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Abstract

Financial markets are incomplete, thus for many households borrowing is possible only by
accepting a financial contract that specifies a fixed repayment. However, the future income that
will repay this debt is uncertain, so risk can be inefficiently distributed. This paper argues that a
monetary policy of nominal GDP targeting can improve the functioning of incomplete financial
markets when incomplete contracts are written in terms of money. By insulating households’
nominal incomes from aggregate real shocks, this policy effectively completes financial markets
by stabilizing the ratio of debt to income. The paper argues the objective of replicating
complete financial markets should receive substantial weight even in an environment with

other frictions that have been used to justify a policy of strict inflation targeting.
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1 Introduction

At the heart of any argument for a monetary policy strategy lies a view of what are the most
important frictions or market failures that monetary policy should seek to mitigate. The canonical
justification for inflation targeting as optimal monetary policy rests on the argument that pricing
frictions in goods markets are of particular concern (see, for example, Woodford, 2003). With
infrequent price adjustment owing to menu costs or other nominal rigidities, high or volatile inflation
leads to relative price distortions that impair the efficient operation of markets, and which directly
consumes time and resources in the process of setting prices. Inflation targeting is the appropriate
policy response to such frictions because it is able to move the economy closer to, or even replicate,
what the equilibrium would be if prices were flexible. In other words, inflation targeting is able to
undo or partially circumvent the frictions created by nominal price stickiness.!

This paper argues that nominal price stickiness may not be the most serious friction that mone-
tary policy has to contend with. While the use of money as a unit of account in setting infrequently
adjusted goods prices is well documented, money’s role as a unit of account in writing financial
contracts is equally pervasive. Moreover, just as price stickiness means that nominal prices fail to
be fully state contingent, financial contracts are typically not contingent on all possible future states
of the world, for example, debt contracts that specify fixed nominal repayments. Financial contracts
might not be fully contingent for a variety of reasons, but one explanation could be that transaction
costs make it prohibitively expensive to write and enforce complicated and lengthy contracts. Many
agents, such as households, would find it difficult to issue liabilities with state-contingent repay-
ments resembling equity or derivatives, and must instead rely on simple debt contracts if they are
to borrow. Thus, in a similar way to how menu costs can make prices sticky, transaction costs can
make financial markets incomplete.

This paper studies the implications for optimal monetary policy of such financial-market incom-
pleteness in the form of non-contingent nominal debt contracts.? The argument can be understood
in terms of which monetary policy strategy is able to undo or mitigate the adverse consequences of
financial-market incompleteness, just as inflation targeting can be understood as a means of circum-
venting the problem of nominal price stickiness. For both non-contingent nominal financial contracts
and nominal price stickiness, it is money’s role as a unit of account that is crucial, and in both cases,
optimal monetary policy is essentially the choice of a particular nominal anchor that makes money

best perform its unit-of-account function. But in spite of this formal similarity, the optimal nominal

'In addition to the theoretical case, the more practical merits of implementing inflation targeting are discussed in
Bernanke, Laubach, Mishkin and Posen (1999).

2Tt is increasingly argued that monetary policy must take account of financial-market frictions such as collateral
constraints or spreads between internal and external finance. These are different from the financial frictions empha-
sized in this paper. Starting from Bernanke, Gertler and Gilchrist (1999), there is now a substantial body of work
that integrates credit frictions of the kind found in Bernanke and Gertler (1989) or Kiyotaki and Moore (1997) into
monetary DSGE models. Recent work in this area includes Christiano, Motto and Rostagno (2010). These frictions
can magnify the effects of both shocks and monetary policy actions and make these effects more persistent. But
the existence of a quantitatively important credit channel does not in and of itself imply that optimal monetary
policy is necessarily so different from inflation targeting unless new types of financial shocks are introduced (Faia and
Monacelli, 2007, Carlstrom, Fuerst and Paustian, 2010, De Fiore and Tristani, 2012).



anchor turns out to be very different when the friction is financial-market incompleteness rather
than sticky prices.

One problem of non-contingent debt contracts for risk-averse households is that when borrowing
for long periods, there will be considerable uncertainty about the future income from which fixed
debt repayments must be made. The issue is not only idiosyncratic uncertainty — households do not
know the future course the economy will take, which will affect their labour income. Will there be a
productivity slowdown, a deep and long-lasting recession, or even a ‘lost decade’ of poor economic
performance to come? Or will unforeseen technological developments or terms-of-trade movements
boost future incomes, and good economic management successfully steer the economy on a path
of steady growth? Borrowers do not know what aggregate shocks are to come, but must fix their
contractual repayments prior to this information being revealed.

The simplicity of non-contingent debt contracts can be seen as coming at the price of bundling
together two fundamentally different transfers: a transfer of consumption from the future to the
present for borrowers, but also a transfer of aggregate risk to borrowers. The future consumption
of borrowers is paid for from the difference between their uncertain future incomes and their fixed
debt repayments. The more debt they have, the more their future income is effectively leveraged,
leading to greater consumption risk. The flip-side of borrowers’ leverage is that savers are able to
hold a risk-free asset, reducing their consumption risk.

To see the sense in which this bundling together of borrowing and a transfer of risk is inefficient,
consider what would happen in complete financial markets. Individuals would buy or sell state-
contingent bonds (Arrow-Debreu securities) that make payoffs conditional on particular states of
the world (or equivalently, write loan contracts with different repayments across all states of the
world). Risk-averse borrowers would want to sell relatively few bonds paying off in future states of
the world where GDP and thus incomes are low, and sell relatively more in good states of the world.
As a result, contingent bonds paying off in bad states would be relatively expensive and those paying
off in good states relatively cheap. These price differences would entice savers to shift away from
non-contingent bonds and take on more risk in their portfolios. Given that the economy has no risk-
free technology for transferring goods over time, and as aggregate risk cannot be diversified away,
the efficient outcome is for risk-averse households to share aggregate risk, and complete markets
allow this to be unbundled from decisions about how much to borrow or save.

The efficient financial contract between risk-averse borrowers and savers in an economy subject
to aggregate income risk (abstracting from idiosyncratic risk) turns out to have a close resemblance
to an ‘equity share’ in GDP. In other words, borrowers’ repayments should fall during recessions
and rise during booms. This means the ratio of debt liabilities to GDP should be more stable than
it would be in a world of incomplete financial markets where debt liabilities are fixed in value while
GDP fluctuates.

With incomplete financial markets, monetary policy has a role to play in mitigating inefficiencies
because private debt contracts are typically denominated in terms of money. Hence, the real degree
of state-contingency in financial contracts is endogenous to monetary policy. If incomplete markets

were the only source of inefficiency in the economy then the optimal monetary policy would aim



to make nominally non-contingent debt contracts mimic through variation in the real value of the
monetary unit of account the efficient financial contract that would be chosen with complete financial
markets.

Given that the efficient financial contract between borrowers and savers resembles an equity
share in GDP, it follows that a goal of monetary policy should be to stabilize the ratio of debt
liabilities to GDP. With non-contingent nominal debt liabilities, this can be achieved by having a
non-contingent level of nominal income, in other words, a monetary policy that targets nominal
GDP. Nominal income thus replaces nominal goods prices as the optimal nominal anchor. The
intuition is that while the central bank cannot eliminate uncertainty about future real GDP, it can
in principle make the level of future nominal GDP (and hence the nominal income of an average
household) perfectly predictable. Removing uncertainty about future nominal income thus alleviates
the problem of nominal debt repayments being non-contingent.

A policy of nominal GDP targeting is generally in conflict with inflation targeting because any
fluctuations in real GDP would lead to fluctuations in inflation of the same size and in the opposite
direction. Recessions would feature higher inflation and booms would feature lower inflation, or
even deflation. These inflation fluctuations can be helpful because they induce variation in the real
value of the monetary unit of account, making it and the non-contingent debt contracts expressed
in terms of it behave more like equity. This promotes efficient risk sharing. A policy of strict
inflation targeting would fix the real value of the monetary unit of account, converting nominally
non-contingent debt into real non-contingent debt, which would imply an uneven and generally
inefficient distribution of risk.

The inflation fluctuations that occur with nominal GDP targeting would entail relative-price
distortions if goods prices were sticky, so the benefit of efficient risk sharing is most likely not
achieved without some cost.® It is ultimately a quantitative question whether the inefficiency caused
by incomplete financial markets is more important than the inefficiency caused by relative-price
distortions, and thus whether nominal GDP targeting is preferable to inflation targeting.

This paper presents a model that allows optimal monetary policy to be studied analytically in
an incomplete-markets economy with heterogeneous households and aggregate risk, which can be
straightforwardly calibrated for quantitative analysis. The model contains two types of households,
relatively impatient households who will choose to become borrowers, and relatively patient house-
holds who will choose to become savers. Although households differ in their time preferences, they
are all risk averse, and are all exposed to the same labour income risk. Real GDP is uncertain

because of aggregate productivity shocks, but there are no idiosyncratic shocks. The economy is

3The model features both a trade-off between efficiency in goods markets and efficiency in financial markets, and a
trade-off between the volatility of inflation and the volatility of financial-market variables. Such trade-offs are implicit
in recent debates, though there is no widely accepted argument for why stabilizing prices in goods markets causes
financial markets to malfunction. White (2009b) and Christiano, Ilut, Motto and Rostagno (2010) argue that stable
inflation is no guarantee of financial stability, and may even create conditions for financial instability. Contrary
to these arguments, the conventional view that monetary policy should not react to asset prices is advocated in
Bernanke and Gertler (2001). Woodford (2011) makes the point that flexible inflation targeting can be adapted to
accommodate financial stability concerns, and that it would be unwise to discard inflation targeting’s role in providing
a clear nominal anchor.



assumed to have no investment or storage technology, and is closed to international trade. There
are no government bonds and no fiat money, and no taxes or fiscal transfers. In this world, patient
households defer consumption by lending to impatient households, who can thus bring forwards
consumption by borrowing. It is assumed the only financial contract available is a non-contingent
nominal bond. The basic model contains no other frictions, initially assuming prices and wages are
fully flexible.

The concept of a ‘natural debt-to-GDP ratio’ provides a useful benchmark for monetary policy
analysis. This is defined as the ratio of (state-contingent) gross debt liabilities to GDP that would
prevail were financial markets complete. This object is independent of monetary policy. The actual
debt-to-GDP ratio in an economy with incomplete markets would coincide with the natural debt-
to-GDP ratio if forecasts of future GDP were always correct ex post, but will in general fluctuate
around it when the economy is hit by shocks. The natural debt-to-GDP ratio is thus analogous to
concepts such as the natural rate of unemployment and the natural rate of interest.

If all movements in real GDP growth rates are unpredictable then the natural debt-to-GDP ratio
turns out to be constant (or if utility functions are logarithmic, the ratio is constant irrespective
of the statistical properties of GDP growth). Even when the natural debt-to-GDP ratio is not
completely constant, plausible calibrations suggest it would have a low volatility relative to real
GDP itself.

Since the equilibrium of an economy with complete financial markets would be Pareto efficient in
the absence of other frictions, the natural debt-to-GDP ratio also has desirable welfare properties.
A goal of monetary policy in an incomplete-markets economy is therefore to close the ‘debt gap’,
defined as the difference between the actual and natural debt-to-GDP ratios. It is shown that doing
so effectively ‘completes the market’ in the sense that the equilibrium with incomplete markets would
then coincide with the hypothetical complete-markets equilibrium. Monetary policy can affect the
actual debt-to-GDP ratio and thus the debt gap because that ratio is equal to nominal debt liabilities
(which are non-contingent with incomplete markets) divided by nominal GDP, where the latter is
under the control of monetary policy.

When the natural debt-to-GDP ratio is constant, or when the maturity of debt contracts is
sufficiently long, closing the debt gap can be achieved by adopting a fixed target for the growth rate
(or level) of nominal GDP. With this logic, the central bank uses nominal GDP as an intermediate
target that achieves its ultimate goal of closing the debt gap. This turns out to be preferable to
targeting the debt-to-GDP ratio directly because a monetary policy that targets only a real financial
variable would leave the economy without a nominal anchor. Nominal GDP targeting uniquely pins
down the nominal value of real incomes and thus provides the economy with a well-defined nominal
anchor.

It is important to note that in an incomplete-markets economy hit by shocks, whatever action
a central bank takes or fails to take will have distributional consequences. Ex post, there will be
winners and losers from both the shocks themselves and the policy responses. Creditors lose out
when inflation is unexpectedly high, while debtors suffer when inflation is unexpectedly low. It might

then be thought surprising that inflation fluctuations would ever be desirable. However, the inflation



fluctuations implied by a nominal GDP target are not arbitrary fluctuations — they are perfectly
correlated with the real GDP fluctuations that are the ultimate source of uncertainty in the economy,
and which themselves have distributional consequences when households are heterogeneous. For
households to share risk, it must be possible to make transfers ex post that act as insurance from
an ex-ante perspective. The result of the paper is that ex-ante efficient insurance requires inflation
fluctuations that are negatively correlated with real GDP (a countercyclical price level) to generate
the appropriate ex-post transfers between debtors and creditors.

It might be objected that there are infinitely many state-contingent consumption allocations
which would equally well satisfy the criterion of ex-ante efficiency. However, only one of these —
the hypothetical complete-markets equilibrium associated with the natural debt-to-GDP ratio —
could ever be implemented through monetary policy. Thus for a policymaker solely interested in
promoting efficiency, there is a unique optimal policy that does not require any explicit distributional
preferences to be introduced.

The model also makes predictions about how different monetary policies will affect the volatility
of financial-market variables such as the debt-to-GDP ratio. It is shown that policies implying an
inefficient distribution of risk, for example, inflation targeting, are associated with near-random
walk fluctuations in the debt-to-GDP ratio. On the other hand, with complete financial markets,
the persistence of fluctuations in the debt-to-GDP ratio would be bounded by the persistence of
shocks to real GDP growth. When a monetary policy is adopted that allows the economy to mimic
complete financial markets, the actual debt-to-GDP ratio inherits these less persistent dynamics.

In a model with both nominal price rigidities and incomplete financial markets, these findings
allow the tension between relative-price distortions and efficient risk sharing to be seen in more
familiar terms as a trade-off between price stability and financial stability. Determining which of
these objectives is the more important in practice can be done by studying a quantitative version
of the model. Nominal price rigidity is introduced using the standard Calvo model of staggered
price adjustment. With both incomplete financial markets and sticky prices, optimal monetary
policy is a convex combination of the optimal monetary policies that are appropriate for each of the
two frictions in isolation. After calibrating all the parameters of the model, the conclusion is that
replicating complete financial markets should receive approximately 88% of the weight.

This paper is related to a number of areas of the literature on monetary policy and financial
markets. First, there is the empirical work of Bach and Stephenson (1974), Cukierman, Lennan
and Papadia (1985), and more recently, Doepke and Schneider (2006), who document the effects of
inflation in redistributing wealth between debtors and creditors. The novelty here is in studying the
implications for optimal monetary policy in an environment where inflation fluctuations with such
distributional effects may actually be desirable precisely because of the incompleteness of financial
markets.

The basic idea of this paper (though not the modelling or quantitative analysis) has many
precedents in the literature. Selgin (1997) describes the ex-ante efficiency advantages of falling

prices in good times and rising prices in bad times when financial contracts are non-contingent,



though there is no formal modelling of the argument.? A survey reviewing the long history of
this idea in monetary economics is given in Selgin (1995). In recent work, Koenig (2013) advances
the risk-sharing argument for nominal GDP targeting in the context of a two-period model.” An
earlier theoretical paper is Pescatori (2007), who studies optimal monetary policy in an economy
with rich and poor households, in the sense of there being an exogenously specified distribution
of assets among otherwise identical households. In that environment, both inflation and interest
rate fluctuations have redistributional effects on rich and poor households, and the central bank
optimally chooses the mix between them (there is a need to change interest rates because prices
are sticky, with deviations from the natural rate of interest leading to undesirable fluctuations in
output). A related paper is Lee (2010), who develops a model where heterogeneous households
choose less than complete consumption insurance because of the presence of convex transaction
costs in accessing financial markets. Inflation fluctuations expose households to idiosyncratic labour-
income risk because households work in specific sectors of the economy, and sectoral relative prices
are distorted by inflation when prices are sticky. This leads optimal monetary policy to put more
weight on stabilizing inflation. Differently from those two papers, the argument here is that inflation
fluctuations can actually play a positive role in completing otherwise incomplete financial markets.%

The idea that inflation fluctuations may have a positive role to play when financial markets are
incomplete is now long-established in the literature on government debt (and has also been recently
applied by Allen, Carletti and Gale (2011) in the context of the real value of the liquidity available
to the banking system). Bohn (1988) developed the theory that non-contingent nominal government
debt can be desirable because when combined with a suitable monetary policy, inflation can change
the real value of the debt in response to fiscal shocks that would otherwise require fluctuations in
distortionary tax rates.”

Quantitative analysis of optimal monetary policy of this kind was developed in Chari, Christiano
and Kehoe (1991) and expanded further in Chari and Kehoe (1999). One finding was that inflation
needs to be extremely volatile to complete financial markets. As a result, Schmitt-Grohé and

Uribe (2004) and Siu (2004) argued that once some nominal price rigidity is considered so that

4Persson and Svensson (1989) is an early example of a model — in the context of an international portfolio
allocation problem — where it is important how monetary policy affects the risk characteristics of nominal debt.

SHoelle and Peiris (2013) study the efficiency properties of nominal GDP targeting in a large open economy
with flexible prices, and explore the question of implementability through the central bank’s balance sheet. Osorio-
Rodriguez (2013) examines whether there remains a role for monetary policy in completing financial markets when
nominal debt is denominated in terms of foreign currency.

6In other related work on incomplete markets and monetary policy, Akyol (2004) analyses optimal monetary policy
in an incomplete-markets economy where households hold fiat money for self insurance against idiosyncratic shocks.
Kryvtsov, Shukayev and Ueberfeldt (2011) study an overlapping generations model with fiat money where monetary
policy can improve upon the suboptimal level of saving by varying the expected inflation rate and thus the returns
to holding money.

"There is also a literature that emphasizes the impact of monetary policy on the financial positions of firms or
entrepreneurs in an economy with incomplete financial markets. De Fiore, Teles and Tristani (2011) study a flexible-
price economy where there is a costly state verification problem for entrepreneurs who issue short-term nominal bonds.
Andrés, Arce and Thomas (2010) consider entrepreneurs facing a binding collateral constraint who issue short-term
nominal bonds with an endogenously determined interest rate spread. Vlieghe (2010) also has entrepreneurs facing
a collateral constraint, and even though they issue real bonds, monetary policy still has real effects on the wealth
distribution because prices are sticky, so incomes are endogenous. In these papers, the wealth distribution matters
because of its effects on the ability of entrepreneurs to finance their operations.



inflation fluctuations have a cost, the optimal policy becomes very close to strict inflation targeting.
This paper shares the focus of that literature on using inflation fluctuations to complete markets,
but comes to a different conclusion regarding the magnitude of the required inflation fluctuations
and whether the costs of those fluctuations outweigh the benefits. First, the benefits of completing
markets in this paper are linked to the degree of risk aversion and the degree of heterogeneity among
households, which are in general unrelated to the benefits of avoiding fluctuations in distortionary
tax rates, and which prove to be large in the calibrated model. Second, the earlier results assumed
government debt with a very short maturity. With longer maturity debt (household debt in this
paper), the costs of the inflation fluctuations needed to complete the market are much reduced.®

This paper is also related to the literature on household debt. ITacoviello (2005) examines the
consequences of household borrowing constraints in a DSGE model, while Guerrieri and Lorenzoni
(2011) and Eggertsson and Krugman (2012) study how a tightening of borrowing constraints for
indebted households can push the economy into a liquidity trap. Differently from those papers, the
focus here is on the implications of household debt for optimal monetary policy. Furthermore, the
finding here that the presence of household debt substantially changes optimal monetary policy does
not depend on there being borrowing constraints, or even the feedback effects from debt to aggregate
output stressed in those papers. Curdia and Woodford (2009) also study optimal monetary policy in
an economy with household borrowing and saving, but the focus there is on spreads between interest
rates for borrowers and savers, while their model assumes an insurance facility that rules out the
risk-sharing considerations studied here. Finally, the paper is related to the literature on nominal
GDP targeting (Meade, 1978, Bean, 1983, Hall and Mankiw, 1994, and more recently, Sumner, 2012)
but proposes a different argument in favour of that policy.

The plan of the paper is as follows. Section 2 sets out the basic model and derives the equi-
librium conditions. Optimal monetary policy is studied in section 3 alongside the consequences of
sub-optimal monetary policies. Section 4 introduces sticky prices and hence a trade-off between
mitigating the incompleteness of financial markets and avoiding relative-price distortions. Section 5
presents an extension where incomplete financial markets are embedded into a full New Keynesian
model in which monetary policy can also affect market incompleteness through ‘financial repression’,
that is, changes in ex-ante real interest rates rather than ex-post real returns through inflation. Sec-
tion 6 shows how the full model can be calibrated and presents a quantitative analysis of optimal

monetary policy. Finally, section 7 draws some conclusions.

2 A model of a pure credit economy

There is an economy containing a measure-one population of households. Time is discrete and
households are infinitely lived. There are equal numbers of two types of households, referred to as

‘borrowers’ and ‘savers’ and indexed by type 7 € {b,s}.

8This point is made by Lustig, Sleet and Yeltekin (2008) in the context of government debt.



2.1 Preferences

A representative household of type 7 has preferences given by the following utility function

00 /—1 CflfocZ
7,0+
Uey =Y B | [ 0mess T ol 2.1]
/=0 7=0

where C; is per-household consumption of a composite good by type-7 households at time ¢. The
two types are distinguished by their subjective discount factors, with d,; being the discount factor
of type-7 households between time ¢ and ¢t + 1. Both types have a constant coefficient of relative
risk aversion given by « (0 < & < 00), and a constant elasticity of intertemporal substitution given
by o~ t.?

Each household of type 7 receives real income Y7 ; at time ¢, to be specified below. The discount

factor 6, of type-7 households is assumed to be the following:

c,
drt = 0; (Y :) ., where 0.(c) = Ac” IV 2.2]

and where the parameters Ay, As, and A are such that 0 < Ay < Ay < ocoand 0 < A < 1. It is
assumed individual households of type 7 take ., as given, that is, they do not internalize the effect
of their own consumption on the discount factor.

There are two differences compared to a representative-household model with a standard time-
separable utility function. First, there is heterogeneity in discount factors because ‘borrowers’
are more impatient than ‘savers’ (A, < Ay), all else equal. This is the key assumption that will
give rise to borrowing and saving in equilibrium by the households that have been referred to as
‘borrowers’ and ‘savers’. Second, discount factors display the marginal increasing impatience (A < 1)
property of Uzawa (1968), in that the discount factor is lower when consumption is higher (relative
to income), all else equal. This assumption is invoked for technical reasons because it ensures the
wealth distribution will be stationary around a well-defined non-stochastic steady state.!” That
households take discount factors as given is assumed for simplicity and is analogous to models of

‘external” habits (see for example, Abel, 1990)."

2.2 Incomes

To begin with, real GDP Y, is modelled as an exogenous endowment. The case of a production
economy is developed later, but the main results do not depend on real GDP being endogenous, nor
on any feedback from financial markets to real GDP. The real GDP growth rate g, = (Y;—Y;_1)/Y: 1

9Risk aversion can be separated from intertemporal substitution with the utility function of Epstein and Zin (1989)
and Weil (1989). The consequences of this extension were explored in an earlier working paper (Sheedy, 2013).

0None of the qualitative results depends on A being significantly below one (A = 1 is the standard case of fixed
discount factors), and moreover, the quantitative importance of the results does not vanish when A is arbitrarily close
to one. The assumption is analogous to those employed in small open-economy models to ensure a stationary net
foreign asset position (see Schmitt-Grohé and Uribe, 2003). An alternative is to work with an overlapping generations
model where the utility function is entirely standard, which automatically has a stationary wealth distribution because
households have finite lives. This avenue was explored in an earlier working paper (Sheedy, 2013).

' The assumption can be relaxed at the cost of more complicated algebra, but there is little impact on the results
when A is close to one. The changes to the results are described in appendix A.17.



is given by:
g =g+cz, where z €[z,%Z], Ez =0, and Ez’ =1, 2.3]

with z; being a stationary stochastic process with bounded support. The real GDP growth rate has
mean ¢ and standard deviation ¢. The parameters «, Ag, and g are assumed to satisfy the restriction
As(1+ g)'=* < 1, which ensures that the utility of all households remains finite.

It is assumed for simplicity that the only difference between ‘borrowers’ and ‘savers’ is in their

patience.'? Both types are thus assumed to receive the same income:

Y, =Y, [2.4]

2.3 Money

The economy is ‘cash-less’ in that money is not required for transactions, but money is used as a
unit of account in writing financial contracts and in pricing goods. One unit of the composite good
costs P, units of money at time ¢, and m = (P, — P,_1)/P,—1 denotes the inflation rate of goods
prices between t — 1 and t. In the model, money is synonymous with interest-bearing reserves issued

by the central bank. Reserves held between period ¢ and ¢ 4+ 1 pay a known nominal interest rate ;.

2.4 Incomplete financial markets

Financial markets are incomplete. Households cannot sell state-contingent bonds, and in equi-
librium, no such securities will be available to buy. The only liability that can be issued is a
non-contingent nominal bond. Households can take positive or negative positions in this bond (save
or borrow), and there is no limit on borrowing other than being able to repay in all states of the
world given non-negativity constraints on consumption. With this restriction, no default will oc-
cur, and thus bonds are risk-free in nominal terms.'® Furthermore, given the finite support of the
income growth stochastic process [2.3] and the desire for borrowing as determined by the patience
parameters A., by ensuring that the standard deviation ¢ of real GDP growth is not too large, the
natural borrowing limit will not be binding in equilibrium.*

The nominal bond has the following structure. One newly issued bond at time ¢ makes a stream
of coupon payments in subsequent time periods, paying 1 unit of money (a normalization) at time
t + 1, then y units at ¢ + 2, y? at ¢t + 3, and so on (0 < y < o0). The geometric structure of
the coupon payments means that a bond issued at time t — ¢ is after its time-t coupon payment
equivalent to a quantity v* of new date-t bonds. If Q; denotes the price in terms of money at time

t of one new bond then the absence of arbitrage opportunities requires that bonds issued at date

12Tt is possible to derive similar results in the case where borrowing occurs because of differences in income over
the life cycle, with no differences in the degree of impatience. This version of the model was studied in an earlier
working paper (Sheedy, 2013).

13The model abstracts from the choice of default when repayment is feasible.

141t is common to assume that borrowers are subject to a tighter constraint than the natural borrowing limit, and
furthermore, in many models, this tighter borrowing constraint is always binding (Iacoviello, 2005). To focus carefully
on the implications of the lack of state-contingent forms of borrowing per se, this paper abstracts from additional
restrictions on the ability of households to smooth consumption over time.



t — ¢ have price Y'Q; at time t. It therefore suffices to track the overall quantity of bonds in terms
of new-bond equivalents, rather than the quantities of each vintage separately.'®

The flow budget identity at time ¢ of households of type 7 is:

Qt T,t Tt (1 +‘YQt)BTt—1 . MTt—l
—= =Y J 1 ) —, 2.5
P, + 2 + Tt P, + ( + 1 1) 2 [ ]

where B ; denotes the outstanding quantity of bonds (in terms of new-bond equivalents) held (or

Cro+

issued, if negative) by type-7 households at the end of period ¢t. The term 1 + y@Q; refers to the
coupon payment plus the resale value of bonds acquired or issued in the past. Holdings of money
(interest-bearing reserves) are denoted by M, ;, which are subject to the non-negativity constraint
M, > 0 because reserves cannot be issued by households.

The Euler equation for maximizing the utility [2.1] of type-7 € {b,s} households with respect
to bond holdings B;; subject to the flow budget identity [2.5] is:

- (1 +vQi1)P - }
Cl=0,E|——C} 2.6
Tt -t { Qtpt+1 t+1 [ ]
The Euler equation with respect to money holdings M, is:
P,
Cof > 6r4(1+ 0y, {P—t ;;;1} . with equality if M, > 0. 2.7]
t+1

If B;t+¢ remains positive as ¢ — oo for some 7 € {b,s} then (since M,; > 0) the following

transversality condition must hold in all those states of the world:

-1 —
. | | CT toerQt-l‘fBT,t-i-ﬁ
le;n(;lo { L 5T,t+]} Pt+£ = 0 [28]
]:

This condition rules out accumulating financial wealth that will not ultimately be spent. Finally, it

is assumed that bond prices are ‘bubble-free’ in the sense of satisfying the transversality condition:

Tt+ZQt+e _
{H 5} o ] ~o 29

lim Y'E

{—o0

2.5 Monetary policy

Specific monetary policies will be analysed subsequently, but first some restrictions are placed on
the class of policies under consideration. Only conventional monetary policies are studied, namely
those where the central bank aims to influence a nominal variable such as bond prices Q); or goods
prices P, using as an instrument the short-term nominal interest rate ¢; paid on reserves. The
central bank does not engage in intermediation of private-sector credit and does not hold privately
issued securities on its balance sheet (in equilibrium). Furthermore, it is assumed there is no fiscal
authority in the economy, so the central bank does not hold government bonds. The analysis thus
excludes the use of the central bank’s balance sheet as a separate policy instrument. Letting M,

denote the supply of reserves and B; central-bank net bond purchases, all monetary policies must

} 5Woodford (2001) uses this modelling device to study long-term government debt. See Garriga, Kydland and
Sustek (2013) for a richer model of mortgage contracts.
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feature the following balance sheet in equilibrium:!°

Mt = O7 and Bt =0. [210]

Monetary policy is also assumed to be conducted so that households holding bonds are indifferent
between those bonds and interest-bearing reserves.'” Thus, for 7 with B, > 0, the Euler equation
for reserves [2.7] is:

CT_LEX = 07, [y [(%) Oﬂ'_,;fH:| ’ 2.11]
where the definition of inflation 7; has been used. Monetary policy is also assumed to satisfy the
restrictions that the interest rate i; paid on reserves is a stationary stochastic process in equilibrium,

and vy < 1 + 4, where 7 is the value of 7; in the absence of shocks.

2.6 Equilibrium

It is assumed that consumption is the only source of final demand (no investment, government

spending, or international trade). Goods-market clearing thus requires:
1 1
Ct = Y;, where Ct = éCb,t + §Cs,t7 [212]

with C; denoting average per-household consumption across the measure 1/2 of each type of house-

hold. With the central-bank balance sheet given by [2.10], bond- and money-market clearing require:

1 1
§Bb,t + §Bs,t =0; and [2.13]
1 1
§Mb,t -+ §Ms,t = O, hence Mﬂt = O, [214]

where the second part of the second line follows because of the non-negativity constraints M, > 0.
Now define the following variables D; (‘debt’), L, (‘loans’), and r; (‘real return’):

1(1 By, 1Q.B 1 P
11 +yQ:) By, L Lt:——Qt bt and 1+7”t:< +YQ) P L
2 P, 2 P Qi1 b

Assuming, as will be confirmed in equilibrium, that By; < 0, the variable D, represents the real

Dt:

[2.15]

value of gross debt liabilities per household (borrowers make up 1/2 of the population) outstanding
at the beginning of period ¢, and L; represents the real value of ongoing loans (per household) at
the end of period t. The variable r; is defined as the ex-post real holding-period return on these
loans between ¢ — 1 and ¢t. The definitions in [2.15] imply the following accounting identity for debt

dynamics:
Dt = (1 + Tt)Ltfl' [216]

The flow budget identities [2.5] together with the assumptions on incomes in [2.4], the definitions

160Off the equilibrium path, the central bank may issue reserves and buy or sell securities if, for example, the bond
price @, differed from its target, but the model abstracts from such implementation issues.

ITThis condition places no actual restrictions on what policy can achieve because the central bank can always choose
to operate entirely in the market for long-term bonds if no households were willing to hold reserves. It is imposed
simply because it is conventional to think of central banks as operating by setting short-term nominal interest rates.
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of debt and loans in [2.15], the bond-market equilibrium condition [2.13] (hence Bs; = —By,;), and

the money-market equilibrium condition [2.14] imply:
Coe =Y, —2(D, — L), and Cy, =Y, +2(D, — L,). [2.17]
The Euler equations [2.6] can be stated in terms of expectations of the real return r; using [2.15]:
Crl = 0r4 B [(1 4 7011)Cr ] - [2.18]

With the definition of loans L; in [2.15] and the bond-market clearing condition [2.13], the transver-
sality condition [2.8] can be stated as:

/-1
lim {H 5T,t+]} Cr Lo =0, 2.19]
7=0

l—00

which must hold for both types 7 and in all states of the world.
Rather than consider levels of consumption and debt directly, it is convenient to analyse these

variables relative to real GDP Y;. The debt-to-GDP ratio d;, the loans-to-GDP ratio [;, and the

consumption-to-income ratios ¢, are defined as follows:

D lt:E and ¢ t:CT’t.

| Y, " Y:

Similarly, rather than consider the bond price ), directly, it is convenient to work with the yield-

dy = [2.20]

to-maturity j;. For any finite @)y, the bond yield j; is the solution of the following equation:

o0 /—1
Y . ) . 1
Q _—E D mpl = — —1+. 2.21
t /=1 (1 jt)w HHPLYIRS gt Qt Y [ ]

With these definitions in hand, the full set of equilibrium conditions is collected below:

pr = Eyrip; [2.22a]
1

d, — ( +”) oy [2.22D)]
I+ g

Cb,t = 1 — Z(dt — lt)7 and Cs,t = 1 + 2(dt — lt)a [222C]

o[\
1=0E [(T4+ 7)1+ gga) " ( C’Hl) ] ; [2.22d]
T,t

Oy = Dyt TV [2.22¢]
-1

gllj(l)lo {11 Or (1 4 9t+1+g)1“} C;,?Jrelt% =0. [2.22f]
]:

Equation [2.22a] is the definition of the real interest rate p, (the ex-ante expected real return on
bonds between t and ¢ + 1). Equation [2.22Db] is the accounting identity for the debt-to-GDP ratio,
which follows from [2.16], [2.20], and the definition of g;. Equations [2.22¢|, [2.22d], [2.22¢], and
[2.22f] give the budget identities [2.17], the Euler equations [2.18], the discount factors [2.2], and the
transversality condition [2.19] in terms of the variables defined in [2.20]. Finally, there is

1

1
5 Cbit + 3Gt = L, [2.23]
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which is the goods-market clearing condition [2.12] (redundant by Walras’ law, see [2.22c]).
Monetary policy is described by an as-yet-unspecified policy rule for the short-term nominal

interest rate i, and equation [2.11] requiring indifference between holding bonds or reserves:

1 +Z C, 1 e

t — s, t+
— | (1 4+ * | = ) 2.24
<1+7Tt+1)( fet1) < Cot ) ] o

The remaining equilibrium conditions relate to the nominal bonds traded in the economy:

L4500\ (1= +ji
1+rt:( +‘7t) ( YT 1); [2.25a]

14+ m I—v+J

l —x &
H 5 (1+ gi1)) Critty (1—v+jie) ] =0 [2.25b]
- T,t+y—1 (1 + 7_‘_t+‘7> t+ . .

1= 5T,tEt

lim Y'E,

{—00

Crittg—1

Equation [2.25a] is derived from [2.15] using the price-yield relationship [2.21] and the definition of
inflation 7;, and [2.25b] expresses the ‘no-bubbles’ transversality condition [2.9] in terms of the bond
yield.'® The asset-pricing equation that determines the bond yield j; is implied by the consumption
Euler equations [2.22d] together with [2.25a]:

L o Cragr) 1 o
(1—v+j) =, Ort(1+ giyr) ™™ ( 7t+1) (—) (1 +v(l —v+ji1) 1)] )
c I+ m

T,t

The equilibrium j; is obtained by iterating forwards and using the transversality condition [2.25b]:

(o) l —x
. -1 (14 gi1,) " ( Crit+) )
Je= | E; Y 5T,t -1
( 2 {H T

Critt+y—1
Before proceeding to the analysis of the economy with aggregate uncertainty, first consider the

) +y-1. [2.26]

non-stochastic steady state (which corresponds to standard deviation ¢ = 0 of real GDP growth

[2.3] and the absence of any monetary policy shocks).
Proposition 1 Suppose the economy faces no exogenous shocks (g; = g, iy = 1).

(i) There is a unique non-stochastic steady state of the system of equations [2.22a]-[2.22f]:

1 — (A /AN
14 (Ay/Ay) M
_ W ﬁ (1-Ma . 1+g
pb=20s=20, where d={[A, + As /2 ; p:T:T—l, [2.27Db]
- O .
——— |l=———, where =08(14+g)"% (0<P<1). 2.27c

18This is generally independent of the transversality condition [2.22f] for financial wealth. However, the bond yield
transversality condition [2.25b] can be derived from [2.22f] under the assumption that there is a minimum transaction
size for bonds. Observe that [2.25b] is equivalent to

d £
| | —ax | —« Y
<{ 57‘,t+]—1(1 + gt+j)1 } CT’t+th+g> <B )] =0.
s, t+4

=1

a,=1—0, ¢ =1+0, where 0=

(0<0<1) [2.274a]

2C$.ctPt}/t lim Et
! £— 00

Thus, if | B, | > B, for some B, satisfying y*/B, < 0o as t — oo when B, ; # 0, then equation [2.22f] implies [2.25b].
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(ii)) The steady state for real variables is independent of monetary policy. Given the steady-state
nominal interest rate i, equation [2.24] implies that inflation is # = (1 +14)/(1+ p) — 1. The
steady-state bond yield consistent with [2.25a] and [2.26] is j = i.

PROOF See appendix A.1. |

In the steady state, households’ consumption relative to income is determined as a function of
0, which depends on the relative patience Ay, /A; of the two household types and the utility-function
parameters « and A. In equilibrium, the discount factors of the two types are aligned at &, which
is effectively an average of the patience parameters Ay, and As. The solutions for debt, loans, and
interest rates depend on 0 and a term 3 that represents the growth-adjusted market discount factor.

The model can be parameterized directly with 3 and 0 rather than the two patience parameters
Ay and Ay (leaving o, A, and g to be chosen separately). The term 3 plays the usual role of the
discount factor in a representative-household economy given its relationship with the real interest
rate (with an adjustment for steady-state real GDP growth). The term 0 quantifies the extent of
heterogeneity between borrower and saver households, which is related to the amount of borrowing
and saving that occurs in equilibrium, and hence to the debt-to-GDP ratio in [2.27¢]. Given equation
[2.27a], © can be interpreted as the ‘debt service ratio’ because it is the net fraction of income
transferred by borrowers to savers.!” As will be seen, 0 is a sufficient statistic for the extent of
heterogeneity in the economy, with 6 — 0 being the limiting case of a representative-household
economy (Ap — Ay).

Monetary policy has no effect on real variables in the steady state, but does determine nomi-
nal bond yields and inflation through the usual Fisher relationship and the indifference condition
between bonds and reserves. Given Proposition 1 and equations [2.15] and [2.20], the steady-state
fraction of total debt that is newly issued is 1 — pu with u = y/((1 + 7)(1 + g)), so the coupon

parameter 7y is positively related to debt maturity and negatively related to the rate of refinancing.

3 Monetary policy in a pure credit economy

3.1 Complete financial markets and the natural debt-to-GDP ratio

As a benchmark for subsequent monetary policy analysis, first consider the hypothetical case where
households have access to a complete set of state-contingent bonds (traded sequentially, period by
period). All other assumptions of the model are unchanged. These bonds are denominated in real
terms without loss of generality. Let F,,; denote the net portfolio of contingent bonds held between
period ¢ and t+ 1 by households of type 7 (an asterisk is used to signify complete financial markets).
The prices of these securities at time t relative to the conditional probabilities of the states and in
real terms are denoted by K11, so Ey[K 1 F7, ] is the date-t cost of the date ¢ 41 portfolio I, ;.
The flow budget identities [2.5] are thus replaced by:

M, . M,
Crp + Bl K FY ] + =2 = Yok FL o+ (L i) =5 [3.1]
t t

19Gtrictly speaking, when real GDP growth is different from zero, 0 is the debt service ratio net of new borrowing.
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Maximizing utility [2.1] with respect to F, ; subject to [3.1] implies the Euler equations and

T,t+
transversality conditions:

Cl;k t+1 - Cs*tJrl - . — Kt+€+1FT*t+£+1
Obt (W = K1 = Osy < cr, > , and elg?o qéﬂtﬂ - =0, [3.2]
b ) ]:

o«
T,t+4

where these equations hold in all states of the world. The Euler equation [2.7] for reserves is the
same, and making the same assumptions on monetary policy, the equilibrium conditions [2.11] and
[2.14] are unchanged. The market-clearing condition for nominal bonds [2.13] is replaced by a set
of clearing conditions for all contingent bond markets:

1 * 1 *

5 b,t + §Fs,t — O [33]
The goods-market clearing condition [2.12] holds as in the incomplete-markets model.

To relate the economy with complete markets to its incomplete-markets equivalent, consider the

following definitions of variables D;, Ly, and r; that will be seen to be the equivalents of debt Dy,
loans L;, and the ex-post real return r; in the incomplete-markets economy:

1 1 F,

Di = _§Fl;,t7 Ly = —§Et[Kt+1F§,t+1]a and 1+7/ = m' [3.4]

Debt in an economy with complete financial markets refers to the total gross value of the contingent
bonds repayable in the realized state of the world. Loans refers to the value of the whole portfolio
of contingent bonds issued by borrowers, and the (gross) ex-post real return is the state-contingent
value of the bonds repayable relative to the value of all the bonds previously issued.

With definitions [3.4], it is immediately apparent that the accounting identity [2.16] holds for
Dy, Ly, and r;. Similarly, using [2.14] and [3.3], the definitions from [3.4] substituted into [3.1]
imply that [2.17] holds in terms of C};, CZ,, Dy, and L;. The definitions in [3.4] also directly imply

s,t?

1 = E(1 + rf,,)K¢i1] and hence using [3.2], the Euler equations [2.18] hold with C7

*
T and 717

Similarly, the transversality condition [2.19] also holds with C7, and L;. Therefore, by following
exactly the same steps as for the incomplete-markets economy with the definitions from [2.20], the
set of equilibrium conditions [2.22a]-[2.22f] and equations [2.23] and [2.24] must hold, together with
an equation for 7; describing monetary policy.

The difference between the equilibrium conditions with complete and incomplete financial mar-
kets is that r} need not satisfy equation [2.25a].?° This equation is replaced by a new equilibrium

condition that follows from [3.2], which has no equivalent in the incomplete-markets economy:

c & c* —x
b,t s,t

ot () = () 3.5)
Cht—1 Cst—1

Proposition 2 The complete-markets equilibrium is characterized by [2.22a]-[2.22f] and [3.5].

(i) The equilibrium (which is independent of monetary policy) can be written in terms of the

2Equations [2.25a] and [2.25b] still hold in the sense that nominal bonds can be traded in a complete-markets
economy, but there is no necessity for the real return r; on the actual portfolio of contingent bonds to be tied to the
ex-post real return r; on nominal bonds, unlike in the incomplete-markets economy where other securities are not
available.
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stochastic process for real GDP growth ¢; and & and 0 defined in [2.27a] and [2.27D]:

Gi=1-0, ¢, =1+0, and d;, =0, =9; [3.6a]
0o 4
* 0 —x * * 0
dj = SE, Z#]Hl (14 gugy)’t ] o and I =dj — o [3.6b]
Tt = —d* _ g - 1, and pt - . (1+gt+l)d:+1 - ]‘ [360]
t—1 2 6Et |:<1 + gt+1> {Et[(1+gt+1)dz‘+1] }i|

(ii) In the special cases where « =1 or {¢;} is i.i.d., equations [3.6b] and [3.6¢| simplify to:

0 30 1+ g4 1+ Eygi1
— = = —1, and p; = ——>—"— -1, [3.7
-p) CTa-py B t 3]

di = 5
where B* = SE[(1+ ¢;)' %]

(iii) With a representative household (A, = As, and hence ® = 0) in the incomplete-markets
economy, the equilibrium levels of debt, loans, and consumption always coincide with those of

the complete-markets economy.

PROOF See appendix A.2. |

The proposition gives an explicit solution for the equilibrium with complete financial markets.
The equilibrium features full risk sharing between borrowers and savers, meaning that all households’
consumption levels perfectly co-move in response to shocks. Complete financial markets therefore
allocate consumption efficiently across states of the world, as well as over time. The equilibrium
consumption-to-income ratios and discount factors are identical to their non-stochastic steady-state
values given in Proposition 1. The equilibrium features a generally time-varying debt-to-GDP ratio
dy with associated values of [}, r}, and pj, all of which are determined by utility-function parameters
and the stochastic process for real GDP growth ¢;. If the utility function is logarithmic or real GDP
follows a random walk then d; and [} are constant over time.

The complete-markets debt-to-GDP ratio d is referred to as the ‘natural debt-to-GDP ratio’.
This terminology is motivated by analogy with such concepts as the natural rate of interest, the
natural rate of unemployment, and the natural level of output. It shares many of the features of
those concepts as will be seen in the analysis below. It represents an economic outcome that would
be achieved in the absence of a particular friction (here, the friction is the inability to issue state-
contingent bonds, in contrast to the frictions of imperfect information or nominal rigidities that
affect the supply of output or labour in many models). It is independent of monetary policy. It is a
desirable outcome in the sense that deviations of the actual debt-to-GDP ratio from its natural level

t21

are inefficient.” Finally, it is what the economy would eventually reach in the absence of shocks.

21Tn New Keynesian models of nominal rigidities, the ‘natural’ value of a variable is generally not optimal because
of the presence of imperfect competition. Here, although financial markets are incomplete, they are modelled as
perfectly competitive, so there is no equivalent of that distortion.
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3.2 Replicating complete financial markets

The only difference between the equilibrium conditions with incomplete and complete markets is that
the incomplete-markets economy includes [2.25a] instead of [3.5] in the complete-markets economy.
Since there is one degree of freedom from monetary policy, the complete-markets equilibrium can
be replicated in the incomplete-markets economy by choosing a monetary policy rule that makes
equation [2.25a] equivalent to [3.5], in other words, a policy that ensures the actual and natural debt-
to-GDP ratios coincide.?? A characterization of such policies is given below in terms of nominal
GDP N, = BY;, with the nominal GDP growth rate denoted by n, = (N; — Ny_1)/N;_1.

Proposition 3 There exist paths for nominal GDP N; that imply the equilibrium of the hypothet-

ical complete-markets economy is also an equilibrium of the incomplete-markets economy:

(i) For logarithmic utility (o« = 1) or real GDP following a random walk (g; is i.i.d.), any constant
growth rate of nominal GDP (n, = n).

(ii) Fory > 0, a constant growth rate of nominal GDP (n; =n) given by n =y — 1.

di_1—6/2

(iii) A state-contingent path for nominal GDP given by Ny = (1 + n) (W

) N,;_1 for any n.
PROOF See appendix A.3. [ |

There are many possible ways of describing the monetary policy that replicates complete financial
markets. However, it is natural to think of it as a nominal GDP target. First, if it is desirable to
maintain a constant debt-to-GDP ratio, any constant level or growth path of nominal GDP is able
to implement the complete-markets equilibrium. Intuitively, if the numerator of the debt-to-GDP
ratio is fixed because nominal debt liabilities are not state contingent, the ratio can be stabilized by
targeting the denominator. If the underlying target for the debt-to-GDP ratio is not constant then
there exist time-varying paths for nominal GDP that replicate complete markets. These policies
can operate with any average rate of nominal GDP growth. Even in the case where the natural
debt-to-GDP ratio is time varying, if debt contracts have a sufficiently long term then it is possible
to replicate complete financial markets with a particular constant growth rate of nominal GDP set
low enough to avoid the need to refinance existing debt.? For example, with perpetuities (y = 1),

a zero nominal GDP growth rate would achieve this.

3.3 Equilibrium with incomplete financial markets

In cases where monetary policy follows one of the prescriptions from Proposition 3, the equilibrium
of the incomplete-markets economy is the same as that of the equivalent complete-markets economy

characterized in Proposition 2. This section characterizes the equilibrium of the economy when

22That monetary policy is able exactly to replicate complete financial markets is owing to the model having a
‘representative borrower’ and a ‘representative saver’. With heterogeneity within these groups as well as between
them, exact replication will generally not be possible.

23For low values of 7y, the required declining path of nominal GDP may not be feasible if the nominal interest rate
must be non-negative.
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monetary policy fails to replicate complete markets, which can be used to compare the policies con-
sidered in Proposition 3 to other monetary policies such as inflation targeting. An exact analytical
solution is not available in general, so this section resorts to finding the log-linear approximation to
the equilibrium (the first-order perturbation around the non-stochastic steady state), which can be
found analytically.

It is helpful to present the solution in terms of two variables v; and e; defined below:

o0

1 Y, 1 S ¢ Y,
= — E; — t+4 ’ and e, = — (L) E — t+£
)/t (=0 H]:O(l + pt+£) }/; /=0 1 +n szo(l + )Ot+f>

where 7 is the steady-state growth rate of nominal GDP given by 1 +7n = (1 +7)(1 + g). The

.38

U

variable v, is the discounted value of future real GDP relative to current real GDP, effectively
a ‘price-earnings’ ratio for the whole economy. The variable e; is similar to vy, but additionally
discounts future real GDP to the extent that existing debt is refinanced (n = y/(1 + n) is the
steady-state fraction of debt that is not newly issued).

The log linearization of the equilibrium is presented below. The notational convention is that
variables in a sans serif font denote log deviations of the equivalent variables in roman letters from
their steady-state values as given in Proposition 1 (log deviations of interest rates, inflation rates, and
growth rates are log deviations of the corresponding gross rates; for variables that have no steady
state, the sans serif letter simply denotes the logarithm of that variable). It is also convenient
to define ‘gaps’ relative to the complete-markets equilibrium, which are denoted by d; = d, /d;,
7t = (14+r)/(1+7)), and so on.

Proposition 4 (i) A solution of the system of equations [2.22a]-[2.22f] and [3.8] must satisfy:

pr = albygii1, and vi = (1 — &) Z BeEtgt+Z§ [3.9a]
(=1
dt = }\dt—l + (Et_lvt — }\Vt—l) + Uy, for some V¢ with Et—lvt = O, [39b]
1—BA
It = Adt —+ < 6 > V¢, and = gt -+ ((X — 1>Et71gt -+ (dt — Etfldt). [39C]

(ii) Equation [2.24] implies that the policy rate i; must satisfy:
it =P+ EtTft+1. [310]

(iii) If equation [3.5] holds (complete financial markets) then the equilibrium is [3.9a] and:
df=v,, [F=p"1v, and rf=g+ (v, — B 'vi1), [3.11]

which is equivalent to equations [3.9b]-[3.9¢| with v, = v; = v, — E;_1v;. Any solution of

[2.22a]-[2.22f] can be expressed in the form of gaps relative to the solution [3.11] as follows:

Etat+1 = 7\(~1t, Tt = 7\c~it, and Ft = at - Et_lat; with [312&]

) e 1_[3}\ - ~ e 1_6}\ I
Cht = Cht = — 1_0 1_ f) dt, and Cst = Cst = 1+0 1 — B ds.-

[3.12b)]
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(iv) If equations [2.25a] and [2.25b] hold (incomplete financial markets) then the bond yield j;
must satisfy the transversality condition limy_,.(Bu) Eyjiee = 0, with w = v/(1 + 7) and
0 < u< B7L, and the ex-post real return r, is given by the following:

o0

(1 — i) . where Jy = (1— B) Y (B Edlprss + s [3.13)
1—pp s

The implied innovation to the debt-to-GDP gap d; can be expressed in terms of the surprise

ry =

component of an average N; of current and expected future nominal GDP together with the

variables v; and e; from [3.8]:

di — Ey_1dy = (& — vy) — Biqe; — v¢]) — (N; — By N,);  where [3.14a]
(1—-Bu) Z Bu) EtNt—i-éy and e = (1 — «) (BU)eEtgt—l-é- 3.14b]
=0 =1
PROOF See appendix A 4. [ ]

The first two parts of the proposition study the implications of the equilibrium conditions [2.22a]-
[2.22f] and [2.24] common to the incomplete- and complete-markets economies. These equations
imply the ex-ante real interest rate is determined entirely by expectations of future real GDP growth,
and is thus the same (to a first-order approximation) irrespective of the completeness of financial
markets.?* The policy rate i; and inflation 7; can be determined by [3.10] given a description of
monetary policy and the equilibrium real interest rate p, from [3.9a].

The common block of equations leaves one degree of freedom in determining the debt-to-GDP
ratio d;, the loans-to-GDP ratio l;, and the ex-post real return r,. These variables depend on the
‘price-earnings’ ratio v; (which is independent of the completeness of financial markets and depends
only on expectations of future real GDP growth) and a serially uncorrelated sequence v, that must
be determined by some equation outside of the block [2.22a]-[2.22f]. Once v, is known, the debt-to-
GDP ratio d; is determined, and with that, all other real variables such as |; and r;.

Since both the incomplete- and complete-markets economies satisfy [2.22a]-[2.22f], the difference
between them must reduce to the sequence v, = d; — [E;_1d;, which is the unpredictable component
of the debt-to-GDP ratio d;. On the other hand, the predictable component IE;_;d; of the debt-
to-GDP ratio is the same irrespective of the completeness of financial markets. Given the single
degree of freedom allowed by the block of equilibrium conditions [2.22a]-[2.22f], all of the ‘gaps’
between the incomplete- and complete-markets economies are proportional to a single gap: that for
the debt-to-GDP ratio. Furthermore, the expected future debt-to-GDP gap is equal to a multiple of
the current gap, where the parameter A controls the persistence of this gap over time. This means
that with no shocks at any time, the economy would be at the natural debt-to-GDP ratio. Even
when shocks occur, since 0 < A < 1, the economy is expected to converge in the long run to the
natural debt-to-GDP ratio in the absence of further shocks.

24This is because the model’s simplifying assumptions imply the marginal propensities to consume from financial
wealth are (locally) identical for borrowers and savers. Note that the equation for p; in [3.9a] is the same as the
log-linearized Euler equation Y; = IE;Y;1 — o«~!p; in a representative-household economy.
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With complete financial markets, the system [2.22a]-[2.22f] is closed by the addition of the risk-
sharing condition [3.5]. This determines a particular value of the innovation to the debt-to-GDP
ratio, denoted by vy = dj — E;_;d;. It turns out that the debt-to-GDP ratio is then proportional to
the economy’s ‘price-earnings’ ratio v;. On the other hand, with incomplete markets, the system of
equations is closed with [2.25a] and [2.25b]. The implied ex-post real return r, depends on inflation
m; and the bond yield j;, with equations for both r; and j, given in [3.13], where p = y/(1+n) is the
coupon parameter y scaled by steady-state gross nominal GDP growth 1+7 (the rate of refinancing
is 1 — p). Note that [3.13] reduces to the standard ex-post Fisher equation in the special case of
short-term debt, u = 0.

The nominal bond yield j; satisfies the expectations theory equation j, = (1—B ) 2o (BH) Erisre
in the sense of being equal to a weighted average of current and expected future policy rates, where
the discount factor 3 and the maturity parameter u determine the weights. Since j; and 7; depend
on monetary policy, the ex-post real return r; is endogenous to policy. The implications of different
monetary policies for the evolution of the debt-to-GDP gap d; depend on the properties of A, a
weighted average of current and expected future levels of nominal GDP N;. The other determinants
of the debt-to-GDP gap d, are the ‘price-earnings’ ratio variables v; and e;, which are independent

of monetary policy.?’

3.4 Consequences of optimal monetary policy for inflation

Optimal monetary policies that replicate complete financial markets have been characterized as
nominal GDP targets in Proposition 3. By definition, stabilizing nominal GDP when there are
fluctuations in real GDP entails fluctuations in inflation. That inflation fluctuates is not in itself
the desirable feature of these policies, but rather that inflation displays a negative correlation with
real GDP growth. In other words, there is an optimal degree of countercyclicality of the price level.

The following proposition shows that there is a time-invariant target for the relationship be-
tween the price level and real GDP that replicates complete financial markets (up to a first-order
approximation). That is, even if optimal monetary policy cannot be described as a completely time-
invariant target for nominal GDP (see part (iii) of Proposition 3), there is a time-invariant target

for weighted nominal GDP P; + wY; which is optimal.

Proposition 5 Ifreal GDP growth g, follows a stationary and invertible stochastic process then the
complete-markets consumption allocation can be implemented (up to a first-order approximation)

by a target for a fixed level or a constant growth rate of weighted nominal GDP P; + w*Y,:

o(B)
O(Bu)

and ©(+) is a function of the lag operator L.

w'=14(ax—1) <1 — ) ,  where g, = O(L)(Y; — E;_1Y,), [3.15]

251f there are no fluctuations in the difference between the ‘price-earnings’ ratios v; and e; then a policy of completely
stabilizing nominal GDP around a deterministic path ensures the debt gap is always zero. The term e; — v; is zero
whenever o = 1, ygi11 = 0, or vy = 14+ 7 (u = 1), which correspond to the cases analysed in parts (i) and (ii)
of Proposition 3. When the ‘price-earnings’ term is not always zero, the nominal GDP target must be adjusted in
response to shocks, as in part (iii) of Proposition 3.
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PROOF See appendix A.5. [ |

The weighted nominal GDP target implies P, = —w*Y}, so w* can be interpreted as how much
the price level (or inflation) should respond to fluctuations in real GDP (or real GDP growth). The
cases from Proposition 3 where a time-invariant target for (unweighted) nominal GDP is optimal
correspond here to cases where w* = 1.

As an example, consider the stochastic process AY; = GAY, 1+ €, — (b + (1 — d)Y)e,1, where
the parameter ¥ can be interpreted as the percentage difference between the short-run and long-run
effects of a shock to real GDP (0 <9 < 1), and the parameter ¢ determines the speed of convergence
to the long-run level of real GDP (0 < ¢ < 1). Using [3.15], the optimal weight is

BO(L— (1 — d)(a— 1)

(1=Bd)(1 —Bu(d+ (1—¢)9))

Under the assumptions that « > 1 and pu < 1, the optimal weight is increasing in 9, so to the extent

w =1+

that real GDP partially recovers following an initial shock, w* exceeds one.

Given Proposition 5, especially in the case where w* # 1, it might be tempting to interpret
the weighted nominal GDP target as simply a relabelling of so-called ‘flexible inflation targeting’.
But aside from the rationale being very different from that invoked to justify flexible inflation
targeting, there is a fundamental difference between the two policies. Flexible inflation targeting
can be formalized as a target criterion in both inflation and the output gap, whereas here, the target
criterion includes the level of output, not the output gap. Monetary policy is effective in completing
financial markets precisely because the level of output that appears in the target is not adjusted for

any unexpected changes in potential output, even though these have consequences for inflation.

3.5 Consequences of sub-optimal monetary policy for financial markets

Following a monetary policy that replicates complete financial markets has consequences for fluc-
tuations in inflation. Similarly, following a monetary policy that stabilizes inflation has observable
implications for fluctuations in financial markets in addition to failing to replicate the risk sharing
of complete financial markets. This is because the behaviour of variables such as the debt-to-GDP
ratio is very different in a complete-markets economy than in an economy with incomplete markets
and a sub-optimal monetary policy.

In the hypothetical complete-markets economy, the equilibrium debt-to-GDP ratio has some
striking properties. Intuitively, the stock of outstanding debt relative to GDP ought to behave
like a state variable because debt liabilities are predetermined. However, with access to complete
financial markets, households’ optimizing behaviour leads them to choose a portfolio of contingent
securities such that the implied debt-to-GDP ratio is actually a purely forward-looking variable.
In particular, the debt-to-GDP ratio moves in line with the ‘price-earnings’ ratio for a claim to a

sequence of payments proportional to current and future GDP (see Proposition 4).?° The intuition

26This result also reveals the type of security required in this simple economy to span complete financial markets in
the absence of a suitable monetary policy to replicate those markets. For households to achieve this outcome directly,
borrowers must issue GDP-linked perpetual bonds. This type of security differs from conventional debt contracts not
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for this surprising result is that given the budget identities of households, full risk sharing requires
the financial wealth of savers and the financial liabilities of borrowers to move in line with the value
of the stream of current and future labour income. The debt-to-GDP ratio must therefore behave
like an asset price rather than a state variable: it must reflect a forecast of the economy’s future
prospects rather than a record of past choices and shocks. It follows that in the complete-markets
economy, past realizations of shocks would have no correlation with the current debt-to-GDP ratio
except to the extent that these have predictive power for the economy’s future fundamentals.
When monetary policy is used to replicate complete financial markets in an incomplete-markets
economy, fluctuations of inflation are used to affect the real value of nominal debt so as to mimic
the behaviour of the complete-markets debt-to-GDP ratio. But if monetary policy does not repli-
cate complete financial markets then the debt-to-GDP behaves in line with what simple intuition
suggests: it is intrinsically serially correlated, so past shocks have a persistent effect on the subse-
quent evolution of the level of debt. With incomplete financial markets, optimizing behaviour by
households leads to consumption smoothing over time, but not generally across different states of
the world. Thus, following a shock, households’ financial wealth may diverge from the present dis-
counted value of labour income. Moreover, when this divergence occurs, because households spread
out the adjustment of consumption over time, the consequences of the shock for financial wealth
and consumption are long lasting. While the model does not feature full consumption smoothing
because of the endogenous discount factors in [2.2], when A is close to one, the debt-to-GDP ratio

displays near random-walk persistence.?” These claims are confirmed in the proposition below.

Proposition 6 (i) If real GDP growth g; follows an MA(q) process then the natural debt-to-
GDP ratio d; follows an MA(q — 1) process. If g; follows an ARMA(p,q) process then the
debt-to-GDP ratio is an ARMA(p, max{p — 1,q — 1}) process with identical autoregressive

roots to those of g;.

(ii) With incomplete financial markets and a monetary policy that does not replicate complete
markets, the debt-to-GDP ratio possesses an autoregressive root A irrespective of the stochastic
process for real GDP. This root is such that A\ =1 — ((1+ p)/(1+ g))(MPC — (p — g)/(1 +
p)), where MPC is the marginal propensity to consume (of both borrowers and savers) from

financial wealth.

only in requiring contingent repayments but also in having a sufficiently long maturity to remove all refinancing risk.

2"The stark difference compared to complete financial markets is analogous to some well-known results from the
literature on optimal fiscal policy under different assumptions about the completeness of the financial markets a
government has access to. That literature considers an environment where the government aims to find the least
distortionary means of financing a stochastic sequence of government spending, given that available fiscal instruments
entail distortions which are convex in tax rates. With incomplete financial markets (in the sense that the government
can issue only non-contingent bonds), Barro (1979) finds the government should aim to smooth tax rates, which
implies the stock of government debt follows a random walk. On the other hand, Lucas and Stokey (1983) assume
the government can issue a full set of contingent bonds. In that case, the government now smooths taxes across
states-of-the-world as well as time, and this means the value of outstanding government liabilities is now a purely
forward-looking variable depending on expectations of future fiscal fundamentals. These findings for the behaviour
of government debt mimic the findings for household debt here, with consumption smoothing (whether across time
or also across states of the world) playing the role of tax smoothing in the analysis of optimal fiscal policy.
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(iii) The difference between the average real interest rates under complete and incomplete financial

markets is given by:

]Ept - Ep? ~ 0692(1 - [3)\)2 —1 3 3
——— = aEC,_ de] — 14+A)")EV4|d o 1
5 o«EC;_1[g:, dy] 2(1_92)(1_B>2(oc+( +A))EV,[d] + 07, [3.16]
where V;_1[-| and C;_4[, | denote variances and covariances conditional on time t — 1 infor-

mation, and 03 denotes terms third-order or higher in the standard deviation < of real GDP

growth.

PROOF See appendix A.6. |

The third part of the proposition shows that the completeness of financial markets also has
implications for the average real interest rate. In equation [3.16] there are two terms that give the
difference between the average real interest rate with complete financial markets (or a monetary pol-
icy that replicates those markets in an incomplete-markets economy) and with incomplete financial
markets (and sub-optimal monetary policy). As will be confirmed (see Proposition 8 below), the
first term is the negative of a risk premium that must be paid to savers for agreeing to the risk shar-
ing found with complete markets (and is thus likely to be negative). The second term is due to the
general-equilibrium effects of differences in precautionary saving between the two cases, which is un-
ambiguously negative.”® Sub-optimal monetary policy in an incomplete-markets economy therefore

results in average real interest rates being inefficiently low.

3.6 Consequences of inflation indexation of bonds

Given that savers holding nominal bonds are exposed to the risk of inflation fluctuations, it might be
thought desirable that bonds be indexed to inflation. Consider an otherwise identical economy with
incomplete markets but where all bonds have coupons indexed to the price level P,. Newly issued
bonds at time ¢ make a sequence of coupon payments from ¢ + 1 onwards of P,,1/P;, Y P2/ P,
VTQPH;), /P, ..., where y' parameterizes the geometric sequence of real coupons (the superscript '
signifies inflation indexation). Let QI denote the nominal price of newly issued indexed bonds at
time ¢, with bonds issued at time ¢ — ¢ being equivalent to yTth /Py units of new bonds at time
t. Let B;t denote the net bond position of type-7 households (expressed in terms of new-bond

equivalents). If non-indexed bonds are not available, the budget identities in [2.5] are replaced by:

QIBit M.y (1 + YTQI)Bi t—1 . M4
o — T T =Y ’ 1 _ i 1
Cri+ 2 + P 1+ P, + (14 41) P [3.17]

28Lower real interest rates in incomplete-markets economies is a widely obtained result (see, for example, Aiyagari,
1994), which follows from the incentive for precautionary saving to provide some self-insurance against shocks. This
result is typically obtained in cases where risk is idiosyncratic to households and thus can be completely diversified
away in the economy with complete markets, removing all incentives for precautionary saving. Here, the argument is
somewhat different because the source of risk is aggregate shocks that cannot be diversified away even with complete
markets. When risk is shared, incentives for precautionary saving decrease for some (borrowers), but increase for
others (savers). It turns out that the effect on borrowers is the dominant one here, so the net effect goes in the same
direction as in models with only idiosyncratic shocks.
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and the bond-market clearing condition [2.13] by

~Bl, =o0. 3.18]

Now consider definitions of debt DI , loans LI, and the real return TI analogous to those in [2.15]:

1(1+ytQhB!,_ 1QIBf L +~ior!
DtT:__( Y'Qi) By, L LI:__M, and 1+TZ:LQt_
2 Py 2 P Q:frfl

The ex-post real return ri can be written in terms of bond yields rather than bond prices by defining

3.19]

the notional real yield-to-maturity y; on the indexed bond:

0o Jrﬁ—l 1 1— 1
i Y o P YA Y1
= = , and hence 147, = (1+ —_— . 3.20
Qt ;<1+yt)g 1_YT+yt t ( yt)( 1_VT+yt > [ ]

Substituting the expression for ] into the Euler equations [2.22d] and solving forwards (imposing

a transversality condition analogous to [2.25b]) leads to an expression for y;:

0 4 —a
— CT
Ye = (Et ZYTZ ' {H Orttym1(L+ gesy) ™™ <ﬂ) }
=1

-1
+vyf -1 3.21]

=1 Cri+y—1

Maximizing utility [2.1] subject to [3.17], using the definitions in [3.19], and imposing the market-

clearing condition [3.18] and all other equilibrium conditions leads to a set of equations [2.22a]-
[2.22f], and [2.24] as before, with [3.20] and the transversality condition used to derive [3.21] replacing
equations [2.25a] and [2.25b], and the real yield y; replacing the nominal yield j, as a variable.

Proposition 7 The equilibrium of the economy with indexed bonds has the following properties:

(i) The equilibrium values of all real variables are independent of monetary policy.

(ii)) The equilibrium is identical to that of an incomplete-markets economy with nominal bonds
where the central bank follows a policy of strict inflation targeting (m; = ) if y = (1 + 7)y",
that is, the nominal bonds have the same maturity as the indexed bonds (new debt is the

same fraction of total debt for both types of bonds in the steady state).
PROOF See appendix A.7. [ |

This result shows that moving to an economy with indexed bonds is generally worse if monetary
policy aims to replicate complete financial markets. Now, whatever the central bank tries to do
has no real effects, so there is no monetary policy intervention that can complete financial markets.
All that happens is indexation locks in the generally sub-optimal outcome that would prevail with
strict inflation targeting. This is in spite of the fact that savers are now protected from inflation
fluctuations. The intuition for these findings is best understood by considering an economy in which

both nominal and indexed bonds are available.

3.7 Portfolio choice with both nominal and indexed bonds

The analysis so far has assumed only a single type of bond is available. While the general case

of many different assets is beyond the scope of this paper, it is helpful to explore the robustness
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of the results to the presence of both nominal and indexed bonds that can be bought or issued
by households. Using the assumptions on the coupon structures of these bonds and the notation

introduced earlier, the equations specific to this variant of the model are:

Tt
QtBTt IBit MTt (1 +‘YQt)BTt71 (1 +YJ[Qt)BTt—1 . Mthl
C. : : =~ =Y, : : 1 _ —
ot + Pt + Pt + Pt ¢+ + Pt + Ptf1 + ( + 1 1) Pt
[3.22a]
Df = _1 (1+ 'YQt)Bb,t—l B 1(1 + VTQDBE,t—l Lf _ _thBbyt + QIB‘];J?. and 3.22b]
2 P 2 P4 ’ 2 P ’
TBT
ri = (1—s_1)re+ siarf, where s, = 9t P 3.22¢]

QiBus +QIBL,
Equation [3.22a] replaces the flow budget identities [2.5]. Equation [3.22b] gives the definitions of
debt Df and loans Lf in the two-bond economy (signified by the superscript *), which replace those
in [2.15]. The ex-post real return rf on the combined portfolio in [3.22¢] is a weighted average of
the real returns r, and r] on the two bonds in [2.15] and [3.19], with s, denoting the portfolio share
in indexed bonds.

The set of equilibrium conditions is as follows. In place of equation [2.22a], there are now two real
interest rates, p; = E;r;.1 for nominal bonds and pi = ]Etrl 41 for indexed bonds, with @, = p; — pI
denoting the inflation risk premium. Using the bond-market clearing conditions [2.13] and [3.18]
together with [3.22b] and [3.22¢], equations [2.22b], [2.22¢], and [2.22f] hold in terms of d}, I}, and
rf . The Euler equations [2.22d] must hold separately for the real returns r, and rtT on both types of
bonds. Equations [2.22¢] and [2.24] are unchanged. The nominal bond yield j; and the real return
must satisfy [2.25a] and [2.25b], and the real yield y, and real return ] must satisfy [3.20] and the
transversality condition used to derive [3.21]. The system of equations also includes [3.22¢] and the

portfolio share s; as an additional variable.?’

Proposition 8 (i) With strict inflation targeting (m; = 7), when the two bonds have the same
maturity (y = (1 + w)y'), the equilibrium is identical (with any portfolio share s, being
consistent with equilibrium) to that where the same monetary policy is followed in an economy

with only nominal bonds.

(ii)) Any monetary policy that replicates complete financial markets in the economy with only
nominal bonds also replicates complete financial markets in the two-bond economy, and the

resulting equilibrium is identical (the equilibrium portfolio share being s; = 0).

(iii) With strict inflation targeting and bonds that have the same maturity (y = (1 + 7)y'), the
inflation risk premium is w, = 0. With a monetary policy that replicates complete financial

markets, the average inflation risk premium is (with no restriction on vy and y'):

Ew, = (14 p)a )y B (1 — o (1 - u*£)> EC;_1[g:, Eigrre] + 0°, 3.23]
£=0

29Tn equilibrium, the portfolio shares of savers and borrowers in indexed bonds must be equal.
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where ut = y7/(1 + g), C;_1[,-] denotes a conditional covariance, and €® denotes terms

third-order or higher in the standard deviation ¢ of real GDP growth.

(iv) Suppose nominal and indexed bonds have the same maturity (y = (1 + 7)y').

If monetary policy is strict inflation targeting then the term EC;_4[g;, d;| from the difference
between the average real interest rates under incomplete and complete markets in [3.16] is
negatively related to the average inflation risk premium [3.23] (associated with a monetary

policy that replicates complete markets) according to Ew, = —(1 + p)EC,_1[g, di] + O°.

Under the conditions of Proposition 5, the average inflation risk premium [3.23] is also posi-
tively related to the optimal countercyclicality of the price level w* from [3.15] according to
Ewt = (1 + ﬁ)“@(BH)W*EVt_l[gt] + ﬁs.

PROOF See appendix A.8. |

These results show that for both strict inflation targeting and a nominal GDP target that
replicates complete financial markets, the equilibrium outcomes with both types of bonds are the
same as those of an economy with only nominal bonds. For strict inflation targeting, assuming debt
in the form of both bonds is refinanced at the same rate (so the bonds have the same maturity), this
is simply because the absence of inflation fluctuations makes both types of bond equivalent, thus any
portfolio share can be an equilibrium. Perhaps more surprisingly, the ability to hold indexed bonds
does not change the equilibrium when monetary policy pursues a policy that replicates complete
financial markets, which does entail fluctuations in inflation. The equilibrium portfolio share of
indexed bonds is zero in this case, so savers do not attempt to protect themselves from inflation
risk. The reason is the existence of an inflation risk premium, which means that savers earn higher
average returns by holding nominal bonds, which compensate them for the risk they bear.

This perhaps shifts the question to why borrowers continue to issue nominal bonds when lower
real interest rates are available on indexed bonds. However, for borrowers, it is the indexed bond
that is riskier and the nominal bond that is safer because the former obliges the borrower to make
the same real repayments irrespective of real income. When monetary policy replicates complete
financial markets, the countercyclical price level makes nominal bonds behave like equity, so coupons
have a lower real value when real incomes are low, providing insurance to borrowers, for which they
are willing to pay a higher average real interest rate. The higher average real interest rate on nominal
bonds can thus equally well be seen as an ‘insurance premium’ for borrowers as a ‘risk premium’
for savers, and this inflation risk premium is actually a desirable feature of monetary policy. The
inflation fluctuations with nominal GDP targeting are not simply generating risk for savers; inflation

is a hedge for borrowers against the underlying real risk in the economy.*’

30Tt would also be possible to replicate complete financial markets in the two-bond economy with a lower variance
of inflation as long as monetary policy deviates from strict inflation targeting, ensuring there is some correlation
between inflation and real GDP growth. The reduction of the covariance of inflation and real GDP growth would
require all households to hold a positive or negative position in both nominal and indexed bonds, with the size of the
gross positions increasing as the covariance between inflation and real GDP growth shrinks. However, since the gross
positions are larger, monetary policy errors (not generating exactly the covariance between inflation and real growth
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3.8 Objectives, targets, and instruments

The argument for a nominal GDP target in this paper is that it replicates the debt-to-GDP ratio
that would be found if the economy had complete financial markets. Thus, the debt-to-GDP ratio
(and finally the implied consumption allocation) is the ultimate objective of policy. Nominal GDP is
simply an intermediate target which helps achieve that goal. It might then be thought preferable to
target the debt-to-GDP ratio directly if this is what monetary policy is actually seeking to influence.
An obvious pitfall of a policy of this kind is that it fails to provide the economy with a nominal

anchor because the debt-to-GDP ratio is a real variable.

Proposition 9 Suppose monetary policy is conducted with a targeting rule for the debt-to-GDP
ratio d, = dj. If N} is a path of nominal GDP that is consistent with d, = d; then so is

N} =z 1 — Buzi+ > (BW) (ENG, — BiaNj), [3.24]
/=0

for any random variable z; that belongs to the date-t information set.

PROOF See appendix A.9. |

Having adopted nominal GDP as an intermediate target, there is the further question of how this
intermediate target is achieved using the short-term nominal interest rate as a policy instrument.
The practicalities of implementation are beyond the scope of this paper, but it is worth noting how a
nominal GDP target can in principle be implemented using an interest-rate feedback rule analogous

to the Taylor rule.

Proposition 10 Consider any (potentially state-contingent) path of nominal GDP {Nj} that is

consistent with d; = dj, and suppose the interest rate i; is set according to the following rule:
it = (0( — 1>Etgt+1 —+ EtN:Jrl — NZ( -+ C(Nt — N:) [325]

(i) If ¢ > 0 then N; = N} and d; = d is the only equilibrium of the economy in which nominal
GDP growth remains bounded.

(ii) If ¢ = 0 then N; = N+ (N, —N*_,) + ¢, and d; = Ad,_; — €, is an equilibrium of the economy
in which nominal GDP growth remains bounded for any martingale difference process €;

(Et_let = 0)
PROOF See appendix A.10. [ |

The proposition shows that just as Taylor rules can be seen as a means of implementing inflation
targeting, the nominal GDP target can be implemented as the unique equilibrium (with bounded
inflation and nominal GDP growth) by having the policy rate i; react to deviations of actual nominal
GDP from its target level.? But simply setting a policy rate that is consistent with the target fails

to rule out multiple (bounded) equilibria, which have real consequences.

that households were expecting) lead to larger deviations from complete financial markets than when households only
need to buy or sell one type of bond. These issues are left for future research.

31The use of interest-rate feedback rules to determine inflation and the price level is studied by Woodford (2003).
The determinacy properties of Taylor rules have been criticized by Cochrane (2011).
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3.9 Welfare analysis

The earlier analysis took it for granted that replicating complete financial markets ought to be
an objective of monetary policy. The implicit justification for this is the efficiency properties of
the complete-markets equilibrium, which is Pareto efficient in the absence of any other distortions.
Thus, in spite of policy having distributional effects, the optimal policy can be viewed as supporting
(ex-ante) Pareto efficiency in much the same way that analyses of optimal monetary policy have
pointed to other inefficiencies that policy might correct. However, this justification is incomplete in
one important respect: while the complete-markets equilibrium is Pareto efficient, there are infinitely
many other consumption allocations that would equally well satisfy the criterion of Pareto efficiency.
What might support singling out one particular Pareto-efficient allocation as the target for policy
when the choice among this set necessarily entails taking a stance on distributional questions?
Consider first a hypothetical social planner who has access to a full set of state-contingent
transfers among households. With this complete set of instruments, the social planner would be
able to implement any Pareto-efficient (first-best) allocation. The social planner’s problem can
be represented as maximizing a utilitarian social welfare function %, from some time ¢, onwards,
assigning Pareto weight (2, to each household of type 7:
(PR %
2 2

where the utility function %4, is given in [2.1]. The full set of instruments allows the social planner

t
Wto = | 0 %b,to +

%S,toa [326]

to make a direct choice of state-contingent consumption allocations subject only to the economy’s

resource constraint, which follows from [2.12]:
1 1
§Cb,t + EC'SJ — }/t [327]

A first-best allocation refers to a state-contingent consumption allocation C;; for t > ¢, that max-
imizes the welfare function [3.26] subject to the resource constraint [3.27] for some Pareto weights
2:14,, taking the discount factors d,; as given (as households do), but with d.; evaluated at the
consumption allocation in accordance with [2.2].3% Different choices of Pareto weights correspond to
different first-best allocations. To focus on ex-ante efficiency, the set of admissible Pareto weights
is restricted so that the weight assigned to borrowers relative to savers at time ¢y is not a random
variable given information available immediately before time t,.>* Formally, 2,/ must be
to — l-measurable, that is, 2,/ 2t = Eto—1[20jt0 / Qsito -

In contrast to the hypothetical social planner, the central bank does not have access to fiscal
instruments allowing direct transfers between households. This means the central bank is generally
not able to implement any particular first-best allocation. A second-best allocation refers to a state-

contingent consumption allocation that maximizes the welfare function [3.26] from ¢, onwards for

32Since the endogenous discount factors [2.2] are introduced only for technical reasons, and as the assumption that
households take them as given is a simplification, it is helpful to have a benchmark where the social planner makes
no attempt to correct for the fact that households themselves take the discount factors as given. The case where
both households and the social planner internalize the discount factors is considered in appendix A.17.

33This is to avoid a vacuous notion of ex-post efficiency where arbitrary random redistributions can be labelled as
efficient by introducing exogenous shocks to the Pareto weights assigned at time #.
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some weights (2,1, (the ratio of the Pareto weights must be ¢, — l-measurable, and the discount
factors are taken as given, as in the social planner’s problem) subject not only to the resource
constraint [3.27], but also to a set of implementability constraints that reflect the constraints faced
by households in a market economy and their optimizing decisions. First, there is the resource
constraint [3.27], which represents goods-market equilibrium. Given this equation, only one of the
budget identities [2.17] needs to be imposed. A single equation is obtained by subtracting one
budget identity from the other, and the accounting identity [2.16] is imposed to eliminate the level

of debt Dy, leaving the consumption difference Cs; — Cy, 4, loans L, and the real return r:
Cs,t Cb,t

2 2

The other implementability constraints are the pair of Euler equations in [2.18]. Given the limited

= 2((1+ 1)Ly — L) . [3.28]

set of instruments, a second-best allocation generally entails a trade-off between efficiency and a
notion of ‘fairness’ associated with the particular Pareto weights that are assigned.

Since the maximization of the welfare function is considered from a specific starting date o,
for comparison, it is helpful to define an equilibrium where complete financial markets are only
open from a particular date onwards. Supposing that complete markets are available for trading
securities paying off from date t, onwards, the set of equilibrium conditions comprises equations
[2.22a]-[2.22f] at all times and equation [3.5] for all ¢ > t5. The levels of debt, loans, the real

return, and the consumption ratios in this equilibrium are denoted by drltw [

*

and Cr tite

Htor Telte
where the subscript t; indicates dependence on the initial conditions before tol O(for|; < tg, these
variables are equal to the actual values of d;, l;, r;, and ¢, realized prior to date ty). The gaps
between this equilibrium and the incomplete-markets equilibrium are denoted by czt|t0 = d/ d;“lto,
Fejtg = (1 +1) /(1 +1},,), and so on.

The following proposition characterizes the connections between the sets of first- and second-best

allocations and the complete-markets equilibrium.
Proposition 11 Consider the problem of maximizing the welfare function #;, from [3.26].

(i) An allocation is first best if and only if it satisfies [3.27] for all t > to, Chy,/Csyy 1S to — 1-

measurable, and the following risk-sharing condition holds for all t > to + 1:

C - Cs —
Ob,t—1 (Cbb’t ) = Os -1 (C - ) - (3.29]
=1 s,t—1

(ii)) The equilibrium with complete markets open from t, onwards is first best, but there are

infinitely many other first-best allocations.

(iii) The equilibrium with complete markets open from t, onwards is implementable through mon-
etary policy for any initial conditions at to — 1. This is the only first-best allocation that also

belongs to the set of second-best allocations implementable through monetary policy.

(iv) The optimal policy problem with Pareto weights that support the complete-markets equilib-
rium has a solution that is time consistent, unlike the second-best problem for a general choice

of Pareto weights.
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(v) A log-linear approximation of the equilibrium with complete markets open from t, onwards

is:
o = df F ATy —df ), B = ATy —dy ),y =17, [3.30a)

*

it are non-stochastic, de-
sUIto

with dj, I}, and r; as given in [3.11]. The consumption ratios c

pending only on predetermined variables at date ty, and can be written approximately as

*

— At—to+1 , . ey ‘
Ch bty = AT e yo—1. The gaps relative to this equilibrium are:

Etatﬂ\to = }\at\toa Tt\to = )\at\toa and Ft|to =T = CNit|to - Et—lat\to§ [3~30b]

- 0 1—BAY -~ N 0 1—BAY -~
Chtltg = — 1-0 1-8 dt|t0, and Cstltg — 110 1—-B dt|t0-

(vi) The Pareto weights (normalized so that units of the welfare function are equivalent to per-

centages of initial real GDP) supporting the complete-markets equilibrium (from t,) are
Q:|t0

. .
¢} 4,) can be written as

=" iolte/ Y} The welfare function (given the discount factors 07 41, associated with

to

e}

Z BtitOEth?Ito + 'ﬂto + ﬁ’37 [331]

t=to

1 af’(1— BA)?
2(1-02)(1-B)

where %, denotes terms that are independent of monetary policy from t, onwards, and 03

Wiy =

denotes third- and higher-order terms in the standard deviation ¢ of real GDP growth.

PROOF See appendix A.11. |

The intersection between the sets of first-best allocations (Pareto efficient) and second-best
allocations (welfare maximizing subject to the implementability constraints) is simply the complete-
markets equilibrium. The intuition for this result is that the risk-sharing condition [3.29] is necessary
for any allocation to be first best. It is also the only equation [3.5] that distinguishes the equilibrium
conditions with complete markets from the equilibrium conditions with incomplete markets, with
the latter being the implementability constraints on monetary policy in the second-best problem.

In what follows, it is assumed the policymaker has a lexicographic preference for efficiency over
any explicit distributional concerns. Such a policymaker prefers any first-best allocation over one
not in that set, and since there is only one implementable first-best allocation, the policymaker
always adopts the Pareto weights associated with the complete-markets equilibrium (with markets
open from the current date of welfare maximization). Proposition 11 also shows this is generally
the only procedure for selecting Pareto weights that results in a time-consistent plan for policy.

Finally, Proposition 11 provides the log-linearization of the equilibrium with complete markets
open from t;, onwards, generalizing the results of Proposition 4. A second-order approximation of
the welfare function is also derived, which quantifies the welfare losses (in terms of percentages
of output) of deviating from the complete-markets equilibrium, for which the debt gap 8% is a
sufficient statistic. It can be seen from [3.31] that these losses are increasing in risk aversion « and
the degree of heterogeneity between borrower and saver households as measured by 0. Intuitively,

greater risk aversion increases the importance of the risk sharing found in complete financial markets,
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while greater heterogeneity between households leads to larger financial positions of borrowers and

savers, so a given percentage change in financial wealth has a larger impact on consumption.

3.10 Discussion

The importance of the arguments for nominal GDP targeting in this paper obviously depends on
the plausibility of the incomplete-markets assumption in the context of household borrowing and
saving. It seems reasonable to suppose that households will not find it easy to borrow by issuing
Arrow-Debreu state-contingent bonds, but might there be other ways of reaching the same goal?
Issuance of state-contingent bonds is equivalent to households agreeing loan contracts with financial
intermediaries that specify a complete menu of state-contingent repayments. But such contracts
would be much more time consuming to write, harder to understand, and more complicated to en-
force than conventional non-contingent loan contracts, as well as making monitoring and assessment
of default risk a more elaborate exercise.?® Moreover, unlike firms, households cannot issue securities
such as equity that feature state-contingent payments but do not require a complete description of
the schedule of payments in advance.*

Another possibility is that even if households are restricted to non-contingent borrowing, they can
hedge their exposure to future income risk by purchasing an asset with returns that are negatively
correlated with GDP. But there are several pitfalls to this. First, it may not be clear which asset
reliably has a negative correlation with GDP (even if ‘GDP securities’ of the type proposed by
Shiller (1993) were available, borrowers would need a short position in these). Second, the required
gross positions for hedging may be very large. Third, a household already intending to borrow will
need to borrow even more to buy the asset for hedging purposes, and the amount of borrowing may
be limited by an initial down-payment constraint and subsequent margin calls. In practice, a typical
borrower does not have a significant portfolio of assets except for a house, and housing returns most
likely lack the negative correlation with GDP required for hedging the relevant risks.

In spite of these difficulties, it might be argued the case for the incomplete markets assumption
is overstated because the possibilities of renegotiation, default, and bankruptcy introduce some
contingency into apparently non-contingent debt contracts. However, default and bankruptcy allow
for only a crude form of contingency in extreme circumstances, and these options are not without
their costs. Renegotiation is also not costless, and evidence from consumer mortgages in both the

recent U.S. housing bust and the Great Depression suggests that the extent of renegotiation may be

34For examples of theoretical work on endogenizing the incompleteness of markets through limited enforcement of
contracts or asymmetric information, see Kehoe and Levine (1993) and Cole and Kocherlakota (2001).

35Consider an individual owner of a business that generates a stream of risky profits. If the firm’s only external
finance is non-contingent debt then the individual bears all the risk (except in the case of default). If the individual
wanted to share risk with other investors then one possibility would be to replace the non-contingent debt with
state-contingent bonds where the payoffs on these bonds are positively related to the firm’s profits. However, what
is commonly observed is not issuance of state-contingent bonds but equity financing. Issuing equity also allows for
risk sharing, but unlike state-contingent bonds does not need to spell out a schedule of payments in all states of the
world. There is no right to any specific payment in any specific state at any specific time, only the right of being
residual claimant. The lack of specific claims is balanced by control rights over the firm. However, there is no obvious
way to be ‘residual claimant’ on or have ‘control rights’ over a household.
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inefficiently low (White, 2009a, Piskorski, Seru and Vig, 2010, Ghent, 2011). Furthermore, even ex-
post efficient renegotiation of a contract with no contingencies written in ex ante need not actually
provide for efficient sharing of risk from an ex-ante perspective.

It is also possible to assess the completeness of markets indirectly through tests of the efficient
risk-sharing condition, which is equivalent to perfect correlation between consumption growth rates
of different households. These tests are the subject of a large literature (Cochrane, 1991, Nelson,
1994, Attanasio and Davis, 1996, Hayashi, Altonji and Kotlikoff, 1996), which has generally rejected
the hypothesis of full risk sharing.

Finally, even if financial markets are incomplete, the assumption that contracts are written in
terms of specifically nominal non-contingent payments is important for the analysis. The evidence
presented in Doepke and Schneider (2006) indicates that household balance sheets contain significant
quantities of nominal liabilities and assets (for assets, it is important to account for indirect exposure
via households’ ownership of firms and financial intermediaries). Furthermore, as pointed out by
Shiller (1997), indexation of private debt contracts is extremely rare. This suggests the model’s
assumptions are not unrealistic.

The workings of nominal GDP targeting can also be seen from its implications for inflation and
the real value of nominal liabilities. Indeed, nominal GDP targeting can be equivalently described
as a policy of inducing a perfect negative correlation between the price level and real GDP, and
ensuring these variables have the same volatility. When real GDP falls, inflation increases, which
reduces the real value of fixed nominal liabilities in proportion to the fall in real income, and vice
versa when real GDP rises. Thus the extent to which financial markets with non-contingent nominal
assets are sufficiently complete to allow for efficient risk sharing is endogenous to the monetary policy
regime: monetary policy can make the real value of fixed nominal repayments contingent on the
realization of shocks. A strict policy of inflation targeting would be inefficient because it converts
non-contingent nominal liabilities into non-contingent real liabilities. This points to an inherent
tension between price stability and the efficient operation of financial markets.*¢

That optimal monetary policy in a non-representative-agent model should feature inflation fluc-
tuations is perhaps surprising given the long tradition of regarding inflation-induced unpredictability
in the real values of contractual payments as one of the most important of all inflation’s costs. As
discussed in Clarida, Gali and Gertler (1999), there is a widely held view that the difficulties this
induces in long-term financial planning ought to be regarded as the most significant cost of infla-
tion, above the relative price distortions, menu costs, and deviations from the Friedman rule that
have been stressed in representative-agent models. The view that unanticipated inflation leads to
inefficient or inequitable redistributions between debtors and creditors clearly presupposes a world
of incomplete markets, otherwise inflation would not have these effects. How then to reconcile this
argument with the result that the incompleteness of financial markets suggests nominal GDP target-

ing is desirable because it supports efficient risk sharing? (again, were markets complete, monetary

36In a more general setting where the incompleteness of financial markets is endogenized, inflation fluctuations
induced by nominal GDP targeting may play a role in minimizing the costs of contract renegotiation or default when
the economy is hit by an aggregate shock.
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policy would be irrelevant to risk sharing because all opportunities would already be exploited)

While nominal GDP targeting does imply unpredictable inflation fluctuations, the resulting real
transfers between debtors and creditors are not an arbitrary redistribution — they are perfectly cor-
related with the relevant fundamental shock: unpredictable movements in aggregate real incomes.
Since future consumption uncertainty is affected by income risk as well as risk from fluctuations in
the real value of nominal contracts, it is not necessarily the case that long-term financial planning
is compromised by inflation fluctuations that have known correlations with the economy’s funda-
mentals. An efficient distribution of risk requires just such fluctuations because the provision of
insurance is impossible without the possibility of ex-post transfers that cannot be predicted ex ante.
Unpredictable movements in inflation orthogonal to the economy’s fundamentals (such as would
occur in the presence of monetary-policy shocks) are inefficient from a risk-sharing perspective, but
there is no contradiction with nominal GDP targeting because such movements would only occur if
policy failed to stabilize nominal GDP.*7

It might be objected that if debtors and creditors really wanted such contingent transfers then
they would write them into the contracts they agree, and it would be wrong for the central bank to try
to second-guess their intentions. But the absence of such contingencies from observed contracts may
simply reflect market incompleteness rather than what would be rationally chosen in a frictionless
world. Reconciling the non-contingent nature of financial contracts with complete markets is not
impossible, but it would require both substantial differences in risk tolerance across households
and a high correlation of risk tolerance with whether a household is a saver or a borrower. With
assumptions on preferences that make borrowers risk neutral or savers extremely risk averse, it
would not be efficient to share risk, even if no frictions prevented households writing contracts that
implement it.

There are a number of problems with this alternative interpretation of the observed prevalence of
non-contingent contracts. First, there is no compelling evidence to suggest that borrowers really are
risk neutral or savers are extremely risk averse relative to borrowers. Second, while there is evidence
suggesting considerable heterogeneity in individuals’ risk tolerance (Barsky, Juster, Kimball and
Shapiro, 1997, Cohen and Einav, 2007), most of this heterogeneity is not explained by observable
characteristics such as age and net worth (even though many characteristics such as these have
some correlation with risk tolerance). The dispersion in risk tolerance among individuals with
similar observed characteristics also suggests there should be a wide range of types of financial
contract with different degrees of contingency. Risk neutral borrowers would agree non-contingent
contracts with risk-averse savers, but contingent contracts would be offered to risk-averse borrowers.

Another problem with the complete markets but different risk preferences interpretation relates
to the behaviour of the price level over time. While nominal GDP has never been an explicit target
of monetary policy, nominal GDP targeting’s implication of a countercyclical price level has been
largely true in the U.S. during the post-war period (Cooley and Ohanian, 1991), albeit with a

correlation coefficient much smaller than one in absolute value, and a lower volatility relative to

37The loss function derived in Proposition 11 can be applied to study quantitatively the welfare costs of the arbitrary
redistributions caused by inflation resulting from monetary-policy shocks.
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real GDP. Whether by accident or design, U.S. monetary policy has had to a partial extent the
features of nominal GDP targeting, resulting in the real values of fixed nominal payments positively
co-moving with real GDP (but by less) on average. In a world of complete markets with extreme
differences in risk tolerance between savers and borrowers, efficient contracts would undo the real
contingency of payments brought about by the countercyclicality of the price level, for example,
through indexation clauses. But as discussed in Shiller (1997), private nominal debt contracts have
survived in this environment without any noticeable shift towards indexation. Furthermore, both
the volatility of inflation and correlation of the price level with real GDP have changed significantly
over time (the high volatility 1970s versus the ‘Great Moderation’, and the countercyclicality of
the post-war price level versus its procyclicality during the inter-war period). The basic form of
non-contingent nominal contracts has remained constant in spite of this change.®®

Finally, while the policy recommendation of this paper goes against the long tradition of citing
the avoidance of redistribution between debtors and creditors as an argument for price stability,
it is worth noting that there is a similarly ancient tradition in monetary economics (which can be
traced back at least to Bailey, 1837) of arguing that money prices should co-move inversely with
productivity to promote ‘fairness’ between debtors and creditors. The idea is that if money prices
fall when productivity rises, those savers who receive fixed nominal incomes are able to share in
the gains, while the rise in prices at a time of falling productivity helps to ameliorate the burden
of repayment for borrowers. This is equivalent to stabilizing the money value of incomes, in other
words, nominal GDP targeting. The intellectual history of this idea (the ‘productivity norm’) is
thoroughly surveyed in Selgin (1995). Like the older literature, this paper places distributional
questions at the heart of monetary policy analysis, but studies policy through the lens of mitigating

inefficiencies in incomplete financial markets, rather than with looser notions of fairness.

4 Policy trade-offs

The analysis thus far has been done using a model in which none of the usual welfare costs of inflation
are present. This section adds sticky prices to the model to analyse the trade-off between monetary
policies that mitigate incomplete financial markets and those that seek to minimize relative-price

distortions.

4.1 Households

The utility functions of households remain as given in [2.1], but now C.; is interpreted explicitly
as a consumption aggregator of a measure-one continuum of differentiated goods. Consumption of
good 2 € [0,1] by households of type 7 is denoted by C4(2), and the nominal price of this good
is P;(1). Households allocate spending between goods to minimize the expenditure P,C;; required

to obtain (7, units of the consumption aggregator. The aggregator is the same for both types of

38Tt could be argued that part of the reluctance to adopt indexation is a desire to avoid eliminating the risk-sharing
offered by nominal contracts when the price level is countercyclical.
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households and features a constant elasticity of substitution ¢ between goods (e > 1):

P,C.; = min / P,(21)Cri(v)de s.t. Cryp = (/ Cm(z)ezldz) ; ) [4.1]
[0,1] [0,1]

{Cre(0)}

The optimality conditions for this expenditure minimization problem are:

Cri(1) = (PtT(Z)) Crt, where P, = (/ Pt(z)ledz) o ) [4.2]
t [0,1]

The real income Y, ; of type-7 households now derives from two sources. First, each household
supplies inelastically one homogeneous unit of labour, which earns real wage w;.*" Second, house-
holds have equal shareholdings in each of a measure-one continuum of firms, indexed by ¢ € [0, 1].
Firm ¢ pays real dividend J;(z), and total real dividends are .J;. The assumptions on financial markets
from section 2 are maintained, with the additional restriction that shares in firms are not tradable.*’
The maturity of bonds u = vy/(1 + n) is now taken to be a parameter rather than vy, and p < 1 is
assumed so that some debt is refinanced each period (the rate of refinancing is 1 — p).*' With H,
denoting hours of labour supplied, real income Y7, is given by:

Y:i=wH, +J;,, where H,=1, and J, = / Ji(1)da. 4.3]
[0,1]

4.2 Firms

Firm ¢ € [0, 1] is the monopoly producer of differentiated good :. Goods are produced using hours
of a homogeneous labour input. Production of good  is denoted by Y;(2), and firm 2’s employment

by H:(2). The firm pays out all real profits at time ¢ as dividends J;(2):

T(1) = P}E:)Yt(z) —wyHy(1), where Y;(z) = Ath(z)ﬁ, and Yi(2) = <PtT(;>)_ Cy.  [4.4]

The first equation following the definition of profits is the production function, with A; denoting

the common exogenous productivity level, and where the parameter & determines the extent of
diminishing returns to labour (& > 0). The stochastic process for the growth rate of exogenous TFP
Ay is assumed to have the same properties as that of the growth rate of the exogenous endowment in
the model of section 2. The final equation in [4.4] is derived from the requirement that the quantity
produced is the same as the quantity sold, given a measure one half of each type of household,
equation [2.12], and the household demand functions in [4.2]. These two equations are constraints
on the profits of firm 2, and by substituting them into the definition of J;(z), profits can be written
as a function of the price P;(2) of good 2, the price level P, aggregate demand C;, and a variable z;

denoting the level of real marginal cost for a hypothetical firm setting price equal to P;:

J(1) = ((PtT(:))l_e - 1%, (PtT(:)) _E(HE)) C,, where z, = (1+ a)% <%>a. [4.5]

39The assumption of inelastic labour supply is relaxed in section 5.
40This is to avoid any interaction with the assumption that financial markets are incomplete.
41 That is, given the fixed parameter u and steady-state nominal GDP growth 7, a value of y = (1 + ) is used.
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4.3 Sticky prices

Price adjustment is assumed to be staggered according to the Calvo (1983) pricing model. In each
time period, there is a probability 0 (0 < o < 1) that firm 2 must continue to use its previous
nominal price P,_1(2) independent of other firms. If at time ¢ a firm does receive an opportunity to
change price, it sets a reset price denoted by P, (all firms changing price at the same time choose
the same reset price because the occurrence of opportunities for changing price is random and this is
the only heterogeneity between firms). The reset price is set to maximize the current and expected
future stream of profits. Future profits conditional on continuing to charge P, are multiplied by the
probability of that the reset price will actually remain in use ¢ periods ahead, and are discounted

using the real interest rate p;.*2 Using [4.5], P, is determined by:

[e's) O'E p 1—¢ f) —e(1+8)
E Lite t
e Ee - : - Cigel 4.6]
P ezo {Hfztl)(l"{'ptﬂ)} <B+f> 1+ ¢ (PH-Z)

The first-order condition for this maximization problem is:

[e9) . ¢ ) R .
Z E GZCH@ P P R P, . . [4 7]
=0 t Hf;é(l + Prty) Py Py e—1\ Py t+ . .

4.4 Equilibrium

In equilibrium, the total demand for each good + must add up to production Y;(2), and the total
demand for the homogeneous labour input must add up to its supply H;:

%C’m(z) + %cs,t(z) =¥, wd [ a= . 4.9
Using the definition of total profits J; from [4.3], by summing over profits J;(z) from [4.4] and using
the definition of total consumption [2.12] and the market clearing conditions in [2.12] and [4.8], it
follows that J, = Y; — w,H;. Together with [4.3], this means the distribution of total income given
in [2.4] continues to hold.

Using the inelastic labour supply assumption from [4.3], the production functions and demand
functions in [4.4], and the overall goods-market clearing condition [2.12] and labour-market clearing

condition from [4.8], aggregate output Y; is given by:

At / (Pt(l) > —E(l"ra) m
Y; = —, where A; = — de : 4.9
A ' ( o1 \ P 49

This is the economy’s aggregate production function taking account of the fixed supply of labour and
the distribution of relative prices. The term A, represents the inefficiency caused by relative-price

distortions (A; > 1, using equation [4.2]).

42The choice of discount factor has no consequences in this version of the model with inelastic labour supply. In
the case of elastic labour supply, with a zero-inflation steady state, it turns out that only the steady-state value of the
discount factor matters for a first-order accurate approximation to the equilibrium and to optimal policy. Given the
results of Proposition 1, this means the choice of the ex-ante real interest rate to discount future profits as opposed
to some combination of the stochastic discount factors of the households is of no consequence.
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Given Calvo pricing, there is a stationary distribution of the ages of the reset prices used by
firms. A fraction (1 — 0)o® uses a reset price set ¢ periods ago, and from equation [4.2], the price

level P, and the reset price Pt are related as follows:

A~ 1
. e P 1 — o(1 e—1\ T—¢
P, = <0Ptl_‘f +(1— G)Ptl‘5>1 . hence p, = Fi - ( “5 _+G7Tt) ) . [4.10]

The second equation gives the implied relationship between the relative reset price p; and the
inflation rate m;. Similarly, the geometric age distribution of reset prices and the formula for A,

from [4.9] imply:

(P A = (1= 0)a P, or (BCA) = (PG A-) Y+ (1 - o),
£=0

and by using [4.10], relative-price distortions A, and inflation 7, are related as follows:

1
e(1+8)\ T+&

1— 0‘(1 + 7Tt)€_1 el
1—o0

A= | o(1+m)0FOAFE L (1 - 0) ( [4.11]

Finally, using [4.7] and [4.10], inflation 7, and real marginal cost x; must satisfy:

1+e&

—0'(1+7Tt)£71 1—¢
Sk, { I}jll( ) 1 B 10t 0. [412]
/=0 H]:O(]‘ + pt+])

7 - 7 —
H]:1(1 + 7Tt+])1 € H]:1<1 + 7Tt+j) e(1+¢E)

4.5 Policy analysis

Consider first the special case of fully flexible prices (o = 0) in an economy with incomplete financial
markets and 0 > 0. It follows from [4.11] that A, = 1, and from [4.9] that Y, = A, (}Aft denotes
the equilibrium value of Y; when prices are fully flexible, and similarly for other variables). The
flexible-price level of output Y; is here equal to the first-best level of output and is independent of
monetary policy. Thus, in this case, the only distortion in the economy is the incompleteness of
financial markets, for which the optimal policy of nominal GDP targeting (or a countercyclical price
level) has been characterized earlier (Proposition 3), conditional on the behaviour of the exogenous
real GDP growth rate g;.

Second, consider the special case of complete financial markets (the modification of the assump-
tions in section 3.1) or a representative-household economy (6 = 0). In this case, the presence
of sticky prices (o0 > 0) is the only distortion. It can be seen from [4.11] that a policy of strict
inflation targeting with zero inflation implies A; = 1 (assuming no initial relative-price distortions,
Ay,—1 = 1), which given [4.9] achieves the first-best level of output Y; = Y,. Therefore, strict inflation
targeting is the optimal monetary policy.

In the general case there is a trade-off between addressing the problems of incomplete financial
markets and sticky prices. The optimal trade-off is determined by maximizing the welfare function
subject to the equilibrium conditions of the economy. The Pareto weights are set to those that

support the equilibrium with complete markets open from ¢, onwards, assuming flexible prices.
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This choice is motivated by the result from Proposition 11 that choosing other Pareto weights

would lead to an additional trade-off between efficiency and fairness.

Proposition 12 The Pareto weights in the welfare function [3.26] are set to Qjm = " iolto /Y;(l)_“

where C:,t|t0 is the consumption allocation in the complete-markets equilibrium from t, onwards and
Y, is output with flexible prices. The loss function
1 x0%(1 — BA)? - e(1+¢e&)o
Ly = = hE d; ; 4.13
0= 32 PB [e pe  TeT — ar™ e

t=to
is a second-order accurate approximation of the welfare function [3.26] around the non-stochastic
steady state with zero inflation (7 = 0) in that #;, = —%, + S, + O, where %, denotes terms
that are independent of monetary policy from t, onwards, and €® terms that are third-order or
higher in the standard deviation ¢ of real GDP growth. First-order accurate approximations of the

constraints that monetary policy must satisfy are:

Etat—i-l\to = 7\at|t0, S T — at|to + 7\at—1|to =7f;, and éliglo(ﬁu)gEtth =0, [4.14]

with g; = §; (since A; = 0?), up to terms of order 0*, and where u=vy/(1+ g).

PROOF See appendix A.12. [ |

The loss function includes the squared debt-to-GDP gap &t‘to, which is a sufficient statistic for
the welfare loss due to deviations from complete markets (the coefficient is the same as for the
flexible-price economy). The second term is the squared inflation rate, which is a sufficient statistic
for the welfare loss due to relative-price distortions. This is a well-known property of Calvo pricing,
and the coefficient in the loss function is the same as in standard models (see Woodford, 2003).

The coefficient of inflation is increasing in the price elasticity of demand ¢ because a higher
price sensitivity implies that a given amount of price dispersion now leads to greater dispersion of
the quantities produced of different goods for which preferences and production technologies are
identical. The coefficient is increasing in price stickiness o because longer price spells imply that a
given amount of inflation leads to greater relative-price distortions. The coefficient is also increasing
in the parameter & (the output elasticity of marginal cost from [4.5]), which will be seen to determine
the degree of real rigidity in the economy. Both nominal and real rigidity increase the welfare costs
of inflation. Finally, note that a zero steady-state inflation rate is assumed. Given the presence of
sticky prices, this is the optimal steady-state inflation rate.*®

Since the steady state of the economy is not distorted (there are no linear terms in the loss
function [4.13]), a first-order accurate approximation of optimal monetary policy can be obtained
by minimizing the loss function subject to first-order accurate approximations of the economy’s

equilibrium conditions. These constraints are given in [4.14]. The first equation determines the

43With debt maturity = vy/(1 + n) being a fixed parameter, the average rate of inflation 7 has no consequences
for the incompleteness of financial markets. If the coupon parameter y were fixed then the average rate of inflation
would affect the constraints in [4.14] through 7 and hence p, so it is not obvious what average inflation rate is optimal
(the effect is absent in the special case of one-period debt contracts, y = 0). This issue is left for future research.
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predictable component of the debt-to-GDP gap at‘to, and the second equation links inflation 7t; and
nominal bond yields j; to the unexpected component of the debt-to-GDP gap. The term r; denotes
the ex-post real return with both complete markets and flexible prices (that is, when the real GDP
growth rate is g; = g;). Since g; is exogenous, f; can be determined as in Proposition 4, and this
term plays the role of the exogenous shock in the system of equations [4.14]. The bond yield j; is
determined by equation [3.13], but this is not added as an additional constraint because it is implied
by the second equation in [4.14] together with the third constraint, the transversality condition.
Finally, the policy rate i; is linked to inflation via the Fisher equation i; = p; + E;m,, from
[3.10], and to bond yields via the expectations theory equation j; = (1 — B) > 72 (Bp) Eiizte given
[3.13]. Since the policy rate does not appear directly in the loss function [4.13] nor in the constraints
[4.14], the optimal policy problem has the central bank directly choosing at‘to, m;, and j; subject to
the constraints, with the required policy rate path then determined using the Fisher equation or the

expectations equation iy = (j; — PuEjsv1)/(1 — PY) in recursive form.

Proposition 13 Optimal monetary policy with commitment from date ty onwards minimizes the

loss function [4.13] subject to the constraints in [4.14].

(i) The optimal policy features fluctuations in the debt-to-GDP gap:

at\to = 7\at—1|to — (I =X)pr, with o, = Z B (1— o1~ HZ)) (Eg+e — Ei-18e40)
=0

[4.15a]

(1 + cE)o(1 — )1 (1~ )1 - M)_l | 4.15b]

and X = (“ x02(1 — 0)(1 — Bo)(1 — BA)

(ii) The optimal policy features inflation fluctuations, with optimal inflation persistence deter-

mined by the maturity of debt contracts (the parameter |):

wroy — (1= Bu)xpe ift >to+1

[4.16]
—(1 — B?)xpr ift =t

N =

(iii) If the growth rate of TFP A; — A, is a stationary and invertible stochastic process then
optimal monetary policy can be characterized as an inflation smoothing rule E,m;.1 = pm
together with either a long-run or a short-run target for weighted nominal GDP:

(1-Bp’) OB .

w )
(1-w 6()
e
(BR) e
6(0)
where O(L) is such that gy = O(L)(g: — E;_18:) and w* is from [3.15] of Proposition 5.

Long run: P;+ @Y, stationary, with © =YX [4.174a]

Short run : P; + Y; = E, [P, + dY,], with & =x(1 — pu?) [4.17b]

PROOF See appendix A.13. |

Fluctuations in the growth rate g; of flexible-price output (due to shocks to TFP) lead to changes

in the ex-post real return r; on the complete-markets portfolio. To replicate complete financial
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markets, the central bank needs to vary inflation and nominal bond yields so as to mimic this real
return. Overall, what matters are unexpected changes in the discounted sum of current and future
growth rates, adjusted for any mitigating (or aggravating) changes in real interest rates. This is
the shock g; given in [4.15a]. The term (1 — pt) is the adjustment for changes in real interest
rates caused by revised expectations of the economy’s future growth prospects. The parameter « is
the elasticity of the real interest rate with respect to expected real GDP growth (see [3.9a]). Since
changes in (ex-ante) real interest rates only matter to the extent that debt is refinanced, for growth
expectations ¢ periods ahead, the interest-rate effect is proportional to the fraction 1 — p’ of existing
debt that will be refinanced by then.

With sticky prices, replicating complete financial markets through variation in inflation is now
costly, so the central bank tolerates some deviation from complete markets.** To the extent that
X in [4.15b] is less than one, a shock g; leads to fluctuations in the debt-to-GDP gap d;. These
fluctuations are persistent because of the first constraint in [4.14]: the serial correlation of the debt-
to-GDP gap is A. Once a non-zero debt gap arises at time ¢, there is no predictable future policy
action that can undo its future consequences.

If x were equal to 1, equation [4.15a] shows that the debt-to-GDP gap would be completely
stabilized, and if x were 0, equation [4.16] shows that inflation would be completely stabilized.
Since 0 < x < 1, optimal monetary policy can be interpreted as a convex combination of strict
inflation targeting and a policy that replicates complete financial markets. As the responses of at|t0
and 7, to the shock g, are linearly related to x, the terms x and 1 —x can be interpreted respectively
as the weights on completing financial markets and avoiding relative-price distortions. Comparing
equations [4.13] and [4.15Db], it can be seen that X is positively related to the ratio of the coefficients
of aato and 72 in the loss function divided by (1 — BA?) and (1 — Bu?).

Greater risk aversion («) or more heterogeneity and hence more borrowing () increase the

2
t|t0

rigidities (&) increase the coefficient of 712 and thus reduce x. The optimal trade-off is also affected

coefficient of d2, and thus x; a larger price elasticity of demand (e), stickier prices (o), or more real
by the constraints in [4.14], which explains the presence of the terms (1 — BA?) and (1 — Bu?) in the
formula for x. A greater value of A increases the persistence of the debt-to-GDP gap, which makes
fluctuations in at‘to more costly than suggested by the loss function coefficient alone. The parameter
u affects the link between bond yields and the debt-to-GDP gap. It is seen that an increase in p
leads to a higher value of x, the intuition for which is related to the optimal behaviour of inflation.
Finally, note that while the optimal policy responses depend on the stochastic process for real GDP
growth, the optimal weight x does not.

Equation [4.16] shows that optimal monetary policy features inflation persistence with serial
correlation given by the debt maturity parameter @ = y/(1 + g). The steady-state fractions of
existing and newly issued debt are w and 1 — p respectively, so the result is that inflation should

return to its average value at the same rate at which debt is refinanced. At the extremes, one-period

441f the nominal rigidity were sticky wages rather than sticky prices, the central bank would care about nominal
wage inflation rather than price inflation (Erceg, Henderson and Levin, 2000). In that case, the tension with the goal
of replicating complete financial markets is reduced because targeting nominal income growth is less likely to be in
conflict with stabilizing nominal wage inflation than stabilizing price inflation.
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debt (y = 0 and p = 0) corresponds to serially uncorrelated inflation, while perpetuities (y = 1, for
which p & 1) correspond to near random-walk persistence of inflation.

To understand this, note that with one-period debt, the current bond yield j; disappears from
the constraints [4.14] (because [3.13] reduces to the standard ex-post Fisher equation in this case),
thus the only way that policy can affect at|t0 is through an unexpected change in current inflation.
With longer maturity debt, the range of policy options increases. Changes in current bond yields
ji are also relevant in addition to current inflation, and it can be seen from [3.13] that the bond
yield is affected by expectations of future inflation. The three constraints in [4.14] imply at|t0 =
7\at_1|t0 — o — Zg’io(ﬁp)é(]&m“ — E;_17,4¢), where p indicates the fraction of existing debt that
will not have been refinanced after ¢ time periods. This shows it is now possible to use inflation
that is spread out over time to influence the debt-to-GDP gap 8%, not only inflation surprises.

Furthermore, this ‘inflation smoothing’ is optimal because the welfare costs of inflation are convex
(inflation appears in the loss function [4.13] as 72), so the costs of a given cumulated amount of
inflation are smaller when spread out over a number of quarters or years than when all the inflation
occurs in just one quarter. This is analogous to the ‘tax smoothing’ argument of Barro (1979).
Interestingly, the argument shows that high degrees of inflation persistence need not be interpreted
as a failure of policy. Differently from the ‘tax smoothing’ argument, it is generally not optimal for
inflation to display random walk or near-random walk persistence unless debt contracts are close
to perpetuities. Equation [3.13] shows that as the maturity parameter p is reduced and thus fp
falls significantly below one, expectations of inflation far in the future have a smaller effect on bond
yields than inflation in the near future. The further in the future inflation is expected to occur, the
less effective it is at influencing real returns and thus the debt-to-GDP ratio.

Even if optimal monetary policy places a substantial weight x on the problem of incomplete
markets compared to relative-price distortions, in what sense does monetary policy still resemble
a nominal GDP target? Optimal inflation smoothing E;m;; = pm (from [4.16]) pins down the
predictable component of the inflation rate, but this in itself is not a complete description of pol-
icy because it leaves unspecified the unexpected component of inflation. Together with inflation
smoothing, specifying how much inflation reacts to a shock on impact, or equivalently, how much
cumulated inflation will follow a shock, completely characterizes the path of all nominal variables.

It turns out that optimal monetary policy retains the essential feature of nominal GDP targeting
in generating a negative comovement between prices and output. However, because of the desire to
smooth inflation, the central bank should not aim to stabilize nominal GDP (or a weighted measure
of nominal GDP) exactly on a quarter-by-quarter basis. Instead, optimal policy can be formulated
as a long-run target for weighted nominal GDP. When real GDP is non-stationary because TFP
follows a non-stationary process, optimal monetary policy features cointegration between the price
level and output. This cointegrating relationship can be interpreted a long-run target for weighted
nominal GDP because there is some linear combination of prices and real output that is eventually
returned to a constant or a deterministic trend following a shock to output.

The optimal monetary policy implications for inflation in [4.16] have one other noteworthy

feature: time inconsistency in the case where u > 0. Starting from date t,, optimal monetary policy
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commits to smooth out any inflation over future time periods, but chooses an inflation rate at date
to which is statistically independent of any past variables. In other words, it is optimal ex ante to
commit to inflation smoothing, but optimal ex post to renege on those plans. The existence of this
time-inconsistency problem depends on both sticky prices and debt maturities longer than one time
period (time consistency with flexible prices is shown in Proposition 11, while time consistency with
i = 0 is immediately apparent from [4.16]).

The intuition for time inconsistency comes from the timing of the benefits and costs of inflation
fluctuations. As can be seen from the constraints [4.14], to close the gap with the complete-markets
consumption allocation from time ¢ onwards, policy (whether current actions or expectations of
future actions) must affect the debt-to-GDP gap at|t0 at the time ¢. This reflects the forward-
looking nature of household consumption and saving decisions and thus the forward-looking nature
of financial markets. Accordingly, any future policy commitments announced in response to a shock
affect bond yields, the debt-to-GDP ratio, and consumption immediately. When that commitment
takes the form of inflation smoothing, some of the welfare costs of inflation are deferred until the
future (with long-term debt, this is what allows overall welfare costs to be reduced). There is then
an incentive to renege on the commitment once the benefits have been obtained and only the costs
remain. In the absence of an ability to commit, the (Markovian) discretionary policy equilibrium is

characterized below.

Proposition 14 The Markovian discretionary policy equilibrium (reoptimization at all dates, with
expectations of future policy actions restricted to depend on fundamental state variables only) is:
at‘to = A&t_”to — (1 =¥, and T = —X'pr, where [4.18a]

, e(1+ e&)o(1 —02)(1— B)2(1 — BA)\
X (H x02(1 — 0)(1 — Bo)(1 — BA)? ) '

for arbitrary ty and all t > to, with @, as given in [4.15a]. The coefficient X' is such that X' < ¥,

[4.18D)]

where x in [4.15b] corresponds to the case of commitment. When debt contracts have a maturity
greater than one period (i > 0), the debt gap Elt‘to has a higher standard deviation under discretion
than commitment, but the same serial correlation in both cases. Inflation is serially uncorrelated

under discretion, and hence less serially correlated than under commitment.

PROOF See appendix A.14. [ |

This result might be described as the ‘financial instability bias’ of discretionary monetary policy.
At a given point in time, the lowest-cost means of replicating the complete-markets consumption
allocation is through affecting forward-looking financial variables such as bond yields, which depend
on expectations of future policy (the longer the maturity of the bond, the more forward looking
its yield is). However, commitments to change future inflation to affect those expectations are not
credible. On the other hand, the welfare costs of inflation at that point in time depend on the

actual rate of inflation, not expected future inflation.*> Thus, the inability to commit makes it

45Note that even though price adjustment is staggered, the absence of an elastic labour supply decision means
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difficult for monetary policy to affect current financial variables, but does not impede monetary
policy controlling current inflation.

Discretion therefore leads monetary policy to focus too much on keeping inflation close to its
optimal average rate and not enough on stabilizing variables such as the debt-to-GDP ratio that
are best influenced through long-term bond yields. In equilibrium, the debt-to-GDP ratio is too
volatile, while the central bank is always expected to return inflation to its average rate next period.
Since how much the central bank cares about the debt-to-GDP ratio has not changed, inflation
may actually end up being more volatile, though less serially correlated than under policy with

commitment.

5 The ex-ante real interest rate and the output gap

By extending the model of section 4 to allow for a labour supply decision, monetary policy can
affect two additional variables: the ex-ante real interest rate and the output gap. This turns out to

add a number of interesting dimensions to the optimal monetary policy problem.

5.1 Households

The utility function [2.1] for households of type 7 is replaced by the following, which now depends

on hours H,; of labour supplied in addition to consumption C- ;:

00 -1 1-« 1+t
CTH-E HTt—:é—

Uy =Y Ey {Héﬂtﬂ} ikl I [5.1]
/=0 J:l nr

Households supply different types of labour, and 7, is the potentially household-specific Frisch

elasticity of labour supply (0 < n, < 00). The discount factors o, are as specified in [2.2] and are
taken as given by individual households. The real wage received by type-7 households is w;,,, all
households own equal (non-tradable) shareholdings in each firm, and all households are assumed to

face a common lump-sum tax 7T} in real terms. Households of type 7 thus have real income
Y =w Hry + J — T4, 5.2]

where J; is as defined in [4.3]. Since utility [5.1] is additively separable between consumption and
hours, the Euler equations [2.6] and [2.7] are unchanged. Maximizing utility [5.1] with respect to

hours H,, subject to [2.5] and [5.2] implies the optimal labour supply condition:

C&HY = wyy. [5.3]

there are no output gap fluctuations, and thus no New Keynesian Phillips curve as a constraint on monetary policy.
The ‘stabilization bias’ analysed in Clarida, Gali and Gertler (1999) depends on the expectations of future inflation
in the Phillips curve. It is shown in Proposition 16 below that the ‘financial instability bias’ remains even in a model
with elastic labour supply where the standard New Keynesian Phillips curve is present as a constraint.
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5.2 Firms

As before, there is a measure-one continuum of firms, each producing one of a continuum of dif-
ferentiated goods. Two changes are introduced here: the labour input H;(z) of firm ¢ is now an
aggregator of labour supplied by the two types of households, and firms now receive a proportional
wage-bill subsidy at rate e~'. Firms choose labour inputs H,;(2) to minimize the post-subsidy cost

wyHy(1) of obtaining a unit of the aggregate labour input Hy(z):

D=

wHy (1) :;Inig)u—s*1><wb,tﬂb,t+ws,tﬂs,t) s.t. Hy(1) = 2Hy,,(1)2 Hy,(2)2.

[5.4]
The labour aggregator has a Cobb-Douglas functional form, implying a unit elasticity of substitution
between different labour types.*® The cost-minimizing demand functions for individual labour inputs
and the overall level of wage costs are:

1 weH (2 11
HT,t(Z) = 5(1—158—_151()1)1)7_7157 where Wy = (1 — E_l)w&tw;t. [55]

Apart from the reinterpretation of H;(2) and wy, the production function, profit function, and the

expression for real marginal cost x; are the same as in [4.4] and [4.5].

5.3 Fiscal policy

The only role of fiscal policy here is to provide the wage-bill subsidy to firms by collecting equal
amounts of a lump-sum tax from all households. It is assumed the fiscal budget is in balance, so

taxes T} are set at the level required to fund the current subsidy:*

T, = 8_1/[ | (wpt Hy (1) + ws 1 Hg 1 (2)) da. 5.6]
0,1

5.4 Equilibrium

There is now a separate market-clearing condition for each type of labour in addition to the equi-

librium conditions introduced earlier in [4.8]:
1
/ H, . (1)dv = QHT,n for all 7 € {b,s}. [5.7]
[0,1]

Using the labour demand functions and wage index from [5.

5] together with the market-clearing
condition [5.7] and letting H; be defined in accordance with [4.8] leads to:

_1_
Athl“'E.
A

wy Hy 11
H ,=——"——  where H, = HﬁtH;t, and Y, =

) (1 _ 5_1)w7—,t’ [58]

46The use of an aggregator of different labour types is the standard approach to studying the welfare costs of sticky
wages (Erceg, Henderson and Levin, 2000). Here, a unit elasticity of substitution is the most analytically convenient
assumption, though a priori it is not clear whether the labour of different household types is more substitutable or
more complementary than this. In the model, being a borrower is simply a matter of being more impatient than
savers, but empirically, the average borrower is likely to differ from the average saver in respects such as age that
might mean their labour is not perfectly substitutable.

47The wage-bill subsidy is a standard assumption which ensures the economy’s steady state is not distorted (Wood-
ford, 2003). A balanced-budget rule is assumed to avoid any interactions between fiscal policy and financial markets.
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where the final equation is derived using the same steps as [4.9].

With the same argument as before, the equilibrium conditions imply that per-household profits
are J; = Y; — w;H,. Using equations [5.4] and [5.7], total taxes must be T, = ¢ 'w,H;/(1 — e~ 1).
Noting that [5.8] implies w,H,; = w;H;/(1 — ¢7'), it follows from [5.2] that the distribution of
total income in [2.4] continues to hold.

The equilibrium of each of the labour markets can be derived conditional on aggregate variables

and the consumption allocation by using equations [5.3] and [5.8]:

nr oans _1
weH, T+nr thtCT : +nr
H,=———F7— and w,; = ( ——— 5.9
T,t ((1 _ E_I)Cﬁit) Y T,t ( 1 _ 8_1 Y [ ]
and by substituting the expression for wages w,; into equation [5.5], overall wage costs are:
1 M mg \ T s by Ts
w, = (1 B €—1>Ytocth (Cé;ﬂb Csl,:tms) T T THns ., where 1 = w. [5'10]
14+mp 14ms

The term n denotes an average of the Frisch elasticities of the two household types. By combining
equations [4.5], [5.8], and [5.10], real marginal cost z; (for a firm that has set a price equal to the

price level P,) is given by:

1+E «
A n YV b Ns b Ns 1

n=0-e)I+E—ms (cé}”bc;?”s) e with vt g, )
At+ T n

where v denotes the elasticity of real marginal cost with respect to aggregate output Y;.

5.5 First-best benchmark

Now consider an economy with flexible prices and complete financial markets open from some date
to onwards. The equilibrium of this economy represents (one) first-best allocation. With complete
financial markets, the risk-sharing condition [3.5] must hold from t, onwards (it is unaffected by the
labour supply decision because utility [5.1] is additively separable). As shown in Proposition 11,
the risk-sharing condition and the resource constraint determine the consumption-income ratios
Cr it independently of the level of aggregate output (these ratios depend only on the initial wealth
distribution at ¢ty —1). With flexible prices (o = 0), it can be seen from [4.11] and [4.12] that A, =1

1

and 7, = 1 — e~ '. Hence, equation [5.11] can be used to obtain the level of output in this case,

referred to as the natural level of output and denoted by f/;';o:

1
~ 1 b _Ms LiﬁL 1+£+ﬂ “+‘E+l%a
Y* _ - C* 14ny C* 14+ns I+ny, " I+ns A n [5 12]
tlto 1+& b,tlto~ s,t|to t : :

*
T,t|to

This depends on the complete-markets consumption ratios ¢ because these reflect the initial
(to — 1) wealth distribution, which has implications for labour supply decisions through wealth
effects. Exogenous TFP is assumed to be such that the growth rate of the natural level of output
satisfies the same restrictions as those on real GDP growth in the endowment economy of section 2.

Using the natural level of output [5.12], equation [5.11] for real marginal cost x; can be refor-
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mulated in terms of the output gap ffﬂto =Y,/ Yt*

it relative-price distortions A, and a wedge %,

that represents the effects on different households’ labour supplies of deviations from the complete-

markets wealth distribution (written in terms of the consumption gaps ¢.4, = Cry / cjt‘to defined
relative to consumption with complete financial markets open from ¢, onwards):
—1 Alj% SV h ~1~1|1—lr)1b ~1j—ﬁ inlr)]biliﬁ
Ty = (1 — & )Lpt|t0 ¢ tlto where Wﬂto = Cb7t|t0 Cs,t|t0 . [513]

5.6 Policy analysis

It is instructive to consider again the special cases of flexible prices or complete financial markets.
First suppose financial markets are incomplete but prices are fully flexible. With o = 0, equations
[4.11] and [4.12] imply A; =1 and z; = 1 — ¢~ ', and it then follows from [5.13] that the output gap
is given by fft‘to = Lptﬁo% Using monetary policy to complete financial markets (from ¢, onwards, as
in Proposition 11, assuming a real GDP growth rate of Q;‘]to) results in ¢4, = 1, and from [5.13],
Yyi, = 1, which implies Yj;, = 1. Thus, the complete-markets consumption allocation is achieved,
the output gap is closed, and there are no relative price distortions, so the equilibrium is first best.*®
Therefore, all the policies considered in section 3 remain optimal when an elastic labour supply
decision is added to an incomplete-markets model with flexible prices.

It is perhaps surprising at first that optimal monetary policy continues to replicate complete
financial markets exactly as in the endowment economy. Since households can vary labour supply
in response to shocks, it might be thought the need for the insurance provided by complete financial
markets is reduced accordingly. However, if households had access to those insurance markets, they
would prefer to use them to cushion their consumption following shocks, rather than to adjust their
labour supply to achieve the same end. Intuitively, the utility function [5.1] has curvature in labour
hours, so the desire for risk-sharing applies also to hours as well as consumption. Hence, if monetary
policy can replicate insurance markets without cost (as it can in the economy with flexible prices),
it remains optimal to do so.

The second special case is that of complete financial markets (the assumptions from section 3.1)
or a representative household (0 = 0), but where prices are sticky. Because financial markets
are complete, there are no consumption gaps (¢, ., = 1), and hence from [5.13], ¥, = 1 holds
automatically. With no initial relative-price distortions (A;,_1 = 1), strict inflation targeting (with
a zero inflation target, m; = 0) implies A; = 1 for all ¢ > ¢, using equation [4.11]. Furthermore, with
7 = 0 the solution of [4.12] is #; = 1 — ¢!, and hence Yy, = 1 from [5.13]. Therefore, output is
at its first-best level, there are no relative-price distortions, and the complete-markets consumption
allocation is achieved, confirming that strict inflation targeting is optimal in this case.

In summary, with flexible prices, there is no trade-off between a policy that supports risk sharing
and achieving the optimal level of aggregate output. With complete financial markets, there is no
trade-off between avoiding relative-price distortions and achieving the optimal level of aggregate

output. However, with both incomplete financial markets and sticky prices, all three objectives of

48 As in the endowment economy, there are many first-best allocations, but only the complete-markets equilibrium
can be implemented using monetary policy. This remains true in the production economy.
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risk sharing, avoiding relative-price distortions, and closing the output gap are in conflict (in fact,
any two of these three objectives are generally in conflict). The remainder of this section studies
these trade-offs by deriving a loss function to approximate the welfare function, and approximations

of the equilibrium conditions that represent the constraints on monetary policy.

Proposition 15 The debt gap aﬂto, inflation m;, the output gap ?t‘to, and the bond yield j, must
satisfy the following constraints (a Phillips curve and the equivalents of the constraints in [4.14]

associated with incomplete financial markets) up to errors of order 0:

~ ~ o(1+ €&)
K(Tft — BEtTctJrl) = VYﬂto — d)dﬂtm where Kk = (1 — 0_)(1 — O_B), [514&]
~ ~ ji—1 — j ~ ~ 1—o)(1— ~ ~ ~
Etdt+1\t0 = 7\dt|t°’ % o dtlto + 7\dt—1|to — ( a _)(B)\)f))lb (dt|t0 — Adt—l\to) — (XYt|t0
~ 1—x)(1-Pp)k . . .
+(XYt71\to — T — ( )£/ B) (T[t — Et—lﬂt) = rt|t0, and ZILI&(BH)EE“,:_’_[ = O, [514b]

*
tlto

post real return (that is, with real GDP growth equal to g;*'to). Using Pareto weights o =

T‘to

Y /Y*:{a, the welfare function [3.26] is equal to #;, = —%, + S, + O°, where %, denotes

T,tolto

where the coefficient \ is defined below, and t},, is the flexible-prices and complete-markets ex-

terms independent of policy from t, onwards, 0° is a term third-order or higher in the standard

deviation ¢ of real GDP growth, and the loss function .%,, is given by

o0

1 N .
Loy =5 BTUE, [Nddflto R+ Nyvjto] . where N, = ex and Ry = v. [5.15]

t=to
If all households have the same Frisch elasticity of labour supply n then Ry and 1\ are:
R, — af?(1 — BA)? (1 N o af?(1 — BA)
(1-6%)(1—-p) (1-02)(1+&)(1+n) 1-0%)(1-p)
while if the Frisch elasticities areny, = (1 —0)n/(1+6n) andns = (14+0)n/(1—06n) (forn < 07'):

) , and P = [5.164a]

_aB?(1—BA)? ( om ) _
Nd_(1—92)(1—f3)2 1+(1+5)(1+ﬂ) , and P = 0. [5.16Db]
PROOF See appendix A.15. |

Inflation and the output gap are connected by an equation [5.14a] similar to the New Keynesian
Phillips curve. The coefficient k captures the extent of both nominal and real rigidities, and v
(defined in [5.11]) is the elasticity of costs with respect to the output gap, both of which are as in
the standard New Keynesian model (Woodford, 2003). With incomplete financial markets, the debt-
to-GDP gap at|t0 also generally appears in the Phillips curve. The reason is that shocks affecting the
wealth distribution have implications for labour supply through wealth effects. An increase in the
debt-to-GDP ratio represents a negative wealth effect for borrowers, leading them to supply more
labour, and a positive wealth effect for savers, leading them to supply less labour. These changes in
labour supply then affect wages and thus costs for firms. The presence of this term in the Phillips

curve means there is no longer an equivalence between stabilizing inflation and stabilizing the output

gap.
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The direction of the overall effect of debt on costs depends on whether the response of borrowers’
or savers’ labour supply is larger. If both borrowers and savers have the same Frisch elasticity of
labour supply (n, = 1), the effect on borrowers is the dominant one and so an increase in the
debt-to-GDP ratio reduces costs (the coefficient 1\ of the debt gap in the Phillips curve [5.14a] is
given in [5.16a], which is positive). However, if borrowers’ and savers’ Frisch elasticities differ then
this might not be true. Proposition 15 provides an example where the wealth effects of changes in
the debt-to-GDP ratio cancel out at the aggregate level, in which case the Phillips curve [5.14a]
reduces to the standard New Keynesian Phillips curve ( = 0).

The assumption of elastic labour supply implies there can be first-order fluctuations in aggregate
output, which creates a desire to stabilize the output gap \?t|to- The squared output gap now
appears in the loss function [5.15] with the same coefficient as in the standard New Keynesian
model (Woodford, 2003). Elastic labour supply also leads to an increase in the coefficient on the
debt gap 8t|t0 (compared to equations [3.31] and [4.13]). This may appear counterintuitive because
the ability to vary labour supply can be used to insulate consumption from shocks, which would
reduce the welfare losses from financial markets providing less than perfect insurance. This effect is
indeed present, but three forces work to offset it.

First, since shocks are aggregate shocks that affect many households simultaneously, labour sup-
ply cannot be increased without a reduction in wages in equilibrium, which reduces the efficacy of
varying hours to provide consumption insurance (in the model, wage changes occur at the level of
different labour types). Second, the curvature of the utility function in hours means households dis-
like variability in hours in the same way they dislike variability in consumption, and so the potential
benefits of risk sharing in complete financial markets apply also to hours as well as consumption.
Third, shocks affecting the wealth distribution change the relative supplies of labour of different
households, and to the extent that labour inputs are imperfect substitutes, this represents a loss
of productive efficiency compared to what could be achieved with complete financial markets (the
argument is analogous to why fluctuations in wage inflation are undesirable in a model with sticky
wages and imperfectly substitutable labour types, see Erceg, Henderson and Levin, 2000).

The other constraints on monetary policy in addition to the Phillips curve are given in [5.14b].
These are the elastic labour supply equivalents of those from [4.14]. The equations for the pre-
dictable component of the debt-to-GDP gap and the transversality condition for the bond yield are
unchanged. However, with elastic labour supply, the surprise component of the debt-to-GDP gap
is also affected by the output gap. The main reason for this is the connection between the output
gap and the ex-ante real interest rate p;. Using equation [3.9al, the real interest rate is given by

p; = ocIEt?tHHO — oc?ﬂto + f)jl tg? where ()Z‘I ty = olE, [?* Y is the real interest rate at the natural

-Y
t+1|to R
level of output. This is the source of the coefficient « of Yy, in [5.14b]. Optimal monetary policy

o]

subject to these constraints is characterized below.

Proposition 16 (i) The problem of minimizing the loss function [5.15] subject to the constraints
in [5.14a] and [5.14b] (with commitment at some distant past date ty — —oc) has a solution
with the following properties: the debt gap d, is an AR(1) process with an innovation propor-

tional to o, = > ,0 0 B(1— (1 — p))(Eug},, — Ei—18},,) and an autoregressive root A; inflation
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1, is an ARMA(3,2) process with an innovation proportional to g, and autoregressive roots
A, u, and » (0 < 32 < 1) given by:

= 2 . [5.17]

1+ﬁ+%+\/(1+ﬁ+%)2—4ﬁ

(ii)) With strict inflation targeting, the debt gap d, is an AR(1) process with an innovation propor-
tional to g, and an autoregressive root A, The solution for the debt gap is therefore a multiple
of the debt gap under the optimal policy, and the optimal policy weight X on incomplete
financial markets is defined so that the debt gap under the optimal policy is equal to the debt
gap under strict inflation targeting multiplied by 1 — .

(iii) In the special case of short-term debt (u = 0) and where aggregate wealth effects on labour
supply cancel out (with Frisch elasticities given in Proposition 15, so that \ = 0 and the
Phillips curve [5.14a] reduces to the standard New Keynesian Phillips curve), the solution of
the optimal monetary policy problem is as follows. The debt gap is d; = Ad;_; — (1 —X)er,

where the optimal policy weight X on incomplete financial markets is

-1

(1-8%)(1—PB)2(1—BA%)(1—B )
02 (1—BN)2 (14 ety )

z <(f +(1—B)+ap(l— %))2 + 2B (1 — B%)>

The solutions for inflation, the output gap, and the real interest rate gap are the following
ARMA(1,1) processes:

lli (% + (1 - B) + “B(l - %)) X (@t - %Jr(li(ﬁl);i}?(l,%) pt—l)

x=11+

[5.18a]

T = 2T — 5 : [5.18b]
(Y4 (1—B)+aB(l—3))" + a2B(1— Bsx)
?t _ %Qt_l _ (1—Br)x ((% +(1-B)+ 0‘5(22 - %)) Pr — (XKJt—1) ) 5.18¢]
(Y+(1=PB)+ap(l—2) + a?B(l - px)
By = 2Py + a1 = Bre)x ((x+ (1 —2) (Y + (1= B)+aB(2—5))) pr — o‘@tfl).

(Y4 (1=B)+aB(l—2)" + o2B(1 — )
[5.18d]

(iv) For the parameters p = 0 and P = 0 considered in (iii), the (Markovian) discretionary policy
equilibrium is d; = Ad; — (1 —X')gpi, wherex' < x (generically). Inflation, the output gap, and

the real interest rate gap are all serially uncorrelated processes proportional to ;.

PROOF See appendix A.16. [ |

The proof of the proposition derives a closed-form solution for the stochastic processes of the debt
gap c~it, inflation 7r;, and the output gap Y, under the optimal monetary policy with commitment.
The initial date ¢y of the commitment is set far in the past (t, — —oo) to abstract from time-
consistency issues, so the ty subscript is dropped in what follows. The solution has the property

that the optimal response of the debt gap to a shock g, is proportional to the response of the debt gap
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to g under a policy of strict inflation targeting. This allows an equivalent of x from Proposition 13
to be calculated that measures the weight optimal monetary policy places on stabilizing the debt
gap relative to stabilizing inflation. The optimal response of the debt gap is 1 —x multiplied by what
it would be given strict inflation targeting, so x = 0 represents complete stabilization of inflation
and x = 1 represents complete stabilization of the debt gap.

To understand the new aspects of the optimal monetary policy problem with elastic labour
supply, note that policy can now influence three variables which have implications for the debt gap
and thus the extent to which complete financial markets are replicated: inflation, real GDP, and the
ex-ante real interest rate. Inflation affects the ex-post real return on nominal bonds and thus the
value of existing debt (as before). Real GDP (and hence the output gap) affects the denominator
of the debt-to-GDP ratio. The ex-ante real interest rate affects the ongoing costs of servicing debt
relative to the stream of current and future labour income (formally, the ex-ante real interest rate
influences the debt gap by changing the level of the debt-to-GDP ratio consistent with risk sharing).

By combining the four constraints in [5.14a] and [5.14b], the evolution of the debt gap depends
on the shock gp; and three terms related respectively to inflation, the output gap, and the ex-
ante real interest rate.? The impact of shocks on the debt gap and potential policy responses
through these three variables are scaled down to the extent that {p > 0, so fluctuations in the
debt gap are dampened when borrowers’ labour supply response dominates that of savers. This is
the effect discussed earlier where the ability to vary labour supply mitigates the impact of shocks
when complete financial markets are not available. The effect of inflation on debt is related to the
unexpected change in the term E[m; + (Bu)mq1 + (BR)?7yo + - - - | as before, where ' represents
the stock of debt issued in the past that has not been refinanced ¢ periods after the shock.

An increase in the output gap VY, has the effect of directly boosting real GDP growth at time
t and thus reducing the debt-to-GDP ratio, but the impact on the debt gap is more subtle. Since
monetary policy has only a temporary influence on real GDP, extra growth now reduces overall
growth in the future by exactly the same amount. Given the link between growth expectations and
the debt-to-GDP ratio consistent with risk sharing (see equations [3.9a] and [3.11]), the effect of the
output gap on the debt gap actually depends on Y, + Et[ﬁ(?tﬂ — V) + B2(Yiyo — Vtﬂ) + -], not
just Y. With the New Keynesian Phillips curve ([5.14a], setting {p = 0 for now), it is seen that this
term is equal to (1 — B)(k/v)m, the reciprocal of the long-run Phillips curve slope multiplied by
current inflation. Since it is reasonable to set the discount factor (3 close to one (in which case the
long-run Phillips curve is close to vertical), this term is negligible for all practical purposes (it is not

exactly zero because future growth is discounted relative to current growth, so by bringing growth

49Using equations [5.14a] and [5.14D], the precise expression for the evolution of the debt-to-GDP gap d, is:
d J 1—f  ap(1—A)1—p) \ ) " ~
4=y — (1 0 ek
t t—1 < +<1_BA+(1—B)\)<1—BAH) v pt+ t — g1 ;BH Tlip

o0
K
+(1— B);(Et — B )m + (1 —p)— (B —Eeq) E 7Tt+€_7'[t+1+€)>-
=0
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forwards, there is still a small positive effect). Monetary policy therefore cannot have a sustainable
impact on the burden of debt simply through its temporary effect on the level of real GDP.

It does not follow however that expansionary or contractionary monetary policy has no effect on
the debt burden beyond its implications for ex-post real returns through inflation. There remains
the option of changing ex-ante real interest rates. Intuitively, expansionary monetary policy that
reduces the ex-ante real interest rate is effectively a transfer from savers to borrowers, what might
be labelled ‘financial repression’ (even though the transmission mechanism of monetary policy ).
While monetary policy cannot permanently affect real interest rates, there is no reason why cutting
the real interest rates now means real interest rates in the future must be higher than they would
otherwise have been (unlike real GDP growth, as discussed above).

Changing ex-ante real interest rates thus provides monetary policy with an alternative to influ-
encing the debt gap through the effect of inflation on ex-post real returns. In contrast to the latter,
which is effective only while debt contracts are not refinanced, the former is effective only when
refinancing does take place. For debt refinanced ¢ periods after a shock at time ¢, the impact of
monetary policy on the date-t debt burden is determined by the discounted sum of real interest gaps
E B e+ B 2004001 + B 3Prgep2 + - - -] from ¢ + ¢ onwards. Given the New Keynesian Phillips
curve [5.14a] (with { = 0 for now) and the equation p, = alE;[Y,4; — Y,] linking the real interest
rate and output gaps, these terms reduce to (ak/v)RHE[m; 441 — 74|, meaning that the slope of
the inflation path over time is an indicator of financial repression through ex-ante real interest rates.
With a (steady-state) fraction (1 — p)u’ of debt issued prior to date ¢ being refinanced at ¢ + ¢, the
overall effect of changes in ex-ante real interest rates on the debt burden is given by the unexpected
change in (ock/v)(1 — )P 02 o(B) B[t r11 — Tse]. Thus, the more the inflation trajectory is
smoothed, the smaller is the effect of monetary policy on the ex-ante real interest rate.

As the maturity of debt increases, successful financial repression requires an inflation trajectory
with a non-zero slope further in the future. Given the Phillips curve, the required inflation path
entails output gap fluctuations over a longer horizon, increasing the losses from following such
a policy. Financial repression is therefore not well suited to stabilizing the debt gap when debt
contracts have a long maturity, in which case a policy of influencing ex-post real returns through
inflation smoothly spread out over time is effective at a much lower cost in terms of the implied
inflation and output gap fluctuations. But for short-maturity debt where only immediate inflation
surprises can affect ex-post real returns, financial repression provides an additional tool for stabilizing
the debt gap, with the losses from following this policy being small when the short-run Phillips curve
is relatively flat.

For illustration, Proposition 16 gives an explicit solution of the optimal monetary policy problem
with short-term debt (p = 0) and the standard New Keynesian Phillips curve (1p = 0). Shocks that
increase the debt gap now bring forth a monetary policy response that cuts real interest rates and
increases the output gap.”” Since expectations are important when using these tools, discretionary

policy features too little stabilization of the debt gap relative to a policy with commitment.

50The autoregressive root s from [5.17] in [5.18b]-[5.18d] is the same as the autoregressive root of the solution of
the standard optimal monetary policy problem with cost-push shocks (see, Woodford, 2003).
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6 Quantitative analysis of optimal monetary policy

This section presents a quantitative analysis of the nature of optimal monetary policy taking into

account all the features of the full model from section 5.

6.1 Calibration

Let T denote the length in years of one discrete time period in the model. The numerical results
presented here assume a quarterly frequency (7' = 1/4), but the choice of frequency does not
significantly affect the results. The parameters of the model are 3, 0, &, A, n, u, ¢, &, and 0. As
far as possible, these parameters are set to match features of U.S. data.’® The baseline calibration

targets and the implied parameter values are given in Table 1 and justified below.

Table 1: Baseline calibration

Calibration targets Implied parameter values

Real GDP growth g L%

Real interest rate r 5% Discount factor B 0.992
Debt-to-GDP ratio D 130% Debt service ratio 0 8.6%
Coefficient of relative risk aversion x 5
Marginal propensity to consume m 6% Discount factor elasticity A 0.993
Frisch elasticity of labour supply n 2
Average duration of debt Th 5 Debt maturity parameter p 0.967
Price elasticity of demand e 3
Marginal cost elasticity w.r.t. output & 0.5
Average duration of price stickiness 7, 8/12  Calvo pricing parameter o 0.625

Notes: The parameters are derived from the calibration targets using equations [6.1]-[6.5]. The calibration
targets are specified in annual time units; the parameter values assume a quarterly model (7' = 1/4).
Sources: See discussion in section 6.1.

Consider first the parameters § and 0 (the choice of these parameters is equivalent to specifying
the patience parameters A, and A, as seen in Proposition 1). These are calibrated to match
evidence on the average price and quantity of household debt. The ‘price’ of debt is the average
annual continuously compounded real interest rate r paid by households for loans. As seen in
[2.27Db], the steady-state growth-adjusted real interest rate is related to 3. Let g denote the average
annual real growth rate of the economy. Given the length of the discrete time period in the model,

1+p=¢T and 1+ g = /T, Hence, using [2.27b], B can be set to:
B=e U0, 6.1]

From 1972 through to 2011 there was an average annual nominal interest rate of 8.8% on 30-year

mortgages, 10% on 4-year auto loans, and 13.7% on two-year personal loans, while the average annual

5IThe source for all data referred to below is Federal Reserve Economic Data (http://research.stlouisfed.
org/fred?2).
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change in the personal consumption expenditure (PCE) price index over the same time period was
3.8%. The average credit-card interest rate between 1995 and 2011 was 14%. For comparison, 30-
year Treasury bonds had an average yield of 7.7% over the periods 1977-2001 and 2006-2011. The
implied real interest rates are 4.2% on Treasury bonds, 5% on mortgages, 6.2% on auto loans, 9.9%
on personal loans, and 12% on credit cards.’® The baseline real interest rate is set to the 5% rate on

t.°% The sensitivity analysis considers values

mortgages as these constitute the bulk of household deb
of r from 4% up to 7%. Over the period 1972-2011 used to calibrate the interest rate, the average
annual growth rate of real GDP per capita was 1.7%. Together with the baseline real interest rate
of 5%, this implies that 3 ~ 0.992 using [6.1]. Since many models used for monetary policy analysis
are typically calibrated assuming zero real trend growth, for comparison the sensitivity analysis also
considers values of g between 0% and 2%.

The relevant quantity variable for debt is the ratio of gross household debt to annual household
income, denoted by D.°* This corresponds to what is defined as the loans-to-GDP ratio [ in the
model (the empirical debt ratio being based on the amount borrowed rather than the subsequent
value of loans at maturity) after adjusting for the length of one time period (7 years), hence D = IT.
Using the expression for [ in equation [2.27c] and given a value of B, the equation can be solved for

the implied value of the debt service ratio 0:
2(1—pB)D

o— <B—T> 6.2
Note that in the model, all GDP is consumed, so for consistency between the data and the model’s
prediction for the debt-to-GDP ratio, either the numerator of the ratio should be total gross debt
(not only household debt), or the denominator should be disposable personal income or private
consumption. Since the model is designed to represent household borrowing, and because the
implications of corporate and government debt may be different, the latter approach is taken.

In the U.S., like a number of other countries, the ratio of household debt to income has grown
significantly in recent decades. To focus on the implications of levels of debt recently experienced,
the model is calibrated to match average debt ratios during the five years from 2006 to 2010. The
sensitivity analysis considers a wide range of possible debt ratios from 0% up to 200%. Over the

period 2006-2010, the average ratio of gross household debt to disposable personal income was

52 Average PCE inflation over the periods 1977-2001 and 2006-2011 was 3.5%, and 2% over the period 1995-2011.

53Mortgage debt was around 77% of all household debt on average during 2006-2010. The baseline real interest
rate is close to the conventional calibration used in many real business cycle models (King and Rebelo, 1999). The
mortgage rate implies a spread of 0.8% between the interest rates on loans to households and Treasury bonds of the
same maturity. Cirdia and Woodford (2009) consider a somewhat larger spread of 2% between interest rates for
borrowers and savers.

54Given the heterogeneity between borrower and saver households, it would not make sense to net the financial
assets of savers against the liabilities of borrowers. However, it might be thought appropriate to net assets and
liabilities at the level of individual households, especially since a large fraction of household borrowing is to buy
assets (houses). If the assets held by households had the same non-contingent return as their debt liabilities then this
netting would be valid, but that is highly unlikely for assets such as housing, which experience significant fluctuations
in value. In the model, non-contingent debt is repaid only from future income, not from the sale of assets, so
the assumptions used in the calibration would be approximately correct if the value of the assets actually held by
households were positively correlated with the value of GDP and had a similar volatility. If asset returns were more
procyclical, the calibration would understate the problem of household leverage; if returns were less procyclical or
countercyclical, the calibration would overstate leverage.
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approximately 124%, while the ratio of debt to private consumption was approximately 135%.
Taking the average of these numbers, the target chosen is a model-consistent debt-to-income ratio
of 130%, which implies using [6.2] a debt service ratio of 6 ~ 8.6%.”

In estimating the coefficient of relative risk aversion «, one possibility would be to choose values
consistent with household portfolios of risky and safe assets. But since Mehra and Prescott (1985)
it has been known that matching the equity risk premium may require a risk aversion coefficient
above 30, while values in excess of 10 are considered by many to be highly implausible.”® Subsequent
analysis of the ‘equity risk premium puzzle’ has attempted to build models consistent with the large
risk premium but with much more modest degrees of risk aversion.’’

Alternative approaches to estimating risk aversion have made use of laboratory experiments,
observed behaviour on game shows, and in a recent study, the choice of deductible for car insurance
policies (Cohen and Einav, 2007).%® The survey evidence presented by Barsky, Juster, Kimball and
Shapiro (1997) potentially provides a way to measure risk aversion over stakes that are large as a
fraction of lifetime income and wealth.” The results suggest considerable risk aversion, but most
likely not in the high double-digit range for the majority of individuals. Overall, the weight of
evidence from studies suggests a coefficient of relative risk aversion above one, but not significantly

more than 10. A conservative baseline value of 5 is adopted, and the sensitivity analysis considers

55Empirically, a direct measure of the ratio of household debt payments to disposable personal income is available,
though this is not directly comparable to the debt service ratio in the model. Between 2006 and 2010, the average
debt service ratio was 12.7%. This measure includes both interest and amortization. For conventional T;-year fixed-
rate mortgages (where the borrower makes a sequence of equal repayments over the life of the loan) the share of
amortization in total repayments (over the life of the loan, or over all cohorts of borrowers at a point in time) is
approximately (1 — e~"7%)/(rTt), where r is the annual real interest rate. Taking r ~ 5% and T; = 30 years, this
formula implies that interest payments are approximately 48% of total debt service costs, yielding an estimate of the
interest-only debt-service ratio of around 6.1%. In the model, the debt service ratio 0 is calculated only for borrowers,
not for all households as in the data, and is net of new borrowing (which is positive when there is positive income
growth). Using [2.27b], the model implies the interest-only debt service ratio over all households (including the 50%
of savers with a zero debt service ratio) is given by pd/(1+ p), which is comparable to the interest-only adjustment of
the empirical measure. The baseline calibration yields a debt service ratio of approximately 6.5%, close to the 6.1%
in the data.

56Large values of « are also needed to generate a significant inflation risk premium. For illustration, suppose real
GDP follows a random walk, and the standard deviation of annual real GDP growth is set to 2.1% as found in the
data for the period 1972-2011. Under the flexible-price optimal policy of nominal GDP targeting (Proposition 3),
the inflation risk premium would be approximately 0.044x% (at an annual rate) using Proposition 8. For o < 10,
the inflation risk premium can be no more than 0.44%, even though in this example inflation would be perfectly
negatively correlated with real GDP growth and have the same standard deviation (of 2.1%, not too far below the
actual standard deviation of PCE inflation of approximately 2.5% between 1972 and 2011).

5TFor example, Bansal and Yaron (2004) assume a relative risk aversion coefficient of 10, while Barro (2006) chooses
a more conservative value of 4.

58Converting the estimates of absolute risk aversion into coefficients of relative risk aversion (using average annual
after-tax income as a proxy for the relevant level of wealth) leads to a mean of 82 and a median of 0.4. The stakes
are relatively small and many individuals are not far from being risk neutral, though a minority are extremely risk
averse. As discussed in Cohen and Einav (2007), the estimated level of mean risk aversion is above that found in
other studies, which are generally consistent with single-digit coefficients of relative risk aversion.

59Respondents to the U.S. Health and Retirement Study survey are asked a series of questions about whether they
would be willing to leave a job bringing in a secure income for another job with a chance of either a 50% increase
in income or a 50% fall. By asking a series of questions that vary the probabilities of these outcomes, the answers
can in principle be used to elicit risk preferences. One finding is that approximately 65% of individuals’ answers fall
in a category for which the theoretically consistent coefficient of relative risk aversion is at least 3.8. The arithmetic
mean coefficient is approximately 12, while the harmonic mean is 4.
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values from zero up to 10.%
One approach to calibrating the discount factor elasticity parameter A (from [2.2]) is to select a
value on the basis of its implications for the marginal propensity to consume from financial wealth.
Let m denote the increase in per-household (annual) consumption of savers from a marginal increase
in their financial wealth.%" Using the formula for A from Proposition 6 and the expression for B in
[2.27b], A is given by:
1—mT
5

Parker (1999) presents evidence to suggest that the marginal propensity to consume from wealth lies

A= 6.3]

between 4% and 5% (for a survey of the literature on wealth and consumption, see Poterba, 2000).
However, it is argued by Juster, Lupton, Smith and Stafford (2006) that the marginal propensity to
consume varies between different forms of wealth. They find the marginal propensity to consume
is lowest for housing wealth and larger for financial wealth. Given the focus on financial wealth in
this paper, the baseline calibration assumes m ~ 6%, which using [6.3] implies A ~ 0.993.°> The
sensitivity analysis considers marginal propensities to consume from 4% to 8%.%

The range of available evidence on the Frisch elasticity of labour supply n is discussed by Hall
(2009), who concludes that a value of approximately 2/3 is reasonable. However, both real business
cycle and New Keynesian models have typically assumed Frisch elasticities significantly larger than
this, often as high as 4 (see, King and Rebelo, 1999, Rotemberg and Woodford, 1997). The baseline
calibration adopted here uses a Frisch elasticity of 2, and the sensitivity analysis considers a range
of values for 1 from completely inelastic labour supply (as in the model of section 4) up to 4.5

The debt maturity parameter p (which stands in for the parameter y specifying the sequence

60The parameter « is also related to the elasticity of intertemporal substitution «~!. Early estimates of intertem-

poral substitution suggested an elasticity somewhere between 1 and 2, such as those from the instrumental variables
method applied by Hansen and Singleton (1982). Those estimates have been criticized for bias due to time aggre-
gation by Hall (1988), who finds elasticities as low as 0.1 and often insignificantly different from zero. Using cohort
data, Attanasio and Weber (1993) obtain values for the elasticity of intertemporal substitution in the range 0.7-0.8,
while Beaudry and van Wincoop (1996) find an elasticity close to one using a panel of data from U.S. states. Contrary
to these larger estimates, the survey evidence of Barsky, Juster, Kimball and Shapiro (1997) produces an estimate
of 0.18. An earlier version of the model presented here (Sheedy, 2013) has separate parameters for risk aversion and
intertemporal substitution, but quantitatively, the intertemporal substitution paramater is found to matter little for
the results. For this reason, the calibration of « here focuses on its implications for risk aversion.

61 A simplifying feature of the model is that borrowers have the same marginal propensity to consume from financial
wealth as savers in the neighbourhood of the steady state.

62Together with the baseline calibration of B, A, and «, the original patience parameters are A, ~ 1.006 and
Ags =~ 1.012, and the implied value of 6 is 1.009. Thus, the exogenous difference between the annual rates of time
preference of borrowers and savers is approximately 2.4%.

63A potential alternative approach to calibrating A is to use its implications for the persistence of shocks to
the wealth distribution. In the model, Proposition 4 shows that the impulse response of the debt-to-GDP gap is
proportional to A’ after £ time periods have elapsed. The expected duration (in years) of the effects of shocks on the
wealth distribution is thus Ty = T'Y 2, £(1 — A)A*~1 = T'/(1 — A), which can be used to obtain A given an estimate
of Tyq. The baseline calibration is equivalent to Ty = 36 years. The sensitivity analysis for the marginal propensity
to consume implies a range of A values from 0.988 to 0.998, which is equivalent to considering values of Ty from
approximately 21 to 139 years.

64The special case of different Frisch elasticities between borrowers and savers where aggregate wealth effects
on labour supply cancel out is also considered (see Proposition 15). Using the baseline calibration, the required
household-specific Frisch elasticities are 1y, & 1.6 for borrowers and 1 & 2.6 for savers.
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of coupon payments, given u = y/(1 + n)) is set to match the average maturity of household debt
contracts. In the model, the average maturity of household debt is related to the duration of the
bond that is traded in incomplete financial markets. Formally, duration T}, refers to the average
of the maturities (in years) of each payment made by the bond weighted by its contribution to the
present value of the bond. Given the geometric sequence of nominal coupon payments parameterized
by v, the bond duration (in steady state) is

Tm:f:g yé—l T

ié: _L’

using the steady-state bond price (present value of the coupon payments) Q = (1 —y + j)=*
from [2.21].% Let j denote the average annualized nominal interest rate on household debt, with
1+ j = ¢T. In the optimal policy analysis, the steady-state rate of inflation will be zero (& = 0),
hence nominal GDP growth is n = g, and so p = y/(1 + g). It follows that y and p can be
determined by:

v=eT (1 — Tl) . and p=edTy. [6.4]
Doepke and Schneider (2006) present evidence on the average duration of household nominal debt
liabilities. Their analysis takes account of refinancing and prepayment of loans. For the most recent
year in their data (2004), the duration lies between 5 and 6 years, while the duration has not been
less than 4 years over the entire period covered by the study (1952-2004). This suggests a baseline
duration of T, ~ 5 years, which using [6.4] implies u ~ 0.967.° The sensitivity analysis considers
the effects of having durations as short as one quarter (one-period debt), and longer durations up
to 10 years.5”

There are two main strategies for calibrating the price elasticity of demand €. The direct ap-
proach draws on studies estimating consumer responses to price differences within narrow consump-
tion categories. A price elasticity of approximately three is typical of estimates at the retail level
(see, for example, Nevo, 2001), while estimates of consumer substitution across broad consump-
tion categories suggest much lower price elasticities, typically lower than one (Blundell, Pashardes

and Weber, 1993). Indirect approaches estimate the price elasticity based on the implied markup

65Duration is equal to the percentage reduction in the real value of a nominal asset following a one percentage point
(annualized) permanent rise in inflation. Since p=vy/(1+#), j =4, 1+i=(1+p)(1+3g), 1 +n = (1+7)(1 + g),
and B = (1 +g)/(1 + p), it follows that T,, = T/(1 — ). A permanent rise in inflation by one percentage point
at an annualized rate is equivalent to increasing 7; by 7" in all time periods from some date onwards, and equation
[3.13] shows that this reduces the ex-post real return on nominal bonds by 7'/(1 — fu), confirming the interpretation
of Ty,

66 A conventional T;-year fixed-rate mortgage has a duration of (e’7f —1—rTy)/(r(e"™t — 1)), which is approximately
11 years with Tt = 30 and r ~ 5%. The calibrated duration may seem short given the high share of mortgage debt
in total household debt and the prevalence of 30-year fixed-rate mortgages, but refinancing shortens the duration of
debt. In the model, the frequency of refinancing is determined by 1 — . The baseline calibration implies that 12.6%
of the total stock of debt is refinanced or newly issued each year.

67The baseline value of y is 0.971. The calibration method implicitly assumes 7y is a structural parameter that
will remain invariant to changes in policy, including the change in the average rate of inflation. An alternative is to
assume [ is the structural parameter, in which case p is calibrated by dividing 7y from [6.4] by 1 + 7, where 7 is the
average of actual nominal GDP growth. This method leads to pu ~ 0.958, which is well within the range of values of
i considered in the sensitivity analysis.
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1/(e — 1), or as part of the estimation of a DSGE model. Rotemberg and Woodford (1997) esti-
mate an elasticity of approximately 7.9 and point out this is consistent with the markups in the
range of 10%-20%. Since it is the price elasticity of demand that directly matters for the welfare
consequences of inflation rather than its implications for markups as such, the direct approach is
preferred here and the baseline value of € is set to 3. A range of values from the theoretical minimum
elasticity of 1 up to 10 is considered in the sensitivity analysis.

The aggregate production function is given in equation [5.8]. If e denotes the elasticity of
aggregate output with respect to hours then the elasticity & of real marginal cost with respect to
output can be obtained from e using:

£ — 1-— e.

e

A conventional value of e =~ 2/3 is adopted for the baseline calibration (this would be the labour
share in a model with perfect competition), which implies & = 0.5. As discussed in Rotemberg
and Woodford (1999), there may be reasons to expect an elasticity of marginal cost with respect
to output higher than this (for example, if the elasticity of substitution between labour and other
factors is less than one), so the sensitivity analysis examines the effects of higher values of & An
important implication of § is the strength of real rigidities (related to the term 1+ €& appearing
in the formula for k in the Phillips curve [5.14a]), which are absent in the special case of a linear
production function (& = 0).°® The sensitivity analysis considers values of & between 0 and 1.

In the model, o is the probability of not changing price in a given time period. The probability
distribution of survival times for newly set prices is (1 — ¢)0o*, and hence the expected duration of a
price spell T}, (in years) is T, =T > 2, ¢(1 — 0)o*~! =T/(1 — o). With data on T,, the parameter
o can be inferred from:

T

p

There is now an extensive literature measuring the frequency of price adjustment across a represen-
tative sample of goods. Using the dataset underlying the U.S. CPI index, Nakamura and Steinsson
(2008) find the median duration of a price spell is 7-9 months, excluding sales but including product
substitutions. Klenow and Malin (2010) survey a wide range of studies reporting median durations
in a range from 3-4 months to one year. The baseline duration is taken to be 8 months (7}, ~ 8/12),

implying o &~ 0.625. The sensitivity analysis considers average durations from 3 to 15 months.%

681t is conventional to assume a source of real rigidities in New Keynesian models, though Bils, Klenow and Malin
(2012) present some critical evidence.

69 An alternative approach to calibrating the parameters o, ¢, and & related to nominal and real rigidities would be
to choose values consistent with estimates of the slope of the Phillips curve. The recent literature on estimating the
New Keynesian Phillips curve studies the relationship 1, = ;741 + (1/k)x; between inflation 71; and real marginal
cost x¢, where the latter is proxied by the labour share. The baseline calibration implies 1/k & 0.091. Gali and
Gertler (1999) present a range of estimates of 1/k lying between 0.02 and 0.04. Gali, Gertler and Lépez-Salido (2001)
estimate 1/k to be in the range 0.03-0.04, while Sbordone (2002) obtains an estimate of 0.055. The Phillips curve
implied by the baseline calibration is steeper than these estimates, but the sensitivity analysis for o, ¢, and & does
allow for Phillips curve slopes in the range of econometric estimates. The maximum value of o considered implies
1/ = 0.021, the maximum value of € implies 1/k = 0.038, and the maximum value of & implies 1/k ~ 0.057.
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6.2 Results

Consider an economy hit by an unexpected permanent fall in potential output. How should monetary
policy react? In the basic New Keynesian model with sticky prices but either complete financial
markets or a representative household, the optimal monetary policy response to a TFP shock is to
keep inflation on target and allow actual output to fall in line with the loss of potential output.
Using the baseline calibration from Table 1 and the solution to the optimal monetary policy problem
given in Proposition 16, Figure 1 shows the impulse responses of the debt-to-GDP gap Elt, inflation
m;, the output gap Y,, and the bond yield j; under the optimal monetary policy and under a policy
of strict inflation targeting for the 30 years following a 10% fall in potential output.

Figure 1: Responses to a TFP shock, optimal monetary policy and strict inflation targeting
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Notes: The shock is an unexpected permanent TFP shock that reduces the natural level of output by 10%
relative to its trend. The debt-to-GDP gap and the output gap are reported as percentage deviations,
and inflation and bond yields are reported as annualized percentage rates. The parameters are set in
accordance with the baseline calibration from Table 1.

With strict inflation targeting, the debt-to-GDP gap rises in line with the fall in output (10%)

because the denominator of the debt-to-GDP ratio falls, while the numerator is unchanged. The
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effects of this shock on the wealth distribution and hence on consumption are long lasting (the
half-life of the debt-to-GDP impulse response is around 25 years). The output gap is not completely
stabilized because the disturbance to the wealth distribution leads to wealth effects on aggregate
labour supply that insurance markets would eliminate, though this effect is found to be quantitatively
small. Bond yields are almost completely stable because inflation is constant and the effects of the
incompleteness of financial markets on ex-ante real interest rates are small.

The optimal monetary policy response is in complete contrast to strict inflation targeting. Op-
timal policy allows inflation to rise, which stabilizes nominal GDP over time in spite of the fall in
real GDP. This helps to stabilize the debt-to-GDP ratio, moving the economy closer to the outcome
with complete financial markets where borrowers would be insured against the shock and the value
of debt liabilities would automatically move in line with income. The rise in the debt-to-GDP gap
is very small (around 1%) compared to strict inflation targeting (10%). The rise in inflation is
very persistent, lasting around two decades. The higher inflation called for is significant, but not
dramatic: for the first two years, around 2-3% higher, for the next decade around 1-2% higher,
and for the decade after that, around 0-1% higher. Inflation that is spread out over time is still
effective in reducing the debt-to-GDP ratio because debt liabilities have a long average maturity. It
is also significantly less costly in terms of relative-price distortions to have inflation spread out over
a longer time than the typical durations of stickiness of individual prices.

The rise in inflation does lead to a disturbance to the output gap for the first one or two years,
but this is short lived because the duration of the real effects of monetary policy through the
traditional price-stickiness channel is brief compared to the relevant time scale of decades for the
other variables. The effect is also quantitatively small because inflation is highly persistent, the
rise in expected inflation closely matching the rise in actual inflation, so the Phillips curve implies
little impact on the output gap. Over a longer horizon, the optimal policy actually performs better
at stabilizing the output gap because it reduces the shock to the wealth distribution that distorts
labour supply decisions in the case of strict inflation targeting. Finally, nominal bond yields show a
persistent increase. It might seem surprising that yields do not fall as monetary policy is loosened,
but the bonds in question are long-term bonds, and the effect on inflation expectations is dominant
(there is a fall in real interest rates because the rise in bond yields is less than what would be implied
by higher expected inflation alone).

As shown in Proposition 16, the impulse response function of the debt-to-GDP gap under the
optimal policy is proportional to the impulse response under strict inflation targeting. Since the debt-
to-GDP gap would be zero if incomplete financial markets were the only concern of the policymaker,
this provides a measure of the weights attached by optimal policy to stabilizing the debt gap and to
stabilizing inflation. The response of the debt gap under the optimal policy is approximately 11.6%
of the response under strict inflation targeting, so the policy weight x on debt gap stabilization is
88.4% and the policy weight 1 —x on inflation stabilization is 11.6% (similarly, the inflation response

under the optimal policy is around 88.4% of what would keep the debt gap exactly at zero).”

"There is a variant of the model where aggregate wealth effects on labour supply cancel out ({ = 0, in which
case the Phillips curve [5.14a] reduces to the standard New Keynesian Phillips curve). This entails setting different
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The baseline calibration implies that addressing the problem of incomplete financial markets
is quantitatively the main focus of optimal monetary policy rather than other objectives such as
inflation stabilization. What explains this, and how sensitive is this conclusion to the particular
calibration targets? Consider the exercise of varying each calibration target individually over the
ranges discussed in section 6.1, holding all other targets constant. For each new target, the implied
parameters are recalculated and the new policy weight x is obtained using Proposition 16. Figure 2
plots the values of x (the optimal policy weight on the debt-to-GDP gap) obtained for each target.

As can be seen in Figure 2, over the range of reasonable average real GDP growth rates there is
almost no effect on the optimal policy weight. The range of real interest rates is somewhat larger
(because there is less certainty about the appropriate real interest rate to assume for household
borrowing) but the optimal policy weight on incomplete financial markets changes little. Both
average real growth and average real interest rates affect the discount factor (3, which enters the
equations of the model in many places, but there is no intuitively obvious reason to expect it to
have a large impact on the relative benefits and costs of achieving the various objectives of policy.

The results are most sensitive to the calibration targets for the average debt-to-GDP ratio and
the coefficient of relative risk aversion. The average debt-to-GDP ratio proxies for the parameter 0,
which is related to the difference in patience between borrowers and savers. It is not surprising that
an economy with less debt in relation to income has less of a concern with the incompleteness of
financial markets because it means the impact of shocks is felt more evenly by borrowers and savers.
In the limiting case of a representative-household economy, the average debt-to-GDP ratio tends to
zero, and the degree of completeness of financial markets becomes irrelevant. The debt gap receives
more than half the weight in the optimal policy as long as the calibration target for the average
debt-to-GDP ratio is not below 50%. It seems unlikely the U.S. would return to such low levels of
household debt in the foreseeable future if the levels of borrowing experienced since the 1990s do
indeed reflect the preferences and income profiles of borrowers and savers.

It is also not surprising that the results are sensitive to the coefficient of relative risk aversion.
Since the only use for complete financial markets in the model is risk sharing, if households were
risk neutral then there would be no loss from these markets being absent, as long as saving and
borrowing incomplete financial markets remained possible. The baseline coefficient of relative risk
aversion is higher than the typical value of 2 found in many macroeconomic models (though that
number is usually relevant for intertemporal substitution in those models, not for attitudes to risk),
but it is low compared to the values often assumed in finance models that seek to match risk premia
(even the maximum value of 10 considered here would be insufficient to generate realistic risk premia
without adding other features to the model). The optimal policy weight on the debt gap exceeds
one half if the coefficient of relative risk aversion exceeds 1.3, so lower degrees of risk aversion do
not necessarily overturn the conclusions of this paper.

The next most important calibration target is the price elasticity of demand. A higher price

Frisch elasticities for borrowers and savers with n being the average elasticity, as explained in Proposition 15. Using
this version of the model and the baseline calibration, the optimal policy weight on the debt gap is 88.8%. Since the
difference with the standard model is so small, this variant of the model is ignored in subsequent analysis.
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Figure 2: Sensitivity analysis for optimal policy weight x on incomplete financial markets
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Notes: The response of the debt gap under the optimal policy is 1 — x multiplied by its response under
strict inflation targeting. Each of the calibration targets in Table 1 is varied individually, holding all
others at their baseline values. The baseline value of x is 0.884.

elasticity increases the welfare costs of inflation. Welfare ultimately depends on quantities not
prices, but the price elasticity determines how much quantities are distorted by dispersion of relative

prices. To reduce the optimal policy weight on the debt gap below one half it is necessary to
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assume price elasticities in excess of 10. Such values would be outside the range typical in 10 and
microeconomic studies of demand, with 10 itself being at the high end of the range of values used
in most macroeconomic models. The typical value of 6 often found in New Keynesian models only
reduces X to approximately 71%.

The results are largely insensitive to the marginal propensity to consume from financial wealth,
which is used to determine the parameter A in the specification of the endogenous discount factors.
Since this feature of the model was introduced only for technical reasons, it is reassuring that it does
not have a significant effect on the results within a wide range of reasonable parameter values. The
Frisch elasticity of labour supply has a fairly small but not insignificant effect on the results, with
the optimal policy weight on the debt gap increasing with the Frisch elasticity. A higher elasticity
increases the welfare costs of shocks to wealth distribution by distorting the labour supply decisions
of different households, as well as making it easier for monetary policy to influence the real value of
debt by changing the ex-ante real interest rate in addition to inflation. An elastic labour supply does
mean that inflation fluctuations lead to output gap fluctuations, which increases the importance of
targeting inflation, but the first two effects turn out to be more important quantitatively.

The results are somewhat more sensitive to the average duration of a price spell and the elasticity
of real marginal cost with respect to output. The first of these determines the importance of nominal
price rigidities. Greater nominal rigidity leads to more dispersion of relative prices from a given
amount of inflation, and thus reduces the optimal policy weight on the debt gap. A higher output
elasticity of marginal cost implies that the production function has greater curvature, so a given
dispersion of output levels across firms represents a more inefficient allocation of resources. However,
the range of reasonable values for the duration of price stickiness does not reduce x below 65%, and
the range of marginal cost elasticities does not lead to any x value below 80%.

Finally, there is the average duration of household debt, where the effects of this calibration
target are more subtle. It might be expected that the longer the maturity of household debt, the
higher is the optimal policy weight on the debt gap. This is because longer-term debt allows inflation
to be spread out further over time, reducing the welfare costs of the inflation, yet still having an
effect on the real value of debt. However, the sensitivity analysis shows the optimal policy weight is
a non-monotonic function of debt maturity: either very short-term or long-term debt maturities lead
to high values of x, while debt of around 1.5 years maturity has the lowest value of x (approximately
75%).

This puzzle is resolved by recalling there are two ways monetary policy can affect the real value
of debt: inflation to change the ex-post real return on nominal debt, and changes in the ex-ante real
interest rate (‘financial repression’). As has been discussed, the first method is effective at a lower
cost for long debt maturities. When labour supply is inelastic, the second method is not available,
and the value of x is then indeed a strictly increasing function of debt maturity (with the value of
x falling to 15% for the shortest-maturity debt).

When the ex-ante real interest rate method is available, it is most effective (taking account of the
costs of using it in terms of inflation and output gap fluctuations) when debt maturities are short.

This is because monetary policy can only affect ex-ante real interest rates for a few years at most
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(in line with reasonable calibrations of nominal and real rigidities). If debt is continually refinanced
each quarter or comprises floating-rate instruments, monetary policy has significant power to affect
its real value because nominal rigidities allow it to change the current real interest rate. However,
if fixed-rate debt is rarely refinanced then, holding inflation constant (that is, ignoring the first
method for affecting the real value of the debt), the real return is largely predetermined and thus
insensitive to current monetary policy. Therefore, intermediate debt maturities correspond to the
lowest optimal policy weights on stabilizing the debt gap because the maturity is too short for the
inflation method to be effective at low cost, but too long for the ex-ante real interest rate method

to work.

7 Conclusions

This paper has shown how a monetary policy of nominal GDP targeting facilitates efficient risk
sharing in incomplete financial markets where contracts are denominated in terms of money. In an
environment where risk derives from uncertainty about future real GDP, strict inflation targeting
would lead to a very uneven distribution of risk, with leveraged borrowers’ consumption highly
exposed to any unexpected change in their incomes when monetary policy prevents any adjustment
of the real value of their liabilities. Strict inflation targeting does provide savers with a risk-free real
return, but fundamentally, the economy lacks any technology that delivers risk-free real returns, so
the safety of savers’ portfolios is simply the flip-side of borrowers’ leverage and high levels of risk.
Absent any changes in the physical investment technology available to the economy, aggregate risk
cannot be annihilated, only redistributed.

That leaves the question of whether the distribution of risk is efficient. The combination of
incomplete markets and strict inflation targeting implies a particularly inefficient distribution of
risk when households are risk averse. If complete financial markets were available, borrowers would
issue state-contingent debt where the contractual repayment is lower in a recession and higher in
a boom. These securities would resemble equity shares in GDP, and they would have the effect
of reducing the leverage of borrowers and hence distributing risk more evenly. In the absence of
such financial markets, in particular because of the inability of households to sell such securities,
a monetary policy of nominal GDP targeting can effectively complete financial markets even when
only non-contingent nominal debt is available. Nominal GDP targeting operates by stabilizing the
debt-to-GDP ratio. With financial contracts specifying liabilities fixed in terms of money, a policy
that stabilizes the monetary value of real incomes ensures that borrowers are not forced to bear too
much aggregate risk, converting nominal debt into real equity.

While the model is far too simple to apply to the recent financial crises and deep recessions
experienced by a number of economies, one policy implication does resonate with the predicament of
several economies faced with high levels of debt combined with stagnant or falling GDPs. Nominal
GDP targeting is equivalent to a countercyclical price level, so the model suggests that higher
inflation can be optimal in recessions. In other words, while each of the ‘stagnation’ and ‘inflation’

that make up the word ‘stagflation’ is bad in itself, if stagnation cannot immediately be remedied,
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some inflation might be a good idea to compensate for the inefficiency of incomplete financial
markets. And even if policymakers were reluctant to abandon inflation targeting, the model does
suggest that they have the strongest incentives to avoid deflation during recessions (a procyclical
price level). Deflation would raise the real value of debt, which combined with falling real incomes
would be the very opposite of the risk sharing stressed in this paper, and even worse than an
unchanging inflation rate.

It is important to stress that the policy implications of the model in recessions are matched by
equal and opposite prescriptions during an expansion. Thus, it is not just that optimal monetary
policy tolerates higher inflation in a recession — it also requires lower inflation or even deflation
during a period of high growth. Pursuing higher inflation in recessions without following a symmetric
policy during an expansion is both inefficient and jeopardizes an environment of low inflation on
average. Therefore the model also argues that more should be done by central banks to ‘take away

the punch bowl” during a boom even were inflation to be stable.
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A Appendices

A.1 Proof of Proposition 1

(i)  Consider the system of equations [2.22a]-[2.22f]. Suppose there are no shocks to real GDP (g, = g,
that is, ¢ = 0 in [2.3], where g is an exogenous variable) and no uncertainty created by monetary policy
(iy = 7). A steady-state solution of the system of equations must be such that ex-ante and ex-post real
returns are the same, that is, p = 7, using [2.22a]. With ¢, being time invariant, the Euler equations in
[2.22d] imply that the following must hold:

b(1+p)(1+9) =001 +p)(1+7) =1, [A.1.1]
and hence 0y, = &;. Using equation [2.22¢], this requires
Abég(l_)\)“ — A, (e [A.1.2]

The budget identities [2.22¢] imply that equation [2.23] holds, and hence ¢, and ¢ must also satisfy:
1_ 1_
§Cb + 565 =1. [A]_S]

Rearranging equation [A.1.2] yields

1
Ch Ab [EE=IT
& \As ’

which can be used to substitute for ¢, in terms of ¢ in equation [A.1.3] and thus solve for ¢s:

= — 2 A.1.4]

1
L (2)

This solution can be written as

1
Ay ) =N
()

1 Y
L (2)™
noting that the term 0 satisfies 0 < 6 < 1 because 0 < A, < Ag < oo and 0 < A < 1. Equation [A.1.3] then
immediately implies ¢, = 1 — 0, confirming [2.27a]. B
Let & denote the common steady-state discount factor d,. Using equation [2.22¢]| and the solution [A.1.4]
it follows that

¢s=1+0, where 0=

—(1-Na 1 1
2 Aél*)\)tx +AS(17)\)LX
A, 0w B 2 ’
1+ (%)
where the latter expression is obtained by moving Ay inside the parentheses and simplifying. Together
with [A.1.2], this shows that oy, = ds = 5. Observe that § is a generalized average of Ay, and Ag, and since
Ap < As, it follows that Ay < & < Ag. Using the common steady-state discount factor, equation [A.1.1] can
be used to obtain the steady-state real interest rate:
1+ g)* 14+g
1+p= ( t_)g) _ ! Eg), where B =8(1+g) [A.1.6]
Since 7 = p, this expression also gives the steady-state ex-post real return, and it can be seen that the
Euler equations [2.22d] are satisfied at this rate of return, so equation [2.27b] is confirmed.
Using [A.1.6], the accounting identity [2.22b] provides a link between the debt-to-GDP d and loans-to-
GDP [ ratios in the steady state:

[ = Bd. [A.1.7]

1-MNa

§ = A [A.1.5]
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Using equation [2.27a] together with the budget identities in [2.22c] implies

i1
2
and using [A.1.7] to substitute for I, the expression for d in [2.27c] is obtained, and the expression for [
follows immediately from [A.1.7]. Hence, in summary, the values of &,, G, p, 7, d, and [ satisfy [2.22a]-
[2.22¢]. Finally, note that the parameter restriction Ag(1 + g)!=* < 1 implies §(1 + g)!=* < 1 since &
in [A.1.5] is such that & < As. Thus, B defined in [A.1.6] satisfies 0 < 3 < 1. Now observe that the
transversality condition [2.22f] requires
lim (5(1+9)"%) & =0, which is equivalent to lim B’ =0,
{—00 £—00
with the definition of B in [A.1.6] and given that & # 0, [ # 0. Since 0 < f < 1, the second statement
above holds, which shows that [2.22f] is satisfied.

The solution is given in terms of 8, (3, and g, which satisfy 0 <8 < 1 and 0 < f < 1. Note that for
any values of 0 and P satisfying 0 < 6 < 1 and 0 < 3 < 1, there exist (given «, A, and g) values of the
parameters Ay, and Ag that satisfy 0 < Ap < Ag < 0o and generate an equilibrium consistent with 0 and f3.
It follows from [2.22¢] together with [2.27a]-[2.27¢| that:

Ap(1 —0)" 0 Nx = A (1 4 9)~ (1N« = (1+§)1‘°"

which can be rearranged to obtain values of Ay, and Ag:

_ )1« (1-A)ex
A= PUZOTE A, = PUTOTE
(1+g)'—= (1+g)'—=

Since 0 < 0 < 1 and 0 < 0 < 1, these parameters satisfy 0 < Ap < Ag < 0.

[A.1.8]

(ii)  The steady-state solution for &, &, oy, ds, p, 7, d, and I depends only on Ay, Ag, &, A, and g, and is
thus independent of monetary policy. Given steady-state monetary policy i; = 7, equation [2.24] requires

that:
1474
1=6(14+9) %

and by using [A.1.6], the formula for 7 is obtained. Next, equation [2.25a] and 7 = p imply:

1+

1+’

and given that 1+ 7 = (1 + p)(1 + 7), this confirms j = i. With the parameter restriction y < 1 + 4, it
follows that 1 —y + j > 0, so with equation [A.1.6], the transversality condition [2.25b] reduces to:

1+p=

l l
lim Y _ = lim <Y_) —0.
t=oo (14 p)(1 4 7)) l—oo \1+7
The parameter restriction y < 1414 together with j = i implies 0 <v/(1+j) < 1, so the limit above holds.
This completes the proof.

A.2 Proof of Proposition 2

(i)  With complete financial markets, the risk-sharing condition [3.5] must hold at all times, where the
discount factors d, are given in [2.22¢]. The budget identities in [2.22c] imply equation [2.23] holds, so the
consumption-income ratios ¢f , and ¢, must satisfy the following pair of equations at all times and in all
states of the world: 7

* - * -

w—(1=A G, w—(1=A Cs, 1, 1.,

Ay b;il ) (c* t ) = Ay s,t(—l ) <C*St ) , and §cb’t + icw =1. [A.2.1]
b,t—1 s,t—1

No exogenous variables appear in these equations, which are identical at all dates, so the solution will be
time invariant. With ¢f , = ¢ and ¢, = ¢, the pair of equations in [A.2.1] becomes identical to the
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pair of equations [A.1.2]-[A.1.3] characterizing the steady-state consumption ratios in Proposition 1. Since
those equations have a unique solution, the complete-markets consumption ratios must be the same as
those in the non-stochastic steady state. Hence, ¢, = ¢, =1—0 and ¢, = & = 1+ 6, where 0 is as
given in equation [2.27a]. With the same consumption ratios as the non-stochastic steady state, it follows
from [2.22¢] that the complete-markets discount factors dj, , and &7, are equal to the steady-state discount
factors, which are the same for both types of household and given by the expression for & in [2.27b]. This
confirms the results in [3.6a].

The accounting identity [2.22b] implies that the complete-markets debt and loans ratios dj and [} and
ex-post real return r; must satisfy:

L4+7rf=(1+g)- . [A.2.2]

Substituting the consumption ratios from [3.6a] into the budget identities [2.22¢] implies the following
relationship between the debt and loans ratios di and [}:

0
di — I} = 5 [A.2.3]
Since the consumption ratios and discount factors from [3.6a] are time invariant, the Euler equations [2.22d]

reduce to:

SEy [(1+ 7)) (14 ge1) %] = 1. [A.2.4]
Now substitute equation [A.2.2] into [A.2.4] to obtain:
Iy =8, [(1+ gi1)' "%} yq] [A.2.5]
which together with equation [A.2.3] implies an expectational difference equation for the debt ratio dj:
* 0 — g%
di = 3 +8E, (1 + gey1) %di ] - [A.2.6]

Given the constant consumption ratios and discount factors from [3.6a], the transversality condition [2.22f]
is equivalent to:

/-1
E-% 1-« -
& Jim [T80 + gi411)) live =0,
7=0
and by cancelling ¢-* # 0, substituting for [f, , using [A.2.5], and taking expectations conditional on period
t information it becomes:
l
lim 8'FE 1 = ddr | =o0. A2.7
ol 31:11( + Gt+9) t+e [ ]
To solve for dj, iterate equation [A.2.6] forwards to obtain:

0o L L
dy = gEt D O[O+ g ] + Hm 8By | | JT(1+9e0)"™ | die| [A.2.8]
(=0 y=1 J=1
and since the final term must be zero to satisfy [A.2.7], the expression for d; in [3.6b] is obtained. Given
that the parameters are such that §(1 + g)!~* < 1, the bounded support for the stochastic process [2.3]
implies that the expression for df in [3.6b] is always finite for sufficiently small ¢ > 0, and that the limit in
[A.2.7] does indeed hold.

Given df, the solution for [} in [3.6b] is confirmed immediately by rearranging equation [A.2.3]. The
expression for 7} in [3.6¢| is obtained by substituting /; from [3.6b] into [A.2.2]. To solve for the real interest
rate p; = IEr},, (given [2.22a]), note that the expectation of equation [A.2.2] at time ¢ 4 1 conditional on
date-t information is:

B [(1+ ges)dia] = (L+p))15 [A.2.9]
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Substituting the solution for dj from [3.6b] into [A.2.5] leads to an explicit expression for [;:

0 [e's) l
V4 —
=SB ;61_[11+gt+] “,
= ]:

from which one term can be factored out to write the formula as follows:

" | ® -
Iy =% [6(1+ gt+1)1 ® §Et+1 Z 8¢ H (1+ gt+1+g)1 *
=0 =1

Using the expression for d; in [3.6b], the equation above becomes:

If = 8B [(1+ ge+1) ™ (1 + gr41)diiq)]
and by using this to substitute for [f in [A.2.9]:

Bt (14 ger1)di ] = (14 p7)8E: [(1 4 gev1) ™™ (1 + ge1)dpy1) ] -

Rearranging this equation yields the expression for p} in [3.6¢].
The solution for ¢f ;, ¢34, di, li, v, and pj is seen to be independent of monetary policy. The equilibrium
condition [2.24] involving 4; and m; reduces to:

_ 1+
1 =08E, |(1 “f ————
t[( + gt+1) <1+7Tt+1>:|7
and this together with the equation for monetary policy determines inflation and nominal interest rates.

(ii)  Now consider the special cases where either o« = 1 or {g¢;} is an i.i.d. stochastic process. First, in
the case o =1, it is seen immediately that the expression for d; in [3.6b] reduces to:

Z 5 = 1 — 5 [A.2.10a]

where the 1nﬁn1te sum is well defined because & = f in the case & = 1 (see [2.27c]) and 0 < B < 1.
Next, consider the case where {g;} is i.i.d., hence functions of real GDP growth rates at different dates are
statistically independent, and conditional expectations of these are equal to the unconditional expectation.
This means that the expression for df in [3.6b] becomes

0 o= _, ¢ 0 1
== &TIE 5f I=ay® = = A.2.10b

where the infinite sum is well defined for sufﬁmently small ¢ > 0 given the parameter restriction Ag(1 +
)17 % < 1 and & < A;. In either case, define the term B* as follows:

B* =K [(1+g,)' "], [A.2.11]

noting that 3* = & in the case where o« = 1 and the right-hand side is time invariant in the case where g; is
independent over time. For each of the cases [A.2.10a] and [A.2.10b] it is seen that the expression for d; is
the one given in [3.7], and the expression for I} follows immediately from [3.6b] using d;. The solutions for
df and [} imply I | = B*df, and hence from [A.2.2] that (1+7}) = (1+g;)/B*. Together with p; = I}, 4,
the expressions for r; and p; in [3.7] are confirmed.

(ili)  As can be seen from [2.27a], the case of a representative-household economy (Ay, = As) is equivalent
to © = 0 (given that &« > 0 and 0 < A < 1). With complete financial markets, the equilibrium levels of
debt, loans, and the consumption ratios given in [3.6b] are dy = 0, I[j = 0, ¢}, = 1, and ¢f; = 1. These
values satisfy equations [2.22b], [2.22¢], and [2.22f]. Since Ap = A, the discount factors consistent with
equation [2.22¢] are 07, = & = Ay, = As.

With incomplete financial markets in the case Ay, = A, if ¢;+ = 1 and 6, = 0 for both types 7 € {b,s}
then the Euler equations in [2.22d] reduce to a single equation 1 = 8E; [(1 + r441)(1 + g¢+1)~%]. Given
a real return r; that satisfies this equation, and p; = E;riyq as the implied real interest rate, all of the
equilibrium conditions [2.22a]-[2.22f] hold with d; = 0 and I; = 0. This confirms that the equilibrium of
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the incomplete-markets economy is c;; = 1, d; = 0, and l; = 0 when Ay, = A, completing the proof.

A.3 Proof of Proposition 3

The equilibrium conditions [2.22a]-[2.22f] and [2.24]-[2.25a] that hold in the incomplete-markets economy
differ from those of the hypothetical complete-markets economy only by the absence of equation [3.5],
which holds under complete markets, and by the presence of [2.25a] (and [2.25b]), which is absent from
the complete-markets equilibrium conditions. The hypothetical complete-markets equilibrium determines
a path {rf} for the ex-post real return, as shown in Proposition 2. In the incomplete-markets economy,
since equation [2.25a] expresses 7, as a function of m; and j;, variables that do not appear in the other
equilibrium conditions [2.22a]-[2.22f], it follows that if monetary policy can be used to influence m; or j; to
ensure that r; = r} then the consumption allocation in the incomplete-markets economy will coincide with
the complete-markets equilibrium.

Here, it is assumed the monetary policy instrument can be used to determine a state-contingent path
for the price level P;, or equivalently, a path for nominal GDP N; = F,;Y;. The ex-post real return in
equation [2.25a] can be expressed equivalently in terms of nominal GDP growth n; = (N; — Ni—1)/Ny—1,
real GDP growth ¢;, and bond yields j;:

1+rt:(1+gt)(1+jt><1+jt,_l_y>. [A.3.1]

1+n 1+jt—‘Y

Similarly, the equilibrium bond yield j; from [2.26] (given [2.25b]) can be expressed in terms of real variables
and nominal GDP growth as follows:
-1

— (1 ‘ I+ g4) % ey \
je = | By Zy_ Hdﬁtﬂ_l J < dax ) +v—1. [A.3.2]
= =1

(L +n4;)  \Criey—1

If the complete-markets equilibrium is implemented then é,; = & and ¢;; = ¢, for all ¢ according to
Proposition 2. The expression in [A.3.2] for the equilibrium bond yield in this case then simplifies to:
-1

~

11—

o
I —15¢ 1+ gi4y)
ge= B [> ¥'0 H . +v-—1. [A.3.3]

(i)  One of two special cases is considered: o =1 or {g;} is an i.i.d. stochastic process. With constant
nominal GDP growth of n; = n, equation [A.3.3] becomes:
-1

. 1 > Y 1 £ 1—
= E o(1 * -1 A34
Jt 1+n;<1+n> ¢ Jl;[{ (14 gey)' ™%} +v [A.3.4]

In the case o = 1, (1 + g;)' ™% is a constant; in the case where {g;} is i.i.d., the conditional expectation of a
product of functions of growth rates at different dates is simply equal to the product of the unconditional
expectations. Thus:

L

I, H (6(1 + gtﬂ)l_“) = B*e, where B* = JdE [(1 + gt)l_“} ,
1=1

and using equation [A.3.4], the equilibrium bond yield is:

o0 — —1 ‘3* —1
[ BT vp* \“! B i _1l+n
”‘(Hn; 1+n ty-l={Tw | Tyl b [A.3.5]

14+n
under the assumption that yf* < 14 n. For sufficiently small ¢ in [2.3], this follows from yf3 < 14 n, which
in turn follows from the parameter restriction y < 1+ because p = (1+p)/(1+3), 1+n = (1+g)(1+7),
and 1 +1 = (1 + p)(1 + 7). Equation [A.3.5] implies (1 + j¢)/(1 + n) = 1/p*, and substituting this into
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[A.3.1] leads to the following ex-post real return ry:
1+ g

p*
According to Proposition 2, this is the ex-post real return in the complete-markets economy for either of
the special cases, hence r; = r}, which confirms that any constant nominal GDP growth rate succeeds in
replicating the complete-markets equilibrium.

1+7r =

(i)  Now consider the general case with no restriction on the parameter o or the stationary stochastic
process ¢:, but where the parameter y is strictly positive. Suppose monetary policy sets a constant rate of
nominal GDP growth equal to n =y — 1, which is such that n > —1. Since y/(1 + n;) = 1, the expression
for the bond yield in [A.3.3] becomes:

-1

(1 ST .
Jt = ;Et Z 5 H (14 gegy) ™ +y—-1 [A.3.6]
_ =1

Note that [3.6b] in Proposition 2 implies the complete-markets loans-to-GDP ratio [} can be written as:

14

., 6 = _
li = 5k S ST+ g4

/=1 =1

and hence the expression for j; from [A.3.6] is related to [ as follows:

0

ji=v(14+-=) -1 [A.3.7]

20}

Since equation [3.6b] implies that df = (0/2) + [}, the bond yield j; above can also be written as:
6 dy
lt i

Together with equation [A.3.7], which implies 14j,—y = (y0)/(2l}), this expression for j; can be substituted
into [A.3.1] (with 1 4+ n; =y) to obtain:

d 0
147 =(1+g) ) (7 —(l4g)d — )<1+@> 147
Ty = gt 9t) 7% Gt = Tty
% I L+ g

where the penultimate equality uses [2.22b]. This establishes r, = r}, and hence that the nominal GDP
target succeeds in replicating the complete-markets equilibrium.

(iii) The state-contingent path for nominal GDP specified in this part is equivalent to the following
nominal GDP growth rate:

di1— 3
nt:(l—i—n) W —1,
t

where dj is the natural debt-to-GDP ratio characterized in Proposition 2. Using the steady-state results
from Proposition 1, this specification of monetary policy can be seen to imply that nominal GDP growth
fluctuates around a rate n in the non-stochastic steady state. By using equation [3.6b] to substitute for
d;_; in terms of [;_;, and then by using the link between df, I[;_;, and r} in [2.22b]:

1+nt:(1+n)<é;lz{>:<1;”> Gif:) A.3.8]

The bond yield is obtained by substituting this nominal GDP growth rate into equation [A.3.3]:
~1

) /—1 4
gt = B Zl < B ) E; ]‘_[1 {6(1 + gtﬂ)*“(l + T‘:+])} +v—1. [A39]

1+ne_ 14+n

At the complete-markets equilibrium, 67, = & and ¢}, = ¢,, in which case the Euler equations in [2.22d]
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reduce to:
OIE,; [(1 + gt+1)*°‘(1 + T:)] =1,
and application of the law of iterated expectations shows that this implies for all ¢ > 1:

14

B T[54 g0) %1 +r1)} | = 1.
=1

Substituting this result into [A.3.9] shows that the bond yield j; is given by:

_ -1 B -1
. ) - B et . Ttn _1—|—n
jt_<1+nz o +y—-1= T +y—-1= 8 — 1.

/=1 14+n

Convergence of the infinite sum requires Y < 1+ n, which follows from the parameter restriction y < 141
as in part (i) above. Since the equilibrium bond yield is constant over time with 1 + j; = (1 +n)/B,
substitution of this and equation [A.3.8] into [A.3.1] implies that the ex-post real return is:

-1
e (5) ((5) (55)) 1o
t

With r; = rf, the specified nominal GDP path replicates the complete-markets equilibrium. This completes
the proof.

A.4 Proof of Proposition 4

(i)  Let Frt denote beginning-of-period ¢ per-household real financial wealth (in bonds) of type 7 house-
holds and let f;; denote this wealth relative to current real income:

(14+vQ¢)Bri—1 Fry
Fri= : d = ==, A4l
T,t Pt ; al fT,t YT,t [ ]
Given the definition of 7; in [2.15], the assumption on incomes in [2.4], and the equilibrium condition

M., =0 from [2.14], the flow budget identities [2.5] for each type of household can be stated as follows:

FT,tJrl

C
mt + 1+ 741

:}/t_'_FT,t)

which can be expressed in terms of the ratios ¢, = C;;/Y; and fr; = Fr;/Y; and real GDP growth g:
1+
Crt+ — Tt Jrir1 =1+ frr.
T+7re

Writing this as an equation for f;;41 and then multiplying both sides by 6,4(1 + Gt+1) 7% (Cr i1 Jere) ™
yields:

—X —X

_ Crt+1 - Crit+1

dre(1+ grr1) ™% <+> friq1 = (&,t(l + 1)1+ gry1) (+> > (fre+1—cryp).
CT,t CT,t

Taking expectations of the above equation conditional on date-t information, using the Euler equation in

[2.22d], and rearranging leads to:

. [c -
Sra(14 gre)t ™™ <T’t+1> fr,t+1] ,

fro=(crp — 1)+ E
Crit
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which can be iterated forwards to obtain:

(o) l —x
_ Crt+e
Jre=E E H Orprg—1(1 + gegy) ™ (TH> (crpte—1)

c
=0 | =1 Tt

0 —x
. _ Crt+4
lim & S 1(1 G N il . [A4.2
+ Jim ]1;[1 11+ gity) < - ) frave| o [A42]

The accounting identity [2.22b] and the law of iterated expectations can be used to deduce the following
for any ¢ > 1:

¢
E; H Syt (14 gipy)' ™ ¢t

1=1
-1 c ’ —
_ _ _ t
= I, H Syt (14 giy) ™ Cr,?+£—1lt+£—1Et+£—1 [5T,t+2—1(1 + gire) " (c ;r: 1) ]
=1 TR

By using the Euler equations in [2.22d] and taking the limit of the above equation as ¢ — oo, and then
taking expectations of the transversality condition [2.22f] conditional on date-t information:

¢
. Lol
Jm By 1_[1 Ort4g—1 (L4 grag) ™% p ¢ pdie| = 0. [A.4.3]
J:

Comparison of the definitions in [2.15] and [A.4.1] reveals fy,; = —2d; and fs; = 2d;, hence by using [A.4.3]
it must be the case that:

l -
. _ Cr
lim By | []6rerp1(1+ giay)' ™ (t”> frae| =0, [A.4.4]

£—00 =1 Crt

which implies the final term in equation [A.4.2] is zero, therefore:

o0

C E
f‘f',t = I Z H o7 - 1 1 + gt+] 2t+ CT,H-K - 1) : [A45]
_Z:O =1 Tt

Now make the following definitions of variables v,; and m,; for each 7 € {b,s}:

00 l
C e
Urp = Iy Z H5rt+] 1(1+ ge4))! SEass ; and [A.4.6a]
_Z:O 1=1 Crt
o0 ¢ e y 1—«x !
— T,t
mry = | By Z H5T,t+g—1(1 + i)' " <c+> : [A.4.6b]
T,t
/=0 ]:1 )

With these definitions, equation [A.4.5] can be expressed concisely as
Crt = m‘r,t(vt + f‘r,t)7 [A47]

which implicitly defines a consumption function for households of each type 7.
Now consider the log-linear approximation of the consumption functions [A.4.7]. First, take the log
linearization of the Euler equations in [2.22d]:

Orp + Befri1 — agi1 — alCrag1 — )] = 0, [A.4.8]

where 0, is the log deviation of the discount factor d;. The definition of the real interest rate in [2.22a]
implies

P = Etl’t+1. [A49]
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Together with this, equation [A.4.8] can be rearranged as follows:
67—7,5 + (1 — OC)Etgt+1 — “(EtCT,t+1 — CT,t) = —(pt — Etgt+1)- [A410]

Next, note that the formula for v; in [3.8] can be written in terms of real GDP growth:

4
vy = iEt H (H_gtﬂ>
=0

o N P

Using Proposition 1, the steady-state value of this variable is o = > 52, B¢ = (1 — B) ™!, where B is as given
in [2.27¢], satisfying 0 < B < 1. The expression for v; above can then be log linearized as follows:

oo L
vi=(1-p) Z B! ZEt[gt+]+1 — Pttg)- [A.4.11]
=0 7=0

Now, using again the non-stochastic steady state characterized in Proposition 1, the steady-state value of
vr¢ in [A.4.6a] is 0, = (1 — B)~! for all 7 € {b,s}, and hence v, has the following log linearization:
¢

vre=(1-B) Z B Z By [8714)-1 + (1 — o)gry — ot(Crty — Cragy—1)]
(=1 =1

which can be expressed as below by substituting from equation [A.4.10]:

00 l
Vre=—(1=B) Y B Tilors, — gripr1l. [A.4.12]
=0 J=0

Note that the log-linear approximation is the same for all 7 € {b,s}, and furthermore, is equal to the
expression for v; given in [A.4.11]. That formula can be simplified by changing the order of summation to

obtain:
oo

Vi =Vt = — Z BZ+1Et[pt+ﬂ — gt+g+1]. [A413]
£=0

Now consider the variable m,; defined in [A.4.6b]. Using Proposition 1, its value in the non-stochastic
steady state is m, =1 — p for all 7 € {b,s}. Equation [A.4.6b] can then be log-linearized as follows:

) 0
mrt=—(1-p) Z Be Z Et[éT,t-‘r]—l + (1 — o‘)gt—i-j + (1 — “)(CT,H-Q - CT,t+]—1)]a
(=1 =1

and by using [A.4.10], this can be written as:

0o l e ¢
mey=—(1=B)> B Erleriry — crorpt]l + (1=B) DB Eilprsy1 — 8ery).
=1 5= =1 5=

By simplifying the first term and using equation [A.4.11]:

[e.e]

Mrt = Crt — (]. — |?)) Z BZEtCﬂH_g — V¢. [A414]
=0

Next, note that the equation for the discount factors d,; in [2.22¢] has the following log-linear form:
drt=—(1—A)ocrs.
Substituting this into the log-linearized Euler equations in [A.4.8], then simplifying and dividing both sides
by « leads to:
EiCrir1 = Acrg + & o — Bygpyq.

This expectational difference equation can be iterated £ periods ahead to deduce:
-1

Eicrtve = )\ECT,t + Z A1 Et[‘flptﬂ — Gtty+1)s
7=0
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and by using this equation, an expression for the following infinite sum can be obtained:

00 00 -1
(1-B) Z BEicr e = (1—B) Z B | Meri + ZAZ*l*jEt[(x*lptﬂ — 8t+y+1]
£=0 =0 1=0

where the second equality follows by changing the order of summation. Substituting this result into equation
[A.4.14] and simplifying leads to:

B —-N) 1= B\ = i
Coa-y T E N : A.4.15

m ¢ (1 — BA)C t — V¢ 1— BA éz:% R t[Oc Pt+e gt+e+1] [ ]
To complete the derivation of the consumption function, note from [2.15] and [A.4.1] that fy,; = —2d;

and fs; = 2d;, and hence the equations in [A.4.7] can be written as follows:
Cht = mb7t(Ub,t —2d;), and cer = mg(vss + 2dy).

Using m, = 1 — B, 9, = (1 — B)~!, the steady-state values of crt and d; from Proposition 1, and equation
[A.4.13], the log-linearizations of the equations above are:

1 1
-6 (Vt — Bdt), and Cs,t = Mgy + m(vt + Gdt) [A416]

Substituting the expressions for m;; from [A.4.15] and rearranging and simplifying leads to the following
consumption functions:

Ch,t = Mpt +

Cht = — (11__(3[37\) <1 ? 9> (de —ve) — B Zz:; B'Ei[o ' prs — grie+1); and [A.4.17a]
— BA 0 >
Cot = <11 —Bﬁ > (1 n 9) (de —ve) — B ; B B[ pre — grera]- [A.4.17b]

Having derived the consumption functions, the equilibrium of the economy is found using the following
steps. First, consider the budget identities in [2.22¢]. Using the steady state characterized in Proposition 1,
the log linearizations of those equations are:

S (1?9) (1;5) (di — Bl), and cyy = <1+ee> (1 ! B) (de — Bly). A.4.18

Note that these equations imply
(1 — e)Cb,t + (1 + e)cs,t = 0, [A419]

which, given Proposition 1, is the log-linearized goods-market clearing condition [2.23]. By substituting
the consumption functions from [A.4.17], equation [A.4.19] is satisfied if and only if the following holds for
all t:

o0
D Bl prir — griesa] = 0.
=0

Since this equation must hold at any two consecutive dates, it follows that

0= (Z B Bl s — gt+e+1]) — BIE

=0

o
D B Eeiila  prirge — grprsera] | = o7 e — Erge,
=0

where the law of iterated expectations is used, and hence the equilibrium real interest rate is p; = «lE;g¢41,
confirming the expression given in [3.9a]. Using equation [A.4.13], the equilibrium value of v; is also that
in [3.9a], confirming the results in that equation.

The equilibrium consumption ratios can be found in terms of v; and the debt-to-GDP ratio d; by
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substituting the equilibrium real interest rate from [3.9a] into the consumption functions from [A.4.17]:

Cht = — (1 ? e) (11__6[;‘) (di —ve), and co; = (1 j)_ e) (11__6[;‘) (di — vy). [A.4.20]

By equating either ¢}, ; or ¢4 as they appear in [A.4.20] to the equivalent expression in [A.4.18], an equation
for the loans-to-GDP ratio I; is obtained (the same equation is obtained for both 7 € {b,s} because the
expressions in [A.4.20] satisfy equation [A.4.19]):

(1= BA)(de —vi) = dit — Ble.
Rearranging this equation leads to the expression for I; given in [3.9¢].
The accounting identity [2.22b] has the following log linear form:
dt = (I’t — gt) + |t_1. [A421]
Taking expectations conditional on date-t — 1 information implies that ;1 = E;_1dy + Ei_1g — E¢i 11y,
and by using [3.9a] and [A.4.9], it follows that l;—1 = (1 — )[E;_1g; + E;_1d;. Substituting this result into
[A.4.21] yields the expression for the ex-post real return r; in [3.9¢].
The expectation of equation [A.4.21] at date ¢ 4+ 1 conditional on date-t information and equations
[A.4.9] and [3.9a] imply that:
Eidiy = (O( — 1>Etgt+1 + Iy, [A422]
Observe that the solution for v; in [3.9a] implies the following equation must hold:
Vi — BIEgviqq
B
By substituting this and the expression for I; from [3.9¢] into [A.4.22]:

Eidit1 = Ady + (1 _ﬁﬁ}\) Vi — (W_BﬁEtVHl> 7

and collecting terms and simplifying leads to the following expectational difference equation for the debt-
to-GDP ratio:

Eth_l = Adt + ]Eth_l - 7\Vt. [A423]

= (1 — x)Egt41.

Now take any martingale difference sequence {v;} that satisfies I5;_jv; = 0, and given the conditional
expectation IE;_1ds, let the actual debt-to-GDP ratio be such that d; = E;_1d; + vs. Together with
equation [A.4.23] at date ¢ — 1 this implies [3.9b] holds, and this construction is valid for any v; with
E;—1v; = 0. Thus, all the equilibrium conditions [2.22a]-[2.22f] are satisfied by the solution [3.9a]-[3.9c]
for any martingale difference sequence {v,}.

(i)  The equilibrium condition [2.24] can be log-linearized as follows:
(it = Eymmppn) + (05t — olEigri1 — (Ecs i1 — Cst)) = 0,

and by using the Euler equations [A.4.8] and the ex-ante real interest rate [A.4.9], this leads to the Fisher
equation [3.10].

(iii) The non-stochastic steady state of the economy with complete financial markets is identical to
that in Proposition 1 because the relevant set of equilibrium conditions [2.22a]-[2.22f] overlaps with the
equilibrium conditions of the incomplete-markets economy. The expression in [3.6b] from Proposition 2 for
the complete-markets debt-to-GDP ratio can then be log linearized as follows:

00 l 0o
df =(1—a)(1=B) Y B Eugrsy=(1- )Y B'Ergrrr,
=1 =1 =1

where the second equality is obtained by changing the order of summation. This expression is identical to
the formula for v; in [3.9a], confirming the equation for dj in [3.11]. The log-linearized loans-to-GDP ratio
I} given in [3.11] can be obtained immediately from [3.6b] with reference to the steady state characterized
in Proposition 1. Similarly, the expression for r} is obtained from [3.6¢] using the expression for [} in [3.6b]
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with reference again to the steady state and the formulas for dj and If in [3.11]. The expression for the real
interest rate in [3.6¢] can be log linearized as follows

07 = aBigry1 — By [geg1 + diy1 — Befgegr + diy]] = alBigeg,

which shows that p} is identical to the equilibrium value of p; in [3.9a]. With identical ex-ante real interest
rates, equation [A.4.13] implies that the equilibrium value of v; is also the same as that in [3.9a]. This
confirms the log linearization of the complete-markets equilibrium in [3.11].

The next claim is that these equilibrium values are identical to what would be obtained from equations
[3.9b] and [3.9¢] with vy = v} = v — E;_1vs. Since E;_jv; = 0, {v;} is a valid martingale difference
sequence. With v; = v}, equation [3.9b] becomes:

di = Adi—1 + (vi — Avi_1),

and as this holds for all ¢, elimination of the common factor from the difference equation implies d; = v;.
Since v¢ = df, it follows that d; = df. Substituting d; = v; into the expression for |, in [3.9¢| implies
l; = B~ 'v¢, and hence I; = If. Similarly, substituting d; = v; into the formula for r; from [3.9¢] and using
the equilibrium value of v; in [3.9a]:
oo oo
=g +vi+(x—1)E_1g — (1 - «) Z BEi1gre =g +vi— B 11— ) Z BEr_1gi—11e-
=1 =1
This shows that r; = g; +v; — B ~!v4_1, which by comparison with [3.11] confirms that r, = r}.
Now consider again the incomplete-markets economy and take any values of d¢, I;, and r; consistent
with [3.9b]—[3.9¢]. Equation [3.9b] implies E;d¢11 = Ad; + (Egver1 — Avy), and hence by using df = vq:

E¢[dir1 —diy] = A(d — dy).

This confirms the expectational difference equation for the debt gap d; = d; — d; in [3.12a]. Again by using
d; = v; the equation for I; in [3.9¢] becomes:

= B7'd; +A(dy — df),
which leads to the equation for I, = I; — I¥ in [3.12a] by using If = ~'d} from [3.11]. For the ex-post real

return gap f; = ry — ry, note that by using [A.4.9], rr = ps—1 + (rr — Ei_1r¢) and r} = pf_; + (rf — Ei_q1r}),
and since p; = p; it follows that IE;_1¥; = 0. Equations [3.9¢] and [3.11] imply

re—Eeire = (g — Eio1ge) + (de —Eyqdy), and rf —Eqrf = (g — Ee1ge) + (df — Ei1df),

and by putting these results together, the expression for ¥; in [3.12a] is obtained. For the consumption
gaps Crt = Crt — Cry, first note that since cbt =1-0 and ¢, =1+ 6 according to Proposition 2, the log
linearization is 7 ; = 0, and hence ¢;; = ¢ . The expressions for the consumption gaps in equation [3.12Db]
then follow immediately from [A.4.20] using v; = dj.

(iv)  Using 1+ = (1+7)(1+g) (from the definition of nominal GDP growth), 1+i = (14 p)(1+7) from
Proposition 1, and the formula for B from [2.27¢|, the definition of w in the proposition can be rewritten

as:

u= y_: _Y — :<1+€) ( y,), and hence Py = YT. [A.4.24]
1+n  (1+7)(1+9) 1+g) \1+: 1+

Given the parameter restriction y < 141, it follows that By < 1. Now consider the transversality condition

[2.25b] for the bond yield. Noting that v/(1 + j) = Pu using [A.4.24] and j = i from Proposition 1, and

vo(14g)~%/(1+7) = 8(1 +g)'~*y/(1 + n) = Bu using the definition of the nominal GDP growth rate

and the expression for 3 from [2.27¢|, the transversality condition can be log linearized as follows:

¢

hm BH Z Tt+g—1 = XZtpy — Tty — a(CT,t+] - Cr,t+j—1)) -
J=1

1 .
mh%

Using the log-linearized Euler equation [A.4.8], equations [2.24] and [A.4.9], and the law of iterated expec-
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tations, the transversality condition is equivalent to:

-1
li By = —(1 — Bu)? li ENT Ry
elglo(ﬁll) tJt+0 ( BH) éggo(ﬁu) ]z; tlht4g

Since 0 < Bu < 1, given the restriction to monetary policies where the nominal interest rate i; is sta-
tionary, the right-hand side of the equation above is zero, so the log-linearized transversality condition is
limy_, oo (B1)‘E¢js4¢ = 0 as claimed. The equation for the ex-post real return in [2.25a] can be log linearized
as follows:

t = (o — 1) + [A.4.25]

— 7= -1 —t)
1—vy/(1+7)
and the expression for r, in [3.13] is obtained by collecting terms above and using the formula for fu in

[A.4.24] with j = i from Proposition 1. The equilibrium bond yield in [2.26] can also be log linearized as
follows:

2 oo -1 L
. Y Y
Jt = — <1 - 1+]> ; (1‘1’]> ]:ZIEI‘, [67,t+]71 — X8ty — O"(CT,t+] - CT,t+_]71) - T[t+j] .

By using the Euler equation [A.4.8], [A.4.9], j = i, and the formula for B in [A.4.24], the above equation
can be written as:

o /-1
jt=(1—-Bw? Z(BH)Z_I Z By [pt4) + Toegg41]
=1 J=0

and changing the order of summation leads to the expression for j; in [3.13] (the infinite sums converge
because 0 < fp < 1).

Now consider the variable e; defined in equation [3.8]. Using Proposition 1 and the expressions for
B and p from [2.27c] and [A.4.24], the steady-state value of this variable is € = (1 — p)~!, and the log
linearization is:

o) )4 )
e = (1= B > BW ™D Eilgiyrr — prag) = — > _(BW ' Eilorre — gryesl, [A.4.26]
=0 7=0 {=0

where the second equality is obtained by changing the order of summation (with convergence because
0 < Bu < 1). By using the equilibrium real interest rate in [3.9a], the equilibrium value of e; in [3.14Db] is
deduced. Next, observe that the expression for j; in [3.13] implies:

1 [—SF[LSpjt - Z(BH)ZHEt[pHZ ~ Berer] + Z(B”)ZHEt [Tiver1 + Eevera)- [A.4.27]
£=0 =0

Using the definitions of inflation 1, = P; — P;_1 and real GDP growth g; = Y; — Y;_1, the following infinite
sums can be obtained by collecting terms in the levels of prices and real GDP:

> BW T Bty = (1 - Bw) Y _(BW)EPry — Py and
=0 =0

> B M Bigrrer = (1= Bw) Y (BW EYipe — Ye.

=0 =0

Since nominal GDP is N; = P; + Yy, using the equations above together with the definition of A} in [3.14b],
and then substituting into equation [A.4.27] leads to:

Pr .
je =Nt — Ny —eq. A.4.28
T pn [ ]
Equation [3.11] implies that the innovation to the complete-markets ex-post real return is
I’: — Et,lr;f = (gt — ]Etflgt) + (Vt — ]Et,lvt). [A429]
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The innovation to the ex-post real return with incomplete markets is obtained by using equation [3.13]:

re —E_q1re = —(7Tt - ]Et—17'ft) - 1 E%H(jt - Et—ljt)-

Using the equation above, and [A.4.28] and [A.4.29] together with the definition of the ex-post return gap
r, =r, —rf, it follows that:
fe— Bt = — (1 — Beoame) — (8¢ — Ero1ge) — (vi — Erave) + (60 — Ey—1ey)
— (N = By M) + (Ng — Ep_qNy).  [A.4.30]
Note that the following holds by definition
(¢ — Br17) + (8¢ — Ei-18t) = (Ne — Ng—1) — Ee—1[Ng — Ne—q] = Ny — 1Ny,

and by substituting this into [A.4.30] and using [3.12a], the expression for d; — E;_1d; in [3.14a] is obtained.
This completes the proof.

A.5 Proof of Proposition 5

Let ¢, = g — E;—1g¢ = Yy — [E;_1Y; denote the innovation to real GDP growth and the level of real GDP
(with g, = Yy — Yi—1). If real GDP growth g; is stationary and invertible then it can be expressed as
g = Y oo de€r—g for a sequence {9} with 9y = 1 and where the innovations €;_, belong to the time-t
information set for all £ > 0. It follows that E;g., = Z;io V¢4,€1—,, and by substituting this into the
expression for v in [3.9a]:

=(1-w Z Bt Zﬁgﬂet,] , and hence vy — E;qvy = (1 — &) (Z [5%5) €;
(=1 =0 (=1

Let O(2) = Y92, 902" denote the z-transform of the sequence {9,}, using which the stochastic process for
real GDP growth can be written as gy = ©(LL)e;, where L is the lag operator. The equation above can then
be expressed in terms of the function ©(z) as follows:

—Eiv = (1- )(0(B) — 0(0))e. (A5.1]
For the variable e, from [3.14b], following exactly the same method used to derive [A.5.1], the innovation
to e; is given by:
e — E1ep = (1 — «)(O(Bu) — ©(0))e,
and together with equation [A.5.1] this implies:
J=(1-a)(OBur) —O(B))er [A.5.2]

Using the identity g; = Y; — Y;—_1, note the following result which is obtained by changing the order of
summation:

(et —vi) —Ey_1ler — vy

9] 9] 4 )
(1=Bw) Y (B ExYere=(1—Br) > (BWEr |Yer+ > gy =Yir+ Y (BW) Eigryr. [A5.3]
=0 =0 =0 =0

Following again the same method used to derive equation [A.5.1], the innovation to a sum of expected
growth rates can be expressed as

Z(Bu)eEtgHe — Z(BH)EEtgt+E = O(Bu)er,
=0 =0
and combining this equation with [A.5.3] yields:
(1—PBw) Z(BH)K (EtYise — Et-1Ye) = O(B)er [A.5.4]

=0
Now suppose that monetary policy implements the weighted nominal GDP target N ; = 0 at all times for
some w, where Ny, ; = Py + wY;. Under this policy, unweighted nominal GDP N; = P; +Y; is given by
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N: = (1 — w)Yy, and thus N; defined in [3.14b] satisfies
Ne=(1-w)(1-PBw Z(Bu)ZEtYH_g, and hence Ny — E; 1N = (1 — w)O(Bu)ey, [A.5.5]

=0

where the second equation follows from [A.5.4]. To achieve d; = 0 (meaning that d; = d}), equation [3.12a]
shows that this is equivalent to achieving d; — E;_1d; = 0 at all times. Using [3.14a] and equations [A.5.2]
and [A.5.5], in the presence of uncertainty about real GDP this is achieved by the target Ny« = 0 if and
only if w* satisfies:

(1-w")O(Br) = (1 - x)(O(Br) — O(B)).
Solving the equation for w* yields the expression in [3.15]. The invertibility of the stochastic process ensures

O(Bu) # 0 given that 0 < B < 1 because O(z) cannot have any roots with modulus less than one. This
completes the proof.

A.6 Proof of Proposition 6

(i) Suppose real GDP growth g; is a stationary stochastic process with g, = >;° €, for some
sequence of independent random variables {e;}, where e;_, belongs to the time-¢ information set for all
¢ > 0. Since Egiir = > %) 94,€t—;, equations [3.9a] and [3.11] can be used to deduce the following
expression for the natural debt-to-GDP ratio:

(1-—« Z Zﬁgﬂetﬁ =(1- ) Z Z BVt | €t—r, [A.6.1]
= 7=0 =0 \y=1

where the second equality follows by changing the order of summation. If real GDP growth g; is an MA(q)
process then 9, = 0 for all 7 > q. It can be seen from [A.6.1] that the expression for di then has zero
coefficients of €;_y for all £ > q, implying df is an MA(q — 1) process.

Now suppose real GDP growth g; follows a stationary ARMA(p, q) process, that is, g — > )_; $eg—r =
> o de€i—¢. Stationarity means the process can also be written in MA(oco) form as g, = ;2 ¥je,—¢ for
some sequence {9}}. Observe that

p
dr =Y ¢zdf_e]
/=1
p—1 J J
+> (EH df =) bedi 4| —Feya [djf = ¢4dj;_£]> ., [A6.2]
=0 =1 =1

where the second term is a moving-average process of order p — 1 because the terms in the summation are

multiples of €;,...,€—py1 (as can be seen from equation [A.6.1]). Using equations [3.9a] and [3.11] and
the law of iterated expectations, the first term on the right-hand side is given by:

p
=) b
1 - X Z B]Et )

1=1

p
=Y dedi =iy

B,

) P 00
=Ep |(1-a) Z B/ Ege+) — Z $o(1 — &) Z B/ Ergt—r+,
=1 =1 =1

A.6.3]

o a
8t+y — Z Pp8tij— z] =(1- o Z BIE—p Z’Séetﬂ—e
=1 =0

Since E;_p€s4)—¢ = €149—¢ when 3 </ —p and equals zero otherwise, the final expression contains multiples
of €—p,...,€—qt1 if p < q, an MA(q — 1) process, and no terms if p > q. Equations [A.6.2] and [A.6.3]
together show that djy — Z?Zl ¢dy_, is a moving-average process of order max{p — 1,q — 1}. Thus, the
natural debt-to-GDP ratio dj is an ARMA (p, max{p—1,q—1}) process. Since the autoregressive coefficients
¢ are the same as those of the real GDP process, the autoregressive roots of di are the same as those of

gt-

(i) ~ With incomplete financial markets, the debt-to-GDP ratio d; must satisfy equation [3.9b] for some
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martingale difference sequence {v;} (with E;_jv; = 0), that is:

dt — Adt_l = V¢ + Et—ldr — }\dz;l,
which uses the result v; = dj from [3.11]. This equation can be written as:

dy —dif = A(di—1 —di ) + (ve — (df — Ey1dy)),
and since E;_1[v; — (df — E;_1d})] = 0 using the martingale difference property of v, the sequence v; —
(dj — E;_1dy) is serially uncorrelated. This shows that d; — d} is an autoregressive process with root A
whenever v; # df — E;_1d}, that is, whenever the incomplete-markets equilibrium does not coincide with
the complete-markets equilibrium. Since part (i) shows that the autoregressive roots of df are the same as

those of the exogenous stochastic process gy, it follows that d; must have an autoregressive root of A.
For the interpretation of A, note that [A.4.17] in the proof of Proposition 4 implies:

Ologey L 1—pBA 0 d dlogesy (11— BA 0
alogd,  \1-p/)\1-8)" ™ Bloga, \1-p/)\116)

where the partial derivatives are evaluated at the steady state characterized in Proposition 1, holding real
GDP and interest rates constant. If F; denotes per-household financial wealth of a type-7 household (as in
[A.4.1]) then Fy,; = —2d;Y; and Fyy = 2d;Y; (by comparison with [2.15] and [2.20]). Using the steady-state
values ¢p, = 1—0, ¢ = 140, and d = 0/2(1 — ) from Proposition 1, it follows that the marginal propensity
to consume (MPC) from financial wealth is:
ICyy  0Csy
8Fjb,t B 8F‘s,t B
where the partial derivatives hold income and interest rates constant and are evaluated at the steady state.
This can be rearranged to write A as a function of 3 and MPC:
~ MPC—-(1-p)

B Y

and the expression for A in the proposition can be obtained using the formula for  from [2.27b].

MPC =

1_[3}\7

1-A

(ili)  Substituting the discount factors from [2.22¢] into the Euler equations [2.22d] leads to

— X
e
(L +7re1) (1 + ge41) “( z;+1> ] ’

7,0

1=A

and second-order accurate approximations of these equations around the non-stochastic steady state given
in Proposition 1 are:

1
B¢ [reg1 — oger1 — a(Crr1 — Acr)] + SE [(rt—&-l —ogir1 — X(Crpp1 — 7\Cr,t))2] =07,

where 03 denotes terms third-order or higher in the standard deviation ¢ of the real GDP stochastic process
[2.3]. Expanding the brackets and simplifying yields the following equations:
1 o2 o2
E; [l’t+1 + 2rt2+1] = [, [ﬁxgtﬂ - 7gt2+1 + Xgti1rer1 — ?(Cr,t+1 —Acry)?
+ a(crpr1 — Acry) + &(rip1 — oge1)(Cr1 — 7\Cr,t)] + 03. [A.6.4]

Using the expressions for steady-state consumption from Proposition 1, the second-order approximation of
the goods-market clearing condition [2.23] is

1—0 1+0 1/(1—0 1+0

-9, +139 C %2+(+)§J+@. [A.6.5]

9 Ch,t + B Cst = _§ 9 b,t 9

Multiplying equation [A.6.4] by (1 —0)/2 for 7 = b and (1 + 0)/2 for 7 = s, summing the equations, and
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using [A.6.5] implies:

1 o? o? (10
IE; |:rt+1 + 2f?+1] = I [“gt—f—l — ?g?ﬂ + Xgry1rer1 — 2( 5 )(Cb,t—H — Acp)?
o? (1+0 o ((1-0 146
-5 0 e - ren? = 5 (U526 a2+ TED @ -a2) |+ 2% asg

The equations in [3.12b] imply that c,; and cs; are proportional to d, up to an error of order ¢?. By
noting the following algebra

— 2 . 2 201 9
(19)(9(15)‘)) +(1+9)<1i6(1 B?\)) :(9(1 BA)

1-6 (1-9) (1-p) 1-6%)(1-p)*
equation [3.12b] implies that [A.6.6] can be written as:
1 o’ o 02 (1-PBA? - I
I [Ft+1 + 2f,52+1] =E [(th+1 - 7gf+1 +OG1r — o (1-0%) 1—pp2 (dip1 — Ady)?

o« 02 (1 —BA)?
2(1-02) (1-B)
The first equation in [3.12a] (which holds up to an error of order €) can be used to deduce the following:
Ey[(dig1 — Ady)?] = By [(dig1 — Eydi1))] + 62, and
Ey[d7 ) — Ad7] = Ey[((dig1 — Eedyg1) +Ady)?) — Ad7 + 62 = By[(dyg1 — Eedyi1)?] — AL — A)df + 62,
where the second equality uses the law of iterated expectations, and by substituting these into [A.6.7]:

2 2 2
B [+ gt = B o — et + oo - SO0 E OB Gy
o 02 (1—pBA)?
21-02 (1—p)2
The Euler equations [2.22d] must also hold with the ex-post real return r; for the complete-markets
equilibrium with consumption ratios ¢7, = ¢, and discount factors d,; = 6 from Proposition 2, hence:
=8B [(1+7rf1)(1+ gi41) ],

which has the following second-order approximation around the non-stochastic steady state:

* 1 %2 0(2
¢ |+ S| = By |ogey1 — >

The definitions of the real interest rates p; and p; from [2.22a] and the definitions of the log deviations r;
and rf imply
* — 1 * 1 *
pr—pi = (1+p)E; [<Ft+1 + 2r?+1) - <rt+1 +5r ?+1)} +0°,
and by substituting from equations [A.6.8] and [A.6.9], it follows that:

2 _ 2 _ _ _
=E; [ngt—&-l?t—i-l - 2(?9_ (912)(161‘)[5)2 (o + 1)(dy1 — Eedey1)® = A1 = AN)dD) | + 03, [A.6.10]

(dZ,; —AdH) | + 03, [A6.7]

A1 —A)d?| + 03 [A6.8]

gt2+1 + xgi+1 rf+1} + 0% [A.6.9]

Pt — Py
115

where the definition ¥y = r, — r} has been used. The third result in [3.12a] (which holds up to an error of
order 0?) can be used to deduce:

Eylgiafera] = Belgeri(dern — Bedin + 6%)] = Brl(gre1 — Brgern) (degr — Brdin)] + 0°, [A6.11]

where the second equality uses the law of iterated expectations. By iterating equation [3.12a] backwards,
the debt gap d; is given by:

3 = S i o E[(d; — Fy_1d;)?
di = Z}‘g(dH —E;_y_1di—¢) + 6%, and hence E[d}] = I tl _;\21 t)]

=0

+ 03, [A.6.12]
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which follows because the terms of the summation are serially uncorrelated, and their unconditional expecta-
tions do not depend on time as g; is stationary. Equation [3.16] can be deduced by taking the unconditional
expectation of equation [A.6.10] and substituting from [A.6.11] and [A.6.12], noting the definitions of the
conditional moments V;_1[d;] = By_1[(d; — E;_1d¢)?] and C;_1[gs, di] = By_1[(gr — Er_1g:)(dy — Ey_1dy)].
This completes the proof.

A.7 Proof of Proposition 7

(i)  Observe that the system of equations [2.22a]-[2.22f] and [3.20] (and the implied equation [3.21])
includes no nominal variables, and hence no variables that can be directly influenced by monetary policy.
Since the equations characterizing the real variables form a closed system, the resulting real equilibrium is
independent of monetary policy.

(ii) Consider the equilibrium of an economy with nominal bonds in which monetary policy is strict
inflation targeting, that is, 7y = m, and where the coupon parameter is such that y = (1 + 7T)’YT. The
equilibrium nominal bond yield j; in such an economy is given by equation [2.26]. Now consider the economy
with only inflation-indexed bonds (coupon parameter y'). Using equation [3.21] and v = v/(1 4 7), the
yield on the inflation-indexed bonds is:

-1

o) l _ —x
_ (14 gi45) ™% [ Cripy Y
=(1+nE E =1 | | Ot : + —1.
Yt ( JE: Hy - T Crity1 1+

Conjecturing that the equilibrium of the economy with indexed bonds features the same consumption
allocation as the economy with nominal bonds, a comparison of the equation above to [2.26] with m, = =
implies:

Yy Lt
147 147
where j; is the equilibrium bond yield in the nominal-bond economy. Now note that the ex-post real return
[2.25a] in the nominal-bond economy under strict inflation targeting m; = 7 can be written as:

144, 1—-—X
L gpy = (o S ) [A.7.2]
1 + Uy 1 - 1+]t

ye=(1+m1+j5—v) ™)+ _1, A7.1]

and similarly, the ex-post real return [3.20] of the inflation-indexed bond can also be reformulated as:
o
1 I+yi—1

"
14yt

147 =1 +y1)

With the coupon parameters y and y' being related by vy = v/(1 + 7), the equation above becomes:

Yy
1+rf = <(1 i yt)) (1 ) ) . [A.7.3]
1+m L~ o

Under the supposition that the two economies have the same consumption allocation, the bond yields are
related according to [A.7.1], and hence 1+ j; = (1 4+ m)(1 +y,) for all t. A comparison of equations [A.7.2]
and [A.7.3] then shows that r, = r;r . The equilibrium of the incomplete-markets economy with nominal
bonds under a policy of strict inflation targeting is characterized by equations [2.22a]-[2.22f] together with
[A.7.2]. The equilibrium of the incomplete-markets economy with inflation-indexed bonds with coupon
parameter vy =y /(1 + 7) is characterized by equations [2.22a]-[2.22f] together with [A.7.3]. Note that y;
and j; do not appear directly in [2.22a]-[2.22f], and [A.7.2] and [A.7.3] contain no other variables apart from
TI and r;. Thus, since r; = ’I“I, the resulting equilibrium is the same for both economies. This completes
the proof.
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A.8 Proof of Proposition 8

(i) Suppose monetary policy is strict inflation targeting, namely m = 7 at all times, and that nominal
and inflation-indexed bonds have the same maturity, that is, y = (1 + W)YT. Supposing that the equilib-
rium consumption allocation of the economy with both bonds is the same as that of the economy with
only nominal bonds under the same monetary policy, it follows that since both economies have the same
consumption levels and the same inflation rate, they must have the same nominal bond yield j;.

With yf =y /(147), the argument in the proof of Proposition 7 that led to equation [A.7.1] applies, and
the inflation-indexed bond yield g is related to the nominal bond yield j; in the economy with both bonds
according to 1+ j; = (1 4+ 7)(1 + y¢). Again following the argument of Proposition 7 and using equations
[A.7.2] and [A.7.3], this means that r, = TI. From equation [3.22¢] it then follows that rét = r; for any
choice of s;. With rf = 7, the system of equations [2.22a]-[2.22f] and [3.20] is identical that characterizing
the equilibrium of the economy with only nominal bonds if monetary policy is strict inflation targeting.
Hence, that equilibrium is also the equilibrium of the economy with both types of bonds. Any portfolio
share s; is consistent with the equilibrium conditions.

(ii) Consider a monetary policy that replicates the complete-markets equilibrium in the economy with
only nominal bonds (coupon parameter y). The existence of such monetary policies was demonstrated in
Proposition 3. Such a monetary policy must imply a path for inflation m; for which, together with the
equilibrium nominal bond yield given by [2.26], the ex-post real return in [2.25a] is 7, = r}. The complete-
markets ex-post real return 7} is characterized in terms of exogenous variables by Proposition 2. Now
suppose a monetary policy that generates the same path for inflation is implemented in the economy with
both nominal and inflation-indexed bonds (the latter with coupon parameter y').

It is conjectured this monetary policy leads to the same consumption allocation as in the economy with
only nominal bonds. If so, since the path for inflation is the same, the equilibrium nominal bond yield j;
from [2.26] would be the same, and thus the ex-post real return r; from [2.25a] would then satisfy r;, = r},
namely what the monetary policy achieves in the economy with only nominal bonds. Now suppose there
is an equilibrium with s; = 0, in which case, from equation [3.22c|, the ex-post real return on the overall
portfolio of bonds is rti = r;y = r{. It then follows immediately that the complete-markets consumption
allocation, discount factors, debt and loan ratios, and real interest rate satisfy equations [2.22a]-[2.22f].

Since [3.22c] is satisfied with s; = 0 and rf = 1y, the remaining equilibrium conditions are related to the

ex-post real return TZ on inflation-indexed bonds and the associated real interest rate pI = Etrz 41- This

definition of pI is in accordance with [2.22a]. There are then the two Euler equations in [2.22d] that must
be satisfied by 7‘2 41- As Proposition 2 establishes, the complete-markets allocation features consumption
ratios ¢y, = ¢, that are constant over time and discount factors 67, = 6 that are equal across both types

of households. This means the two Euler equations in [2.22d] collapse to a single equilibrium condition for

T,
Tit1-

1= 88 [(1+ 7] )1+ gi41) 7] A8.1]
and by using [3.20], the equilibrium yield [3.21] on inflation-indexed bonds simplifies to:
00 1 l -1
ve= B | D v S [+ gy +yf -1 [A.8.2]
(=1 =1

With this bond yield y;, the ex-post real return TI on inflation-indexed bonds is determined by [3.20], which

then satisfies [A.8.1], and determines the real interest rate p;r = ]Etrzr +1- This confirms that all equilibrium
conditions are satisfied at the conjectured consumption allocation, which is supported by Tf = r}. Thus,
the equilibrium of the economy with both types of bonds coincides with the equilibrium of the economy
with only nominal bonds (for any coupon parameters y and yT). In equilibrium, the portfolio share of
inflation-indexed bonds is zero (s; = 0).

(iii)  First consider the economy with strict inflation targeting (m; = 7) and y = (1 + 7)y'. As shown in
part (i), ry = rtT , and hence p; = pI. The inflation risk premium is thus w; = 0.
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Now consider an economy where monetary policy replicates the complete-markets equilibrium. This
means that the equilibrium is given by Proposition 2, and hence the consumption-income ratios and discount
factors are ¢, = ¢; and 07, = 6. The Euler equations [2.22d] associated with holdings of nominal bonds
then reduce to:

1= 5Et [(1 + T’t+1)(1 + gt+1)_°‘] .
In the non-stochastic steady state characterized in Proposition 1, equation [3.21] implies § = p, equation
[3.20] implies 7' = 7, and pI = Etr;' 41 implies p!l = 7. Second-order accurate approximations around this
non-stochastic steady state of the equation above and the Euler equation [A.8.1] for inflation-indexed bonds
are:

1 o
Et [rt+1 + 2I’,52+1] = OCEt [gt+1 — §gt2+1 + gt+1rt+1} + ﬁg, and [A.8.3a]

1 .2 o4
I [VZH + 2th+1] = olb, [gt+1 — Egtz-&-l + gt+1r;r+1] + 03, [A.8.3b]

The definitions of the inflation risk premium w; and the real interest rates p; and pz imply w; = E¢repq —
]Etr;r 41, and hence a second-order accurate approximation of w; in terms of the log deviations r;; and r;r 11
is:

_ 1 1,2
=(1+p) (Et |:rt+1 + 2r752+1] —E; [rLl + 2th+1]> + 03,
Substituting from equation [A.8.3] implies the second-order approximation reduces to:

= (1+ p)aBylges1 (e — 1)) + O°. [A.8.4]

With monetary policy conducted to replicate complete financial markets, it must be the case that
ry = r; and hence r, = rf. Using the equations for v; and r; in [3.9a] and [3.11] (which hold up to an error
of order ), it follows that:

oo o0
=g+ (-0 BEuge—(1-0)) B 'Erig s+ 07
=1 =1
which can be rearranged to obtain:

(o]
r=og +(1— o)) B (Eigrie — Brrgiie) + 0°. [A.8.5]
£=0
Since the complete-markets consumption allocation is achieved, the equilibrium real bond yield y; is given
by equation [A.8.2]. Using 4 = p in the non-stochastic steady state and noting the definition uf =1 /(1+g),
equation [A.8.2] can be log linearized as follows:

4
T g = ocz Bu) 1) Eigy, + 07

=1
using the expression for 3 given in [2.27¢]. Changing the order of summation and simplifying leads to:

oo

ye = (1= Bu) D (B Eigrpie + 0. A.8.6]
(=0

Since 7' = p in the non-stochastic steady state, equation [3.20] for the ex-post real return ’I”Z on the indexed

bond has the following log-linear approximation:
T
re 71_[3”@%—1 71_BHTY75+ .
Substituting the equilibrium bond yield y; from [A.8.6] into the equation above leads to:

o0 o0 o0
= “Z(BHT)eEt—lgtJré - ocZ([SuT)EEtgtH + 0% = agy — “Z(ﬁHT)e(EtgtH — Ei_18t40) + 07,
=0 =1 =0

89



where the second equality is obtained by grouping terms in real GDP growth at the same date. Using this
equation together with [A.8.4] and [A.8.5], the average inflation risk premium Eco, is given by:

gt {i B’ (1 - (1 - HTZ)) (Etgr+e — Et—lgt+£)}
=0

Using the law of iterated expectations and the definition of the conditional moments C;_1|g:, Eigiiv] =
Ei1[(gt — Er—18t) (Etgrre — Er—18¢1¢)], this confirms the expression given in equation [3.23].

Ew, = (14 p)aE |E;q + 6. [A.8.7]

(iv)  Consider the case where nominal bonds and inflation-indexed bonds have the same maturity, that
is, v = (1 + 7)y!. Given the definitions p =v/(1+a), uf =y7/(1+g), and 1 + 7 = (1 +7)(1 + g), this
means that p = uf.

Now suppose that monetary policy is strict inflation targeting (m; = 7 at all times). Consider either the
economy with only nominal bonds or the economy with both types of bonds (given the result in part (i),
the equilibrium is the same in both cases). Using the expressions for v; and r} in equations [3.9a] and [3.11]
(which hold up to an error of order €2), it follows that rj — Ey;_1rf = (g — Ey_1g¢) + (vi — Ey_1v¢) + 02
and hence:

ri —IE_qrf = i B (Eigire — Bro18i4e) — oci B (Eigire — Ey_1gi40) + O [A.8.8]
£=0 =1
With strict inflation targeting (7, = 0), equations [3.9a] and [3.13] imply that the equilibrium nominal
bond yield is given by:
o
jt=o(l—PBp) Z(BH)ZEtgtHH + 0.
£=0
Using this equation, t; = 0, and the expression for the ex-post real return on nominal bonds in [3.13] leads
to:

Pu
1—Bu

Equations [A.8.8] and [A.8.9] together with the definition of the ex-post real return gap ¥y = r; — r; imply:

(e = Braje) + 0% = =« > (B (Bigere — Brorgie) + 0. [A.8.9]
=1

re —IBy_1rp = —

n—EFﬁf:—E:N(1—a(L—M»(&&M—Epgﬂw+ﬁ? [A.8.10]
£=0

Since ¥y = d; — E;_1d; + 02 from equation [3.12a], it follows that Cy_1[g, at] =B 1[g:(Fe — Ey_17)] + O3
Hence, given p = pu! and equation [A.8.10]:

gt {i B (1 —o (1 - HT£>) (Etgr+e — Et—lgt+€)}
=0

and comparison with equation [A.8.7] shows that Ew; = —(1 + p)xEC;_[g;, d¢] + O°.

Now consider an economy where monetary policy replicates complete financial markets. Under the
conditions assumed in Proposition 5, there is an optimal degree of countercyclicality of the price level,
namely the term w* given in equation [3.15]. This is expressed in terms of the function O(z) = 37 942°

EC; g, di] = —F |E + 07,

such that the stochastic process for real GDP growth is gz = Zgzo Heer_g, and where the innovation
€+ = g — ;18 is such that e;_, belongs to the date-t information set for all £ > 0, and {d,} is a sequence
with 8¢ = 1.
Since gy — 18140 = D€ for all £ > 0, using the definition of €, it follows that:
EC: 18, Brgre] = BBy 1 [(g: — Bro180) (Begrye — Er18140)] = 9Bef = 9BV, 1[g].

Substituting this into the expression for the average inflation risk premium in [3.23] and using uf = pleads
to:

I&m:(1+ma<§:ﬁ(1—aﬂ—¢ﬁ>w)Evpﬂ&}+ﬁ3
/=0

90



Using the definition of the z-transform ©(z) of the sequence {9}, the equation above can be written as:
Ew; = (1+ p)x((1 - x)O(B) + xO(Bu)) EVy_1[g] + 07,

and comparison with the expression for w* in [3.15] yields the equation for IEw; given in the proposition
(invertibility of the stochastic process for g; ensuring @(fu) # 0 since 0 < Bu < 1). This completes the
proof.

A.9 Proof of Proposition 9

Suppose Nj is a path for nominal GDP that achieves the target d; = dj. Since this path is consistent with
d¢ = 0, it follows from equations [3.14a] and [3.14b] that

o
(1= Bw) Y J(BW (BN;, — B aNj ) = (e — vi) — By 1fer — vil. [A.9.1]
(=0
Now observe from [3.24] that ;N , = E¢[z;—14¢ — Buzsye] for all £ > 1, and note that:
o0
Z(BH)ZEt [2t—1+0 — BUZtte] = 241
(=0

These observations imply

D> BWEN; =21+ (BW (BN, — Ee1Npy,),
=0 =0

and hence using [A.9.1] that N} = (1—Bu) Y72, (Bw) BN}, , satisfies A/;’—Et_l{\/'t’ = (e —Nvt) —Ey_1[er—ve].
Therefore, given [3.14a], the path of nominal GDP N} is also consistent with d; — IE;_1d; = 0, and hence
by using [3.12a] with d; = d} for all ¢. This completes the proof.

A.10 Proof of Proposition 10

Suppose the nominal interest rate i is set according to the rule [3.25]. In equilibrium, the nominal interest
rate must satisfy the Fisher equation [3.10], and the real interest rate must be as given in [3.9a]. Hence,
the following equation must hold:

(o = DErger1 + E¢Niyy — Ny + C(Ne — Ny) = adBegri1 + B¢y [A.10.1]
Using the definition of nominal GDP N; = Py + Yy:

B¢t y1 = B [Ngy1 — Ne| — Eigigr,
and by substituting this into equation [A.10.1]:

N7 — NF + C(Ng — NY) = E¢[Nyp1 — NyJ.
Using the nominal GDP path Nj, define the gap N, = N; — N; between the actual and the desired path,
and note that the equation above can be written as:

ENy 1 = (14 N,

Now define a martingale difference sequence e¢; = N; — E;_1N;, noting that the expectational difference
equation above can be written equivalently as:

Ny = (14 QN¢q + e, [A.10.2]
and iterating this equation £ periods forward leads to:
L

Nepe = (1+ 0N+ (1+ 0 epyy [A.10.3]
1=1
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The variable N; is as defined in [3.14b], and let AV} denote the equivalent variable defined in terms of Ny,
and N; = N; — N. With these definitions, equation [3.14b] implies that:
o0
Ne=(1-Bnp) Z(BH)EEtNt' [A.10.4]
=0
Given equation [3.14a], the characteristic of the path N} that ensures d; = df is My — By 1N = (er — v¢) —
E;—1[e: — v¢]. Therefore, d; and N; are related as follows

di — By _1dy = —(N; — By 1 N}), [A.10.5]

which again uses equation [3.14a].

(i) Assuming { > 0, it is clear from [A.10.3] (given Ese;qp = 0 for all £ > 1) that [Ny ,| — oo with
probability one as £ — oo unless N; = 0 for all t. Since [A.10.2] implies that nominal GDP growth
ng =Ny —Ny_p isng =nf+ CNt_l + €4, any Nt = 0 would imply an unbounded path of nominal GDP growth
(and inflation). Ruling out such cases as possible equilibria leaves only N; = 0 as an equilibrium. It follows
from [A.10.4] that this equilibrium must feature A; = 0, and hence from [A.10.5] that d; = 0. Thus, there
is a unique (bounded) equilibrium with N = N} and d; = d;.

(i) Assuming ¢ = 0, the equilibrium condition [A.10.2] reduces to N, = N;_; + €;, which implies that
nominal GDP growth n; = Ny — N;_; is given by n; = nj + €;. Since €; is bounded, the implied rate of
nominal GDP growth is also bounded, so any martingale difference sequence €, satisfying I;_1e; = 0 is
consistent with equilibrium. Since Nt follows a random walk, its expected future value is EtNtM = Nt
for any £ > 0. Therefore, by substituting this into equation [A.10.4], it follows that N; = N, and hence
N; —E; 1 N; = €. By using equation [A.10.5] it is seen that dy — [, 1d¢ = —e;, and together with [3.12a],
the difference equation for d; is obtained. This completes the proof.

A.11 Proof of Proposition 11

Taking the utility functions of each household type from equation [2.1], the welfare function from [3.26] can

be written explicitly as:
Cl—(x Q o) {t to Cl o
b,t s\to Z H S s,t
s,;t—~0

0, e’} t—to
o s T o) £
t=to

t=to

[A.11.1]

(i)  Start from particular Pareto weights (2, , where the ratio {2, /%, is measurable with respect to
to— 1 information. The corresponding first-best allocation is the one that maximizes [A.11.1] subject to the
resource constraint [3.27], taking the discount factors d,; as given (as individual households do), with the
given values of the discount factors equal to [2.2] evaluated at the first-best consumption allocation. This
social planner’s problem assumes that a full set of state-contingent transfers are available. The Lagrangian
for the constrained maximization problem is:

- C’b Cs
S {vi- G- G

t=to

Liy = Wiy + By, : [A.11.2]

where %, is the welfare function from [A.11.1] and Dy, is the sequence of state-contingent Lagrangian
multipliers on the resource constraints [3.27] starting from ¢ = ¢y onwards. The first-order conditions with
respect to C; for t > to are:

t—to
2ty {H 5¥,t_e} C* i = Py [A.11.3]
/=1

where 07, denotes the discount factor [2.2] evaluated at C,. For households of type 7, taking the ratio of
the first-order condition at time ¢ > ty + 1 and the first-order condition at time ¢ — 1 yields:

—x "
*
Tt gpt|t0
-1 * * :
Cr,t—l @t 1)to
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Since this equation must hold for all 7 € {b,s}, the following risk-sharing condition is obtained for all
t>tg+ 1:

G\ cr \ "
6g,t—1 <C* : > = 5;,15—1 *7 . ) [A114]
b,t—1 s, t—

which confirms equation [3.29]. Now take the ratio of the first-order conditions [A.11.3] at time ¢t = ¢¢ for
borrowers and savers:

Doy O Chey (oo \ ™
LE’;O =1, and hence l:to = ( b|t°) . [A.11.5]
Qs\to C*s Jto s,to Qs|t0

Since (21, /24, is measurable with respect to tg — 1 information, it follows that C’bt /CZ4, 1s also measur-
able at ty — 1. As this result and [A.11.4] are obtained for any admissible Pareto welghts 2714, it follows
that [3.27] for all t > o, [3.29] for all t > #o + 1, and Cf, /CZ,  being to — 1 measurable are necessary
conditions for C7; to be a first-best consumption allocation.

Now consider the converse. Take a state-contingent consumption allocation Cj ; satisfying [3.27] for all
t > to, [3.29] for all t > #p + 1, and where the ratio Cy, /CZ, ) is measurable at time ¢o — 1. It is now shown
that this is a first-best allocation in the sense of solving the planner’s problem for some Pareto weights
(2%, , where Qg‘ to! QS*| t, 18 to — 1 measurable. Set the weights Q:I 4, as follows:

T‘to’
— C’*

where this choice of weights implies that:

* * —x

b‘to _ Cb,to

* - * )
‘QS|t0 s,to

and hence the measurability restriction on the Pareto weights follows from the measurability condition
satisfied by the consumption allocation at t3. Now the sequence of supporting Lagrangian multipliers ¢t| to
is constructed recursively. Start from a normalization @t()' 4o = 1. Fort >t + 1, the next iteration of the
sequence is determined by:

N —a . —a

W Cb,t * —5* CS,t *

tlto — “byt—1 C* t—1lto — Ys,it—1 * t—1|to>
b,t—1 s,t—1

where d7 ; is set according to [2.2] evaluated at the consumption allocation C} ;. The two expressions above
return the same value because the allocation satisfies equation [A.11.4] for all ¢ > to + 1. Iterating this
equation forwards yields two valid expressions for @t‘ o

t—to t—to

* . * X 5* *— X (5

t|t0 - b,to b,t—¢ bt — S to s,t—~ St ’
(=1

and by using equation [A.11.6] it follows 1mmed1ately that the first-order condition [A.11.3] is satisfied for all
7 and all ¢ > tg. Since the allocation also satisfies the resource constraint [3.27] for all ¢ > ¢, it follows that
it is the solution to the planner’s problem for some weights [A.11.6] that satisfy the measurability restriction.
This establishes that the resource constraint [2.23] for all ¢ > to, the risk-sharing condition [3.29] for all
t > tp + 1, and the measurability restriction on Cf to/ o1, are necessary and sufficient conditions that
Characterlze the set of first-best consumption allocations.

[A.11.6]

T‘to T,to?

(ii)  The consumption allocation corresponding to the equilibrium with complete financial markets open
for securities paying off from time tg onwards is such that the consumption ratios ¢* T tlto satisfy the goods-
market clearing condltlon [2.23] for all ¢ > ¢y and the risk-sharing condition [3.5] for all ¢ > ¢y. Given the
definition ¢, = Cr+/Y}, this is equivalent to C* T tito satisfying [3.27] for all ¢t > to and [3.29] for all ¢ > to+1.

Note that the risk-sharing condition [3.5] at time ¢ = ¢ implies:
1
CF tolto _ h tolt _ <5b,t01> « <Cb,t01>
C;t0|t0 C;to\to Os,to—1 Cs,to—1 ’

93




and hence the measurability restriction on C} is satisfied. This allocation thus belongs to the

tolto’ Catolto
set of first-best allocations. However, the me0a|s(1)1rab1ﬁ|ty restriction does not imply that [3.5] holds for
t = tg, so the converse is not true. There are inﬁnitely many first-best consumption allocations. Any
allocation starting with a non-stochastic ratio Cf, /C5, ) will be among the first-best allocations subject
to the overall consumption levels satisfying the resource constraint [3.27] and the subsequent evolution of

the consumption paths for ¢ > to + 1 being consistent with the risk-sharing condition [3.29].

(iii) Given the complete-markets equilibrium da to and lt| to from ty onwards, consider the path for the
nominal GDP growth rate n; = (Ny — Ny—1)/N;—1 specified below that is to be followed from time ¢y:

l*
ne = (1+n) <é;l}f°> —1, [A.11.7]

where n is any steady-state rate of nominal GDP growth consistent with the parameter restriction vy <
1 + 4. The consumption ratios and implied discount factors in the complete-market equilibrium from tg
are denoted by c* lto and ¢ ko . Using the definition of nominal GDP growth n,, inflation is given by
14+m = 0+n)/(1+ g). Hence, if the complete-markets consumption allocation is implemented, the
equilibrium bond yield j; from [2.26] can be written as:

-1

1—« c* X
: -1 1+ gi+y) T t+alto
= Et Y oF ttg—1t +Y—1 [A118]
Z H e (1 4 ) €t s—1lto
Using equation [2.22b], the path for the nominal GDP growth rate in [A.11.7] implies
1 1
1+nt:< +”> ] [A.11.9]
B 1+ Tt‘t
where Tt‘ to is the complete-markets (from ¢y onwards) ex-post real return, and substituting this equation

into [A.11.8] leads to:

-1
00

* —
- C
. * —X T7t+]‘t0
g = 1+n E <1+n> ||6Tt+] 1t 1—|—7’t|t0)(1+gt+]) <* ) +v-—1.

1 Crt+9—1[to

[A.11.10]

The complete-markets equilibrium must satisfy the Euler equations [2.22d], thus the following equation
must hold for all ¢ > 1:

¢ k —
* * _ C gt
H5r,t+g—1|t0(1 + Ttlto)(l + geyy) (;JO _1,

J=1 T,t+3—1|to

which implies 14 j; = (14n)/B when substituted into [A.11.10] (as explained in the proof of Proposition 3,
the infinite sum converges because the parameter restriction y < 1+ 7 implies yB < 1+ n). Using the
definition of nominal GDP growth 1+ n; = (1 + m)(1 + g¢), equation [2.25a], the description of policy in
[A.11.9], and the constant bond yield j;, the ex-post real return with incomplete financial markets must be
such that r, = T;,k| to" This demonstrates that the equilibrium with complete markets open from ¢y can be
replicating using monetary policy in the incomplete-markets economy starting from any initial conditions
at to —1.

To show that the equilibrium with complete markets open from ty, onwards is the only first-best al-
location implementable using monetary policy starting from date tg, consider the welfare maximization
problem of the policymaker at the central bank who does not have access to the full set of instruments
implicit in the social planner’s problem. In an economy with nominal bonds, the central bank can use its
policy instrument to determine the state-contingent path of the price level, and is thus able to affect the
ex-post real return 7, on bonds. The central bank then maximizes the welfare function [A.11.1] for some
Pareto weights £2,, (with (2, /{2, being to — 1 measurable) starting from ¢y onwards. The constraints
comprise the equilibrium conditions of the incomplete-markets economy. These can be reduced to the re-
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source constraint [3.27] of the social planner’s problem, a single equation [3.28] that represents the budget
identities of the households (given the resource constraint, one budget identity is redundant), and the Euler
equations [2.18] for each household type. Starting at time ¢¢, these equations are constraints on the central
bank that must hold for all ¢ > t5. The endogenous variables are the consumption allocation C;, the
end-of-period wealth distribution as captured by the real value of loans L;, and the ex-post real return on
bonds 7.

The Lagrangian for the policymaker’s constrained maximization problem is

- G Cs C C
Lig=Wiy+ ) Buy [gptlto {Yt -2t ’t} + St {2((1 7)) Loy — Ly) + 2t 23 H

t=to 2 2 2 2
0 %b,t\to —a —a §RSJ|t0 —oc i
+ Z Ey, 5 {Cb,t — Op (1 + Tt+1)Cb,t+1} +— {Cs,t — s 4(1+ rt+1)CS’t+1} ., [A11.11]

t=to

where @;;, is the Lagrangian multiplier on the resource constraint [3.27], Syjt, 1s the multiplier on the
budget identity [3.28], and R, are the multipliers on the Euler equations. The first-order conditions
with respect to Ch ¢, Cst, L¢, and r; are:

t—to
— —a—1
b1 { H 5l*),t—e} *b,;fx = :\to - %:\tg +o (%g,t\tg - 5l§,t—1(1 +1%) )l;,t71|to) *b;:x ) [A.11.12a]

(=1
t—to
_ —x—1
Dt { 1T 5s*,t_e} =0, S, e (afe;t‘to — 5, (L +77) ;H'to) cr ol [A.11.12b]
=1
S = B [(1 + 7"211)%;1“0} ; and [A.11.12¢]
* B * C*—oc—l 85* B o* C*—oc—l
2L:—1%:|t0 :oc< b,t—1 b,t—21\t0 bt st 1 s,t—21|t0 s,t ’ A1112d)

which must hold for all ¢ > #y, with the notational convention that R, ;, = 0 if ¢ < {9, indicating
that equilibrium conditions prior to ty are not taken as constraints. If a consumption allocation is a
solution of this constrained maximization problem for some admissible Pareto weights (ones satisfying the
measurability restriction) then it is referred to as a second-best allocation.

Now take any second-best allocation Cf, (associated with Pareto weights Q:I ;,) that also belongs to
the set of first-best allocations. Since it is second-best, it must satisfy the equilibrium conditions of the
incomplete-markets economy, with associated real loans L} and ex-post real return r;. The allocation must
satisfy both the social planner’s first-order conditions [A.11.3] and the policymaker’s first-order conditions
in [A.11.12]. A comparison of these sets of equations reveals that the Lagrangian multipliers on the extra
implementability constraints must be zero at all times, that is, %ZI o = 0 and %:,ﬂ 4, = 0, meaning that
given the Pareto weights Q:‘ t? the chosen allocation would respect the implementability constraints even
if these were not imposed explicitly.

Since the allocation satisfies [A.11.3], equation [A.11.5] must hold at time ¢p, and this equation can be
multiplied by (1 + 7} )C*s 4, to obtain:

*
b‘to
*
S|t0

(1 +75)C 5 = L +77)C% -
The restriction on the Pareto weights requires le to / QS*‘ 4 O be measurable with respect to period ty — 1
information, so by taking expectations of both sides of the above equation conditional on date-tg — 1
information, it follows that:
Q{;‘to _ ]Et()—l [(]‘ + 7’;0) *S_,toé] [A 11 13]
- - 1.
Do Bromr [0 +5)05% ]

In equilibrium, the Euler equations [2.18] must hold at time ¢y — 1 (though these are not a constraint in
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the policymaker’s problem at time tp), hence by using the Euler equations of both household types:

Che \ ° Ciy \ °
1+7r} <0> 14 r* <So> 7
( to) betofl ( t()) Cs,to—l
and extracting terms dated tg — 1 from the conditional expectations leads to:

Ety—1 [(1 +r§0)0*;g)] _ Ob.to—1 <Cb,to_1>“
Et0,1 [(1 + T‘Z(O)C*l;:;} 5s,t0—1 Cs7t0—1

6b,to—1Et0*1 = 5S,t071Et071

By combining this with equation [A.11.13], the Pareto weights for this consumption allocation must be
such that

* 04
blto 6b,t0—1 (Cb,to—l ) A
- , 11.14
Q;]to 55,150—1 Cs,to—l [ ]

and substituting this expression for the ratio of weights back into [A.11.5] implies:

* —x * —
5 Cb,t() _ 6 s,to
b,to—1 07 — Ustp—1 07 .
b,to—1 s,to—1

This is the risk-sharing condition [A.11.4] at time ¢ = to. In summary, since the allocation is second
best, all the market clearing and budget identities must hold. As the allocation is also first best, the
risk-sharing condition must hold for all ¢ > tg+ 1. Finally, as shown above, since the allocation is first best,
implementable, and has Pareto weights satisfying the measurability restriction, the risk-sharing condition
must also hold at time tg. Thus, all the equilibrium conditions hold for the economy where complete
financial markets are open from time ¢y onwards. The consumption allocation must then coincide with
the equilibrium of that economy. This demonstrates that this equilibrium is the only first-best allocation
implementable by the policymaker at the central bank.

(iv) Now suppose that whenever a new state-contingent plan for monetary policy from some time
tp onwards is made, the policymaker solves the constrained maximization problem with Pareto weights
that support the one implementable first-best allocation. This entails using Pareto weights with the ratio
2 / (2, as given in equation [A.11.14]. As shown in part (iii), the consumption allocation implied by
this plan coincides with the equilibrium of the economy with complete markets open for securities paying
off from ty onwards.

Suppose that monetary policy successfully replicates this consumption allocation between dates ty and
ty — 1 for some t, > to. Taking the initial conditions now prevailing at date ¢;, — 1 as predetermined, the
equilibrium with complete markets open from t{, features the same consumption allocation for all t > ¢, as
does the complete-markets equilibrium from ¢y onwards. Thus, if in the future there is a choice of a new
plan selected on the same principles then the ongoing consumption allocation would coincide with that
specified by the earlier plan, assuming the earlier plan had been followed up to that point (the relative
Pareto weight Q{;I " / Q;'“ " remains unchanged at any reoptimization date t[,). This implies the policymaker’s
plan is time consistent when the Pareto weights are chosen to support the one implementable first-best
allocation.

Now suppose that whenever a new state-contingent plan for monetary policy is chosen, the ratio of the
Pareto weights is set differently from that described above, so it does not support the complete-markets
equilibrium consumption allocation. Using the results of part (iii), the consumption allocation resulting
from the plan does not belong to the set of first-best allocations. It is the solution of the constrained maxi-
mization problem represented by the Lagrangian [A.11.11] for some Lagrangian multipliers with R tjto # 0
(if R; 44, = O for all 7 and ¢ then [A.11.12d] implies Jy;, = O for all ¢, in which case the allocation would be
a solution of the social planner’s problem and thus first best). However, since any reoptimization at time
ty, > to sets the Lagrangian multipliers on constraints prior to ¢ to zero, non-zero terms in %—r,t{)—l\to in
the original problem that appear in the first-order conditions [A.11.12a], [A.11.12b], and [A.11.12d] would
be replaced by zero terms 3‘877%_1% after the reoptimization. This implies that second-best allocations are
generally time inconsistent even if the relative Pareto weights of households do not change.
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(v)  With complete financial markets open for securities paying off from ¢y onwards, equations [2.22¢],
[2.23], and [3.5] hold for all t > ¢y. These equations form a closed system in the consumption ratios c;¢
and the discount factors ;. Taking the past consumption ratios c;,—1 as state variables, these equations
determine a path for c; tto and 5:7 tto" Given that no exogenous shocks appear in this set of equations, the
resulting paths are non-stochastic, predetermined by the initial conditions at g — 1.

The log-linear approximation of the equilibrium can be derived by first noting that all the log linearized
equilibrium conditions from part (i) of Proposition 4 must hold, as must those from part (iii) of that
proposition characterizing the gaps relative to the equilibrium with complete markets open at all dates. In
addition, complete markets being open from ¢ > t; onwards implies the risk-sharing condition [3.5] holds

for all ¢t > ty. That equation can be log linearized as follows

5b,t—1 - ‘X(Cb,t - Cb,t—l) = 5s,t—1 - (X(Cs,t - Cs,t—l),
and by subtracting the equation derived by taking expectations of both sides conditional on period-t — 1
information, the following must hold for all ¢ > t:

Cik),t|t0 - Et—lcli,t\to = C:,t\to - Et—lcz,ﬂto-

Using [3.12b] with ¢,y = ¢* tto? the above equation implies:

{(1—?—9) (11__[3(5?\> + (1 ? 9> (11__6[57\)} <( tto — 9¢) — Er—a[dyy, —d;"]) =0,

and since the coefficient is strictly positive, the condition below must hold for all ¢ > ¢g:
d:|t0 - ]Et_ld;ﬁkh‘,o = dt - ]Et_ldt.
With d; = dj, , combining the equation above with [3.9b] and using the result v = dj from [3.11]:
dfjgy = Adi_yjp, + (Be1di — Ady ) + (df — E—1dy),
which simplifies to:
I|t0 = d: +}\( :—1|t0 - ;fk—l)'

The notational convention d:

= dy,—1 is adopted for variables that are predetermined at date ¢g.

o—1lto
Iterating the equation above backwards yields the solution for da 4 I [3.30a], which is valid for all ¢ > t.
This is given in terms of d, a function of exogenous variables from Proposition 4, and d¢,—1 —dj, _;, which
is predetermined from ¢y onwards. Now use Iy = Iy, "in [3.9¢] together with v; = df and I} = B~1d} from

[3.11] to deduce:

e = 1t + My, — i),
and substituting the solution for dj, - from [3.30a] yields the solution for I, “in [3.30a]. Since the solution
is such that d:‘ to — Et_ldjfl tg = df —IE;_1df for all t > ¢, it follows from [3.9¢] that r:‘ tg = ry, confirming the
result in [3.30a]. Substituting the solution for df,, from [3.30a] into [3.12b] shows that the consumption

. t‘to
* |, are given by:

T,t|to

. 0 1—BA _ .
Thitta T (1 - e) < —p >At O (dig—1 — djy ) and

Coto = <1 + 9) < 1-B > AT (g1 = Ay )-

Since cp4,—1 and cg,—1 also satisfy [3.12b], it follows from the equations above that c
confirming the claim in the proposition.
Finally, because equations [3.9b] and [3.9¢| are satisfied by d; and d

ratios ¢

* — }\t—to—‘rl

T,t|t0 CT,t0—17

;“| to? ;“ to? and r; and r;“l to? the
equation for the gaps 8%, Tt|t0, and Ty, in [3.30b] follow immediately. The equations for the consumption
gaps in [3.30b] also follow from [3.12b].

l; and |

(vi)  The welfare function [3.26] starting from time ¢; is evaluated using the Pareto weights that support
the only implementable first-best consumption allocation from that date. From part (iii), this is the
equilibrium with complete financial markets open from ty onwards. Let ¢l tlto denote the consumption
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ratios in the complete-markets equilibrium from ¢y onwards, and 0*,, the associated discount factors that

7,[to

are taken as given by the policymaker, but are consistent with the consumption allocation c* T tlto The
required Pareto weights QT| to satisfy [A.11.3] with an associated sequence of Lagrangian multlphers @2] to

on the resource constraint. ThIS equation can be written in terms of the consumption ratios as follows:

t—to
lto {H 0 fto} = " tlto Py Y2 [A.11.15]

Since all these equations are homogeneous in the Pareto weights and the Lagrangian multipliers, the values
that support the complete-markets equilibrium are determined only up to scale. This degree of freedom is
used to determine the units of the welfare function. By the envelope theorem, the Lagrangian multiplier
Dy, |1, TepPresents the increment to the period-tp welfare function from a marginal relaxation of the period-tg
resource constraint. By setting &, ,, = 1/Y},, this means that one unit of the welfare measure is equivalent
to a 1% increase in the initial level of output. Therefore, the following normalization is adopted:

* X

€ rtolto
and hence 27, = —3—~, [A.11.16]
Y, %

*

1
tolto — Y,
0

where the second equation follows from [A.11.15] at ¢ = ¢y, and which confirms the Pareto weights specified
in the proposition.

In what follows, the variable ¢y, is defined as a transformation of the sequence of Lagrangian multipliers
dStItO :

YD,

t|t g ‘Prﬁ C*at|t

* t—t, 7,5t|to

ity = Bti—too’ which satisfies !2 { | | 571& flto} =f 0%, [A.11.17]
t

where the latter equation follows from [A.11.15]. Using that equation, with Pareto weights [A.11.16] and
given discount factors J* the welfare function [A.11.1] can be expressed as follows:

Z BIIOE,

t=to

,t|to?

* 1—
1 'y t|tocbt 1€ 5410 Csit X
Plit -« 2 1-« '

The welfare function is now written in terms of a variable T}, that depends on the actual consumption

ratios ¢, ¢ and their values ¢ tito if financial markets were complete from date ¢y onwards:

00 —(1-a) 1
_ t|t 1 1 1-a
Wiy = Z B tOEto 90:|t0 71‘ O_ x| where 13, = (20 bt\tocbt + 20 st|t0 ;t“> . [A11.18]

t=to

Now consider a second-order accurate approximation of the welfare function in [A.11.18] around the
non-stochastic steady state characterized in Proposition 1. First, combining equation [A.11.17] for the
transformed Lagrangian multipliers goa to and the normalization in [A.11.16] implies:

t—t 1—
_— Tt0|t0 ST e £|t0(1+9t*@) X
Ptjtg = .

& = [A.11.19]
T,t|t0

Given that B is defined in [2.27c] such that § = §(1+g)'~%, and given the steady state from Proposition 1,

it is clear that the transformed Lagrangian multipliers go;'] to have a well defined value ¢ = 1 in the non-

stochastic steady state. With the result from part (v), the consumption ratios ¢* ,,, with complete financial

t|to
markets open from tg onwards depend only on variables that are predetermmed lat time ¢y (and so do the
discount factors §* o given that these are evaluated at the complete-markets equilibrium). Therefore, the
transformed multlphers gojl 4, are independent of policy decisions from ty onwards.

Using the definition of 73, in [A.11.18] and the non-stochastic steady state characterized in Proposi-
tion 1 (which is the same in the case of complete markets) with ¢, = ¢ =1—-0 and & =¢f =146, it
can be seen that 7y, has a well defined non-stochastic steady-state value T = 1. Taking each component
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of Ty, from [A.11.18] in turn, note the following second-order accurate approximation:

e 1 1,
< o€ it =c <1 + (1 — a)er + ey gy + 5(1 — )2, + afl — )Cy 4y Crit + §a2c 3,t|t0> + 03,

which can be written as follows by rearranging terms:

* — 1 O((l - (X) * 2 *
c $t|to it =Cr (1 +(1-o) (CTt + 2C ) T o (CT,t - Cr,t\to) + &€t
2
& *2 06(1 B O() *2
+ 2 C rtlto + 2 C rtlto + o°.

This expression can be simplified by stating it in terms of the consumption gaps ¢, ;) = ¢rt — C; tto"

_ x(l — ). 1 1

Therefore, the second-order accurate approximation of equation [A.11.18] for Ty, is:

o 1-0)._ 1+0 1 1
Yijtg = 9 <(2)Cl2J,t|to + (2) stto) - <(1 —0) <Cb,t + 2¢%,t> +(1+06) (Cs,t + 2C§,t)>

x * 1 *2 * 1 *2 - 3
- ((1 - 0) (Cb,tto + §C b,t|t0> +(1+6) (cs7t + §C s7t|t0>> + Ytlto + 0°. [A.11.20]
The consumption ratios of the actual economy and the hypothetical complete-markets economy must both
satisfy [2.23], where a second-order accurate approximation of that equation is:

1 1
(1-19) <cb,t + 2c%7t> +(1+0) <cst + 2cst> o3,

and by substituting this into [A.11.20], all first-order terms are eliminated from the right-hand side. This
implies that Yy, = 0?, and hence the term in Yt‘ 4, can be included among the 03 (third-order or higher)
terms. Therefore, the second order accurate approxnnation is:

(1-90). (1+9)
Vit = (2 I?Jt|t0 T st\to +0°.

Substituting the equations for the consumption gaps from [3.30b] (which hold up to an error of order 0?),
the equation above can be written solely in terms of the debt gap dy,:

—_ 2 i 2 2 ~
-3 (4 )

1—-p 1—0)2 (1+0)
and by simplifying the coefficient:
Na~ 3 02 1—BA\2
Tysy = 5 di + 07, where Rq =« <1 — 8 ) [A.11.21]

A second-order accurate approximation of equation [A.11.18] for the welfare function in terms of the
log deviations (p;f| to and Yy, 1s

1 1 . 1-—
Z Bt tO]E |: <1 + (Pt‘to + (P t|t()> - Yt|t0 - (pt|t0Yt|t0 ( )Yt‘to + ﬁg. [A1122]
t=to

Given the parameter restrictions, Proposition 1 shows that 0 < 3 < 1. Equation [A.11.21] shows that Yt
depends only on the stationary variable at|t0. Using equation [A.11.19], (pZ‘| 4, 1S given by:

t—to

(p;tk|t0 = a(c; Criolto — Tt|t0 )+ Z ( mi—tto T ‘X)gt—é> )

which is a sum of stationary Varlables. The variance may increase with ¢, but since all terms dated ¢ in
[A.11.22] are multiplied by B!, and as 0 < f < 1, the value of the welfare function is well defined. With
Vit = 0? and (p;f‘ 4, being independent of policy from ty onwards (denoted by .#,), equation [A.11.22]
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reduces to:

o
%0 = - Z Bt_tO]EtoYtlto + '-ﬁto + 63'
t=to
Hence, the welfare function can be written as #;, = —%, + %, + 02, where the loss function .%}, is as
defined in [3.31]. The coefficient of the debt gap is taken from [A.11.21]. This completes the proof.

A.12 Proof of Proposition 12

The welfare function [3.26] is evaluated at the Pareto weights associated with the first-best level of output
Y; and complete financial markets open for securities paying off from ¢y onwards. Given the first-best level
of output, part (iii) of Proposition 11 shows that the complete-markets equilibrium is the only first-best
consumption allocation that can be implemented using monetary policy. Following the proof of part (vi)
of Proposition 11, these Pareto weights (AZ:‘ 4, must satisfy the equivalent of equation [A.11.15]:

t—to

- PSRRI - 1

Tito {H 53;15“0} = C*:C,ﬂt()@atoyto" with normalization @3, = T [A.12.1]
/=1 to

where sﬁ;“ t is the sequence of Lagrangian multipliers on the resource constraint in the social planner’s
problem. Since the Pareto weights and Lagrangian multipliers are determined only up to scale, the nor-
malization in [A.12.1] is imposed, which means that one unit of the welfare function is equivalent to a 1%
increase in the initial first-best level of output (see Proposition 11).
Equation [A.12.1] makes use of the result from part (v) of Proposition 11 that the consumption ratios
c; tito in the equilibrium with complete markets open from ty onwards depend only on variables that are
predetermined at date ¢y, not on the stochastic process for real GDP. This means that these ratios are
the same irrespective of whether actual real GDP Y; is equal to the first-best level of output Y, formally
The discount factors * in [A.12.1] are taken as given by the policymaker, but are

¢ =, .

T,t‘to T,t|t0 T,t|t0

evaluated at the consumption allocation ¢ o These too are independent of the actual value of real GDP
=0

Cx *
hence 5T,t|t0 7,t|to

c*i‘to‘to / }A/té_“, confirming the statement in the proposition.

because of the same property of ¢ . Using equation [A.12.1] at t = tg, the required

7t|t0’

Pareto weights are seen to be (AZ:‘ =
0

Following the proof of part (vi) of Proposition 11, define a transformation 95:;\750 of the Lagrangian

*

multipliers &%, | the equivalent of equation [A.11.17]:

t|to?
ﬁé* t—to (127* o+
Ak tlto Ak * _ at—to Ttlte” Titlto
(,Otlto = ﬁt*tO y and hence QT|t0 H 5T,t—f|t0 = ﬁ W, [A122]
(=1 t

where the latter equation uses [A.12.1]. That equation implies gba +, 1 given by:

* X 1rt—"to S$* ~ 1—«x
[ Ertolto [T= T,tf€|t0(1 + Gt—1)
Piitg =

[A.12.3]

*
T,t|to

Btfto ’

where §; is the growth rate of the first-best level of output Y, (equal to output with flexible prices). Since
none of the complete-markets consumption ratios Ci’” t) discount factors 5;“ 4> DOT g+ depend on policy
from tg onwards, neither does @:‘ to"

Substituting [A.12.2] into the welfare function [3.26] and using the utility function in [2.1] leads to:

~ * 1— * 1—
- = t—toyp SO:Ito 1 gyﬂtocbat(x 1c (s)ft\tocs,t i
=2 BTy, viel2 1-« ™ '
t=to

Since flexible-price output is Y; = A, it follows from [4.9] that A, = Y, /Y;. Using this and the definition
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of Ty, in equation [A.11.18] of the proof of Proposition 11, the welfare function can be written as follows:

00 95* t_(l_o‘)T_(l_o‘)
Wig =3 BE,, | — tto [A.12.4]
t=to

The link between A; and inflation 7, is given in [4.11]. With a zero-inflation non-stochastic steady
state (7 = 0), the steady-state value of A; is A = 1, which implies §; and g; have the same steady-state
value. This means the non-stochastic steady state of Proposition 1 is the same in this version of the model,
and the log linearizations of part (v) of Proposition 11 continue to hold. The term T, is identical to
that appearing in the proof of Proposition 11, and as there is no change to the non-stochastic steady state
here, it has steady-state value 7 = 1 and its second-order approximation is as given in [A.11.21]. With
the same steady state as before, equation [A.12.3] confirms that ¢ = 1, as in Proposition 11. The second-
order approximation of the welfare function in [A.12.4] in terms of log deviations of variables from their
non-stochastic steady-state values is therefore:

o0

_ 1 - 1.2

%0 - Z Bt tO]EtO |:1—O( (1 + (pt|t0 + 2(‘p*t|t0> - (At + Yt|t0)
t=to

(1- o)

= g (Dt + Vi) + (A + Vyio)?| + 0°. [A12.5]

A second-order accurate approximation of equation [4.11] around the zero-inflation steady state leads to
the following recursion for Ay:

e(1+e&) o
2 (1-o0)

This implies that A; = 0A;_1 + 02, and hence Ay = ¢ under the assumption that initial relative price
distortions are second order (A¢,_1 = €2). Without introducing first-order relative-price distortions ex-
ogenously, equation [A.12.6] implies these would never emerge endogenously. It is known from [A.11.21] in
Proposition 11 that Yy, = 0?, and equation [A.12.3] confirms (f’a 4 18 independent of policy choices from

Ay = 0Ai 1 +

o+ O°. [A.12.6]

to onwards. Thus, the second-order approximation in [A.12.5] reduces to:
oo
Wi =— > BBy Yy + Ad] + I + O, [A.12.7]
t=to
where .#;, denotes terms independent of policy choices from ¢y onwards.
The recursion for A; in [A.12.6] can be iterated backwards to obtain:
t—to

At © )2017'[?_@4‘%0—*'@3,
=0

_£_9
S 2(1-0

where the term Gt_tOHAtO_l is independent of policy from to onwards (this depends only on predetermined
variables). Hence, the expected discounted sum of current and future relative-price distortions is:

> t—t e(l+e&) o > t—t = 2 3
ST BT E, A, = 5 (176)26 0N 0Byt + Sy + O,
t=to t=to £=0

and by changing the order of summation this can be written as:

[e.e]

oo
Z BITOE, A = % Z BITNOE 7 4 S, + O3, where k =

t=to t=to

o(1+ €&)
(1—0)(1—Bo)

Substituting this result and equation [A.11.21] into [A.12.7] confirms the expression for the loss function
%, Where #;, = — % + S, + O3,

Since the log-linearizations of Proposition 4 and Proposition 11 continue to hold, the first constraint
in [4.14] follows immediately from [3.30b], and the transversality condition on j; follows from part (iii) of
Proposition 4. Relative-price distortions A; = Y, /Y; are such that Ay = 02, hence g, = g; + 02. Since
[3.9a] and [3.11] imply that r} depends only on the stochastic process for real GDP, it must be the case that

[A.12.8]
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*
tlto”
the second constraint in [4.14] is deduced. This completes the proof.

r; = ;. Equation [3.30a] also implies r} =t Together with the equation for ¥y, = r, —r}

it 0 [3:30b)],

A.13 Proof of Proposition 13

(i)  Optimal monetary policy with commitment starting from date ¢, minimizes the loss function [4.13]
subject to the constraints in [4.14], which must hold for all ¢ > ;. The endogenous variables are the
debt gap at|t0, inflation 71y, and the bond yield j;. The exogenous variable is the natural real GDP growth
rate g; (with flexible prices), which determines (using [3.11]) the complete-markets ex-post real return t;
associated with this sequence of real GDP growth rates.

The Lagrangian for the constrained minimization problem is

Ly, = % Z BITOE, {Ndaato + Nnﬂﬂ + Z BITIOE, [-It\to {Aaﬂto - at+1|to}} + Z BIOE, [:lﬂto{

t=to t=to t=to

1 . VA ~ ~ . . it .

Tt T Tt dyjy + Adi_1ty — r?}] + Ty Jim (Br)™ 0 Ergje,  [A-13.1]
with the coefficients of the debt gap and inflation in the loss function [4.13] denoted by R4 and R, and
where the Lagrangian multipliers _lt|t0 and :lt‘to are for convenience expressed in current-value terms by

scaling by B¢~%0. The first-order conditions with respect to at|t0, My, and j; are:

Radyjey +ATejty — B~ Te1jtg — Dujeg + BAE 41, = 0; [A.13.2a]
Rty — Ty = O [A.13.2D]
BEtJt-i-l\to - Ble3t|t0 =0, [A.13.2c]

where the notational convention is adopted that _It|t0 =0 for all ¢ < tp (the policymaker does not consider

constraints prior to tp). Furthermore, the transversality conditions of the constrained minimization problem

[A.13.1] that must be satisfied by the multipliers T, and T}, are:
Pu Et0:t|t0

. t*to _ _ .
tliglo BT g =0, and Ty = 1—Bu tllglo pt—to

Equation [A.13.2¢] implies E¢J 1, = n3yy, for all £ > tg, and equation [A.13.2b] implies Jyp;, = Va7
for all t > to. With Ry > 0 because o > 0 (from [4.13]), combining these equations implies for all ¢ > ¢y:

Etﬂt+1 = UTT;. [A134]

[A.13.3]

This establishes that optimal monetary policy must feature inflation persistence with autoregressive coef-
ficient p.

Iterating forwards the first constraint in [4.14] and the optimality condition [A.13.4], the expected future
paths of c~it|t0 and 7 for any t > tg must be as follows for all £ > 0:

Etat+g|t0 = Azaﬂto, and ]EtT[t+g = H.ET[t. [A135]

Using [A.13.2b], [A.13.2¢], and [A.13.3], the Lagrangian multipliers J;, and I}, can be expressed in terms
of inflation:

_PBr
1—Bu
Now consider the first-order condition [A.13.2a]. Multiplying both sides by f > 0 and substituting
terms in inflation 7t for those in 3, using [A.13.2b] yields the following equation that holds for all ¢ > to:
Tie1jto = BA Tyt + BNdat\to — BRA7; + BIARAE T4 1.
Using [A.13.5], the expectations of future inflation can be replaced by terms in current inflation:
Ti—1jto = BA Tgjeo + BNdat\to — B(1 — BUA) N7

Taking expectations of this equation at time ¢ + 1 conditional on date-t information and making use of

:t|t0 = Nnﬂt, and Fto = NT[T[to'
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[A.13.5] implies that the following must hold for all ¢t > to:
Thito = BAE: Tesajtg + BARadyyry — Br(1 — BuA)Ramy.

This equation can be iterated forwards to deduce:

Toto = D (BN Er | BMRady g, — Bi(L = BIANae] + lim (BN Er Tos s
=0

and by taking expectations of the transversality condition [A.13.3] and noting that 0 < A < 1, the final
term must be zero. Thus, Ty, is given by

Tejto = BARa Y (BA) Eydyygpsy — BR(1 — BEARZ > (BN) By .

=0 =0
By using the results in [A.13.5], this yields the following expression which holds for all ¢ > ¢:

Tijo = BARg (Z(BW) dyjre — Br(l — BuA)Ry (Z(BW) m
/=0 =0
A -~
= Ndl_ﬁwdt'to — Nﬂﬁuﬂt. [A136]

With the expression for _It|t0 in [A.13.6] and noting the initial condition _[to—l\to = 0, the first-order
condition [A.13.2a] at date t = tg is:

BA - -
0=pA <Ndlﬁ}\2dt0to — NPy, | + BNddtOHO - p(1 - BW\)Nﬁﬂto’
which simplifies to:
N4 ~ Ny ~ ~
(1 —_ BA2)dt0‘t0 = Nﬂnto’ or (1 _ B)\2) (dto‘to - }\dt071|t0) = NT[T[t(w [A137]

where the latter holds because of the initial condition ato_”to = 0 (gaps are zero for any t before tj). Now
consider any t > tg + 1. The first-order condition [A.13.2a] together with equation [A.13.6] implies:

BA ~ BA -
Ndl _7‘3}\2 dt—1|t0 - NT[BPUthl = BNddﬂto — E)(]. — E)},L}\)Nnﬂft + B?\ Ndmdt‘to — Nﬂﬁuﬂt ,
which simplifies to the following, which holds for all t > to + 1:
Ny ~ ~
=) (dejeg = Adi—yjtg) = N7 — p7ee—1). [A.13.8]

Taking the differences between equations [A.13.7] and [A.13.8] and their expectations conditional on infor-
mation available one period earlier, the following optimality condition is obtained that must hold for all
t> to:
Ng
(1 BN?)
For any ¢t > to, by taking expectations of the second constraint in [4.14] at time ¢ + 1 conditional on
date-t information and using the first constraint in [4.14] to cancel terms from the equation, the bond yield
Jj+ must satisfy:

jt = BuEgir1 + (1 — Br) (Bymmygr + ity ).

Iterating this equation forwards implies

(at|to - Etflaﬂto) = Nn(ﬂt - Etflﬂt)- [A.13.9]

o0
jt=(1=pBw) Z(ﬁM)ZEt[”tHH + fiyel + lim (BH)EEU}H,
e {—00

and since the final term is zero given the transversality condition for j; in [4.14], the bond yield j; for any
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t >t is:

o0

Jo= (1= B Y (W) Bylrape + 414, [A.13.10]
=0

Taking the difference between the second constraint in [4.14] and its expectation conditional on information
available at date ¢ — 1, the innovation to the debt gap for any ¢ > g must satisfy

dyjey — Br-1dyy = —(m — Bram) — < —16H(jt — Be_jy) — (7 — By 7). [A.13.11]
Using equation [A.13.10], the innovation to the bond yield j; is:

Jt = Ei1je = (1 — Bp) i(ﬁu)é (Etlter1qe + a0 — Beoa[Tqaqe + Fi10])

=0

and by substituting this into [A.13.11], the following must hold for all ¢ > t:

iuo—lﬂfliuo=-—Si(BuV(EdﬂHf+*§M]—I&fﬂﬂﬁﬁ+fa%D. [A.13.12]

=

In what follows, define a vari(z;ble o

pt==§i(BuV(Eﬁa%——En4ﬁ;a, [A.13.13]

(=0

where this variable is an exogenous martingale difference sequence (IE;—1¢; = 0) by construction. Using
the formula for expectations of future inflation in [A.13.5], the discounted sum of future inflation is given
by

L _ 2 _
Z(Bu) Emtei e = (Z (BM ) ) = Wﬂh
=0 =0

which is valid for all ¢ > ¢y. This equation in conjunction with [A.13.12] and the definition of g; in [A.13.13]
implies that the innovation to the debt gap satisfies the following for all ¢ > t:

~ ~ 1

dt|t0 - Et—ldt|t0 = —72(7& —Ei1m) — o1 [A.13.14]
1—Bu

Combining this equation with the optimality condition [A.13.9] implies the following equation for the

unexpected component of inflation

N 1
(1 - [3?\2)&—:(7[15 - Et—lﬂt) = —m(ﬂt - Et—lﬂt) — Pt

which has the solution below for all ¢ > ¢g:

N
T — Et—lﬁt = —(1 — BLLQ)Xpt, where X = (1 + (1 — BMQ)(l — BAQ)NT[> . [A1315a]
d
Substituting this into [A.13.14] yields the solution for the unexpected component of the debt gap:
dijrg — Br—1dgsy = —(1 — X)pr. [A.13.15b]

Combining this with the first constraint from [4.14] confirms the solution for the optimal evolution of the
debt gap in [4.15a]. By using equations [3.9a] and [3.11], the complete-markets real return r; with flexible
prices (that is, when g; = g;) is given by

oo
= e (- 0) S B (Bidse — Brrdirs),
=0

and by substituting this into [A.13.13], o; can be expressed as:

pr=(1—-0o) Z B (Begrre — Bro18i40) + “Z(BH)Z (Et&t+e — Er—18110) - [A.13.16]
=0 =0
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This confirms the expression for g, in [4.15a]. The formula for x in [4.15b] is verified by substituting for
the loss function coefficients R4 and N in [A.13.15a] using [4.13].

(ii)  Substituting the solution [4.15a] for the debt gap into equations [A.13.7] and [A.13.8] and using the
formula for x from [A.13.15a] leads to the solution for inflation given in [4.16].

(iii)  With Y, = A, it follows that g, = Ay — A;_1, and hence g; is a stationary and invertible stochastic
process under the assumptions in the proposition. The stochastic process for g; can be expressed in the
form:

o
g =O(L)e;, where O(z) = Z{)gzg and €; = g — Ey 18, [A.13.17]
£=0
for some sequence {9;} with 89 = 1. The innovation €, is such that €;_y belongs to the date-t information
set for all £ > 0. The expectation of g;1, conditional on information available at time ¢ is:

o
Etét+€ = Zﬁf+]€t—]7
J=0

and hence using [A.13.16], [A.13.17], and the definition of the z-transform ©(z), the term g, is given by:
o1 = (@O(Br) + (1 — 2)O(B)) €. [A13.18)

Now consider the level of weighted nominal GDP N ; = P; + wY;. Noting that Ny ; — E;— 1Ny =
(my—IE17)+w (gt —E:—1g:), by using the solution [A.13.15a] and [A.13.17], the condition N+ = ;1N ¢
is equivalent to

wO(0)e; — (1 — Bu?)xpr = 0.
Substituting the expression for p; from [A.13.18] it can be seen there is a weight on real output (denoted

by ) such that weighted nominal GDP is insulated from shocks on impact (though not subsequently).
This weight satisfies the following equation:

6(0)d = x(1 — Bu2) (O(Bp) + (1 — )O(B)) (A.13.19
The weight w* from equation [3.15] of Proposition 5 satisfies the following equation
O(Bw' = a0 (Bu) + (1 — )O(B), [A113.20)

and hence the solution of [A.13.19] is as given in [4.17b] (©(0) # 0 due to the invertibility of the real GDP
growth stochastic process). As this argument shows, [4.17b] is equivalent to the surprise component of
inflation in [A.13.15a], and together with ;7,11 = pm for all ¢t > ¢, the implied solution for inflation is
identical to that given in [4.16].

Consider now a weight such that weighted nominal GDP is insulated from shocks in the long run, or in
other words, where it is a stationary variable (or equivalently, the price level P, and the level of real GDP
Y, are cointegrated). First, note that the solution for inflation in [4.16] can be written explicitly as follows:

t—to
mo=—(1—Bu)x > wpie,
=0
or equivalently in terms of an initial condition represented by the variable z;:

o0 o0
M= —(1—Bu?)x Y worp— Tz, 1, where z¢o 1 = —(1— Bu?)x > wpr,—- [A.13.21]
=0 /=1

Using equation [A.13.18], inflation is thus

= —X(1 = Bu?) (@O (Bu) + (1 — )O(B)) (T — ML) 'er — u' ™0z 1,
where L is the lag operator and I is the identity operator. Together with [A.13.17], the change in weighted
nominal GDP is ANy ; = 7 4+ wgy is:

AN = (wO(L) — x(1 = Bu?) (aO(B) + (1 — )O(B)) (T~ uL) ") e — 1™ 0zg1.
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Since 0 < p < 1 and given the definition in [A.13.21], the term p'~0z, _; tends to zero as t — oo for fixed
to. Weighted nominal GDP is therefore stationary if the function of the lag operator in the equation above
has a root at unity. This occurs when w = @, which satisfies:

x(1— B2) (xO(BR) + (1 - 2)O(B))
I—p

and by using equation [A.13.20] that is satisfied by w* from [3.15], the solution is as given in [4.17a]. The

term O(1) in the denominator is non-zero because of the invertibility of the real GDP growth stochastic

process. This completes the proof.

O(1)® =

)

A.14 Proof of Proposition 14

In each time period t, the policymaker chooses inflation 7t;, unconstrained by any past announcements, and
at all future dates the policymaker will have the same freedom. The objective at each date ¢ is to minimize
the continuation value of the loss function [4.13]:

Y 72 2
L= ;) B'Ex [Rad?, g + Narise] [A.14.1]
where R4 and R, denote the coefficients of the debt gap and inflation in [4.13]. Policy decisions at time ¢
must be consistent with the constraints [4.14] from ¢ onwards, taking variables determined before time ¢ as
given. The constraints are:

L -
1—pu 1—pu
where the definition at_w = 0 has been used. The debt gap atw = dgype — d

Etat+1\t = Aat\h Jt — T — at|t =f;, and EILTO(BH)ZEJH[ =0, [A.14.2]

* : .
trefe 18 defined relative

to the debt-to-GDP ratio dy ot with complete markets open from ¢ onwards. Using equation [3.30a] of
Proposition 11 at ¢t 4 ¢ with tg = ¢, for each £ > 0, d;:k+6|t is given by:
tree = di + A (dyy —df ),
with dj from [3.11]. Repeated use of this equation together with the definition of the debt gap allows the
following to be deduced for any £ > 0:
ditepe = diye — d:+e|t = (dye — d:—&-ﬁ\t—i-é) + (d:+e|t+e - df+e|t) = diyeere
+ (dfe + Mdegr1 — dipy)) — (dﬁe Ay — d?ﬁ) = dy oot

+A (dt+£—1 - (df+e—1 + A (di1 — d§_1)>) = dipejere + Mepo1pe [A14.3]

Taking expectations of this equation in the case of £ = 1 conditional on date-{ information implies
Eidi 1141 = Eedipqp — Ady, = 0, using the first constraint in [A.14.2]. The law of iterated expectations
then implies for all £ > 1:

Eydy g0 = 0. [A.14.4]
Equation [A.14.3] can be iterated backwards until at_l‘t = ( is reached to obtain the following:
¢
dpsepe = Z A9y et [A.14.5]
7=0
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This equation can be used to convert the sum of terms in at+g|t in the continuation loss function [A.14.6]
into a sum of terms in aH_ng_g:

2

0o [e'e) l
D BB g =D BE | [ D ATy,
=0 =0 7=0

00 V4 { -1 00
¢ l— =33 l—1 g
- Z I ZO‘Q) jdt+a|t+a + QZZ?‘ INT el | = Z (BA%)? Z B’ Etdt+€|t+ev
=0 1=0 7=1 =0 1=0

where the second line uses the law of iterated expectations together with ]Etﬂatﬂ“ﬂ = 0for 0 <1 < 7 (from
[A.14.4]), and then the order of summation is changed for the remaining terms. Therefore, the continuation
loss function [A.14.6] at time ¢ can be expressed as:

R Rq
%= S BE: [ —% d7 oo + Nﬂn;,z] : [A.14.6]
=0

Taking expectations of the second constraint in [A.14.2] at ¢ + 1 conditional on date-t information, and
using the result from [A.14.4], all bond yields from ¢ onwards must satisfy

jt = BuEjir1 + (1 — Br)Eg[my 1 + 7 q].
By iterating this equation forwards and using the transversality condition from [A.14.2], the policymaker
faces the following constraint on the determination of bond yields:

o0

jo= (1= B Y (B T Ee[mpe + #y). [A.14.7]
/=1

The implied value of at|t can be deduced by substituting this constraint on the bond yield into the second
equation from [A.14.2] and using the definition of g, from [A.13.13]:
oo
e = —(m — Eramm) — > (BW) (Bemtpe — Beo17040) — o1 [A.14.8]
(=1

Given a sequence of inflation rates, if the debt gap &ﬂt is determined by the equation above at all dates
then all the constraints in [A.14.2] are satisfied. Together with the continuation loss function in [A.14.6],
equation [A.14.8] allows the discretionary policy problem to be reduced to a choice of two endogenous
variables at‘t and 7; subject to a single constraint [A.14.8] at each date with g; as an exogenous variable.
The definition in [A.13.13] implies gp; is a martingale difference sequence (IE;—1p; = 0) that depends on
revisions to forecasts of the exogenous variable ;.

As can be seen from equation [A.14.8], d; is not a state variable. It depends only on the surprise
component of inflation and any forecast revisions to future inflation, together with the exogenous variable
p¢. Since there is no policy action at time t that can affect future inflation surprises or future forecast
revisions of inflation, current policy has no effect on the sequences of future debt gaps &HWH and inflation
rates ¢ that satisfy the constraints from ¢+ ¢ onwards for any ¢ > 1. With the continuation loss function
Lo (from [A.14.6]) independent of policy actions at time ¢ for ¢ > 1, it follows that in a Markovian
discretionary policy equilibrium, current policy actions have no effect on date-t expectations of at+g|t+g or
1 for any ¢ > 1. These expectations can be taken as given when the date-t policy decision is made.

The loss function .%; is thus separated into a component £; that depends on current policy choices and
a component depending on future expectations that are taken as given:

Nq
— PA?

Rq

l
dt+é\t+Z+N7T7T?+Z , where £; = < — BA2

1 o0
L=Li+3 ; B'E; [ d7, + Nnﬁ) . [A14.9]

Discretionary policy at date ¢ therefore minimizes the period loss function £; subject to the constraint
[A.14.8] at date t, taking all expectations of future variables as given. Using [A.14.8] to substitute for d,
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in £ from [A.14.9]:

1 R
& == d

o 2
s |10 <_(7Tt —Eeo1mi) — > (BW) (Bertise — Beo1mige) — @t) + Rty

(=1

Taking expectations of inflation as given, the first-order condition with respect to current inflation 7 is:

N o0
1_7?3)\2 <_(7Tt — i) — Z(BH)Z(Etﬂt-‘,—K — B 17tye) — @t> = Nn71y,
=1

and this implies the following using the constraint [A.14.8] again:

~ N

dye = (1 — m\?)Nlnt. [A.14.10]

d
The Markovian discretionary policy equilibrium is characterized by the constraint [A.14.8] and the first-

order condition [A.14.10]. Using the law of iterated expectations and E;—1¢p; = 0, equation [A.14.8] implies
[E¢—1d;; = 0. Together with [A.14.10], it follows that IE;_;7; = 0 for all ¢, and hence inflation 7t; must be
a martingale difference sequence in equilibrium (and therefore serially uncorrelated). The law of iterated
expectations then implies ;1 = 0 for all £ > 1, and so equation [A.14.7] reduces to:

at|t = =T — Pt
Combining this equation with the first-order condition [A.14.10], the Markovian discretionary policy equi-
librium is:

- N
dyy = —(1 = X)gr, and m = —x'p;, where x' = (1 +(1- [37\2)Nﬂ> . [A.14.11]
d

This confirms the solution for inflation in [4.18a]. The solution for at‘t above can be converted into a solution
for at‘to for any arbitrarily fixed date ¢y (even though reoptimization occurs at all dates with discretion).

Using equation [A.14.3] and [A.14.11], the stochastic process for at‘to in [4.18a] is obtained. Substituting the
loss function coefficients R4 and Ny from [4.13] into the formula for X" in [A.14.11] confirms the expression
for x' in [4.18D].

By comparing x and x' in [4.15b] and [4.18b] it can be seen that X' < x whenever p > 0. The
solutions in [4.15a] and [4.18a] show that the debt gap at|t0 has serial correlation coefficient A under both

commitment and discretion. Since ¥’ < x, it follows that the standard deviation of &t‘to is higher under
discretion than under commitment. The solutions in [4.16] and [4.18a] show that optimal monetary policy
with commitment implies inflation has serial correlation coefficient p, while the Markovian discretionary
policy equilibrium [A.14.11] features serially uncorrelated inflation. Thus, inflation is less persistent with
discretion whenever w > 0. This completes the proof.

A.15 Proof of Proposition 15

With a zero-inflation non-stochastic steady state (7 = 0), it can be seen from equation [4.12] that the
implied steady-state value of z; is Z = 1 — ¢~!. Making use of this, equation [4.12] can be log linearized

around the steady state as follows:

00 ¢ 4
o
(0B) B | [ (1+€8) <1_G> = (1=e) Y Ty | = | xere+e(1+E) D myy || =0,
=0 L 1=1 =1
which simplifies to the following equation:
00 [ o 4
;(GB)ZEt (1 + EE,) 1— O_7Tt - j_ZIT[t+J — X¢qp | = 0.
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By changing the order of summation, the equation is equivalent to:

(1+¢€8) <(1 — 0‘)?1 — Gﬁ)m 1 (_TB;B Z(Gﬁ)ZEtWtHH) - Z(Uﬁ)eEtxtM =0,
(=0 =0

and since this must hold for all ¢, subtracting from the above of3 multiplied by the expectation of the
equation at time t + 1 conditional on date-t information leads to:

o(1+ €&)
— opBE —B(1—-0o)E —x¢ = 0.
1—0)(1— op) (e — OBEmt41) — B(1 — 0)Eymyq1) — %
Therefore, the following Phillips curve is obtained:
o(1+ e€é)
—BE = h = . A.15.1
K(7te — PTG 41) = x¢,  Where K 1—0)(1— op) [ ]
Now consider the expression for real marginal cost in [5.13]. This has the following log-linear form
1+ & -
Xt = lyt|t0 + <n> At -+ VYt‘to? [A152]
as does the wedge Wy, also defined in [5.13]:
x M - Ns -
Wi, = c + ——-=c ) . A.15.3

Suppose the Frisch elasticities are the same for both types of household (n, = 1), in which case equation
[A.15.3] reduces to:

1. 1.
Wy = <2Cb,tlt0 + 2cs,t|to> .

The log linearizations derived in Proposition 11 remain valid here, and substituting the equations for the
consumption gaps from [3.30b] allows the above to be stated in terms of the debt gap dy,:

1 0 1 0 1—BA\ -~ 92 1—BA\ -~
re=e(3(120) (:%0) (5= (o %) () am s

Now consider the case where the Frisch elasticities are heterogeneous, in particular:

(1—-0)n (1+0)n

_— d ng=-—"— A.15.5
1+on . M= o [A.15.5]
which are well defined if n < 87!, These formulas imply

1-9 . 1+0
M, ) and 1 - n(1+0)

Np =

= ) = , A.15.6
1+mp 1+m 1+m1s 1+m [ ]
and by substituting the above into equation [A.15.3]:
x (Mm(1—-10). n(1+0)_ (1-90). (1+0)_
qjt‘to = % ( 1 +1 Cb,t|to + 1 +1 Cs,t|t0 = 9 Cb,t|t0 + 72 Cs,t|t0 =0. [A157]
In summary, the log linearization of Wy, is:
) (7) -
- o i =
Wy = —Wdy,,  Where 1 = (1—92 =5 =1 . [A.15.8]
0 if n, as given in [A.15.5]

Hence, using this equation and the result A; = €2 from Proposition 12, equation [A.15.2] becomes:
Xt = V?t‘to — ll)at‘to. [A159]
The Phillips curve [5.14a] is then obtained by combining equations [A.15.1] and [A.15.9], with the expres-

sions in [5.16a] and [5.16b] for 1 confirmed using [A.15.8].

Using the results from Proposition 4, the real return r; = r}

o in the hypothetical case of complete
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markets given the actual real GDP growth rate g; is:

if=og + (1— )Y B’ (Ergre — Ee18r4e) - [A.15.10]
/=0

Using the definition of the growth rate g; = Y; — Y;_1 and the output gap \?t|t0 =Y. —Y}, it follows that

t|t0
g =Yt — Yi1+ g, , and hence:

oo
Z B Eigiie = Z B'E, [Yt+€\t0 ~Yereo 1|t0} + Z B Eeg o1,
=0

=(1-B) (Z BeEt\?tMuo) ~ Yoot + Y B EE gy [A15.11]

=0 =0

where the second line is obtained by collecting terms in \?t|t0. Iterating forwards the Phillips curve equation
[0.14a] leads to:

(o] oo
K o . i N
S (ﬂt - Zh—glo p Etﬂt+é> = ego B E Y pei, — b ;0 B Eed ;-

Given that iy = p; + Eymyq and py = odfygyqq from [3.9a] and [3.10], since real GDP growth g; is sta-
tionary, the restriction that i; is stationary can only be satisfied if inflation 7; is stationary. This requires
limy_,oo BTy, p = 0. The stationarity restriction is seen below to be without loss of generality in the op-
timal monetary policy problem. Using the limit together with ]EtanO = Agat‘to from [3.30b], the equation
above becomes:

(1-p) ZZ:% B EY ey = (1_\/6)Kﬂt + %(1 -B) (g(ﬁ)‘y) dyr, = < _VB)K”t + \tlz(ll__ﬁﬁ)\))attm

and substituting this result into [A.15.11] leads to:

S g, — (LB (- B)
; B gy = ——m + V= B}\)dﬂto Y1yt + g B B8 o1, [A.15.12]
Now let rj, denote the value of rj from [A.15.10] in the hypothetical case where g; is equal to &1 for all

t > to:

o0

A% Ak l Ak A%

Fito = %8y + (1 — ) Z P (Etgt+e|to - Et—lgt+€|t0> -
=0

Combining this with equations [A.15.10] and [A.15.12] it follows that r} is:
(1—o)(1 =Bk (1-a—-B)

v v(1—BA)
and by substituting this into [3.13], the second equation of [5.14b] is obtained. The first and third equations
follow respectively from the results in Proposition 11 and Proposition 4.

rr = oYy — Yio1je) + (dy — Be—1dy) + Flito>

(T[t — Et—lnt) +

~ A 11—
The welfare function [3.26] is evaluated at Pareto weights 2 = < ilto /Y*t‘toa associated with the

consumption allocation c* with complete financial markets from ¢y, onwards (which depends only on

T,t|to
variables that are predetermined at date tg, as shown in Proposition 11), and the level of real GDP Y;Tt
with flexible prices and complete markets from [5.12]. With 6* ilto denoting the given discount factors

associated with the complete-markets consumption allocation, these variables must satisfy:

t—to
T\to H 5Tt o ( = € ’Tt|t()¢t|toy t|t07

/=1

*
where étlt

problem. Following the same steps as in Proposition 12, with the normalization 515 =1/ Y and the

denotes the sequence of Lagrangian multipliers on the resource constraint in the social planner’s
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definition of the transformed multipliers 4,27:‘ o = }AftTtodga to/ Bi~to by substituting the utility function [5.1]
into [3.26], the welfare function is:

0o x o*& ol-« HH—% % Ol H1+i
W = Z Bt Ptlto btlto bt  Hpi s.tlto Y [A.15.13)
o O | ypelo 2 1—o L 2 1—o L e
t=to *tlto T+ 5 145

The transformed Lagrangian multipliers cﬁ:‘ to have a well-defined steady-state value and are independent
of policy from ¢y onwards following the argument in Proposition 11 and Proposition 12.
Using the definition of the variable 7}, in equation [A.11.18], the terms in consumption from [A.15.13]
can be written as
C*g,t‘to C]i;(x +
2 1-« 2 l-a l-«

= . A.15.14
5 A15.14

*0 1—o I-a / s« 1-a | sx l-« —(1-a)y 1—a
C s tlto Csit B Ytlto ChtltoCht T C s tltoCst - Tt|t0 Yt|t0
11—«

=

The terms in hours from [A.15.13] can be analysed using the labour supply and demand equations in [5.3]
and [5.8] as follows:

—X
wy H} o l-l-nL 1-%-“L _“tht}/t
o1 = WraHry=Cr,H ", and hence Ho ;™ =cij—— .

The terms in aggregate variables on the right-hand side of the second equation can be rewritten using the
aggregate production function from [5.8] and the expression for wages in [5.10]:

—x (+&)(1+5) / e
weH Y, (AY, ( ”) Ty T | Tt T
-1 = Cht  Cst
1—c¢ 1 At ) )

[A.15.15]

)

and by using equation [5.12], A; can be replaced by a term in the first-best level of output YtTto:

- e () (g (e (14
BT 1 (ot ) T 2 (o))

1—e 1 1+& \ Dliosilty , otE+ LEE ’
Y t|to
where ¢ 450 = Crit /ck fto" Noting the definitions of the output gap fﬂto =Y,/ Yt’lﬂto and the variable ¥y, in
[5.13], the equation above implies:
w H Y, ™ 1 (148 (144 ) - (148) (1+£
: = AMVAY ( “)Yt'to ( “). [A.15.16]

s l—a T
(1 _ 6_1)Y*t|to 1 + E»
Combining equations [A.15.14], [A.15.15], and [A.15.16] and using the definitions of ¢, 4, and }N/ryt\to again:

1+% 1+L

1— 1— s
1 C*g,t\to Cb,t“ B Hb7t C*é’ft\to Cst * B Hg,"
21— _ 1 — 1
Y*t|to 2 l—a 1+ - 2 l—a 1+ s
—(1—a){r1— a+&)(1+31) - a+e)(1+2
Tt t( (X)Ytlt 04 1 - B 1 n B !pt\toAt ( ﬂ)}/tt ( W)
_ _tlto to (2 _Tb a2 Ts za Ito [A.15.17]
1—o 2141 Ptlo T 21 4 q  Stlto 1+§ B
Define as follows a variable =y, in terms of the consumption gaps ¢; 44,
b ms \ THh o, e [ g% 4 s X
= T ~xTns |\ TFap T THns 1+, btlto 14ms s tlto
Stlte = (Cb,t|tk()) cs,t|]20> o ( T | T ; [A.15.18]
I+np -~ 14ms

and with this definition, the definition of ¥, in [5.13], and equation [A.15.17], the welfare function [A.15.13]
can be written as:

(1+8)(143) o (1+8) (1+2)

o0 _(1_0‘)5}1_“ :‘t\t
_ . tlt tlt —tlto tlt
Wio = B Ry, [l 4 — L (X' 0 _ 'f . [A.15.19]
t=to (1+¢) (1 + ﬁ)
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Now consider the variable =y, defined in [A.15.18]. Using Proposition 1, this variable has a well-defined
steady-state value given by = = 1 whatever assumptions are made on 1n,. In the case that n, = n, the
formula for =y, simplifies to:

1 1 * 71 1
=[x a2 Lo« Lo«
Stlto = \ Sb,t|to Cs.tlto 9 b, tlto + 9 sitlto | -

A second-order accurate approximation of this equation around the non-stochastic steady state is:

=2 2 2
- Ttlto X ~ X" ~ 2 X = X" -9 ~2 3
Ztlto T 5 = §(Cb,t|t0 + Cotlty) + Ky (Chotfto T Cstlte)” — §(Cb,t|t0 + Cotto) + 1 (Chtito T Cotpte) + 07,

and since the first-order terms cancel out on the right-hand side, it follows that =Z;;, = 02, which implies
the term in Etz| 4, can be subsumed into 03. Expanding the brackets of the remaining terms and simplifying
leads to:

~ ~ 2
- o2 Cs,tlto — Cb,tlto o8
Sn=o \ T ) T

and then substituting the equations for the consumption gaps from [3.30b] (which hold up to an error of
order 0?) and simplifying the resulting expression:

- of 02 1-BA? o )

=tto = 9 (1— 02)2 ( 1-p > dt|t0 + 0", [A.15.20]
In the case where the Frisch elasticities 1, differ as specified in [A.15.5], the expression for =y, in [A.15.18]
becomes:

1-0 140 \ ¥ _
= _(s2 g2 1-0. . +ﬂ5—o¢
—tlto b,t|to s, tlto 9 “btlto 9 stlto )

where the formulas in [A.15.6] have been used. Since [3.30b] implies (1 — 0)& 4z, + (1 + 0)& 41, = 02, a
second-order accurate approximation of Zj, is:

2
ity = by (Cb,t|t0 + Cs,t|to> + 0°.

2 2
which can be written in terms of the debt gap as follows
- o? 92 1—BA? 5, 3
=tto = 9 7 _ g2 < 1—-p > dt|t0 + 07, [A.15.21]

where the formula makes use of [3.30b] again.
Taking a second-order accurate approximation of the terms in brackets in the welfare function [A.15.19]:

(1+8) (143) S (1+8) (1+2)

—(1—a)yr1— =
Ttlto i Y;lto“ B St A ' Yilto i — LI L + (\?ﬂt = Yilto)
0 0
- (1+8)(1+13) L= 4g) (143
- 1=2 1+ a) 1+ 1
1— ) Ztjto T 3 - ( 1 - _ -
+( 9 )(Yt|t0_Yt|t0)2— - | (1) _(At+Yt\to)_ 2( ) (At+Yt|to)2_;t|t0 (At_‘_Yﬂto)
(1+8) (1+3)
1 1 = Vo~
+ ﬁg = 1— - 1 tlto — tio | - At - §Y§|to + ﬁga
x (1+£)(1+ﬁ) (1+£)<1+ﬁ>

where the second equality is obtained by grouping terms, using the definition of the coefficient v in [5.11],
and noting that Yy, = €2 ([A.11.21] in the proof of Proposition 11), Zy,, = € (equations [A.15.20] and
[A.15.21]), and A; = 62 (Proposition 12). Since the variable cﬁ:‘ +, 18 independent of policy from ¢y onwards
(denoted .#,) and the terms on the right-hand side of the equation above comprise a constant plus second-
order terms, it immediately follows that the second-order approximation of the welfare function [A.15.19]
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is:

oo =)
= vV~ .
Wig =3 BBy, | | Vi + tto +AH YR |+ S+ O [A.15.22]
- 1 141 2
i=to (1+&) ( + n)

Using the second-order approximation of Ty, in [A.11.21] and equation [A.15.20] or [A.15.21] as appropriate
depending on the assumptions about the Frisch elasticities 1:

= Ry 4 e ) Rae i, =1
Yt|t0 + t|t0 1 - 7dd2|t0 + 637 Where Nd = (1+£0)($-|1+n)(1 92)) ‘ —
(1+8)(1+1) Lt ey ) Rae i [A155]

with Rq . denoting the coefficient Xq in the case of inelastic labour supply from [A.11.21]. Using the equation
above and by substituting the expression for the summation of A; from the proof of Proposition 12 in
[A.12.8] into [A.15.22], the formulas for the second-order approximation of the welfare function [5.15] and
the coefficients in [5.16a] and [5.16b] are obtained. Given that this loss function cannot have a finite value
if limy_,oo PB4 # 0 (since 0 < B < 1), the earlier restriction limy_, B‘E;m,4p = 0 is without loss of
generality here. This completes the proof.

A.16 Proof of Proposition 16

(i)  Optimal monetary policy with commitment starting from date ¢y minimizes the loss function [5.15]
subject to the constraints in [5.14a] and [5.14b] for all ¢ > ¢y. The endogenous variables are at‘to, T, \?t‘to,
and j;, and the exogenous variable is ?;"l to? which depends on the growth rate g;‘ to of the first-best level of
real GDP. The Lagrangian for the constrained minimization problem is:

1 00 B B B 00 - B B
Eto = 5 Z Bt tOEtO [Ndd?lto + NT[T[? + NYY?‘tQ] + Z Bt tOEtO |:jt|t() {)\dﬂto - dt+1‘to}:|
t=to t=to

o
B 1. Pu .~ 7 Y Y
+ E BRI, |:jt|t0{1_ﬁu_]t—l - Jt = dijgg + Adjry — T — &Yy + XYy

= 1—pp
1—o)(1— 1—o)(1— < T
SR R L M LK KSR R
—+ Z BtitO]EtO |:Jt|t0 {K(T[t - Bﬂt—f—l) - V?tlto +1I)at|to}:| + rt() tl_i{élo(ﬁu)tito]Etojt? [A161]

t=to

where the Lagrangian multipliers -lt|t0, :lt|t0, and Jt|t0 are expressed as current values by scaling by pf~t.
The first-order conditions with respect to dys,, 7, Yy, and j; are:

~ _ 1—o)(1—
Radsey + A Tseo — B~ Te—1jtg — Djto + PAE 41110 — ( a E(B)\)f)w(:tto = Er—13y,) + ¥y, = 0;
[A.16.2a]
1—o0)(1—-p)k
N’]‘[T[t - 3t|t0 - ( )E/ [5) (:tlto - Et—ljt‘to) + Kjt|t0 - Kjtfllto - 0, [A162b]
NY?ﬂto — (X:t‘to =+ B“Et:t+1‘to — V:It|t0 = O, [A162C]
BE: 411t — BTy, =0, [A.16.2d]

with the notational convention that Tt‘to = 0 and Jt‘to = 0 for all ¢ < tg. The constrained minimization
problem [A.16.1] also has the following transversality conditions:

& hm ]Etojt‘to
1 —Bptmoo pb-to

tli{lgo Bt_to-lt|t0 = O7 tli)Iglo Bt_to.-lﬂto = O, and Fto = [A163]

Since [A.16.2d] implies ;3 1}, = uTyy, for all ¢ > Lo, and hence By, Ty, = w03, 4, it follows that the

condition for Ty, in [A.16.3] is always satisfied by Ty, = (Br/(1 — Bit)) Ty e, -
Optimal monetary policy is now characterized, assuming an initial commitment date tg arbitrarily far
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in the past (tp — —o0). The to subscripts are dropped from the debt gap at, the output gap \?t, the
first-best real GDP growth rate g; and ex-post real return r;, and the Lagrangian multipliers T, J;, and
J;. The transversality conditions in [A.16.3] reduce to verifying p¢7;1, — 0 and B*J; 1, — 0 as £ — oc.

The first-order condition [A.16.2d] and the constraint from [5.14b] on the predictable component E;d; 1
of the debt gap imply that expected future values of d; and 3, are as follows for all £ > 0:

Ed; iy = Ady, and B3, = u'd;. [A.16.4]
The first-order condition [A.16.2a] with respect to the debt gap can be simplified using [A.16.4]:
(1—o)(1 = B)BY
(1—=PA)v
The first-order condition [A.16.2b] with respect to inflation can be simplified using [A.16.4] and the formula
for Ny from [5.15]:

1 (1-x)(1-B)
Y%

ey — —Jp —
K

Tio1 = BAT: + BRade — B(L — BAW) D, — (¢ — uTi—1) + B [A.16.5]

(Dt — }l:t_l) + (jt — Jt—l) =0. [A166]

Similarly, the first-order condition [A.16.2¢] with respect to the output gap can be simplified using [A.16.4]

and the expression for Ny from [5.15]:

:lt = ?t — (1_\[-))}1)0(375’ and hence jt — :lt—l = (?t — ?t—l) - (]-_‘\E))u)(x(jt - :t—l)- [Alﬁ?]

The Phillips curve [5.14a] implies the following expression for the change in the output gap:

Ye— Y = g (e — BEytsp1) — (11 — BIE—171)) + %(at —di1),

and by putting this together with [A.16.7], rearranging terms, and multiplying both sides by v/k:
v
E(Jt —Ji—1) = (L4 B)mp — 1 — Brig1) + B(mep1 — Eyrregn) — By — Byo1my)
~ ~ 1-— o4
4 %(dt G - (f”)at ~3).
Multiplying both sides of equation [A.16.2b] by v/« and using this together with the equation above to
eliminate terms in J; leads to:

£V
(1 +B+ ?> T — o1 — Bht1 + B(Tep1 — Eemppr) — B — Beoq7y)

v 1—o)(1— 1-— o ~ ~
= ﬁjt + ()K(B)(:t — },L:tfl) + (fu)(:t — :t—l) — %(dt — dtfl). [A]_GS]
This is an expectational difference equation in 7t; that can be solved given values of J; and &t. Observe
that for any s # 0:
x! (70 — semy 1) — Boe (M y1 — 207)) = (%_1 + B%) T — 1 — P71, [A.16.9]

and define the following quadratic function Q(s):

Q) =P — (1+B+ %) ot 1. [A.16.10]
If ¢ # 0 is any number such that Q(s) = 0 then a comparison of [A.16.8] with [A.16.9] using [A.16.10]
shows that inflation must satisfy

%*l(rct — 1) — B(myr — 2my) — Bery1 — €) =z, where €, = m — Ey 171, [A.16.11]

and with z; defined by:
v 1—o)(1— 1- o ~ o~
7y = ﬁﬂt + ()K(B)(Jt —pdiq) + (fu)(Jt — i) — %(dt —di—1). [A.16.12]
It can be seen from [A.16.10] that Q(0) = 1, Q(1) = —evk ™!, and Q((1+ B +¢ev/x)/B) = 1. Since Q(x) is
a quadratic function of s, this demonstrates the existence of a s satisfying 0 < 3¢ < 1 such that Q(s) =0,
and where this is the smaller of the two roots of the quadratic Q(sc). The larger root must be B!~}
using [A.16.10]. Making use of the quadratic root formula for the larger root, the value of s is as reported
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in [5.17).
Given the innovation €; to inflation and z; from [A.16.12], equation [A.16.11] implies that inflation is
the solution of the second-order difference equation:

(7'[t — %T[t_l) — (ﬁ%)il(ﬂt_l — %ﬂt_g) =€ — €41 — ﬁilzt_l. [A.16.13]
Now define variables Z; and u; as follows in terms of z; and €; from [A.16.11] and [A.16.12]:

1
1— P

00
Zt = %Z(B%)eEtZtJrg, and Uz = €+ —
=0

Noting the results in [A.16.4], observe that:

(Zy — Er_1Zy). [A.16.14]

Z(B%)ZEt [Btre — u3pre1] = 3 — n3ea, Z(B%)EEQHE = (Z(BH%V) = #jt;

> 1-— 1-—
;(B%)KE‘/DHZ - 3t+e—ﬂ = <1—[3'3PZ4> (:lt - H:tfl) - <1—[3|:u4> Ji—1; and

S - - 1— - 1—A \ -
;(B”)EEt[dt+f —diye1] = (1_[5\%%) (d¢ = Ady—1) — <1—f57\%) di—1.

Using [A.16.12] and substituting these results into equation [A.16.14] shows that the infinite sum Z; is well
defined and given by:

_ 1 (a-x0-px (1) -
2t = K(l — f,u%) ( € :t - 0(%(1 - H)(l - BU’)Dt—1> + mdt_l
x(1—Bu)(1 — B sp(1 — )

+ f ((1 —x)(1-B)+ 0 B > (3 —p31) — W@ —Ad;_1), [A.16.15]

where equation [A.16.10] is used to deduce »v/k = (1 — 2)(1 — Bx)/e.
Note that the definition of Z; in [A.16.14] implies Z; = PBxE;Zyy1 + »z;, and hence B~ 'z, =
(Br)"1Zi_1 — E4_1Z;. Tt follows that:

Zy — By 12y Zy oy — Ty 2Zy 1 (L — BrE 12y 1 (Li—1 — B 02
- Bz =|—F—Fm—— ) —(Bx :
1— B 1— B 1— B 1— B

and thus by using the definition of u; in [A.16.14]:
_ Zy — BxEi 1 Z 1 Zi—1 — PrEy_oZ;
€ —€—-1—P 1Zt—l = <t 16_ [5;1 t) - (B%) ! < = 1[5_ B;Q L 1) + U — Ug—1.
Putting this together with [A.16.13] implies that inflation must satisfy:

(1 — semt—1) — (Bse) (1 — semy_2)

Zy — Bl 174 121 — B2y
= — —u;—q. JA.16.1
1_ B% (B%) 1_ B% + u Us—1 [ 6 6]
Now define a variable TT; in terms of Z; as follows:
> Zi o — BBy 1Zs Zy — By 1 Z
nt = E J{é < t=t f_ Bt%é 1 €> y and hence ”t = %ﬂtfl + tl[‘))_[?):{lt [A1617]

=0
As 0 < » < 1, this definition can be used in conjunction with equation [A.16.16] to deduce inflation must
satisfy:

(o —TT) = (Bse) (1 — 1) +up — Y1, where 8 = (1— 20> s‘uy. [A.16.18]
=0

Since €; in [A.16.11] is an innovation (IE;_1€; = 0), uy from [A.16.14] must be a martingale difference
sequence (IE;_ju; = 0). Note that the definition of 4l; in [A.16.18] implies ; = s4l_1 + (1 — 3c)us, and
hence El;,, = s'4l; using the martingale difference property of u;. Taking the expectation of equation
[A.16.18] at time ¢ + 1 conditional on period-t information implies Fy [t 1 — Ty 1] = (Bse) (s — TTy) — LUy,
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and by iterating this equation ¢ periods forward:

¢

|
—

E[7t 0 — Mo = (B2e) (e = T1e) = > (Be) " Etlyyp = (Br) (i — TT)
7=0
1 [ oy = —P7 ity ~ Il P2 ). [A16.19
~B | S |t B (5 (7= 25w 14619

Equation [A.16.17] implies that EIT;41 = »IT; + E;Z;1, and hence an expression for E;IT,;1 can be
obtained by using [A.16.4] and [A.16.15]:

(1= (1 - Br)u ) b1 M) -
Ty g = 21 — 1—p)(1- di. [A16.2
M1 = 2l + ( . ore(l—p)(1 — Bp) (1= B1o) + (1= prs) [A.16.20]
The following results are derived from equation [A.16.4]:
-1 -1 l—1
e T 1 ~ A — s 1 b — o
> T Edyy, = | ) TN m:(A_%>du md}j%lfmgﬂ:(p_%>:u
=0 =0 7=0
and with these, equation [A.16.20] can be iterated ¢ periods forward:
1 (1 =591 = Bs)u uf =t
EidTyp = — 1—u)(1—
Mt = g (s el - w1 - pw ) (L2 )3
(L =A) (A =" - 0
. [A.16.21
K(1—PAsx) \ A— de+ 2Tl [A-16.2]]
Together with [A.16.19], expectations of inflation ¢ periods ahead must therefore satisfy:
1 (1 =51 - Bsju pt —
E = — 1—nu)(1—
o= e (e well - -pw) (L2 ) 3,
P(L—N) (A =" - 0 P 0 P
+ K(l—f))\%) N de + 2" [ TT; + 1_B%2th +(B%> e — Ty 1_[5%21113 .
[A.16.22]

By using the Phillips curve in [5.14a] and equation [A.16.7], the expected value ¢ periods ahead of the
Lagrangian multiplier J; is:

BBl = 5B (B — BBimenn) + LN, — 1P gy,

and by substituting from equation [A.16.22]:

£ - — 0_ CH1 Lt
—A 7\6 _ %6 AZ—H _ %€+1 B B
+ Vj?il)(_l B}\%)) ( A — 3 - B A — 2 > Bgdt + (1 - B%)%K (ﬂt + 1_6[};%21115) + %(I?))\)gdt
(1—Bpe

— (B D+ (1= )3 (HY (m — T — B%ilt> :

v 1— B2

The transversality condition [A.16.3] on the Lagrangian multiplier J; can be satisfied only if B‘IE;J;, ¢ — 0
asf —o00. Since 0 <P <1,0<A<],0<u<1,and 0 < s < 1, the equation above shows that this is
possible only if:

T[t*nt: & and ntfnthtfl[T[tfﬂt] =

L[ [3%(L[t — ]Et,lilt) . [?)%(1 — %)
1_ 6%2 s

1— B2 1 — P2

ug, [A.16.23]
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where the final equality uses the expression for $l; in [A.16.18]. The first equation in [A.16.18] implies:
1—
(ty — TTy) — Ey_q[my — T;] = ug,  and therefore <1 — W) us = 0,
in combination with [A.16.23]. Given that 0 < > < 1, the coefficient of u; above is always non-zero, hence
u; = 0 is the unique solution of the equation. With u; = 0 for all ¢, it follows from [A.16.18] that {; = 0 for
all ¢, and hence inflation must satisfy 7t; = IT;. The predictable component of inflation is therefore given in
equation [A.16.20], and the surprise component can be obtained from [A.16.15] and [A.16.17]:

(L= | >A-P-a) »(1- BH)“) (2 —Ei1d)  sap(de — Byady)
(1= Busx) (1—PB) (1 - Busx) K k(1 — BAs)

[A.16.24]

The output gap Y; can be obtained by using 7; = TT; and [A.16.20] to substitute for the inflation expectations
term appearing in the Phillips curve [5.14a]:

S k(= Bx) W(1—px) B
Vo= v 't v(l — BA%)dt * v(1 — Busx)

T — 1 = <€

(}ml—mu—sm—“‘”ﬂ“*wm)m.

£
[A.16.25]

Substituting this expression for the output gap into equation [A.16.7], grouping terms, simplifying, and
solving for the Lagrangian multiplier J:

_A=Bs) ([ v 1 B Bu(l — )
1= . ( T + (1 — BA%) d; (1 — BIJ.%) <OC(1 [.))LL) + 7& ) :t> . [A1626]

Now define F; to be the following expected discount sum of current and future values of J;:

o0

Fe=> (BN By [A.16.27]
/=0

Substituting the expression [A.16.26] for J; into the above, using the formulas for expectations of d; and 3,
from [A.16.4], and summing and simplifying terms leads to:

1 By 0o 1—Psx» 7
Fo= S PO ) B+ (i- ékx)?l szAQ)th

y
£=0
T - BS%;(fi)BAu)v (06(1 — Bu) + W) 3. [A.16.28]

With 7; = TT; and equation [A.16.21], the terms in inflation can be summed as follows:

N Z ) BA (1—2)(1 = Bs)u
Z(BA) IS K(1 — Buse) (1 — BAr)(1 — PBAx) ( €

(=0

—aﬂl—MG—Bw>l

BAAp(1 — )
K(1— BA2)(1 — BAx)
and substituting these into [A.16.28] yields an expression for F ¢:

(1=Bs)x . (1—Bx)(1— ALY -
T + 5 5 ds
(1 —PAsx)v (1 —PBA%)(1 — BAx)?v
(1-Bx) ( Bu(l—%)(l—A)>
— o1 — Pr)(1 — PAws) + J;. [A.16.29
0= P — pAa (1 — By U PR ) : v [A1629)
Next, taking expectations of equation [A.16.5] at time ¢ 4+ 1 conditional on period-¢ information and

using [A.16.4] implies:
T = BAE: e + BARady — Bu(1 — BAW) T, + BWE Jri1,

_l’_

d
2T T g™

Fi=
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which can be iterated forwards to deduce:
o0

T =) (BNE, [BANdat+e — Br(l — BAW D + Bw3t+l+4 + Jim (BA) B T
=0
The transversality condition [A.16.3] for the Lagrangian multiplier 7, implies that (B?\)ZEt_It+€ — 0 as
¢ — 0o because 0 < A < 1. Using this together with the formulas in [A.16.4] for expectations of d; and J;
and the definition of F; from [A.16.27], the equation above becomes:

ARy~
T = B B;\Q — BuIy + POELF 141
This equation can be substituted back into [A.16.5] to replace terms in T:
ARg ~ ANy~ ~
s yad1 — BUTis - BB 1F = rsA( P e — B+ rswEtml) TR
1- 1-—
(- paw3, - C PP o m ),

(1—BA)v
and since the definition [A.16.27] implies J; + BAE.F 111 = F¢, the equation above can be simplified and
written as follows using [A.16.4]:

Ng (1-o)(1 =B
(1—pA?) (1= BA)v

Using equation [A.16.29] to obtain the surprise component of F; and substituting into the equation above:

(di — Beqdy) +W(F o — By1hy) = (1 + ) (3¢ — Ei13y).

Re (1 Bl BAZ)? (1 B AR
<1—B?\2+(1—B7\2)(1—67\%) >(dt Et‘ldt”a—mvw(”t‘Et‘l””‘<” 0 v

(1 ) B = A=A ) g
T U BN = A (1 = Brse)y (“(1 Br)( — BAus) + - ) )(jt Ei—13).
A.16.30]

Note that:
1-)d-p) al-pw 1-B  af(l-wdl-»
(1—Bx) (1—Buse)  1—PBsx  (1—Bsx)(1—Pusx)’
and hence the coefficient of J; — E;_13; in equation [A.16.24] is non-zero, so that equation can be solved
for the surprise component of J;:

k(my — Byo1my) + = 67\ )(dt E;_1d; )

(=9 A0-P0-w , A1-pwa
€1—Bwa T (1-Bx) T (1=Bmx)

Using this equation to eliminate J; from [A.16.30] implies that optimal monetary policy must satisfy the
following first-order condition in terms of the debt gap and inflation:

Na (1= B)(1— BAZ?
T— BN T (1= BA2)(1 = BAse)2v

1 1 1—Bx 1—3)(1-A
”‘b( + St et A (“(1 — Bu)(1 - BAwx) + P )))

(1—2) | #0-Bp(-) , (1R« ;
(1= PBAs) ((kﬁuz)e TR T (=B )
[A.16.32b]

1—o)(1—B)W 1—Bse) Bru(1—3)(1—A
(14 Bt b e (L — Bi)(L — ) 4 B0 )

(=) _ »(1-B(- , »(1-Bua
A-Pwae = (1-B») T (1-Bu»)

(1— Bkt

_ . A.16.32¢

(1 —PAx)v [ ]

Now consider the second constraint in [5.14b] at time ¢+ 1 and take expectations conditional on period-t
information. Using the law of iterated expectations and the first constraint in [5.14b], this equation reduces

2 -FE 3 = [A.16.31]

fa(di — By_1dy) = fn(my — By_17), where fq = [A.16.32a]

and fr =
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to:
Jt = PuEjeyr + (1 — Bp)E; [m+1 +o(Yerr — Vi) + f:ﬂ} :

Iterating this equation forwards and using the third constraint from [5.14b] (the transversality condition)
implies that the bond yield j; must satisfy:

o0

t=0—=Bw ) _(Bw) 'E [T[t-i—ﬂ + ot(Yepr — Yero1) + ?Z]rg] ;
=1

which can be used to substitute for j; in the second constraint from [5.14b]:

1 —1Bujt_1 - at + 7\8,5_1 - (1 — “)E/l — B)K(ﬂt - ]Et—lﬂt) - (1 (1az([15}\)f)¢ (at - Et—lat)
= B Bty — oY (B Ey[Yise — Yerooa] = > (B Eeify,. [A.16.33]
/=0 =0 =0

Note that by collecting terms with the same date, the expected discounted sum of changes in the output
gap Y can be written as follows:

[e.e] o
S BW BN e — Yereoa] = (1= Bp) Y (BW) By Yoar — Vi1, [A.16.34]
=0 =0

Next, by substituting the expression for the output gap Y, from [A.16.25] and using the conditional ex-
pectations from [A.16.4], the following sum of terms in inflation and the level of the output gap can be
derived:

Y > (Br) ey

/=0
(1-5)(1 - B%)u) -

3

i(ﬁu)ﬁmt [mﬂz + ol — Bu)\?t+4 _ (1 L A=Br)( - [Sp)(xK> o0

=0
(1—B)(1—PBu)op ~ (1—-PBu)px

B B T B o (LW -

[A.16.35]

An expression for the sum of the terms in inflation can be obtained using 7; = T1; and the formula from
[A.16.21]:

gwu)emtw = = W% —— <<1 - %>(1 B - Bu)) .
Brsap(1 —A) - 1
0= PO — B (L= Bron) O T T = pyogy e [A-16-36]

Equations [A.16.34], [A.16.35], and [A.16.36] can be combined to deduce:

3 Y 1 (1—Bs)(1 — Bpax

B [ €l 01 €l 1O L W el el 22 NV
+(1—f5u2)(1—(5u%)2( v )( : el - '3“))3
¥ Brsc(1 —A) a1 — Bse)(1 — Bu)(1 — PAws)\ -
+(1—B?\u)(1—ﬁ?\%)(1—f3u%)< <« v )dt’

and by substituting this into [A.16.33] and subtracting the expectation of the same equation conditional
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on period ¢ — 1 information:

1 (1-o)(1=B)x  (1—=PBs)(1—Ppoax (1-—a)1 =P
(1 B v + (1 — Bus)v ) (7 = Bypam) + <1 + (1— BA)Y
) Bus(1—A) (1 =Bs)(1 = Bw)(1 = BAW)\ \ 5 o =
e B e v ) ) @B
B o (=@ =B ((1=3)(1 = Brx)u
TR B ( v ) ( :

o
—oe(l—p)(1— BH)) (¢ — By 13t) = —pr, where @ = Z(BH)K (Betfyp — By1tfyy) -
(=0
[A.16.37]
By following the same steps as in the proof of Proposition 13, the definition of ¢ is equivalent to that given
in the proposition. Substituting equation [A.16.31] into [A.16.37] shows that optimal monetary policy must
satisfy:

Cd(at — Et_lat) + C’]'[(nt — Et_lﬂft) = — 4, where [Al638&]
=1+ ¥ <f3u%(1—7\) N a(l—ﬁ%)(l—ﬁu)(l—mu%)>
TP — P —Brod \ v

(1— o)(1— B N B (% _ (1*H)(\1,*BH)<X) ((1*%)%*[3%)}1 — (1 — (1 — BH))

(L=BAY (1 pu2)(1 = Bruse)2(1 — BAse) (s + UGBy 4 by
[A.16.38D)
_ 1 (1--p)k, (1= X1 -Bwax
and = g v (1— Busx)v
Brc (& — (ml=Be ) (0Bt — g1 — (1 - Bu) )
4 [A.16.38c]

(- %) #(1-B)(1-0) | »x(1-Ppac)
(1= Bu?)(1 — Bus)? <(1 s T i (1_,3”‘;)‘")
Solving the simultaneous equations [A.16.32a] and [A.16.38a] yields expressions for the surprise components
of the debt gap and inflation:

~ ~ fT[ fd

di — E;_1dy = —b d m — By = —b here bq = d bp=—F—

TS T TR ARG T T R i W T e e T Gl afa
[A.16.39]

where the solution is given in terms of the coefficients defined in [A.16.32b]-[A.16.32¢] and [A.16.38b]—
[A.16.38c]. Note that since the equations are linear, and a solution is known to exist for general p; # 0, it
must be the case that cqfx + cxfq # 0. Given the first constraint in [5.14b], it follows that the solution for
the debt gap is:

at = }\at,1 — bd@t- [A1640]
To write the solution for inflation, combine equations [A.16.20] (with 7, = TT;) and [A.16.39] to obtain:

T = Ty + ((1—%)(1— B%)u_a%(l_u)(l_ Bu)) e G )dt |~ bap.

: <(1— B T x(1— BAx)
[A.16.41]
Next, combine [A.16.4] and [A.16.39] to derive the solution for the Lagrangian multiplier J;:
U
—n;0a + kb
J;=ud; 1 —baps, where by = 1=BA i [A.16.42]

1) »(1-B(-w , »0-Bwa’
T—Bwae T (1-Bx) T (1—Bm»)
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Using equations [A.16.40], [A.16.41], and [A.16.42], an explicit solution for inflation is:

T = A 170—1 + A, 270 —2 + A, 370 —3 — bﬂyopt — bﬂ,l ©Pt—1 — [37-[72@15_2, where [A.16.43a]
A1 =A+ 42, aro=—(Ap+ A+ pux), ag3=Aux, b= bg, [A.16.43b]
(=N | (1= 2)(1— B -
= - 1—p)(1-— —_ — (A d
bt = A B 4 T e ool =W =B ) i gy ~ W Wb an

bz = Ay — Mbd— (“‘”)(1_ el — (A4 Wb

e : — el W0 B)) g

k(1 — BAx)

The solution for the output gap Y; can be obtained by first solving for d;, J;, and 7 using [A.16.40]-
[A.16.42], and substituting these into equation [A.16.25].

(i)  With strict inflation targeting (7t; = 0 for all ¢), the Phillip curve [5.14a] implies the output gap is
given by:

Y = %at, [A.16.44]

where the g subscript is dropped (assuming ty) — —o0). The bond yield j; is obtained by taking expectations
of the second equation in [5.14b] at date 41 conditional on date-¢ information, and using the law of iterated
expectations, m; = 0, and the first equation from [5.14b]:

jt = BB + (1 — Bu)IE; [(x(\?tﬂ —Yi) + 1] -

Substituting for Y; from [A.16.44] and using the first equation in [5.14b] to write expectations of the future
debt gap in terms of the current gap:

(1- (Su)(yl —Nowg (1= Br)EefTy ;.

Jt = BulEjey1 —

Iterating this equation forwards and using the transversality condition from [5.14b] and Etat+g = A, from
[A.16.4]:

jt = (- Bu)ill - Ao Z B Eedire + (1 — Bu) Z BL) iy pyr + hm (Bu) Etjtte
=0 =
1- 1—A)op -~ > .
= (fi)éy\u)v)wd +(1 - Bu)g(ﬁu)%trwﬂ. [A.16.45]

Subtracting the expectation of the second equation in [5.14b] conditional on date ¢t — 1 information from
that equation and using 7y = 0 implies:

(1— (1~ B Bu
(” (1 BA)v B

Substituting the expressions for Y; and j; from [A.16.44] and [A.16.45] leads to:

) (at - Et—lat) + (X(?t - Et—l\?t) + (¢ — Ei—1je) = — (1} — Ei1t]).

(1-o)(I =B a1 —Bwv\ - S . .
(1 " (1—BA)v + (1— BM)V) (di — Ey1dy) = — ;(BH)K(EHM —Ei1ffy).

Rearranging the (non-zero) coefficient of d; — E;_1d;, using equation [A.16.4] and the definition of g, from
[A.16.37], the solution for the debt gap under strict inflation targeting is:

1
§t-
1— 1-A)(1—
1+<(( B) +(0<I3( )( u))%

de = Ady_1 — [A.16.46]

1=BA) ' (T-BR)(1—BAw)
The solution for the debt gap under the optimal policy in [A.16.40] is proportional to the above, so the
definition of the optimal policy weight x is such that:

1-x

(1B , «bI NI v
1+ ((1—m> + (1—ﬁu>(1—mu>) v

= bd:
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and hence ¥ is equal to the following (with by from [A.16.39]):
-1
bq

-8 B(1-A)(1—
(1_5@-%(é_d>+(?$w&5d$)%

(iii) This special case assumes @ = 0 and P = 0. With p = 0, equation [A.16.4] implies that the
Lagrangian multiplier J; is a martingale difference sequence (IE;—13; = 0). Equation [A.16.24] reduces to:

Observe that
(I1—=3) »(1-PB)(1—-«) B (1— %) »
. + 0= + o = . +(1_B%)((1—B)+oc[5(1—%)),
and by using (1 — »)/e = 2v/(k(1 — B3¢)) from [A.16.10], equation [A.16.48] can be written as:
m—EFﬂQ:RT§E3(%+ﬂ—ﬁ%ﬂ$ﬂ—%ﬂﬂt [A.16.49]

In the special case, equation [A.16.37] reduces to:

(1-a)(1-P)k n a(l — Bk

v v

2
P
b = —§t-

(d¢ — By_1dy) + <1 + > (rtp — By—1mmy) +

Rearranging the terms of the coefficient of m; — E;_17; and substituting for 7, — E;_171 from [A.16.49]
yields:

(d — Ee_1dy) + m ((Z +(1-B)+ ap(1— %>)2 +oB(1 - B%)) Ji=-pr.  [A16.50]

Next, in the special case, equation [A.16.30] reduces to the following, with the loss function coefficient Rg4
taken from [5.16b]:

2 2
a0?(1 - BA)? (1+ iy )
(1-6%)(1-p)?
Substituting into equation [A.16.50] and solving for d; — E;_1d; leads to:
1

Ny

m(at - ]Etflat) — :t7 where Nd =

di — By_1d; = —

«02(1—BA) ( G

2(14om . 9
+ (192)(15)2(1%;5;;?“(;,){) Z((2+ (1= B)+oB(1—))° +o?B(1 - Bv))
Using equation [A.16.4], the solution can be written in the form d; = Ady_1 — (1 — X) gy, where comparison
with the above equation confirms the expression for x in [5.18a]. The expression for x is consistent with
[A.16.47] given that bg = 1 —x and P = 0.
With d; — E;_1d; = —(1 — X) g+, equation [A.16.50] implies:
(1—PB)2x
2
(Y 4+ (1= B)+ aB(l—3))" + o2B(1 — )
In the special case, equation [A.16.20] (with 7t; = TT;) reduces to:

2 =-

or. [A.16.51]

[
g7t 1 = 2ot — ?:lu
and with [A.16.49], this implies that inflation is given by:

P v [
—Z_ _(Tin- u-):——a_. A.16.52
g (B aB—) 3-S50 [A.16.52]
Substituting equation [A.16.51] into the above confirms the solution for inflation in [5.18b]. Equation
[A.16.25] for the output gap Y; reduces to the following in the special case:

v, = (1— B%)Kﬂt n 06[3%:7:’
v v

T = %M1 +
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and hence:

(1 —Br»)k oc[i%

\?t = %?tfl + — (3¢ — »©T¢1)-

(7Tt — %7'(15,1)
Substituting from equation [A.16.52], collecting terms, and simplifying leads to:
~ ~ ([
Yi=2Yiq + 3 ((E + (1 — [5) + 066(2 - %)) - oth_1> ,

and using [A.16.51] to replace terms in J; confirms the solution for the output gap given in equation [5.18c].
The real interest rate gap is py = p;—p;, which is related to the output gap according to p; = (Y41 —Y¢)
given equation [3.9a] and p; = oli;g;, ;. Using the solution for the output gap in [5.18¢]:

~ ~ ol — P
EiYip1 = 2Yy + (1= Ba)x 0t

iy 2
(;4—(1—[3)—1-0([3(1—%)) +o2B(1 — Bx)
It follows that the real interest rate gap is given by:

- ~ o2(1—PBx
pr = —a(l — )Y, + ( B)x 0t

(Y4 (1 - B) + aB(l — 2))° + a2B(1 — p)

and hence:
o (1 — Br)x
(X4 (1= B)+aB(l— )"+ a2B(1— Bx)

Substituting from the solution for Y, in [5.18¢] then collecting terms and simplifying confirms the expression
for p; in [5.18d].

P = 2pr—1 — a1 — 5) (Ve — 2Ye1) + (9t — 2p1-1).

(iv)  With the assumptions on the type-specific Frisch elasticities from Proposition 15 that lead to { = 0,
the log-linearized equation for the growth rate of first-best output Y from [5.12] is

tlto
14 &+ L5
Ak n
Silo = (oc+ gy o | (A=A,

n

where the terms in the consumption ratios cancel out because of equation [A.15.6]. It follows that g;“ to = &,

which is independent of ¢y3. Similarly, the output gap \?t‘to is such that \?t‘to =Y,, independent of ¢y up to
a first-order approximation. Since expectations of real GDP growth g; determine t}, , it is also the case
that r rt‘ to = = tf. With P = 0, the Phillips curve constraint in [5.14a] reduces to:

tlto>

~ K
Yt = ;(7'[75 — BEtﬂH—l)‘ [A1653]

The transversality condition in [5.14b] is satisfied automatically when p = 0. With p = 0 and { = 0,
the second constraint in [5.14b] at ¢ = ¢ty becomes:
(1—o)(1—B)x

Ji—1— dt‘t T — v (mty — Byqmy) — oY+ oYy = r, [A.16.54]

using the definition dt_1|t = 0. The first constraint in [5.14b] then requires Et,laﬂt = 0, and using this
in conjunction with [A.16.54] implies j;—1 = E;—1¥} + B 1Yy — oYioq + Eeoq7. Substituting this into
equation [A.16.54] to replace j;—; leads to:

dy; = — <1 + (1- 0‘)5/1 — B)K> (. — Byam) — (Yo — B Ye) — g, [A.16.55]

where @, = t; — IE;_1f} coincides with the definition given in [A.16.37] when p = 0 and Pty = i~ The
variable gy is a martingale difference sequence (IE;_1p; = 0).

Following the same steps as in the proof of Proposition 14, the loss function [5.15] at ¢ = to can be
expressed in terms of at‘t, 7, and Y, (with \?tlto = ?t) as follows:

Zﬁz [ [3>\2 02, g+ Re 4 RYVE | [A.16.56]
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The constraints on monetary policy in [5.14a] and [5.14b] are equivalent to [A.16.53] and [A.16.55]. In
minimizing the loss function [A.16.56] subject to [A.16.53] and [A.16.55], observe that starting from any time
t, the constraints from that date onwards and the continuation value of the loss function are independent
of all variables realized prior to t. Thus, in a Markovian discretionary policy equilibrium, expectations of
future values of at‘t, 7, and Y; are taken as independent of current policy actions.

The discretionary policy can be found by minimizing the period loss function £; below subject to the
constraints [A.16.53] and [A.16.55], taking expectations as given:

1/ R .
g == ( %A2dt+g|t+£ S NYYt?H) : [A.16.57]

By substituting the Phillips curve [A.16.53] into the constraint [A.16.55]:

dip = — (1 + (- “)E/l — B)K> (r — By_171) — % (7 — Epame) — B(Eemmr — Br17041)) — gt
[A.16.58]

which is then substituted into the period loss function [A.16.57] along with the Phillips curve [A.16.53] to
write the debt gap dt|t and output gap Y in terms of inflation 7r:

N 1-0)(1-0p)xk ok xpk 2
,St = 2(1_7(1[5}\2) <_ <1 + ( ).E/ B) + V) (T[t - Et—lnt) + %(Etnt-‘rl - Et—lnt-i-l) - pt)
N N K 2
+ 77[7'[? + % (;(7'[,5 — BEtﬂt—i-l)) . [A1659]

The first-order condition for minimizing £; with respect to inflation 7t; is:

(I—o)(1—-B)k ak Ng -~

and by using the expressions for X; and Ry in [5.15] and simplifying:

(1+(1—[5+oc[5)5> B)\Q

The discretionary policy equilibrium is found by substituting the first-order condition [A.16.60] into the
constraints [A.16.53] and [A.16. 55] Using [A.16.60] to substitute for Y; in the Phillips curve [A.16.53]:

(A% Nd ~
1 7) B (1 - ) S
<+K = BEmte1 + — B+oap+ 1= pazt
Since 0 < 3 < 1 and ¢, v, and k are all positive, the unique stationary equilibrium for inflation (requiring
limy_ o BKEtT[t_M = 0) is found by iterating this equation forwards:

N (I-BHap+3) o evy-1\‘ - N (1-BHaB+Y)-
= ) (et o) ;(B (1+=) >Etdt+€|t+€— Tk ey) o [A1661

K ~
7I7Tt + - NYYt ;
v

——dy = k(em + V). [A.16.60]

using Etat+g|t+g = 0 for all £ > 1, which follows from Etatﬂ‘tﬂ = 0 by the law of iterated expectations.
With Et_laﬂt = 0 it follows that IE;_17; = 0, in which case the constraint [A.16.58] becomes:

~ K v

dyy == (1 Bt ap+ E) T — 1 [A.16.62]
Combining this equation with [A.16.61] leads to the solution for at|t:

2\ —1
- Ng (1—-B+ap+
dyg =—| 1+ ( 3 55) Ot
v(1—BA2) (14 &)

which can be written as follows using the expression for Rq in [5.16b]:

(1-01)(1-)*(1=BA*) (1 4 ev
+ =2
@02(1-BN)2 (1+ ety ) e

(1—[3+oc[5+%)2

-1

[A.16.63]

at|t =—(1—-x)pi, where X' = |1+
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For any arbitrary ¢y, by following the proof of Proposition 14 (equation [A.14.3]), Elt|t0 = at|t +?\at_1|t0, and
hence at|t0 = ?\at_mo — (1 = x)pr. Taking the case of tg — —oo for comparison with the optimal policy
under commitment leads to the (Markovian) discretionary policy equilibrium d; = Ady_; — (1 —X)p;. The
solution for inflation is obtained by substituting [A.16.63] into [A.16.62]. With E;_;m; = 0, the Phillips
curve [A.16.53] reduces to Yy = (k/v)m, so the solution for the output gap Y; is obtained immediately from
the inflation solution. Finally, the real interest rate gap p; = «lE; [?t+1 — ?t] solution is obtained from the
output gap solution noting E; 1Y, =0. In summary, the (Markovian) discretionary policy equilibrium is:

Yy . / ) oo’
TR eI T Tpr e MM T
Since ;1 ¢p¢ = 0, inflation, the output gap, and the real interest rate gap are all serially uncorrelated.

Comparing the expressions for x and x’ in [5.18a] and [A.16.63], the inequality x > x’ is equivalent to:
(1= B+ B+ Y —aBx)’+oB(1-Bx)) (1 p+ap+2)
v(1 — Bx) = v(1+2)
Using [A.16.10], it follows that ev/k = (1 — »)(1 — Bs2)/5, so the inequality above is equivalent to:

T =

Son [A16.64]

K

2 2
(1— B+ Bs?) ((1—(5+<x(5+:—oq5%) +oc2[5(1—[5%)> —(1-px) (1—(5+oc[5+%) > 0.
[A.16.65]
By expanding the bracket of the first term below, observe that:

v 2 9 v 2
(1—[5+oc[3+;—oc[5%> + Bl —Px) = <1—B—|—oc[5+;>
v
2B (1 Sy E) 4 oB(1 — B+ Bid),
and substituting this into [A.16.65] shows that inequality is equivalent to:
v 2 v
(P (1— B+ af + E) —2oc[3%(1— [5+oc[5+E) (1= B+ Pr®) + &2B(1 — Pre+ B?)2 > 0.
Cancelling 3 from the expression and grouping terms:
211 2 9 v V2
- — - — - - 2)) >
(x(1 = Boe - Boe?)” =2 (o1 = o+ Bs2)) (3¢ (1= B+ B+~ ) )+ (s (1-BraB+)) >0,
which is exactly equal to a squared term, thus x > X’ is equivalent to:
2 V)2
(o1 = poe+ B )—%(1—B+aB+E>) > 0. [A.16.66]

Noting that 1 — B+ B2 = sc+ (1 —)(1—B) and (1—3)(1—Ps) = evse/k from [A.16.10], the inequality
[A.16.66] implies that x = X’ holds only when:

o (1 + %) py (1 S S %) —0, or equivalently (ot —1)(1— )+ (e — 1)% —0,

since » > 0. For any other parameters, [A.16.66] implies x > x’, so this holds generically, completing the
proof.

A.17 Results for the model where discount factors are internalized

In this version of the model, both individual households and the policymaker internalize the effects of their
actions on the discount factors in [2.2]. To ensure that both types of households continue to have the same
marginal propensities to consume in the neighbourhood of the non-stochastic steady state, a type-specific
constant is subtracted from the period utility functions so that the steady-state value of utility is the same
for both household types. The changes to the results are summarized below.

The term A appearing in the coefficients of the log-linearized equations from Proposition 4 is replaced by
N, the solution of the quadratic equation BA(A)2 — (1 — B +2BA)AN 4+A = 0 in the unit interval (0 < A’ < 1).
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The formula for the root is:

;L 2A

1—PB+2BA+/(1— B +2BA)% — 4B

and it can be seen that this root satisfies A < A" < 1. The coefficient Rq of the debt gap in the loss function
from Proposition 12 is replaced by:

;L a02(1 — BA)(1 4+ BN — 2BAN)

¢ (1-02)(1-p)? '
In the tradeoff between fluctuations in the debt gap and fluctuations in inflation, the optimal policy weight
x on the debt gap from Proposition 13 is replaced by:

;{1 (1t eE)o(1—83)(1 — B)*(1— BOV)2)(1 — pu?)\ "
X ‘<” “92(1—0)(1—BG)(l—BN)(H(S?\’—?B?\?\’)> |

It can be shown that x’ > x for all parameter values.
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