must end up in case 1° at some point, and then the previous remainder (that
is, the current a) is the wanted ged. To see this more explicitly, let us suppose that
we keep getting case 2° n — 1 times for an n € N and then in the n'" step, we get
remainder 0, that is:

b =qa+ry, 0<r <a,
a = qor1 + 12, 0<ry <y,
T™h—3 = qn—1Tn—2 + Tn—1, 0<rp_1 <Tp-o,

"n—2 = qnTn—1.
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We have by a repeated application of Lemma 5.4 that
ged(a,b) = ged(a, b — qra) = ged(a,r1) = ged(ry, a)
= ged(ry,a — gory) = ged(ry,re) = ged(rg, r1)

= ng(Tnf% Tn—3 — anl'r'nf2) = ng(Tnf% Tnfl) = ng(?"nfl, rn72)

= ng(Tnfly Tn—2 — Qnrnfl) = ng(Tnfla 0) = Tn—1.
What about expressing ged(a,b) as a ‘linear combination’ of a,b as guaranteed to
be possible (the Bezout equation)? By writing each remainder in a later step using

the ones from the previous step, and working backwards, this can be done. Rather
than explain this abstractly, we consider an example.

Example 5.2. Let us find ged(1976,2375). We have

2375 =1-1976 + 399,
1976 = 4 - 399 + 380,
399 =1-380 + 19,
380 =20 - 19.
Thus ged(1976,2375) = 19. To find a solution to the Bezout equation, we start
with the penultimate remainder (i.e., 19 = gcd(1976,2375)), and work backwards,

each time writing the remainder in terms of the other data, until we reach a ‘linear
combination’ with integer coefficients of the given numbers a = 1976 and b = 2375:

19=399 —1-380
— 399 — 1 (1976 — 4 - 399)
=—1976 + 5 - 399
= —1976 + 5 - (2375 — 1 - 1976)
=5-2375—6-1976.
Thus 1976 - (— 6) + 2375 - 5 = ged(1976,2375). In light of Exercise 5.13, we then

know all the (infinitely many) solutions to the Bezout equation. <
Exercise 5.16. Show that for every n € N, ﬁgig is irreducible (i.e., the numerator and

denominator have no common factor besides 1 or —1). Hint: Show ged(21n+4, 14n+3) = 1.

Definition 5.3 (Relatively prime/coprime integers).

Integers a, b are called relatively prime or coprime if ged(a,b) = 1.

Proposition 5.5. Let a,be Z. The following are equivalent:
(1) a,b are relatively prime.

(2) There exist integers xg,yo such that axg + byg = 1.

Proof. (1)=(2) follows immdediately from Theorem 5.3.
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(2)=(1): Suppose that there exist zg,yo € Z such that axg + byp = 1. Then not
both a and b are zero (otherwise 1 = azg + byg = a0 + b0 = 0, a contradiction). So
ged(a, b) exists. Since ged(a,b)|a and ged(a, b) | b, also ged(a, b) |axg + byg = 1. By
Exercise 5.4, (0 <) ged(a,b) < 1. So ged(a, b) = 1, i.e., a,b are relatively prime. O

Proposition 5.6. Let a,b,n € Z be such that ged(a,n) =1 and n|ab. Then n|b.

Proof. Since ged(a,n) = 1, Proposition 5.5 implies that there exist x,y € Z such
that az +ny = 1. Multiplying by b, abz +nyb = b. As n|ab, we can write ab = nm
for some m € Z. Hence b = abz + nyb = nmx + nyb = n(mz + yb), and so n|b. O
Exercise 5.17. Let m € Z, n,co € Z\{0}, d € N. If gcd(m,n) = 1 and m|con?, then m|co.

Exercise 5.18. Let a,b,n € Z, and a|n, b|n and ged(a,b) = 1. Show that ab|n.
Hint: n = ad for a d € Z, b|n = ad. Use Proposition 5.6.

Exercise 5.19. Show that if a,b € Z are relatively prime, then every n € Z can be written
as a ‘linear combination of a, b with integer coeflicients’, i.e., n = ax + by for some x,y € Z.

Exercise 5.20. Let a,b,n € Z satisty gcd(a,n)=1=gcd(b,n). Prove that ged(ab, n)=1.
Exercise 5.21. Let a,b € Z, not both zero. Set d := ged(a, b). Show that ged(4, ) = 1.

Exercise 5.22. Let a,b be relatively prime. Show that a?,b? are relatively prime too.
Hint: First show that ged(a?,b) = 1 by squaring the Bezout equation.

Exercise 5.23. Show that ged(n! + 1, (n+1)!+ 1) =1 for all n € N.

Exercise 5.24.

(1) Show that if a,b,a’,d’ € Z and a + bv/2 = a’ + b'\/2, then a = a’ and b = V'.

(2) Define a,, b, via the relation a, + b,v/2 = (1 ++/2)" for all n € N. Show that a,, b,
are well-defined, they belong to N, and that gecd(ay,,b,) = 1 for all n € N.
Hint: Use induction.

Exercise 5.25. (x)(Catalan numbers).

(1) Show that for all n € N, ged(2n+1,n+1) = 1. Hint: 2(n+1) — (2n+1) = 1.

(2) The numbers C), := %_H(%?), n € N, are called the Catalan numbers. Prove that for
all n e N, C), € N. Hint: Start by showing that i"—fllCn is an integer.

Exercise 5.26. (x) Given an angle of 11°, show that one can divide it into 11 equal parts
using a straight edge and a compass. Hint: It is enough to construct 1°. Let a° be a
known constructible (with straightedge and ruler) angle where a € N is relatively prime to
11. There exist z,y € Z such that axz + 11y = 1, allowing the construction of 1°.

Exercise 5.27. (x) Let n, N € N and n < N. Prove that ged(22" +1, 22" +1) = 1.

Exercise 5.28. (x) (Bezout equation in C[a,b]). Let C[a,b] denote the set of all contin-
uous functions on the interval [a,b]. For an f € CJa,b], let the zero set of f be defined
by Zy ={z € [a,b] : f(z) =0}. Let 1 € Cla,b] be the constant function taking value 1
everywhere. Let f1, fo € C[a,b]. Show that the following are equivalent:

(1) There exist g1, g2 € C[a, b] such that fig1 + fogs = 1.

(2) Zy, nZy, = &. (That is, f1, f2 have no common zero.)

Hint: For (2)=(1), f# + f7 > 0 everywhere, and so g; := J@JCTJ@ € Cla,b],i=1,2.
1 2
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5.3. Prime numbers and the Fundamental Theorem of Arithmetic

Definition 5.4 (Prime numbers).
An integer p is called a prime if p > 1 and if the only positive divisors of p are 1
and p. Natural numbers that are not prime are called composite numbers.

Thus 2 is a prime number?. This is the only even prime number. The first few terms
of the subsequent list of primes are 3,5,7,11,13,17,19, 23,29, 31,37,41,43,47,- - - .
(We will see below that there are infinitely many primes.)

Proposition 5.7.
If p is a prime number, and n € Z is such that p tn, then ged(p,n) = 1.

Proof. Let d := ged(p,n). Then d|p and d|n. But p is prime, and so d = 1 or
d = p. But we know that p {n, so that d cannot be p. Consequently, d = 1. O

In particular, distinct primes are coprime. Also, for any n € Z, and any prime p,
we have the dichotomy that either p|n or otherwise ged(p,n) = 1.

Exercise 5.29. () If p and 8p — 1 are prime, then show that 8p + 1 is composite.
Hint: Consider the remainder left by p when divided by 3.

Exercise 5.30.
(1) Let a,b € Z. Let p be a prime such that p | ab. Show that p|a or p|b.
Hint: Proposition 5.6

(2) Let ay,--- ,a, € Z for some n = 2. Let p be a prime such that p|a;---ay.
Prove that p divides at least one of the factors aq,- - ,a,. Hint: Induction on n.

Theorem 5.8 (Fundamental Theorem of Arithmetic).

Every integer n # 0 can be written as a product n = cpy - - pg, where ¢ € {1,—1},
each p; is a prime number, and k = 0. (If k = 0, the ‘empty product’ py---py is
defined to be 1.) This expression is unique except for the ordering of the primes.

Proof.

Ezistence: It is enough to consider n € N. We use induction on n. If n = 1, then
take ¢ = 1 and k = 0. The claim is true for n = 2, since n = 2 =1-2, and 2 is
a prime number. Suppose each natural number < n for some n € N possesses the
claimed factorisation. If n 4+ 1 is a prime number, then we are done. Otherwise,
it has a divisor d € N which is not 1 or n + 1. So n + 1 = md for some m € N.
Then m is not 1 or n + 1 either. But then 1 <m =m-1<m-d=n+ 1. Also,
l<d=d-1<d-m=n+1. Hence 1 < m,d < n. By the induction hypothesis?,
(0<)m=p;---prand (0 <) d=qq---q, where p1, -+ ,pk,q1, - ,qe are primes.
Son+1=md=pi-- prq1---qeis the desired factorisation of n+ 1. By induction,
the proof is complete.

21f 2 = m - n for positive integers m and n, then they can’t both be equal to 1. Let n > 1. Then
l<m=m-1<m-n=2givingl<m<2. Som=1andn=2.
SAsm > 0, and all primes are > 0, if m = ¢p1 - - - pg, where c€ {—1, 1}, then ¢ = +1.
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Uniqueness: Let S be the set of all integers that fail to have a unique factorisation.
Suppose S # . We claim that S contains natural numbers. Indeed, if 0 > m € S
has two different factorisations cpy - --pr = m = /qq - - - ¢4, then (as the primes are
all positive) ¢ = ¢ = —1, and so n := —m € N has two different factorisations
pL--pr = q1---qe- Thus the set S, of all natural numbers that fail to have a
unique factorisation is not empty as well. By the Well-Ordering principle, S has
a least element, say n.. Let ¢p1---pr = ne = dq1---qe where ¢, € {-1,1}
and p1,--* , Pk, g1, ,qe are primes, be distinct factorisations of ny. As ny > 0,
¢ = c = 1. Applying Exercise 5.30 with p = p;, we conclude that p; divides some
q;- But as ¢; is prime, p; = ¢;. Cancelling p; and ¢;, we obtain that
Nye Ny

Naon = = == <ny,
P qi
showing that n’ has the distinct factorisations ps---pr =n' = q1 - - ¢G_1¢is1" - q,
contradicting the minimality of n.. Consequently S = . (]

Thus every nonzero integer n can be expressed as a product
(e3 (e%
n = cp11 pkk
where c € {—=1,1}, k = 0, p1 < p2 < -+ < py are primes, and aq,--- ,a; = 0. By
using the exponent zero to raise a prime, we can expand any two numbers using

the same list of primes, for example, 20 = 223°5! and 18 = 2'325°. We now give a
different way of computing the greatest common divisor of two nonzero integers.

Lemma 5.9. Let d,a € N, and suppose that d = p{* ---p*, n = pfl . pfk, where

p1 < p2 < --- < pg are primes, and a1, ,qp and 81, -+, Bk are nonnegative
integers. If d|a, then a; < B; for all 1 <i < k.
Proof. As p{*-- =d|a= pl pf", in particular, p11 | pi* pf" Suppose

a1 > B1. Then pl1 Bl |p2 pf", and so in particular, p; |p2 ---pfk, a contradic-

tion to Exercise 5.30. Hence a; < 1. Similarly, a; < §; for all 2 < i < k. O

Proposition 5.10. Let a,b € Z\{0} be given by a = cp(* - - - pp* andb = p Bl . pfk,

where ¢, € {—1,1}, k = 0, p1 < ps < -+ < py are primes, and a1, -, and

B1,-- -, B are nonnegative integers. Then ged(a,b) = pmm{al’ﬁl} --p?in{a’“’ﬁk}.

Proof. Let d = ged(a,b). If p is a prime that divides d, then p also divides a

and b. Hence p can only be one of py,--- ,pr by Exercise 5.30. So we can write
d = p{ . V’“ for some nonnegative 7y, --- ,7x. Lemma 5.9, v; < oy, and v; < 5;
for 1 < k Hence 7; < min{ay, 8;} for 1<i<k.

Next, let d' = pllmm{al’ﬁl} . -p?m{a’“ﬁk}. Then d' | a (as min{a;, 5;} < «; for all ©)
and d'|b (as min{ay, 8;} < B; for all 7). As d = ged(a,b), we have d'|d. It follows
from Lemma 5.9, that min{ai,ﬁi} < for 1 <i<k.

Thus v; = min{ay, §;} for 1 < < k. So ged(a,b) = mm{al’ﬁl} "pglin{a’“’ﬁ’“}. O
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The above is mostly of theoretical value, and the method is good to use when
we have small numbers, so that we can check if the number has a certain prime
factor easily. For example, since 20 = 223°5! and 18 = 2'325°, it is immediate that
ged(20,18) = 213950 = 2,

Example 5.3. Let us recalculate ged (1976, 2375) using the above. We have
2375 = 5- 475 = 5% - 95 = 5% . 19,
1976 = 2- 988 = 22.494 = 23 . 247 = 23 .13 - 19,
and so ged(1976,2375) = 19! = 19. O

Theorem 5.11. There are infinitely many primes.

Proof. Suppose that pq,--- ,p, are the only prime numbers. Consider the integer
N = p;---py, + 1. Then N is not divisible by any of py,---,p,. But N cannot
be a prime itself, since it is strictly bigger than each of pi, -+, p,. Thus N is not
a prime number. By the Fundamental Theorem of Arithmetic, N a factorisation
into primes, and in particular N (> 1) must be divisible by some prime p’. This p’
cannot be any of py,--- ,pn, because none of them divide N. This contradicts our
assumption that pi,--- ,p, were the only primes. O

Exercise 5.31. (#) Use Exercise 5.27 to show that there are infinitely many primes.
Hint: If not, then for some distinct n, N € N, 22" +1, 22" 1 1 would share a prime factor.

Exercise 5.32 (Twin primes: Maybe. Prime triples: No!).

(A twin prime is an ordered pair (n,n+2), where n and n+2 are both primes. For example,
(3,5),(5,7),(11,13) are twin primes. A famous open problem is the Twin Prime Conjecture
stating that there are infinitely many twin primes.) Motivated by this, we define a prime
triple as a triple (n,n + 2,n + 4), where n, n + 2 and n + 4 are all primes. For example
(3,5,7) is a prime triple. Show that there are no others! Hint: Divide n by 3.

Exercise 5.33. Can a right angled triangle with integer sides have the nonhypotenuse
sides equal to twin primes?

Exercise 5.34 (There exist arbitrarily large gaps between primes). Let n € N. Show that
the list of n consecutive numbers given by (n+1)! +2,--- ,(n+1)! + n+1 has no primes.

Exercise 5.35 (Fermat primes).

If 2" +1 is prime for an n € N, show that n is a power of 2, that is, n = 2™ for some
nonnegative integer m. Hint: Use Exercise 5.9. (A prime number of the form 22" +1 is
called a Fermat prime. Not all numbers of the form f,, := 22" + 1, m € Z, are primes. We
have fo =3, f1 =5, fo = 17, f3 = 257, f4 = 65537 are all primes. But Euler showed that
fs = 2321 = 4924967297 = 641 x 6700417. It is conjectured that fo, f1, f2, f3, f1 are the
only Fermat primes.)

Exercise 5.36. () To show that n € N is a prime number, prove that it is sufficient to
check that n is not divisible by all prime numbers p satisfying p < 4/n.

Exercise 5.37. Show that if a,b are relatively prime, then ab, a+b are relatively prime.
Hint: Let p be a prime which is a common divisor of ab and a + b.
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Exercise 5.38. (*) (Least common multiple).

Let a,be N. A least common multiple of a,b is a positive integer m such that
e a|m, b|m, and
e whenever m’ € N is such that a|m’ and b|m/, we have m|m’.

(1) Show that the least common multiple always exists and is unique (denoted by lem(a, b)).

Hint: Consider the set S = {m e N:a|m and b|m}.

(2) Show that ged(a, b)-lem(a, b) = ab.
Hint: First show that #Zb) =:my is an integer, and that both a, b divide my. Next
if a,b divide an m € N, then use the Bezout equation (for a,b) to show that my |m.

(3) Show that if a = p{* ---pi* and b = pfl . -pf’“, where p; < -+ < pg are primes and

a1, ,ak, B, , Br € Z are nonnegative, then lem(a, b) = pgnax{al'ﬂl} . -p?ax{ak’ﬁ’“}.

Exercise 5.39. (*)

(1) Show that if a, b € Z and 2a® = 3b2, then a = b = 0.
Hint: Write a = 2°3%A and b = 2%'3% B for nonnegative integers «, 8,a/, 8’ and A, B
integers with prime factorisations not containing the primes 2, 3.

(2) Let a, b, c € Z be such that av/2+bv3+¢c = 0. Provethata =b=c¢ = 0.
Hint: Square both sides of av2 + ¢ = —b/3.

5.4. Modular arithmetic and the ring 7Z,

Definition 5.5 (mod n).
Let n € N be fixed. Integers a,b are said to be congruent modulo n, if n|a — b.

We then write a = b mod n.

Exercise 5.40. Let n € N. Let a,b,c,d € Z be such that a = b mod n and ¢ = d mod n.
Prove that (a + ¢) = (b + d) mod n and ac = bd mod n.

Exercise 5.41. Let n € N. Let a, b, ¢,d € Z be such that ab = ac mod n and ged(a,n) = 1.
Show that b = ¢ mod n. Give an example to show that the hypothesis ged(a,n) = 1 is not
surperfluous.

Proposition 5.12. Let n € N.

(1) Congruent modulo n is an equivalence relation on Z.

(2) For this equivalence relation the number of distinct equivalence classes is n.

Proof.
(1) Congruence modulo 7 is reflexive, symmetric, and transitive:

Reflexivity: For all a € Z, a = a mod n because n|0 = a — a.

Symmetry: Let a,b € Z be such that @ = b mod n. Then n|a—b.

Thus n|—(a — b)=b — a. Hence b = a mod n.

Transitivity: Let a, b, c € Z be such that a = b mod n and b = ¢ mod n.
Thus n|a—b and n|b—c. So n|(a—b)+(b—c)=a—c. Hence a = ¢ mod n.
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(2) We claim that [0],[1],--- ,[n — 1] are the only equivalence classes, and that
these are distinct. If a € Z, then dividing a by n, by the Division Algorithm,
there exist integers ¢ and r such that a = gn + r, where 0 < r < n. Because
n|gn = a —r, we have a = r mod n, i.e., [a] = [r] € {[0],[1],--- ,[n — 1]}.
Now we will show that the equivalence classes [0],--- ,[n — ] are distinct.
Suppose on the contrary that 0 < r <7’ <n—1 and [r ] [7']. Then we have
r’=r mod n, and so n|r’— r. So there exists a ¢ € Z such that 0<7’'— r=gn.
Thus ¢ >0, i.e., g =1. Sor’'—r=gn>=n. Hence n<r’'—r < (n—-1)—-0=n—1,
which gives 1 < 0, a contradiction. U

Exercise 5.42. Let n € N and a € Z. Show that [a] = {a + qn : ¢ € Z}.

Let Z,, denote the set of equivalence classes under the relation of congruency mod-
ulo n on Z, that is,

n = {[0]7 [1]7 H) [’I’L - 1]}
Note that each of the members is actually a set:
[a] ={beZ :b=amod n}
={a+qn:qeZ}
={-,a=3n, a—2n, a—n, a, a+n, a+2n, a+3n,---}.
For example, if n = 1, then Z; = {[0]} and
0] ={-,-3,-2-1,01,23,---} =Z.
If n = 2, then Zo = {[0],[1]}, where
[0] ={2¢: q € Z} = {even integers} = {--- ,—6,—4,-2,0,2,4,6,- - },
[1] ={2¢ +1:qe Z} = {odd integers} = {--- ,—5,-3,—-1,0,1,3,5,--- }.
We now define addition and multiplication in Z, making it a ‘ring’.

Definition 5.6 (Addition and multiplication modulo n).
Let n € N. We define + : Z,, X Zp, — Zy, and - : Zy, X Zy,, — Zy, by

[a] + [b] = [a + b] and
[a] - [b] = [ab]
for all [a], [b] € Zy,.
We need to check the well-definition, that is, if [a] = [a’] and [b] = [V], then
[a +b] = [a' + V'] and [ab] = [a’V']. We have ¢’ = a mod n and ¥’ = b mod n, and

so by Exercise 5.40, we have (a’ +b') = (a + b) mod n and o’/ = ab mod n. Thus
[a +b] = [@ + V'] and [ab] = [aV'].
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Using the arithmetic properties of addition and multiplication in Z, it is easy to
see that the following properties hold for all [a], [b], [c] € Zp:

+([6] + [e]) = ([a] + [b]) + [e]-
] [a] = [0] + [a].

o la

Q

[
[
[
.[CL
[
[
[

. a] ([] [e]) = [a] - [6] + [a] - [c].

As an example, let us show the last one, namely the distributive property:

la] - ([6] + [¢]) = [a] - [b + ¢] = [a(b+ c)] = [ab + ac]
= [ab] + [ac] = [a] - [b] + [a] - [c].
In the above list, while we have stated that additive inverses always exist, we have
not said anything about the existence of multiplicative inverses. Not every element
in Z,, may have a multiplicative inverse. But if a is relatively prime to n, then
[a] € Z,, does possess a multiplicative inverse. In particular, if n = p, a prime, then
every nonzero element of Z, has a multiplicative inverse in Z,; see Corollary 5.14.

Proposition 5.13. Suppose that n € N, and that a € Z is relatively prime to n.
Then there exists an x € Z such that such that [a] - [z] = [1] = [z] - [a] in Z,.

Proof. As a is relatively prime to n, i.e., gcd(a,n) = 1, by Proposition 5.5, there
exist x,y € Z such that ax + ny = 1. As n =0 mod n, [0] = [n] in Z,. Hence

[1] = [az + ny] = [az] + [ny]
= la] - [2] + [n] - [y]
= la] - [2] + 0] - [y]
= [a] - [] + [0y]
= [a] - [=] + [0]
= [a] - [2]
As multiplication in Z, is commutative, also [z] - [a] = [1]. O

If a multiplicative inverse of [a] € Z,, exists, then it must be unique: Indeed, if
(2], [y] € Zn are such that [a] - [z] = [2] - [a] = [1] and [a] - [y] = [y] - [a] = [1],

then
[z] = [1] - [2] = ([y] - [a]) - [=] = [y] - ([a] - [z]) = [w] - [1] = [w].

Thus [z] = [y] in Z,,. We denote the unique multiplicative inverse of [a] in Z,, if
it exists, by the symbol [a] ™!
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Corollary 5.14. If p is a prime, then Zjy, is a field.

Proof. We only have to show that every nonzero element in Z, has a multiplicative
inverse. Suppose a € Z is such that [a] # [0] in Z,. Then pta—0 = a. By Propo-
sition 5.7, ged(a,p) = 1, that is, a,p are relatively prime. From Proposition 5.13,
it follows that there exists an x € Z such [a] - [x] = [1] = [z] - [a] in Z,. O

Lemma 5.15. Let p be a prime, and a € Z. Then [a]® = [1] in Z, if and only if
la] = [1] or [a] = [-1] in Z,.

Proof. ‘If’ part: We have [1]? = [1] - [1] = [1], and [-1]? = [-1(-1)] = [1].
‘Only if’ part: Suppose that [a]? = [1], that is, [a?] = [1]. So a? = 1 mod p, that

is pla®? —1 = (a —1)(a + 1). By Exercise 5.30, p|a — 1 or p|a + 1. Consequently,
a=1mod p or a =—1mod p, that is, [a] = [1] or [a] = [-1]. O

Lemma 5.16. Let p > 3 be a prime. Then [2]-[3]---[p—3]-[p—2] = [1] in Z,.
Proof. As p is odd, there are an even number of terms in the product on the
left-hand side. For each of the elements [a] in {[2],---,[p — 2]}, we have that
[a] # [1] and [a] # [~1], and so, by Lemma 5.15, [a]®> # [1]. So each term [a] in

[2],--- ,[p — 2] pairs up together with another term (its inverse [a]~!) in the same
list [2],-- ,[p — 2] , such that their product gives [1]. This proves the claim. O

Theorem 5.17. Let p be a prime. Then [1]-[2]---[p—2]-[p — 1] = [-1] in Z,.

Proof. If p = 2, then [1] = [—1] in Za:

1=-1 mod 2(as 2|1 — (—1) = 2).
If p = 3, then [1][2] = [2] = [-1] in Zs:

= —1 mod 3(as 3|2 — (—1) = 3).
If p > 3, then by Lemma 5.16, [2]--- [p — 2] = [1]. Hence
(-121---lp=21-[p=t=0]-[]-[p=1] = [p - 1] = [-1].

This completes the proof. O
Corollary 5.18 (Wilson’s Theorem).
Let p be a prime. Then (p — 1)! = —1 mod p, that is, p|(p — 1)! + 1.

Proof. From Theorem 5.17,
(=1 =123 (p~2) (p—1)]
=[]-[2]---[p-2]-[p—1] =[-1].
So (p—1)!' = —1 mod p, that is, p|(p — 1)! + 1. O
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Exercise 5.43. In Remark 1.1 (p.29), we had seen that if n > k > 0, then

(Z) B n(nfl)--];:!(nfkle)eZ'

The aim of this exercise is to show that the product of any k consecutive integers is divisible
by k!. In other words, for any n € Z and all k € N, the product n(n —1)---(n —k + 1) is
divisble by k!. Proceed as follows. Choose a large enough m € N such that n+m- (k!) > k.
Set N = n+m-(k!) € N. From Remark 1.1, we have N(N—1)--- (N —k+1) =0 mod (k!).
Conclude that n(n —1)---(n — k + 1) = 0 mod (k!). Hint: (N —¢) = (n —£) mod (k!).

Exercise 5.44 (ISBN numbers). An International Standard Book Number (ISBN) is a
number used for the purpose of uniquely identifying books. For instance, the ISBN number
of the book I want to be a Mathematician by Paul Halmos is 0-387-96078-3. The initial digit
0 indicates that the book is published in an English-speaking region. The next block 387
identifies the publisher. The third block 96078 is assigned by the publisher and identifies
this book. The last digit, 3, is called the check digit. Sometimes the check digit happens
to be ‘X’, in which case, it has the numerical value 10. A valid ISBN number dyds - - - dgdig
has a check digit which satisfies dig = (dy + 2d2 + 3d3 + - - - + 9dg) mod 11. The check digit
is used for ‘error detection’, to find out if one of the two most common errors, namely

e typing a digit wrong, or
e transposing adjacent digits,

has occurred. For example, 0-387-96078-3 is a valid ISBN number, since we have that
1.0+23+38+47+594+66+70+87+9.8=267=264+3=11-24+ 3.

(1) Show that if any two adjacent digits among d; - - - dg are swapped, then the check digit
flags that an error has been committed.

(2) Prove that if any one digit d; - - - dg is incorrect, then the check digit flags that an error
has been committed.

Exercise 5.45. (*) What are the last two digits of 3'234? Hint: Show 32° = 1 mod 100.

Exercise 5.46.
(1) Show that for any m € Z, m® = n mod 9 for some n € {—1,0,1}.

(2) Show that there is no solution in integers to x3 + y3 + 2% = 2020.
Exercise 5.47. Solve the equation [2] -z = [3] in Zs.

Exercise 5.48. () (Chinese Remainder Theorem).

(1) Show that there is no integer = such that

z =4 mod 6,
=5 mod 10.

Hint: Consider the ‘parity of 2’ (that is, the cases x is even/odd).
(2) Let m, n be relatively prime, and a,b € Z. Show that there exists an x € Z such that
r = a mod m,
z = bmod n.
Moreover show that for any two solutions z, z’, we have 2’ = zmod (mn).

Hint: Let xg,yo € Z satisfy maxy + nyo = 1. Multiply by b — a to get mk + nl =b —a,
and set = a + mk = b —nl.
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