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Abstract: While change point detection in time series data has been extensively
studied, little attention has been given to its generalisation to data observed on
spheres or other manifolds, where changes may occur within spatially complex
regions with irregular boundaries, posing significant challenges. We propose a
new class of estimators, namely, Change Region Identification and SeParation
(CRISP), to locate changes in the mean function of a signal-plus-noise model
defined on 𝑑-dimensional spheres. The CRISP estimator applies to scenarios with
a single change region, and is extended to multiple change regions via a newly
developed generic scheme. The convergence rate of the CRISP estimator is shown
to depend on the VC dimension of the hypothesis class that characterises the change
regions in general. We also carefully study the case where change regions have
the geometry of spherical caps. Simulations confirm the promising finite-sample
performance of this approach. The CRISP estimator’s practical applicability is
further demonstrated through two real data sets on global temperature and ozone
hole.
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1. Introduction

Detecting changes or abnormal regions in directional data arises naturally in many
scientific applications [37, 21, 23, 27]. For instance, changes in atmospheric measure-
ments such as ozone levels or wind direction may indicate significant environmental
events [8, 24]. In such settings, we observe responses along different directions, which
can be viewed as points on the unit sphere. The aim is to find regions on the sphere
where the behaviour of the data inside is different. This problem falls under the general
framework of change region detection.

Change detection has been studied extensively across multiple research fields. In
statistics, classical change point and change region detection methods are predomi-
nantly developed for Euclidean domains. Much of the literature focuses on temporally
ordered observations, such as time series, across a wide range of settings. See, for
instance, Kokoszka and Leipus [16], Shao and Zhang [29], Anderson [1], Zhou [39],
Wang and Samworth [36], Dette and Wu [11] and Baranowski et al. [3]. See also
Tartakovsky et al. [32] for a comprehensive introduction. When observations are not
temporally ordered but instead arise from multivariate spatial designs, the problem
shifts from detecting change points to detecting change regions. In Euclidean spaces,
methods have been developed to identify rectangular regions of change [20], as well
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as change regions subject to shape or smoothness constraints [2, 5, 6, 7]. These works
primarily address the theoretical limits and feasibility of detection, with comparatively
less emphasis on practical implementation. Related ideas also appear in computer vi-
sion. Foreground object detection aims to separate signal from background in image
data [31, 15], while point-cloud segmentation methods seek to identify structured
regions in unstructured spatial data [25]. However, such approaches are typically de-
signed for gridded image domains and rely on very high signal-to-noise ratios, limiting
their applicability to more general spatial or directional data settings.

This work is motivated by two real datasets with directional structures. The first is
based on the European Centre for Medium-Range Weather Forecasts (ECMWF) Re-
Analysis v5 [9] (a.k.a. ERA5) and European Space Agency (ESA) Climate Change
Initiative (CCI) global temperature data [12], which provide temperature measure-
ments over the Earth’s surface across multiple decades. The second is satellite-based
ozone data from NASA’s Ozone Monitoring Instrument (OMI) [18], which records
total column ozone over the Southern Hemisphere. In both cases, the data lie on the
sphere and exhibit spatially localised regions of change over time, for instance, warm-
ing over land masses or ozone depletion over Antarctica. Our interest is to detect such
change regions based on these noisy observations on the sphere.

While change point detection in one-dimensional sequences such as time series
is well-studied, detecting change regions in noisy directional data remains much less
explored. The shift from detecting a single change in a sequence to detecting a spatial
region of change on a directional domain introduces both modeling and computational
challenges. In particular, the observations lie on a smooth manifold such as a sphere,
and the change may occur within an unknown region of potentially irregular shape. As
a result, implementation is typically time-consuming, with larger sample sizes than in
time series studies required for accurate detection.

Our primary application is change-region detection for directional data on the
sphere, but the methodology and analysis developed here apply more broadly to
detecting change regions of a prescribed shape class on manifolds under a signal-plus-
noise model. We begin with the simpler problem of estimating a single change region
in Section 2.1, assuming that the region belongs to a class of controlled complexity.
For the multiple change region setting, and for computational tractability, we focus
on the case where change regions are spherical discs in Section 2.2, and mention
generalisation to other shape classes in Section 2.3. The proposed estimator, which
we call CRISP (Change Region Identification and SeParation), combines a CUSUM-
type scan statistic with a local residual test designed to eliminate false positives,
resulting in a fully data-driven procedure. Here the local residual test ensures that
estimation is carried out within neighbourhoods containing at most one true change
region, thereby serving a role analogous to Narrowest-over-Threshold procedures [3]
in temporal change point analysis. We believe that this local residual testing idea is
generic, and may be of independent interest for other change region or change point
estimation problems. We also establish consistency and derive explicit convergence
rates in both the single- and multiple-region settings (see Theorems 1 and 2), showing
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that the estimation error depends on the richness of the candidate class used to model
the change regions. Finally, we address the computational aspects of the proposed
approach, with particular attention to the multiple-region case, where the size of the
search space poses significant challenges.

The remainder of the paper is organised as follows. Section 2 introduces the
statistical model and describes the proposed estimators and their theoretical guarantees
for both single and multiple change region settings. Section 3 provides empirical
results on simulated datasets for both single and multiple change regions with various
change values and sample sizes. Section 4 provides the application of our proposal
to real datasets including global temperature change and ozone depletion. Proofs and
technical lemmas are deferred to the appendices.

1.1. Notation
Let N+ := {1, 2, . . . }. For 𝑟 ∈ N+, let [𝑟] denote the set {1, . . . , 𝑟} and let S𝑟 denote
the set of all permutations of [𝑟]. For two points 𝑎, 𝑏 on a Riemannian manifoldM, we
denote their geodesic distance by Geo(𝑎, 𝑏). For two arbitrary sets 𝐴, 𝐵 ⊆ M, denote
their symmetric difference by 𝐴△𝐵, denote dist(𝐴, 𝐵) := min𝑎∈𝐴,𝑏∈𝐵 Geo(𝑎, 𝑏), and
their Hausdorff distance as 𝑑𝐻 (𝐴, 𝐵) := max{sup𝑥∈𝐴 dist({𝑥}, 𝐵), sup𝑦∈𝐵 dist({𝑦}, 𝐴)}.
For 𝜖 > 0, we write Nhd(𝐴, 𝜖) := {𝑥 ∈ M : dist({𝑥}, 𝐴) ≤ 𝜖}. Let S𝑑−1 := {𝑥 ∈
R𝑑 : ∥𝑥∥ = 1} be the 𝑑-dimensional sphere and for 𝛼 ∈ S𝑑−1 and 𝛽 ∈ [0, 1], let
𝐴𝛼,𝛽 = {𝑥 ∈ M : 𝑥𝑇𝛼 ≥ 𝛽} denote a 𝑑-dimensional disc on the sphere. We write
S = {𝐴𝛼,𝛽 ⊆ S𝑑−1 : 𝛼 ∈ S𝑑−1, 𝛽 ∈ [0, 1]} for the collection of discs on S𝑑−1. For a
disc 𝐴 ∈ S, let Rad(𝐴) and Ctr(𝐴) denote the radius and center of 𝐴 respectively. We
write 1𝐸 for the indicator of an event 𝐸 .

2. A general framework for change region detection on manifolds
In this section, we describe our CRISP methodology and provide guarantees on its
estimation accuracy. We start with a general compact Riemannian manifold, and
specialise to the sphere S𝑑−1 later.

Let 𝑋1, . . . , 𝑋𝑛 be 𝑛 design points on a Riemannian manifoldM, which are either
deterministic or drawn as an independent and identically distributed sample from a
probability measure 𝑃𝑋 onM.

Assume that for some 𝑟 ∈ N+, there are 𝑟 disjoint change regions 𝑅1, . . . , 𝑅𝑟 ⊆ M,
and we have observations (𝑋𝑖, 𝑌𝑖), 𝑖 = 1, . . . , 𝑛 such that

𝑌𝑖 =

𝑟∑︁
𝑗=1

𝜇( 𝑗)1{𝑋𝑖 ∈ 𝑅 𝑗 } + 𝜇(0)1{𝑋𝑖 ∉ ∪ 𝑗∈[𝑟]𝑅 𝑗 } + 𝜀𝑖, 𝑖 ∈ [𝑛], (1)

where 𝜀𝑖
i.i.d.∼ 𝑁 (0, 𝜎2) and 𝜇( 𝑗) ∈ R for 𝑗 = 0 and every 𝑗 ∈ [𝑟]. Let

𝜃 𝑗 := |𝜇( 𝑗) − 𝜇(0) |, 𝑗 ∈ [𝑟], (2)

denote the difference between the means of the observations inside the region 𝑅 𝑗 , 𝑗 ∈
{1, . . . , 𝑟} and outside any change region. In particular, when 𝑟 = 1 and there is a
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single change region, the data generating process is

𝑌𝑖 = 𝜇(1)1{𝑋𝑖 ∈ 𝑅1} + 𝜇(0)1{𝑋𝑖 ∉ 𝑅1} + 𝜀𝑖, 𝑖 ∈ [𝑛], (3)

and we denote
𝜃 = |𝜇(1) − 𝜇(0) | (4)

Change region detection is the task of estimating the sets R := {𝑅1, . . . , 𝑅𝑟} from
the data {(𝑋𝑖, 𝑌𝑖) : 𝑖 ∈ [𝑛]}. We write D = {𝑋1, . . . , 𝑋𝑛} and Y := {𝑌1, . . . , 𝑌𝑛}, and
|𝐴|D := |𝐴 ∩ D| for any set 𝐴 ⊆ M. For a fixed 𝑗 ∈ {1, . . . , 𝑟}, the quality of any
estimator 𝑅̂ 𝑗 of 𝑅 𝑗 can be measured in terms of in-sample classification error

𝐿𝑛 (𝑅̂ 𝑗 , 𝑅 𝑗 ) :=
1
𝑛
min

(
|𝑅̂ 𝑗△𝑅 𝑗 |D , |𝑅̂ 𝑗△𝑅c

𝑗 |D
)
. (5)

Here, the loss is defined as the minimum of the empirical measure 𝑛−1
∑𝑛

𝑖=1 𝛿𝑋𝑖
evaluated on 𝑅̂ 𝑗△𝑅 𝑗 and 𝑅̂ 𝑗△𝑅c

𝑗
, because in the above single-change-region model,

the change region 𝑅 𝑗 is only identifiable up to taking set complement. Alternatively,
if 𝑋𝑖 are sampled from a distribution 𝑃𝑋 , we can measure the loss of 𝑅̂ 𝑗 in terms of
its generalisation error

𝐿 (𝑅̂ 𝑗 , 𝑅 𝑗 ) := min{𝑃𝑋 (𝑅̂ 𝑗△𝑅 𝑗 ), 𝑃𝑋 (𝑅̂ 𝑗△𝑅c
𝑗 )}. (6)

The general problem of estimating R given data (𝑋𝑖, 𝑌𝑖), 𝑖 ∈ [𝑛] is not possible
without imposing further structural assumptions on the class of sets R. We assume
here that 𝑅1, . . . , 𝑅𝑟 belong to a family of possible change regionsA. For instance, if
we are interested to detect solar flares in a circular region on the surface of the sun, we
would takeM to be the Euclidean sphere S2 in R3 andA to be the set of all possible
discs on S2.

Such structural assumptions restrict the complexity of the candidate class of change
regions, which in turn governs the convergence rate of the estimator. For a family of
possible change regions A, we use its Vapnik–Chervonenkis (VC) dimension [33],
denoted by VCD(A), to quantify its complexity. The VC dimension is a classical
measure of complexity that captures how well a class of sets can distinguish between
different configurations of points, which makes it naturally suited to our task of
separating data points into change and no-change regions. A higher VC dimension
implies a more expressive class, but also one that may be harder to estimate accurately
from data. In this work, we assume that A has finite VC dimension.

2.1. Single change region

We first consider the case where there is exactly one change region 𝑅1 onM (i.e., 𝑟 =
1). Given that the change region belongs to a familyA of subsets of the manifoldM, we
construct the change region estimator by maximising corresponding cumulative sum
(CUSUM) contrast statistics. Here, for any candidate change region 𝐴, the CUSUM
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statistic of {(𝑋𝑖, 𝑍𝑖) : 𝑖 ∈ [𝑛]} at the region 𝐴 is defined as

T𝐴 ((𝑋𝑖, 𝑍𝑖)𝑖∈[𝑛]) =
√︂
|𝐴|D |𝐴c |D

𝑛

{
1
|𝐴|D

∑︁
𝑖:𝑋𝑖∈𝐴

𝑍𝑖 −
1
|𝐴c |D

∑︁
𝑖:𝑋𝑖∈𝐴c

𝑍𝑖

}
, (7)

with the convention that T𝐴 ((𝑋𝑖, 𝑍𝑖)𝑖∈[𝑛]) = 0 if either |𝐴|D = 0 or |𝐴c |D = 0. When
the design points (𝑋𝑖)𝑖∈[𝑛] is clear from the context, we will abbreviate T𝐴 (𝑍) =
T𝐴 ((𝑋𝑖, 𝑍𝑖)𝑖∈[𝑛]) for 𝑍 = (𝑍1, . . . , 𝑍𝑛)⊤.

Writing 𝑌 = (𝑌1, . . . , 𝑌𝑛)⊤, we estimate 𝑅1 by

𝑅̂ ∈ argmax
𝐴∈A

|T𝐴 (𝑌 ) |. (8)

This estimator is intuitive because 𝑅1 maximises the noiseless CUSUM T𝐴 (𝜇) for
𝜇 := (𝜇1, . . . , 𝜇𝑛)⊤ where 𝜇𝑖 := 𝜇11(𝑋𝑖 ∈ 𝑅1) + 𝜇01(𝑋𝑖 ∉ 𝑅1). By linearity, we
have T𝐴 (𝑌 ) = T𝐴 (𝜇) + T𝐴 (𝜀), where 𝜀 := (𝜀1, . . . , 𝜀𝑛)⊤. Thus, treating T𝐴 (𝑌 ) as a
perturbation of T𝐴 (𝜇), we expect 𝑅̂ to be close to 𝑅1.

For any 𝐴 ⊆ M and any vector 𝑍 = (𝑍1, . . . , 𝑍𝑛)⊤, T𝐴 (𝑍) depends on 𝐴 only
through 𝐴 ∩ D. Moreover, as mentioned earlier, the change-region model in (3) only
identifies 𝑅1 up to set complements, and the CUSUM statistic in (7) is also invariant
to replacing 𝐴 with 𝐴c. Therefore, given design points (𝑋𝑖)𝑖∈[𝑛] , both 𝑅1 and 𝑅̂ are
only identifiable up to their intersection with D and up to taking set complements.
Such identifiability issues motivate our choice of the loss function 𝐿𝑛 in (5) since
𝐿𝑛 (𝐴1, 𝐴2) = 𝐿𝑛 (𝐴1, 𝐴

c
2) = 𝐿𝑛 (𝐴c

1, 𝐴
c
2) for any 𝐴1, 𝐴2 ∈ A.

The following theorem establishes the consistency of the estimated change region
described above.

Theorem 1. Assume 𝑟 = 1, and 𝑅1 ∈ A where the family of possible change regions
A is a VC class. Given distinct fixed design points 𝑋1, . . . , 𝑋𝑛, let 𝑌1, . . . , 𝑌𝑛 be
generated according to (1) and let 𝜃 be the magnitude of change defined as in (4). If
𝜏 := 𝐿𝑛 (𝑅1, ∅) > 0, then there exist universal constants 𝐶0, 𝐶1, 𝐶2 such that when
𝑛𝜏𝜃2 > 𝐶0𝜎

2VCD(A) log 𝑛, with probability at least 1 − 𝐶1𝑛
−VCD(A) , we have that

the estimator 𝑅̂ defined in (8) satisfies

𝐿𝑛

(
𝑅̂, 𝑅1

)
≤ 𝐶2𝜎

2VCD(A) log(𝑛)
𝑛𝜏𝜃2

.

Theorem 1 highlights how the estimation error depends on three key factors: the
complexity of the candidate class, the identifiability of the true change region, and the
signal-to-noise ratio. Specifically, the error increases with the richness of the classA
quantified by its VC dimension, and decreases with stronger signal 𝜃, larger sample
size 𝑛, and better empirical identifiability, measured by 𝜏 = 𝐿𝑛 (𝑅1, ∅).

In this result, the parameter 𝜏 captures the smaller of the proportions of sample
points inside and outside the change region, and reflects how well-separated the region
is in terms of data coverage. When 𝜏 is close to zero, the change region is either too
small or too poorly sampled to be reliably distinguished from the background. The
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condition 𝑛𝜏𝜃2 > 𝐶0𝜎
2VCD(A) log 𝑛 ensures that the signal-to-noise ratio, adjusted

for the effective sample size within the region, is large enough to detect the change
reliably. This is analogous to minimal spacing or minimal signal assumptions in
classical change point detection. In practice, 𝜏 reflects the fact that one cannot recover
regions that are too small relative to the total sample, even with a strong signal. Hence,
the theorem highlights the interaction between region size 𝜏, signal strength 𝜃, and
model complexity VCD(A) in determining the feasibility of consistent estimation.

The convergence rate in Theorem 1 simplifies to 𝑂 (1/𝑛) up to logarithmic and
complexity terms under fixed 𝜏 and 𝜃. This is sometimes referred to as a superpara-
metric rate, as it is faster than the standard 𝑛−1/2 rate encountered in regular parametric
estimation problems. Such rates are typical in support recovery problems, including
classical change point detection, where the object of interest is a set (e.g., the location
of a jump) rather than a smooth parameter. The reason for this faster rate is that
the signal manifests as a mean shift over a subset of the domain, and the estimator
aggregates evidence over that subset, reducing variance effectively. In our setting, the
estimator recovers the change region by maximizing a CUSUM-type statistic, and
the loss function based on symmetric difference reflects a discrete support estimation
task. Similar 1/𝑛 rates have been observed in univariate change point literature [22],
and our result applies to more complex geometric settings on manifolds.

We specialise the above result to problem of detecting circular regions of change
for directional data in the following corollary. More precisely, we assume that the
design points lie on the unit sphere S𝑑−1 and the change region belongs to the class of
spherical discs S.
Corollary 1. Assume 𝑟 = 1 and 𝑅1 = {𝑥 ∈ S𝑑−1 : 𝑥𝑇𝛼 ≥ 𝛽} for some constants
𝛼 ∈ S𝑑−1 and 𝛽 ∈ [0, 1]. Let (𝑋𝑖, 𝑌𝑖), . . . , (𝑋𝑛, 𝑌𝑛) be generated according to (1) and
𝜃 be the magnitude of change defined as in (4). Let 𝑅̂ = {𝑥 ∈ S𝑑−1 : 𝑥𝑇 𝛼̂ ≥ 𝛽}
be the estimator as defined in (8) with A = S. Assume 𝐿𝑛 (𝑅1, ∅) = 𝜏 > 0. There
exist universal constants 𝐶1, 𝐶2 such that for 𝑛 large enough, with probability at least
1 − 𝐶1𝑛

−(𝑑+1) , the change region estimation has a rate of convergence

𝐿𝑛

(
𝑅̂, 𝑅1

)
≤ 𝐶2𝜎

2𝑑 log(𝑛)
𝜃2𝜏𝑛

. (9)

Moreover, if the design points 𝑋1, . . . , 𝑋𝑛
i.i.d.∼ Unif (M), then there exists 𝐶𝑑,𝛽 de-

pending only on 𝑑 and 𝛽, such that

∥𝛼̂ − 𝛼∥ + |𝛽 − 𝛽 | ⩽ 𝐶𝑑,𝛽

(
𝐶2𝜎

2𝑑 log(𝑛)
𝜃2𝜏𝑛

+
√︂

𝑑 log(𝑛)
𝑛

)
. (10)

In addition to the result for change region estimation measured in terms of the
empirical loss, Corollary 1 also translates the result to parameter estimation of the
change region’s center and radius. Compared to the 𝑂 (1/𝑛) rate in (9) for region esti-
mation, the parameter estimation rate in Corollary 1 contains an additional

√︁
log(𝑛)/𝑛

term in (10). This slower rate stems from an inherent identifiability issue in the model,
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that is, the mapping from parameters (e.g., center and radius of the disc) to induced
region is many-to-one with respect to the observed data. Small perturbations in the
parameters may yield regions that are identical or nearly indistinguishable in terms of
their intersection with the sample points. As a result, a low in-sample classification
error does not necessarily imply accurate parameter recovery. The assumption that
the random design points 𝑋1, . . . , 𝑋𝑛 come from a uniform distribution on the com-
pact manifold can be weakened. The same result will hold if we replace the uniform
distribution by any distribution 𝑃𝑋 whose density onM is lower bounded by 𝑓

𝑋
. The

corresponding result will have the leading constant depending on 𝑓
𝑋

as well.
The matching minimax lower bound in Proposition 7 in Appendix B shows that

the convergence rate in Corollary 1 is essentially optimal. Crucially, the lower bound
scales linearly with the VC dimension, illustrating that the richness of the region class
not only affects the difficulty of estimation as seen in the upper bound but also sets a
fundamental limit on performance. This result shows that no estimator can achieve a
faster rate up to logarithmic terms over the same model class.

2.2. Multiple change regions
In this subsection, we focus on the multiple change region setting with M = S𝑑−1

and A = S. When 𝑟 > 1 and multiple change regions are present, change region
estimation becomes substantially more challenging. The key difficulty is that the
CUSUM contrast designed for a single change region is no longer well aligned with
the problem: a global contrast for a given region 𝑅𝑖 typically compares observations
drawn from several distinct regimes, because other change regions contaminate the
background set. As a result, signal contributions may cancel, resulting in difficulties
in detecting some change regions.

To mitigate this signal attenuation, we compute contrast statistics locally. Specifi-
cally, we construct a collection of local neighbourhood discs

B𝑛 = {𝐵1, . . . , 𝐵𝐽𝑑 } ⊆ S,

randomly sampled such that (Ctr(𝐵 𝑗 ),Rad(𝐵 𝑗 )) i.i.d.∼ Unif (S𝑑−1)⊗Unif [0, 𝜋]. Within
each disc 𝐵 ∈ B𝑛 we search for an inner disc that captures a potential change region
while remaining well separated from the boundary of 𝐵. For a fixed 𝜔 ∈ (0, 2𝜋), we
restrict attention to discs 𝐴 ⊆ 𝐵 satisfying dist(𝐴, 𝐵) ≥ 𝜔/2, and define the local
CUSUM statistic

T 𝐵
𝐴 (𝑍) =

√︄
|𝐴|D |𝐴c |D
|𝐵 |D

����∑𝑖:𝑋𝑖∈𝐴 𝑍𝑖

|𝐴|D
−
∑

𝑖:𝑋𝑖∈𝐵\𝐴 𝑍𝑖

|𝐵 \ 𝐴|D

���� , (11)

with the convention that T 𝐵
𝐴
(𝑍) = 0 if |𝐴|D = 0 or |𝐵 \ 𝐴|D = 0. For each 𝐵, we

define
𝑅̂𝐵 ∈ argmax

𝐴⊆𝐵: dist(𝐴,𝐵c)≥𝜔/2
|T 𝐵

𝐴 (𝑌 ) |,

and regard 𝑅̂𝐵 as a candidate change region detected within 𝐵.
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𝑅1
𝑅2

𝐵

𝐴

(a)
𝑅

𝐵

𝐴

(b)

Fig 1. (a) A scan region 𝐵 contains multiple true change regions; an inner disc 𝐴 can aggregate parts
of several regions. (b) A small scan region 𝐵 captures only a fragment of a true change region 𝑅, yet
can still yield a significant contrast.

A large local CUSUM statistic alone, however, does not ensure that 𝑅̂𝐵 is a good
estimate of a single, true change region. In particular, if 𝐵 contains more than one true
change region, an inner disc 𝐴 that aggregates parts of several regions may produce
an even larger contrast, despite being poorly aligned with any individual region; see
Figure 1(a) for an example configuration.

Ideas such as Narrowest-Over-Threshold (NOT) [3], which are designed to handle
similar situations for multiple change point estimation problems, are not well suited
to the present setting. In particular, NOT-type procedures cannot exclude cases where
a small local region 𝐵 captures only a fragment of a true change region 𝐴, yet still
produces a significant contrast statistic; see Figure 1(b) for an example configuration.
Instead, to rule out such spurious candidates, we introduce a secondary residual-based
check. For any 𝐴 ⊆ 𝐵, define the residual sum of squares

RSS𝐵𝐴 (𝑍) =
∑︁

𝑖:𝑋𝑖∈𝐴

(
𝑍𝑖 −

∑
𝑖:𝑋𝑖∈𝐴 𝑍𝑖

|𝐴|D

)2
+

∑︁
𝑖:𝑋𝑖∈𝐵\𝐴

(
𝑍𝑖 −

∑
𝑖:𝑋𝑖∈𝐵\𝐴 𝑍𝑖

|𝐵 \ 𝐴|D

)2
, (12)

with the usual empty-set conventions. Intuitively, RSS𝐵
𝐴
(𝑌 ) is small only when both

𝐴 and 𝐵 \ 𝐴 are approximately homogeneous, each well described by a single mean.
This property fails when either set mixes observations from multiple regimes, which
is precisely the situation that can inflate the local CUSUM in the multi-region setting.
This residual-based screening therefore provides an effective safeguard against frag-
mented or aggregated detections and may be of independent interest for other change
region and change point problems.

We therefore retain 𝑅̂𝐵 as an initial candidate only if it satisfies both

T 𝐵

𝑅̂𝐵
(𝑌 ) ≥ 𝜆𝑇 and RSS𝐵

𝑅̂𝐵
(𝑌 ) ≤ 𝛾𝐵,

where the threshold 𝜆𝑇 is derived from the null behaviour of the CUSUM statistics,
and 𝛾𝐵 is a suitable RSS threshold. Here the threshold 𝛾𝐵 depends on the degrees of
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freedom, 𝑚, of the residual sums of squares computed. For instance, we can take

𝛾𝐵 = 𝑚 + 2
√︁
𝑚𝜆𝑅 + 2𝜆𝑅,

for a suitable choice of 𝜆𝑅 > 0, following tail bounds of chi-squared distributions
[17].

Applying this procedure to all discs in B𝑛 yields an initial collection of candidate
regions R̂init. Since multiple discs may detect the same underlying change region, we
perform a final refinement step: we iteratively retain the candidate with the largest
local CUSUM statistic and discard all remaining candidates that intersect it, repeating
until all retained regions are pairwise disjoint. The resulting set R̂ forms our final
estimate of the change regions. The complete description of the CRISP procedure is
summarised in Algorithm 1, with the consistency of the estimators from this algorithm
established below in Theorem 2.

Algorithm 1: CRISP: Pseudo-code for the estimation of multiple change
regions

Input: Data (𝑋1, 𝑌1), . . . , (𝑋𝑛, 𝑌𝑛) ∈ S𝑑−1 × R; 𝐽𝑑 ∈ N; 𝜔 > 0; 𝜆𝑇 , 𝜆𝑅 > 0
Output: A set of estimated change regions R̂

1 Draw independent and identically distributed 𝐵1, . . . , 𝐵𝐽𝑑 such that(
Ctr(𝐵1),Rad(𝐵1)

)
∼ Unif (S𝑑−1) ⊗ Unif [0, 𝜋].

2 Initialise R̂init ← ∅
3 for 𝑗 ∈ {1, . . . , 𝐽𝑑} do
4 Compute 𝑅̂ 𝑗 ← argmax𝐴∈S:𝐴⊆𝐵 𝑗 ,dist(𝐴,𝐵𝑐

𝑗
)≥𝜔/2 T

𝐵 𝑗

𝐴
(𝑌 )

5 Compute T𝑗 (𝑌 ) := T
𝐵 𝑗

𝑅̂ 𝑗

(𝑌 ) (cf. (11))

6 Compute RSS 𝑗 (𝑌 ) := RSS𝐵 𝑗

𝑅̂ 𝑗

(𝑌 ) (cf. (12))

7 Set 𝑚 𝑗 := |𝐵 𝑗 |D − 2 and 𝛾 𝑗 := 𝑚 𝑗 + 2
√︁
𝑚 𝑗𝜆𝑅 + 2𝜆𝑅

8 if RSS 𝑗 (𝑌 ) < 𝛾 𝑗 and T𝑗 (𝑌 ) > 𝜆𝑇 then
9 R̂init ← R̂init ∪ {𝑅̂ 𝑗 }

10 end
11 end
12 Let 𝑅̂1, . . . , 𝑅̂𝑚 be the elements from R̂init ordered according to the values of their local

CUSUM statistics in decreasing order, where 𝑚 := |R̂init |
13 Set R̂ ← R̂init
14 for 𝑗 = 1, . . . , 𝑚 do
15 if 𝑅̂ 𝑗 ∈ R̂ then
16 R̂ ← {𝑅̂ ∈ R̂ : 𝑅̂ ∩ 𝑅̂ 𝑗 = ∅} ∪ {𝑅̂ 𝑗 }
17 end
18 end
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Theorem 2. For 𝑟 ∈ N, let 𝑅1, . . . , 𝑅𝑟 be change regions satisfying Rad(𝑅𝑘 ) ∈
[𝛿, 𝜋/2] for some 𝛿 > 0 and all 𝑘 ∈ [𝑟]. Given fixed distinct design points 𝑋1, . . . , 𝑋𝑛,
let𝑌1, . . . , 𝑌𝑛 be generated according to (1) with 𝜃𝑘 denoting the magnitude of change
in each region as defined in (2). Define 𝜃 := min𝑘∈[𝑟] |𝜃𝑘 |. For 𝜆 := 4(𝑑 + 1) log 𝑛,
let {𝑅̂1, . . . , 𝑅̂𝑟} be the output of Algorithm 1 with input (𝑋𝑖, 𝑌𝑖)𝑖∈[𝑛] , 𝐽𝑑 , 𝜔, 𝜆𝑇 =

4(𝑛𝜆)1/4 + 8
√
𝜆 and 𝜆𝑅 = 𝜆. If 𝛿 ≥ 𝜔 ≥ 𝐶1(𝜆/𝑛)1/(2𝑑) , min𝑘,𝑘 ′∈[𝑟] dist(𝑅𝑘 , 𝑅𝑘 ′) ≥ 𝜔

and 𝜔𝑑𝜃2 ≥ 𝐶2
√︁
𝜆/𝑛, for 𝐶1, 𝐶2 > 0, then there exist constants 𝐶 > 0 and 𝐶𝑑 > 0

depending only on 𝑑, such that for 𝑛 large enough, we have

P

{
𝑟 = 𝑟, min

𝜋∈S𝑟
max
𝑘∈[𝑟]

𝐿𝑛 (𝑅𝑘 , 𝑅̂𝜋(𝑘)) ≤
12
√
𝑛𝜆 + 32𝜆
𝑛𝜃2

}
≥ 1 − 𝑟𝑒−𝐶𝑑𝐽𝑑𝜔

𝑑 − 𝐶𝑛−2𝑑−2.

Theorem 2 establishes a simultaneous consistency result for multiple change region
estimation. It shows that, with high probability, the proposed procedure correctly
recovers the number of change regions and estimates the location of each region up to
a small error. The correspondence between estimated and true regions is formalised
via a permutation 𝜋, ensuring that regions are compared modulo ordering. Under
this matching, the theorem guarantees that the maximal estimation error across all 𝑟
regions decays at rate approximately

√
𝑛𝜆/(𝑛𝜃2).

The theorem requires each change region to satisfy a minimal size condition 𝛿,
which ensures identifiability and prevents regions of vanishing volume, analogous
to the role of 𝜏 in the single-region setting. In addition, distinct change regions are
assumed to be separated by at least a geodesic distance 𝜔, so that each region can
be isolated within some local window 𝐵 𝑗 considered by the algorithm. The interplay
between signal strength and spatial separation is captured by the condition 𝜔𝑑𝜃2 ≥
𝐶2

√︁
𝜆/𝑛. Here, 𝜔𝑑 represents the volume of the separating gap in 𝑑 dimensions,

and the product 𝜔𝑑𝜃2 quantifies the effective signal energy available to distinguish
neighboring regions. This quantity must dominate the noise level on the right-hand
side, which decreases with sample size, and is closely related to energy-type criteria
that appear in the change point detection literature [e.g. 35].

2.3. Extension

While our theoretical results in the multiple region setting focus on spherical discs,
the overall framework naturally extends to more general classes of shapes. The key
requirement is that the candidate regions form a class with finite VC dimension,
which controls the statistical complexity of the search space. Many practically relevant
families such as spherical caps, ellipsoidal patches, or unions of convex sets also satisfy
this condition, and the core methodology remains applicable.

In principle, the theory can be extended to these settings by analyzing the corre-
sponding VC dimension. However, moving beyond discs introduces additional chal-
lenges, particularly in computation, since discs offer a natural parameterisation and
efficient covering arguments. Nonetheless, the generalisation illustrates that the pro-
posed approach is not tied to any specific shape, but rather to a structurally controlled
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family of candidate regions, making it adaptable to a wide range of manifold-based
detection problems.

3. Empirical studies
3.1. Implementation details
We choose the number of outer discs 𝐽𝑑 ≈ 1/{1 − 𝐹Beta(cos2(𝛼); 1/2, 𝑑/2)}, where
𝐹Beta(cos2(𝛼); 1/2, 𝑑/2) is the distribution function of a Beta(1/2, 𝑑/2) random vari-
able. Since, for any randomly drawn direction 𝑣 on S𝑑−1 and a fixed direction 𝑣★, we
have cos2(∠(𝑣, 𝑣★)) ∼ Beta(1/2, 𝑑/2), this ensures that with high probability, at least
one outer disc falls within angular distance 𝛼 = 0.05 of a true centre. The threshold
parameters 𝜆𝑇 and 𝛾 𝑗 for 𝑗 ∈ [𝐽𝑑] should be chosen according to the tail distribution
of the noise. In the simulations, we set 𝜆𝑇 =

√︁
2 log(𝑛𝐽𝑑/2) and 𝛾 𝑗 to be the upper

0.05 quantile of a 𝜒2|𝐵 𝑗 |D−2 distribution.
To speed up computation, we restrict the inner and outer discs 𝐴 and 𝐵 to be

concentric. This enables fast evaluation of the CUSUM statistics by reducing the
problem to a univariate change point estimation task, obtained by projecting the
data onto the direction determined by the common centre. One drawback of the
above simplified inner disc choice is that the estimated change region might not be
very accurate. To remedy this, we include a post-processing step, where we randomly
perturb the estimated change region 𝑅̂ and refine it by selecting the perturbed candidate
within the outer disc 𝐵 that yields the largest CUSUM statistic. Additionally, we only
select inner disc 𝐴 that is at most 2/3 in radius of the outer disc 𝐵. This is to guard
against scenarios where 𝐴 captures multiple true regions of change as illustrated in
Figure 1(a) in the finite sample setting.

Finally, when the ambient dimension 𝑑 = 2, to avoid label switching ambiguity
(since both change regions and non-change regions on S1 are simply arc segments),
we assume that we know the direction of change, which we use to construct one-sided
CUSUM test statistics.

3.2. Empirical performance of CRISP
In this section, we perform simulation studies where we apply CRISP for both the
tasks of single and multiple change region detection for 𝑑-dimensional directional
data for 𝑑 ∈ {2, 3, 4}. We set the strength of the change signal 𝜃 ∈ {1, 1.5, 2, 2.5, 3}
and the sample size 𝑛 ∈ {200, 400, 600, 800, 1000}. For multiple regions detection,
we set the number of change regions 𝑟 = 4. For each of these settings, the noise {𝜀𝑖}
are independent and identically sampled from the standard normal distribution, and
the centres and radii of the change regions are respectively

• 𝑟 = 1, 𝑑 ∈ {2, 3, 4}:
Centre: (1, 1, . . . , 1)⊤/

√
𝑑. Radius: arccos(3/4).

• 𝑟 = 4, 𝑑 = 2:
Centres: (1, 0)⊤, (0, 1)⊤, (−1, 0)⊤, (0,−1)⊤. Radius: 0.3.
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• 𝑟 = 4, 𝑑 = 3:

Centres:

(1, 1, 1)⊤
√
3

,
(1,−1,−1)⊤
√
3

,
(−1, 1,−1)⊤
√
3

,
(−1,−1, 1)⊤
√
3

.

• 𝑟 = 4, 𝑑 = 4:

Centres:

(1, 1, 1,−1)⊤
2

,
(1,−1,−1,−1)⊤

2
,
(−1, 1,−1,−1)⊤

2
,
(−1,−1, 1,−1)⊤

2
.

Radius: 0.7.

The centres are chosen to have maximal pairwise separation on the sphere, and
we increase the radius as the ambient dimension 𝑑 increases so that the fraction of
design points falling into the change regions stay roughly the same.

Figure 2 shows the empirical losses of CRISP averaged over 100 Monte Carlo
repetition when 𝑟 = 1, and the empirical losses and numbers of estimated regions
when 𝑟 = 4 are shown in Figure 3. Both figures are plotted at a log scale of the loss. In
the log-log plot in Figure 2 for single change detection, the results exhibit the expected
slopes with respect to the sample size 𝑛 (approximately −1) and the signal strength 𝜃

(approximately −2), consistent with Theorem 1.
We observe from both figures that as the dimension increases, the estimation

problem becomes harder and larger sample size is needed to achieve similar statistical
performance. As stated in the assumptions of Theorem 2, the inequality 𝜔𝑑𝜃2 ≳

√︁
1/𝑛

highlights a fundamental trade-off between signal strength, region separation, and
sample size. In a 𝑑-dimensional ambient space, the volume separating change regions
scales like 𝜔𝑑−1, which decays exponentially with increasing 𝑑. As a result, even if
the separation 𝜔 and signal strength 𝜃 are fixed, the left-hand side of the inequality
diminishes rapidly as dimension grows. To maintain detectability, the sample size 𝑛

must grow exponentially in 𝑑.

3.3. Comparison with existing methods

We compare our method to three point cloud segmentation methods [19, 30, 10],
all available from the R package lidR. The comparison is made under the same
settings of multiple regions detection described in Section 3.2 for 𝑑 = 3 and 𝑟 = 4,
since the competitors are designed for three-dimensional data. The average losses and
the adjusted Rand index [26] are plotted in Figure 4. We see that CRISP performs
better than the competing methods under all settings. Part of the reason is that the
competitors are designed to detect small regions (of flexible shape) of local elevations
in the observations, which tend to overestimate the number of change regions due to
its flexible nature.
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Fig 2. Empirical loss of single change region estimation using CRISP, averaged over 100 Monte Carlo
repetitions, plotted against the sample size (top panels) and signal strengths (bottom panels) on log-log
scale, for different dimensions. Data generating mechanism described in Section 3.2.

4. Real data applications

4.1. Global temperature change

We study global near-surface temperature changes by combining land temperature
dataset derived from ERA5 in Cucchi et al. [9] with sea-surface temperature dataset
from the ESA CCI project [12]. For each of the years 1989, 1999, 2009 and 2019,
we consider the December monthly mean on a regular 2◦ × 2◦ latitude–longitude grid
with about 16,200 cells per year. Our objective is to detect spatially localised regions
where the mean temperature change differs from the background when comparing
consecutive decades.

For each decade pair, we form a global difference map by combining the land
and sea datasets, replacing missing land values by the sea-surface values at the same
grid cell. We then sample 𝑛 = 2000 uniform points on S2 and map each point to the
nearest grid cell in longitude and latitude. This yields paired observations (𝑋𝑖, 𝑌𝑖),
where 𝑋𝑖 ∈ S2 is the spatial location and 𝑌𝑖 is the associated temperature difference.
We standardise 𝑌𝑖 by a robust Median Absolute Deviation (MAD) [14] scale estimate
𝜎̂ based on neighbours induced by the minimum spanning tree (MST) on the sampled
locations. Specifically, we first compute a typical neighbour distance 𝑑𝑚𝑎𝑥 as the mean
edge length of the MST, and regard two observations as neighbours if their MST edge
length is at most 𝑑𝑚𝑎𝑥 . For each 𝑖, let N(𝑖) denote the index set of such valid MST-
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Fig 3. Empirical results for multiple change-region estimation using CRISP, averaged over 100 Monte
Carlo repetitions. The loss is plotted against the sample size (top panels) and signal strengths (middle
panels) on log-log scale, and the average number of estimated regions (true value: four) is shown in the
bottom panels, for different dimensions. The data-generating mechanism is described in Section 3.2.
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 ) 

) estimator

dalponte2016

li2012

ours

silva2016

θ = 1 θ = 1.5 θ = 2 θ = 2.5 θ = 3

5.5 6.0 6.5 5.5 6.0 6.5 5.5 6.0 6.5 5.5 6.0 6.5 5.5 6.0 6.5
0.00

0.25

0.50

0.75

1.00

log (n)

A
R

I

estimator

dalponte2016

li2012

ours

silva2016

Fig 4. Empirical results for multiple change region estimation using CRISP and competitors from lidR
averaged over 100 Monte Carlo repetitions when 𝑑 = 3. Upper panel: losses plotted against the sample
size 𝑛 on log-log scale. Lower panel: Adjusted Rand Index plotted against 𝑛 on log-log scale.

neighbours of 𝑋𝑖. We then locally average each response with its valid neighbours by
setting𝑌𝑖 = mean

(
{𝑌𝑖} ∪ {𝑌 𝑗 : 𝑗 ∈ N (𝑖)}

)
and apply the standard degrees-of-freedom

correction factor
√︁
𝑚/(𝑚 − 1) with 𝑚 = |N (𝑖) | + 1 to account for estimating the local

mean from 𝑚 observations. We then use 𝑌𝑖/𝜎̂ as input to the detection procedure. We
apply the CRISP procedure with post-processing to the three decadal difference maps
(1989–1999, 1999–2009, and 2009–2019). Figure 5 shows the raw difference maps
with the detected discs (blue discs) overlaid on the sampled locations. Comparing
across decades, the detected regions are concentrated over Antarctica and the adjacent
Southern Ocean in 1989–1999; in 1999–2009, the pattern shifts, with additional discs
appearing over the Arctic; and in 2009–2019, the detected regions remain prominent
over Central Asia.

4.2. Ozone Hole Monitoring

We analyse total column ozone measurements from NASA’s Aura Ozone Monitoring
Instrument (OMI). The data are provided on a regular latitude–longitude grid and
are reported in Dobson units (DU). We consider three calendar years (2005, 2015,
and 2025) and focus on austral spring (September–November), averaging daily ob-
servations to form seasonal mean ozone fields. Our analysis is restricted to Southern
Hemisphere high latitudes (60–90◦S), where Antarctic ozone depletion is known to
occur; outside this band the field is comparatively homogeneous and would dilute the
local signal of interest.
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Fig 5. Maps of temperature difference between consecutive decades using the ERA5 and ESA data.
Observations at 2000 randomly sampled grid points (blue crosses) are used to compute abnormal
regions of temperature difference using the CRISP methodology. The estimated abnormal regions are
shown as red discs on the maps.



4.2 Ozone Hole Monitoring 17

We follow the same preprocessing steps as in the temperature analysis. In partic-
ular, we sample 1000 locations uniformly on the sphere over latitudes below 60◦S,
snap each sampled location to the nearest latitude–longitude grid cell, and extract the
corresponding ozone values. The extracted values are then rescaled using the same
robust scale estimate as in the temperature example.

Applying our change region detection procedure identifies a coherent low-ozone
region centred over Antarctica, with boundaries that closely track the spatial extent
of the ozone hole. Figure 6 overlays the detected regions on the corresponding ozone
maps for 2005, 2015, and 2025. Across the three snapshots, the detected region
remains localised over the polar cap, while its spatial extent varies from year to
year. The bar-shaped artefacts in the background field are inherited from the original
gridded visualisation rather than produced by our procedure, and likely reflect the
underlying spatial allocation of measurements used to construct the dataset.

180°180°

Year 2005

180°180°

Year 2015

180°180°

Year 2025

Total column ozone

0

100

200

300

400

Fig 6. Ozone levels in the southern hemisphere in year 2005, 2015 and 2025. Detected abnormal
regions using the CRISP method are shown as blue discs.
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Appendix A: Proofs of the main results
In this section, we provide the proofs for Theorem 1, Corollary 1 and Theorem 2.

Throughout the proofs, without loss of generality, we assume the noise variance
𝜎2 = 1 is known in order to simplify the notation. With a different (or even unknown)
𝜎2, only minor modifications are needed for one to get through the proofs. Throughout
the proof, we use 𝐶𝑑 to denote a constant whose value may change at different steps
but is always independent of 𝑛 and depends only on 𝑑.

A.1. Proof of Theorem 1
The proof of Theorem 1 will proceed in several steps. We first control the standardised
sum of the noise uniformly over sets in A. Recall the definition of VCD(A), the VC
dimension of a family of sets A in the Introduction.

Proposition 3. Let 𝜀𝑖
i.i.d.∼ 𝑁 (0, 1), for 𝑖 ∈ [𝑛] and let D = {𝑋1, . . . , 𝑋𝑛} is a set of

fixed design points on a manifoldM. Suppose that A is a family of subsets onM.
There exists a universal constant 𝐶 > 0 such that

P

(
max
𝐴∈A

���� 1√︁
|𝐴|D

∑︁
𝑖:𝑋𝑖∈𝐴

𝜀𝑖

���� ≥ 𝜆

)
≤ 𝐶𝑛VCD(A)𝑒−𝜆

2/2,

(with the convention that |𝐴|−1/2D
∑

𝑖:𝑋𝑖∈𝐴 𝜀𝑖 = 0 if |𝐴|D = 0) and

P
(
max
𝐴∈A

��T𝐴 (𝜀)�� ≥ 𝜆

)
≤ 𝐶𝑛VCD(A)𝑒−𝜆

2/2.

Proof. Define AD := {𝐴 ∩ D : 𝐴 ∈ A}. By the Sauer–Shelah lemma [28], we have
|AD | ≤

∑VCD(A)
𝑗=0

(𝑛
𝑗

)
, and

P

(
max
𝐴∈A

���� ∑︁
𝑖:𝑋𝑖∈𝐴

𝜀𝑖√︁
|𝐴|D

���� ≥ 𝜆

)
= P

(
max
𝐴∈AD

���� ∑︁
𝑖:𝑋𝑖∈𝐴

𝜀𝑖√︁
|𝐴|D

���� ≥ 𝜆

)
≤ |AD | P( |𝑍 | ≥ 𝜆) ≤ |AD | 𝑒−𝜆

2/2 ≲ 𝑛VCD(A)𝑒−𝜆
2/2,

as desired, where the penultimate inequality follows from the standard Gaussian tail
bound. Similarly, since T𝐴 (𝜀) ∼ 𝑁 (0, 1) for any 𝐴 ∈ A, we have

P
(
max
𝐴∈A

��T𝐴 (𝜀)�� ≥ 𝜆

)
= P

(
max
𝐴∈AD

��T𝐴 (𝜀)�� ≥ 𝜆

)
≤ |AD | P( |𝑍 | ≥ 𝜆)

≲ 𝑛VCD(A)𝑒−𝜆
2/2,

which completes the proof. □

Proposition 3 allows us to control the CUSUM statistics of the noise 𝜀 = (𝜀1, . . . , 𝜀𝑛)
on various candidate change regions. Proposition 4 below further establishes that such
CUSUM statistics are close to each other if the candidate change regions are close in
terms of the error 𝐿𝑛 defined in (5).
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Proposition 4. Let D = {𝑋1, . . . , 𝑋𝑛} be deterministic design points on a manifold
M. Let 𝐴1, 𝐴2 ∈ A be such that 𝐿𝑛{𝐴1, ∅} ≥ 𝜏 > 0. Fix 𝜆 > 0, for any 𝐴 ∈ A, we
denote

E𝑛,𝐴 :=
{���� ∑︁
𝑖:𝑋𝑖∈𝐴

𝜀𝑖

���� ≤ 𝜆 |𝐴|1/2D

}
,

and write E := E𝑛,𝐴1 ∩ E𝑛,𝐴2 ∩ E𝑛,𝐴1∩𝐴2 ∩ E𝑛,𝐴1\𝐴2 ∩ E𝑛,𝐴2\𝐴1 ∩ E𝑛,M . Furthermore,
denote F𝑛,𝐴 := {|T𝐴 (𝜀) | ≤ 𝜆} and write F := F𝑛,𝐴1 ∩ F𝑛,𝐴2 .

Then, on the event E ∩ F , we have

|T𝐴1 (𝜀) − T𝐴2 (𝜀) | ≤ min
{
3𝜆
𝜏
𝐿
1/2
𝑛 (𝐴1, 𝐴2), 2𝜆

}
.

Proof. We first assume that 𝐿𝑛 (𝐴1, 𝐴2) ≤ 𝜏/2. The CUSUM statistic for any candidate
change region 𝐴 may be re-written as

T𝐴 (𝜀) =
√︂
|𝐴|D |𝐴c |D

𝑛

(
1
|𝐴|D

∑︁
𝑖:𝑋𝑖∈𝐴

𝜀𝑖 −
1
|𝐴𝑐 |D

∑︁
𝑖:𝑋𝑖∈𝐴c

𝜀𝑖

)
=

√︄
|𝐴|D𝑛
|𝐴c |D

(
1
|𝐴|D

∑︁
𝑖:𝑋𝑖∈𝐴

𝜀𝑖 −
1
𝑛

𝑛∑︁
𝑖=1

𝜀𝑖

)
.

Writing 𝑚1 := |𝐴1 |D and 𝑚2 =: |𝐴2 |D . Without loss of generality, assume that
𝑚1 ≤ 𝑚2. The above displayed equation allows us to decompose

T𝐴1 (𝜀) − T𝐴2 (𝜀) = 𝐼1 + 𝐼2 + 𝐼3,

where

𝐼1 :=
(√︂

𝑚2
𝑛 − 𝑚2

−
√︂

𝑚1
𝑛 − 𝑚1

)√︂
1
𝑛

𝑛∑︁
𝑖=1

𝜀𝑖,

𝐼2 :=
(√︂

𝑛

𝑚1(𝑛 − 𝑚1)
−
√︂

𝑛

𝑚2(𝑛 − 𝑚2)

) ∑︁
𝑖:𝑋𝑖∈𝐴1∩𝐴2

𝜀𝑖,

𝐼3 :=
√︂

𝑛

𝑚1(𝑛 − 𝑚1)
∑︁

𝑖:𝑋𝑖∈𝐴1\𝐴2

𝜀𝑖 −
√︂

𝑛

𝑚2(𝑛 − 𝑚2)
∑︁

𝑖:𝑋𝑖∈𝐴2\𝐴1

𝜀𝑖 .

We bound the three terms separately. To control 𝐼1, let 𝑓 (𝑥) :=
√︁
𝑥/(𝑛 − 𝑥), then by

the Mean Value Theorem, on the event E𝑛,M , we have

|𝐼1 | ≤ 𝜆(𝑚2 − 𝑚1) sup
𝑢∈[𝑚1,𝑚2]

| 𝑓 ′(𝑢) | = (𝑚2 − 𝑚1)𝜆
2

sup
𝑢∈[𝑚1,𝑚2]

√︄
𝑛2

𝑢(𝑛 − 𝑢)3

≤ 𝜆(𝑚2 − 𝑚1)
21/2𝜏3/2𝑛

≤ 𝜆

2𝜏
𝐿
1/2
𝑛 (𝐴1, 𝐴2), (13)
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where we used the fact 𝐿𝑛 (𝐴1, ∅) = min{𝑚1/𝑛, 1 − 𝑚1/𝑛} ≥ 𝜏 and the assumption
𝐿𝑛 (𝐴1, 𝐴2) ≤ 𝜏/2 in the penultimate inequality.

To control 𝐼2, let 𝑔(𝑥) :=
√︁
𝑛/{𝑥(𝑛 − 𝑥)}. Again by a similar argument as above,

on the event E𝑛,𝐴1∩𝐴2 , we have

|𝐼2 | ≤ 𝜆
√︁
|𝐴1 ∩ 𝐴2 |D (𝑚2 − 𝑚1) sup

𝑢∈[𝑚1,𝑚2]
|𝑔′(𝑢) |

≤ 𝜆𝑛1/2(𝑚2 − 𝑚1)
2

sup
𝑢∈[𝑚1,𝑚2]

|𝑛 − 2𝑢 |
2𝑛

(
𝑛

𝑢(𝑛 − 𝑢)

)3/2
≤ 𝜆

2𝜏
𝐿
1/2
𝑛 (𝐴1, 𝐴2). (14)

To control 𝐼3, on the event E𝑛,𝐴1\𝐴2 ∩ E𝑛,𝐴2\𝐴1 , it holds that

|𝐼3 | ≤
√︂

𝑛

𝑚1(𝑛 − 𝑚1)
|𝐴1 \ 𝐴2 |1/2D 𝜆 +

√︂
𝑛

𝑚2(𝑛 − 𝑚2)
|𝐴2 \ 𝐴1 |1/2D 𝜆

≤
√︂

2
𝑛𝜏

(√︁
|𝐴1 \ 𝐴2 |D +

√︁
|𝐴2 \ 𝐴1 |D

)
𝜆 ≤ 2
√
𝜏
𝐿
1/2
𝑛 (𝐴1, 𝐴2)𝜆, (15)

where we used the fact that
√
𝑎 +
√
𝑏 ≤

√︁
2(𝑎 + 𝑏) for 𝑎, 𝑏 ⩾ 0 in the last inequality.

Combining (13), (14) and (15), we get that��T𝐴1 (𝜀) − T𝐴2 (𝜀)
�� ≤ 3𝜆

𝜏
𝐿
1/2
𝑛 (𝐴1, 𝐴2),

as desired.
It remains to handle the case where 𝐿𝑛 (𝐴1, 𝐴2) > 𝜏/2. In this case, we have on

the event F that ��T𝐴1 (𝜀) − T𝐴2 (𝜀)
�� ≤ |T𝐴1 (𝜀) | +

��T𝐴2 (𝜀) | ≤ 2𝜆,

which completes the proof. □

In complement to Proposition 4, Proposition 5 below states that, the signal
CUSUM statistic evaluated at a candidate change region 𝐴, decreases from its peak
at 𝐴 = 𝑅1 at a linear rate of 𝐿𝑛 (𝑅1, 𝐴).
Proposition 5. Let 𝑋1, . . . , 𝑋𝑛 be deterministic design points on a manifoldM. For
a change region 𝑅1 ⊆ M, we have a vector 𝜇 = (𝜇1, . . . , 𝜇𝑛)⊤ such that 𝜇𝑖 = 𝜇(1) if
𝑋𝑖 ∈ 𝑅1 and 𝜇𝑖 = 𝜇(2) if 𝑋𝑖 ∉ 𝑅1. Let 𝜃 := |𝜇(1) − 𝜇(2) |. If 𝐿𝑛 (𝑅1, ∅) = 𝜏 > 0, then
for any subset 𝐴 ⊆ M, we have

T𝑅1 (𝜇) − T𝐴 (𝜇) ≥
√
𝑛𝜃

4
min

{
𝐿𝑛 (𝐴, 𝑅1)√

𝜏
,
√
𝜏

}
.

Proof. Since both 𝐿𝑛 (𝑅1, 𝐴) and T𝑅1 (𝜇) are invariant to replacing 𝑅1 by 𝑅c
1, we may

assume without loss of generality that |𝑅1△𝐴|D ≤ 𝑛/2.
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For any vector 𝑧 = (𝑧1, . . . , 𝑧𝑛)⊤ and any 𝐴 ∈ A, we define

RSS𝐴 (𝑧) :=
∑︁

𝑖:𝑋𝑖∈𝐴
(𝑧𝑖 − 𝑧𝐴)2 +

∑︁
𝑖:𝑋𝑖∈𝐴c

(𝑧𝑖 − 𝑧𝐴c)2,

where 𝑧𝐴 := |𝐴|−1D
∑

𝑖:𝑋𝑖∈𝐴 𝑧𝑖 and 𝑧𝐴c := |𝐴c |−1D
∑

𝑖:𝑋𝑖∈𝐴c 𝑧𝑖 (with the convention that
𝑧𝐴 = 0 if |𝐴|D = 0 and 𝑧𝐴c = 0 if |𝐴c |D = 0). We also write RSS(𝑧) := RSS∅ (𝑧).

We observe that
T 2
𝐴 (𝜇) = RSS(𝜇) − RSS𝐴 (𝜇).

Hence the difference of the squared CUSUM is equal to the difference of the resid-
ual sum of squares; for detailed discussions, see Lemma 4 of [3]. Notice also that
RSS𝑅1 (𝜇) = 0. Together with Lemma 19(b), for any 𝐴 ⊆ M such that |𝐴△𝑅1 |D ≤
𝑛/2, we have

T 2
𝑅1
(𝜇) − T 2

𝐴 (𝜇) = RSS𝐴 (𝜇) − RSS𝑅1 (𝜇) = RSS𝐴 (𝜇)

≥ 𝜃2

2
min{|𝐴△𝑅1 |D , | (𝐴△𝑅1)c |D , |𝑅1 |D , |𝑅c

1 |D}

=
𝜃2

2
min{|𝐴△𝑅1 |D , 𝑛𝜏},

where the last equality is a result of the assumption that |𝑅1△𝐴|D ≤ 𝑛/2 and the
definition of 𝜏. Again, by Lemma 19(a,c), we have that T𝑅1 (𝜇) + T𝐴 (𝜇) ≤ 2T𝑅1 (𝜇) ≤
2𝜃 (𝑛𝜏)1/2. Consequently, we have

T𝑅1 (𝜇) − T𝐴 (𝜇) ≥
𝜃

4
min

{
|𝐴△𝑅1 |D√

𝑛𝜏
,
√
𝑛𝜏

}
as desired. □

Proof of Theorem 1. By the definition of 𝑅̂ we have T𝑅1 (𝑌 ) ≤ T𝑅̂ (𝑌 ). Hence

T𝑅1 (𝜇) − T𝑅̂ (𝜇) = T𝑅1 (𝑌 ) − T𝑅̂ (𝑌 ) + T𝑅̂ (𝜀) − T𝑅1 (𝜀) ≤ T𝑅̂ (𝜀) − T𝑅1 (𝜀).

Let E𝑛,𝐴 and F𝑛,𝐴, which depends on some 𝜆 that will be specified later, be as defined
in Proposition 4. By Propositions 4 and 5, on the event

Ω :=
⋂

𝐴∈A∪{M}

(
E𝑛,𝐴 ∩ E𝑛,𝐴∩𝑅1 ∩ E𝑛,𝐴\𝑅1 ∩ E𝑛,𝑅1\𝐴

)
∩

⋂
𝐴∈A
F𝑛,𝐴

we have
√
𝑛𝜃

4
min

{
𝐿𝑛 (𝑅̂, 𝑅1)√

𝜏
,
√
𝜏

}
≤ |T𝑅̂ (𝜀) − T𝑅1 (𝜀) | ≤ min

{
3𝜆
𝜏
𝐿
1/2
𝑛 (𝑅̂, 𝑅1), 2𝜆

}
. (16)

We choose 𝜆 =
√︁
4𝜎2VCD(A) log 𝑛. First note that if 𝐿𝑛 (𝑅̂, 𝑅1) > 𝜏/2, then we

have
√
𝑛𝜏𝜃/8 ≤ 2𝜆, which contradicts the assumption in the theorem if we choose

𝐶0 = 1024. Hence we may assume that 𝐿𝑛 (𝑅̂, 𝑅1) ≤ 𝜏/2, then (16) implies that

𝐿𝑛 (𝑅̂, 𝑅1) ≤
144𝜆2

𝑛𝜏𝜃2
,
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as desired.
It remains to control the probability of Ω. To this end, defineA∩∗ 𝑅1 := {𝐴∩𝑅1 :

𝐴 ∈ A}, A \∗ 𝑅1 := {𝐴 \ 𝑅1 : 𝐴 ∈ A}, 𝑅1 \∗ A := {𝑅1 \ 𝐴 : 𝐴 ∈ A}. We apply
Proposition 3 with a union bound to get for some universal constant 𝐶1 > 0 that

P(Ωc) ≤ 𝐶𝑛𝐷𝑒−𝜆
2/2,

where

𝐷 := max{VCD(A),VCD(A ∩∗ 𝑅1),VCD(A \∗ 𝑅1),VCD(𝑅1 \∗ A)}.

The proof is complete since 𝐷 = VCD(A) by Lemma 9. □

A.2. Proof of Corollary 1
Proof. By Lemma 14,VCD(A) = 𝑑+1 and the rate of convergence of the loss follows.
We proceed to show the rate of parameter estimation. By Vapnik and Chervonenkis
[33, Theorem 2], with probability at least 1 − 𝑛−2(𝑑+1) , we have

|𝑅̂△𝑅1 |𝐷 ≥
𝑛𝜇(𝑅̂△𝑅1)
𝜇(S𝑑−1)

− 14
√︁
𝑛𝑑 log(𝑛),

where 𝜇 denotes the Lebesgue measure on the sphere. Together with (a), there are
universal constants 𝐶1, 𝐶2 such that

P

(
𝜇(𝑅̂△𝑅1)
𝜇(S𝑑−1)

⩽
𝐶2𝜎

2𝑑 log(𝑛)
𝜃2𝜏𝑛

+ 14
√︁
𝑑 log(𝑛)/𝑛

)
⩾ 1 − 𝐶1𝑛

−(𝑑+1) .

By Lemma 15, we have

P

(
∥𝛼 − 𝛼′∥ + |𝛽 − 𝛽′| ⩽ 𝐶𝑑,𝛽

(𝐶2𝜎
2𝑑 log(𝑛)
𝜃2𝜏𝑛

+
√︁
𝑑 log(𝑛)/𝑛

))
⩾ 1 − 𝐶1𝑛

−(𝑑+1) ,

for constants 𝐶1, 𝐶2, 𝐶𝑑,𝛽. □

A.3. Proof of Theorem 2
We first state an analog of Proposition 3 for the local CUSUM statistic of noise T 𝐵

𝐴
(𝜀)

uniformly over all 𝐴 and 𝐵.
Proposition 6. Suppose M = S𝑑−1 and S is the class of all discs on M. Then for
some universal constant 𝐶 > 0, we have

P
(

max
𝐴,𝐵∈S:𝐴⊆𝐵

��T 𝐵
𝐴 (𝜀)

�� ≥ 𝜆

)
≤ 𝐶𝑛2𝑑+2𝑒−𝜆

2/2.

Proof. Define SD := {𝐴 ∩ D : 𝐴 ∈ S} and by Sauer-Shelah lemma we have
|SD | ≲ 𝑛VCD(S) . By a union bound, we have

P
(

max
𝐴,𝐵∈S:𝐴⊆𝐵

��T 𝐵
𝐴 (𝜀)

�� ≥ 𝜆

)
≤

∑︁
𝐵∈SD

P
(
max
𝐴⊆𝐵

��T 𝐵
𝐴 (𝜀)

�� ≥ 𝜆

)
≲ 𝑛2VCD(S)𝑒−𝜆

2/2,

where the second inequality follows from Proposition 3 using 𝐵 in place ofM therein.
The desired conclusion follows since VCD(A) = 𝑑 + 1 when S is the set of discs. □
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Proof of Theorem 2. Define events

E1 :=
{
∀𝑘 ∈ [𝑟], ∃ 𝑗 ∈ [𝐽𝑛] s.t. 𝑅𝑘 ⊆ 𝐵 𝑗 , dist(𝑅𝑘 , 𝐵

c
𝑗 ) ≥ 𝜔/2, 𝑅𝑖 ∩ 𝐵 𝑗 = ∅,∀𝑖 ≠ 𝑘

}
,

E2 :=
{

max
𝐴,𝐵∈S:𝐴⊆𝐵

��T 𝐵
𝐴 (𝜀)

�� ≤ √𝜆},
E3 :=

⋂
𝐴,𝐵∈S:𝐴⊆𝐵

{��RSS𝐵𝐴 (𝑌 ) − (RSS𝐵𝐴 (𝜇) + 𝑚𝐴,𝐵)
��

≤ 2
√︃
2𝜆(RSS𝐵

𝐴
(𝜇) + 𝑚𝐴,𝐵/2) + 2𝜆

}
,

E4 :=
{
sup
𝐴∈S

���� |𝐴|D𝑛 − 𝑃𝑋 (𝐴)
���� ≤ 7

√︂
𝜆

𝑛

}
.

By Lemma 18, we have P(E1) ≥ 1− 𝑟𝑒−𝐶𝑑𝐽𝑛𝜔
𝑑 for some constant 𝐶𝑑 depending only

on 𝑑. By Proposition 6, we have P(E2) ≥ 1 − 𝐶𝑛−2(𝑑+1) for some universal constant
𝐶 > 0. By Birgé [4, Lemma 8.1] and the fact that |{𝐴∩D : 𝐴 ∈ S}| ≲ 𝑛VCD(S) = 𝑛𝑑+1,
we have P(E3) ≥ 1 − 2𝑛−2(𝑑+1) . By Vapnik and Chervonenkis [33, Theorem 2] and
the fact that VCD(S) = 𝑑 + 1, we have P(E4) ≥ 1 − 𝑛−2(𝑑+1) . Thus, we have

P(E1 ∩ E2 ∩ E3 ∩ E4) ≥ 1 − 𝑟𝑒−𝐶𝑑𝐽𝑛𝜔
𝑑 − 𝐶𝑛−2𝑑−2,

for some universal constant 𝐶 > 0 and some constant 𝐶𝑑 depending only on 𝑑.
Henceforth, we work on the event E1 ∩ E2 ∩ E3 ∩ E4, and prove the theorem in three
steps. In Steps 1 and 2, we prove that every element of R̂init in Algorithm 1 estimates
one of the true change regions with small error. In Step 3, we prove that each of the 𝑟
change regions is estimated by at least one element of R̂init. We complete the proof in
Step 4 by showing that 𝑟 = 𝑟 =: |R̂ | holds.

Step 1: Fix 𝑗 ∈ [𝐽𝑛] and suppose that 𝑅̂ 𝑗 ∈ R̂init. Denote 𝑅̃ 𝑗 := ∪ℓ∈[𝑟] (𝐵 𝑗 ∩ 𝑅ℓ),
in this step, we show that 𝐿𝑛 (𝑅̂ 𝑗 , 𝑅̃ 𝑗 ) is small. As in the description of Algorithm 1,
we abbreviate T𝑗 := T

𝐵 𝑗

𝑅̂ 𝑗
and RSS 𝑗 := RSS𝐵 𝑗

𝑅̂ 𝑗
. By the fact that 𝑅̂ 𝑗 is selected into R̂init,

we have T𝑗 (𝑌 ) ≥ 𝜆𝑇 = 4(𝑛𝜆)1/4 + 8
√
𝜆 and RSS 𝑗 (𝑌 ) ≤ 𝛾 𝑗 = 𝑚 𝑗 + 2

√︁
𝑚 𝑗𝜆 + 2𝜆.

On the event E2, we have by the condition on 𝜆𝑇 that

𝑇𝑗 (𝜇) ≥ 𝑇𝑗 (𝑌 ) −
√
𝜆 > 4(𝑛𝜆)1/4 + 6

√
𝜆. (17)

On the event E3, we have

RSS 𝑗 (𝑌 ) ≥
(√︃

RSS 𝑗 (𝜇) + 𝑚 𝑗/2 −
√
2𝜆

)2
+ 𝑚 𝑗/2 − 4𝜆,

which implies that

RSS 𝑗 (𝜇) ≤ RSS 𝑗 (𝑌 ) + 6𝜆 − 𝑚 𝑗 + 2
√︃
2𝜆(RSS 𝑗 (𝑌 ) + 4𝜆 − 𝑚 𝑗/2)

≤ 2
√︁
𝑚 𝑗𝜆 + 8𝜆 + 2

√︃
2𝜆(3𝑚 𝑗/2 + 7𝜆) ≤ 6

√
𝑛𝜆 + 16𝜆, (18)
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where we used the assumption that RSS 𝑗 (𝑌 ) ≤ 𝑚 𝑗 + 2
√︁
𝑚 𝑗𝜆 + 2𝜆 ≤ 2𝑚 𝑗 + 3𝜆 in

the last two inequalities and the fact that 𝑚 𝑗 ≤ 𝑛 in the final bound. Combining (17)
and (18), we get √︃

2RSS 𝑗 (𝜇) < T𝑗 (𝜇). (19)

From Lemma 19(d) and (e), we have

2RSS 𝑗 (𝜇)
𝑛𝜃2

≥ 1
𝑛
min

{ (T𝑗 (𝜇))2
𝜃2

, |𝐵 𝑗 \ 𝑅̃ 𝑗 |D , |𝑅̂ 𝑗△𝑅̃ 𝑗 |D , |𝑅̂ 𝑗△(𝐵 𝑗 \ 𝑅̃ 𝑗 ) |D
}
. (20)

By (19), the first term in the minimum is larger than the left-hand side. For the second
and the fourth term, Lemma 17 implies that there exists a disc 𝐴 of radius at least 𝜔/8
such that 𝐴 ⊂ (𝐵 𝑗 \ 𝑅̃ 𝑗 ) \ 𝑅̂ 𝑗 ⊆ (𝐵 𝑗 \ 𝑅̃ 𝑗 ) ∩ (𝑅̂ 𝑗△(𝐵 𝑗 \ 𝑅̃ 𝑗 )). On the event E4,

min{|𝐵 𝑗 \ 𝑅̃ 𝑗 |D , |𝑅̂ 𝑗△(𝐵 𝑗 \ 𝑅̃ 𝑗 ) |D} ≥ 𝑛𝑃𝑋 (𝐴) − 7
√
𝑛𝜆

≥ 𝑛 𝑓
𝑋
𝐶𝑑 (𝜔/8)𝑑 − 7

√
𝑛𝜆

(i)
≥ 𝑛

2
𝑓
𝑋
𝐶𝑑 (𝜔/8)𝑑

(ii)
≥ 50

√
𝑛𝜆

𝜃2
>

2RSS 𝑗 (𝜇)
𝜃2

,

(21)

where (i) follows from the assumption that 𝜔 ≥ 𝐶1(𝜆/𝑛)1/(2𝑑) for a sufficiently large
choice of 𝐶1 > 0, (ii) follows from the assumption that 𝜔𝑑 min𝑖∈[𝑟] 𝜃2𝑖 ≥ 𝐶2

√︁
𝜆/𝑛 for

𝐶2 large enough, and the final inequality follows from (18) for 𝑛 large enough.
Hence, for (20) to hold, we necessarily have

1
𝑛
|𝑅̂ 𝑗△𝑅̃ 𝑗 |D ≤

2RSS 𝑗 (𝜇)
𝑛𝜃2

, (22)

which implies

𝐿𝑛 (𝑅̂ 𝑗 , 𝑅̃ 𝑗 ) ≤
1
𝑛
|𝑅̂ 𝑗△𝑅̃ 𝑗 |D ≤

2RSS 𝑗 (𝜇)
𝑛𝜃2

≤ 12
√
𝑛𝜆 + 32𝜆
𝑛𝜃2

, (23)

where the final bound uses (18) again.
Step 2: Fixing 𝑗 ∈ [𝐽𝑛] such that 𝑅̂ 𝑗 ∈ R̂init as in Step 1. We proceed to show that

there exists a unique 𝑘 ∈ [𝑟] such that 𝐿𝑛 (𝑅̂ 𝑗 , 𝑅𝑘 ) ≤ 𝐿𝑛 (𝑅̂ 𝑗 , 𝑅̃ 𝑗 ).
Write 𝑙 𝑗 := |{𝑘 ∈ [𝑟] : 𝑅̂ 𝑗 ∩ 𝑅𝑘 ≠ ∅}|. We claim that 𝑅̂ 𝑗 ∩ 𝑅̃ 𝑗 ≠ ∅ and so 𝑙 𝑗 ≥ 1.

Otherwise, we have 𝑅̃ 𝑗 ⊆ 𝑅̂ 𝑗△𝑅̃ 𝑗 and 𝑅̂ 𝑗△(𝐵 𝑗 \ 𝑅̃ 𝑗 ) ⊆ 𝐵 𝑗 \ 𝑅̃ 𝑗 , and from Lemma 19(d)
and (e) again, we obtain that

RSS 𝑗 (𝜇) ≥ min
{
𝜃2

2
|𝑅̂ 𝑗△(𝐵 𝑗 \ 𝑅̃ 𝑗 ) |D , (T𝑗 (𝜇))2

}
.

However, (19) and (21) together give a contradiction to the above inequality.
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We further claim that 𝑙 𝑗 ≤ 1. Otherwise, assuming 𝑙 𝑗 ≥ 2, by Lemma 16, there
exists a disc 𝐴 of radius at least 𝜔/2 such that 𝐴 ⊆ 𝑅̂ 𝑗 \ 𝑅̃ 𝑗 , and on the event E4, we
have

|𝑅̂ 𝑗 \ 𝑅̃ 𝑗 |𝐷 ≥ 𝑛𝑃𝑋 (𝐴) − 7
√
𝑛𝜆 ≥ 𝑛 𝑓

𝑋
𝐶𝑑 (𝜔/2)𝑑 − 7

√
𝑛𝜆, (24)

for some universal constant 𝐶𝑑 . From (22), we have

RSS 𝑗 (𝜇) ≥
𝜃2

2
|𝑅̂ 𝑗 \ 𝑅̃ 𝑗 |D ≥

𝜃2

2
𝑓
𝑋
𝐶𝑑 (𝜔/2)𝑑𝑛 −

7𝜃2

2
√
𝑛𝜆, (25)

which contradicts with (18) by a similar calculation as in (21). Therefore, we must
have 𝑙 𝑗 = 1, i.e. 𝑅̂ 𝑗 intersects exactly one true change region.

Denote 𝐵int
𝑗

:= {𝑥 ∈ 𝐵 𝑗 : dist(𝑥, 𝐵𝑐
𝑗
) ≥ 𝜔/2}. We further claim that, for 𝑘 ∈ [𝑟],

either 𝑅𝑘 ∩ 𝐵int
𝑗

= ∅ or 𝑅𝑘 ∩ 𝐵𝑐
𝑗
= ∅ holds, for otherwise Lemma 16 implies that there

is a disc 𝐴′ of radius at least 𝜔/2 such that 𝐴′ ⊆ 𝑅𝑘 ∩ (𝐵 𝑗 \ 𝐵int
𝑗
) ⊆ 𝑅̃ 𝑗 \ 𝑅̂ 𝑗 , and we

have |𝑅̃ 𝑗 \ 𝑅̂ 𝑗 |D ≥ 𝑓
𝑋
𝐶𝑑 (𝜔/2)𝑑𝑛 − 7

√
𝑛𝜆 for some constant 𝐶𝑑 . Again, by (25) and

a similar calculation as in (21), we get a contradiction with (18).
Combining the above, we have shown that there exists a unique 𝑘 ∈ [𝑟] such

that 𝑅̂ 𝑗 ∩ 𝑅𝑘 ≠ ∅, and that 𝑅𝑘 ⊆ 𝐵 𝑗 . In particular, we have 𝑅̂ 𝑗 \ 𝑅𝑘 = 𝑅̂ 𝑗 \ 𝑅̃ and
𝑅𝑘 = 𝑅𝑘 ∩ 𝐵 𝑗 ⊆ 𝑅̃ 𝑗 . Therefore, 𝑅̂ 𝑗 estimates an unique change region 𝑅𝑘 , and

𝐿𝑛 (𝑅̂ 𝑗 , 𝑅𝑘 ) =
1
𝑛

��(𝑅̂ 𝑗 \ 𝑅𝑘 ) ∪ (𝑅𝑘 \ 𝑅̂ 𝑗 )
��
D ≤

1
𝑛

��(𝑅̂ 𝑗 \ 𝑅̃ 𝑗 ) ∪ (𝑅̃ 𝑗 \ 𝑅̂ 𝑗 )
��
D

= 𝐿𝑛 (𝑅̂ 𝑗 , 𝑅̃ 𝑗 ) ≤
12
√
𝑛𝜆 + 32𝜆
𝑛𝜃2

. (26)

Step 3: In this step, we show that every change region is estimated by one of the
𝐽𝑛 discs, and the corresponding disc is selected into R̂init.

Fix 𝑘 ∈ [𝑟], on the event E1, there exists 𝑗 ∈ [𝐽𝑛] such that dist(𝑅𝑘 , 𝐵
c
𝑗
) ≥

𝜔/2, 𝑅𝑘 ⊆ 𝐵 𝑗 , 𝑅𝑖 ∩ 𝐵 𝑗 = ∅,∀𝑖 ≠ 𝑘 . The dependency of 𝑗 on 𝑘 is suppressed for
notation simplicity.

We proceed to show that T𝑗 (𝑌 ) > 𝜆𝑇 . On the event E2, we have

T𝑗 (𝑌 ) ≥ T
𝐵 𝑗

𝑅𝑘
(𝑌 ) ≥ T 𝐵 𝑗

𝑅𝑘
(𝜇) −

√
𝜆 ≥

√︃
min( |𝑅𝑘 |D , |𝐵 𝑗\𝑅𝑘 |D)

𝜃𝑘√
2
−
√
𝜆, (27)

where the last inequality is due to Lemma 19(d). Denote by Disc(𝑎, 𝑏) a disc on S𝑑−1
with center 𝑎 ∈ S𝑑−1 and radius 𝑏 ∈ (0, 𝜋/2), then on the event E4, we have

𝑃𝑋 (𝐵 𝑗 \ 𝑅𝑘 ) ≥ 𝑃𝑋 (Disc(Ctr(𝑅𝑘 ), 𝛿 + 𝜔/2)) − 𝑃𝑋 (Disc(Ctr(𝑅𝑘 ), 𝛿)) ≥ 𝑓
𝑋
𝐶𝑑 (𝜔/2)𝑑𝑛,

Thus, from (27) we have for 𝑛 sufficiently large that

T𝑗 (𝑌 ) >
𝜃𝑘√
2

{
𝑓
𝑋
𝑛𝐶𝑑 min{(𝜔/2)𝑑 , 𝛿𝑑} − 7

√
𝑛𝜆

}1/2
−
√
𝜆
(i)
≥ 5(𝑛𝜆)1/4 −

√
𝜆 > 𝜆𝑇 ,
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where (i) follows from the assumption that 𝛿 ≥ 𝜔 and a similar argument as that
in (21).

Lastly, we show that RSS 𝑗 (𝑌 ) < 𝛾 𝑗 . Observe that for 𝐴 ⊂ 𝐵 𝑗 , it holds that
{T 𝐵 𝑗

𝐴
(𝑌 )}2 = RSS𝐵 𝑗

∅ (𝑌 ) − RSS𝐵 𝑗

𝐴
(𝑌 ), which implies that RSS 𝑗 (𝑌 ) ≤ RSS𝐵 𝑗

𝑅𝑘
(𝑌 )

because 𝑅̂ 𝑗 is chosen in such a way that {T𝑗 (𝑌 )}2 ≥ {T
𝐵 𝑗

𝑅𝑘
(𝑌 )}2. By the fact that

RSS𝐵 𝑗

𝑅𝑘
(𝜇) = 0, on event E3 we have RSS𝐵 𝑗

𝑅𝑘
(𝑌 ) ≤ 𝑚𝑅𝑘 ,𝐵 𝑗

+ 2
√︁
𝜆𝑚𝑅𝑘 ,𝐵 𝑗

+ 2𝜆 = 𝛾 𝑗

since 𝑚𝑅𝑘 ,𝐵 𝑗
= |𝐵 𝑗 |D − 2 = 𝑚 𝑗 . In conclusion, we have 𝑅̂ 𝑗 ∈ R̂init.

Step 4: Step 2 defines a map ℎ : R̂init → [𝑟] such that each 𝑅̂ ∈ R̂init is close (in
the sense of (26)) to 𝑅ℎ(𝑅̂) . Step 2 implies that this map is a surjection. We claim that
for any 𝑅̂ ∈ R̂init, we have sup𝑥∈𝑅̂ dist(𝑥, 𝑅ℎ(𝑅̂)) ≤ 𝜔/2, for otherwise, there exists a
point 𝑥0 ∈ 𝑅̂ \ 𝑅ℎ(𝑅̂) such that dist(𝑥0, 𝑅̂c) ≥ 𝜔/4 and dist(𝑥0, 𝑅ℎ(𝑅̂)) ≥ 𝜔/4, thus
𝑅̂ \ 𝑅ℎ(𝑅̂) contains a disc 𝐴 of radius 𝜔/4 centered at 𝑥0, which implies on event E4
that for sufficiently large 𝑛,

1
𝑛
|𝑅̂△𝑅ℎ(𝑅̂) |D ≥ 𝑓

𝑋
𝐶𝑑 (𝜔/4)𝑑 − 7

√︁
𝜆/𝑛 ≥ 50

√
𝑛𝜆

𝜃2
>

12
√
𝑛𝜆 + 32𝜆
𝑛𝜃2

,

contradicting (23). Here, the calculation in the penultimate inequality is similar to
that in (21), with a possibly larger choice of 𝐶1. From this claim, we see that for any
𝑅̂, 𝑅̂′ ∈ R̂init such that ℎ(𝑅̂) ≠ ℎ(𝑅̂′), we must have by the fact that 𝑑 (𝑅ℎ(𝑅̂) , 𝑅ℎ(𝑅̂′)) >
𝜔 and the triangle inequality that 𝑅̂ ∩ 𝑅̂′ = ∅.

We further claim that for any 𝑅̂, 𝑅̂′ ∈ R̂init such that ℎ(𝑅̂) = ℎ(𝑅̂′), we have
𝑅̂ ∩ 𝑅̂′ ≠ ∅. Otherwise, we would have either sup𝑥∈𝑅̂∩𝑅ℎ (𝑅̂)

dist(𝑥, 𝑅ℎ(𝑅̂)) < 𝛿 or
sup𝑥∈𝑅̂′∩𝑅ℎ (𝑅̂)

dist(𝑥, 𝑅ℎ(𝑅̂)) < 𝛿, and there would exist a disc of diameter 𝛿 in either
𝑅ℎ(𝑅̂) \ 𝑅̂ or 𝑅ℎ(𝑅̂) \ 𝑅̂′, and on the event E4, we have

max{𝐿𝑛 (𝑅̂, 𝑅ℎ(𝑅̂)), 𝐿𝑛 (𝑅̂′, 𝑅ℎ(𝑅̂))} ≥ 𝑓
𝑋
𝐶𝑑 (𝛿/2)𝑑 − 7

√︁
𝜆/𝑛,

violating (23) again by a similar calculation as in (21).
Therefore, by the construction of R̂ from R̂init, exactly one element of each of

ℎ−1(𝑖) for 𝑖 ∈ [𝑟] will be kept in R̂, i.e. the restriction of ℎ on R̂ defines a bĳection
to [𝑟]. In particular, this implies that 𝑟 = 𝑟 as desired. We complete the proof by
reminding ourselves that for each estimated change region 𝑅̂ in R̂, we have the desired
upper bound on the loss between 𝑅̂ and 𝑅ℎ(𝑅̂) from (26). □

Appendix B: Ancillary Results

B.1. A minimax result

The following proposition establishes the minimax lower bound for estimating a single
disc-shaped region of change 𝑅 ∈ S on the sphere S𝑑−1, based on 𝑛 independent obser-
vations (𝑋𝑖, 𝑌𝑖), where 𝑋1, . . . , 𝑋𝑛 are uniformly distributed on S𝑑−1, and 𝑌1, . . . , 𝑌𝑛
are generated according to (3). Recall the loss function 𝐿 (·, ·) defined in (6).
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Proposition 7. We have

inf
𝑅̂

sup
𝑅∈S
E(𝐿 (𝑅̂, 𝑅)) ≥ 𝐶𝑑𝜎2

𝑛𝜃2
, (28)

for some universal constant 𝐶 > 0, where the infimum is taken over all estimators 𝑅̂

for the change region, using data (𝑋1, 𝑌1), . . . , (𝑋𝑛, 𝑌𝑛) generated from the true model
with a single change region 𝑅.

Proof. First assume that 𝑑 < 30, we can find two discs 𝐷 and 𝐷′ such that 𝐿 (𝐷, 𝐷′) =
𝜎2/(𝑛𝜃2). Define 𝑃𝐷 to be the joint distribution of (𝑋1, 𝑌1), . . . , (𝑋𝑛, 𝑌𝑛) such that
𝑌𝑖 | 𝑋𝑖 ∼ 𝑁 (𝜃1𝑋𝑖∈𝐷 , 𝜎

2). We have

𝑑KL(𝑃𝐷 ∥ 𝑃𝐷′) = E
(��{𝑖 : 𝑋𝑖 ∈ 𝐷△𝐷′}

�� 𝜃2
2𝜎2

)
=

𝑛𝜃2

2𝜎2 𝐿 (𝐷
′, 𝐷) = 1

2
. (29)

Then, by Le Cam’s two-point lemma [38] and Pinsker’s inequality, we have

inf
𝐷̂

sup
𝐷

E𝑃𝐷
(𝐿 (𝐷̂, 𝐷)) ≥ 𝐿 (𝐷, 𝐷′)

2
(1−𝑑TV(𝑃𝐷 , 𝑃𝐷′)) ≥

𝐿 (𝐷, 𝐷′)
4

=
𝜎2

4𝑛𝜃2
≥ 𝑑𝜎2

120𝑛𝜃2
,

as desired.
Now, assume that 𝑑 ≥ 30. By Gilbert–Varshamov lemma [13, 34], there exists a

subset 𝑆 of {0, 1}𝑑 of cardinality 𝑀 ≥ 𝑒𝛾𝑑 for 𝛾 = 0.096, such that for every distinct
pair of 𝑢, 𝑣 ∈ 𝑆, we have ∥𝑣∥0 = ⌈𝑑/2⌉ and ∥𝑣 − 𝑢∥0 ≥ ⌈𝑑/2⌉.

We define a set of discs D centred at 𝑣/∥𝑣∥2 for 𝑣 ∈ 𝑆 with radius 𝑟 chosen so
that for 𝐷 ∈ D, we have

𝜇(𝐷) = 𝛾𝑑𝜎2

2𝑛𝜃2
𝜇(S𝑑−1),

where 𝜇 is the Lebesgue measure on the sphere. For 𝑛 sufficiently large, we have the
radius 𝑟 is smaller than 1/2. On the other hand, by construction, for 𝑢, 𝑣 ∈ 𝑆, we have
∥𝑢/∥𝑢∥2 − 𝑣/∥𝑣∥2∥2 ≥ 1. Hence all discs in D are disjoint. In particular, we have

𝐿 (𝐷′, 𝐷) = 2𝜇(𝐷)
𝜇(S𝑑−1)

=
𝛾𝑑𝜎2

𝑛𝜃2
.

By a similar calculation as in (29), we have

𝑑KL(𝑃𝐷 ∥ 𝑃𝐷′) =
𝑛𝜃2

2𝜎2 𝐿 (𝐷
′, 𝐷) ≤ 1

2
𝛾𝑑.

Finally, by Fano’s lemma [38], we have

inf
𝐷̂

sup
𝐷

E𝑃𝐷
(𝐿 (𝐷̂, 𝐷)) ≥ min𝐷≠𝐷′∈D 𝐿 (𝐷, 𝐷′)

2

(
1 − max𝐷≠𝐷′∈D 𝑑KL(𝑃𝐷 ∥ 𝑃𝐷′) + log 2

log |D|

)
≥ 𝛾𝑑𝜎2

2𝑛𝜃2

(
1 − 𝛾𝑑/2 + log 2

𝛾𝑑

)
≥ 𝛾𝑑𝜎2

8𝑛𝜃2
,

as desired. □
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B.2. Other lemmas used in the proofs
Lemma 8. Let Ω denote a set and A denote a family of subsets from Ω such that
VCD(A) = 𝑘 . Let B := {𝐴c : 𝐴 ∈ A}. Then any set shattered by A is also shattered
by B, and VCD(B) = 𝑘 .

Proof. Since VCD(A) = 𝑘 , there exists a set 𝑆 ⊂ Ω such that |𝑆 | = 𝑘 , and {𝑆 ∩ 𝐴 :
𝐴 ∈ A} = 2𝑆. Let 𝑈 ∈ 2𝑆, we have 𝑆 \𝑈 ∈ 2𝑆, then there exists 𝑅1 ∈ A such that
𝑆 \ 𝑈 = 𝑆 ∩ 𝑅1. Therefore, 𝑈 = 𝑆 ∩ 𝑅c

1. Since 𝑈 is arbitrarily taken from 2𝑆, we
have 2𝑆 = {𝑆 ∩ 𝐴 : 𝐴 ∈ B} and VCD(B) ≥ 𝑘 . Similarly, for any set that cannot be
shattered by A, it cannot be shattered by B neither. □

Lemma 9. Let M be a generic set and A denote a family of subsets from M. Let
𝑅 ⊆ M, and define A ∩∗ 𝑅 := {𝐴 ∩ 𝑅 : 𝐴 ∈ A},A \∗ 𝑅 := {𝐴 \ 𝑅 : 𝐴 ∈ A} and
𝑅 \∗ A := {𝑅 \ 𝐴 : 𝐴 ∈ A}. Then we have the following holds

(a) VCD(A ∩∗ 𝑅) ≤ min{VCD(A), |𝑅 |};

(b) VCD(A \∗ 𝑅) ≤ min{VCD(A), |𝑅c |};

(c) VCD(𝑅 \∗ A) ≤ min{VCD(A), |𝑅 |}.

Proof. To show result (a), let 𝑆 ⊆ M be a set shattered by A ∩∗ 𝑅. Since 𝑆 \ 𝑅 is a
subset of 𝑆, there exists a set 𝐴0 ∈ A such that 𝑆 \ 𝑅 = 𝑆 ∩ (𝑅 ∩ 𝐴0). This implies
that 𝑆 \ 𝑅 = ∅. Therefore, we have 𝑆 ⊆ 𝑅 and 𝑆 ∩ 𝑅 = 𝑆, and 2𝑆 = {𝑆 ∩ (𝑅 ∩ 𝐴) :
𝐴 ∈ A} = {𝑆 ∩ 𝐴 : 𝐴 ∈ A}, which further implies that A shatters 𝑆 as well, and
VCD(A ∩∗ 𝑅) ≤ VCD(A). For any 𝐴 ∈ A, we have |𝑅 ∩ 𝐴| ≤ |𝑅 |, hence A ∩∗ 𝑅
cannot shatter any set whose cardinality is larger than |𝑅 |.

Noting that A \∗ 𝑅 = A ∩∗ 𝑅c, (b) follows immediately from (a).
To demonstrate (c), consider B := {𝐴c : 𝐴 ∈ A}, we have VCD(B) = VCD(A)

by Lemma 8. And (c) follows from (a) by noticing that 𝑅 \∗ A = B ∩∗ 𝑅. □

Lemma 10. Let Ω be a generic set and A denote a family of subsets from Ω. Let
𝑅 ⊆ Ω. Then we have VCD({𝐴△𝑅 : 𝐴 ∈ A}) = VCD(A).

Proof. Suppose VCD({𝐴△𝑅 : 𝐴 ∈ A}) = VCD(A) + 𝑞 for some 𝑞 ∈ Z. Then we
have VCD({(𝐴△𝑅)△𝑅 : 𝐴 ∈ A}) = VCD(A) + 2𝑞. Since for 𝐴 ∈ A,

(𝐴△𝑅)△𝑅 = ((𝐴 ∪ 𝑅) \ (𝐴 ∩ 𝑅))△𝑅
= {((𝐴 ∪ 𝑅) \ (𝐴 ∩ 𝑅)) ∪ 𝑅} \ {((𝐴 ∪ 𝑅) \ (𝐴 ∩ 𝑅)) ∩ 𝑅}
= (𝐴 ∪ 𝑅) \ (𝑅 \ 𝐴) = 𝐴,

we have
VCD({(𝐴△𝑅)△𝑅 : 𝐴 ∈ A}) = VCD(A).

Therefore, we have 𝑞 = 0, and the result follows. □

Lemma 11. SupposeA1,A2 are families of subsets of a set Ω such that VCD(A1) =
𝑘1 and VCD(A2) = 𝑘2. Assume |Ω| ≥ 𝑘1+ 𝑘2+2. Then VCD(A1∪A2) ≤ 𝑘1+ 𝑘2+1.
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Proof. Let 𝑆1 ⊆ Ω such that |𝑆1 | = 𝑘1 + 1. We can find a set 𝑆2 ⊆ Ω \ 𝑆1 such that
|𝑆2 | = 𝑘2 + 1. We have {𝑆𝑖 ∩ 𝐴 : 𝐴 ∈ A𝑖} ≠ 2𝑆𝑖 , 𝑖 = 1, 2. Let 𝑈𝑖 ∈ 2𝑆𝑖 \ {𝑆𝑖 ∩ 𝐴 : 𝐴 ∈
A𝑖}, 𝑖 = 1, 2, and denote𝑈 = 𝑈1∪𝑈2. We have𝑈 ⊂ 𝑆1∪𝑆2 and |𝑆1∪𝑆2 | = 𝑘1+𝑘2+2.

We show that 𝑆1 ∪ 𝑆2 cannot be shattered byA1 ∪A2, and the proof is complete
since the choices of 𝑆1 and 𝑆2 are arbitrary. To this end, suppose there exists 𝐵 ∈
A1 ∪ A2 such that 𝑈 = 𝐵 ∩ (𝑆1 ∪ 𝑆2), then it must hold that 𝑈𝑖 = 𝐵 ∩ 𝑆𝑖, 𝑖 = 1, 2,
since 𝑆1 ∩ 𝑆2 = ∅. As 𝐵 is taken either fromA1 orA2, we have 𝑈𝑖 ∈ 𝑆 ∩ 𝐴𝑖, 𝑖 = 1, 2,
which contradicts with the definition of 𝑈𝑖, 𝑖 = 1, 2. Therefore, 𝑈 is a set that cannot
be picked out from 𝑆1 ∪ 𝑆2 via set intersection by any set from A1 ∪ A2. □

Lemma 12. Suppose A is a family of subsets of a set Ω with VCD(A) = 𝑘 . Assume
Ω \ ∪𝐴∈A𝐴 ≠ ∅. Let B = {𝐴c : 𝐴 ∈ A}. Then VCD(A ∪ B) ≥ 𝑘 + 1.

Proof. Let 𝑆0 ⊆ Ω be a set such that |𝑆0 | = 𝑘 and 𝑆0 is shattered by A. Then 𝑆0 is
also shattered by B by Lemma 8. Let 𝑥1 ∈ Ω \ 𝑆0 and denote 𝑆1 := 𝑆0 ∪ {𝑥1}.

We proceed to show that 𝑆1 is shattered by A ∪ B to complete the proof. It is
equivalent to show that all members in the power set of 𝑆1 can be picked out from
𝑆1 by A ∪ B, where we say a set 𝐶1 can be picked out from a set 𝐶2 by a family
of sets C if there exists a set 𝐶3 ∈ C so that 𝐶1 = 𝐶2 ∩ 𝐶3. The power set of 𝑆1
can be decomposed as 2𝑆1 = 2𝑆0 ∪ I where each set in I is a union of {𝑥1} and a
member in 2𝑆0 . For any 𝑈 ∈ 2𝑆0 , there exist 𝐴𝑈 ∈ A such that 𝐴𝑈 ∩ 𝑆0 = 𝑈, and by
specifically selecting 𝑥1 ∈ Ω \

⋃
𝑈′∈2𝑆0 𝐴𝑈′ , we know 𝑈 can also be picked out from

𝑆1 by 𝐴𝑈 since 𝑥1 ∉ 𝐴𝑈 . When defining the set
⋃

𝑈′∈2𝑆0 𝐴𝑈′ , in case 𝐴𝑈′ is not unique
for some 𝑈′ in 2𝑆0 , we may choose 𝐴𝑈′ to be the one that has the largest intersection
with the union of chosen ones. Members in I can also be picked out byA ∪B, since
𝑆1 \ 𝐼 ∈ 2𝑆0 for 𝐼 ∈ I, and for any 𝐶 ⊆ 𝑆1, if 𝑆1 \ 𝐶 can be picked out from 𝑆1 by
A ∪ B then 𝐶 can also be picked out from 𝑆1 by A ∪ B. □

Lemma 13. LetA𝑑−1 denote the collection of discs on S𝑑−1. We have VCD(A𝑑−1) ≥
𝑑 + 1.

Proof. Let 𝑒 := {𝒆1, . . . , 𝒆𝑑+1} ∈ R𝑑+1 be a standard basis of R𝑑+1. We know 𝑒 can
be shattered by the family of hyperplanes H𝑑 ⊆ 2R𝑑+1 . Let 𝑈 ⊂ 𝑒, then there is some
hyperplane 𝐻 ∈ H𝑑 whose positive halfspace separates 𝑈 from 𝑒 \ 𝑈. In R𝑑+1, 𝑒
determines a circle 𝑆𝑒, and the embedding of 𝑆𝑒 into R𝑑 is equivalent to S𝑑−1. Since
the positive halfspace of 𝐻 determines a disc 𝐴𝐻 ∈ A𝑑−1 so that 𝐴𝐻 picks out𝑈 from
S𝑑−1, and 𝑈 is arbitrarily chosen, we know there exists a set of cardinality 𝑑 + 1 that
can be shattered by A𝑑−1. Therefore, VCD(A𝑑−1) ≥ 𝑑 + 1. □

Lemma 14. LetA𝑑−1 denote the family of discs on S𝑑−1. Then VCD(A𝑑−1) = 𝑑 + 1.

Proof. Let 𝑥0 ∈ S𝑑−1, and let Π0(𝒙) : S𝑑−1 → R𝑑−1 be a mapping defined by setting
Π0(−𝑥0) := 0, and Π0(𝑥) := tan(∠(−𝑥0, 𝑥)) where for 𝑥 ∈ S𝑑−1, ∠(−𝑥0, 𝑥) is the
angle formed between −𝑥0 and 𝑥. We leave Π0(𝑥0) undefined, and it will not affect
the result.



30 B ANCILLARY RESULTS

We first show that VCD(A𝑑−1) ≥ 𝑑 + 1. Let B𝑑−1 := {𝐵𝒂,𝒃,𝒄 : 𝒂, 𝒃, 𝒄 ∈ R𝑑−1}
denote the collection of balls where 𝐵𝒂,𝒃,𝒄 := {𝒙 ∈ R𝑑−1 : | |𝒂T𝒙 − 𝒃 | |2 ≤ 𝒄} denotes
a ball for given 𝒂, 𝒃, 𝒄 ∈ R𝑑−1, and let B𝑑−1 := {𝐵 ⊂ R𝑑−1 : 𝐵 ∈ B𝑑−1 or 𝐵c ∈ B𝑑−1}
denote the collection of both balls and complements of balls. We say a set 𝐶1 can be
picked out from a set 𝐶2 by a family of sets C if there exists a set 𝐶3 ∈ C so that
𝐶1 = 𝐶2∩𝐶3. If 𝑆 ⊆ S𝑑−1 can be picked out by 𝐴𝑆 ∈ A𝑑−1 from S𝑑−1, we know Π0(𝑆)
can be picked out from R𝑑−1 by Π0(𝐴𝑆) ∈ B𝑑−1. Reversely, if 𝑆 ⊆ R𝑑−1 can be picked
out by 𝐵𝑆 ∈ B𝑑−1, then Π−10 (𝑆) can be picked out by Π−10 (𝐵𝑆). Hence VCD(A𝑑−1) =
VCD(B𝑑−1). Let F := { 𝑓 (𝒙) = 𝑅1 | |𝒙 | |2 +

∑𝑑−1
𝑖=1 𝑎𝑖𝑥𝑖 + 𝑎𝑑 : 𝒂 = (𝑅1, . . . , 𝑎𝑑) ∈ R𝑑+1}

be a family of functions. Let 𝐵 := {𝒙 : | |𝒙− 𝒂 | | ≤ 𝑏} be a ball where 𝒂 ∈ R𝑑−1, 𝑏 ∈ R.
Observe that 𝐵 corresponds to the sublevel set of the function 𝑓 (𝒙) := | |𝒙 − 𝒂 | | − 𝑏

at 0, and 𝐵𝑐 corresponds to the sublevel set of the function 𝑔(𝒙) = −||𝒙 − 𝒂 | | + 𝑏 at 0.
Since 𝐵 is arbitrarily chosen, any set shattered by B𝑑−1 corresponds to a set shattered
by F . Hence VCD(A𝑑−1) = VCD(B𝑑−1) ≤ VCD(F ) ≤ 𝑑 + 1, as F has dimension
𝑑 + 1 as a vector space.

We complete the proof by showing that VCD(A𝑑−1) ≥ 𝑑+1. This follows directly
from Lemma 13, alternatively, we have VCD(A𝑑−1) = VCD(B𝑑−1) ≥ VCD(B𝑑−1) +
1 = 𝑑 + 1 where the inequality follows from Lemma 12. □

Lemma 15. Let 𝜇 be the Lebesgue measure on sphere S𝑑−1. For arbitrary 𝛼, 𝛼′ ∈
S𝑑−1, 𝛽, 𝛽′ ∈ [0, 1], there exists a constant 𝐶𝑑,𝛽, depending only on 𝑑 and 𝛽, such that

∥𝛼 − 𝛼′∥ + |𝛽 − 𝛽′| ≤ 𝐶𝑑,𝛽𝜇
(
𝐴𝛼,𝛽△𝐴𝛼′,𝛽′

)
.

Proof. We start by bounding ∥𝛼 − 𝛼′∥ by 𝜇(𝐴𝛼,𝛽△𝐴𝛼′,𝛽′). Since we have 𝜇(𝐴𝛼,𝛽 \
𝐴𝛼′,𝛽′) ≥ 𝜇(𝐴𝛼,𝛽 \ 𝐴𝛼′,𝛽) when 𝛽 ≤ 𝛽′ and 𝜇(𝐴𝛼′,𝛽′ \ 𝐴𝛼,𝛽) ≥ 𝜇(𝐴𝛼′,𝛽 \ 𝐴𝛼,𝛽) when
𝛽 ≥ 𝛽′, it holds that

𝜇
(
𝐴𝛼,𝛽△𝐴𝛼′,𝛽′

)
≥ 1

2
𝜇
(
𝐴𝛼,𝛽△𝐴𝛼′,𝛽

)
, (30)

and it reduces to find a lower bound of the symmetric difference of disc 𝐴𝛼,𝛽 and disc
𝐴𝛼′,𝛽 that have the same intercept. To this end, we consider two cases when 𝛼⊤𝛼′ ≥ 𝛽

and 𝛼⊤𝛼′ < 𝛽 separately.
Assume 𝛼⊤𝛼′ ≥ 𝛽. We define helper quantities with an example when 𝑑 = 3

visualised in Figure 7. Let 𝜃 = ∠(𝛼, 𝛼′) denote the angle between the two centres
and let 𝐿 :=

{
𝑥 ∈ R𝑑 : 𝑥⊤𝛼 = 𝑥⊤𝛼′ = 𝛽, ∥𝑥∥ ≤ 1

}
be the line segment of intersection

between hyperplanes
{
𝑥⊤𝛼 = 𝛽

}
and

{
𝑥⊤𝛼′ = 𝛽

}
. Let 𝑄 ∈ 𝐿 be the midpoint of 𝐿

such that 𝑄⊤𝛼 = 𝛽, 𝑄⊤𝛼′ = 𝛽 and ∥𝑄 − 𝑥𝑙 ∥ = ∥𝑄 − 𝑥𝑟 ∥ where {𝑥𝑙 , 𝑥𝑟} = 𝐿 ∩ S𝑑−1
are the boundary points of 𝐿. Specifically, we have

𝑄 =
𝛽

1 + cos(𝜃) (𝛼 + 𝛼
′) . (31)

Let 𝑅 denote the point on the circle
{
𝑥⊤𝛼 = 𝛽

}
∩ S𝑑−1 that lies on the same line with

𝑄 and 𝛽𝛼 (the center of the circle
{
𝑥⊤𝛼 = 𝛽

}
∩ S𝑑−1), and 𝑅 is chosen to be close to
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𝑄 so that 𝑅⊤𝑄/∥𝑄∥ > 𝑅⊤𝛼. Denote S(𝑄, 𝑟) the sphere centered at 𝑄 with radius 𝑟
where 𝑟 := ∥𝑅−𝑄∥2. For 𝑥 ∈ S(𝑄, 𝑟), it can be decomposed as 𝑥 = 𝑄 + (𝑥 −𝑄)𝑟 , and
we let p(𝑥) be the projection of 𝑥 onto S𝑑−1 along the direction 𝑥 − 𝑄. Specifically,
we have p(𝑥) = 𝑄 + (𝑥 −𝑄)𝑙𝑥 where 𝑙𝑥 > 0 is chosen such that ∥p(𝑥)∥2 = 1.

𝛼
𝛼′

𝑥𝑟

𝑥ℓ

𝑄
𝑅

(a)

𝛼 𝛼′

𝜃
𝑄

𝑅
𝑟

(b)

Fig 7. Example illustration of the points 𝑄 specified in (31) and 𝑅, the angle 𝜃 and the line segment
of length 𝑟 when 𝑑 = 3 with 𝐴𝛼,𝛽 and 𝐴𝛼′ ,𝛽 shown as red discs. Panel (a) shows the projection of the
sphere viewed from above. Panel (b) shows the projection of the sphere viewed from aside.

Let 𝐵𝛼,𝛽 := {𝑥 ∈ S(𝑄, 𝑟) : 𝑥⊤𝛼 ≥ 𝛽} and 𝐵𝛼′,𝛽 := {𝑥 ∈ S(𝑄, 𝑟) : 𝑥⊤𝛼′ ≥ 𝛽} be
two spherical caps on S(𝑄, 𝑟). For 𝑥 ∈ 𝐵𝛼,𝛽 \ 𝐵𝛼′,𝛽, we have

p(𝑥)⊤𝛼 = 𝑄⊤𝛼 + 𝑙𝑥
(
𝑥⊤𝛼 −𝑄⊤𝛼

)
= 𝛽 + 𝑙𝑥

(
𝑥⊤𝛼 − 𝛽

)
⩾ 𝛽. (32)

Similarly, we have p(𝑥)⊤𝛼′ = 𝛽 + 𝑙𝑥
(
𝑥⊤𝛼′ − 𝛽

)
< 𝛽, together with (32), we have

p(𝑥) ∈ 𝐴𝛼,𝛽\𝐴𝛼′,𝛽. By a similar argument, we also have p(𝑦) ∈ 𝐴𝛼′,𝛽\𝐴𝛼,𝛽 for
𝑦 ∈ 𝐵𝛼′,𝛽 \ 𝐵𝛼,𝛽.

As the two sets {p(𝑥) : 𝑥 ∈ 𝐵𝛼,𝛽△𝐵𝛼′,𝛽} and {𝑥 : 𝑥 ∈ 𝐵𝛼,𝛽△𝐵𝛼′,𝛽} have the same
Lebesgue measure, we have for 𝐶𝑑 =

√
2𝜋𝑑/2−1/Γ(𝑑/2),

𝜇
(
𝐴𝛼,𝛽△𝐴𝛼′,𝛽

)
≥ 𝜇(𝐵𝛼′,𝛽△𝐵𝛼,𝛽) = 𝑟𝑑−1𝜃/𝜋 2𝜋𝑑/2

Γ(𝑑/2) ≥ 𝐶𝑑𝑟
𝑑−1∥𝛼 − 𝛼′∥2,

where the last inequality follows from 𝜃2 ≥ sin2 𝜃 = 1 − (𝛼⊤𝛼′)2 ≥ ∥𝛼 − 𝛼′∥22/2, and
the equality is due to the fact that for 𝛼 ∈ S𝑑−1, 𝛽 ∈ [0, 𝜋], the surface area of 𝐴𝛼,𝛽 is
given by

𝜇(𝐴𝛼,𝛽) =
𝜋𝑑/2−1/2

Γ

(
𝑑−1
2

) ∫ (1+𝛽) (1−𝛽)

0
𝑡
𝑑
2 −

3
2 (1 − 𝑡)−

1
2 𝑑𝑡. (33)

We proceed to argue that 𝑟 ≥
√︁
1 − 𝛽2/2 for any 𝛼, 𝛼′ ∈ S𝑑−1, 𝛽 ∈ [0, 1], which

consequently gives that for 𝐶′
𝑑
= 𝐶𝑑/2𝑑 , we have

𝜇
(
𝐴𝛼,𝛽△𝐴𝛼′,𝛽

)
≥ 𝐶′𝑑 (1 − 𝛽2) (𝑑−1)/2∥𝛼 − 𝛼′∥2, (34)
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when 𝛼⊤𝛼′ ≥ 𝛽. If 𝛼⊤𝛼′ = 𝛽, we have 𝑅 = 𝛼′, 𝑅⊤𝑄 = 𝛼⊤𝑄, and ∥𝛽𝛼∥2 ≤ ∥𝑅∥2,
hence 𝑟 = ∥𝑅 − 𝑄∥ ≥ ∥𝑅 − 𝛽𝛼∥/2 =

√︁
1 − 𝛽2/2 by the law of cosine. If 𝛼⊤𝛼′ ⩾ 𝛽,

the centre 𝛼 lies on the other disc 𝐴𝛼′,𝛽, and since the value of ∥𝑄 − 𝛽𝛼∥ = tan(𝜃/2)𝛽
decreases compared to its value when 𝛼⊤𝛼′ = 𝛽, we have 𝑟 ≥

√︁
1 − 𝛽2/2.

On the other hand, assume 𝛼⊤𝛼′ < 𝛽. In this case we have 𝛼 ∉ 𝐴𝛼′,𝛽, and we bound
𝜇(𝐴𝛼,𝛽△𝐴𝛼′,𝛽) directly without projection onto S(𝑄, 𝑟). Let 𝛾 ∈ S𝑑−1 be a point such
that 𝛾⊤𝛼 = 0, 𝛾⊤𝛼′ ≤ 0 and 𝛾 lies on the same plane as 𝛼, 𝛼′, 𝑄 and 𝑅 in the sense
that 𝛾⊤𝑅 = −

√︁
1 − 𝛽2. For 𝑥 ∈ 𝐴𝛼,𝛽, we can decompose 𝑥 = 𝑎𝛼 + 𝑏𝛾 + 𝜂 where

𝑎 ∈ [𝛽, 1], 𝜂⊤𝛼′ = 0, and either 𝑏 ∈ [0,
√︁
1 − 𝛽2] or 𝑏 ∈ [−

√︁
1 − 𝛽2, 0] with each

case holds for exactly half of the points in 𝐴𝛼,𝛽. For 𝑥 ∈ 𝐴𝛼,𝛽 such that 𝑏 = 𝑥⊤𝛾 ≥ 0,
it holds that 𝑥⊤𝛼′ = 𝑎𝛼⊤𝛼′ + 𝑏𝛾⊤𝛼′ + 𝜂⊤𝛼′ ≤ 𝑎𝛽 ≤ 𝛽, hence

𝜇
(
𝐴𝛼,𝛽 \ 𝐴𝛼′,𝛽

)
≥ 𝜇(𝐴𝛼,𝛽)/2 = 𝐶𝑑,𝛽 ≥ 𝐶𝑑,𝛽/2| |𝛼 − 𝛼′| |2,

where

𝐶𝑑,𝛽 =
𝜋𝑑/2−1/2

2Γ
(
𝑑−1
2

) ∫ (1+𝛽) (1−𝛽)

0
𝑡
𝑑
2 −

3
2 (1 − 𝑡)−

1
2 𝑑𝑡.

By a similar argument for 𝑥 ∈ 𝐴𝛼,𝛽 such that 𝑏 = 𝑥⊤𝛾 ≤ 0, we have

𝜇
(
𝐴𝛼′,𝛽△𝐴𝛼,𝛽

)
≥ 𝐶𝑑,𝛽 | |𝛼 − 𝛼′| |2, (35)

when 𝛼⊤𝛼′ < 𝛽.
Combining (30), (34) and (35), we get

𝜇
(
𝐴𝛼,𝛽△𝐴𝛼′,𝛽′

)
≥ 𝐶′𝑑,𝛽∥𝛼 − 𝛼

′∥2, (36)

where 𝐶′
𝑑,𝛽

= 𝐶𝑑,𝛽 ∧ 𝐶′𝑑 (1 − 𝛽2) (𝑑−1)/2.
We now bound |𝛽 − 𝛽′|. For arbitrary 𝛼 ∈ S𝑑−1, 𝛽 ∈ [0, 1], we have

𝜇(𝐴𝛼,𝛽) =
𝜋𝑑/2−1/2

Γ

(
𝑑−1
2

) ∫ (1+𝛽) (1−𝛽)

0
𝑡
𝑑
2 −

3
2 (1 − 𝑡)−

1
2 𝑑𝑡

≥ 𝐶′′𝑑 (1 − 𝛽2) (𝑑−1)/2 ≥ 𝐶′′𝑑 (1 − 𝛽)𝑑 ≥ 𝐶′′𝑑 (1 − 𝑑𝛽),

where 𝐶′′
𝑑
= 2𝜋𝑑/2−1/2/Γ (𝑑/2 − 1/2) /(𝑑 − 1) due to the fact that (1− 𝑡)−1/2 ≥ 1, 𝑡 ∈

[0, 1]. Hence

𝜇
(
𝐴𝛼,𝛽△𝐴𝛼′,𝛽′

)
= 𝜇(𝐴𝛼,𝛽 ∪ 𝐴𝛼′,𝛽′) − 𝜇(𝐴𝛼,𝛽 ∩ 𝐴𝛼′,𝛽′)
≥ 𝜇

(
𝐴𝛼,𝛽∧𝛽′

)
− 𝜇(𝐴𝛼,𝛽∨𝛽′) ≥ 𝐶′′𝑑 𝑑 |𝛽 − 𝛽′|. (37)

Combining (36) and (37), we arrive at

𝜇
(
𝐴𝛼,𝛽△𝐴𝛼′,𝛽′

)
≥ 𝐶′𝑑,𝛽∥𝛼 − 𝛼

′∥2 ∨ 𝐶′′𝑑 𝑑 |𝛽 − 𝛽′|,

and
𝜇
(
𝐴𝛼,𝛽△𝐴𝛼′,𝛽′

)
≥ 𝐶′′𝑑,𝛽 (∥𝛼 − 𝛼

′∥2 + |𝛽 − 𝛽′|),
for some constant 𝐶′′

𝑑,𝛽
= 𝐶′

𝑑,𝛽
/2 ∧ 𝐶′′

𝑑
𝑑/2, as desired. □
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Lemma 16. For 𝑟 ≥ 2, let 𝐴1, . . . , 𝐴𝑟 be disjoint discs in a Riemannian manifoldM
whose pairwise distance is at least 2𝜔. If a disc 𝐵 intersects each of 𝐴 𝑗 for 𝑗 ∈ [𝑟],
then there exists a disc 𝐶 of radius at least 𝜔 such that 𝐶◦ ⊆ 𝐵 \ ∪𝑟

𝑗=1𝐴 𝑗 , where 𝐶◦

denotes the interior of 𝐶.

Proof. We first claim that 𝐵 \ ∪𝑟
𝑗=1𝐴 𝑗 ≠ ∅. Otherwise, assume 𝐵 ⊆ ∪𝑟

𝑗=1𝐴 𝑗 . Because
𝐵 ∩ 𝐴 𝑗 ≠ ∅ for 𝑗 ∈ [𝑟], by the convexity of 𝐵, there exists a line segment 𝑙 ⊆ 𝐵 such
that 𝑙 ∩ 𝐴1 ≠ ∅, 𝑙 ∩ 𝐴2 ≠ ∅ and 𝑙 ⊆ ∪𝑟

𝑗=1𝐴 𝑗 . However, since 𝐴1, . . . , 𝐴𝑟 are disjoint
with pairwise distance of at least 2𝜔, there exists a line segment 𝑙′ ⊂ 𝑙 of length 𝜔

such that 𝑙′ ⊄ ∪𝑟
𝑗=1𝐴 𝑗 , contradicting with 𝑙 ⊂ 𝐵 ⊆ ∪𝑟

𝑗=1𝐴 𝑗 .
Therefore, we can find a disc 𝐶 such that 𝐶◦ ⊆ 𝐵 \ ∪𝑟

𝑗=1𝐴 𝑗 . We further claim
that there exist some 𝑗 , 𝑘 ∈ [𝑟] such that 𝐶 ∩ 𝐴 𝑗 ≠ ∅ and 𝐶 ∩ 𝐴𝑘 ≠ ∅. Otherwise,
we would have 𝐶 ∩ 𝐴𝑖 ≠ ∅ for at most one 𝑖 ∈ [𝑟]. In this case, we may perturb the
centre of 𝐶 (away from the disc that it is currently touching, if any) while adjusting
its radius, up until the point where 𝐶 ∩ 𝐴 𝑗 ≠ ∅ for at least two 𝑗 ∈ [𝑟].

Finally, we establish that 𝐶 has a radius at least 𝜔. Let 𝑥 be the centre of 𝐶. We
have

2𝜔 ≤ dist(𝐴 𝑗 , 𝐴𝑘 ) ≤ dist(𝑥, 𝐴 𝑗 ) + dist(𝑥, 𝐴𝑘 ) ≤ 2Rad(𝐶),

as desired. □

Lemma 17. Let 𝐴, 𝐵 ∈ S be two 𝑑-dimensional discs such that 𝐴 ⊂ 𝐵, and
𝑑 (𝐴, 𝐵𝑐) ≥ 𝜔 for some 𝜔 ∈ (0, 𝜋). For 𝑟 ≥ 1, let 𝑅1, . . . , 𝑅𝑟 be 𝑟 discs on a
𝑑-dimensional Riemannian manifold M such that 𝑅𝑖 ∩ 𝐵 ≠ ∅, 𝑅𝑖 ∩ 𝐴 = ∅, and
𝑑 (𝑅𝑖, 𝑅 𝑗 ) ≥ 𝜔 for 𝑖, 𝑗 ∈ [𝑟] such that 𝑖 ≠ 𝑗 . Then there exists a disc 𝐷 ⊂ M of radius
𝜔/8 such that 𝐷 ⊂ 𝐵 \ (∪𝑟

𝑖=1𝑅𝑖 ∪ 𝐴).

Proof. Denote 𝑥 := Ctr(𝐵) and 𝑟 := Rad(𝐵). Let 𝑆 := {𝑦 ∈ 𝐵 : Geo(𝑥, 𝑦) ≤ 𝑟 −𝜔/2}
be a disc centred at 𝑥 with radius 𝑟−𝜔/2 so that 𝐴 ⊂ 𝑆 ⊂ 𝐵, and denote the boundary of
𝑆 as 𝜕𝑆 which is a (𝑑−2)-dimensional sphere. Let𝐶 ⊂ 𝐵\𝑆 be a (𝑑−1)-dimensional
disc with radius 𝜔/4. Such disc exists because dist(𝑆, 𝐵𝑐) = 𝜔/2.

We claim that there exists a disc 𝐷 ⊂ 𝐶 such that Rad(𝐷) = 𝜔/8 and 𝐷 ∩
(∪𝑟

𝑖=1𝑅𝑖) = ∅. To show this, we consider three cases regarding 𝐶 ∩ (∪𝑟
𝑖=1𝑅𝑖).

Firstly, when 𝐶 ∩ (∪𝑟
𝑖=1𝑅𝑖) = ∅, the claim holds by choosing 𝐷 = 𝐶.

Secondly, assume there exist 𝑖, 𝑗 ∈ [𝑟] such that 𝐶 ∩ 𝑅𝑖 ≠ ∅ and 𝐶 ∩ 𝑅 𝑗 ≠ ∅. By
Lemma 16, there exists a disc 𝐷 of radius at least 𝜔/8 such that 𝐷 ⊂ 𝐶 \ (∪𝑟

𝑖=1𝑅𝑖).
Since 𝐶 ⊂ 𝐵 \ 𝐴, we have 𝐷 ⊂ 𝐵 \ (𝐴 ∪ (∪𝑟

𝑖=1𝑅𝑖)) as desired.
Thirdly, assume 𝐶 ∩ 𝑅𝑖 ≠ ∅ for a unique 𝑖 ∈ [𝑟]. We have (𝐵 \ 𝑆) ∉ 𝑅𝑖 for any

𝑖 ∈ [𝑟], for otherwise there exists 𝑗 ∈ [𝑟] such that 𝐵 \ 𝑆 ⊆ 𝑅 𝑗 violating the radius
constraint thatRad(𝑅 𝑗 ) ≤ 𝜋/2. Then one may move𝐶 inside 𝐵\𝑆 until the relationship
between 𝐶 and ∪𝑟

𝑖=1𝑅𝑖 changes to either the first case where 𝐶 ∩ (∪𝑟
𝑖=1𝑅𝑖) = ∅ holds

or the second case where |𝑖 ∈ [𝑟] : 𝐶 ∩ 𝑅𝑖 ≠ ∅| ≥ 2 holds.
Combining the three cases, we have found a disc 𝐷 ⊂ 𝐵 \ (∪𝑟

𝑖=1𝑅𝑖 ∪ 𝐴) of radius
𝜔/8 and the proof is complete. □
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Lemma 18. Let 𝑅1, . . . , 𝑅𝑟 be 𝑟 discs on S𝑑−1 satisfying dist(𝑅𝑖, 𝑅 𝑗 ) ≥ 𝜔 for some
𝜔 ∈ (0, 𝜋). Let 𝐵1, . . . , 𝐵𝐽 be independent and identically distributed random discs on
S𝑑−1 such that

(
Ctr(𝐵1),Rad(𝐵1)

)
∼ Unif (S𝑑−1)⊗Unif [0, 𝜋]. Given some 𝜂 ∈ (0, 𝜔),

define an event

E1 = {∀𝑖 ∈ [𝑟], ∃ 𝑗 ∈ [𝐽] s.t. 𝑅𝑖 ⊆ 𝐵 𝑗 , dist(𝑅𝑖, 𝐵
c
𝑗 ) ≥ 𝜂,∪𝑘:𝑘≠𝑖𝑅𝑘 ∩ 𝐵 𝑗 = ∅}.

Then

P(E1) ≥ 1 − 𝑟 exp(−𝐶𝑑𝐽 (𝜔 − 𝜂)𝑑),

where 𝐶𝑑 = 1/(2𝑑𝑑2Γ(𝑑/2 − 1/2)).

Proof. Fix 𝑖 ∈ [𝑟] and 𝑗 ∈ [𝐽]. Let 𝑎 ∈ S𝑑−1 and 𝑏 ∈ [0, 𝜋] be the centre and radius
of 𝑅𝑖 and 𝑈, 𝑅 be the centre and radius of 𝐵 𝑗 . We have

P
{
Nhd(𝑅𝑖, 𝜂) ⊆ 𝐵 𝑗 ⊆ Nhd(𝑅𝑖, 𝜔)

}
= P

{
dist(𝑈, 𝑎) ≤ min{𝑏 + 𝜔 − 𝑅, 𝑅 − 𝑏 − 𝜂}

}
≥ P(𝑅 ∈ [𝑏 + 𝜂, 𝑏 + (𝜔 + 𝜂)/2], dist(𝑈, 𝑎) ≤ 𝑅 − 𝑏 − 𝜂)

=

∫ (𝜔−𝜂)/2

0

𝜋𝑑/2−1/2

Γ

(
𝑑−1
2

) ∫ sin2 (𝑥)

0
𝑡
𝑑
2 −

3
2 (1 − 𝑡)−

1
2 𝑑𝑡𝑑𝑥

≥ 2𝜋𝑑/2−1/2

(𝑑 − 1)Γ( 𝑑−12 )

∫ (𝜔−𝜂)/2

0
sin𝑑−1(𝑥)𝑑𝑥

≥ 2𝜋𝑑/2−1/2

(𝑑 − 1)Γ( 𝑑−12 )

∫ (𝜔−𝜂)/2

0
(2𝑥/𝜋)𝑑−1𝑑𝑥

≥ 𝐶𝑑 (𝜔 − 𝜂)𝑑 ,

where 𝐶𝑑 = 1/(2𝑑𝑑2Γ(𝑑/2 − 1/2)) and the penultimate inequality holds because
sin(𝑥) ≥ 2𝑥/𝜋 for 𝑥 ∈ [0, 𝜋/2]. For a fixed 𝑖 ∈ {1, . . . , 𝑟}, denote the event E1,𝑖 =
{∃ 𝑗 ∈ [𝐽], Nhd(𝑅𝑖, 𝜂) ⊆ 𝐵 𝑗 ⊆ Nhd(𝑅𝑖, 𝜔)}, because {𝐵 𝑗 } 𝑗∈[𝐽] are i.i.d., we have

P(Ec1,𝑖) ≤ (1 − 𝐶𝑑 (𝜔 − 𝜂)𝑑)𝐽 ≤ exp(−𝐶𝑑 (𝜔 − 𝜂)𝑑𝐽),

thus

P(E1) = P(∩𝑖∈[𝑟]E1,𝑖) ≥ 1 −
𝑟∑︁
𝑖=1
P(Ec1,𝑖) ≥ 1 − 𝑟 exp(−𝐶𝑑 (𝜔 − 𝜂)𝑑𝐽),

as desired. □

Lemma 19. Let D = {𝑋1, . . . , 𝑋𝑛} be deterministic design points on a manifoldM.
For subsets 𝐴, 𝑅1 ⊆ M, let 𝑟 := |𝑅1 |D , and 𝛿 := min{|𝐴△𝑅1 |D , |𝐴△𝑅𝑐

1 |D}. Suppose
a vector 𝜇 = (𝜇1, . . . , 𝜇𝑛)⊤ satisfies 𝜇𝑖 = 0 for 𝑋𝑖 ∉ 𝑅1. If 𝜇𝑖 = 𝜃 > 0 for 𝑋𝑖 ∈ 𝑅1,
then
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(a)
√︁
min{𝑟, 𝑛 − 𝑟}/2𝜃 ≤ T𝑅1 (𝜇) ≤

√︁
min{𝑟, 𝑛 − 𝑟}𝜃;

(b) 𝜃2min{𝑟, 𝑛 − 𝑟, 𝛿}/2 ≤ RSS𝐴 (𝜇) ≤ 𝜃2min{𝑟, 𝑛 − 𝑟, 𝛿};

(c) T𝑅1 (𝜇) ≥ T𝐴 (𝜇).

More generally, if 𝜇𝑖 are not necessarily equal for 𝑋𝑖 ∈ 𝑅1, writing 𝜃min = min𝑖:𝑋𝑖∈𝑅1 |𝜇𝑖 |
and 𝜃rms = {𝑟−1

∑
𝑖:𝑋𝑖∈𝑅1 𝜇

2
𝑖
}1/2, then

(d) T𝐴 (𝜇) ≤
√
𝑟𝜃rms;

(e) 2RSS𝐴 (𝜇) ≥ min{𝜃2rms𝑟, 𝜃
2
min(𝑛 − 𝑟), 𝜃2min𝛿}.

Proof. (a) From definition we have

T𝑅1 (𝜇) =
√︂

𝑟 (𝑛 − 𝑟)
𝑛

𝜃.

The desired inequalities follows from the fact that min{𝑟, 𝑛 − 𝑟}/2 ≤ 𝑟 (𝑛 − 𝑟)/𝑛 ≤
min{𝑟, 𝑛 − 𝑟}.

(b) Observe that

RSS𝐴 (𝜇) =
𝑛∑︁
𝑖=1

𝜇2𝑖 − (
∑︁

𝑖:𝑋𝑖∈𝐴
𝜇𝑖)2/|𝐴|D − (

∑︁
𝑖:𝑋𝑖∈𝐴c

𝜇𝑖)2/|𝐴c |D

= 𝜃2
(
|𝑅1 |D −

|𝐴 ∩ 𝑅1 |2D
|𝐴|D

−
|𝐴c ∩ 𝑅1 |2D
|𝐴c |D

)
= 𝜃2

{
|𝐴 \ 𝑅1 |D ( |𝑅1 |D − |𝑅1 \ 𝐴|D)
( |𝑅1 |D − |𝑅1 \ 𝐴|D) + |𝐴 \ 𝑅1 |D

+
|𝑅1 \ 𝐴|D ( |𝑅c

1 |D − |𝐴 \ 𝑅1 |D)
( |𝑅c

1 |D − |𝐴 \ 𝑅1 |D) + |𝑅1 \ 𝐴|D

}
.

(38)

From (38) and the fact that 𝑎𝑏/(𝑎 + 𝑏) ≥ min{𝑎, 𝑏}/2,∀𝑎, 𝑏 ∈ R, we have

RSS𝐴 (𝜇) ≥
𝜃2

2
min{|𝐴 \ 𝑅1 |D , |𝑅1 |D − |𝑅1 \ 𝐴|D} +

𝜃2

2
min{|𝑅1 \ 𝐴|D , |𝑅c

1 |D − |𝐴 \ 𝑅1 |D}

≥ 𝜃2

2
min{|𝐴△𝑅1 |D , | (𝐴△𝑅1)c |D , |𝑅1 |D , |𝑅c

1 |D} =
𝜃2

2
min{𝛿, 𝑟, 𝑛 − 𝑟},

where the second inequality follows from the fact that min{𝑎, 𝑏} + min{𝑐, 𝑑} =

min{𝑎 + 𝑐, 𝑎 + 𝑑, 𝑏 + 𝑐, 𝑏 + 𝑑},∀𝑎, 𝑏, 𝑐, 𝑑 ∈ R. Combining (38) and the fact that
𝑎𝑏/(𝑎 + 𝑏) ≤ min{𝑎, 𝑏},∀𝑎, 𝑏 ∈ R, we have

RSS𝐴 (𝜇) ≤ 𝜃2min{|𝐴 \ 𝑅1 |D , |𝑅1 |D − |𝑅1 \ 𝐴|D} + 𝜃2min{|𝑅1 \ 𝐴|D , |𝑅c
1 |D − |𝐴 \ 𝑅1 |D}

= 𝜃2min{|𝐴△𝑅1 |D , | (𝐴△𝑅1)c |D , |𝑅1 |D , |𝑅c
1 |D} ≤ 𝜃2min{𝛿, 𝑟, 𝑛 − 𝑟},

as desired in (b).
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(c) This follows directly from Baranowski et al. [3, Lemma 2].

(d) Define a random variable 𝑊 ∼ Unif ( [𝑛]). Let 𝐿 = 1{𝑋𝑊 ∈ 𝐴}, and define
𝐸1 = E(𝜇𝑊 | 𝐿 = 1), 𝐸0 = E(𝜇𝑊 | 𝐿 = 0), 𝑝0 = P(𝐿 = 1) and 𝑝1 = P(𝐿 = 0). Then
𝐸 = 𝑝1𝐸1 + 𝑝0𝐸0 = E(𝜇𝑊 ). Observe that

T 2
𝐴 (𝜇) = 𝑛𝑝0𝑝1(𝐸1 − 𝐸0)2 = 𝑛𝑝1(𝐸1 − 𝐸)2 + 𝑛𝑝0(𝐸0 − 𝐸)2 = 𝑛Var(E(𝜇𝑊 | 𝐿)),

and by law of total variance we have T 2
𝐴
(𝜇) ≤ 𝑛Var(𝜇𝑊 ) ≤ 𝑛E(𝜇2

𝑊
) = 𝑟𝜃2rms as

desired.

(e) Define 𝑈 ∼ Unif (𝑢 ∈ [𝑛] : 𝑋𝑢 ∈ 𝐴) and 𝑉 ∼ Unif (𝑣 ∈ [𝑛] : 𝑋𝑣 ∉ 𝐴),
and 𝜃21 := E(𝜇2

𝑊
| 𝑋𝑊 ∈ 𝐴 ∩ 𝑅1), 𝜃20 := E(𝜇2

𝑊
| 𝑋𝑊 ∈ 𝑅1 \ 𝐴). Observe that

RSS𝐴 (𝜇) = |𝐴|DVar(𝜇𝑈) + |𝐴𝑐 |DVar(𝜇𝑉 ). Let E := {𝑋𝑈 ∈ 𝑅1}. Again, by the law
of total variance, we have

Var(𝜇𝑈) = E(Var(𝜇𝑈 | 1E)) + Var(E(𝜇𝑈 | 1E))
= Var(𝜇𝑈 | E)P(E) + {E(𝜇𝑈 | E)}2P(E)(1 − P(E))
≥ E(𝜇2𝑈 | E)P(E)(1 − P(E)) ≥ 𝜃21P(E)(1 − P(E)). (39)

Similarly we have Var(𝜇𝑉 ) ≥ 𝜃20P(E
′)P(E′) (1 − P(E′)) where E′ := {𝑋𝑉 ∈ 𝑅1}.

Hence,

RSS𝐴 (𝜇) ≥ 𝜃21 |𝐴|DP(E)(1 − P(E)) + 𝜃
2
0 |𝐴

𝑐 |DP(E′) (1 − P(E′))

≥ 1
2
𝜃21 |𝐴|D min{P(E), 1 − P(E)} + 1

2
𝜃20 |𝐴

𝑐 |D min{P(E′), 1 − P(E′)}
(40)

≥ 1
2
min{𝜃2rms𝑟, 𝜃

2
min𝛿, 𝜃

2
min(𝑛 − 𝑟)} (41)

as desired, where the last inequality follows from the facts that 𝜃21 ≥ 𝜃2min, 𝜃
2
0 ≥ 𝜃2min

and |𝐴|D𝜃21 + |𝐴
𝑐 |D𝜃20 = 𝑟𝜃2rms. □

Appendix C: Time complexity

Theoretically, the time complexity of Algorithm 1 is 𝑂 (𝑛2𝑑𝐽𝑛), where drawing discs
takes 𝑂 (𝑑𝐽𝑛), forming pairs of inner and outer discs takes 𝑂 (𝑛), and computing RSS
and local CUSUM take 𝑂 (𝑛) for each disc pair. In case where 𝐽𝑛 is increasing with 𝑛,
the running time scales cubically with 𝑛.

The running times of our estimator for 𝑑 ∈ {2, 3, 4} and 𝑛 ∈ {50, 100, 200, 500, 1000}
are given in Table 1, and we set 𝐽𝑛 = 1000 for each setting. The running times of
competitors when 𝑑 = 3 are shown in Table 2.
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𝑑 = 2 𝑑 = 3 𝑑 = 4

𝑛 = 50 3.401 2.069 2.023
𝑛 = 100 4.372 4.33 4.301
𝑛 = 200 9.843 9.814 9.827
𝑛 = 500 36.845 36.823 36.86
𝑛 = 1000 127.172 126.08 126.729

Table 1
Running times of our estimator (𝐽𝑛 = 1000) in seconds

𝑛 = 50 𝑛 = 100 𝑛 = 200 𝑛 = 500 𝑛 = 1000

ours 2.069 4.33 9.814 36.823 126.08
dalponte2016 0.409 0.392 0.391 0.408 0.414
silva2016 0.339 0.363 0.378 0.36 0.369
li2012 0.274 0.271 0.291 0.275 0.283

Table 2
Running times in seconds
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