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The paper compares the welfare levels which can be achieved by two distinct tax regimes: 
lump-sum taxation, where one attempts to identify individuals and allocate transfers or 
subsidies on the basis of characteristics. and income taxation, where characteristics are not 
observed but personal incomes are measured and taxed. Where there are no errors in 
classifying individuals, lump-sum taxation is superior, but, where mistakes are made in the 
allocation of lump-sum grants or subsidies, income taxation may be more attractive. The level 
of errors where the regimes are equally desirable in terms of social welfare is computed in 
simple models following that of Feldstein (1973). Where there is strong aversion to inequality, 
then income taxation becomes preferable at quite small errors. 

In analysing income taxation it is shown that in the Feldstein model with endogenous wages 
the marginal tax rate (in optimum income taxation) on the more skilled is negative and that on 
the less skilled is positive in contrast to the standard results [see Seade (1977)] with exogenous 
wages. 

1. Introduction 

The basic theorem of welfare economics tells us that, under standard 
assumptions, the first best can be achieved as a competitive equilibrium with 
zero taxes on commodities and the appropriate lump-sum tax for each 
individual. The calculation of the appropriate set of lump-sum taxes requires 
information on individuals which they have an incentive not to reveal -for 
example Mirrlees (1974) has shown that, where individuals differ in skills, it 
is likely that the first best will require utility to decrease with skill. It is then 
natural to ask how well one can do with a tax system which does not 
discriminate between individuals. This has led, following Mirrlees (1971), to 
the theory of optimum income taxation where we assume that only income 
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is observed and all individuals face the same income tax schedule. In this 
sense the system is anonymous. The schedule is then chosen to maximise 
welfare. 

The optimum income tax formulation is not, however, without difficulties. 
The first problem applies to any non-linear form of income taxation. 
Knowledge of individual incomes is required and individuals would in 
general have an incentive to be misleading when reporting those incomes. 
This is not such a severe drawback’ for a linear system. with grants to 
individuals and a constant marginal tax rate. since incomes can be taxed at 
source. Of course if one abstracts from this problem an optimum non-linear 
system can never be worse than an optimum linear system. 

Secondly. the calculation of the optimum income tax system is complex 
[see Mirrlees (1971)]. The calculation is inherently more difficult than that 
for lump-sum taxes since in the former problem individuals maximise with 
respect to the non-linear budget constraint associated with an income tax 
system and then this non-linear constraint is itself chosen in order to 
maximise the social welfare function. 

Thirdly. we can. and do. discriminate between individuals in our tax and 
social security systems. Such discrimination is usually crude in its criteria and 
frequently only partially successful in that mistakes are made in classifica- 
tion. hut the possibility does exist. Examples in the U.K. are discrimination 
in lump-sum grants between different categories of the disabled, or accord- 
ing to whether a woman with dependents has a permanent male cohabitor. 
An interesting example, but not one of overwhelming current significance, 
has been introduced by Hahn (1973) who drew attention to the different 
lump-sum taxes on dukes, squires and so on under the Poll Tax Act of 1660. 
Of greater practical importance is discrimination by age. And it would be 
possible to attempt to discriminate on the basis of some index of ‘natural 
ability’. To ignore such possibilities may lead to a considerable sacrifice in 
welfare -that is something we wish to investigate. 

These criticisms should not be taken, and are certainly not intended, as an 
attack on the optimum income taxation literature. They are intended to 
justify interest in a model where there is discrimination in that individuals of 
different types recei1.e different lump-sum grants. However, in our model 
the authorities make mistakes in their classification of individuals and so do 
not reach the first best. with optimum lump-sum grants and taxes and zero 
marginal taxation. We shall assume that, using sampling techniques, the 
authorities know the proportion of people misclassified. Our question is how 
the knowledge that such mistakes exist should affect optimum policy. The 
size of error would depend on the discrimination being attempted: it might 
be small for age but large for an index of ‘natural ability’. We shall assume 
for the most part that the proportion misclassified does not depend on the 
behaviour of the individuals but we shall be returning to this point below. 
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We shall be comparing two types of system: optimum income taxation and 
lump-sum taxation with errors. The lump-sum taxation scheme involves the 
difficulties of classifying individuals but requires no observation of personal 
incomes -we assume that income or output may be taxed proportionately 
at source but not in any other way. The income tax system involves the 
difficulties of observing personal incomes but can dispense with the office 
which classifies individuals. The optimum income tax can be calculated using 
knowledge only of the distribution of individuals amongst types. A sampling 
scheme could establish this. 

The two types of system being compared each have their own information 
requirements, problems and administrative costs. It is hard to see how one 
could compare their administrative costs, and we shall not attempt to do so. 
To keep things simple we may assume that the administrative costs for the 
two schemes are the same and that the set-up costs of each is such that it 
would never be desirable to have both. Thus. we simply compare social 
welfare (based on individual levels) under the two schemes, abstracting from 
administration costs, in order to see which is preferable. It would be a 
straightforward modification of the analysis to assume different, but tixed. 
administrative costs for the two schemes (indeed. the results presented 
below could be used to examine this case). 

It is clear that if we assume administration costs are zero then some 
combination of the two schemes would improve on either. There would still 
be interesting questions however as to whether we should want lump-sum 
taxes to be different from zero when superimposed on a non-linear tax 
scheme: the social costs from misclassification may be deemed to be too 
high. But this would be a different question from that addressed here and 
the required assumption about administration costs is unsatisfactory. 

The model we shall be using will be very simple and there will be just two 
regimes which may be regarded as polar cases: but as such they are of 
interest and there is the further consideration of set-up costs which leads us 

to consider schemes which concentrate on just one feature. Notwithstanding 
the simplicity of the model, the issues to which the model is addressed, 
however. are of great importance and are central to both public finance and 
social administration: in summary, they concern the extent to which our tax 
and transfer system should be personalised (here lump-sum taxes) or 
anonymous (income taxation). 

It is clear that if no errors are made then the lump-sum tax system is 
better than optimum income taxation (we assume that individuals get no 
utility or disutility from classification per se). On the other hand, if the 
gov,ernment’s classification scheme carries no information at all (it is com- 
pletely random) then one would expect (see below section 2) that everyone 
would receive the same lump-sum grant and the system would be essentially 
the optimum linear income tax. It is clear that the optimum linear income 



tax is inferior to the optimum income tax. Thus, an important question will 
concern the degree of error which can be tolerated before the lump-sum 
system becomes inferior to that of the income tax. The question leads one 
naturally to the computation of solutions in particular models. 

The analysis of a model where the government makes errors in the 
administration of grants and taxes is of interest for a reason additional to 
those already described. The consequence of the mistakes is that identical 
individuals are treated differently-for example a disabled individual whose 
disability is not officially recognised would receive a lower grant than other 
individuals with the similar disability. This dissimilar treatment violates the 
principle of horizontal equity, where we define the principle as stating that 
individuals who are ex unte identical should be treated ex posr in an identical 
manner. Note that the utilitarian or Bergsonian calculus will take account of 
resultant utility levels but takes no account per se of dissimilar treatment. 
Thus, our model allows us to address questions of horizontal equity. Whilst 
these questions are not the central issue of this paper we shall return to 
them briefly in section 5 [for further discussion of these principles, particu- 
larly as they concern crime and punishment. see Carr-Hill and Stern 
( l976)]. 

The plan of the paper is as follows. We shall throughout be considering a 
model with just two types of individual who differ only in their labouring 
skill. The government attempts to classify individuals into the two groups 
but makes mistakes in so doing. Everyone has the same utility function of 

consumption of a single good, and labour in clock hours. Production is a 
function only of the total quantities in clock hours of the two types of 
labour. The objective is to maximise an increasing function, usually the sum, 

of utilities. 
In section 2 we present the model with general functional forms and 

discuss the potential of different policies such as optimum income taxation, 
providing a diagrammatic treatment of the different tax schemes. In section 
3 we discuss the calculation of the optimum income tax for our model and 
the relevance of standard theorems on optimum income taxation. Some 
interesting questions concerning those theorems emerge. 

In section 3 we use constant elasticity of substitution utility functions and 
a Cobb-Douglas production function for the two types of labour. Analytic 
formulae for the optima do not appear to be possible even in the simple case 
and extensive numerical computations of optimum lump-sum taxation with 
errors and optimum income taxation are presented. 

A brief discussion of considerations of equity is offered in section 5 and 
concluding remarks in section 6. 

2. The model and the potential of different policies 

The model is an elaboration of that used by Feldstein ( 1973). There are 
two types of individual, skilled and unskilled, indexed S and N. There is one 
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consumption good which is produced by labour of the two types. Each 
person has the same utility function and an individual of type i maximises a 
utility function U(C,, Li) subject to the constraint 

Ci = (1~ t)w,L, + G;, (1) 

where wi is the hourly wage of labour type i, t is the marginal tax rate, L, is 
the amount of labour supplied, C, his consumption and G, is the lump-sum 
grant for individual type j. The indices i and j take the values S or N: if an 
individual is incorrectly classified i # j, if correctly i = j. There are /3 indi- 
viduals of type S and (2 - /3) individuals of type N. The model is static and 
whether individuals are skilled or unskilled, exogenous. 

Mistakes are made in classifying individuals for their lump-sum grants and 
a proportion 5, of each type is classified in the wrong group: thus, some 
skilled individuals receive a grant G, and some unskilled a grant G,. If, say, 
G,c G,, individuals of type S will have an incentive to try to be wrongly 
classified and individuals of type N to contest a classification as type S; thus, 
one would be interested in a model where the proportion misclassified is 
endogenous. A simple but tractable version is to put the proportion misclas- 
sified for the unskilled group to zero on the assumption, say, that they 
successfully contest a misclassification. We consider the three cases 6,= 6,, 

6, > fi,, and 6,=0 in our calculations in section 4, but for the present 

analysis the important feature is that 6, and 8, are constants. 
L,abour supply and consumption of an individual will depend on his type 

and whether he is correctly classified. Individuals who are correctly classified 
have a superscript (1 and those incorrectly classified a superscript 1. The 
labour supply functions derived from the maximisation of U subject to the 
constraint (1) are as follows: 

L; = L((1 - tlw,, G,), (2) 
L; = L((l - t)w,, GN). (3) 

L; = L((1 - tlw,, G,). (4) 

L,: = Lt(1 - t)w,, Gsl. (51 

Consumption levels then follow from (1). Note that there is no problem in 
identifying individuals at their place of employment so that each individual 
receives the correct hourly wage, which we assume is equal to the marginal 
product of an hour of the type of work supplied. The organisation distribut- 
ing the lump-sum grant (which may, of course, be negative) is not the 
employer. 

The average labour supply of type S and type N individuals respectively is 

L, = (1 - 6,)L; + &LA, (6) 

L, = (1 - 6,X:: + ?$.J,;. (71 



Output Y is a function of total labour supplies of each type /3L, and 
(2 - PII_,: 

Y = F(PL,. (2 ~ /3)L,I (8) 
and 

ws = F,. (9) 

wh’ - - Fp (101 

where subscripts to F denote partial derivatives. We assume F shows 
constant returns so that total payments to labour are equal to output. In 
thinking of S as denoting skilled and N unskilled we have in mind ws> wN. 
The wage rates are endogenous but we shall choose parameters so that ws 
will usually be larger than We. 

The gov;ernment budget constraint is 

@(I --ci,)+(2-~)6,]G,+[~6,+ (2-p)(l-&l]G,= tY-R. (11) 

where R is the revenue requirement. To keep things simple we exclude any 
possible benefits from government expenditure from the utility functions. R 
might then be interpreted, for example, as a fixed cost of production. 

Eqs. (2l--(11) are a system of ten equations in twelv:e unknowns-the 
1.h.s. of eqs. (2l-(10) plus G,. GY, and t. Thus. given t and G, we hope to 
solve for the other variables. The government’s maximisation problem is 
therefore of two dimensions. We take t and G, as the variables to be 
chosen. and it remains only to write down the maximand. W,, 

7,W,, = (1 - Fi,)pV”(w;, (;,I+ 13~@V”(w;. G,) 

-c-(1 p&,)(2-@)V”(w,. GN)+&(2--p)V”(wh, Gs), (12) 

where V is the indirect utility function corresponding to I/. w: = (1 - t)w,, 
and I, is a parameter indicating the government’s concern about inequality 
in utility levels. If U measures cardinal utility, then v = 1 is the utilitarian 
maximand (v = -OX corresponds to the maxi-min objective). 

We have symmetry of all relev,ant properties about 6, = $ since classifica- 

tion with 8, = N and fii = 1 -- cy provides the same information with the labels 
reversed. If & =$. then the classification provides no information. 

We have now described our model using general functional forms. Par- 
ticular cases are discussed in sections 4 and 5. Before looking at these cases 
we examine some general statements about the potential of different kinds 
of policy. 

Consider the ‘first-best’ Us, U, frontier describing the Pareto optima 
where there are no problems of misclassification and any desired lump-sum 
transfers can be made. (U, is the utility level of the ith individual: i = S, N.1 
To keep things simple we assume for fig. 1 and our discussion of the various 
policies with general functional forms that p = 1 (equal population in the 
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Fig. 1. The utility possibility frontiers with different tax schemes. Outer frontier is first best, 
lump-sum taxation: KPXQJ is non-linear income tax; EXF is linear income tax; government 
revenue requirement, R, is zero. B is first best optimum for quasi-concave symmetric social 
preferences represented by solid indifference curve. A is first best maxi-min optimum. K for 

the non-linear income tax and E for the linear income tax. 

two groups) and R=O. It is straightforward to generalise the argument and 
results. With these assumptions any point on the frontier can be achieved 
with G, = -GN and t = 0. A point on the frontier is therefore identified by 
its GN. The frontier is denoted in fig. 1, where we suppose that the minimum 
utility level is zero. Where U, W and F are concave, the first-best utility 
possibility frontier will also be concave. 

L,et us now ask what can be achieved by income taxation. No problems of 
misclassification arise since all invididuals face the same tax system. All 
individuals of type S make the same choice and have the same utility and 
similarly all unskilled individuals have the same (lower) utility level. Thus, 
with income taxation individuals allocate themselves to the different groups. 

Consider the point on the first-best frontier given by G, =O. The income 
tax schedule with zero grant to all individuals and zero marginal tax rate 
achieves this particular first-best optimum. Consider now some point on the 
first-best frontier given by G, > 0 and let the corresponding allocations be 
(Ci, I+), i = S. N. This is illustrated in fig. 2 where the consumption points 
are labelled H, 1. It is clear that provided we have 

(13a) 

(so that type N individuals do not want to earn Cs post-tax) 
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Fig. 2. A non-linear income tax schedule for a point on XP (fig. I). 

and 

(so that type S individuals do not want to earn C, post-tax), 

then this first best can be achieved by the income tax schedule given by the 
heavy dotted line in fig. 2. Similarly, provided the two inequalities (13) 
above are satisfied, we can reach points on the first-best frontier given by 
G,<O using income taxation. We have therefore a portion of the first-best 
frontier, including the point given by G, =0 which can be achieved by 
income taxation. This portion lies entirely below the 45” line since any 
income tax schedule which is the same for all individuals must leave type S 
better off if w,> wN. For further discussion of the form of optimum income 
taxation in this model see section 3. Guesnerie and Seade (1982) examine 
the more general problem of optimum income taxation with II individuals. 
The conditions which characterise the optimum are generalisations of (13). 

We suppose in fig. 1 that the income tax can achieve all points along the 
frontier between P and 0, given by Gz(>O) and Gz(cO), respectively. For 
G, > GL, (13b) is violated, and for G, < GE, (13a) is violated. It is possible 
that Q coincides with the point where the first-best frontier meets the axis. 

Recall that we are assuming no government revenue requirement, R = 0, 
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for this discussion. If R > 0 then the point G, = G,= 0 with t = 0 is no 
longer feasible: a point on the first-best frontier can still be characterised by 
its G, (with t = 0) but now G, = R - GN. We know (13a) and (13b) can be 
satisfied on the frontier by G, = 0 for R = 0 thus given sufficient continuity 
assumptions income taxation will be able to reach a portion of the first-best 
frontier for small R. For larger R there is no guarantee of this. 

L,et us suppose that the optimum income tax when the objective is 
maxi-min achieves utility levels represented by the point K in fig. 1. The 
maxi-min objective is represented by right-angle indifference curves in 

utility space with the kink along the 45” line. The optimum with the 
maxi-min objective and optimum income taxation is represented by the 
point J to the right and below 0. The possible frontier in utility space which 
can be achieved by income taxation is then KPOJ. The frontier is horizontal 
at K and vertical at J. 

The best that linear income taxation (that is, a positive or negative grant 
G uniform across individuals, together with a wage tax or subsidy) can do is 
given by the frontier EF. E corresponds to maxi-min where the frontier is 
horizontal and F to maxi-min where the frontier is vertical. It touches the 
other two frontiers at the point X corresponding to G = 0 (although this 
would not be the case for R >O). 

We have in fig. 1 three feasibility frontiers in utility space according to 
whether lump-sum, non-linear income, or linear income taxation is used. In 
an optimum system of taxation of a given type the social indifference curve 
in (Us, U,) space touches the appropriate frontier. Where the social welfare 
function is symmetric in utilities then indifference curves have gradient -1 
along the 4.5” line. 

Mirrlees (1974) has shown that if and only if leisure is a normal good, 
then the first-best optimum has utility decreasing in skill. His mode1 had a 
continuous distribution of skills and exogenous relative wage rates but an 
examination of the proof of this proposition shows that the argument can be 
applied to the case with endogenous wages and a discrete distribution of 
skills. The first-best optimum in our case then has Us< U, (see point B in 
fig. 1). This implies (with symmetric quasi-concave indifference curves) that 
along the first-best frontier -dU,/dU,> 1 at the point A where the 45” line 
meets the first-best frontier. If social preferences are represented by W [see 
eq. (12) with di=O] then v= 1 corresponds to straight line indifference curves 
gradient -1; the curvature (or ‘concavity’) of the indifference curves in- 
creases as v decreases. The optimum under the maxi-min objective (V = -a) 
with lump-sum taxation occurs at A where Us= U, (see fig. 1). Note that A 
gives a higher level of social welfare than optimum income taxation, 
corresponding to a point on PK, for a welfare function which is symmetric 
and quasi-concave in utilities. 

The case where lump-sum taxation is possible but where mistakes are 
made in classification cannot be represented simply in utility space since 
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there are four levels of utility [see eq. (12)]. We can however make some 
simple comparisons of welfare levels that are feasible in this case with those 
that arise from the three forms of taxation just considered. When ai = 0, no 
mistakes in classification. we can reach the first-best and the whole outer 
utility possibility frontier of fig. 1 is available. If the government so chooses 
it can give the same grant to everyone so the utility possibility frontier given 
by linear taxation and represented by EXF will be feasible whatever 6,. 
When ii, = $, each i, the classification carries no information and one might 
expect that EXF represents the best one can do. One cannot assert in 
general, however, that when 8, -$, each i, the optimum linear income tax 
represents the best solution since whilst the maximand is concave in Gs and 
GN there is no guarantee that the constraints [which include the labour 
supply functions (2H5)] have convenient concavity properties. We shall be 
calculating in section 4 the optimum Gs and G, for fii =$. each i, in a 
particular model and it transpires that the optimum G, and GN are indeed 
equal. Note that the argument presented by Stiglitz (1976) for random 
taxation does not apply here since he was dealing with commodity taxes and 
exploiting the quasi-convexity of the indirect utility function with respect to 
prices. We are considering here the possibility of different lump-sum trans- 
fers for ex ante identical individuals hut not the possibility of different 
prices. 

Crudely speaking then, and with the qualifications given above, one can 
illustrate the possibilities as ci varies (we suppose fs = i?, = 8 here) by saying 
that the welfare levels available when ci =i are represented by points along 
EXF, when 8 = 0 the outer first-best frontier, and for 8 between 0 and $ the 
possibilities lie somewhere between. We see that with symmetric social 
preferences and with low enough 6. lump-sum taxation, even though classifi- 
cation is occasionally mistaken, can do better than optimum non-linear 
income taxation, but with 8 near a half the attempt to discriminate will not 
do as well as optimum income taxation. [There will, however, always exist 
non-symmetric preferences such that optimum income taxation reaches the 
full optimum and any 6 >O will make lump-sum taxation worse than 
optimum income taxation-this is where the optimum lies along PO on the 
outer boundary.] We calculate in section 5 the value 8 of 6 which gives 
equal welfare under the two regimes of optimum income taxation and 
optimum lump-sum taxation with errors. For Fi (fi^ the lump-sum scheme 
will be preferable and for 8 > i? the optimum taxation scheme. 

3. Optimum income taxation’ 

In the previous sections we have explained that a major objective of this 
paper is to compare the potential of income taxation with that of lump-sum 

‘Discussions with Avinash Dixit and Jesus Seade have been of particular help with this 
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taxation. In order to do this we must calculate optimum income taxation. 
The calculation of the optimum income tax can be quite complex [see 

Mirrlees (1971)] and it is natural to ask whether one can invoke the 
standard theorems on optimum income taxation to simplify the analysis. 
There are three general theorems which one might think would be of 
assistance and these are as follows. First, the optimum tax rate should lie 
between zero and one; secondly, the marginal tax rate on the highest income 
should he zero; and thirdly. the marginal tax rate on the lowest income 
should be zero [see Mirrlees (1971, propositions 2 and 3) for the first result. 
and Seade (1977, theorem 2) for the second and third]. These results require 
a number of assumptions and we shall not go into the detail here, but it is 
widely thought that they provide the general statements that are available 
on the shape of tax schedules and that to say more one has to go to 
particular functional forms. It transpires that none of these three results 
holds for our model and it is interesting to see why. 

To derive optimum income taxation for our model we proceed as follows. 
It is clear from fig. 2 that any allocation satisfying the production constraint 
and inequalities (13) can be decentralised by an income tax system. It is also 
clear that any feasible allocation which is the outcome of an income tax 
system must satisfy these conditions. The optimum income tax will. there- 
fore. be given by the solution to: 

(14) 

-c~-C,+F(L,, L,)ziO. (IS) 

To keep things simple we have put /3 = 1 and R = 0 (the results of this 
section are easily extended to cover different /3 and R). Eq. (14) follows 
from (13b) after substituting from (9) and (10). With a lower social marginal 
utility of consumption for the skilled (see below) it will be (13b) rather than 
(13a) that will be relevant. W(e) is the social welfare function. We assume 
that all of C,, L,, CN, and L, are strictly positive at the optimum (note that 
with an elasticity of substitution less than or equal to one Li = 0, i = S or N, 
would imply zero output). Taking Lagrange multipliers A and p for con- 
straints (14) and (15) and differentiating with respect to C, and Ls we have 

c,. 1,s) - /.I. = 0. 

ah 

(16) 

(17) 
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where W, is the partial derivative of W with respect to the utility of the 
skilled person, aLJ/K and ?JLJ/C)L denote partial derivatives of U with 
respect to its first and second arguments. and h(L,, LN)= 

FJL,. L,)/F,(L,. L,). 

From (16) and (17) we have 

1 +L (au/aL)(c,. L,) 
= h L ‘Ihg(C,. hLN). 

F, (aU/K’NC,, L,) FFI N dL, dL 
(18) 

We can interpret the left-hand side of (18) as the marginal tax rate on the 
more skilled individual (it is one minus the ratio of the marginal rate of 
substitution between consumption and leisure to the wage). From the 
right-hand side of (18) we see that this marginal tax rate must be negative. 
We examine the elements of the right-hand side of (18). F, and fi being the 
marginal product of skilled labour and the shadow price on the resource 
constraint. must be positive, as is L,. Since F is homogeneous and concave 
and there are just two factors, ah/aL, is positive (an increase in the quantity 
of skilled labour increases the marginal product of unskilled labour). If there 
is a disutility of labour (sU/aZ>)(C’,, hL,) is negative. There remains only to 
consider the sign of A. 

We shall argue that (14) must bind provided 

(19) 

at the optimum (W, is analogous to W,). We use fig. 2. If (14) does not bind 
then. holding labour supplies constant, we can make a lump-sum transfer 
from S to N (vertical opposite shifts of the consumption points H and I) 
whilst preserving the conditions for decentralisation using income taxation. 
If (19) holds, there is an increase in welfare. Hence, the L.agrange multiplier 
A must be positive. [For any solution of (14) and (IS) together with the 
first-order conditions one can check, ex post. whether (19) does in fact hold.] 
Thus, the marginal tax rate at the top is negative. 

We can give an intuitive interpretation of this result as follows. As with 
most interpretations of first-order conditions for optimality we decompose 
the effects of a change into marginal costs and marginal benefits and at the 
optimum these should be equal. Consider the consequences of an increase in 
I+. We have the benefit F,, the marginal product and the cost in terms of 
the utility of forgone leisure which is given in terms of output by the 
marginal rate of substitution of consumption for leisure. Now in this case we 
have the extra benefit that the increase in L, raises wN/ws the relative wage 
of the unskilled with the consequence that constraint (14) is relaxed (it 
would now take the skilled relatively longer to earn the same income as the 
unskilled). The gains to the relaxation of the constraint are. as we have ,just 
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seen in our argument above that it should bind, that a beneficial lump-sum 
transfer is permitted. At the optimum this gain plus the marginal product 
should be equal to the marginal rate of substitution. Hence, the marginal 
rate of substitution exceeds the marginal product and at the optimum we 
have a marginal subsidy. 

The importance of the endogeneity of relative wages in the above argu- 
ment is clear. If there is an infinite elasticity of substitution between the two 
types of labour [as in Mirrlees (1971) and Seade (197711, then wN/ws is 
constant and we are back to the standard result that the marginal tax rate at 
the top should be zero. 

We can look at the marginal tax rate at the bottom by examining the 
first-order conditions for C, and I,,. We have 

(20) 

w,~~(c-,. l-,,-+C,. hL,)( h+L,$j+pF,:o. 
>N 

(21) 

From (20) and (21) we have 

A au”” _l;;(c,_L,) I--+h+L,$) 
PFZ aL LN - II 

F2 aU 
z CC,, LN) 

h auS” ’ 
It-p 

El. ac 

(22) 

where t~i?~/tlL = (aU/aL) (C,, hL,), the latter partial derivative being with 
respect to the second argument, and similarly for t3UsN/~C. If the right-hand 
side of (22) is less than one we have a positive marginal tax rate at the 
bottom, and if it is greater than one a marginal subsidy. We are speaking 
here of the marginal tax rate as being derived from a comparison of the 
marginal rate of substitution between consumption and leisure with the 
pre-tax wage. A little care with this interpretation is necessary however 
since it is clear from the fact that (14) must bind, together with fig. 2, that 
the tax schedule cannot be differentiable at (C,, wN, I,,) - the point I. The 
reason is that the tax schedule to the left of point I must be steeper than the 
unskilled’s indifference curve through I (so that he will not choose a point to 
the left of r) and to the right of I must be shallower than the skilled’s 
indifference curve through I (since otherwise he will prefer a point just to 
the right of 1 to the point H). Clearly, there are many schedules which will 
do the decentralisation but they must all be non-differentiable at 1. It is on 
this understanding that we speak of the ‘marginal tax rate at bottom’. 
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Writing 

and 
A au”” 

o!=--- 
/_l K - 

we have from (22) 

1 $ a~(?(w 

PN F, al,, 

F, 1 + (1 

From (23) we hav,e: 

and (24) imples that 

(23) 

(24) 

(25) 

We can see from (25) that we will usually have kN/F2c 1. i.e. a positive 
marginal tax rate at the bottom since if consumption is normal, pLN> psN, 
whereas a(hL,)/aL, 5 h < 1. Note that the second inequality in (25) involves 
a comparison between curvature of indifference curves and curvature of 
isoquants. For a CobbDouglas production function 8(hL,)/8L, =0 and we 
certainly have pN/F2c 1 [this can be seen directly from (22)]. If the relative 
wage is exogenous, so that d(hL,)/dL, = h then, as we have seen, normality 
of consumption is sufficient to guarantee a positive marginal tax rate at the 
bottom. 

We shall compute optimum income taxation by using a numerical al- 
gorithm to maximise the social welfare function subject to constraints (14) 
and (1.5). With specific functional forms, (14) and (I 5) give I,, and L, as 
function of Cs and C,, (we know the constraints will bind at the optimum) 
and we can then vary Cs and C, to maximise. 

Given that the result that the marginal tax rate at the top is negative is in 
contrast to previous results on optimum income taxation and that some 
might object directly to a marginal subsidy at the top. we also computed 



optimum income taxation subject to the constraint that the marginal tax rate 
at the top should equal one. 

4. Cobb-Douglas production function and CES utility function 

We suppose that the production function has the special form 

Y = k,,(PI,,)Y((2 ~ p)f>,)‘-y (26) 

and the utility function UC.1 has the constant elasticity of substitution form 

UCC. r.,=[cl- O!Y)cP’Lso!(l - IZ)Y@]P”w. (27) 

The elasticity of substitution F is equal to l/( 1 t- p). It appears that a value 
of F equal to :. and thus p = 1. has some empirical plausibility [see Stern 
(1976)]. It is again straightforward to calculate the labour supply functions 
of eqs. (2)-(Y) and they are not presented explicitly. 

We explained in section 2 that we can. bl sol\.ing eqs. (21-t 11). think of 
the maximand (12) as a function of (t, G,). The optimum is then calculated 
hy numerically searching over the two-dimensional space Ct. G,). Details of 
the procedure are given in Stern (1979). 

The optimum linear income tax G,= G, = G can be calculated by search- 
ing over a one-dimensional space - the government budget constraint gives 
a relation between the marginal tax rate t and the grant G. This is called the 
constrained case. Optimum non-linear taxation was calculated as described 
in section 3. 

The maximand, social welfare, was calibrated using the notion of the 
equally-distributed. leisurely-equivalent consumption “C, defined as follows. 
Cii\.en a certain pattern of utilities resulting from r and G,, we assign to 
social welfare W,, the number “C which is that consumption which. if 
equally distributed. and when hours of work were zero for everyone, would 
gi\e social welfare level W,,. Formally 

2 I/“i”C. 0) =- VW,,. (28) 

where in the Cl3 case I/((‘. 0) = [(l QY)C-~ + ~]-“l”. It is clear that “C will 
depend on v in general. 

A convenient and interesting standard of comparison for welfare levels 
achieved under lump-sum taxation with errors in classification is that point 
on the first-best frontier with Us = lJ, - the point A in fig. 1. This is the 
first-best when the objective is maxi-min (corresponding to v = -m). The 
\-alue of “C for the point A is independent of u. for if U* is the common 
level of utility at A we have I/(“C, 0) = II” for all v. The level of welfare at 
A. (‘CA. will be lower than for the first-base optimum (vi - ~3) but higher 
than that for optimum income taxation (see fig. 1). 
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There are four types of optima to be calculated: lump-sum taxation with 
errors, non-linear income taxation, linear income taxation, and first-best 
maxi-min. Errors in classification are relevant only for the first of these. 
There are a number of parameters to be varied: v, which measures attitudes 
to inequality (see below); R, the government revenue requirement; F, the 
elasticity of substitution in preferences between consumption and leisure: y. 
the (gross-of-tax) competitive share of the skilled: and p, (twice) the 
proportion of the skilled in the population. In addition we must examine the 
effects of any difference between the errors in classifying the skilled 6, and 
the unskilled Fir.,. For further computations see Carruth (1982). With the 
v:arious different optima and parameters we have a large number of cases to 
consider: the presentation of the results is organised as follows. 

We define a ‘base run’: v = ~ 1, R = 0, F = 0.5, y = 0.67. and b = 1. 
Parameters are varied one at a time from this base holding the values of the 
other parameters constant. For the base run we put & = 6, = 6. We shall 
provide an interpretation of the magnitudes of the parameters after the 
results have been presented. For each set of values of the parameters the 
four different optima are calculated; optimum taxation with errors is calcu- 
lated for 6 = 0. 0.1, 0.2, . , 0.5. The parameters (Y and k,,, set at 0.5 and 1, 
respectively, were not varied. 

The results for the base-run are presented in table l(a). and for v = -2 and 
v = 0.97 in table l(b) and (c) [V = 1 .O resulted in convergence problems - 
for a discussion of algorithms, accuracy and convergence see Stern (1979)]. 
A graph showing these three cases is provided in fig. 3. Variation in the 
parameters R. F, A and /3 is depicted in table 2 and the effect of allowing 
i?,> CjN is shown in table 3, The case of 6, = 0 is of particular interest (see 
section 2) and these results are presented in table 4 and illustrated with fig. 
4. 

For each set of values of the parameters a grid was produced for the 
two-dimensional searches so that optimisation could be checked by eye. One 
cannot guarantee concavity of the maximand in either optimum lump-sum 
taxation with errors or optimum income taxation but no problems of 
multiple local maxima were encountered. Computing times and resources 
were very small. 

There are a number of checks on the reliability of our computations. First, 
for v = - 1 the social direct utility function (l/v)U” is -U--’ or -(( 1 ~ 

cu)C ’ +a(1 -L) -I), where p = l(c = 4). The first-best optimum requires 
equality of the social marginal utility of consumption and hence in this case 
of consumption itself. It is comforting that the optimisation routine did 
indeed give this result. Secondly, reassurance of the accuracy of the compu- 
tations is offered by the replication of the results of Feldstein (1973). 
Thirdly. we have the very close proximity between the optimum linear 
income tax and the optimum lump-sum tax with errors when 6 = 0.5 (see 
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tables 1 and 2). We argued in section 2 that we should expect (but could not 
guarantee) these two optima to be the same. 

We now examine the selection of parameter values. The interpretation of 
the parameter 1, is most easily seen if we work with indirect rather than 
direct utility functions. The indirect utility function corresponding to 
U(C, L) as in (27) is 

vcw’, ~)z(~‘+G)[(l -(Y)~ +dw’+“1-“(’ F’, (29) 

where w’ is the net-of-tax wage and G is the lump-sum income. V is 
proportional to ‘full’ income (value of labour endowment of one unit plus 
lump-sum income) since U is homogeneous degree one in leisure and 
consumption. 

The choice of v is a matter of selection of value judgements. A value of 
1, = 1 in (12) corresponds to constant social marginal utility of full income 
(for fixed w’) and is in this sense not egalitarian. Lower values of v represent 
diminishing social marginal utility of full income -for example with w = -1 
the social marginal utility of full income decreases as the square of full 
income. Elsewhere [Stern (1977)] I have argued that v = - 1 for optimum 
saving and taxation generate ‘realistic’ policies. Maximin corresponds to 
1-‘=-CC, 

The revenue requirement R may be compared with total output or GNP: 
for most of the calculations output, which is endogenous, was between 0.5 
and 0.7. Hence, a government revenue requirement of 0.1 represents 
something between 14 and 20% of GNP - it should be remembered that R 
represents government expenditure on goods and services only and not 
transfer payments. The elasticity of substitution between consumption and 
leisure F[ l/(1 + p)] is i in the base run. I have argued elsewhere, see Stern 
(1976), that this conforms well with many empirical estimates of labour 
supply schedules. The parameter y, set at 0.67 for the base-run, is the main 
distinguishing feature of the skilled. If the total labour supply of the skilled 
and unskilled were equal then the gross-of-tax wage of the skilled would be 
twice that of the unskilled. The other difference between the skilled and 
unskilled is in their numbers: 6 = 1 corresponds to equal numbers in each 
group; with /3 = 0.5 there are three times as many in the unskilled group as 
in the skilled group. 

We turn now to a discussion of the results and begin with the effects of 
variations in the parameter 1, -see table 1 and fig. 3. The first point of 
interest is the striking difference between the optima for v of (or close to) 1 
and v of -1 and -2. For lump-sum taxation with errors the degree of 
misclassification can be large (~‘5 = 0.2 means that only 80% of the popula- 
tion are correctly classified whereas random classification would achieve 
50%) yet still imply small tax rates and small losses in welfare (as compared 
with the first best) for 1, close to 1. However, tax rates and losses in welfare 
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(a) The base run, v= - 1 

Optirlllcttl lrrwp-sum ttrxcrtiorl with erron 

?I t G, G, 
0 0 0.0947 0.0937 
(I. 1 0.3635 (I. 1355 0.009~ 
0.2 0.3694 (1.1421 0.0529 
0.3 0.1272 0. 13x5 0.0X1? 
(I.3 cr.4575 0. I299 (I. 101x 
0.5 0.46(13 0.1 176 0.1 175 

M’\ 
0.37(12 
0.x5(17 
0.3382 
0.3375 
(1.33Oh 
Cl.32Xl 

WY 

0.366i 

Y 
(l.iX70 

Y 
O..iXXY 
0.5303 
0.5279 
0.5 l-L.3 
0.5065 
0.5(l31 

“C‘ 
O.?OY? 
0.2032 

0. IOX’) 
(I. 1 Y5Y 
0. 194 I 
0. 1935 
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Table 1 (contd.) 

(cl The base run. v = O.Y7 
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Oplintum lump-sum luxation wirh errors 
fi I GN Gs 
0 0 0.2293 -0.22Y3 
0.1 0.0068 0.2786 m~O.2745 
0.2 (1.023 1 0.3480 -0.3341 
cr.3 0.0763 Cl.4235 -0.3783 
0.3 0.1 YX7 0.3x42 -- 0.2727 
0.5 0.2521 0.0685 0.0685 

Oprimunl non -linear incnme tclxnrion 
(I MTR,\(l-M?‘R,t G, G\ 
0.8 15(I 1 .0X9 0.090 - 0.0634 

2088 (“;:;413 
0.501 1 0.5454 
0.4860 Cl.5537 
0.448 1 0.5763 
0.3679 0.635 I 
(1.3092 0.6915 

W’\ 
0.32 12 

Y 
0.5431 

Y 
0.5870 

z497 

“C 
0.2010 

Y 
0.5761 

“( 

0.2151 
0.2147 
0.2 13x 
0.21 15 
(I.2050 
0.2010 

“(‘ 

0.2063 

G,. i = N, S: lump-sum grant intended for indkiduals type i. 
w,. i : N, S = wage rate for individuals type i. 
t T marginal tax rate. 
fi = proportion mis-classified. 
Y = output. 
“C r equally-distributed leisurely-equivalent lekel of welfare [see eq. (28)]. 
LJ = parameter measuring attitudes to inequality [see eq. (12)]. 

7‘11r diffewnr optimtr 

Optimum lump-sum taxation with errors: where S > 0 some indkiduals receive incorrect 
grants; t and GW are chosen to maximise the social welfare function. 

Optimum non-linear income taxation: every individual faces the same income tax schedule 
although they differ in their wage rates: 1 -MTR, is one minus the marginal tax rate and G, ia 
the lum-sum grant as pken by the tangent to the indifference curve for indkiduals type i. 

Optimum linear income taxation: G is the grant common to all indkiduals; one degree of 
freedom in the optimisation. 

First-best maxi-min: we find the point on the first best frontier where Cl,= U,: each 
individual has welfare level “C,\. 

Orher parameren 

R. F. y. and p are the government recenue requirement. the elasticity of substitution between 
comumption and leisure, the Cobb-Douglas parameter in the production function, and (half) 
the proportion of individuals of each type, respectively. For the results of table 1 we have 
R = 0. F : 0.5, y = 0.67 and /3 = 1. For lariation in these parameters see table 2. 
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oc ’ 
0.2150- 

(b) 

‘CA (First-best maxi-min) 

Optimum non-linear 
income taxation (ONLIT) 

0.2000 income taxation (OLIT) 
(v = 0.97) 

0.1950- 

Fig. 3. (a) Optimum tax rate against proportion misclassified (see table l(a-_(c/l. (131 Welfare 
Ir\el at optimum against proportion misclassified (see table l(a~c)i. 



N. Stem. Optimum tnxation 201 

Tahle 2 

(a) Variation of parameters, R = 0.1 

Optimum lump-sum taxation with errors 

;r :, 
G, G, Y 
0.0572 -0.1 S72 0.6307 

0.1 0.2650 0.1029 -0.04.54 0.5943 
0.2 0.3799 0.1118 0.0059 0.5729 
0.3 0.4434 0.1081 0.0397 0.5588 
0.4 0.4962 0.1006 0.0707 0.5466 
0.5 0.4858 0.0832 0.0832 0.5483 

Optimuni non -1inrur income taxation 

( 1~ MTR,) (Cl- MTR,) G, G, Y 
0.6X62 1 .0342 0.0762 -0.1268 0.6120 

“C 
0.1847 
0.1791 
0.1748 
0.1717 
0.1697 
0.1691 

“C 
0.1806 

(h) Variation of parameters, F = 0.7 

Optimum lump-sum taxation with ermn 
6 f GN G\ Y 
0 0 0.0888 ~~0.0888 O.SS61 
0. I 0.1379 0.1098 ~0.0370 0.5284 
0.2 0.2323 0.1 153 0.0022 0.5061 
0.3 (1.2933 0.1099 0.0338 0.4899 
0.4 0.3280 0.0977 0.0598 0.4801 
0.S 0.3388 0.0808 0.0808 0.4769 

Optimum non-linear income taxation 

(lbMTR,)(l-MTR,) G, G\ Y 
0.7105 1 .OS91 0.09 17 PO.06 1x O.S344 

Optimum linear income taxation 
r CT Y “C 
0.3387 0.0808 0.4770 0. IS84 

“C 
0.1709 
0.1672 
0.1638 
0.1609 
0.1590 
0.1584 

“C 
0.1669 

First-host maxi-rnin 

G, Gs Y “C, 
0.0712 PO.07 12 O.SS37 0.1701 
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“C 
(I.2152 
0.2018 
0. I’)& 
(I. I x99 
0.1873 
0. I Xhl 

“(‘ 

II.1IISIl 
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Optimum lump-sum taxation errors 

6, fi\ 1 G, c;s 
0 0.1 0.0533 0.1026 -0.09 10 ,“;.?699 2334 

Y “< 
O.S82 1 0.2080 

0. I 0.2 0.2497 0.1317 -0.0081 0.3572 0.6443 0.55 1 1 0.2032 
0.2 0.3 0.34Y2 0.1354 0.0405 0.3424 0.657’) 0.5310 0.1994 
0.3 (1.4 0.4019 (1.1292 0.0737 0.33 12 0.6680 0.51X8 0.1968 
0.4 0.5 0.4242 0.1 172 0.0985 0.325 I 0.6750 0.5 132 0.1955 

Ii) See table 1. 
(ii) 8, is the proportion of indi\iduala of type i who are incorrectly classified. In pre\ious tables 

we had fiS= 8, ~~ Cc. 
(iii) v -= -1. 
Ci\ I All other parameter\ as specified for table I 

are larger for v= - 1 and -2, with similar levels of 6. The value of 6, & 
above which optimum income taxation is preferred to lump-sum taxation 
with errors, is 0.393 for v =0.97, 0.087 for v = - 1 and 0.065 for v = ~ 2 
(interpolated from a tine grid for 6 chosen to give values of the maximand 
close to that for optimum non-linear income taxation for the value of v 
under consideration). Note that the curves in figs. 3(a) and (b) are horizontal 
at 6=0.5 since, as argued in section 2, we have symmetry of all relevant 
properties around 6 = 0.5. 

The above interpretation of v explains the striking difference in results 
between v = 1 on the one hand and u = -1 on the other. With v = -1 or -2 
it is a matter of great concern if unskilled individuals are subject to a 
lump-sum tax. i.e. where Gs is negative. Thus, misclassification causes sharp 
drops in welfare. For the same reason tax rates go up quite quickly with 6 
since we wish to stop Gs falling too low as some unskilled will be recipients 
of Gs. In the extreme case of maxi-min (u = --m) one would want G, = G, 
for 8 > 0 (if Cl,< G, then a mis-classified unskilled person would be the 
worse off and one would expect to be able to raise his utility by bringing Gs 
towards G,). The graph of “C against fi would be discontinuous at 8 = 0: for 
8 = 0. the maximand takes the value “CA = 0.209 and for fi > 0 the max- 
imand takes the value 0.177. corresponding to optimum linear income 
taxation (parameter values as for the base run except that u = -50). The 
value of “C corresponding to optimum non-linear taxation with maxi-min is 
0.200 (V = -50). Thus. for maxi-min i? = 0: if there is the slightest chance of 
making a mistake we opt for income taxation rather than lump-sum taxa- 
tion 

It will be seen from fig. 3 that t and “C are, respectively, concave and 
convex functions of 8 for v = ~ 1 and - 2 but that there is an inflexion for 
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6, 

0 
0 
0 

0 
0 
0 

0 
0 
0 
0 
0 

0 

II 
0 
0 
0 
II 
0 

0 0 
0.1 0.0533 
0.2 0.1035 
0.3 
0.4 0.19Y4 
0.5 

0.066s 0.1000 
0.1289 0.1044 

0.3 
0.4 0.2348 0.1 

0.28X0 0.1 13x 

0 0 
0. I .oo 19 

0.0046 
0.3 
0.4 0.0170 
0.5 

1002 
0.1026 

1045 
0. 1064 
0.1075 
0. IOX9 

0.2293 
0.2252 

0.2 I23 
0.2007 
0.1752 

IJz-1 

-0.1003 0.3752 

0.97 
-0.2293 0.50xX 
-0.273’) 

0.65 19 0.5505 0.2023 

0.2 

Apart from v. 6, parameters are the same for table 
(ii) Optimum non-linear income and first-best maxi-min are 

for table 1 since they independent 

0.97. Note that we have just seen that the extreme case of maxi-min 
gives “C a horizontal function of i? for S >O with a discontinuity at ii = 0 
(and similarly for t). The existence of the inflexion for v close to 1 may be 
understood as follows. For very low 8 the curve is almost horizontal since 
the maximand. being insensitive to inequality, changes little if only very 
small errors are made, and we have seen that symmetry around ci = 0.5 
implies that the curve is horizontal there. 

We varied v between 1 and ~ 1 (holding other parameters constant as in 
the base run) to attempt to discover where the inflexion disappears. It would 
appear that the critical value of v is around zero. I have not been able to 
establish such a result analytically (given that one has to resort to the 
computer to calculate “C for a specified 6, it is hard to examine analytically 
the second derivative of “C with respect to 6). 

The magnitude of welfare gains from redistributive taxation in the base 
run (recall R = 0) can be seen from table 1 (a) and that the level of welfare 
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t 
0.5 - 

0.4 - 

0.2, 5okT 

‘CA(First-best maxi-min) 

-Optimum non-linear 

0.2050 - income taxation (ONLIT) 
(v = 0.97) 

(b) 

0.2000 - 

0.1950- 

0.1900L 0.3 0.4 0.5 

Fig. 4. (a) Optimum tax rate against proportion misclassified (see table 4(aHc)): &=O. 
(b) Welfare level at optimum proportion misclassified (see table 4(a)<c)): S, = 0. 



with zero taxation and lump-sum transfers for the base run is “C = 0.184: 
the first-best lump-sum has “C at 0.209. optimum lump-sum taxation with 
ii = 0.2 has “C of 0.201. non-linear income taxation “C of 0.205. and 
optimum linear taxation “C of 0.195. Hence, mo\ing from no taxation to 
first-best lump-sum taxation proCdes a welfare gain of (1.025 in consump- 
tion units. or 13.6%. The gain is 0.021 or 11.4% if one is restricted to 
income taxation and 0.01 1 or 6.0% if only linear income taxation is 
possible. In this case there is a 4.0% drop in welfare from the first best if 
only 80% of the population is correctly classified and lump-sum taxation is 
used. The rate of change of “C with respect to Fi is a measure of the gains to 
obtaining more precise classification. With an estimate of the costs of extra 
precision, exogenous to this model. one could make a judgement of whether 
the effort of finer classification was worthwhile. 

For optimum lump-sum taxation with errors the changes in gross wage 
rates a\ we mo\e from f = (1 to is = 0.5 are not small. As r5 increases the 
gross relative and absolute wage of the unskilled falls. Note that G, is not 
monotonic in 8 although G, is. 

Optimum non-linear income taxation invol\,es a small marginal subsidy to 
the skilled: the sign hut not the magnitude was demonstrated in section 3. 
Again we argued in section 3 that there would he a positi\,e marginal tax 
rate on the unskilled: this tax rate has turned out to be quite substantial. 

Mirrlees ( 197 1 I found in his calculations that ‘Perhaps the most striking 
feature of the results is the closeness to linearity of the tax schedules’ (p. 
206). He warned howe\,er (p. 207) ‘we ha\,e not explored the welfare loss 
that would arise from restriction to linear schedules’. Here we have found 
that the welfare differences between optimum linear and non-linear income 
taxation are substantial (of the order of 5% of consumption). And finally. on 
the base-run note the very close proximity between the optimum linear 
income tax and the optimum lump-sum tax with errors where 8 = 0.5. For 
this value of i5 classification con\‘eys no information and. as argued in 
section 2, there is no ground for discrimination in lump-sum transfers on the 
basis of the classification other than a possible local non-concavity in the 
problem. We suggested that such a non-concavity was not to be expected 
and this has been confirmed in the calculations. 

The comparison of optimum non-linear income taxation with optimum 
non-linear income taxation under the constraint that the marginal tax rate 
on the skilled should be equal to zero for the cases concerned here yields 
results in terms of welfare which are extremely close and thus computations 
for the latter case are not presented [see Stern (1979)]. This is unsurprising 
gilen that the marginal subsidy was found to be small. 

We turn now to- a discussion of table 2. which shows, for I, = -1, the 
effects of varying other parameters. For these new values of parameters 
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results for v = - 2 and v = 0.97 were also computed and the general features 

described above and illustrated in fig. 3 were not significantly altered. 
Results for the case of v = -1 only are reported in table 2. 

An increase in the government revenue requirement imposes greater 
demands on the economy. As a result marginal tax rates for ii > 0 increase 
and lump-sum grants decline. Lahour supplies and output increase and “C. 
the welfare level, declines (note that we have not included in our welfare 
measure any benefits from the government expenditure). There is similarly 
an increase in output for both types of income taxation. 

An increase in the elasticity of substitution, F, between consumption and 
leisure results in a reduction in marginal tax rates for 6 > 0 - the dead- 
weight loss from taxation is larger. A reduction in the competitiv;e (gross-of- 
tax) share. y, of the skilled lowers tax rates. The greater similarity between 
the two types of labour lowers the desire to redistribute through the tax 

system. 
A reduction in the proportion of the skilled in the population raises 

marginal tax rates and lowers output. The reduction in the number of skilled 
sharply reduces incomes for the unskilled making redistrihution more desir- 
able. 

In presenting our results so far we have kept 6, and 6, equal. We now 
examine the effects of allowing 6, > 8, - thus the government makes more 
mistakes in classifying the skilled than the unskilled. The motiv.ation for 
examining this case is that the skilled have an incentive to he classified as 
unskilled (to obtain a higher grant) whereas the unskilled have an incentive, 
for tax purposes. to avoid being classified as skilled. At the same time we 
wished to avoid the complication of the classification proportions being 
endogenous. The results are presented in table 3 for the case I’ = 1 and 
should be compared with those where 8, is equal to ci, presented in table 

l(a). 
Comparing the first five rows of table 3 with the first five rows of table 

1 (al we see that the extra error in classifying the skilled leads to an increase 
in the marginal tax rate and (for 8, > 0) a reduction in the grant. G,. The 
error in classifying the skilled implies that more grants GN are distributed 
with the consequence that the grant is reduced and the tax rate increased. 
The wage rate of the unskilled falls as a result of the increase in marginal 
taxation. 

We explained in section 2 that the case of 6, = 0 is of particular interest 
since it incorporates incentives connected with misclassification in a precise 
and rational way: the unskilled ha1.e an incentive to av,oid being misclassified 
and ii, = 0 is the assumption that they successfully contest the misclassifica- 
tion. The skilled have no incentive to contest a misclassification. Results 
corresponding to tables 1 (a). (h). and Cc) for the case As = 5, are presented in 



tables 4(a), (b), and (c) i.e. v = -1, II = -2, and v = 0.97. Variations in 
proportions misclassified now refer to 6, only. Results are illustrated in fig. 4 
which is analogous to fig. 3. 

Given that all the unskilled are correctly classified one would expect to be 
able to achieve a higher level of social welfare in table 4 for a given 6, as 
compared with a ri of equal magnitude in table 1, and this is indeed the case. 
Further lump-sum taxation is always strictly superior to optimum linear 
taxation. Concern over misclassification of the unskilled and consequent 
very low utility levels now disappears (since it does not arise) and the 
lump-sum tax on the skilled is higher (again comparing equal values of 
6, and 6 across the corresponding tables in table 1 and table 4). Note, 
howev,er, that the lump-sum subsidy for the unskilled decreases as v in- 
creases, i.e. aversion to inequality decreases. 

The critical value of 6,, &., for v= - 1 above which optimum income 

taxation is preferred to lump-sum taxation is 0.285, which may be compared 
with s^ of 0.087 when 6,=6,. The corresponding & for v= -2 is 0.240 
compared with d = 0.065 when 6, = 6,. For u = 0.97 lump-sum taxation with 
errors is preferred to income taxation whatever the level of 6,. 

The lesson is clear: if the unskilled are perfectly classified then the 
lump-sum system becomes much more attractive and the level of errors 
required before one would switch to income taxation is much higher. For 
further calculations in and yeneralisations of this model the reader should 
consult Carruth (1982). 

5. Equity 

Our maximand hitherto has been of the Bergson-Samuelson type, and 
thus takes account of egalitarian values, but does not acknowledge the 
notion of equity as defined in section 1. Recall that this notion of equity 
required equal treatment ex post of individuals who are ex nnte identical. 

The cost of applying this notion of equity in its absolute form can be quite 
high. For if i3 >O the above principle of equal treatment would require 
G, = GN in a system of lump-sum grants. For example. with Fi = 0.1 in the 
base run, the constraint Gs = G, loses roughly 5% of “C as compared with 
the lump-sum optimum with errors. 

Income taxation does not violate the notion of equity described above - 
the income tax schedule is anonymous. in the sense that it is the same for all 

individuals, and all individuals of the same type make the same choice. 
Thus. those who regard equity as important would regard comparisons of 

the type suggested in section 4 as insufficiently favourable toward income 
taxation as against lump-sum taxation with errors. 

The introduction of equity as an absolute notion may be considered too 
strong and one might be prepared to trade-off violations of that principle 
against increases in the more usual social welfare function. In this case the 
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isssue arises of how we should formulate that trade-off. Presumably, concern 
would depend both on the number in a group treated unequally and on the 
consequences of unequal treatment. For example, if Ui and UA are the 
utilities of the correctly and incorrectly classified unskilled, respectively, we 
may have a term in the maximand representing equity considerations of the 
form H(IUK- Uk\. 6). Such calculations should be relatively straight- 
forward but the precise functional form of expressions like H(.) is an open 
question. Indeed, one can argue that the amalgamation of two different 
ethical prinicpies. such as the utilitarian/Bergsonian and that of horizontal 
equity, into one grand or ‘supra’ social welfare function is an unappealing 
way of meeting a philosophical difficulty. Some, for example, would want to 
argue that one must make up one’s mind whether the principle of horizontal 
equity should be taken seriously or not. If not, we forget about it, if ‘yes’ 
then we impose the constraint Gs = G,. Others might want to take both 
principles into account and then form a judgement as to the appropriate tax 
rates and grants without an appeal to a grand social welfare function which 
combines the two principles. 

For those in the latter category we can provide some information to assist 
their judgement. In table 5 we present the four utility levels (for the base 
run) for different values of f. There are four levels since a person in a given 
skill category can be either correctly or incorrectly classified. Recall that 0 
represents correct classification and 1 incorrect. The calibration of utility is 
in consumption units being the leisurely equivalent consumption (“C corres- 
ponding to a utility level I!? satisfies U(“C, 0) = I??). We see from table 5 that 

for the lower values of 6 the difference in utility levels between correct and 
incorrect classification are substantial. For 8 = 0.5 classification makes no 

Table S 

Ex Post inequity in lump-sum taxation with errors 

Base run 

i3 To N “C,: “(‘It “c: 

0 0.2238 0.1 I82 0.1968 0.2933 
0.1 0.2176 0.1291 0.2001 0.2798 
0.2 0.2070 0.1374 0.2058 0.2676 
0.3 0.1941 0.1465 0.2136 0.2553 
0.4 0.1810 0.1568 0.2226 0.2436 
0.5 0.1683 0.1683 0.2326 0.2327 

Notes 

(i) v-1. 
(ii) All other parameters ab in table I. 
(iii) “C: is the welfare level for skill type i correctly 

classified as i (i = S, N). “C: is the welfare level 
for skill type i incorrectly classified as j# i (i, j = 
S, N). 



ciilferenc~ to utility le\.els since the utilitarian/Ber~s(~nian criterion leads us 
to have CL, = Gv when classification carries no information. Note that for 
low \aIut’s of 8 the corr.t‘cMy classified unskilled are better off than the 
correctly classified skilled. This conforms with the Mirrlees result (see 
section 7 above) that in the first-best (ii = 0) optimum the unskilled will he 
better off. 

6. Concluding remarks 

We ha\,e. in this paper. heen concerned with an issue of considerable 
importance: the ad\,antages of selecti1.e or discriminatory taxation where 
errors are made in administration as against anonymous. here income. 
taxation. The modern literature on optimum income and commodity taxa- 
tion has assumed directly that lump-sum taxation is impossible and Hahn 
( 197.1) has complained that we should not assume certain taxes arc impossi- 
ble without giving a reason. and he went on to give examples of lump-sum 
taxes that have heen administered. We ha\,e not assumed lump-sum taxe\ 
arc impossible but WC ha\e recqnised that we may make errors in adminis- 
tering them: in particular we may not he able to determine the particular 
features of individuals which we regard as important for deciding lump-sum 
taxes and we may have to resort to less satisfactory indicators. The lump- 
sum system under consideration in\ol\es no taxation of personal income\ 
other than a proportional output or income tax at source. 

In comparing income taxation and lump-sum taxation with errors we 
argued in section 2 that proGded errors were sutticiently small. lump-sum 
taxation was to he preferred but that income taxation was more desirable if 
errors are large. In section 4 we computed the size of errors (i? in our 
notation) that would make the two types of taxes equally desirable. and 
found that the \.alue of d was \ery sensitive to our distributional L alues (for ^ 
v = 0.97. Fi = 0.393 and for /I = I. i = 0.087 - recall K = (1.5 corresponds 
to no information from classification). Thus. our predilection for selective 
rather than anonymous taxation will depend \tronglq on our estimate of our 
ability to administer a selecti\.e system. and our egalitarian values. Where 
misclassification of the unskilled is avoided lump-sum taxation hecomes 
more attractive: As = 0.285 for u = - 1 and 0.230 for v = ~ 2. For 1’ = 0.97 
lump-sum taxation is more attracti1.e than income taxation whatever ~‘5,. 

We ha\e throughout ignored the differences in costs between different 
kinds of system and maintaininS different degrees of accuracy in the selec- 
tive system. The computations in this paper should be seen as a contribution 
to the benefit side of the analysis and provide information with which 
differences of cost can he compared. lt should be emphasised that we are 
comparing two different kinds of system and not the costs and henetits of 
introducing a lump-sum element into a non-linear tax system. 

The issue of horizontal equity arises in the model because terrors are made 



in discriminator\ lump-sum taxation. The application of the absolute princi- 
ple in a system of lump-sum grants forces equal lump-sum grants for all. as 
linear income taxation. The loss in the social welfare function can be 5 or 
10% in consumption units. 

It should be emphasised too that although the issues to which the paper is 
addressed are substantial, the model is exceedingly simple and even though 
considerable parameter variation has been pro\,ided the conclusion must be 
viewed with some circumspection. One would lihe to see corresponding 
computations for different kinds of models. the reader should consult 

Carruth t 1982 1. 
Finally, in the course of our analysis and computation of optimum income 

taxation for the comparison with lump-sum taxation we found that the 
optimum income tax schedule in our model with endogenous relative gross 
wage rates for different kinds of labour had certain features. in striking 
contrast to those from models where relative gross wages are exogenous. In 
particular we found that there should be a marginal subsidy on the income 
of the more skilled individuals. in contrast to preceding models with exogen- 
ous relative wages where marginal tax rates should be between zero and 
one. and zero at the top. 
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