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Abstract

We consider the problem of testing whether a single coefficient is equal to zero in high dimensional
fixed-design linear models. We propose a new method, called residual permutation test (RPT), which is
constructed by projecting the regression residuals onto the space orthogonal to the union of the column
spaces of the original and permuted design matrices. RPT can be proved to achieve finite-population
size validity under fixed design with just exchangeable noises, whenever p < n/2. Moreover, RPT is
shown to be asymptotically powerful for heavy tailed noises with bounded (1+¢)-th order moment when
the true coefficient is at least of order n~*/(1+%) for t € [0,1]. We further proved that this signal size
requirement is essentially optimal in the minimax sense. Numerical studies confirm that RPT performs
well in a wide range of simulation settings with normal and heavy-tailed noise distributions.

1 Introduction

Testing and inference of linear regression coefficients is a fundamental problem in statistics research and
has inspired methodological innovations in many other research directions in the statistics community [e.g.

, ]. In this paper, we consider the setting that we have observations (X, Z,Y’) € R"*P x
R™ x R™ generated according to the following model:

Y = XB+bZ +e, (1)

where € := (£1,...,&,) € R™is an n-dimensional noise vector, and our goal is to test the null hypothesis
Hy : b = 0 against the alternative H; : b # 0.

In this paper, we are primarily interested in designing a new coefficient test with finite-population va-
lidity. In other words, we require our test to have valid size control with arbitrary magnitude of n, instead
of requiring some asymptotic regime assumption that may be unrealistic in practice. When the noise vari-
ables are independent and identically distributed (i.i.d.) Gaussian random variables and p < n, the ANOVA
test [ , ] can be used to test Hy against H; with finite-population valid Type-I error control. While
the Gaussianity assumption is convenient for theoretical analysis, it is in general not realistic in practical
applications, which limits the applicability of the ANOVA test. Indeed, as we will see in Section 3, the size
of ANOVA test can be far from the nominal level in the presence of heavy-tailed noises. This motivates
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us to propose a new test that is finite-population valid without such restrictive distributional assumptions.
In particular, instead of the independent Gaussian distribution assumption above, we only assume that the

noise € = (£1,...,6,) | have exchangeable components:
Assumption 1 (Exchangeable noise). For any permutation o of indices 1, ..., n,
d
(51, s 7€TL) - (60'(1)7 s 750(71))'

A common approach to handle exchangeable noise is through the idea of permutation tests [ ,
,b, ]. Recently, [ ] implemented this idea to the problem of regression co-
efficient testing. In their seminal work, the authors proposed cyclic permutation test that achieved finite
population validity under Assumption 1 by exploiting the exchangeability of the noise terms. However, to
achieve a size « control, their cyclic permutation test requires that n/p > 1/a — 1. For example, for a
sample size of n = 300 and a targeting Type-I error rate is o« = 0.01, at most p = 2 covariates are allowed
in X. This limits the applicability of their test in moderately large dimensions. In this paper, we consider the
more challenging question of finite-population Type-I error control in the high dimensional setting where
p is allowed to be of the same order of magnitude as n. We propose residual permutation test (RPT), a
permutation-based approach that performs hypothesis tests by manipulating the empirical residuals after
regression adjustment. The proposed test is guaranteed to have the correct Type-I error control whenever
p < n/2. Moreover, our result is fixed design and does not require any regularity conditions on the design
matrix X.

In addition to proving its finite-population validity, we further analyze the statistical power of the pro-
posed test in high dimensions, especially when the ¢;’s follow a heavy-tailed distribution. As we will discuss
further in Section 2.3, statistical methods with robustness to heavy-tailed data have significant demands in
practice [ , , , , , ], and has been actively studied in both modern
statistics and theoretical computer science communities. Despite its importance, there is a lack of available
tools that can handle high dimensional regression coefficient testing with heavy-tailed noise. In this paper,
we fill this gap by showing that when the ¢;’s are i.i.d. and have a finite (1 + ¢)-th order moment for any
t € [0, 1], we can still construct a test with non-trivial statistical power in high dimensions. Specifically, we
prove that when n/p > 3 +m for some m > 0, our proposed test is guaranteed to have power converging to
1 whenever the coefficient b is of order at least n~*/(1+*) We also studied the minimax optimality of high-
dimensional coefficient testing with heavy-tailed noises; and proved that in the presence of heavy-tailed
noise with only a finite (1 + ¢)-th moment, the n~t/(1+1) order requirement for b is essentially optimal.

Since ANOVA has been used extensively in practical applications, as an independent contribution, we
provide a more comprehensive analysis of the ANOVA test. Specifically, we show that ANOVA is finite
population valid when either the design or the noise follows a spherically symmetric distribution, a condition
that is slightly weaker than the Gaussianity assumption. On the other hand, our simulation analysis show that
ANOVA is indeed not validity when such spherical distributional assumptions are violated. At the same, we
propose another permutation-based test: naive residual permutation test (naive RPT), which like ANOVA,
is also valid under spherically symmetric noise distribution whenever p < n. While naive RPT is still not
valid for non-spherically symmetric noises, it does appear to have smaller Type I error violations compared
to ANOVA.

In sum, we make the following contributions

* We propose a new test that has finite population validity with fixed-design linear models and ex-
changeable noises in the high dimensional setting where p < n/2.



* We prove that when the noise variables are heavy-tailed with bounded (1 + ¢)-th order moment for
t € [0, 1], our test is asymptotically powerful when b is at least of order nt/(+t),

* We perform numerical analysis to show that ANOVA is indeed invalid in general distributions, espe-
cially with heavy-tailed data. We also studied other theoretical properties of ANOVA.

* We discuss the minimax optimality of regression coefficient test with heavy-tailed distributions, and
show that our test is essentially optimal in the minimax sense.

The rest of this paper is organized as follows. In Section 2, we review existing results in high-dimensional
coefficient testing, conditional independence testing and heavy-tailed data. In Section 3, we provide more
studies on the finite-sample properties of ANOVA test with non-Gaussian noises, and propose a new test
that is easier to implement and more robust to non-Gaussianity. As ANOVA test has been heavily used in
practical applications, we believe this is of independent interest. In Section 4, we present our method, and
prove its finite population validity. In Sections 5 and 6, we provide power analysis of RPT and study the
minimax optimality of high-dimensional coefficient testing under some heavy-tailed assumptions. Finally,
in Section 7 we provide numerical analysis. In Section 8, we finalize the manuscript with a discussion.

Notation

We conclude this section by introducing some notation used throughout the paper. For any n X p dimen-
sional matrix A, we denote by span(A) the subspace spanned by the p column vectors of A; and we write
span(A)L as the space that is orthogonal to span(A). Given an n-dimensional vector a, we denote by
Proj 4 (a) the projection of a onto the subspace span(A), and denote by ||a||2 as the £o-norm of the vector
a. Given two n X ¢ and n X g2 dimensional matrices A, B, we denote by (A, B) as the n X (q1 + ¢2)
matrix via column concatenation of matrices A and B. We write N'(0, 1) as standard normal distribution.
For two sequences (ay)nen and (by, )nen, we write a,, = O(by,), or equivalently b, = Q(ay,), if there ex-
ists a universal constant C' > 0 such that |a,| < C|b,| for all n; we write a,, = o(by,), or equivalently
by, = w(an), if |an|/|bn| — 0.

2 Literature review

Our work spans a wide range of research directions, including high dimensional coefficient testing, permutation-
based hypothesis tests and high dimensional heavy-tailed problems. In this section, we compare our research
to works within each direction.

2.1 High dimensional testing of regression coefficients

The most classical approach for testing the null hypothesis b = 0 is through the analysis of variance
(ANOVA) test [ , ]. ANOVA test was originally proposed by Sir Ronald Fisher in the 1920s, and
has been widely used in economics [ s ], finance [ , ] and biology [ s
] etc. Under the context of single coefficient testing, when n > p + 1 and € ~ N(0, 0%I) for some
02> 0,if 3 := argming||Y — X 8|3 and (B,b) := argmin gy [|[Y — X3 — bZ||3, then under H, the test
statistic R o
1Y — XBl3— IY — X5 —bZ]|3

anova, - — ~ ~ n—p— )
’ V= Xp- b2/ —p—1)
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can be used to construct a test where H is rejected when ¢anova €xceeds the 1 — o quantile of the F7 ;1
distribution. As the above distributional result is nonasymptotic and holds whenever n > p + 1, the asso-
ciated test is valid even in the high-dimensional setting. However, as we will discuss in Section 3, beyond
Gaussianity and some other class of restrictive assumptions on €, ANOVA test is usually not guaranteed to
have a valid Type-I error control. This encourages us to construct hypothesis tests with valid Type-I error
control allowing a broader class of noise distributions.

As emphasized by [ ], this is a challenging problem, with a “century long effort” in
the statistical community to alleviate the strong Gaussianity assumption of ANOVA. Some representative
works include [ 1, [ ]. However, the two methods mentioned above still
require the noise to follow certain geometric constraint, which is either symmetric about O or rotationally
invariant. [ ] represented, to the best of our knowledge, the first work that established
finite-population size control with only exchangeable noise. However, as mentioned in the introduction,
despite its striking distribution-free property, the cyclic permutation test proposed in [ ]
requires the dimension of p to be much smaller than n for valid size control, and no corresponding statistical
power analysis was provided. Another alternative with less restrictive assumptions on dimension p was

proposed in [ ], where the authors proposed a “stratified randomization
test”. Different from our test that is fixed design and allows arbitrary X,
[ ] assume that rows of X must follow a discrete random distribution with a relatively small number of

unique values.

Besides finite-population validity, a less demanding criteria for coefficient test is the asymptotic validity.
By invoking 1) certain sparsity conditions on the regression coefficients; 2) some regularity conditions on
the design matrix X and 3) sharp tail bounds on the noise variables, debiased lasso is guaranteed to establish
asymptotically valid p-value and confidence intervals for regression coefficients [ , ,

, s , ]. Recall that our test is finite population valid with
arbitrary design and coefficient and has non-trivial power even with heavy-tailed €. Other follow up studies
of debiased lasso include [ 1, [ 1, [ ], to name
a few.

More broadly speaking, regression coefficient test can be viewed as a subdomain of the more general
conditional independence testing, i.e., testing the null hypothesis Y L Z | X, treating X,Y, Z as i.i.d.
realizations from some hypothesized superpopulation. Unfortunately, when one has no assumption on the
joint distribution of the random variables X, Y and Z, [ ] proved that it is a “statistically
hard problem”, in the sense that a valid test for the null does not have power against any alternative. This
means that some restrictions must be added to the class of null distributions to have some power. Follow-
ing this insight, an important research question then, is to propose valid test under minimal distributional
assumptions. In this paper, we show that a linear functional relationship between Y and X is sufficient to
have exact validity with non-trivial power.

2.2 Permutation based hypothesis tests

As also mentioned in the introduction section, our new method is based on permutation test [ ,
,D, ]. Permutation test was originally developed for independence testing. Specifically, using

the exchangeability properties of the sampled data, permutation test is guaranteed to have finite-sample va-
lidity guarantee, without any geometric or moment constraints on the underlying distributions. Thanks to
such distribution-free property, permutation tests and its extensions have also been used in coefficient tests
[ , , , ], sharp null hypothesis tests [ R
, ] and conditional independence tests [ , , , ] for finite-population



or asymptotically valid Type-I error control.

2.3 Heavy-tailed data

To understand the efficiency of the proposed method in heavy tailed data, in this paper, we further provide

power analysis when the noise terms follow a heavy-tailed distribution. In classical high-dimensional lit-

erature, due to the simplicity of theoretical analysis, existing methods usually focus on data with sharp tail

bounds, such as sub-Gaussian or sub-exponential tail bounds [see, e.g. , ]. However, as also

discussed by [ 1, such strong tail condition may not be reasonable in real world applications,

such as neuroimaging [ , ], gene expression analysis [ , ], and finance [ ,
].

Since the pioneering work by [ ], the problem of extracting useful information from heavy-
tailed data (or the related adversarially contaminated data) has been an active area of research in mathemat-
ical statistics and theoretical computer science literature in the past ten years [ , ,

, s , s s , , ]. In the high dimensional setting
where we allow the dimension p to grow with n, heavy-tailed data has been actively studied in mean estima-

tion [ , , ], regression coefficient estimation [ s , , s

, , , ] and covariance matrix analysis [ , , , ].
The definition of “heavy-tail” may vary across different articles. Among all the heavy tail literature, our
heavy tail assumption is the same as the one in [ 1, [ ], which assume that

the noise variables has at most a finite (14 ¢)-th order moments for some ¢ € (0, 1] without any geometric or
shape constraints. To our knowledge this is also the weakest heavy tail assumption studied in the literature
(or at least in the high dimensional literature).

Nevertheless, under the context of coefficient testing, existing methods on heavy-tailed data seem still
limiting. In this paper, we fill this gap by providing statistical power guarantee of our constructed test with
heavy tail noises. Our power analysis stems from our new theoretical insight on the asymptotic convergence
of heavy-tailed random variables after subspace projections. It would be of interest if these results could
be extended to understand the power of permutation-testing based hypothesis tests in other heavy-tailed
scenarios.

3 Finite-population validity of ANOVA beyond Gaussianity

As ANOVA has been frequently used in empirical analysis, it would be of interest to provide a more com-
prehensive analysis on the sensitivity of ANOVA test with respect to the Gaussianity assumption, both
empirically and theoretically. First, we show that in fact, by Lemma 1 below, ANOVA is valid as long as
either the noise € or the design matrix (X, Z) follows a spherically symmetric distribution.

Definition 1. We say that a random matrix A € R"*4 follows a spherically symmetric distribution if for

d . .
any Q € O"*", A = QA, where Q"*" is the set of n x n orthonormal matrices.

Lemma 1. Suppose Y is generated under (1) with B € RP b = 0. Suppose also that € is a random vector
that is almost surely not a zero vector, (X, Z) is either deterministic or independent from €. If either €
or (X, Z) follows a spherically symmetric distribution, then the test Statistic Ganova defined in (2) satisfies
¢anova ~ Fl,n—p—l-



ANOVA Naive
n p X type  noise type 0.01 0.005 0.01 0.005
300 100 Guassian  Guassian | 0.0101(g.003) 0.0050(0.0002) | 0.010(0.0003)  0-00490.0002)
300 100 Guassian ty 0.0181(9.0004) 0.0160(0.0004) | 0.0158(0.0004) 0-0116(0.0003)
300 100 Guassian to 0.0153(0.0004)  0.0107(0.0003) | 0.0139(0.0004)  0-0089(0.0003)
300 100 t Guassian | 0.0101(g,0003) 0.0050(0.0002) | 0-0103(0.0003) 0-0049(9.0002)
300 100 t tl 0.0243(9.0005)  0.0208(0.0005) | 0-0158(0.0004)  0-0107(0.0003)
300 100 t to 0.0180(0.0004) 0.0130(0.0004) | 0-0141(9.0004) 0-00889.0003)
600 100 Guassian = Guassian | 0.00950.0003) 0.0050(0.0002) | 0-0096(0.0003) 0-0048(0.0002)
600 100 Guassian t1 0.0163(0.0004) 0.0143(0.0004) 0.0128(0_0004) 0.0080(0_0003)
600 100 Guassian to 0.0169(0.0004) 0.0120(0.0003) | 0-0128(9.0004)  0-00769.0003)
600 100 t1 Guassian | 0.0105(9.0003)  0-0050(0.0002) | 0-0102(0.0003) 0.0052(0.0002)
600 100 t1 t1 0.0188(p.0004)  0.01660.0004) | 0.0106(0.0003) 0-0058(0.0002)
600 100 th () 0.0174(9.0004)  0.0130(0.0004) | 0-0114(0.0003) 0-00630.0002)
600 200 Guassian Guassian | 0.0101(0003) 0.0049(0.0002) | 0-0103(0.0003) 0-0050(0.0002)
600 200 Guassian ty 0.0141(0.0004) 0.01229 903y | 0.0124(9.0004)  0-00909.0003)
600 200 Guassian to 0.0150(0.0004)  0-0104(0.0003) | 0-0136(0.0004) 0-00890.0003)
600 200 t1 Guassian | 0.0101(.0003) 0-00499.0002) | 0-0098(0.0003) 0-00499.0002)
600 200 t t 0.0202(9.0004)  0.0173(0.0004) | 0-0133(0.0004) 0-0086(0.0003)
600 200 t to 0.0170¢0.0004)  0-0120(0.0003) | 0-0134(0.0004)  0-00809.0003)
Table 1: Sizes of the ANOVA test and naive residual permutaion test, estimated over 100000 Monte

Carlo repetitions, for various noise distributions at nominal levels of « = 0.01 and o« = 0.005. Data are
generated by models (1) and (3), with X, € and e having independent components distributed according to
the various X types and noise types described in the table. Standard errors of the estimated sizes are given
in parentheses.

The spherical symmetry in the noise or the design is slightly weaker than the usual Gaussianity con-
straint, however, it is still too strong for many real data applications. For instance, if we assume that obser-
vations (Xj, Z;,Y;) are independent, then this assumption amounts to either i.i.d. normal noise or an i.i.d.
multivariate normal design.

We now perform a numerical experiment to analyze the validity of ANOVA test under general distribu-
tional classes of e. We generate data (X, Z,Y") according to the model specified in (1) and that

Z=Xp%+e. (3)

In the simulation, we set b = 0; since the result of ANOVA is invariant to 3, 5%, we simply set them to be
zero vectors. We also set X as n X p matrices with i.i.d. entries following either A/(0, 1) or ¢; distribution,
with (n, p) = (300, 100), (600, 100) or (600, 200); and e and & have i.i.d. components from one of A/(0, 1),
to or t1 distributions.

Table 1 summarizes the performance of ANOVA test from 100000 Monte Carlo simulations. For evalua-
tion criterion we consider the sizes of the ANOVA test at nominal levels oo = 0.01, 0.005 among the 100000
replicates. According to the simulation results, when the noises of e and e follows a standard normal dis-
tribution, the ANOVA test has the correct size control, which is consistent with Lemma 1. However, when
normality is violated, the ANOVA test will be overly optimistic, with an empirical size more than twice
as large as the nominal level in some cases. In particular, the performance of noise type ¢; is in general
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Figure 1: Histogram of p-values under the null for ANOVA test and naive residual permutation test from
100000 Monte-Carol replicates. The first line are the histograms of the ANOVA test under different spec-
ifications. Specifically, (a) is the result with Gaussian design, n = 300,p = 100 and € has independent
t1 components; (b) is the histogram with the same setting as in (a) except that we switch from Gaussian
design to ¢; design; (c) is the histogram with Gaussian design, n = 600, p = 100 and € has independent
t1 components. The second line are the histogram for naive test. (e)-(f) use the same simulation settings as

(a)-(c).

worse than that of ¢,, this means that ANOVA test is more vulnerable to heavy-tailed noises. Moreover, the
performance of ANOVA is worse with a heavy-tailed design matrix X.

To better understand the empirical distribution of the simulated p-values, we plot the histogram of Monte
Carlo repetitions in Figure 1. Figure 1(a)-(c) corresponds to the histogram of the p-values from the ANOVA
test. Apparently, all the histograms are far from uniform on [0, 1] under the null hypothesis, with a large
spike near zero. In addition, the magnitude of the spike gets higher as n becomes smaller or that € or X
becomes more heavy-tailed. Another interesting property is that the histograms are usually “U-shaped”,
where the peaks appear at regions near either 1 or 0. In sum, when data are generated from non-Gaussian
and in particular heavy-tailed distributions, the ANOVA tests are usually far from the correct level and the
aim of the current paper is to propose a new test that 1) is finite-population valid in high dimensions just
with exchangeable noises and 2) has power even in heavy-tailed distribution.

It is worth noting that when 8 = 0, we can easily construct a valid permutation test by computing
the correlation of Y to Z and to its permutations. From this intuition, a straightforward approach is to
first regress both Y and Z onto X to eliminate the influence of X, and then to use regression residuals
for permutation test construction. Specifically, let R, := (I — X(X"X)"'X )Y and R, := (I —
X(X X )X T)Z be the regression residuals after projecting Y and Z onto X respectively. Let V €
R"™*("=P) be a matrix with orthonormal columns spanning an (1 — p)-dimensional subspace of span(X )+,

then I — X(X'X)'X" = V(V. Hence under Hy : b = 0, the regression residuals R, satisfy



RE = VOVJ Y = VOVJ €. From above, we construct a test, which we call as naive residual permutation
test, based on the projected residuals ¢ :== V] R. =V Y andé:= V] R. =V Z as

K
1 AT . R

Gnaive = Kil (1 + Z 1(’6T5| < |eTPk€|)> ) 4)
where the P, € R("P)*("=P)’s are random permutation matrices that are sampled uniformly at random
from the set of all permutation matrices. Lemma 2 shows that under a slightly weaker condition than
Lemma 1, ¢naive 1 a valid test.

Lemma 2. Suppose Y is generated under (1) with B € RP, b = 0. If either

(a) € or (X, Z) follows a spherically symmetric distribution;

(b) Z is generated under (3) and either e or (X,Y) follows a spherically symmetric distribution,
Onaive IS valid p-value, i.e., for all & € (0,1), P(ppaive < @) < a.

The conditions for Lemma 2 is slightly weaker than Lemma 1. However, Lemma 2 still requires the
spherically symmetric distribution. To better understand their empirical performances, we also show the
performance of ¢y ,ive With non-Gaussian noises or non-Gaussian designs in Table 1 and Figures 1(d)-(f) .
Consistent with the theoretical findings, without the strong Gaussianity or shperically symmetry assumption,
@Panova 18 also not guaranteed to have finite-population validity. Nevertheless, when both tests are invalid,
the size of naive permutation test is closer to the correct level than its competitor. This indicates that naive
test is more robust to non-Gaussian distributions. Moreover, the naive test is an intuitive method and is easy
to implement. Thus, the naive test could be used as a preferrable alternative to ANOVA in real data analysis
whenn/2 <p < n.

Although the empirical finding suggests that the naive RPT is more robust to Gaussian violations, the
question remains: how can we construct a hypothesis test that is finite-population valid just with arbitrary
exchangeable noises in high dimensions where p can be in the same order of magnitude as n? We answer
this question in the next section.

4 Residual permutation test: methodology and validity

In Section 3, we have shown from simulation experiments that a naive permutation test on the residuals,
although more robust than ANOVA, is still not guaranteed to have finite-population validity with just ex-
changeable noises. In this section we describe a more refined test using the projected residuals € and é,
which we call residual permutation test (RPT), and present its finite-population validity guarantee in Theo-
rem 2. For intuitions behind such construction, we refer the readers to Section 4.1.

To describe RPT, we write P for the set of all permutation matrices in R"*"™ and we denote by Py = I C
‘P the identity matrix. To successfully perform the regression permutation test, we first need to randomly
generate of a sequence of /' permutation matrices { Py,..., Pg} C P\ {Py}, such that together with Py
they form a group:

Assumption 2. For any P;, P; in the set of permutation matrices P := {Py, P1,..., Pk}, there exists
ak €{0,...,K} such that P, = P, P;.



We write Vg € R™("~P) a5 a matrix with orthonormal columns spanning an (n — p)-dimensional
subspace of span(X ) and V7, := P, V,." In addition, we denote by V', € R™*("=2P) 3 matrix with
orthonormal columns spanning a subspace of span(Vy) N span(Vy). Recall that & := V] Z and & :=
VOTY. Given a fixed T : R" 2P x R"~? — R, we can calculate the p-value of our coefficient test via:

- T

K
1 ~T ~T ”‘T
- (1+%1 i T(V Ve,V V&) <T(V,Voe,V, V,é - 6
d) K+1 ( ; {VE{‘~/H117ID7‘7K} < o€ 06) ( L Yoe€ k k€> }> ( )

Notice that 7" can be any function. For example, one can choose T'(z,y) = |(x, y)|. As demonstrated in the
Supplementary Material, the above definition of ¢ can be simplified as the following equivalent form

K
¢ = K1+1 (1 * ; ! {Ve{é?,i?,vK}T (VTZ’ VTY) =t (V;Z’ VngY) }) - ©

The following theorem shows that the proposed p-value is uniformly valid under the null:

Theorem 2. Suppose that (X, Z,Y) is generated under model (1) with p < n/2 and that the noise
satisfies Assumption 1. Suppose { Py, : k =0, ..., K} satisfies Assumption 2. Under Hy : b = 0, ¢ defined
in (6) is a valid p-value, i.e. P (¢ < o) < a for all a € [0, 1].

We remark that as shown in Theorem 2, an important advantage of RPT is that the result is finite-
population such that it holds for arbitrary size of n. Moreover, our result assumes a fixed-design matrix and
does not require any assumption on X for finite-population validity. For example, the rank of X even does
not necessarily need to be p. Also, Theorem 2 shows that RPT has valid size for any choice of function
T'(-,-) and number of permutations K. However, in practice, to have good power under the alternative, we
typically set T'(x,y) = |(z, y)| and choose a moderate size of K = O(1/a).

4.1 Some intuition of RPT

In this section, we discuss the intuition behind (5). As demonstrated in Section 3, a naive permutation test
on the residuals is in general not valid in the finite population setting with just exchangeable noises. This is
because under the null, ¢paive performs permutations on the vector &€ = Vg € instead of ¢ itself. Even if
is an exchangeable random vector, VOTE may no longer be so, which renders the naive test invalid.

To overcome this challenge, we may want to construct a new test that, under Hy, is equivalent to per-
muting the noise vector € directly, instead of the transformed noise Vge. Interestingly, this goal can be
achieved based on a special transformation of the vector Vge. Specifically, given a permutation matrix Py,
recall that V', = PV, we may use the transformation that under Hy,

E=V]e=V|P/Pre=V]Pe. (7)

In light of this transformation, we further have that under Hy, V&€ = VkV,IPks = Projvk (Pre),
i.e., a projection of the noise vector Pye onto the space span(V), and equivalently, V¢& = Projy (e).
However, this is still not enough, as Projy, (e) and Projy,, (Pye) corresponds to the projections of the

'If X is full column rank, then Vo V] = I—-X (X "X)"'X T and span(V) and span(X )~ are the same space. Otherwise,

span(V) is a subspace of span(X)*.



vectors € and Pye onto different subspaces, which are not directly comparable. This means that we need to
further propose a more refined strategy to project € and Pye onto some same space for a fair comparison.
Now recall that we already have Projy, () and Projy,, (Pr€), an ideal choice of such space would

then be span(V;), i.e., the intersection of span(V) and span(V'). Specifically, using that V', spans a

subspace of span(V'y), it is straightforward that ‘N/'z = f/ZVk Vg. From this and (7), we have that under
Ho,
V Vit =V .V, VI P =V, Pe

and equivalently ‘N/;VUé = f/;s since V', spans a subspace of span(V) as well.
From the above analysis, we further have that under Hy,

T (f/;voé, f/[voé) —T (f/ZVoé, f/Ze) and T (Vngé, V,:Vké> —T (V,:Vo& V;Pks> .

This allows us to control ¢ as that
1 K ~ T ~ T ~ T ~ T
o=——(1+31{ min_ T(V Ve,V s)§T(VkVoé,VkPks>
K+1 — | vevi..Vx}

( i { min T (VTVOé,f/TE) < min_ T (VTVOé,VTPkE)}>

Ve{Vy,..,Vk} T VeV, Vk}

K+1< +Z]l{9 <9Pk€)}>

for some function g(-) that depends only on (X, Z, Pk ). Since here we consider a deterministic Px, g(+)
is also a deterministic function.

Now our only remaining job is to prove that the p-value displayed at the end of the above inequality is
valid. The following lemma shows that once we construct Pg such that Assumption 2 holds, ¢ is a valid
p-value:

Z %

Lemma 3. Suppose € = (1,...,e,) " satisfies Assumption I and let {Py = I, Py, ..., P} be a fixed
set of permutation matrices satisfying Assumption 2. Then for any function g : R™ — R, we have that

IP’{ <1+Z]l{g <ng€)}>§a}§La([§_:_11)J§a

S Analysis of statistical power

This section provides power analysis of RPT under mild moment assumptions of noises €; and e;’s where,
e.g., the second order moments are not necessarily finite. For simplicity of exposition, throughout this
section we assume without loss of generality that n is a multiple of |Px| = K + 1, where K is a fixed
constant that is chosen such that K > 1/« for the prespecified Type-I error . The scenario where 7 is not
divisible by K + 1 can be handled by randomly discarding a subset of data of size at most K to make n
divisible. We will focus on the version of RPT defined in (6) with T'(z,y) = |(z,y)|. Moreover, we are
primarily interested in the dependence of the power of RPT on the tail heaviness of the noise distributions.
To this end, we make the following assumption on the model:

10



Assumption 3. £;’s are i.i.d. from some distribution P. with mean 0, Z follows the model in (3) with ¢;’s
i.i.d. from some distribution P, with mean 0. € is independent from e.

In addition, we make following assumption on the permutation matrices Py, ..., Pk.

Assumption 4. Forany k = 1,..., K, |tr[V V§ Pi]| < v/2pK and tr[P}] = 0.

Notice that when the covariate matrix X is of full column rank p, Assumption 4 is equivalent to that
[tr[ X (X X) ' X TPl < /2pK.

In Theorem 3, we showcase the pointwise signal detection rate of ¢ given any fixed PP, and P.. Moreover,
we just require . to have bounded (1 + ¢)-th order moment.

Theorem 3. Fix K € N. Assume that € and e satisfy Assumption 3 and
0<E[le;’] <oo and 0<E[e|"™] < oo

for some constant t € [0,1]. Assume Pk satisfies Assumption 4. In the asymptotic regime where b and p
vary with n in a way such that n > (3 + m)p for some constant m > 0 and

bl =Qn T)if t<1 or |bl=wn 2)if t=1, (8)
we have lim,,_,o P (qﬁ > ﬁ) = 0.

Notice that here we need to assume without loss of generality that E[e?] > 0 and E[|e1]|!*?] > 0 to ensure
that both two random variables are not almost surely equal to zero. Otherwise, ¢ is almost surely equal to 1,
and cannot have any statistical power with any size of . Theorem 3 shows that under certain assumptions
on the Py, RPT has power to reject the alternative classes even with heavy-tailed noises. Moreover, our
analysis is high-dimensional and allows the number of covariates to be as large as /3. Remarkably, the
statistical power guarantee in Theorem 3 does not require the €;’s to have a bounded second order moment.
This distinguishes us from the class of empirical correlation based approaches, such as debiased lasso or
OLS fit based tests, which requires ¢;’s to have at least a bounded second order moment or even stronger
conditions such as sub-Gaussianity to have statistical power.

As we will see in Section 5.1, Assumption 4 is a mild condition that can be checked in practice. However,
an inspection of the proof of Theorem 3 reveals that, even if Assumption 4 does not hold for Py, RPT is still
asymptotically powerful under the same signal strength condition (8) and a slightly stronger requirement on
the number of covariates. Specifically, we require that n > (4 + m)p for some constant m > 0 that does
not depend on n.

In the following theorem, we show that when p/n — 0, we can further relax e;’s finite second order
moment condition to a finite first order moment condition.

Theorem 4. Fix K € N. Assume that € and e satisfy Assumption 3 and
0<E[le|] <oo and 0<E[ler|'] < o0

for some constant t € [0, 1]. In the asymptotic regime where b and p vary with n in a way such that p/n — 0
and b satisfies (8), lim,, oo P (qS > ﬁ) = 0.

11



Algorithm 1: Permutation set construction

Input: The number of permutation matrices K, design matrix X € R™*P, the maximal number of

loops T'
1 repeat
2 Generate an independent random permutation 7 of indices {1,...,n}
3 fork=1,...,Kdo
4 Construct a permutation matrix Py € P by setting its (u, v)-th entries as 1 if and only if
m(u) m(v)
— | = | - — (K +1)}.
[K—i—l-‘ {K—s—l-‘ and 7(u) —7(v) € {k,k— (K +1)}
5 end

6 until (i) [tr(X (X T X)X " P.)| < V2Kp'/? forallk = 1,..., K or (ii) the number of iterations
has reached its limit T’

Output: Set of permutation matrices Py := {P1, ..., Py} satisfying the criteria (i). When none
of the Px’s comply, report the Px with the smallest Zle (X (X TX)X T Py)|.

The statistical power guarantee in Theorem 3 requires the set of permutations to follow Assumption 4,
whlist the finite-population validity requires instead Assumption 2. Then an important question is, how to
effectively construct a Py that satisfies both assumptions. In Section 5.1, we provide an algorithm to answer
this question. In order to prove Theorems 3 and 4, we are faced with two questions, the first is that we do not
have any assumption on X, so that VJ can follow arbitrary pattern; the second is the heavy tails of e;’s and
€i’s. We defer the proof of the two theorems to the Supplementary Material. To help the readers understand
the intuitions of the proof, we provide a proof sketch of the two theorems in Sections 5.2 and 5.3.

5.1 An algorithm for construction of permutation set

As demonstrated in Theorems 2 and 3, to successfully perform a test that is valid under the null and has
sufficient statistical power to get the rate in (8) in high-dimensional models, one needs a set of permutations
satisfying both Assumptions 2 and 4. As demonstrated in Proposition 1 below, such permutation set always
exist, so that we can at least apply a brute-forth algorithm to find a desired set. To improve computational
efficiency, we further develop a randomized algorithm that can discover the desired permutation set with
high probability (Algorithm 1).

In fact, finding a permutation set that just satisfies Assumption 2 is trivial, as we can easily divide the
indices {1,...,n} into K + 1 subsets and change the order of subsets for permutation set construction.
However, such construct cannot create sufficient randomness to satisfy Assumption 4 for an arbitrary X.
To generate extra randomness, we need to first shuffle the permutation of all indices and then construct Pg
on the randomized data. In Proposition 1, we show that after doing 7'-th round of such random shuffling,
Algorithm 1 is able to deliver a Py satisfying the desired properties with probability at least 1 — %

Proposition 1. Given K, T and assume that n > 2, we have that there exists a Py satisfying Assumptions 2
and 4. Moreover, with probability at least 1 — ﬁ Algorithm 1 returns a Py that satisfies Assumptions 2
and 4.

Notice that throughout this article, we assume that the alternative classisinthe formY = X5+bZ +¢
for some b # 0, whence we invoke Assumption 4 to increase its statistical power. When the alternative

12



Algorithm 2: Residual Permutation Test (RPT)

Input: design matrix X € R™*P, additional covariate of of interest Z € R", response vector
Y < R”, number of permutations K € N, maximal number of iterations 7" € N.

1 Apply Algorithm 1 with inputs K, T and X to generate K permutation matrices {P1,..., Px}.
2 Find an orthonormal matrix V¢ € R"*("~P) such that V. X = 0.

3fork=1,...,Kdo

4 Set Vi := P,.Vy.

5 | Find an orthonormal matrix V', € R™*("=2P) such that V; (X,PrX)=0.

6 Compute
a = (V,:Z,V;Y> and by = <‘7;Z,‘7;:PkY> ;

where < -, - > denotes the inner product.
7 end

Output: p-value ¢ := = (1 + S H{min<jcx aj < b))

class follows other forms, such as Y = X3 + f(Z) + e with some nonlinear function f : R” — R",
one may not necessarily need Assumption 4 anymore. Instead, one may need other assumptions on Px to
adapt to the nonlinear function f(-). In light of Algorithm | and our theoretical statements, we summarize
an implementation of RPT in Algorithm 2.

5.2 Proof sketch of Theorem 3

As K is finite, we mainly need to prove that for any fixed P;, P € Pk, with probability converging to 1,
A = o « ~ o~ T A . .
\eTVngVj V,é| > &'V VV, V1&|. To achieve this goal, we need to prove that

~ -~ T
‘GTVJV] E‘ .

. op(1) ©)

(i.e., that the empirical correlation between the projection of e and € onto the space spanned by Vj is
negligible with high probability) and that with high probability,
eTf/jf/;e — eTf/kV;Pke > eTf/'jf/;re + eTf/kV;chke

>1 and > 1. (10)
n n

There are two main challenges to establish (9), namely the lack of structural assumptions of arbitrary
fixed design matrix Vj V]T and the heavy tailed noise €. To address the first challenge, we introduce a
random permutation matrix P ~ Unif(P) independent from e and €. From the exchangeability of &, we
have eTf/j f/st 4 eTf/j V;—Pe, so that we can take expectation over P to “smooth out” the matrix
Vj VJT for a tighter control of (9).

We now focus on the second challenge. To illustrate intuitions, throughout this section we assume that

the ¢;’s are one-sided heavy tail, i.e., there exists a constant B > 0 such that almost surely, ; > —B,
and defer its extension to the two-sided heavy tail data to the Supplementary Material. To deal with such

1
one-sided heavy tail noise, we truncate ¢; to obtain f; := £;1(]e;| < BiT+). As using such truncation the
expectation of f; may not necessarily be zero, we further construct f; as a mean-zero random variable such
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that f/ = f; almost surely under the event f; > 0 and f; < f/ < 0 almost surely under the event f; < 0. As
we will demonstrate in the Supplementary Material, such construction is always possible. Also, we define

f="(f1,..., fn)and f':=(f],..., f}).

Such construction allows us to solve (9) by tackling the terms e VjVjTP f, eTf/j V]TP( i)
and eTVj VJ-TP(E — f) separately. The third term can be controlled via applying the Borel-Cantelli
Lemma [ , ]; and the second term can be controlled via an analgous argument as the first term.
Thus, we mainly discuss the first term e f/j V;—P f.

Now that all the f/ are bounded, we may apply Chebyshev’s inequality for this term. As will be

demonstrated in the supplement, to apply Chebyshev’s inequality, we just need to prove that given any
fixed e € R",

E[(eTV;V; Pf)? = o(ni+ - |lell3). (11
To prove (11), exploiting the randomness of P, we can prove that E[(e V VTPf’)Q] < |lell3E[||£|13]/n

(this is how P “smoothes” V/; V ). Now to control E[|| f[|3] /n, we further let a,, be a sequence of integers
such that a,, — oo but a,,/n — 0 Then we may decompose E[|| £'[|3]/n as that

n

E[|| #1151/ ZE [(f))? Z E[(f!)’] < E[1(e; < Bar™)]
1 . z anj—l (12)
+ ni:%:HE[E%]l(Baﬁ“ <e < Bi%ﬂ)],

where the first term on the right hand side of (12) can be bounded as

1—t _
El21(e1 < Bal™)] = Ellea]"*Jes|"1(e1 < Bai™)] S Ellet|*at™ = o(niF).

Using an analogous argument, we may control the second term of (12) as well. Putting together, we get the
desired bound in (9).

Thanks to the bounded second order moment of e;’s, the analysis of (10) is simpler. Specially, by using
a weak law of large number to control the weighted sum of e?’s [ , ] and a Chebyshev’s
inequality to control the sum of cross term e;e;’s, we can have that with probability converging to 1,

- T -~ T
e'ViVie—e'ViViPre  n—3p—tr[X(X X)'X TP

n n

Using that Py, satisfies Assumption 4, we easily obtain the desired result.

5.3 Proof sketch of Theorem 4

Due to the heavy-tailedness of e, ||e||3/n is not statistically convergent anymore. Hence, our goal now
becomes proving that

€TV, V] €| 0 03
bllell3
and - - - -
T, Y. Y IR 7R 7 T, Y/
e V.V.e—e' V.V, Pre e V.V.ete V.V, PLe
JJHHQkkaI and 93“2’“’“’“31. (14)
€lla €ll2
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We note that (13) can be controlled using a similar argument as (9). Therefore, in the rest of this proof
sketch we focus on (14). Without loss of generality we focus on the first inequality of (14). In the regime

. =~ o1 =~ o . . . .
p < n, the matrices V;V; and V)V, are expected to be not too faraway from the identity matrix. This

d eTefeTPke .

encourages us to prove (14) via (i) bounding the differences between the quantity in (14) an elZ
2

and (ii) proving that eTPk,e = OP(HEH%)- To tackle Step (i), we use that
eT‘N/j‘N/;re — eT‘N/k‘N/;—Pke > eTe — eTPke + eTMe

for some positive semidefinite matrix M depending on P, such that tr[M] < 2p. Now it remains to
control e " M e, which seems impossible as entries of e do not even have finite second moment. Fortunately,
if we further restrict P, to follow a symmetric distribution, we may use the following lemma to prove
e Me = op(||e||3) knowing that tr[M]/n — 0:

Lemma 4. Consider P, as a distribution that is symmetric around zero and U € R™ ™ as a positive

semi-definite matrix. Let w := (w1, ... ,wn)T be n i.i.d. realizations from P,,. Then we have that for any
0>0,
tr[U
P (wTUw > 5”w||g) < ulul
on
We now discuss Step (ii). We write oy, for the permutation of {1, ..., p} corresponding to Py. Observe

that e Pre = Yo €i€q, (i) have dependent summands. The following combinatorial lemma allows us to
circumvent this difficulty by partitioning the summands into three similar sized subsets so that summands
within each subset are i.i.d. and can be controlled using standard concentration inequalities.

Lemma 5. Consider a permutation o of {1,...,n} such that for any i € {1,...,n}, o(i) # i. Then there

exists a partition Uy, U, Us of the set {1, ... ,n} such that
Vie{1,2,3}, |Uje [% 1, g + 1} & |U; no(U;)| = 0.

The above analysis illustrates how we prove (14) with symmetric P.. To generalize to asymmetric case,
we can simply let €’ be an independent replicate of e. Apparently, e — €’ is a mean zeroed random vector
where all the indices are symmetric around zero. Thus allows us to use the previous arguments find a control

S e .
of (e—e/)T (VjVj - ViV, Pk) (e — €'). Then we can control e " (VjVj - ViV, Pk) e using the

independence between e and e’ and the fact that they have the same distribution.

6 Minimax optimality of coefficient tests

In this section, we investigate the minimax optimality of RPT by deriving the statistical efficiency limit of
coefficient tests with heavy-tailed noises. Without loss of generality, we denote D; as the class of distribu-
tions with ¢-th order moment bounded between [1, 2], i.e., for some ¢ > 0 and some random variable £ with
distribution [P,

Pe € Dy iff E[¢]=0and 1 <E[¢]"] <2.

Notice that in the above definition, the thresholds 1 and 2 are chosen for notational simplicity, in fact, the
general conclusions in this section still hold for 7; < E[[¢ '] < mo with arbitrary 71,12 > 0. We further let
D denote the class of distributions such that

. 1\ 1
Pe €D iff P<|§|>2>>2.
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With a slight abuse of notation, given by € R, we write [P, as a distribution of (Y, Z) such that the b in (1)
is equal to by. Note that we have suppressed the dependence of [P, on X, 3, 3%, P, and PP, for notational
simplicity. In particular, Py corresponds to the null hypothesis.

From above, we define the minimax testing risk indexed by ¢, X as

Rix(7):= inf ¢ sup  sup sup Po(¢ =1)+ sup sup sup sup Pu(p=0) ;.
$E® | P-€Dt p,eD, (D B.5% ERP [bl>7 Pe€Dt p.eDyND B,8% ERP

Here ® corresponds to the class of measurable functions of data (X, Z,Y") taking value in {0, 1}. We first

establish the following finite-population minimax lower bound for testing Hy : b = 0 against H; : b # 0 in

the presence of heavy-tailed noises.

Theorem 5. Lett € [0, 1] be given and assume that € and e satisfy Assumption 3. For any n € (0, 1), there
exists a constant ¢, > 0 depending only on 1) such that for any fixed design X,

Rite,x <Cnn_%+t> >1-—n.

Theorem 5 shows that when entries of € have finite (1 + ¢)-th moment, the minimax separation in b
for testing Hy against H; is at least of order n_l%rt, which matches the upper bound in Theorem 3. This
indicates that the rate .~ T may be a tight lower bound, and that our constructed test may be an optimal test.
Nevertheless, Theorems 3 and 4 are pointwise convergence results, where both IP¢ and IP. are considered as
fixed and does not depend on n, p. To match the lower bound in Theorem 5, we further provide a power
control of RPT uniformly over classes of noise distributions of P, and P.. Just as in Section 5, we assume
without loss of generality that n is divisible by K + 1.

Theorem 6. Fix K € N. Suppose that € and e satisfy Assumption 3 and that Py satisfies Assumption 4. In
an asymptotic regime where b and p vary with n in a way such that n. > (3 + m)p for some constant m > 0

and |b] = Q(nil%rtw) for some constants t € (0, 1] and 6 > 0, we have for any constant v > 0 that,

1
li P =0. 1
im sup sup ((Z) > K+ 1> 0 (15)

NP ED 4t PoeDoy, (D

If we drop Assumption 4 and instead assume p/n — 0, then we have for any constant v > 0 that,

1
li P =0. 16
im  sup sup (d) > i 1) 0 (16)

NP D14t PoeDy 4, (D

In Theorem 6, the separation rate is slightly worse than (8) by a factor of n?, where § can be any positive
constant. Also, it is slightly worse than the lower bound in Theorem 5. This shows that the separation rate

n~ 1+t is a nearly-optimal rate of coefficient testing in the minimax sense. At the same time, it also shows
that our residual permutation test is a nearly-optimal hypothesis test in the minimax sense.

7 Numerical studies

7.1 Experimental setups

In this section, we evaluate the performance of RPT, together with several competitors, in the following
synthetic datasets. The observations (X,Y, Z) € R"*PxR" xR" are generated according to the models (1)
and (3) where
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« X is generated according to X := WX/2 where & = (2_‘j_k|)j7k€[p] is the Toeplitz matrix and W
is an n x p dimensional matrix with i.i.d. entries from either A/(0, 1) or ¢; distribution;

* (3 and 37 are p-dimensional vectors with the first 10 components equal to 1 /+/10 and the rest com-
ponents equal to O;

* e and ¢ have independent and identically distributed components drawn from N (0, 1), ¢; or ¢s.

We vary n € {300,600}, p € {100,200} and b in different simulation experiments.

In practice, we find that the p-value calculated by Algorithm 2 is slightly on the conservative side. Hence,
in addition to the test with p-value constructed by Algorithm 2, we also study a variant in our numerical
experiments, where the p-value is computed as ﬁ(l + Zszl 1{ax < by}) instead (we call this variant
as RPTgy, where “EM” stands for empirical). To benchmark the performance of RPT and RPTgy, we
also look at the naive residual permutation test in (4). Other tests used for comparison include the ANOVA
test described in the introduction and a debiased Lasso based test (dbLasso) using the implementation of

[ ] in our numerical studies.

We note that RPT relies on tuning parameters K and 7'. For a test to have a size of «, we need to have
K+1 atleast 1/a. We suggest using K +1 = [1/«/] in practice, though empirical simulation results suggest
that our method is robust to the choice of K. We also set 7' = 1 to boost the computational efficiency of
Algorithm 1.

7.2 Numeric analysis of validity under the null

We start by analysing the validity of various tests under the null described in Section 7.1. We estimate the
size of RPT, RPTgym and dbLasso at nominal levels of 0.01 and 0.005 for (n, p) € {(300,100), (600, 100), (600, 200)}.
The results are summarised in Table 2. Notice that since the p-values of both ANOVA and the naive test are
invariant with respect to the choices of 3, 34 and X, the results in Table 1 are directly comparable to the
ones in Table 2. Therefore, we do not repeat the simulations of the two tests here. Besides, notice that since
the test of [ ] is not well-defined for p > n/([1/a] + 1), we did not include CPT in our
numerical experiment.

From Table 2, we see that all tests considered have valid size guarantees when the noise has Gaussian
components, regardless of the choices of X. However, in the presence of heavy-tailed noises, dbLasso
reports empirical sizes much larger than the nominal levels, which is just like ANOVA and the naive RPT
in Table 1. Interestingly, when X follows the #; design, the size of dbLasso is even above 70%, which is
much larger than the size of ANOVA and the naive RPT displayed in Table 1. This indicates that dbLasso is
more sensitive to heavy-tailed design matrices than the other competing methods.

On the other hand, RPT exhibits valid size controls in all settings, which is consistent with our theoretical
findings. What’s more interesting, the size of RPTgy is also valid across all the simulation settings, even
with heavy-tailed noises and heavy-tailed design. In Section 7.3, we further study the empirical power of
RPT and RPTgym.

7.3 Numeric analysis of alternative power

In Section 5, we established asymptotic power guarantees of RPT under fixed design and heavy tailed noises.
In this section, we validate these theoretical insights via numerical analysis. To benchmark the results, we
investigate the power of all tests considered in Section 7.1. We set n = 600, p = 100 and vary the b in (1)
as b € {0.1,0.2,...,1.9,2.0}. We analyze the power of all methods with design following Gaussian and
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RPTEMm RPT dbLasso
n p X noise 0.01 0.005 0.01 0.005 0.01 0.005
300 100 Gauss. Gauss. O(0) O(0) 00 0(0) 0.3L(0.02)  0-15¢0.01)
300 100 Gauss. 131 0.51(0.02) 0.12(0.01) 0.24(0‘02) 0(0) 1.83(0.04) 1.56(0.04)
300 100 Gauss. to 0.14(0.01) 0.02(0) 0.04(0‘01) 0(0) 1.20(0.03) 0.84(0.03)
300 100 t1 Gauss. 0(0) 0(0) 0(0) 0(0) 99.71(0.02) 99.71(0.02)
300 100 t1 t1 0.01(q) O(0) 00 00 75.98(0.14) 75.44(0.14)
300 100  t to 0(0) 0(0) 0(0) 0(0) 93.200.08) 93.19(0.08)
600 100 Gauss. Gauss. 0.21(0_01) 0.07(0_01) 0.01(0) 0(0) 0.62(0.02) 0.28(0.02)
600 100 Gauss. 51 0.73(0_03) 0.43(0_02) 0.48(0.02) 0.28(0.02) 1.59(0.04) 1.41(0_04)
600 100 Gauss. to 0.61(0'02) 0.33(0'02) 0.20(0.01) 0.12(0_01) 1.16(0'03) 0.85(0_03)
600 100 t1 Gauss. 0.23(0'02) 0.07(0'01) 0.01(0) 0(0) 99.93(0.01) 99.93(0.01)
600 100  t tr | 013001 0.03001 | O 0(0) 7221014 TL78(14)
600 100 t1 to 0.10(0.01)y  0.03(0.01) 00 00 92.95(0.08)  92.94(0.08)
600 200 Gauss. Gauss O(0) O(0) 00 0(0) 0.86(0.03)  0-43(0.02)
600 200 Gauss t1 0.46(0.02) 0.34(0.02) 0.26(0.02) 0.17(0.01) 1.51(0.04) 1.30(0.04)
600 200 Gauss. to | 0.12001 0.10001 | 0.04001) 0.030) | 1.26000s 0.87(.03)
600 200 t1 Gauss 0(0) 0(0) 0(0) 0(0) 100.00(0) 100.00(0)
600 200 t1 131 0.01(g) O(0) 00 00 88.97(0.10) 88.95(0.10)
600 200 t1 123 00 00 00 00 99.39(0.02)  99-38(0.02)

Table 2: Sizes of various tests under the null, estimated over 100000 Monte Carlo repetitions, for various
noise distributions at nominal levels of & = 0.01 and o = 0.005. Data are generated from the model in (1)
and (3) with b = 0. X, € and e are generated according to the various distribution types prescribed in the
table. Here “Gauss.” stands for standard normal distribution. For ease of presentation, the estimated sizes
are multiplied by 100 in the table. Standard errors of the estimated size are given in parentheses.

t, distributions and noises following Gaussian, ¢, and to distributions. The estimated power curves over
10000 repetitions are displayed in Figure 2.

From Figures 2(a)-(c), (d) and (f), we can conclude that in most of the settings, the power of RPT is
slightly worse than the competing approaches. The difference is more pronounced when both the design
and the noise follow a heavy-tailed distribution (Figure 2(e)). However, bearing in mind the lack of valid
size control of ANOVA, naive RPT and debiased Lasso, we would argue that the gap in power between RPT
and these competitors is the price to pay for distribution-free finite-population validity in high dimensions.
Moreover, we observe that RPT is nevertheless still guaranteed to reject the alternative with high probability
given sufficiently large b.

Another interesting phenomenon is that the power of RPTgy is generally stronger than RPT, especially
in the setting displayed in Figure 2(e), where both design and noise follow ¢; distribution. This, together
with the validity display in Section 7.2, suggests RPTgy, although being lack of theoretical support, can
serve as a viable alternative of RPT in empirical analysis. We leave the theoretical investigations of RPTgym
as future work.

Finally, the power of naive RPT is nearly the same as ANOVA in most of the settings. Sometimes, the
two power curves are even indistinguishable. Recall that in Section 3, we have shown that empirically, the
size control of the naive RPT under the null is more robust to non-Gaussian noises than ANOVA. In practice,
we recommend using the naive RPT for single coefficient tests when n/2 < p < n.
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(f) t1 design, t2 noise

Figure 2: Proportion of p-values below o = 0.01 over 10000 replicates for b = 0.1,0.2,...,1.9,2. Here
X, e and e are generated according to various distribution types prescribed in the caption of each figure.

8 Discussion

In this paper, we propose a new method for high-dimensional fixed design regression coefficient test. RPT
is a permutation-based approach that exploits the exchangeability of the noise terms to achieve finite-
population validity control. Our approach uses the fact that the empirical residuals of the classical OLS
fit is equivalent to the projection of the n-dimensional noise vector onto an (n — p)-dimensional subspace
to construct a valid test for p < n/2 based on multiple subspace projection. At the same time, we pro-
vide power analysis of RPT, and derived the signal detection rate of the coefficient b in the presence of
heavy-tailed noise vector €. As a by product, we propose RPTgy and demonstrate its validity and power via
numerical experiments. It would be of interest to understand the theoretical properties of RPTgy in future
study.

In the higher dimensional regime n/2 < p < n, we propose the naive RPT, and prove its finite-
population validity under spherically invariant distributions, and compare it with ANOVA as well as other
competing approaches via numerical experiments. In the meanwhile, we provide a more profound theoret-
ical and empirical analysis of ANOVA test, which is of independent interest for practitioners interested in
ANOVA.

Distribution-free inference and test is an important topic in statistics research. In this paper, permutation
test facilitates an important basis for construction of finite-population tests hypothesis tests with distribution-
free validity. This sheds light on extending permutation tests to solve other distribution-free problems in
modern statistics, which we leave as future work. In addition, permutation tests and its related the rank based
tests have also been applied in model-free uncertainty quantification of machine learning predictions [

, , s , s ]. It would be of interest if the power analysis
techniques invented in this paper could be used to understand the efficiency of these approaches in modern
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machine learning applications.
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SUPPLEMENT TO “RESIDUAL PERMUTATION TEST FOR HIGH-DIMENSIONAL
REGRESSION COEFFICIENT TESTING”

Section A1 provides validity analysis of different tests. It includes the proof of the theoretical statements
in Sections 3 and 4 and also the discussion of the equivalence between (5) and (6).

Section A2 studies the statistical power of RPT. It includes the proof of the theoretical statements in
Section 5.

Section A3 studies the minimax optimality of coefficient test with heavy-tailed noises. It includes proof
of the theoretical statements in Section 6.

A1l Theoretical analysis of finite-population validity

Al1.1 ANOVA validity

Proof of Lemma 1. Recall that Projx := X (X' X) ' X T and Projx  := (X, Z){(X,2)7(X,2)} (X, 2)".
First assume that € is spherically symmetric. Since € has a spherically symmetric distribution, we can write

e = p&, such that £ ~ Unif(S™), i.e., a random vector that is sampled uniformly from the unit sphere with

respect to the Haar measure; and that p is some random variable taking value in [0, c0) and is independent

from &£. Then, we have almost surely,

_ I~ Proix) @) — I ~ Proix )@} __ I(Proixz ~Proix) @I\

P =T = Proix @B/ —p—1) [T~ Proix 2)@[/(n—p—1)
Hence, the distribution of ¢ap0va does not depend on p.

By Cochran’s theorem, we know that ¢anova ~ F1,n—p—1 Whene ~ N(0, 1), i.e., amultivariate standard
normal distribution. Moreover, when € ~ N (0, I), we have ¢ satisfies the above decomposition € = p€ for
some random variable p. Now recall that ¢,,0vs does not depend on p (as shown in (Al.1)), we must have
@anova ~ F1.n—p—1 for all spherically symmetric € as desired.

If instead (X, Z) is spherically symmetric, let Q be an indepedent random matrix that is sampled
uniformly from Q"*™ with respect to the Haar measure, then

d [(Projox.gz — Projox)(e)ll3 |(Projx z — Projx)(Q'e)3

(banova -

I(Tn — Projox,qz)(e)3/(n—p—1)  ||(In — Projx z)(Q'e)ll3/(n —p—1)

Since Q 'e has a spherically symmetric distribution, the desired conclusion follows from the first case. [

Al.2 Validity of naive residual permutation test

Proof of Lemma 2. Without loss of generality we just prove the lemma with Condition (a). We first consider
the case where € follows a spherically symmetric distribution. Then using an analogous analysis as in
Lemma 1, we have

K

1 AT A R .

Pnaive = m (1 + E Il(|eT€\ < eTPks\)>
1

>
Il

M=

1 T T T T
=— |1 1(|Z < |Z P .
K1l ( + (1Z' VoV &l <|Z VPV &)

b
Il

1

Al



This means that just like ¢anova, the distribution of ¢paive does not depend on p. Moreover, when € follows a
multivariate standard normal distribution, V ge is a n — p dimensional multivariate standard normal random
vector and thus ¢paive is a valid p-value. Then using an analogous argument as in the proof of Lemma 1, we
have that ¢paive 1S a valid p-value for all spherically symmetric noises.

If instead (X, Z) is spherically symmetric, again let @ be an independent matrix sampled uniformly
from Q™*"™, then

K
braive = K1+1 (1 +_1((Q2)'QVoV Qe[ <|(Q2)'QVoPLV( QTsD)
k=1

= T o’ TOT
TK+1 (”EW VoV Qe <ZVoPrViQ eo).

Then using an analogous argument, we prove the validity of ¢pajve- 0

A1.3 Validity of residual permutation test

We first show that the two definitions of RPT defined in (5) and (6) are equivalent. Since by definition,
g = VOTY, we easily have V;Voé = V,:VOVJ Y = VZY, where for the last equality we apply
Lemma Al. Using an analogous argument, we can prove that V,:Voé = V,:Z . Now for ‘N/Z Vi€, we
apply that

~ T R ~ T T ~ T TpHT ~ T T ~ T

Vi Vee=V, V;VyY =V, V,VoP P,Y =V, V,V,P,Y =V, P,Y,

where for the last equality we apply again Lemma A 1. Putting together, we see that the two definitions of ¢
in (5) and (6) are numerically equivalent.

In the rest of this section, our goal is to prove Theorem 2. We start with the following preliminary
lemmas. Recall that for any matrix U € R"™*? with orthonormal columns and any vector a € R",
Projy(a) := UU " a.

Lemma Al. Let U € R™Pt gnd V' € R"*P2 pe two matrices with orthonormal columns spanning sub-
spaces of R". Let W € R™*? be a matrix with orthonormal columns spanning a subspace of span(U) N
span (V). Then for any vector a € R", W 'a = W Proj;;(a) = W ' Projy (a).

Proof. This is straghtfoward using that
Wi =wvu'=w'vv'
since V' spans a subspace of span(U) and span(V'). O

Lemma A2. Under Hy, Vo& = Projy (€). Moreover, for any permutation matrix Py, we have that
Vk(:: = PI‘Oij (Pké')

Proof. Since we are under the H, we have that
E=ViY =V](XB+e).

Then as a direct consequence of that span(Vg) is orthogonal to span(X ), we have that VJ X = 0 and thus
& = V| e. From above, we have
Voé = V(V e = Projy, ()
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and that
Vg =V Vie =V, V(P Py =V,V]Pye =Projy, (Pe).

O]

Proof of Theorem 2. Throughout the proof we work on a fixed (X, Z) and a fixed set of permutation ma-
trices { Py, . . ., Pk} satisfying Assumption 2.
From Lemmas Al and A2, we have that for any « € [0, 1],

1 K . ~ T =T T =T
I ::]ID(KH <1+21{V6{‘%}?‘7K}T(V Ve,V Vos) gT(Vk Vee,V, Vke>}> §a>
. - T T - T T
:p( (1+Z]l{ve{‘£rl11nVK}T<V Ve,V s) gT(VkVOe,VkPke)}> ga).

.....

Then using that for any k € {1,..., K},

1 {  min T (V Voe, VT5> <T (Vk Voe, V;Pks>
VeV, Vi)

>1 { ~ min T <V Voé,VTs) < min T (VTVoé,f/TPks) } )
VE{Vl,...,VK} VE{Vl,...,VK}

we have

K
1 ~ T ~ T
I, <P|—— 1—|—§ 1 min T(V Voe,V s)
<K+1 < — {VG{Vh SV} ’

< min_ T (VTVOé,VTPkE)}> < oz) .
ve{Vvi,.,.Vk}

By defining g : R™ — R as a fixed projection depending only on (X, Z) and Pg such that for any a € R",

g(a) = min (VTVOé, VTa) ,
VE{Vl, ,VK}

we can further rewrite the above inequality as

K
I, <P <Kl+1 (1 1 iale) < g(Pka-)}) < a> |

Using Lemma 3, we can finally have that

I, < ]P’( <1+Z]1{g <ngs)}>§a>§a,

which proves the desired results. O
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A1.3.1 Proof of Lemma 3

Proof. Let &, ...,k S N (0, 1) and independent of all other randomness in the problem. Let

K

Rii= Y 1{g(Pie) < g(Pre))},
k'=0

and .
Bii= > (Ho(Pre) < g(Pre) + 1{g(Pre) = g(Ppe) and & < &}
k'=0
In other words, R, is the rank of g(Pe) among (g(Pye) : k' = 0,..., K) in a decreasing order, with
random tie-breaking. Also, observe that Ry, > R},. By Assumptions | we have & 4 Pye for all k£, hence

K K

Ry & Z 1{g(Pre) < g(PpPre)} = Z 1{g(Pye) < g(Pye)} = Ry,
k'=0 k'=0

where we used Assumption 2 in the penultimate equality. Thus, forallk € {0,..., K}andx € {1,..., K+

1},
(A1.2)

P < IP’ r <
(Rr. <) K+1Z (R CU_

On the other hand, almost surely (Ro, Ry, ..., Rx) is a re-arrangement ofN(l, ..., K +1). This means
that for any fixed j € {1,..., K + 1}, almost surely there is a k&’ such that Ry = j. In other words, for
je{l,...,K+1},

K ~
> P(Ry =j)=1.
k'=0

By taking this back to (A1.2), we may further bound (A1.2) as

T
P < < .
(B <) < K+1

Then
Ry la(K +1)]
<i < = — < < = =
IP’{ ( —I—E 1{g(e ngs)}>_a} P<K+1_a>_ Kl <a,
as desired. O]

A2 Theoretical analysis of Type-II error

ifa=>b=0orb=0. We denote 2527 B as the class of distributions that is lower bounded by a threshold B,
and 2557 B as the class of distributions upper bounded by some threshold B. Without loss of generality, we
assume b > 0. Let w := (wyq,...,w,)" and € := (£&1,...,&,)" be two independent random vectors with
ii.d. entries from some distributions P, and P¢ respectively (where restrictions on P, and P¢ differ from
lemma to lemma).
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A2.1 Preliminary lemmas

Lemma A3. Let M € R™" be a deterministic matrix that varies with n and satisfies | M ||op < 1. Then
ifb= w(nil/Q), we have that for any fixed § > 0,

™M
WP, € Dy UDy,Pe € Dy, lim P('“’f' > 5> - 0.
n—oo \ bllwlf3

Proof. For any fixed wy € R", we have
E[lw " M&*|w = wo] = E[lw ' M£ET M T w|w = w)
= 2E[w ' MM "w|w = wy] < 2|jwol|3,
and thus by Chebyshev’s inequality, for any § > 0,

wT Me| ) Elw’ MePjw = wy] 2
Pl—=>0|lw=w < < .
( w01 T S T Rl S @R wol

From above, we have
w Me| ) { <\wTMe\ ) ( , 1 , 1
IP’<>5 SE|IP|l ——>0|w|1|||lw||z>=-n]||+P|]|w];<zn
bllwl3 bljw3 2 2
2 1 1
<E|=+—51 2>z P 22
= Ls%wwn% <”“"2 - 2”)] " (”“’”2 = 2”>

4 5 1
Then using that b>n = w(1) and Lemma A9, we obtain the desired result. O

Lemma A4. Let g == (g1,...,9,)" be a n-dimensional vector satisfying ||g||3 = O(n%z) Then if
t
b = Q(n~ T+), we have that for any fixed § > 0,

.
WP, € Dy UDy,  lim B (129 S 5) Z¢
n—oo \ bllwl|3

Proof. Let P be a uniformly random permutation matrix, then Pw 4 w, and our task becomes proving
VP, € D1 UDs,
TpT
P
P ("“’9' > 5) o0,

bl|w|3
For any ¢ # j, we have
(1Two)®  [Jwol3

1
E[(Pww' P |w = wp);,] = —— - -
[(Pww lw = wo); ;] n(n—1) g&;wo,kwo,é n(n—1) n(n—1)

where 1 denotes the n dimensional vector with all entries equal to 1. From above and Lemma A 13, we have
from basic matrix algebra that

wwT PTho — il — (Iwolld (X 1Two)* | Jlwoll3 (1 wo)*  flwoli3 T
ElP Pw = 0]_< n 2n(n — 1) +2n(n—1)>I+(2n(n—1) 2n(n—1)>11 ’
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where I denotes the n x 7 identity matrix. This allows us to further control E[(w ' P g)%jw = wy| via
that

E[(w'P'g)*lw = wo] = tr[E[Pwow; P lgg "]

_ o [(lrwoll3 (1 Tawp)? lwoll3 T (((ATwe)?  fwoll3 TOOT
=t [( n 2n(n—1)+2n(n—1)>gg +<2n(n—1) 2n(n—1)>11 99 }

(1Tw0)2 T \2

— — (1 .

Now applying again Cauchy-Schwartz inequality,

(1T wo)?
2(n—1)

< 5} indexed by a s > 0, which, using Lemma A9 and

E[(w'Pg)*lw = wo] < *HwOIIQHQHer lgll3. (A2.3)

|17 w|

Thus by defining &(s) := {||w||g > 1n,
the strong law of large number, holds with probability converging to 1 for any constant s > 0, we have

P <‘“’TPT29‘ > 5) <P <M >4 5(s)> +P(E(s))

bljwll3 bl|wl3

2 2 (1 w)
lw! PTg| ) } Hlwl3lgl3 + 5 HgHz
<E|P|({——"=>0|w] | &) +P(E(s)) <E E(s)| +P(&E°(s)).
P (B > 01w 2] + pee) T €| ()

(A2.4)

Here for the last step we apply Chebyshev’s inequality and (A2.3). The lemma statement yields that for

1—t t
sufficiently large n, there exists some cg, A > 0 such that ||g||3 < ¢,nT+ and b > An™ 7. From this, we
have that under event £(s), for n sufficiently large,

2 |wl3llgl3 + S ligli3 _ 4lgl3 . 2lgl3s® " dcgs?
0 .
b2||w|3 — ?n?2 b(n—-1) ~ A2
Putting back to (A2.4) yields
lw"Pg| > 4cg
P < >0 < ° 4+ o(1) + P(&%(s)).
bljw][3 AT

From above, and that P(£°(s)) — 0 for any choice of constant s > 0, we have for any constant
€ (0,1), there exists some constant s small enough such that

TpT
limIP’<|wP2g|>5>§n

noee - bllwlf;

Since the above result holds for any 7, we obtain the desired result. O

Lemma AS5. Consider the M in Lemma A3 and let t € [0,1), B > 0 be given. Then if b = Q(n_l%t) we
have that for any fixed § > 0,

- M
VPweplupg,P£€'D1+tﬂD>_B, Iim P u>5 =0.
~ n—oo \ bllwlf3
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Proof. Let P be a uniformly random permutation matrix (i.e., a random matrix generated by sampling
uniformly at random from the set of permutation matrices). Moreover, we require P to be independent from

w and &. Then we have that conditioning on w, w ' M€ 2w P&, whence

bl[wll3 bllwl3

Let f; := & 1(]&] < le%t) denote a truncated random variable of &;. Since P € 132,_ B, we have from
Lemma A16 that there exists a f satisfying E[f/] = 0, f/ = f; almost surely when f; > O and f; < f/ <0
almost surely when f; < 0. Moreover, we write f := (f1,..., fu)" and £ := (f],..., f)".

Using the new notations, we have the decomposition € = f' + (f — ') + (¢ — f), and morevoer,

T™MP T™MP 1 1
P<|w£|>5> §P<W>5| lw|3 > n) +P<||’w||§§2n>
2

bl
lw MPf'| § L lw MP(f — f)| 1
<p(®22J1. 2 - P °
<p(M s 2wl > g ) + T 2wl > 5
2 2
=:1 =11
w! MP(§ — f)| 1 1
+p (P EPEEIS 8wl > 50) + P (ol < gn).
2

IIT

From Lemma A9, we have that P (||w||3 < 1n) — 0asn — oo, which bounds the last term. In the rest
of the proof we focus on controlling the terms I — III.

We first consider I. From Lemma A14, we have for any i # j, E[(Pf'(f)TP");;] = 0; from
Lemma A13 and that P and f’ are indepenedent, we have E[(Pf'(f)TP");;] = 1 > E[(f})?). Now

to control 1 22 E[(f )2], let a,, be a sequence of integers such that as n — 0o, a,, — oo and a, /n — 0,
we have that

SCE) =SB+ S Bl
=1 =1 i=an+1

<Y ElE1(6] < Bit) + Y E[EP1(&] < Bai™))

=1 i=an+1

" 1
+ Y E[g1(Bar* <[4 < BitH)]
i—an+1

(A2.5)

n

<Y BE1(gl < Bl + Y E@1(Bal" < gl < Bith)

=1 1=an+1

For the first term in the above inequality,

Sw

n 1 1-t 1-t
S B < Bai)] = nE{le ' 16| < Bak)) < nElJer B alT] = O(nai) = o(nTh),
i=1
where for the first equality we use that the &;’s are i.i.d.
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For the second term on the right hand side of (A2.5), we have

n 1
Y EPL(Bai™ < |&] < BitH)) Z B[l & 1(Bai™ < |&| < Bith)]
i*an—I—l i=an+1

< Z E[&["1(Bal® < |&] < Bit)]- B iniH < B HE[6 [1(6] > Balt)).
i=an+1

where the last inequality uses again that the &;’s are i.i.d. random variables. Putting together yields

S EI(A)) = onT) + O TRl & (6] 2 Bal )]

1
Notice further that |¢; "1 (|¢;| > Ba,™) — 0 almost surely, and almost surely |&; |*H1(|¢;| > Ba”t) <

|€1) 1 where E[|€1 '] < oc. Therefore by dominated convergence theorem, E[|&1 |1 (]&;| > Ba”t)] —
1—t
0. Thus > E[(f;)?] = o(n 1+t), which means that E[(Pf'(f')T P ")) = o(n1+).
In light of our control of all the (i,)’s entries of the matrix E[P f'(f')" P "], we have for any fixed
wo € R™,

E[(w  MPf)?|w = wo| = wg ME[Pf'(f)  PT]M "wy
= o(n17 Ywd MM Twq = o(n1+t) - ||wol[2.

From above, and by Chebyshev’s inequality,

w! MPF| 1 IE[(w  MPF)?w]
IzEF(’\w>MwH>}§E[ | fJwlf3 > 4
bl|wl]2 272 52([[w|3)20? ?
1—t
1-t 1 9 1 n i+t
=o(nt#) - E [Hw”%lﬁ | [Jwlz > 2”} =0 ( b2n ) = o(1).
We second consider II. Notice that again
w MP(f — f —E[f — f]) 1 lw" MPE[f — f' 1
s p (P MRS BIZII  lg > 5n) SIS ol > )

w3 bllwll3

=:1I; + II,.

For 11y, as f; — fi’ is bounded between [— B, B|, using the same analysis as in Lemma A3, we have
II; — 0. For IIs, observe first that

IELf - £113 = Z(E[f — 1% =Y ED? = Y (ElGL(&] > Bit)])?

% %

< Z la )™ B (6] > BT < 25 Y OP(g[ > B

)

< 2T+ = om),
n

w>2<zy@mﬂ>BHm>@um
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where (i) uses Holder’s inequality; (i) uses Jensen’s inequality; (i7i) uses Lemma A10. Then applying
Lemma A4 with PE[f — f’] as g and noticing also Lemma A9, we have II, — 0 as n — oc. Putting
together yields II — 0.

We third consider III. For any n, from Lemma A 10,

SOB(fi £ &) = 3 P& > B < oo
=1 i=1

By Borel-Cantelli Lemma (see e.g. Lemma A12), the event f; # & happens finite time almost surely.
That is by setting the random variable V; := 1(f; # &;), V; converges to zero almost surely. Hence V; — 0
in probability, which means that for any 7 € (0,1), there exists a constant IV, depending on 7 such that
P(V, =0, Vn > N;)) < 1. This is equivalent to that

Pk > Ny st. fo # &) < g

Using that IV, is finite, we further have there exists a constant (', such that

P < Ny, st |&] > Cp) < g

Writing the event £ := {Vk > Ny, fi, = &, V¢ < Ny, |&| < Cy}. From above, we have P(E£¢) < 37"
which gives us that

wTMP(E — f)| 5 w MP(E— f)| 5 c
P( L >3>§P< bl >3“>+P“)

21 <!wTMP(£—f) 5|5>'

<Zlyp >
3 bllw3 3

Under the random event &, using Cauchy-Schwartz inequality, we have

N”]
jw  MP(&— f)] < |w]2| MP(& = f)ll2 < w2l = fll2 = llwllzy| Y E21(|&[1+ > Bl+i)
i=1
< Jlwl[2Cy/ Ny
Putting back yields
lw MPE—f)| _ 6\ _ 20 Cp/Nylwll2 o 2
P < =4+P|——F— > €] <+ 1),
(e 3)53 TP T iy 7318 =5 oW
where the last inequality uses Lemma A9. Since it works for any 7, we have P (%# > %) — 0.
2
Applying again Lemma A9, we have III — 0.
In light of our control of I — III, our desired result follows. O

Lemma A6. Consider the M in Lemma A3; let t € [0, 1] be given and assume that b satisfies (8). Then for
any fixed § > 0,
™™
VP, € D, UDQ,P&GDH_t lim P L§>5 =0.
n=eo \ bljwll3
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Proof. When t = 1, the result follows from Lemma A3. Otherwise, we apply the decomposition
& = (&1(& > 0) —E[§1(5 > 0)]) — ((=&)1(& < 0) — E[(-&)1L(& < 0)]) =: &1, — &2

and define &; = (&1, .. ,an)T, & = (&, .. ,fgjn)—r. Then our desired result follows by applying
Lemma A5 but with £ replaced by &, or &, and taking a union bound. O

Lemma A7. Let M € R" " be a matrix with all diagonal entries equal to zero. Then for any P, € Ds,
we have for any fixed § > 0,

w' Mw 4| M |2
Pl—>6) < Ly
( 0 > ~  n26?

Proof. Observe that

E

w' Mw 2
n

Using that for any 7 # j, w; L w;, we have

=K ZMi’j wzuj
i#]

T 2 2,2 2
w! Mw oy WiWj 4| M||%
Z?]
Then by applying Chebyshev’s inequality, we obtain the desired result. O

Lemma A8. Consider a deterministic permutation matrix P € R™*™ that varies with n and tr[P] = 0. We
have that for any fixed § > 0

VP, € D1, nan;oP(|wTPw]/n >6)=0

Proof. Let o be the permutation corresponding to P. From Lemma 5, we have there exists a partition
Ui, Uz, Us with |U; N o(U;)| = 0 and that |U;| > % — 1 for j = 1,2, 3 such that

TP 1<
CLCE v o

j=14i€eU;

Then

From above, it remains to prove that for any j and any fixed 6 > 0,

P Z WiWg(3)| > 0| —0.

1
|U‘7| iEUj
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Let w; be a sequence of i.i.d. random variables that is independent from w and that w; 4 wyws. Then
we easily have that w; are i.i.d. random variables with zero mean and bounded first order moment. Then
using the weak law of large number, we have that with a,,(0) := sup,,,, P(| Y22, w;/m| > 0),

i=1 i=1
Using that the U; and o(U;) has no overlap, we have

lim a,(0) =limsupP (
n—o0 n—00

U .
D Wi = Y wit(
=1 iEUj
and thus
1
P W Z Wiwg(jy| >0 | < a\Uj\(5> < Grp/a-1) (6) =0,
J 1€U;
where for the last inequality we use that a,,(0) is non-increasing and |U;| > n/4 — 1. O

Proof of Lemma 4. Let J be a random diagonal matrix where all diagonal entries J;; are i.i.d. binary
random variables with P(J;; = 1) = P(J;; = —1) = 5. We write P for a uniformly random permutation
matrix that is independent from J. Recalling that P, is symmetric and all the w;’s are independent, we have

that w < PJ w, i.e., they are equal in distribution.
This allows us to prove the statement by controlling P(w " J " PTUPJw > §||w||3) due to that

P (wTU'w > 5ku§) —P (wTJTPTUPJw > 5wTJTPTPJw)
—P (wTJTPTUPJw > 5|yw\|§) . (A2.6)
First, for any fixed wg € R", we have
Elw'J"PTUPJw|lw = wy) = wy E[J " PTUPJ]wy.

Second, for any fixed matrix M € R™*", we have E[(J "M J); ;] = E[J; ;M ;J;;] = 0 whenever
1 # j and E[(JTMJ)Z-J-] =E[J;;M;;J;;| = M. Putting together and apply Lemma A13, we have

tr(U
Elw'J'TPTUPJw|lw = wy] = 'wOTIE[JTPTUPJ]’wo = r(n )H’LUOH%

From above and Markov’s inequality, we have

P(w JTPTUPJw > d|w|3) =E [P (w'JTPTUPJw > sw|} | w)]
[Elw'JTPTUPJw | w]}

I ollwl3

[tr[U]]  tx[U]

| on | on

<E

=K

In light of the above equality and (A2.6), we obtain the desired result. O
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Proof of Lemma 5. Let G be a directed graph on vertices {1,...,n} where there exists a directed edge
i — jin G if and only if j = o(7). Then the cycles in G are of length at least 2.

Let U denote a set with the maximum number of notes such that |U N o(U)| = 0, then apparently
|U| < § 4 1. Let G’ denote the subgraph of G’ removing all the edges of the type (u, o (u)) for u € U. Then
we must have that a node is in U¢ if and only if the node has an out edge in G’. Moreover, we claim that (i)
G’ does not contain a circle with length 2; (ii) all the connected component of G’ has no more than 2 edges.
To prove claim (i), suppose in contradiction there exists a circle a — b — a in G’, then we must have that
a,b ¢ U. This means that the set U’ = U U {b} can still satisfy that |U’ N o(U’)| = 0, which contradicts
that U is maximal. To prove claim (ii), suppose in contradiction there exists a connected component with at
least 3 edges, then in this component there must exists a patha — b — ¢ — dora — b — ¢ — a. Then
we easily have that b, ¢ € U. This means that the set U’ = U U {b} can still satisfy that |U’ N o(U")| = 0,
which contradicts that U is maximal.

From the two claims, we must have that all the connected components in G’ must be of the form a — b
or a — b — c¢. We now introduce three sets of nodes A, B, C, where A consists of all the nodes a such
that @ — b formalizes a connected component in G’; B consists of all the nodes a such that a — b — ¢
is a connected component in G’; and C' consists of all the nodes b such that « — b — ¢ is a connected
component in G’. Now recall the claim that a node is in U¢ if and only if the node has an out edge in G’,
we have that the four disjoint sets A, B, C, U formalizes a partition of all the nodes; moreover, (A) C U,
o(B)=C,0(C)CU,o(U)=AUB.

From above, we split A into two sets Ay, Ay with size |A1| and |A2| differ by at most 1; and set Uy =
U,Us = A1 UB,Us = Ay U C. Then it is straightforward that for all ¢ = 1, 2, 3,

Z—lsn_g”_lswi\swsgﬂ
and that
\U; No(U;)| =0,
which proves the desired result. O

A2.2 Proof of Theorem 3

Proof. Without loss of generality, we assume throughout that P, € Dy and P, € D;,. Since K is finite,

we only need to prove that for any j, k € {1,..., K}, asn — oo,
T o T T o T
P(\e V,V,(c+be)| < |eTV,V, Pk(s+be)\) 0.

In this proof, we tackle this problem via proving that for all § > 0,

v,V
le' V; g€’ >

; — 0
0
(A2.7)
T T
(vsira, )
n
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and that with probability converging to 1,

=~ 1 ~ o
eTVjVj e — eTVka Pke > m

<50 ;
o (4+m) (A2.8)
eTVjVj e+eTVka Pie m
> .
n ~24+m)
To prove the first claim of (A2.7), since P. € D3, we have from the law of large number that
1 5
P(-n<|el3<=n)—1.
2 2
Let £ denote the above event. Then applying basic inequalities of random events, we have
\eTf/jf/st\ |eTVj‘7]T€|
Pl—————2>0| <P|————2>0|&|PE)+P&Y
bn bn
- 20lel3 T - 2b|lell3  ~ ’

where for the inequality (i) we apply that we are under £. Then as a direct consequence of Lemma A6, we

prove the first claim of (A2.7). For the second claim of (A2.7), using that Pye 4 €, The result follows the
same argument as the first claim of (A2.7).

In the rest of the proof we focus on proving the first statement of (A2.8), and the second statement can
be proven via a similar argument. To prove this statement, we apply the decomposition

eTf/jf/;e - eTf/kVZPke eT(VjVjT - diag(f/jf/jT))e - eT(‘N/kVZPk - diag(f/k‘}ZPk))e

n n
N eriag(‘N/jf/jT)e - eriag(f/kV;Pk)e
n

= 14+1I,

where for any matrix A € R"*", diag(A) corresponds to the diagonal matrix such that all the diagonal
elements are equal to the diagonal elements of A.
For I, observe that

and that
-~ =T ) - =T -~ =T - =T - =T
ViV P — diag(Vi Vi Pi)l} < ViV Pill3 = 1 (Vi Vi PiPL ViV,
= tr(f/'kf/kT) =n—2p,
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We can apply Lemma A7 to show that for any constant 6 > 0,

lim P(|I| < 6) — 1. (A2.9)

n—oo
For I1, given any fixed P; and Py, we write V; := ¢ and
o e
(V;V,; = ViV Pp)ii

Ang = )
n

then we can rewrite II as II = Z?:l an;V;. It is straightforward that for each n, the absolute value all the
entires in a,, ; are bounded by % Thus given any fixed P;, Py,

n
St;pz |an i [E[[Vi[L([Vi] > a)] < 2E[|Vi|L(|Vi] > a)],
n=lioy
which converges to 0 as a — co. Moreover,

nlggoz onf? < Jim =0
This allows us to apply Lemma A11 to get that for any constant § > 0,
P(II-E[II| P;, Pi]| > ¢ | Pj, Py) — 0. (A2.10)

Thus, it remains to control E[II | P;, Py] = """ | a, ;. We write
AA] =T - V,V,, (A2.11)

where Ay is a n x (n — 2p) matrix with orthonormal columns. Since the column space of V) is at the
intersection of span(X )" and span(PjX )", we have that span(X) must be a subspace of span(Ay).
Hence without loss of generality we can write Ay := [Ag, Bg], where Ag € R™P is a matrix with
orthonormal columns spanning span(V o). With the above notations, we calculate

n
I 1
E[II| Pj, Pl =) an; = —te[V,;Vj = ViV Py = —((n - 2p) - tr[Ay A} Py))
i=1
— L((n—2p) — w[AA] Py + BBl P
= —((n —2p) — tr[A9Ag Py, + By By Pi]).
From Assumption 4, we have tr[AgAJ Py] < +/2pK, and using Lemma A 15, we have tr[Bp B} P}] <
tr[B B} ] < p, putting together we further have

1
E[Il | P;, Py] > —((n — 2p) 2pK)
I P Pi] = (0= 20) —p = V2K) = 1
where the last inequality holds for sufficiently large n. From above and (A2.10), and also our control of the
term I in (A2.9), we have that the first statement of (A2.8) holds with probability converging to 1. Using an
analogous argument we prove the second statement of (A2.8). In light of this and our analysis of (A2.7), we
obtain the desired result. O
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A2.3 Proof of Theorem 4

Proof. Without loss of generality, we assume throughout that P, € D; and P. € D;4. Following analogous
argument as in the proof of Theorem 3, we tackle this problem via proving that for any j, k € {1,..., K}
and for all § > 0,

~ ~ T
|6TVJVJ €|
bllel3

T~ "T

P

ple ViV el 5) o
bllel3

>4 | =0
(A2.12)

and that with probability converging to 1,
eTf/jf/jTe - eTf/k‘N/sze
lef?
eTVjv]Te + eTVk‘N/ZPke
le]l?
The first claim of (A2.12) directly follows Lemma A6. The second claim of (A2.12) uses Lemma A6

and that Pe 2 ¢ In the rest of the proof we focus on proving the first statement of (A2.13), and the second
statement can be proven via a similar argument.

In the rest of the proof we assume throughout that both P; and Pj, are fixed permutation matrices or
equivalently being conditioned on. To prove the statement, let €’ denote an independent replication of e.
Recalling the definition of Ay in (A2.11), we have

v

1 .
g (A2.13)

v
SR

(e— ) (V;V] — ViV, Py)e—e)

=lle—€l3—(e—€) Prle—e)—(e—e€) (A;4;" — AxAy Py)(e—¢€)

ARAg" + Pl AL AL Py,
2

(6 - 6/),

(A2.14)
where for the last inequality we apply Cauchy-Schwartz inequality. As e; — ¢/ is symmetric around zero,
we have from Lemma 4 that the following event £; holds with probability 1 — % — 1:

Ak,AkT + P;AkAkTPk
2

2W—d%—@—dfPMv%ﬂ—@—df(MAf+

&= { (e )" (45457 + o) < fle-e) (e~ |

In addition, as ||V/; V;r — Vi ‘N/;Pkﬂop < 2, we have from Lemma A6 that the following two events
&y and &3 hold with probability converging to 1:

o]
o

Working on the intersection of the three events £ N &2 N &3, and applying the decomposition
(6 — e/)T(VjV;-r — VkV;Pk)(e — 6/) = eT(VjV;-r — VkV;Pk)e + 6/T(‘~/]‘V; — ka/'ng)e’

— eT(‘N/jV;r

-~ T o~ ~T 1
&7 (V,V] - ViV € < HlelB)

T o =T 1
¢T(ViV] ~ViViPy)e| < 5||e||§}.

— ‘N/k‘}gpk)e/ — e/T(Vj‘N/jT — f/kf/;Pk)e,
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we have from (A2.14) that

eT(VjVjT ~ ViV, Pile + elT(VjVjT ~ V.V Ppe

(G2 SN

> 2le— &3~ (e — &) Pile &) — £ (3 + 13 (A2.15)
= 2l + €13) ~ (e~ &) Pile &)~ eTe
Define random events
&= {le—e)TPue—¢) < fllelt]. &= {cTe < (el
For £4, we have
P(€5) <P (5 & el > n/2) + B (el < n/2)
P ({(e~ ) Pate ) > SlelB} & el = n/2) + P (el < n/2)
<P( =1 &llel3 = n/2) + P (lle] < n/2)

({(e )T Pyle—é) > f}) +P(Jlef2 < n/2)

{e—e "Pile—¢€)>

10
Then using Lemmas A8 and A9, we have that the event £, holds with probability converging to 1.
For &5, using that all the e;e}’s are i.i.d. random variables with E[|e;e}|] = E[|e;||E[|ef|]] < oo, we

have e e//n — 0 in probability; thus using a similar argument as &4, we have &5 holds with probability
converging to 1.

Now working on the event £; N - - - N &5 (which, as shown above, occurs with probability converging to
1), we have from (A2.15) and also the definitions of £; and &5 that

R - T o =T 1
e'(V;,V;, =V,V  Ppe+e (V,V,;, =V, V, Py)e g(||€||2 + lle']13).
In other words, with probability converging to zero,

T o 1 T o 1
T (V]-VjT —V,V, Pj— 51) etel (VjvjT —V\V, Py — 51) e <0.

I I/

Since I and I’ are two i.i.d. random variables, we have using their independence and identically distributed
property that

P(I<0)=+/PI< 0PI <0)=+PI<0,I'<0)</PI+T <0)—0,

which proves (A2.13). In light of this and our control of (A2.12), we prove the desired result. ]

A24 Auxiliary lemmas

Lemma A9. Let wy,...,w, be a sequence of i.i.d. random variables from some distribution P,,. Then if
P, € D1 UDs, we have
n
. 2
2> =1.
nh_{rolo]P’ (2 w; > n) 1
1=
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Proof. We first consider P, € D,. From standard results of weak law of large number, we have

We next consider P,, € D;. First, apparently we have that either E[w?] = oo or that E[w?] is finite and
satisfy E[w?] > (E[Jw1]])? > 1. In either of the two cases, we have that there exists a threshold 7 such that
E[w?1(jwi] < 7)] = 1.

Let w; := w; 1(Jwyi| < 7). Then by again standard results of weak law of large number, we have

n
1
lim P wi>-n| =1
n—00 (Z T2 ’
=1
and the desired result is a direct consequence of that almost surely, w? > 12)?. O

Lemma A10. Given a constant B > 0 and a random variable V with E[|V'|] < co. Then

o . 14
nh_}rr;O;IP’(|V| > Bi)<E [B < 0.

Proof. For any integer n,

iP(WIsz’)zéPC?zi) s/xzop(“g>x>dx:15[|m < 00.

O
Lemma All. ( [ , Theorem 3]) Let ay; (i,n = 1,...,00) be a deterministic array with
limy, o0 D oi g lani|? = 0. Let Vi (i = 1, ..., 00) be a sequence of independent random variables satisfying
that
n
alggozgg; jan i [E[[Vi[1([Vi] > a)] = 0.
Then
m
lim E 2 amiVi — E[V]]|| = 0.
1=
Lemma A12. (Borel-Cantelli Lemma [ , , Theorem 2.3.1]) Let &1, . .. be a sequence of random

events. If limy, o Y i P(&;) < 00, then
P(&, i0.) =0,
where &, i.0. stands for &, occurs infinitely often.

Lemma A13. Let P be a uniformly random permutation matrix. Let M € R™ "™ be a fixed n X n matrix.
Then foranyi=1,...,n, E(PMP");] =1 > i1 M.
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Proof. Let o be the random permutation corresponding to P, we have

1
E[(PTMP);;] = E[M () o)) = - Z M;;,

where the second inequality is due to that o (i) can be viewed as a random variable that samples uniformly
at random from the set {1,...,n}. O

Lemma Al4. Consider the P in Lemma Al3. Let f := (f1,..., fn)" denote a random vector where all
the f;’s are zero-mean independent random variables. Then for any i # j, E[(Pf f TPT)ij] =0.

Proof. Let o be the random permutation corresponding to P. Then using that for any ¢ # j, f; and f; are
independent,

E(Pff P")ij] = Elfou) fo5)] =0

which proves the desired result. O

Lemma A15. Consider a symmetric positive semi-definite matrix M € R"™ " and a permutation matrix
P e R™"™ " we have
tr[M P] < tr[M].

Proof. Using the positive semi-definiteness and symmetry of M, we have for any ¢, j (¢ and j can be equal
or unequal),
M, < Miit My
’ 2
Let o be the permutation associated with P, we have

ZMzoz <Z ,”_'_M ():tr[M],

which proves the desired result. O

Lemma A16. For any random variable f satisfying E[f] < 0, there exists a random variable f' with
E[f'] = 0 and that

P(f'=flf>0)=1 & P(f<f <0]f<0)=1
Proof. If E[f] = 0, then f' = f satisfies all the conditions. Thus we only need to consider the case with
E[f] < 0. define f* = f1(f > 0)and f~ = —fL1(f <0). Then E[f] = E[f*] —E[f"]. AsE[f] <0, we
easily have that E[f~] > E[fT] > 0.
We now construct a Bernoulli random variable B satisfying that P(B = 1) = g q € [0,1) and that

B I f. Then apparently, f' = f* — Bf~ satisfies all the requirements, as

E[f'] =E[f] - BE[f7] =0
P(f' = fIf >0) =P((1= B)f~ =0|f” =0) =1
P(f<f <0lf<0)=P((1—-B)f >0,/ =0[f >0,f"=0)=1.
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A2.5 Theoretical analysis of the algorithms

We will first show an lemma.

Lemma A17. Consider a fixed matrix M € R™™ withn > 2 and a fixed permutation matrix Py € R™*"
satisfying tr[Po] = 0. Let P € R™"™ be a uniformly randomly sampled permutation matrix and define
P = 13_113013. Then for any 6 > 0, we have that

2tr[MM "] 5
P||tr[MP]|> Y+———— | <.
tr[M P]| > 7 <

Proof. Let ¢ be the random permutation corresponding to P. Then we have that for any Py ., Py, =1
if and only if (Po)s(u)5») = 1. Now that since 7 is a uniformly random permutation, we have that
(6(u),a(v)) is a pair that is uniformly at random drawn from the set {(¢,7) | ¢ # j € {1,...,n}}. From
this, we have for any fixed (u, v),

n 1
]P)(Pu,v = 1) = P((PO)&(u),&(v) = 1) = = )

n2—n n-—1

and equivalently, E[PZ}U] =E[P,,] = -1
Notice also that since P is a random permutation matrix, we have that for any fixed u and any fixed
vy # v2, almost surely Py, 4, Py 4, = 0.

Putting together, we have

2

2
Eltr[MP)?| =E (Z > MW}PW> <n) E (Z MW,PW>

u v
n n T T
=n) > EM. P |= — >y M, = —— MM ] < 2u[MM"].
u v u v
From above, the desired result follows from Chebyshev’s inequality. O

Proof of Proposition 1. Throughout the proof we only consider the case with number of iterations 7" = 1,
and the case of 7' > 2 can be proven via analogous argument. For any k1, k2 € {1,..., K}, we have that by
setting k3 as the remainder after dividing k; + k2 by K + 1, we have that Py, = Py, Pj,. Which proves
that the returned Py satisfies Assumption 2.

We now define Py, as a permutation matrix such that (Poy),,, = 1 if and only if

[

u .I_[ v
K+1' 'K+1

l&u—vef{kk—(K+1)};

and define P, be the random permutation matrix associated with the permutation 7, then we have that
almost surely,

P, =P 'Py.P,.

‘We then have from Lemma A17 and
tr[ X (X' X)X X(XTX)I X =t X( X" X)X ] =p
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that for any £,
_ 1
P (|tr[X(XTX) X TP > \/QpK) <5
The desired result then follows by applying a union bound for all k.
Note that since Algorithm 1 returns with non-zero probability, there must exist a Py that satisfies both

assumptions. O

A3 Theoretical analysis of optimality

A3.1 Proof of Theorem 5

Without loss of generality we consider the scenario where 3 = 3% = 0. Let Hi(7) be the class of alterna-
tives such that |b| > 7, with 7 to be specified later. Then using Neyman-Pearson lemma, we have that for
any (Z,Y)in Hy and any (Z',Y") in Hy(7),

'Rt,X(T) Z 1-— TV(PY7z,Pyl7Z/).

Hence, the problem becomes constructing a (Z,Y) and (Z',Y") belonging to Hy and H; () such that their
total variation distance is smaller than 7.

We can do the following construction. First, we construct Z; as i.i.d. binary random variables such that
P(Z; = n/vy) = vy/nand P(Z; = —(1 — v/n)~') = 1 — v/n, where v = —log(1 — 7)/2, and without
loss of generality, n is sufficiently larger such that y/n < 1. Moreover, we construct Z/ such that for each
i, Z; = Z| almost surely.

We then construct ¢;, e;- as i.i.d. Rademacher random variables that are independent from Z;, ZZ( ; and
construct Z; as i.i.d replicates of Z; which are independent from other randomness in the problem. Finally
let Y; = bZ; +¢; and Y/ = bZ! + ¢; where b = ¢,n~*/(1+?) for some constant ¢, > 0 depending only on
such that E[|Y;|**!] = E[|Y/|1*!] = 2. Then it is straightforward that the distribution of Y; is in D1+, so
that (Y, Z) and (Y’, Z') are feasible choices in Hy and H; (7) respectively with 7 := ¢,n /(141

Using the above construction, we control their total variation distance as

TK}’(]IDY,Zv]P)Y/,Z’) = Slép{]P)((Y,Z) S B) -P ((Yl,Z/) € B)}
<sup{P((Y,Z2)e B)-P((Y',Z2') € B,(Y,Z) € B)}
B
< s%p]P’ (Y,z)eB,(Y',Z') ¢ B)

SIP’(Z#Z) <1—(1—q/n)* <1-e =1,

A3.2 Preliminary lemmas for Theorem 6

In this section, we invoke the notations introduced at the beginning of Section A2.

Lemma A18. Consider the M in Lemma A3. If b > An=Y/2%7 for some v > 0, then for any fixed § > 0,

.
M
lim sup sup P('w f’ > 5> =0.
n—oop ChPeep, \ bllwl3
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Proof. Following the same lines of proof as Lemma A3, we have for any § > 0,

™ 16
P<M>5> < +P(Hw\|§<ﬁ).

bl|lwl3 ~ 820%n 16
Combining the above with Lemma A24 yields the desired result. 0
Lemma A19. Let g :== (g1,...,9,)" be a n-dimensional vector satisfying |g||3 < cgn% for some

constant cg > 0. Then if b > An~ T for some v > 0, we have that for any fixed § > 0,

-
lim sup P(|w 92’ >5> =0
nHOOPweﬁ waH2

Proof. We have almost surely
[w'gl _ llgll2
bllwlf3 ~ bllwlla’

lw'g| > <HMb >
P >0 <P >4 ).
<Mw% bllwl|2

From above and Lemma A24, we obtain our desired result.

whence

O]

Lemma A20. Consider the M in Lemma A3 and let t € (0,1), B > 0 be given. Then if b > An TR
for some constants v, A > 0, we have that for any fixed § > 0,

-
w M
lim sup sup P (25‘ > (5) =0.
n—roo ]P’wéf)]P§ED1+tﬂﬁZ$_B waH2
Proof. Let t; denote a constant in (—1,¢) such that

1—-¢; 11—t

<.
T+t 1+t
1
Let f; = &1(|§| < Bi'%1) denote a truncated random variable of §;. ALso, we construct f/ as in
Lemma A16. Moreover, we write f := (f1,..., f,)" and f := (f{,..., f")T. Then following the same

derivations as in Lemma A5, we have
lw " M P¢| ) <|wTMPf’| ) o M lw MP(f—f)| ¢ o n
IP<>5 <P|{————>-|||w|z>—=)+P > = | Jwlz > —
bllwll3 bjw3 3 2716 bllwll3 3 2716

=:1 =11
lwMPE-f)| 9 2 N 2 N
— w — < — ).

II1

From Lemma A24, we have that supp 5 P (Jlw]|3 < n/16) — 0as n — oo, which bounds the last
term. For I, using analogous analysis as term I in Lemma A5, we have that there exists a universal constant
¢ > 0 such that for any feasible choices of Py, ¢,

< cB—t n% - cBI7t 1
= 82 b2n T 52AZ v
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This implies that

lim sup sup I=0.
=00 Py G'ﬁ ]P’g EIDl_HﬁﬁZ,,B

We second consider II. Notice that again

w  MP(f — ' ~E[f ~ £ w' MPE[f — f]
IISP( Ok '”“”2>16)+P( b3 ;

=:1I; + I5.

For 1Ty, as f; — f/ is bounded between [—B, B], using the same analysis as in Lemma A18, we have
SUPp,, 5 SUPp, D, , D5 _p II; — 0. For Ily, observe first that using the same analysis as term Ils in
Lemma A5,

_ 1+t1] o,
[ELf - £ < v (S

Then applying Lemma A19 with PE[f — f'] as g and noticing also Lemma A24, we have

sup sup II, — 0
Pyw€D Pe€D14+ND> _p

as n — 00. Putting together yields supp .5 SUPp, ep, ;D> _p I — 0.
We third consider IT1. From Lemma A 10, we have that for any N > 0,

oo 00 5 "
ZP fi #&) = ZP (1&|" > Bthg) < P;Htl 1(j&, [ > BYO N ||
=N i=N

whence

& " 1+t « plth [T 14+t  plth

11—t
ty—t N1+t

|£1|1+t 1+t 1+t1 t1—t
1(j6 [+ > B N)| . BhiN T <9h

Bl+t1

SE[ Bl+t °

14t
From above, V1 > 0 by choosing N;, = (nB'**/6) et , we have

B(3k > Ny st fi &) < Y P(fi#&) < .
=N,
Further letting C,) = (6Nn/77)%+t, we have
2N,
Pl < Ny, st |&] > Cp) < NoP(1&] > Cp) < 01+t = g
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Putting together, we have that for the event £ := {Vk > N,, fi, = §&, V0 < N, &) < Cp}, P(E°) < %77,
which gives us that

TMP(¢ - 0 TMP(¢ - 0
p<'“’ € f>r>>gp<\w € f>|>,5>+w)
bllwll3 3 bljwll3 3
2n lw MPE-f)| _ 9
< —+4P >-|&).
<Fer ("l 3|
Under the random event &, using Cauchy-Schwartz inequality, we have
N,

" MP(E — £)] < [w]l2[MPE — £)l2 < [w]all€ — Fll2 = [w]lzy| 3 €21(1& [+ > B+)

i=1
< [wll2 /Ny Gy
Putting back yields
P lw MPE—f) 0\ _ 2y Cp/Nyllwllz & 2y Cov/N, 6
5 > -] < +P| ——m— > || =5 +P > -,
bljwll3 3 3 bljwll3 3 3 blwl2 ~ 3
then by lemma A24, we have
"TMP(¢ - )
lim sup sup sup P (!w (52 £l )
n—= P,eDP:eD144ND>,_p bllwl|3 3
9 Cy+\/N, 0 2
S—n + lim sup sup sup P 77\/7 > = | = n
3 nooo p,ePPeDDs g blwlz ~ 3 3
As 7 is arbitrary, we have as n — oo,
T
MP(€ - 0
sup sup P (]'w (52 9l > ) — 0
Pwe'ﬁ]?gGDl*_tﬂﬁZ’,B waH2 3
In light of our control of I — III, our desired result follows. O

Lemma A21. Consider the M in Lemma A3; let t € (0, 1] be given and assume that b > nfl%rtﬂ. Then

for any fixed § > 0,
™
lim sup sup P(mf < 5) =1.
"TOP,eDPeeD114MDs, 5 bllwl[3
Proof. Whent = 1, the result follows from Lemma A18. Otherwise, we apply the decomposition
§i = (§1(& > 0) —E[&1(5 > 0)]) — (=€) 1(& < 0) = E[(=&)1(& < 0)]) =: €10 — &5

and define &, := (&1.1,---,&m) ", € = (£21,...,62,) . Then our desired result follows by applying
Lemma A20 but with £ replaced by &; or &, and taking a union bound. O
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Lemma A22. Let a,; (i,n = 1,...,00) be a deterministic array with y ;- |an,i|2 < %. Let V; (i =
1,...,00) be a sequence of independent random variables obeying the law Py;. Then for any v > 0,

lim sup E = 0.

n—roo Pvl 7"'7PVn €D1+'Y

> ani(Vi — E[V)
=1

1
Proof. Let a = n20+1; define
Vi =Vil(|Vi] > a), V" =Vi1(|Vi] < a).

We first have

n
D lan
i=1

E(V/] =) lans E[Vi[L(Vi| > )] = Y lana B[V Vi L( Vi > a)]
i=1 i=1

n n
< a3 [and BTV > @) £ 2073 Jang]
P =1

) " i
< 2a77n!/? (Z am\2> <4a”".
i=1

where (i) uses Cauchy-Schwartz inequality. From above, we have

=E || ani(V/ = E[V/]+ V{" —E[V/"])
=1

E

> ani(Vi —E[Vi])
i=1

+2) langlE[IV/]]

<E Y ani(V —EV))
i=1 =1

+8a™"

<E||Y ani (Vi —E[V)
i=1

To deal with the first summand on the right hand side of the above inequality, we apply Holder’s in-
equality to get that

9771/2

< |E

=
|

> an (Vi = E[V])
=1

> ani (Vi —E[V])
=1

1/2 n 1/2
] = 2a [Z aiyi] <

B n 1/2
= |E > a (V' —E[V])?
=1

Sig

=1

n
< [IE [Z ai7i4a2
i=1

Putting together, we have

sup E

—y 4a v
<847 4+ L <195 G,
Py,,...Pv, €D144 \/ﬁ

S analVi ~ EVA)
=1

which gives us the desired result. O
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Lemma A23. Consider the P as in Lemma AS. We have that for any fixed 0 > 0,
lim sup P(jlw' Pw|/n>d)=0.

n—oo Py €D1+u

Proof. Letwy 1, w12,...,Win,...andwa 1, w22, ..,W2,, ... be two sequences of i.i.d. random variables
from a distribution P,,. Then apparently if P, € Dy4¢, 1 < E[Jwy jwo,;|' "] < 4. Then using Lemma A22,
we have from Markov’s inequality that for any § > 0,

> 6) =0.

: 1 ¢
lim sup P (‘ - Z w1 ,;W2
The desired result then follows from the same lines of proof as in Lemma AS.

n—oo PwD1+t i1

Lemma A24. We have n
lim sup P (HwH% < —) =0.
P, cD 16

Proof. Letw; := 31 (Jw;| > 1), then E[w?] > %. By Hoeffding’s inequality,

P > < (l)
=16 ) =P\ 18/

In light of the above inequality and that almost surely, |w;| > |w;|, we obtain the desired result. O

n

> (@f — E[a7))

i=1

A3.3 Theoretical analysis of (15)

Proof. Following the proof of Theorem 3, we only need to show that for any fixed j, k, for all 6 > 0,

€TV, V, €l

) 0;
b > — 0

sup sup P

P.€Dor,NDPe€D14¢
o (A3.16)

o T
P
le' Vi,V k€|>5>_>0;

sup sup P (
bn

P.€Dyy,NDP€D11¢
and that,
-~ T -~ T
eTVjVj e — eTVka. P.e m
<
n 2(44m)

sup sup P — 0
Pe€Day,NDPe€D11+

(A3.17)

eTf/jf/jTeJreTf/kf/,:Pke m
<

— 0.
n 2(44m)

sup sup P
Pe€Doy,, NDP€D1 4t

To prove the first claim of (A3.16), since P, € Ds,,, using Lemma A22 yields

1
sup B HHeH% — Elef]
P€€D2+V n

]—>0,
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whence by Markov’s inequality,
sup P (|le]|3 > 2E[ef]n) — 0.
P€€D2+V

For P, € Ds4,, using Holder’s inequality, we have
E[ef] < (EH61’2+V])2/(2+1/) < 22/(2+u)‘

From the above two inequalities, we have the random event £ := {||e|3 < 203+¥)/+V)n} satisfies that
Supp, ep,,, P(E¢) — 0. Therefore, we can control the first inequality of (A3.16) via that

\eTf/jV;-re\ |eTVjVjT(-:|
————— > | <P| —————— > |E|PE)+ P&

bn - bn
- - T - T
(i) leTV,;V e e"V,;V . e
<SP| —L2 = >0|E|PE)+PE)<P| —L12—>5]| +P(&°,
20|13 20]le]3

where for the inequality (7) we apply that we are under £. Then as a direct consequence of Lemma A21, we
prove the first claim of (A3.16). For the second claim of (A3.16), using that Pe 4 €, The result follows
the same argument as the first claim of (A3.16).
In the rest of the proof we focus on proving the first statement of (A3.17), and the second statement can
be prove via a similar argument. To prove this statement, we apply again the decomposition
eTf/jV;re - eTf/kV,:Pke _eT(VjVjT - diag(VjVjT))e — eT(ka/;Pk — diag(f/kVZPk))e

n n
N eriag(f/jVjT)e - eriag(Vk.f/;:Pk)e

n

= 1+1I,

where recall that for any matrix A € R™*", diag(A) corresponds to the diagonal matrix such that all the
diagonal elements are equal to the diagonal elements of A.

For I, using the same lines of proof as the term I in Section A2.2, we have that for any constant § > 0,
o9(6+)/(2+v)

sup P([I] < 8) <

(A3.18)
IPe €D2+V n52

For II, we apply the same lines of proof as the control of term II in Section A2.2, except that we replace
Lemma A11 with Lemma A22. Putting together, we obtain the desired result. O

A3.4 Theoretical analysis of (16)

Proof. Following analogous argument as in the proof of Theorem 4, we tackle this problem via proving that
forany j,k € {1,..., K} and forall § > 0,

€TV, V, €l
sup sup P| ———=— >0 | — 0;
P3€D1+V0@PEE’D1+t b||e||2
+ (A3.19)
—_—
sup sup P e Vka2Pk€| >6| —0;
P66D1+yﬂﬁ Pe€D11t bHeHZ
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and that
-~ T -~ =T
e'V;Vie—e'V,V, Pe 1

sup P <=1 =0
PgEDp,.,,ﬂ'ﬁ ||e||2 5 A3 20
™Y ' IR 7R 7l (A3.20)
e VjVje—i—e VkaPke<1 0
S - .
o cDrD el 5
e 14v

The first claim of (A3.19) directly follows Lemma A21. The second claim of (A3.19) uses Lemma A21
and that Pe 4 . To prove (A3.20), recall the definition of & — &, it remains to prove that

lim sup P(ETU---UE) =0.
0P, eDyy,ND

We can control £ — &5 following the same lines of proof as in the proof of those events in Section A2.3,
except that for & and &3 we replace Lemma A6 by Lemma A21; for £, we replace Lemmas A8 and A9
by Lemmas A23 and A24 respectively; and for &, we additionally control the uniform convergence of
leTe’|/n with Lemma A22.

In light of our control of all the random events, the desired result follows. O
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