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Abstract

We propose an equilibrium asset pricing model in which institutional investors with
heterogeneous beliefs care about relative performance. We find that relative performance
has two effects: First, it leads agents to trade more similarly which effectively decreases
the difference of opinions. Second, it decreases the impact of dominant agent in the ex-
treme economy which effectively increases the difference of opinions. When the first effect
is dominant, which corresponds to a normal economy, the volatility is lower with relative
performance than that without relative performance. When the economy is extreme (either
good or bad), the second effect is dominant, hence the volatility is higher with relative per-
formance. Moreover, relative performance also has impacts on portfolio choices, stock prices

and market price of risks.
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1 Introduction

In the fund management industry, the compensation to the money managers is normally a
fixed proportion of asset under management. Thus, managers care not only about the trading
profit but also about the fund flows. More importantly, empirical evidence such as in Chevalier
and Ellison (1997), Sirri and Tufano (1998), Huang, Wei and Yan (2007), shows the positive
and convex relationship between the fund flows and relative performance. In this sense, fund
managers care about the relative performance among the peer group. In the literature of
delegated portfolio management, most people focus on how the relative performance affects
risk taking behaviors and the equilibrium implications of asset prices (as discussed below).
However, how relative performance could affect trading generated from difference of opinions
remains uncertain. In this paper, we analyze this problem within a dynamic general equilibrium
model with heterogeneous beliefs.

We consider a continuous time, finite horizon economy with two assets, interpreted as the
risky stock and the risk-free bond, respectively. There are two risk averse agents, interpreted as
fund managers, who optimally allocate their wealth among two assets to maximize their utility
at the final date. Each manager has CRRA utility function over both the final wealth and the
relative performance. The relative performance can be considered as the key factor that influence
the capital inflows/outflows of a certain fund. Consistent with the empirical evidence, in our
paper, we assume the fund flows are increasing and convex in relative performance. We adopt
the standard exchange economy with Lucas (1978) type of aggregate dividends, which follow
the geometric Brownian motion. The heterogeneous beliefs come from two agents’ different
opinions about the drift process of the dividend.

Comparing our model to the benchmark case (i.e. an identical model but without relative
performance), we find that the portion of two agents on the final dividend is affected by their
relative performance. By setting risk aversion parameter as an integer, we solve the equilibrium
in closed form. Only those quantities generated by the difference of opinions are affected by
relative performance such as the stock volatility, the market price of risk etc. For an arbitrary
risk aversion coefficient, our model cannot be solved in analytical form. In order to get analytical
solutions, we consider a special case in which the risk aversion coefficient equals to 2.

In the special case, we first analyze the portfolio choices. Specifically, relative performance
leads agents to trade more similarly. Moreover, when the relative performance is infinitely
strong, both agents submit the same demand. This is the same as the economy with one repre-
sentative agent who has the average beliefs of the economy. For each agent’s demand, relative

performance only affects the demand generated by heterogeneous beliefs. Relative performance



affects the way that two agents share the final dividend, hence affects their expectations of the
final wealth. Note that the expectations are conditional on the current states of the world.
When both agents believe the economy is very good; on expectation, pessimistic agent with
relative performance holds more shares than she does without relative performance, while the
optimistic one holds less than she does without relative performance. Thus, in this case, pes-
simistic agent has more impact compared to the benchmark case. Perceiving this, optimistic
agent tends to hedge more on the heterogeneous beliefs relative to the benchmark case, and
pessimistic one hedges less. Note that the signs for the hedging demands on heterogeneous
beliefs are negative (positive) for the optimistic (pessimistic) agent. When both agents believe
it is in a very bad economy, the opposite is true. In some cases, two agents may disagree with
each other on the status of the economy, and both hedge more relative to the benchmark case.

Regarding the market price of risk, we show that when the economy is good, the optimistic
investor possesses less wealth with relative performance than she does without relative perfor-
mance. Therefore, although the optimistic agent still dominates the market, the stock is less
overvalued with relative performance. Hence, the market price of risk is higher with relative
performance than that without relative performance. When the economy is bad, by the similar
logic, the market price of risk is lower than that without relative performance. Moreover, the
model also indicates that the market prices of risks are counter-cyclical for both agents.

The stock price is also affected by the relative performance. When the economy is very good
(bad), the stock price is lower (higher) with relative performance than that without relative
performance. This is the aggregate result of the portfolio choices. When both agents believe
the economy is good, relative performance leads the optimistic agent to hedge more on the
heterogeneous beliefs and the pessimistic one to hedge less. Given the signs for the hedging
demands (negative for the optimistic agent, and positive for the pessimistic agent), the aggregate
demand is lower, hence the stock price is lower. When both agents believe that it is in a bad
economy, the opposite is true. When two agents disagree with good or bad economy, the stock
price could either be higher or lower than that without relative performance.

Relative performance also affects the stock volatility. When the economy is normal (i.e.,
not extremely good or bad), the volatility is smaller relative to the benchmark case; however,
in the extreme economy, it is larger. This is because: on the one hand, relative performance
leads agents to trade similarly, which decreases the difference of opinions, hence decreases the
stock volatility; On the other hand, relative performance decreases the fraction of wealth held

by the dominant agent in the extreme economy,’ which effectively increases the difference of

'Tt decreases the fraction of wealth held by the optimistic (pessimistic) agent in the good (bad) economy.



opinions. As a result, the volatility is larger with relative performance than that without relative
performance in the extreme economy.

Our paper also has an important implication about price impact and survivalship of irra-
tional traders. Milton Friedman argued that irrational traders will not have impact on the
long-run asset price since they will not survive. Kogan, Ross, Wang and Westerfield (2006)
demonstrate that survival and price impact are two independent concepts. Although irrational
traders will not survive in the long run,? they will have significant impact on asset prices. Our
paper demonstrates that irrational traders will have higher survival probability when they have
relative performance concern which will induce them to trade more similarly to rational traders.
Meanwhile, irrational traders will have smaller impact on stock price volatility when the econ-
omy is not in the extreme case. However in the case of extreme case, only irrational traders can
survive longer when they care about relative performance. Hence, their survival will increase
the asset price volatility in the extreme case.

Our paper is closely related to the asset pricing literature with heterogeneous beliefs and dele-
gated portfolio management. For asset pricing with heterogeneous beliefs, the general framework
is by Basak (2001, 2005) in which two agents disagree with security’s process. Other researchers
consider the framework in which one agent has the correct belief, and the other has the incor-
rect one, for example, Kogan, Ross, Wang and Westerfield (2006), Yan (2008). Those papers
examines the mis-pricing caused by the one with incorrect belief. Moreover, Scheinkman and
Xiong (2003) combine the heterogeneous beliefs and short sales constraints, and show that this
can create bubbles. Our paper combines the Basak’s framework with the relative performance,
and examines the equilibrium asset prices.

Delegated portfolio management literature is growing field of research. This is reasonable
since a large fraction of financial asset are held by institutional investors (Allen, 2000). There-
fore, it is important for us to consider how the behaviors of institutions affects asset prices.
In the literature, most of people consider models with a single representative fund manager.
For example, Vayanos (2004), Vayanos and Woolley (2008), and He and Krishnamurthy (2009,
2010) belong to this category. Because there is only one agent, relative performance does not
matter.

For the investigation of relative performance, researchers either use the relative performance
to some exogenous benchmark, or the relative performance among the peer group, which is the
same as our paper. For example, Cuoco and Kaniel (2010), Shang (2008), Basak and Pavlova

(2010), consider the relative performance to some passive benchmark, e.g. S&P 500. On

?Note that we assume irrational traders always have wrong beliefs.



the other hand, Kapur and Timmermann (2005), Basak and Makarov (2009, 2010), Kaniel
and Kondor (2009) consider relative performance to the peer group of managers. All those
papers, however, consider only how the relative performance may affect risk taking behaviors
of investors. To our best knowledge, this paper is the first to investigate how the relative
performance affects the trading behavior generated by difference of opinions.

Some papers study the asset pricing model with asymmetric information in which the agents
either know or do not know. For example, Dasgupta and Prat (2006, 2008) show that career con-
cerns can cause more uninformative trading and slow down the information revelation process,
and Guerreri and Kondor (2010) show that career concerns can generate some "reputation pre-
mium" for the bond return, and hence increase the volatility of bond prices. In some sense,
relative performance concerns are close to reputation. Our paper, different from those, considers
the case that agents either agree or disagree with their observations (i.e. heterogeneous beliefs).

The rest of the paper is organized as follows. We first introduce the model setup in Section
2, and develop a benchmark case without relative performance in Section 3. Section 4 presents a
general model with relative performance. Section 5 shows a special case when the risk aversion
coefficient equals two, and analyzes the characteristics of volatility, portfolio choices, stock
prices and market prices of risks. In Section 6, we numerically consider more special cases as a
robustness check. As an extension of this paper, Section 7 discusses the survivalship of irrational

traders when they care about relative performance. Section 8 concludes.

2 Model Setup

In this section, we first present the model setup of the economy with the heterogeneous beliefs

and relative performances.

2.1 Economy

We consider a continuous time, finite horizon [0,T] economy with two assets which are risky and

risk-free respectively. We interpret the risky asset as a stock which has the following dynamics

ds
—St = iz 4dt + 054 By (1)
t

where 0, ; > 0 and B; is the standard Brownian motion defined on the filtered probability space
(Q,F,{F},P). Note that the Brownian motion B, is the only source of uncertainty in this
economy. The drift 41, , and diffusion o are determined in equilibrium. The stock is in positive
net supply, and pays the liquidating dividend Dt at time T'. We assume D, follows a geometric

Brownian motion



dD
—t — pdt + opdB; (2)
D,

where pp and op are positive constants. The risk free asset, interpreted as a bond, is in zero
net supply, and has a constant return r. For simplicity, we assume r = 0.

There are two agents, interpreted as fund managers, in the market who optimally allocate
their fund among risky and risk-fee assets. Each manager ¢ invests a fraction, 6;;, of her

investment wealth W;; on the stock. Hence, W;; follows
dWi,t = ei,tWi,t (,us’tdt + O‘s’tdBt) (3)

We assume that managers have the same initial endowment which means each manager has

Wio = % initial wealth.

2.2 Relative Performance

Consistent to the standard compensation contracts in the mutual fund industry, fund managers
maximize the terminal size of the asset under management which consists of both trading profit
and money flows. Since empirical evidence shows the positive relationship between fund flows
and the fund relative performance,® fund managers who maximize the fund size (trading profit
and fund flows) care about their relative performance. For this reason, we assume the objective

function of manager i has the general form:
vi(Wir, Rir) (4)

where v; is an increasing function in W; 7 and R; 7. W; 7 is the manager i’s wealth at time 7,
and R; 7 is the relative return of manager ¢. By denoting the other manager as manager j, fund

manager ¢’s relative performance, R; 7, is defined as:

Rip = Wir/Wio (5)
" Wir/Wie
where i = 1, j = 2 or vice versa. From our previous assumption, Wig = Wao = % Then

Rir = xj; depends only on the ratio of their fund size at time 7.

The rational justification for the relative performance in the objective function v;(W; r, R; 1)
is similar to Basak and Makarov (2009) who assume manager’s investment horizon is until 7' /
(Tl > T'). To be specific, manager ¢ has CRRA preferences over W .

(Wi )7

v (W) = 1=~

(6)

3For example, Chevalier and Ellison (1997).



From the managers’ optimization problem from T to T”, we can find the indirect utility function
at time T which is the objective function for each manager at time 7. Define fir = (RLT)’“,
the time-T indirect utility function is:

(Wirfir)™7

— 7)

v =

where k > 1.° fi,r is the flow-performance function, which represents the rate of money flows
for manager 7 due to her relative performance. Moreover, if f; 7 > 1, the fund experiences
an inflow, and if f;7 < 1, an outflow. We can see that flow-performance relationship f;r is
increasing and convex (k > 1) in the manager i’s relative performance over the period [0, 77,

which is consistent with the empirical results mentioned in the introduction section.

2.3 Heterogeneous Beliefs

Manager ¢ has the probability space (Q, F, {]:Z} , Pi). Following the standard filtering theorem,

the dividend process under fund manager i’s belief follows

dD
ﬁt = p; pdt + o pdBiy (8)
By Girsanov’s theorem, dB;; = dB; + n,dt is the Brownian Motion in manager ¢’s probability

space , and 7; = %. For two agents, 1 and 2, equation (8) implies

dBQ’t = dBl,t + ndt (9)

where

_ M1,p— H2D
= (10)
oD

(10) represents investors’ disagreement on the drift of the dividend process, normalized by its
diffusion term. @ > 0 implies that manager 1 is more optimistic and vice versa. Given the
priors of agents, 7 is an exogenous parameter. Under the subjective measures of manager 1

and 2, the stock has the dynamics

dSt = St [M&tdt + Us,tdBt]

= St [vatdt + Us,tdBi,t]7 for i = 1, 2 (11)

For two agents, they must agree with the price so we have the relationship between the perceived

means:

Pig — Pt = Osithl (12)

"For more details, please see the proof of lemma 1 of Basak and Makarov (2009).
®The objective function is consistent with the catch-up with Jones utility function.
SDetails can be found from Basak (2004).



Because the market is complete, there exists a unique state price density process, m;, for each

investor 1:
dm;
Lt = —I‘ii,tdBLt (13)
Tt
where
it
Rit = : 14
= (14)

is the perceived market price of risk (Sharpe ratio) for manager 1 and 2 respectively. We also
have k1 — ko = [z which is the measure of the disagreement between agents’ perceived market

prices of risk.

3 Benchmark Case: No Relative Performance (k = 0)

In the section, we analyze a benchmark case model as if there is no relative performance, that is,
k = 0. When k = 0, the indirect utility function, (7), becomes standard CRRA utility function,
so that the problem for manager ¢ becomes

W=7

masz[
L—v

s.t. d‘/Vi,t = ei,tWi7t (/Li7tdt + O's,tdBi,t)

This problem becomes the standard model with heterogeneous beliefs (e.g. Basak 2005).”
Solving the above problem, we show the optimal consumptions and state prices at time 7" in

the following lemma.

Lemma 1. When k = 0, the final wealth for two agents are:

_ A(T)%DT

5 WO - 1
1L+ XT)~

)

The state prices at time T are

1 1

o _ A+AD)) - o (A+MT))
A=t e T A 16
b 1Dy, 2T y2DIA(T) (16)

The process A(t) is
Y1mie

At) = —= 17
(t) v~ (17)

where y; is the Lagrange multiplier for manager i’s optimization problem, and m;; is the perceived

state price density for manager i, and i = 1, 2.

Proof. The proof is in the Appendix A. O

"However, in the model, agents only consume at time 7 which is different to Basak (2005) in which agents

consume continuously.



The superscript 0 means no relative performance (k = 0). (15) shows that two agents share
the final dividend Dp, and the sharing rule depends on )\(T)%. (16) gives the state prices at
time 7. (17) shows the dynamics of A(t) which is the stochastic weight for the central planner’s

problem (Basak (2005))%. By Ito’s Lemma, we can get the dynamics of A(¢):

d;(g) — —pdBy, (1)
)\(1t) = )\(11;),u,dB2,t (19)

Given that the priors of two agents, & is exogenous, (18) and (19) indicate that A(t) is an
exogenous process. Note that there is only one uncertainty By in the economy, from (18) one
can see that A\(¢) has a one-to-one relationship with B; and hence A(t) can represent the status
of the economy. Particlularly, A(t) is opposite to the status of economy, for example, when the
economy is good, By has a large value (i.e. the stock price is high), while A\(¢) has a rather small
value.

Calibrating the equilibrium needs the explicit expression of state price density m;;, which
can be calculated as m;; = E} (mi ) by its martingale property. However, the difficulty for
calculating the expectation is the term (1 + )\(T)%)T This can be solved as

S {7 ) A (20)
i=0 \ ?
when -y is an integer. Thus, we assume + is an integer, and solve the equilibrium in the following

proposition.

Proposition 1. When v is an integer, the state prices are

Tt = Alt)7e i !
lel’fY i=0 (3
o . o2 .
1 2 07 i—y {%127—7(/12_717)4'%[Z;WE—WUD]?(T_t)
Tot = DY Alt) e
Y2l o\

market prices of risk are

”(1),15 = 7op+ 5(1),tﬁ

0o _ 0 —
Kot = ’YUD—52,tM

where 5[1)7,5 and 58775 are two constants.

8The central planner’s problem is maxe, cy=-c ui(c1) + A(t)uz(c2).



Portfolio Choices are:

g0 - Mt (y—1)op Bis
¢ — ~ 9 - - —
st Osit Os,t
0 por (y—1)op  Bas_
92,t = 2 +
st Ost Ost

where ﬁ%t and ﬁ%t are two constants.

This proposition gives us the benchmark case without concerns about relative performance,

and all of our results will be compared to this benchmark. Given the state prices, we can easily

0

calculate the stock price, S?, and the volatility, o2

(when k£ = 0).

+» which can be found in the Appendix B

4 The Model with Relative performance

In this section, we solve the model with relative performance (k£ > 1), and compare the equilib-

rium to the benchmark case.

4.1 Optimization and Equilibrium

Given the indirect utility function, (7) , for each agent ¢, the optimization problem is:

(Wi,Tfi,T)l_’y:|

maXEi[
L=v

s.t. dW@t = ei,tWi,t (u@tdt + Us,tdBi,t)

By the standard martingale approach (Cox and Huang 1989), manager i’s optimization problem

is static
(W R B
max E [( z,sz,T) :|
L=y
, S
s.t. B* [Wi,TWi,T] = ?0 (21)
Solving (21), we have the following Lemma.
Lemma 2. There is an unique equilibrium, where
_— 1 _1 9(7:1)
Wir = (E+1)7(mir) Y(Wer) 7
— 1 _1 9(7:1)
Wor = (k+1)7(yaror) 7(Wir) 7
where V[//:T is the best response of it" investor given Wir (i#37),y=7+k(y—1) and § = k—_’il
Proof. The proof is in Appendix A. O

10



Lemma 2 shows the optimal responses of both managers. Note that each manager’s final
wealth is a function of the final wealth? of the other manager. By the market clearing condition,

Wi + War = Dr, we can solve the final wealth of each agent in Lemma 3.

Lemma 3. At time T, two agents share the final dividend D

1
D XT)3D
Wir= 7Tl ; War = Lﬁ (22)
1+ XT)7 1+ X(T)7
where 7 = v + 2k(y — 1).
Proof. The proof is in the Appendix A. O

Comparing to the results in Lemma 1, two managers still share the final dividend Drp.

1 1
However, the sharing rule now depends on A(T")7 instead of A(7')7. 7 is a function of k so
that the relative performance affects the fractions of final dividend shared by two agents. By

choosing different values of v, we have the following lemma.

Lemma 4. When v =1, 7 = v, relative performance has no effect; for v > 1, 5 > ~, we then
have:

When X(T') is small enough, Wy r < W107T and Wor > W207T;

When X(T') is large enough, Wy > WRT and War < W20,T-

The case of v = 1 refers to the log utility, and relative performance does not matter in this
case. When v > 1, we have two scenarios conditional on the realizations of A(T"). As mentioned
before, a small A(T") corresponds to a good economy, and a large A(T") corresponds to a bad
economy. The results show that in a very good economy, the wealth of the optimistic agent
is lower than that in the benchmark case, and in the very bad economy, the opposite is true.
Note that the optimistic agent is dominant in the very good economy, and the pessimistic one is
dominant in the very bad economy. We then can draw the conclusion that relative performance

decreases the impact of the dominant agent in the extreme economy.

Lemma 5. The state price densities at time T are

(k+1) (L+A(T)) - o=

= AT 23
= D] (1) 7 (23)
1
(k+1)(1+XT)7) — 8=y
= AT 24
To,T i D] ( 7 (24)
Proof. The proof is in the Appendix A. O

9Wealth is a function of portfolio choices which is defined by definition 1.
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1
Similar to the benchmark case in the last section, the term (1 + A(7")7)” can be expressed

7 )\(T)% when ~ is an integer. We then give the equilibrium in the following

as Z?:o

proposition.

7

Proposition 2. When ~ is an integer, the state prices are:

=2 _ o2 i 1) 2
_ ORI 7 o[BS (0= )+ [5G o] | -0
Tt = ——x )\(t)w (-De
y1D; i=0 )
_2 o2 i ) 2
 k+1 7 ol kG- {%%*7(#2*%)*%%#*704 ](T*t)
Tt = 775 )\(t) YH2k(v-1) ¢
vDf =\

market prices of risk are

Kit = 7Yop+ 0108

Kot = 7YOp — 02l

The portfolio choices are:

b1 = bt Y°2OD Lt
Ost Osit Ost
por (y—1op Bay_
boe = T2t +
Ost Osit Osit
The stock price is
o 2 ) 2
i — _ B itk(y=1l) | 7D | 1| itk(y=1) o0 _
7 v A@)ﬁz’“’é&fi)@[ 2 F2k(r-1) T2 +2[v+2k<w1)“+(7 1)"’3} }(T t)Dte(ulfa%,)(Tft)
i=0
1
Sy =
e 72 itk(y=1) | 1] itk(y=1) — 2
v v A(t)me{ 3 7+2k(7*1)+2[W+2k(7*1)‘u+’yaD] }(T t
1=0

i
and the volatility is
ost=0p+ Kp
Note that 61, d2.t, B14, Bay and K are shown in the Appendiz B.

Proof. The proof is in the Appendix B. O

We can see that, comparing to the results in proposition 1, all the equilibrium quantities are
affected by the relative performance k. Relative performance affects 38y ;, 854, 014, 02+ and K in
portfolio choices, Sharpe ratio and the volatility. These parameters are all at play through the
disagreement parameter, fi. Thus, the relative performance affects those quantities generated

by the difference of opinions.
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In order to analyze the effects of the relative performance, we consider a special case with
v = 2 as an example, where the equilibrium can be analyzed in more details.!’ For a robustness

check, in Section 6, we also analyze those cases when ~v = 3, 4.

5 Special Case: v =2

In this section, we solve the equilibrium by choosing v = 2. The purpose of this section is to
compare the equilibrium with relative performance to that without relative performance. Since

we can solve everything in closed form, the comparative statics are also analyzed in this section.

5.1 Portfolio Choices
The following proposition shows the portfolio choices for managers.

Proposition 3. When v = 2, the portfolio choices are

1t 0D ﬁl,tf
Ost Os,t Osit
~— ~— ——
Myopic Demand  Hedging Demand  Heterogeneity Demand
Ha ¢ op 52,75*
0ri— P2 L By (26)
Ost Os,t Osit
~— ~—~ ~——
Myopic Demand  Hedging Demand  Heterogeneity Demand
B and By, are functions of k, which can be found in Appendiz C.
Proof. The proof is in the Appendix C. O

The optimal demands consist of three terms. The first two terms are the myopic demand and
the hedging demand for the changing of investment opportunity sets, respectively.!’ The third
one is the demand generated by the difference of opinions, and hence is called heterogeneity
demand in this paper. From (22), we can see that two agents share the final dividend Dy,
and the fraction depends on )\(T)%. Given the realization of different states, agents have state
dependent shares of wealth. For example, optimistic agent have larger fraction of wealth than
pessimistic one when the economy is good. For this reason, the additional uncertainty originated
from different opinions generates heterogeneity demand. Moreover, 3, ; is a function of k, which
means the relative performance only affects heterogeneity demand rather than myopic and

hedging demand.

'"The approach of using an integer for the risk aversion coefficient is the same as Yan (2008) who uses numerical
simulation to analyze the equilibrium. Rather than doing the numerical study, we choose a special case with

v =2.
"' This is the same as Merton (1971).
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5.1.1 Comparison to Benchmark Case
To analyze the effect of relative performance we need to compare ;, to the benchmark case.

Proposition 4. The following relationships hold:

Orp— 02t =10 [1 — (Bre+ 52,15)] (27)

Bii+ Baoy — (/B(I),t + 5[2),t) >0 (28)
moreover, ( )
d (B + Bay

ZAPLE TS 29

T > (29)

Proof. The proof is in the Appendix D. O

(27) shows that the difference of two agents’ demands decreases in 31, + (5, and (28)
show 8, + B9, is greater than that in the benchmark case. Thus, with relative performance,
two agents trade more similarly than they do without relative performance. (29) shows that
the more important the relative performance is, the more similarly the managers trade. The

following corollary shows the case when the relative performance is infinitely strong (k — 00).
Corollary 1. The difference between two demands goes to zero when k — oo.

Proof. One can show that both 3;; and 35, are smaller than 1. Thus, given (29), we have
the above corollary.

Intuitively, when the concerns of the relative performance is infinitely strong, the difference
of opinions goes to zero, hence two agents trade like one person. We also show how the het-
erogeneity demand of each manager changes with respect to the relative performance in the

following proposition.
Proposition 5. For both agents, there exist cutoffs, ge1 < geo
Case 1: when A(t) < ger; Biy> ,6’[1]7“ Baos < /Bg,t

Case 2: when A(t) > gea; Biy < BYs Bay > B9,

Case 3: when ger < A(t) < ge2; P14 > 6(1),157 Bay > /8(2),15
Proof. The proof is in Appendix E. O

We compare the heterogeneity demand with and without relative performance conditional
on A(t). This is intuitive because the realization of A(T') determines the fraction of wealth
allocated to each agent, which is shown by (22). We use the following figure to illustrate the

three cases in the proposition.
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Figure 1: The difference of B with relative performance to that without relative perfor-
mance.

Figure 1 gives the graphical illustration of the proposition. It shows how the difference of
heterogeneity demands with and without relative performance changes with respect to A(t). We
discuss each case separately.

Case 1 indicates the situation in which both agents believe the economy is good. The
reason is shown in the following. Comparing to the case without relative performance, the
heterogeneity demand of the optimistic (pessimistic) agent is higher (lower). From the results
of lemma 5, when A\(T") is small, Wi 7 < WRT and W > W207T. Given that A(t) is small,
the possibility that Wi < WRT and Wy r > W207T is high. On expectation, pessimistic agent
will have larger share of wealth than the case without relative performance. Consequently, the
optimistic (pessimistic) agent will have less (more) fraction of wealth so that she needs to have
a larger heterogeneity demand.

Case 2 indicates the situation in which both agents believe the economy is bad. Following the
same logic of case 1, given that A(t) is large, the possibility that Wy > W107 rand Wop < W207T
is high. The optimistic agent will end up with higher fraction of wealth, hence have a less
heterogeneity demand.

Note that the definition of "good economy" and "bad economy" is subjective to two types
of investors’ beliefs. In case 3, the optimistic agent believes the economy is "good", and the

pessimistic one believes "bad".'?> Thus, on the expectations over the subjective belief, the

"2 There is no other possibility (e.g. the pessimistic agent believes the economy is good, and optimistic one be-
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possibility that Wy r < WRT and War < W20’T is high for the optimistic and pessimistic agent

respectively. In this range, both agents have a higher heterogeneity demand.

5.2 Market Price of Risk (Sharpe Ratio)

The following proposition shows the Sharpe ratios with and without relative performance.
Proposition 6. When v = 2, the market prices of risk are:
K1t = 20p + agfi; Kot =20p — (1 —ap)ft (30)

where ay, is a function of k and is shown in the Appendix F. Moreover, the market prices of risk

i the benchmark case are:
Ii(it = 20p + aoft; /{87,; =20p—(1—ao)u (31)
then we have

Case 1: when A(t) < exp[—2pop (T —t)], ar > ap, and day, >0

ok
Case 2: when A(t) > exp[—2pmop (T —t)], ax < ag, and aaczg <0
Proof. The proof is in the Appendix F. O

(30) shows that some risk is actually transferred from pessimistic agent to the optimistic
agent since k1 — k2 = . This is the standard result for asset pricing with heterogeneous
beliefs. Given aj is a function of k, we know that the transferred risk is affected by the
relative performance. (31) gives Sharpe ratios without relative performance (k = 0), so the
analysis depends on the comparison between ay and ag, which is shown in the two cases of the
proposition.

Similar to the analysis of the portfolio choices, case 1 corresponds to a good economy. We
show that the market price of risk with relative performance is higher than that without relative
performance, and the more important the relative performance is, the higher the market price
of risk is. In case 2 (bad economy), the market price of risk with relative performance is smaller
than that without relative performance, and the more important the relative performance is,
the smaller the market price of risk is. This is because: When the economy is good, optimistic
investors possess less wealth with relative performance than she does without relative perfor-

mance. Although the optimistic agent still dominates the market, the stock is less overvalued

lieves bad.) given the priors of two agents because the optimistic agent, by definition, is always more "optimistic"

than the pessimistic one.
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with relative performance. Hence, the market price of risk is higher with relative performance
than that without relative performance. When the economy is bad, by the similar logic, the

market price of risk is smaller with relative performance than that without relative performance.

Proposition 7. The first order condition of k; on A is positive for both investors, i.e.

dRit .
: 0 =1,2 32
d)\(t) > ) ? ) ( )
Proof. The proof is in the Appendix G. O

(32) shows that Sharpe ratios of both investors are counter-cyclical. Intuitively, when the
market is good, the optimistic agent dominates the market so the stock is overvalued. The

excess return is lower, hence the Sharpe ratio is lower.

5.3 Stock Price and Volatility

In this section, we solve the equilibrium price and the volatility, and compare those to the

benchmark case.

Proposition 8. The stock price is

2
2 +ﬁﬁ‘7D:| (T—t)

__m
{1 + A(t)zime{ S0 n )\(t)wrzzkeugk“"D(Tt)} Dyelim=20%) @1

Sy = ——
{1 + 2)\(75)%1%’6 e(_S(lik)2 oD i ) (T-) + )\(t)l}rke(lw—Dlik)(T_t)} (370D g ) (T—1)
(33)
Denote S? as the stock price when k = 0, then we have
Case 1 :  when \(t) — 0, S; < S?
Case 2 :  when A(t) — oo, Sy > S?
Proof. The proof is in the Appendix H. O

(33) shows the expression of the stock price, and we compare it to the benchmark case price,
SY. in two extreme cases. Case 1 and Case 2 depend on the process A(t), so we have similar
interpretation to that of portfolio choices. However, in the proposition, we only consider the
cases to the extreme situation. In case 1, A(f) — 0 so we interpret it as the extremely good
economy. We show that the stock price is lower with the relative performance than that without
relative performance. Case 2 is interpreted as the extremely bad economy, and the stock price
is higher with the relative performance than that without.

When A(t) is small, the aggregate demands are lower than the benchmark case. When A(¢)
is large, the aggregate demands are higher. Given that the stock has fixed supply, the price

17



is lower in case 1 and higher in case 2 relative to the benchmark case. Figure 2 explains this

proposition.

44.5 T T T T T T T T

S
44 - s |1

43.5F E

42.5F B

Price

2} g

415} E

a1t .

40.5F E

2 -1 0 1 2 3 4 5 6
In(l)

Figure 2: This figure shows the comparison of stock prices with and without relative per-

40
-3

formance for different \. The model parameters are op = 0.3, @ = 0.5, k = 0.5.

From the graph and the proposition, we can see that when A(t) is very large (very bad
economy), the stock price is higher than the benchmark case. When A(¢) is very small (very
good economy), the stock price is lower. For the middle range of A(¢), the stock price can be
either higher or lower than that in the benchmark case. Note that the middle range corresponds

to the case 3 in proposition 5 in which both agents disagree with the "good" or "bad" economies.

Bi1tH2 o _
Corollary 2. When k — oo, S; = Dte( ER %)(T D,

This corollary is the extension of corollary 1. When & — oo, we know that, from corollary

1, both agents submit the same demand so that the economy is the same as that with one

representative investor. Moreover, this investor has the average belief, “ 1;“ 2 on the dividend

process. As a result, we have the stock price in the corollary.

Proposition 9. The volatility is

( 1 1

_2
__ B o L _ 11 1
( szt D1+k>(T t)/\(t)g 1% +e(u0D—1_‘2_k)(T—t))\(t)l+k
1_1 _L+7” L V(- _ 2 1
Ost=0p+ —— 1+2A(t>“§ke( s TR )0 (o ) -0 e
S — -
’ B 1 o _ 1 1 _ 1
1+ k e{ sm? ForeEn D](T t))\(t)z % +eﬁu0D(T—t)/\(t)l+k

€

1_1 )2+72+12kﬁoD](T—t)

11 | gt 2 _1
L 1+2)\(t)2 1+k 6{ 8(1+k +672+2k "‘oD(T*t))\(t) 1+k

Comparing the volatility with relative performance, oy, to the benchmark case ag’t, there exist
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two cutoffs, d.1 and des, where de1 < deo.

Case 1: When der < A(t) < de, 05t < agyt

Case 2: When A(t) < der or A(t) > dea, 054 > 0‘27t
Moreover, the larger the k is, the larger the deo— de1 is.

Proof. The proof is in the Appendix B. O

From (34), the volatility with relative performance is greater than o p. That is, the difference
of opinions generates excess volatility. In case 1, A(¢) has upper and lower bounds so that we
interpret it as normal days (the economy is not very good or very bad). We show that the
volatility is smaller with relative performance than that without relative performance. Case
2 indicates extreme economy (very good or very bad), we show that the volatility is larger
with relative performance than that without relative performance. Moreover, the stronger the
relative performance is (large k), the wider range of the normal days is in. Figure 3 depict

numerical simulations.
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Figure 3: Comparison of volatilities with and without relative performance. In this figure,
we plot the volatility vs. the value of A(t). o and og denote the volatility with and without
relative performance, respectively. We choose different k for different graphs. Other model
parameters are op = 0.3, p = 0.5.

The relative performance has two effects on the volatility. First, it leads agents to trade sim-
ilarly which effectively decreases the difference of opinions. Thus, it has the effect of decreasing
volatility. This is what we observe in the middle range of the economy. Second, it changes the

fraction of wealth that two agents will share at time 7. The existence of relative performance
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decreases the fraction held by the optimistic (dominant) agent, hence decreases her impact to
the economy. On the other hand, the impact of pessimistic agent is increased. Thus, the second
effect of relative performance is to increase the "difference of opinions" which in turn increases
the volatility when the economy is extreme. Intuitively, when the economy is extremely good,
optimistic agent dominates the market. We can imagine that the pessimistic agent is driven
out of the market when she loses a lot of money. Thus, only optimistic agent survives in the
market. As a result, there is no difference of opinions, hence no excess volatility. However, with
concerns of relative performance, the pessimistic agent trades more like an optimistic one so she
can stay in the market even the economy is extremely good. This exaggerate the difference of
opinions and hence results in an excess volatility.

Overall, in normal days, the first effect dominates the second one so that the volatility with
relative performance is smaller. In extreme cases, the second effect dominates the first so that
the volatility is larger. The stronger the concerns of relative performance, the more similarly
agents trade; as a result, the wider the range of normal days is. This is shown by the changes
of the middle range (increasing) from the first to the sixth graph in Figure 3. However, when &

goes to infinity, we have the one agent economy again which is shown in the following corollary.
Corollary 3. When k — o0, 054 — 0p.

It is easy to see that, in (34), the expression in the bracket is between (0,1) so that when
k — 00, 05t — op. The intuition is similar to those in corollary 1 and 2. When the relative

performance is infinitely strong, we have the representative agent economy.

6 More Special Cases

In the last section, we use one special case with v = 2 to illustrate our general model. However,
in order to show that our general model works for more cases, we do some numerical studies
for different risk aversion parameters. We use the results in proposition 2 (the general case), by

choosing v = 3 and 4, and simulate numerically volatilities in different cases.
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Figure 4.1: Comparison of volatilities with and without relative performance for v = 3. oy

and oy denote the volatility with and without relative performance, respectively. Other model

parameters are k = 0.5, op = 0.3, w = 0.5.
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4.2: Comparison of volatilities with and without relative performance for v = 4. oy

and o denote the volatility with and without relative performance, respectively. Other model

parameters

are k=0.5,0p =0.3, 7 =0.5.

We use the volatility because it can best illustrate the theory in normal and extreme economy.

Similar to the special case when v = 2, the volatility with relative performance is smaller than

that without relative performance in normal days. This reflects that the difference of opinions

is smaller in normal days. However, in the extreme economy, the opposite is true.
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7 Irrational Traders’ Survivalship

In this section, we discuss one important implication for our model, i.e. the survival of irrational
traders in the long run. Without loss of generality, we suppose the first trader has rational belief
and is always right about the economy, the second trader has irrational belief, but both of the
traders care about their relative performance to each other. We relax our assumption that
& > 0 so that the irrational trader can be either optimistic or pessimistic. Furthermore, we

define "survival" as

Definition 1. Agent 2 is defined as relative extinction in the long run if

. Wor
m —— =

0 13
T—o0 Wl,T

From the competitive equilibrium derived above, we have the following result:

Proposition 10. Define i* := —20p (Y —1). For~y > 1 and 1 # @*, only one of the traders
survives in the long run. In particular, we have:

n > 0, pessimistic irrational trader = Rational trader survives

&* < <0, moderately optimistic irrational trader = Irrational trader survives

o< @*, strongly optimistic irrational trader = Rational trader survives
Proof. The proof is in the Appendix I. O

Note that for 7 = ¥, both rational and irrational traders survive. This proposition identifies

14

three distinct regions on which type of trader will survive in the long run**. The range in

which the irrational trader survives depends on g*. Without relative performance (k = 0),
%

* = —op2 (v —1). Hence, comparing to the benchmark case without relative performance, we

have the following corollary.

Corollary 4. The range, (i*,0), where the irrational trader survives is larger in the case of

relative performance than that without relative performance.
Proof. By the expression of 7, we can easily get the result. O

Our analysis reveals that the region where the irrational trader survives in the long run
is larger when traders care about relative performance. This is consistent with our above
results. Because both type of traders care about relative performance and hence they trade

more similarly, thus irrational trader has higher probability of survival.

Y For further discussion of this definition, please refer to Kogan, Ross, Wang and Westerfield (2006).
Y4 This analysis is similar to Proposition 4 in Kogan, Ross, Wang and Westerfield (2006).
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8 Conclusion

This paper studies an equilibrium asset pricing model in which institutional investors with
heterogeneous beliefs care about relative performance. We focus on the investor’s portfolio
choices, asset prices, volatility and market prices of risks. Relative performance has two effects:
On the one hand, relative performance leads agents to trade similarly, which effectively decreases
the difference of opinions among investors. As a result, the volatility is lower with relative
performance than that without relative performance. On the other hand, relative performance
decreases the fraction of the dominant agent in extreme economy which effectively increases the
difference of opinions. As a result, the volatility is smaller with relative performance than that
without relative performance in normal economy; and larger in the extreme economy. The asset
price is lower with relative performance than without relative performance when the economy
is extremely good; it is higher when the economy is extremely bad. The model shows that
the portfolio choices for both investors can be decomposed into three parts: myopic demand,
hedging demand and heterogeneity demand. Only the heterogeneity demand is influenced by
the relative performance. Regarding the market price of risk, when the economy is good, the
risk premium is higher relative to the case without relative performance; and it is lower when

the economy is bad.
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Appendixes:

A Proof of Lemma 1, 2, 3, 5

The Lagrangian for (21) is:

1—
|:W»T <%%T>k:| !
b T So )
i | — B (Wi
e R T

Ei

By FOC, we have

k(y—1

— )
Wi,T = (k+ 1) (k+1)<i—1)+1 (yiﬂ—i’T)_(k-H)(i—lHl (Wj,T) F+D(v=D+1 = (k—i—l)

oG=1)

(W) 7

2=
2=

(ymz‘,T)_

where ¥ = (k+1)(y — 1) +1 = v+ k(y — 1) and 6 = ;%. This concludes the proof of

+
. . Wi 1
Lemma 3. From the expressions in Lemma 3, we calculate WI\T , and have:
2,7
T 1 1
Wi Y11t~ 0G-DF Y11t~ 3F2R(—1) 1
Wiz _ (tame = (e — \T)F
Wz,T Y27t Y27t

where \(t) = &IZ and 7 = y+2k(y—1). Together with the market clearing clearing conditions,

Y272,

Wi+ War = Dr, we get the (22) in Lemma 4. (15) in Lemma 2 is just a special case of (22).
Together with the FOC (which shows the relationship between W; and m;7), we can solve

m;r in lemma 6.

B Proof of Proposition 2 and 9:

B.1 State Prices

When 7 is an integer, (23) and (24) become:

i .
i - 1
Ty = (E+1) _ /\(T)Wfézihl_)l):(k+l) i
) Y1 DT " DT
2‘7:0 ! A(T) W(v—l) Z:() Y T) %
i - 1
o = EHD _ AT) S5mss (k+1) i

Given the dynamics of A\(¢) and D; w.r.t. By, we have
—2

AT) = A(t) exp —% (T — ) — i (Bir — Biy)
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o2
D1 = Dyexp [(,ul — 2D) (T'—t)+op (Bir — Bl,t)}

Then we can rewrite 71 1 as:

[t (3] 0
i+k(y—1)

¥ e k(1) g
DY Z ! )\(t) 71—;’5?7*11))6 |: +2k(y— 1):“ +'70'D} (Bl T Bl,t)
D, —o0 \ ¢
by 714 = E} (m1,7) , we have
_E2 k(=) o

k: 1 itk(y—1) _|_l [Miﬁ- o ]2
- Z T s L 2 eGP on
)

Similarly, for the dynamics w.r.t By, we have

ND) = MO e [ (7 - 0) -7 (Bar — 220
Dy = Dyexp [(,ug — 022D> (T —t)+op(Bar — B2,t):|

Following the similar procedure, we have

RN e i—h(y=1)—y
Z A(t) 76D ¢
=0

DY
Dy 7

B.2 Market Price of Risk

By Ito’s lemma on 71 and matching the diffusion terms, we can get Market price of risk

B2 itk(y—1) ob
k+1) & —“fi—v(m—f) k(1)
mimy = ) ) exp 2ol 3/ (@ =0 | At eD
’ ’ let ; q +l _itk(y=1) +
=0 2 | yr2k(—1 ):U/ YO D
i+k(y—1) _
Y N Y S
yrek(y— 1t TP
Then, we can get k1 in the proposition with
_ B2 itk(y=1)
gl k(o) AR
Lol | [MOTFRED exp v (m — 7) + (T—) | 3
i . 2
1| it+k(y—1) —
5 3 [m/ﬁ + ’YUD]
b @ ith(—1)
0l itk(y=1) 2 7¥2k0-D
o . A(t) 7 +H2R(=1) exp vy (Ml — ‘LD) + (T—t)
i 2
1| i+k(y—1)
3 |s5ilm o)
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Similarly, we can get ko ; with

_pZik(y=1)—y
2 F12k(y—1)

Y i—k(y—1)—y o2 _ .
Lol e TG e V(=) + |@-o |

(3 . 2
1 [i—k(y—1)—y—
2 |:Z7+27€(7—1)’YM+70-D:|

v _Erimk(y=1)—y
. r1)n 2 y+2k(y-1)

Ll T poTEET el | (- )+ |

v i—h(y—1)—y— 2
% |: 'y—i—glyc('yzl)’yu + 70—D1|
B.3 Portfolio Choices

For agent 1, we have 71 W1 ; = E,;1 (Wh,rm1,7) . By some manipulation, it can be written as

-1 , 2 itk(y—1) 0%
E+1 3 v-1 RETICE ~F ety — (V= 1) (#1—7>
Wl,twl,t — D’Y—l Z . )\(t) Y+2k(y—1) exp 1’Y+ zi”:(vzl) B 5 (T - t)
nhy 5o ( +3 [mﬂ +(y—1) UD]

by Ito’s lemma and matching the diffusion terms

_ B2 itk(=1)
2 y+2k(7—1)
2
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1
irk(v—1) ) 3
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B.4 Stock Price

By the martingale property,

|7 et
(k+1) L
E D Y D’Y—l
5, = 4 (w17 T)St g | T
T1t Tt
L itk(y=1) | 95
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B.5 Volatility

Denote the stock price as

X
Sy ==t
_ B itk(y=1) | oh ]
- Tk T2
¥ itk(y— —02 )(T—
set Xy = > 1 0 i A(t) 7261 exp o ’;iéﬂk? 7 z)ﬁ‘i‘ (T —1t) Dte(“l oh )(T~1)
+3
—1)op
u2 itk(y—1)
itk(y—1) —sr——
and V; = Y K A(t) W+2’“(WW 1) exp 2yt2O=D) T (T'—1t)| ¢, then for
=01 . 1 [ itk(y—1)
v 2 |72k T 79D
diffusion term, we only need to consider d% = W. Apply Ito’s Lemma to calcu-
late diffusion terms of dX; and dY;.
The diffusion term for dX; is
B2 ith(y=1) | o}
“ T yrm(-n T2 Tt
1 [ itk(y—1) _q 2
y 7. +3 |53l +(r—Dop "
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ith(y— D
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1+k(y —
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The diffusion term for dY; is
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- itk(-1) 1 [Litk=1) o
Z 7 )\(t)%we 2 ['y+2k(771):“+70D i,
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0 +l [Mi—F( - 1)0’ }2 itk(y—1)
Z:o e 2 |7 +2k(—1)H v P %(I)M( )32k 1)
)
o = op— _
N ’ @itk oh g
2 y+2k(v—1) o o
ith(y— 1| itk(y=1) _
o A(t)%e +a [’7+2k(’y nH T+ (v=1) JD] Dte(ul—a%)(T—t)
)
_ 2 itk(y=1)
2 y+2k(y—1) o |-y
~ Y _itk(y=1) i+k(y—1) % [%/L + ’)/O'D]
ol | MOTEOT e
+ _
_E itk(y=1)
2 y+2k(y—1) -t
i _ 1| dtk(y=1) &
SN U YO e e [7+2k( DIy +70D}

i
then, we can get the expression in the proposition.
Similarly, by setting v = 2, we can get (34). Thus, Proposition 9 is proved.

C Proof of Proposition 3

Similar to the proof of proposition 2 by setting v = 2, we can get (25) and (26) where:

—2 2
1 —“—++nm)<m) e ( +3ymop ) (T—1)
k 1 ( 8(1+k)2 " 2(k+1) k 2(1+k) 8(1+k)2 2 1+k 1
g, = B T AT g,z +1
1t — 2 1 ) 2t — 1 2 101 —
1+ )\( )2(k+1 €<7 8(1+k)2+2(k+1)'uJD)(T7t) )\(t) 2(1+k) e(ig(prk)z +§71+k#UD>(T*t) +1

D Proof of Proposition 4
Define exp(a) = )\(t)% p[(370p) (T —t)] and b= %2, then we have:

b a
Tz toD 1+ —e(uk)?*(kﬂ)

B sian + 3¢ ,
Bis= n i Boy = n
|+ arRT D | + ¢Gr0Z D
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1l,—bta 1

when k = 0, we have B?’t = e Bot = mib% By some manipulation, we can write the

difference between two investors’ portfolio choices as

010 —021 = Eol- (/Blf,t + 515,0
Ost
1 1
where B'ﬁt < 3 B’g,t < 3

For this reason, relative performance’s effect on portfolio choice depends on ﬁ]it + B’g,t — (ﬂ?,t +

Bgyt) which can be calculated as

b a b a 2a
1+2k Tz T ko i T D 1+2k o rt1 1 —b 2
a0tk Te O + gRetY + 2yt 3 +e 4 e

__b a b a B —b b 2
l1+e (1+k)2+(k+1>+e(1+k)2+(’“+1>—I—e('f2+al) L4 ebFa 4 erte e

If we use notation % — % for above expression, its sign depends on AD — CB, which can be

calculated as:

2(111 k) 2(1 i k)e_b+a i 21(1++22) e 2(111 k) SRk (; pent e%)
+eﬁ+ﬁ [1f—k‘ — % — @ j_ k)e_b+a + 1_1kik:eb+“ + <14k—k: - ;) 62“]
e [2<1i B 20 i pe 21(1++QZ)6M 2(111 k) e%]
Then we can conclude
5l1€,t + 5§,t - (5(1),t + Bg,t) = {><00 when k£ < 1 and a is lar:ilirrll:ughl

Moreover, we have:

2a

_ b 4 a b 4-a
142k 4 o (1+k)2 (k+1) L kk6(1+k)2 (k+1)+21+72k (k+1)

d | 208 . TR A+k)©

d (ﬁlf ¢t 515 t) Lpe @02 D | Rt +T) +e%

dk N dk

k k
After some manipulation, % can be expressed as:
]_ #_’_L 1 2a — b + 2 b + 2 2a
+ e(+r)?2 " (k+1) 4 = _o(k+D) 14+e w27 R+ 4 o(+k)2 7 (k+1) 4 o (k+D)
21+ k)2 (1+ k)2 2(1 + k)2 ] [
2b 1 1 7#+L 1 _2a 7#4,’»#
(1+k)2 T (k+1) (k+1) (14+k)2 " (k+1)

MESE [2(1+k)+1+/f T }e

b a 2b ]_ ]_ b + a ]_ 2a

(1+k)2+(7€+1) (1+k)2 7 (k+1) = ekt

e L [2(1+k)+1+k:e TN ]

a 1 b a 1 a 2

b a b
- PRKCETSEAR CE T ¢ @2 VD oD

(k+ 12201+ k) k+ 122011 k)

b
a 2 T D o i D

b a
_ 1 e (1+k)2 +(k+1) + a

1
(k+1)22(1+ k) (k+1)22(1 + k)

It is easy to see that the above expression is greater than 0.
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E Proof of Proposition 5
Given 3; ; in the proof of proposition 3, we can easily get 5?,15 by setting k=0. Then for optimistic
agent, the sign of 3, — 5(1),1& depends on

2
1 - +71 EO'D) (T,t)
k SR ( 8(1+k)2 ' 2(k+1)
o5 T )\(t) 2(k+1) e (1+k)

14+ \(t)? k+1)e 1+ At )% ( %Jr%ﬁaD)(T—t)
by some manipulation, the sign depends on
_2 _
k 1 (77“ >+ 5 EGD) (T—t) 1 Ee (*LJrlﬁUD) (T—t)
. )\ 2(k+1) 8(1+k) 2(k+1) - 7}\ t P 3 3
14+ k FA) ¢ 1+k (t)xe

1
Let x = )\(t))Qe(% )T {efine F(xz) as

9
k ( “—2)@%) . 1
F — 8(1+k) Ttk — —
@) =15t v 1+k"

When ( ) )
/ 1 - ) (T—t) E_——— 1
F — 8(1+k) 1+k — 0
(@) =17%° o 1+k

T—t)

We haver = 68(1+k>k(T 2 When x > 68(1““)’“( , F'(x) < 0, F(z) is a monotonically decreasing

= , F'(z) > 0, F(z) is a monotonically increasing function of

function of z; when x < 68<1+k>k
x. For this reason, there exist one cutoff z.1, when z > x.1, F(z) <0, when z < 2.1, F(x) >0

For pessimistic agent, the sign of 85, — ﬁgvt depends on

_ 1 LJFL 1 )Tft
1iM(t)2u+k)e(8‘”")2 aaren )70 | 1
1 2 _ B 21—
AT (adm tarimn) 0 gy gyE ()0

by some manipulation, the sign depends on

) -1 _ -1
e (Y [A(t)% (3o ><T-t>] T e | (1)) en)
1+

Let x := /\(t)% (277D)(T~1) , define G(z) as

_2
Gla) = —— te ()00, e 1

1+k 1+k
When
_o

’ 1 (* £ 2)(T*t) 1 4 1 _

e _ 8(1+k) Tk 20
() e x t7 e

—2 —2

s ) (T—t [
We have x = e(s(Hm)( ). When : z > 6(8(1+k)k)( ), G (z) < 0, G(z) is a monotonically

B ) (T—t) ,
decreasing function of z; when x < e(s(1+k)k) , G (z) > 0, G(x) is a monotonically increas-
ing function of x. Consequently, there exist one cutoff z.o, when = > ., G(x) > 0, when

T < Teg, G(x) > 0.
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_2
— K \(T—¢
Now we study the x. and x.o. We have F(1) = G(1) = ﬁkk + 6(8(1+k)k)( - ﬁlk > 0.

_2
e (Tt
Because 0 = G(z2) < G(1) < G e(s(l+k)k>( ) , we have: z. < 1. In addition, because

72
8(1+k)k (T—t)

0= F(za) < F(1) < F |e , we have: z. > 1. To sum up, x, > z.. Let

ge1 := x2,eCFID)T=Y) and geo = a2,e("FoD)T=Y)  Proposition 5 is proved.

F Proof of Proposition 6

Similar to the proof of proposition 2 by setting v = 2, we can get (30) and (31) where

1 (f ﬁJrﬁO'D) (T—t)
)\(t) 2e 8 + )\(t)e(Qﬁo-D)(Tft)

0 — 5
1+ 2)\(t)%e(_%+“aD>(T_t) + A(t)e(@on) (@)

If g > (<)ap,then (% > (<)%

_ _ao
i depends on

—2
11 - 4T i)(T—t 1
atar T A(H)2 T ’“6’( S P ) s A1) T 7 e(Fop T (=)
R S W VS
22-1-+72kk + )\(t)%ﬁk e(_ 8(1u+k)2 THOD 1+k)(T t) 4 2+2k)‘( ) ("WD 1+k)(T_t)

1 (fﬁJrﬁUD)(T*t)
)\(t)§€ 8 + )\(t)e(zﬁUD)(Tft)
1+>\(t)%€(—%+ﬁap)(T—t)

After some manipulation, we can show that the sign depends on

1 1

k L 5 _o) T2 (T-t) T+ 3k t2
1= {A@erorTn} e (Mo @OLTE _ fyg)seron @0}

2+ 2k
2+ k L5 T L T 2
= pop(T—t) | 1+ 5 B0 p(T—t)
UPEY <{A(t)2e } {A(t)w } )
+ 1 e‘%(T—t) {)\(L‘)éeHUD(T—t)}lik+l —)\(t)%eEUD(T_t)
1+k

_ _ 242
If A(1)7ePP(T=0) < 1 we have 5o <1 - {A(t)%eﬂffn(T—t)}“’“ ) > 0 and

B 2 B 2
Py ({)\(t)éeuaD(T—t)} Ik {)\(t)%quD(T—t)} > > 0. Moreover,
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—2 1 1
e (1+k)2(T t) ({)\(t) 3 ehop(T— t)}T _ {)\(t);euaD(T—t)}lJrk+2)

2

_2
> 678(11716)2(71*75) <)\(t)§@MUD(T—t) — {)\(t)%@ﬁUD(T—t)}1+k +1>

. 2
> D <A(t)ée”oD<T—t> _ {A(t)éewaw—w}wk“)

1 ;72 1 - 1 — 241
—E(T—-1) s pop(T—t) s pop(T—t) | 1+k
TRe " ()\(t)2e {)\(t)2e } )

We have

1 T4 =+
. (1) 2 NO'D(T_t)} 1tk _ { 3 ofiC (T—t)} 1k
¢ a2 T { (B)3e L, ot L 2oy ) [MOzeP >0
_ [)\(t)%eﬁap(ﬁt)} et 1+k At ben (=
Hence, in this case, 1f’;k > 122~ and it is easy to show that aj, > ao.
_ _ 2-+2
If )\(t)%e“"D(T*t) > 1, we have ﬁk% {1 - [)\(t)%e’”D(T*t)] o } < 0 and
1 = 1 2
2k { [)\(t)ieﬁ"D(T_t)} R [A(t)ﬁeﬁ"D(T_t)} } < 0. Then,
7 (O eon -] . At eon(T—0] T
_ _ 2 —
)\(t)%eﬁUD(T*t) TR L+k %eﬁ"D(Tft)]
o fio o (T—1)| T+ (T_)] TR
— B (T—t) )\(t)2e D — _B 2@“‘713 ] —
< e sa+R) L 1., pte ~sm
A(t) b eron(T—1)] T 13|
[ 1 Hop(T—1)] (2] pop(T—t) | fiop(T— t it
B (7—¢) A(t)ze —)\()26 ( 2e
= e 8(1+k) L i
— [)\(t)ze”"D (T=1) }
< 0
In this case lf’;k - , it is easy to show ai < ag.
_2
N R,
o B 2+2k n )\( )é 1 e( 8(1+k)2 HOD 137 + 22:2kk)‘(t) 141rke(/wD 1J2rk)(T t)
— 72 — 1
e 2tk 4 \(t)F T o Ao EE) T | (1) T PP ) (70
ok
Let a = uop (T —t), b = & (T —t), we calculate —5;25. After some calculation, we find that

the sign depends on
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_ 1 + 2a |:el?ﬁk — 1:| — 270/
(1+k)?2 (1+k)3 (14 k)3
__ b ., _a_ 2a 1 a 2b
_ (1+k)2+1+k :
e (el+k 1) [(1+k)2+(1+k)3+(1+k)4]

20 b e 1 a2
“aame T s e - ]

If et —1 >0 , then a > 0, and the above expression is smaller than zero. If ek —1<0

ak
, then a < 0, and we can show it is greater than zero. Since 8 *k has the same sign with %“,j ,

the proposition is thus proved.

G Proof of Proposition 7

_92 o
{%1)\(t)él}r—16(_8(1ik)2+MJD1Jlrk)(T—t)+ 24k 1 )\( >1ik—16(,uaplik)(T—t)}

d/€1 1+k 242k 1+k
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= ILL 2 —
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2 —2
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gfzkﬂ(t)%lie( e O B A
_ 1 _
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I
1
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T O Gl | IV G
= 2 1+k
_ 1
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_ ) s Al 3ok (s o e ) g L) T s ep i )70

1 (— 2 |

b OGN A o) 0

_2
_ L)\(t)%ﬁfle(ﬁﬂDﬁ)(T*t) |:;€( 8(1+k)2)(T t) 4 lﬂ[)\(t)%e(ﬁUD)(T t)]1+k:|

2
1+ 2)\(t)%1+ e<_8<1ik>2+“ Dl*’“)(T D A(t) T elAon 1+k)(T—t)}

N

+
—2
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After some manipulation, it becomes:

(- o, 1 T 1 2 (1) L o) (T—t)] THF
= T 8(4k)2 (Ao p)(T—t) = LT 8(1+k)2 (Fop)(T—t)
21+ k)" M) At 2e TN [A(tm

1 78(1@1)2(71%) L 12\(4)3 eioD)(T—t) 5%
diie )\(t)ﬁip\(t)%e(ﬁ@)@ t)]1+k 2(1+k) € B + mm A b)ze ]

+ﬁ6*78<{lm2 T=D15\(8)3 elop) =017

__b . a __ b 3a_
%e a2 TTE e TrE o %e <1+k)2+1+k} >0

where exp(a) = )\(t)% exp (iop) (T —t), b= %2_

. . . d
Since K14 — Ko, is a constant, it is easy to show d;ff) > 0.

H Proof of Proposition 8

Similar to the proof of proposition 2 by setting v = 2, we can get (33). When k = 0, we have S) =
—2

—B 4 1las ] T—t

1+ /\(t)éze[ Rl R

+A(t)eFor(T=t)

Dte(m UD)(T t)

Xk
A p— . Denote S; = Y—}Dt exp (1 — %) (I —t) and
1+2)\( )7 —4+pop | (T-1)

A(t)€2ﬁaD (T—-1)

+ TH(T—1)

XO Xk XO
50 = YTth exp (Ml — 202D) (T —t). For SF < (>)S?, we need 7} < (E)Y—tf), we need to look at
the sign of XFY,? — V}FX?

_2

xf = 1+A<t>m2€[—m+mﬂw}w—t>

+ )\(t)ﬁeﬁﬁﬁD(T—t)

1 =2 2 2
) S e I PV Lo N S B A e S
(T-t)

k —
e2+2k 19D

vk = 1+ 2)\ ( 8(1+k)2 ThID 1+k) (T—t)+
' B L
+

oD 117 (T—1)

— 62+2k“‘7D(T t) +2K%T afop(T—t) = 8(1+k)2 (T— )_|_K1J%k6722r2kkﬁ0D(T—t)

XY = 1+t )% + )\(t)eﬁaD(T*t)

1 2 —2
= 142 {/\(t)eﬁ"D(T*t)}2 e s T 4 \(t)ePor(T—1) = 1 4 2~ s TRz 4+ K

ytO — 1+2)\(t)%eﬁop(Tft)efg(T*t)+)\(t)e2ﬁ0D(Tft) _ 1+2K26% p(T—t) o~ (Tft)_i_Keﬁch(Tft)

where K = \(t)eFor(T=1)  After some calculation, the sign of XFY,? — Y X? depends on
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2 1o B°
¢ sarmz 0 _ PHP TG

1 emarron(T=1) | o —e

)(T—t)] Kﬁ +K1ﬁ [1 _ e%ﬁap(’ffﬂ}

_2 _ —2
+ 9 [e(éuap—“s)(T—t) _ e(ﬁum—%)(T—t) K4 [epo—D(T—t) _ Q%EJD(T—U} Kk

fiop——E ) (T—t) Liop——E Y (T—t)|  aio
TP TR0 TP TR +

+2 K 2¥2k

1— w2 2tk — w2
€<§u0D_”8 (T—t)_6 muap—% (T—t) K3+k

n [ FoD(T—t) _ eﬁﬁdD(T—t)} K+2

242k

Then when K — 0o, Sy > SY. When K — 0, S; < S

I Proof of Proposition 10

1
Wip=—L2r  Wyr = %, where ¥ = v + 2k(y — 1). We thus obtain
14A(T) 7 1+A(T)7

W2T -1 1 172 _ ~ 1
2L \T)F = — 1) |T-Z-uB
Wir (I')" 7 =exp [ﬁ < 5F —HOD y )) = T}

Using the strong Law of Large Numbers for Brownina motion (see Karatzas ande Shreve

(1991), for any value of o, we have:

) 0,a<0
lim exp(aT + oBr) =
T—o0 00, a >0
so we have:
. War , =312 —fiop (—1) <0
lim —— =

7o Wir | oo, ~ 4~ fiop (7 - 1) > 0

then we can easily get the result in the proposition
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