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Abstract

We study the effects of missingness on the estimation of population parameters.
Moving beyond restrictive missing completely at random (MCAR) assumptions, we
first formulate a missing data analogue of Huber’s arbitrary e-contamination model.
For mean estimation with respect to squared Euclidean error loss, we show that the
minimax quantiles decompose as a sum of the corresponding minimax quantiles under
a heterogeneous, MCAR assumption, and a robust error term, depending on e, that
reflects the additional error incurred by departure from MCAR.

We next introduce natural classes of realisable e-contamination models, where an
MCAR version of a base distribution P is contaminated by an arbitrary missing not
at random (MNAR) version of P. These classes are rich enough to capture various
notions of biased sampling and sensitivity conditions, yet we show that they enjoy
improved minimax performance relative to our earlier arbitrary contamination classes
for both parametric and nonparametric classes of base distributions. For instance, with
a univariate Gaussian base distribution, consistent mean estimation over realisable
e-contamination classes is possible even when e and the proportion of missingness
converge (slowly) to 1. Finally, we extend our results to the setting of departures
from missing at random (MAR) in normal linear regression with a realisable missing
response.

1 Introduction

A major theme of modern statistical research concerns problems where we wish to make
inference about (some aspect of) a target population, but do not have access to an inde-
pendent sample of size n from this distribution. Departures from this idealised scenario
may take many different forms: spatial, temporal or some other form of dependence may
be present (Cressie, 2015; Brockwell and Davis, 1991), or (some of) our data may be drawn
from a source distribution that is different from, but related to, our target population, as in



transfer learning (Cai and Wei, 2021; Reeve, Cannings and Samworth, 2021). In a similar
vein, the field of robust statistics aims to draw reliable inference when some of our data may
be contaminated (Huber, 1964).

One of the most common ways in which observed data may fail to represent a sample
from a target population is when components may be missing or unobserved. Even the
relatively benign setting where data are missing completely at random (MCAR)—that is,
when the data generating and missingness mechanisms are independent—presents substantial
challenges for practitioners and theoreticians alike. A significant, ongoing research effort
has therefore sought to introduce appropriate methodology under the MCAR hypothesis
in several contemporary statistical problems, including sparse linear regression (Loh and
Wainwright, 2012; Belloni, Rosenbaum and Tsybakov, 2017), classification (Cai and Zhang,
2019; Sell, Berrett and Cannings, 2024), sparse or high-dimensional principal component
analysis (Elsener and van de Geer, 2019; Zhu, Wang and Samworth, 2022; Yan, Chen and
Fan, 2024), covariance and precision matrix estimation (Lounici, 2014; Loh and Tan, 2018)
and high-dimensional changepoint estimation (Xie, Huang and Willett, 2012; Follain, Wang
and Samworth, 2022).

Despite this progress, it is frequently argued that MCAR, should be regarded very much
as the exception rather than the rule in applications. For instance, supporters of one political
party may be less likely than other voters to respond to survey requests (Kennedy et al.,
2018), while in education, efforts to model the value added by teachers may be hindered by
large numbers of students with incomplete records and the tendency for those students to
be lower achieving (McCaffrey and Lockwood, 2011). Likewise, in epidemiology, individuals
with depression may be less likely to participate in a survey than those without depres-
sion (Prince, 2012), while metabolomic data are typically subject to a high proportion of
non-MCAR missingness due to a metabolite-specific missingness mechanism in which more
abundant analytes are more likely to be observed (Do et al., 2018; McKennan, Ober and
Nicolae, 2020).

The most well-studied alternative to MCAR is the missing at random (MAR) hypothe-
sis (Little and Rubin, 2014; Seaman et al., 2013; Farewell, Daniel and Seaman, 2022). The
main virtue of this assumption is that, in well-specified, identifiable parametric models,
likelihood-based methods may retain parametric rates of convergence to population esti-
mands. On the other hand, it also has several drawbacks: first, it may well still be too
restrictive as an appropriate missingness model for practical data sets (e.g. in the examples
of the previous paragraph). Second, its links to likelihood-based methods and simple miss-
ingness patterns limit its applicability; third, even in simple parametric models, population
parameters may be unidentifiable under MAR (see Section 2.2.1); and finally, it fails to mea-
sure proximity to the MCAR class in an appropriate, continuous fashion, and may therefore
be unable to capture the essence of a given statistical challenge.

Our goal in this paper is to commence a line of work that seeks to understand the extent
to which (non-MCAR) missingness affects our ability to estimate population parameters.
We primarily focus here on the most basic statistical problem of mean estimation, though
we extend our results to regression settings where the response variable may be missing
in Section 5. In order to address the fundamental difficulty of the challenge, we introduce
Huber-style models that interpolate between MCAR and larger classes that allow much more
general dependence relationships between the data generating and missingness mechanisms.
We measure performance of estimators via their squared Euclidean error, but since this loss



function is unbounded and we have a positive probability under our models of observing no
data, the minimax risk is infinite (so uninformative for the purposes of comparing estimators).
Instead, we work with the recently-developed minimax quantile framework; see Section 2.4.

We begin in Section 2 by introducing a formal framework for studying missing data
via extended measurable spaces, which allow for missing components. Our main statistical
models are what we refer to as arbitrary e-contamination and realisable e-contamination
models. In the former, we perturb a distribution P that is subject to MCAR missingness
by an additional mixture component (having corresponding mixture proportion €) that may
be an arbitrary distribution on our extended measurable space; in particular, this latter
mixture component may be viewed as an MNAR version of an arbitrary distribution P’.
On the other hand, in our realisable classes, although we again allow mixture perturbations
of a base distribution P subject to MCAR missingness, we now require the contamination
component to be an MNAR version of P itself. Although we are not aware of previous studies
of these realisable classes, we believe that in many practical settings, it is appropriate to
regard our data (whether observed or not) as arising from a particular base distribution, and
the missingness mechanism only playing a role thereafter (even if it is potentially dependent
on the data). Such a setting would result in our observed data as being from a realisable
model, and these classes therefore form a natural way to restrict the vast array of different
possible dependence relationships between data generating and missingness mechanisms. As
we establish in this work, they also offer the potential for improved performance guarantees
relative to those available for arbitrary contamination models.

In Section 3, we study the minimax quantiles of our squared Euclidean error loss func-
tion over arbitrary e-contamination models. Theorem 3 provides an upper bound via an
iterative imputation version of the robust descent algorithm of Depersin and Lecué (2022b).
This bound decomposes as a sum of an MCAR term and a term quantifying the effect of
contamination from MCAR. A corresponding lower bound on the minimax quantile given
in Theorem 4 reveals that, at least when the covariance matrix of our base distribution is
diagonal, the upper bound in Theorem 3 is optimal up to multiplicative constants in terms
of its behaviour under departures from MCAR, and is optimal up to logarithmic factors in
the dimension and quantile level in the MCAR term.

We turn our attention in Section 4.1 to realisable contamination of a Gaussian base dis-
tribution. Focusing for now on the univariate case for simplicity of exposition, we introduce
a minimum Kolmogorov distance estimator, and show in Theorems 6 and 7 that it achieves
the minimax optimal rate for both the MCAR and MCAR departure terms, except for a
possible logarithmic dependence in an intermediate effective contamination level regime that
vanishes with the effective sample size. This latter result also reveals the surprising fact that
consistent mean estimation is possible in this model even in settings where the proportion of
missingness and the proportion of MNAR contamination converge (slowly) to 1. Section 4.2
concerns more general realisable models, where our base distribution is only required to sat-
isfy moment or ,-Orlicz norm conditions with » > 1. Theorems 10 and 11 provide upper
and lower bounds on the minimax quantiles that match up to universal constants under both
conditions. For both our Gaussian and our nonparametric classes of base distributions, we
also discuss multivariate extensions of these results.

Table 1 presents a selection of our findings for univariate mean estimation problems.
These illustrate the benefits in terms of improved worst-case performance of working with
realisable, as opposed to arbitrary, contamination. It is interesting to see, for instance, that



when the effective contamination level x is small, the minimax quantile rate for a Gaussian
distribution under arbitrary contamination agrees with the corresponding rate for a general
distribution with finite variance under realisable contamination. It is also notable that, while
under arbitrary contamination the minimax quantiles are infinite as soon as € > ¢/(1 + q),
where ¢ denotes the MCAR observation proportion, under realisable contamination this
threshold converges to 1 with the sample size.

Arbitrary contamination Realisable contamination
Base distribution Minimax rate e condition Minimax rate e condition
21og?(1
Gaussian My + 0% K> e< 1 Mo LHN) e<1—o,(1)
1+4g¢ log{ng(1 —¢€)}

Sub-Gaussian | .# + o*k?log(L) | e< % My + 0*(k* Nog(1+ k) | € <1—op(1)
q

Finite variance Mo+ 7k €< % My + % (K N K) e<1—o,(1)
q

Table 1: A comparison of minimax rates under arbitrary and realisable e-contamination for different
2
univariate base distribution classes. Here, .# := o 10g1/9) {enotes the MCAR minimax (1 —4)th

nq(l—e)
quantile rate for estimating the mean of a base distribution P having variance (or squared sub-
Gaussian norm) o2 based on Z1, ..., Z, S MCAR (4(1—e),p) (see (1) below), and & = ﬁ denotes

the effective contamination level. In the Gaussian realisable rate, we have ignored a potential
logarithmic multiplicative factor in a regime where the overall rate remains polynomial in the
effective sample size ng(1 — €). The results for arbitrary contamination are provided in Section C.3
and Theorem 4, while the results for realisable contamination are given in Section 4.

Extensions of our results to normal linear regression models with realisable missing re-
sponses are discussed in Section 5. Here, we show that even when the contamination pro-
portion € is allowed to grow slowly to 1, consistent estimation of the vector of regression
coefficients remains achievable under a mild regularity assumption on the design.

All of our proofs are deferred to the Appendix.

1.1 Related work

The e-contamination models that form the bedrock of our framework for the analysis of
the effects of missing data are inspired by related models in the robust statistics literature
(Huber, 1964). Recently, there has been a concentration of research effort attempting to
argue that statistical procedures achieve the optimal dependence on € in different statistical
problems, thereby providing evidence of their robustness. For instance, for fully observed
data, Chen, Gao and Ren (2018) demonstrate the optimality in this sense of the Tukey
median (Tukey, 1975) for mean estimation, as well as a matrix depth estimator of a covariance
matrix. Since the Tukey median is computationally intractable, various alternatives have
been considered in the both the statistics and theoretical computer science literature (see,
e.g., Diakonikolas and Kane, 2023, and references therein). Other problems studied within
this framework include linear regression (Bakshi and Prasad, 2021; Pensia, Jog and Loh,



2024+), nonparametric regression (Gao, 2020) and robust clustering (Liu and Moitra, 2023;
Jana, Fan and Kulkarni, 2024).

Our realisable contamination models are related to several previous attempts to study
restricted forms of missing not at random and biased sampling. For instance, Vardi (1985)
introduced a biased sampling model and, under the assumption that the sampling mechanism
is known, studied nonparametric estimation of the distribution function. Under this oracle
model, Gill, Vardi and Wellner (1988) studied classical asymptotics and efficiency guarantees
for the nonparametric maximum likelihood estimator; see also Bickel and Ritov (1991) for
similar guarantees in a linear regression setting. Later, Aronow and Lee (2013) and Sahoo,
Lei and Wager (2022) introduced likelihood ratio constraints to perform estimation in situ-
ations where the sampling mechanism may be unknown. In the causal inference literature,
efforts to restrict unobserved confounding have led to the introduction of similar restrictions
known as sensitivity conditions (Rosenbaum, 1987; Zhao, Small and Bhattacharya, 2019). As
we show in our discussion following Proposition 2, our realisable contamination classes can
be understood as generalisations of these notions. In a different direction, and with a view
towards computational efficiency, Daskalakis et al. (2018) considered estimating population
parameters in a biased sampling model induced by truncation to a known set; Kontonis,
Tzamos and Zampetakis (2019) and Diakonikolas et al. (2024) studied the computational
and statistical consequences of the absence of knowledge of this truncation set. Distributions
obtained by truncation are missing not at random and as such can be captured when ¢ = 1
by our realisable e-contamination classes.

1.2 Notation

For d € N, we let [d] := {1,...,d} and write 2/! for the power set of [d]. For a,b € R, we let
a Vb= max{a, b} and a A b= min{a, b}. We also define log, (x) = log(z) V 1 for « > 0. If
I is an arbitrary index set, then for functions f,g: I — R, we write f 2 g if there exists a
universal constant ¢ > 0 such that f(i7) > cg(i) for all ¢ € I, and write f < g if there exists
a universal constant C' > 0 such that f(i) < Cyg(7) for all i € I.

For S C [d], we define 15 € {0,1}* by (1g); == lLyjesy; for j € [d], we write ¢; € R?
for the jth standard basis vector. We denote the unit Euclidean sphere in R? by S?~!. The
sets S*4, SiXd and Sﬁid denote the set of symmetric, symmetric positive semidefinite and
symmetric positive definite matrices in R¥? respectively. For A € R we write ||A|lop
for its operator (spectral) norm and ||Al|« for its maximum absolute entry. Further, for
A€ 8P we let r(A) = tr(A)/||Allop denote the effective rank of A, with the convention
that 0/0 := 0. Given (ai,...,aq)" € R% let diag(ay,...,aq) € R denote the diagonal
matrix with entries ay, . .. aq, and let Iy == diag(1,...,1) denote the identity matrix in R¥*9,

For a topological space (X,7), we let B(X) denote the Borel o-algebra of X', and let
P(X) denote the set of all probability measures on (X, B(X)). For two measures ji, jo
on (X ,B(X )), we write p; << o if uy is absolutely continuous with respect to ps. We
write A € P(R) for Lebesgue measure on R. Given a collection Q of distributions, we define
Q%™ = {Q®": @ € Q}. For arandom variable X taking values in X, we let Law(X) € P(X)
denote the distribution of X, and supp(X) C X denote the support of X, i.e. the intersection
of all closed sets C' C X with P(X € C) = 1.

For § € R and o € [0,00), we let ®(p)(-) and ¢(,0)(-) denote the distribution and density
functions of the N(,0?) distribution respectively, with the shorthand that ® := @) and



¢ = 9(0,1)-

2 Statistical setting

2.1 The extended space X, and classical models of missing data

In this section, we introduce spaces that are convenient for models of missing data. Let d € N
and, for j € [d], let (&X;,7;) denote a topological space equipped with its Borel o-algebra
B(X;). We use the symbol x to denote a missing element' and define, for each j € [d], the
extended space X, = X; U {*}, equipped with the topology 7;, =7, U{AU{x} : A € 7;}
and corresponding Borel o-algebra B(X;,) = B(&;) U {AU {x} : A € B(&;)}. Given a
measure y; on (X;,B(X;)), we define the extended measure i, on (X;., B(X;.)) by

pin(A) = pi(A) and g (AU{x}) = p;(A) +1

for A € B(X;). It is also convenient to define the product spaces X = H;l:l A&; and
X, = H?Zl X ., equipped with their product o-algebras B(X) == ®,cqB(X;) and B(X,) =
®jejaB(X; ) respectively.

We will often reason about missing data via revelation vectors w € {0, 1}¢, which together
with an element x € X induce an element of the extended space X, through the binary
operator ® : X x {0,1}¢ — X,, where the jth component of 2 ® w is defined by

Ij iijzl

(r®w); = {

* if Wy = 0,
for j € [d]. The following example gives a concrete illustration of the abstract notation.

Example 1. Let X ~ N(0,1) and let Q be a binary random variable satisfying P(Q2 =
1| X = z) = g(x) for some Borel measurable function g : R — [0,1]. Then the R,-valued
random variable X ® Q admits a density f, : R, — [0,00) with respect to the extended
Lebesgue measure \,, where

) g(2)¢(2) if zeR
fulz): {1 — Jp9(@)é(z)dx if z = . ¢

An advantage of working with the extended measurable space X, is that it allows us
to give succinct definitions of three classical models of missingness: missing completely at
random (MCAR), missing at random (MAR) and missing not at random (MNAR). For each
definition, we will let X ~ P € P(X) and m € P(2¥). To define the MCAR distribution,
let 2 be a random vector in {0,1}%, independent of X, such that P(Q = 15) = n(S) for
S C [d], and define”

MCAR,.p) == Law(X ® Q) € P(X,). (1)

"When X; = R, we adopt the conventions that -0 := 0 =: 0 - x, that - x :== x = -z for z € X, \ {0}
and that x + x = x for x € AX,.
2When d = 1, we may identify 7 with ¢ := 7({1}), and write MCAR 4, p) in place of MCAR(, p).



Next, the family of MAR distributions is the subset of P(X,) given by®

MAR(z p) = {LaW(X ®Y): X ~P P =1g) =7(S) VS C [d], (2)
P =w|X=12)=PQ =w|X ®w=1®w) Yw € {0,1}", P-a.e. 7 € X'}.

The missing at random definition captures the intuitive idea that ‘missingness depends only

on the observed variables’ and is tailored toward likelihood-based methods for which it implies

the so-called ignorability of the missingness mechanism (Seaman et al., 2013, Section 5).
Finally, we define the corresponding family of MNAR distributions MNAR py C P(&X,) as

MNAR( p) = {Law(X ® Q) : X ~ P,P(Q = 15) =w(S) VS C [d]} CP(X.), (3)

According to these definitions, MCAR(; py € MAR(; py € MNAR(, p). When the distribu-
tion 7 is not fixed, we let

MARp:= | MAR,p and MNARp:= [ MNAR(,p). (4)
peP(21d]) peP(2])

2.2 Models of departures from M(C)AR

2.2.1 Identifiability issues under the missing at random assumption

The MAR assumption (2) is arguably the most widely adopted form of departure from the
restrictive MCAR assumption in statistical practice. However, in Example 2 below, we
show that even in simple parametric scenarios, this can lead to identifiability issues that
preclude consistent estimation; in particular, even though the the MAR assumption holds,
it is nonetheless impossible to identify the population mean.

Example 2. For § = (61,65)" € [0,1]?, define Py € P({0,1}?) such that for X =

(X1, X5, X3)T ~ Py, we have X; ~ Ber(6;), Xy ~ Ber(f) independently, and X3 =
X + X5 (mod 2). We next specify a missingness mechanism via

(0,0,1) if X3 =1,
QX =14(0,1,1) with probability 1/2 if X3 =0,
(1,0,1)  with probability 1/2 if X3 =0,

and note that if X ~ By, then Ry = Law(X ® Q) € MARp,. We have

60105

R9<{(*7*7 1)}) = 61(1 - 02) + (1 - 01)927 Ra({(*, 17 O>}) = Rg({(l,*7 0)}) = T

and (1—6,)(1 — 6)
— 1)L =0

Rg({(*,0,0)}) = Rg({(o,*, O)}) = 5 .
Thus, R, 0,) = R, for all (61,05)" € [0,1]2, so that it is impossible to identify the
parameter. This symmetry additionally implies that the population log-likelihood may not
admit a unique global maximiser. Indeed, letting 6* € [0, 1]*> denote the true parameter, the
population log-likelihood is given by £(6) := log E¢-{ Ry({X ® w})}, which is symmetric in
the components of 6. &

3A formal definition of the conditional probabilities in (2) can be provided through the notion of disinte-
grations, whose existence is assumed here (and is guaranteed when X is a Polish space for each j € [d]); see
Section G.



P(X,) MNARp
e=1

Figure 1: An illustration of the arbitrary e-contamination model P*™P(P, ¢, m), which interpolates
between MCAR: py and P(&X,).

2.2.2 Huber-style models of departure from MCAR

Given the failure of the MAR assumption to ensure the tractability of the mean estimation
problem, and in light of dual representation of the incompatibility index given by Berrett
and Samworth (2023, Theorem 2), it is natural to model departures from MCAR via a
nonparametric, Huber-style contamination model. In particular, given P € P(X), € € [0, 1]
and 7 € P(219), we define the arbitrary e-contamination model

PP (P, e, 1) = {(1 — )MCAR ;. p) +€Q : Q € P(X*)}. (5)

This family comprises mixture distributions in which one of the mixture components can
be an arbitrary distribution on X,. One way to think about such distributions is via the
following algorithm for drawing an observation Z ~ (1—€)MCAR; p)+€@Q, where @ € P(&X,).
We first generate W ~ Ber(e); if W = 0, we then draw 2 and X independently, according to
P(Q=15|W =0) =x(S) for S C [d] and X |{WW = 0} ~ P, and finally set Z := X ®{2. On
the other hand, if W = 1, then we draw Z | {W = 1} ~ Q. The arbitrary e-contamination
model allows us to interpolate in a continuous way between P¥*(P,0,7) = MCAR(:,p) and
PP (P 1, 1) = P(X,); see Figure 1.

An attraction of the arbitrary contamination model is its generality. Nevertheless, in
many practical settings where one considers data arising from a particular distribution that
are then subjected to some form of missingness, it may be preferable to seek classes to
interpolate between MCAR, py and MNARp. To this end, a key definition in our framework
is that of the realisable e-contamination model

R(P,e,m) = {(1 — )MCARp) +€Q: Q € MNARP}; (6)

see Figure 2. In this model, the contamination mixture component is restricted to being
a partially-observed version of X ~ P, where nevertheless the observation pattern may
both be different from that in the uncontaminated component, and dependent on X. Thus,



P(X,) = MNAR

Figure 2: An illustration of the realisable e-contamination model R(P, ¢, ), which interpolates
between MCAR . py and MNARp.

the realisable contamination model R(P, €, ) represents a (still nonparametric) subclass of
Pa(P e, ), with the potential to yield improved rates of mean estimation. On the other
hand, noting that R(P, 1, 7) = MNARp, in Example 2, the distribution Ry belongs to MNAR p
but not to R(P, ¢, ) for any € € [0, 1), so the inability to estimate its mean consistently does
not contradict our minimax upper bounds established in Theorem 10.

2.2.3 Regression with missing response

A practical application of our framework for mean estimation with missingness is to re-
gression problems where the response variable may be missing. Here, we consider a d-
dimensional (random) covariate vector and a real-valued response variable Y. Given a dis-
integration (Py|;).cre of the joint distribution of (X,Y’) into conditional distributions on R,
and ¢ € (0, 1], we define the collection of missing at random (MAR) response distributions
as

MARES, ) = {Law(Y @ Q| X): Y| X ~ Byx.supp(©) = 0.1},
Q1Y |X and P(Q = 1] X) Zq}, (7)

and the corresponding collection of missing not at random (MNAR) response distributions
as

MNAR?IE;X) = {LaW(Y ®Q|X):Y | X ~ Pyx and supp(£2) = {0, 1}} (8)

We note two crucial differences between the classes defined in (7) and (8) above. First, in
the missing at random setting, we require that the missingness mechanism (2 is conditionally
independent of the response Y given the covariate vector X, whereas in the latter setting, the
mechanism may depend arbitrarily on the response as well as the covariate. Second, under
the missing at random setting, we require a lower bound on the probability of observing a



particular response given its corresponding covariate vector X. This latter condition implies
a one-sided version of a so-called strict overlap condition (see, e.g., Hirano, Imbens and
Ridder, 2003, Assumption 4(ii)). By contrast, we impose no such assumption in the missing
not at random setting. Given € € [0, 1], we define our realisable e-contamination model with
a missing response as

RES(Py x, €, q) = {(1 —OMARIS, 4@ Qe MNAR?;;X)}. 9)

(¢,Py|x

2.3 Characterisation of realisability

As we have argued previously, the realisable e-contamination model is often very natural in
settings where our data are observed subject to missingness. It is therefore of great interest to
characterise distributions R € R(P, ¢, ), and this is achieved in Theorem 1 below through
integrals of bounded, continuous functions with respect to R. Given a topological space
(Z,7z), it is convenient to write C,(Z) for the set of bounded, continuous functions on Z.
For f € Cy(&,), we also define fiax : & — R by fiax(2) = max, o134 f(7 ® w).

Theorem 1. Let Xi,..., X, be locally compact Hausdorff spaces* and let X = H;lzl X;.
Assume that every open set in X is o-compact. Fiz P € P(X), e € (0,1], 7 € P(24). Let
R € P(X.,), and define a signed measure on X, by Q = ¢ *{R — (1 — ) MCAR(; p)}. Then
R € R(P,e,n) if and only if Q € P(X,) and

P(fimax) = Q(f) (10)
for all f € Cp(X,).

An important special case of Theorem 1, and indeed the main content of its proof,
concerns the setting where ¢ = 1. Here, the result states that a distribution ) belongs to
MNARp if and only if (10) holds, and is a consequence of a generalised version of Farkas’s
lemma (Farkas, 1902), due to Craven and Koliha (1977). An explanation of the relevance of
this seemingly-unrelated lemma, which amounts to a proof of the theorem in the case where
X is finite, is provided before the proof of the full result in Section B.1.

In the univariate case with X = R, Proposition 2 below provides a more explicit charac-
terisation of realisability. It is also convenient here to write R(P, ¢, q) in place of R(P, €, )

when ¢ = 7({1}).

Proposition 2. Let P € P(R) and assume that P has density p with respect to a Borel
measure pi. Let € € [0,1], 7 € P({0,{1}}), and define ¢ := n({1}). Then R € R(P,¢€,q) if
and only if R < u, and there ezists a Borel measurable function m : R — [0, 1] such that

dR (2) = {q(l —€)-p(z) +e-m(2)p(z) ifz€R (11)

ds 1—q(l—e) —e [ym(z)p(x)du(z) if z=*
In a similar fashion to the quantity M in the discussion following Theorem 1, the function

m : R — [0,1] admits an interpretation as a missingness mechanism for the MNAR com-
ponent. More generally, Proposition 2 reveals that univariate realisability is characterised

4For the convenience of the reader, definitions of these terms from topology are provided in Section B.1.
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via rejection sampling. To see this in the extreme case when ¢ = 1, consider a distribu-
tion R € P(R,) such that R < p,, and for Z ~ R, let g denote the conditional density
with respect to p of Z given that {Z # x}. By Proposition 2, R € MNARp if and only if
g(z)/p(z) < 1/R({}) for p-almost all z € R. Thus any R € MNARp can be obtained via
rejection sampling from P.

Let us now compare our realisable class in (6) with related notions in the (primarily
causal inference) literature, in the univariate case. Let Z := X & ), where X ~ P < p and
where 2 is a random variable taking values in {0,1} that need not be independent of X.
Define h : R — [0, 1] by

hz) =P(Z #*| X = ).

Proposition 2 yields that Law(Z) € R(P, ¢, q) if and only if ¢(1 —€) < h(x) < g(1 —€) + € for
p-almost all z € R. The notion of I'-biased sampling of Sahoo, Lei and Wager (2022) (see
also Aronow and Lee (2013)) can be stated as the condition on h and G := P(Z # x) that
It < h(x)/q <T for some I' > 1 and p-almost all x € R. In a similar spirit, the marginal
sensitivity condition of Zhao, Small and Bhattacharya (2019, Definition 1) asks that there
exists A > 1 such that

h(z) 1-g7_,
T

for p-almost all z € R, while the classical sensitivity condition of Rosenbaum (1987) reads
as

<

1 h(a:l) 1 — h(xg)
A STTh) hm) A

for (1 ® p)-almost all (z1,79) € R% These classes all belong to R(P,¢,q) for some ¢ €
[0,1) and g € (0,1]. Here, for simplicity of exposition, we have presented versions of these
conditions without covariates. Nevertheless the comparison remains valid when covariates
are included; see Section 5

| N

2.4 Minimax quantile framework

In a traditional minimax analysis, the randomness in the loss function evaluated at our data
is handled via a reduction to its expectation, namely the minimax risk. As mentioned in
the introduction, this minimax risk is infinite in the problems that we consider, so does not
provide a meaningful way of comparing different statistical procedures. We therefore adopt
the minimax quantile framework of Ma, Verchand and Samworth (2024), which also offers
the benefit of retaining all of the distributional information, e.g. regarding tail behaviour, in
the loss function.

To introduce this paradigm in generality, we let (0, d) be a non-empty pseudo-metric
space and for € € O, let Py denote a family of probability measures on a measurable space
(£,C). Further, let g : [0,00) — [0,00) denote an increasing function and define the loss
L:0x0 —[0,00) by L(6,6) = g(d(6,0')). Write O for the set of estimators of 6, i.e. the

set of measurable functions from Z to ©. For € ©, Py € Py and a quantile level § € (0, 1],
we write

Quantile(1 — §; Py, L(8,0)) = inf{r €0,00): P{L@.0)<r}>1- 5},
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and consider the minimaz (1 — §)th quantile, defined as

M(6,Pe, L) = inf sup sup Quantile(1 — 6; Pg,L(é\, 0)), (12)
6c6 00 PyePy

where Pg = {Py : 6 € O}. If there exists 0 € © such that with Py-probability at least 1 — 4,
we have L(0,0) < UB(0) for all § € © and Py € Py, then M (0, Pg, L) < UB(9). For the
squared Euclidean error loss L(6,60) = |6 — 0|3, we will slightly abuse notation by writing

M(8,Pe, || - [) in place of M(3, Pe, L)

3 Mean estimation under arbitrary contamination

Throughout this section, we take X = R?. The set of distributions on R? with mean vector
6 € R? and covariance matrix 3 € SﬁXd is denoted

P0,S) = {P e P(RY) : Ep(X) =0, Covp(X) = 2}. (13)

Given € € [0,1] and 7 € P(2l9), it is convenient to define a specialised version of our arbitrary
contamination model by

PG, 2 €, ) = U P (P e, 7). (14)

PEP(6,5)
We now describe the robust descent algorithm with iterative imputation in Algorithm 1,
and quantify its performance in Theorem 3. This algorithm depends on universal constants
At Ay, Ag > 0; sufficiently large values for our theoretical guarantees can be determined
from Theorem 3 and Lemma 17 as well as Depersin and Lecué (2022b, Theorem 2.1), though

these values are probably far from optimal. The performance of Algorithm 1 is governed by
the matrix YW ¢ SﬁfXd, with entries

oWy Gk g
( )]k ngk J

for j, k € [d], where ¢j;, = ng[d]:{j,k}gs 7(S) and ¢; == ¢;;. Further define ¢y, = minje(q g;-

Theorem 3. Let € € [0,1/2), n € N and 6 € (0,1). Let Zy,..., Z, = P € P (0, %, ¢, )

and let gn = ITERATIVE_ROBUST_DESCENT(Z1, ..., Zy,;€,0) from Algorithm 1, with Ay =
1072, Ay = 300 and As = 180,000. Taking

Ti=1+ [log+ (A {x(2"Y) + 10%(24d/5>}ﬂ’

as in the algorithm, we have that if both

G > 1013 {(e N TlogST/é)) y 300T10§(6T/5)} y 8log(nGd/5)

and § > 6T e/ (T20,000T) \/ qo=n/CT) " then there exists a universal constant C' > 0 such that,
with probability at least 1 — 9,

T tr(3PW) N T||32"W]|op log(6T'/6) N
n n

u@—%@so( wﬁwmﬁ-
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Algorithm 1 ITERATIVE_ROBUST_DESCENT for robust mean estimation with iterative
imputation

Input: Data zj,...,2, € R? contamination parameter ¢ > 0, and tolerance parameter
>0
Output: An estimator é\n of 6,

1: function ITERATIVE_ROBUST_DESCENT(21, . .., 2,; €, )

20 T« 1+ [log (A {r(E™Y) +log(24d/6)})|, € < 2e + 2T log(3T'/§)/n and
M < [(Aoné /T) V Aslog(6T/4)|

I+ {ie SW wy; =1}

55.1) — UNIVARIATE,TRIMl\/{ED,MEAN((zij)l-6 i€ 5); see Algorithm 3
10: end for

11: fort€{2,...,T} do

3: for i € [n] and j € [d] do

4: Wij < ﬂ{ziﬁg*}

5: end for

6: Randomly partition [T'|n/T|] into T disjoint sets (S®);e(r of equal cardinality
7 for j € [d] do

8:

9:

12: Randomly partition S® into M + 1 disjoint sets (Bﬁ,?)me[MH], where the first
M have cardinality ||S®|/M |
13: for (m, j) € [M] x [d] do
14: (,T)nij — ]1{21_63%) wi; >0}
15: AR S L) Wi +(1—al)y- vy
Zierﬁ) Wij
16: end for
17: #® + RoBusT_BLoCK_DESCENT(Z\", ... 2)): see Algorithm 4
18: end for R
19: return 6, «+ 00

20: end function

Since
T <1+log, (Ai{d +log(24d/6)}) < logd + log, log(1/4),

Theorem 3 yields that, with PaP = {Parb(e, Y,e,m) 0 € @},

tr(XPW YLIPWI log(1/6
./\/1(6, PP - H%) S {logd—i-logJr log(l/é)}{ ( - )+ H | ; 81/ )} + 12 ope -

N J/

Vv
MCAR term MCAR departure

As indicated, our upper bound decomposes into a sum of two distinct components: an MCAR
term and an e-dependent term that captures the effect of departure from MCAR. The first
of these terms further decomposes as the sum of a risk component® and a term that captures
the dependence on the quantile level 4.

5Strictly speaking, this is a slight abuse of terminology, since the MCAR risk is infinite whenever g, < 1;
however, it is the risk when gy = 1, and the terminology reflects the fact that the term does not depend
on the quantile level 4.
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In the strong contamination model, Hu and Reingold (2021, Theorem 2) provide an
HHR

estimator satisfying the upper bound

d|[Zlloplogd | dlZ]loplog(1/0) | [[Xllope

10— 6ol13 <
N Qmin NQmin Gmin

with probability at least 1 — §, provided that § 2 de~“"min for an appropriately small ¢ > 0.
Since our Algorithm 1 applies the ROBUST_BLOCK_DESCENT algorithm of Depersin and
Lecué (2022b) iteratively, and since that algorithm has performance guarantees under the
strong contamination model, it follows that our bound in Theorem 3 also holds in the strong
contamination model, and this facilitates a comparison of our conclusion with that of Hu
and Reingold (2021). The improvements of our bound when § > exp(—e?) arise from the
facts that

1210
(V) < dEW]gp, BTV lop < 2,
and
tr(XPW YIPWI Clog(1/6 d||X]|op logd  d||2]|on log(1/6
log(dlog(1/5)){ r( - )Jr | I 7I;Og( / )} §2{ l lelqp.og N | ||;q§g( / )}‘

These gains may be significant: for instance, when § = e~¢, we obtain that with probability
at least 1 — 0,

5 AV op log d
160 = B0l 5 ===+ I= lop -

By contrast, Hu and Reingold (2021) obtain that with probability at least 1 — 4§,

2?2, Yl
||‘/9\HR . 00||§ 5 || || P + H ” P €.
Nqmin Gmin

As another example, to illustrate the effect of heterogeneous missingness across coordinates,
iftd>2 YX=1;+ l[d]l[z], ¢ =1/d and ¢; =1 for j > 2, then

IS lop = Ha + Lig Ly + (2d = 2)erey [lop < 1+ tr(1gly + (2d — 2)eqe] )

2o
=3d—1<d(d+1) = [Zlep

Gmin

On the other hand, due to the sample splitting in Algorithm 1, our condition on § may be
slightly stronger than that of Hu and Reingold (2021), e.g. when ¢, = 1/7.
The optimality of our procedure can be deduced from the following minimax lower bound.

Theorem 4. Let ¥ € ST be diagonal, 7 € P(24) e € [0,1], § € (0,1/4], © == R? and
Py = P2P(0, 3, e, 7)®" for § € ©. Then

Vv

tr(ZTY) B V]lop log(1/9) . -
o EIPW o < dmin
M((S, P@, ” ‘ ”g) n + n + €|| || P Zfe 1+qmin

N y Qmin
=0 if € > —min_
f - 1+Qmin
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From Theorem 4, we see that up to multiplicative universal constants and when » is
diagonal, Algorithm 1 has optimal behaviour under departures from MCAR and, up to a
logarithmic factor in d and an iterated logarithmic factor in 1/4, it adapts to the MCAR
minimax quantile rate in settings where the MCAR term dominates. In Theorem 3, we im-
posed a condition of the form ¢y, 2 €+ 7 1log(d/d)/n for our upper bound, where the second
part of this condition asks for the expected number of MCAR observations per coordinate
to be at least poly-logarithmic in d and 1/0. On the other hand, from Theorem 4, we see
that gmin > €/(1 — €) is necessary to ensure finite error with high probability.

4 Mean estimation under realisable contamination

In the arbitrary contamination setting of Section 3, we saw that the contamination fraction
€ has a severe effect on our ability to estimate a population mean. The aim of this section,
then, is to explore the potential benefits of restricting the form of contamination to MNAR
observations from the same base distribution as our uncontaminated observations.

4.1 Gaussian realisable model
4.1.1 Univariate case

In this subsection, we consider Gaussian base distributions, and for # € R, as well as fixed
oc>0,e€(0,1) and ¢ € (0,1], we write R(0) := R(N(6,0?),¢,q) as shorthand. To gain
intuition, recall the characterisation of univariate realisable distributions in Proposition 2:
R € R(0) if and only if both R < A, and the restriction h : R — [0,00) of dR/d), to R
satisfies

h(z) € [9(1 = ).0)(2), {a(1 =€) + €} - do.(2)], (15)

for A-almost all z. In Figure 3(a), we plot a N(0,1)-realisable h; on the other hand, in
Figure 3(b), we consider the same function h and demonstrate that h is not N(1/2,1)-
realisable. This suggests that it may be possible to identify the mean by checking whether
the condition in (15) is verified. Indeed, if R € R(fy), then for any 6 # 6y and for |x — 6y
sufficiently large, we have

hz) ¢ [q(1 — €)dp.0 (), {a(1 =€) + e} - P (x)].

Motivated by this observation, and given data 71, ..., Z, € R,, we define D := {i € [n] :
Z; # %} and define an estimator 92F as

~ 1
0252, Za) = 5 (maxZi + min Zi)7 (16)

1€D 1€D

where we adopt the convention that @’?E = 0 when D = (). Thus, pAE simply outputs the
average of the extreme observed values. In the realisable model R(6p), its performance as
an estimator of 0y is summarised in the following theorem.
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0.1

(a) (b)

Figure 3: An example of a Gaussian-realisable distribution. Let ¢ = 1 and € = 0.8. Panel (a) plots
(i) {q(1 —€) + €} - ¢(x) as a solid black curve, (ii) ¢(1 — €) - ¢(x) as a dashed black curve and (iii)
{q(1 —€) + m(z)} - ¢(x) as a solid red curve, for some m : R — [0,1]. Note that the red curve is
realisable by N(0, 1). By contrast, panel (b) plots the red curve with no changes and uses ¢(z—1/2)
in place of ¢(x) for the two black curves. In this case, the red curve is not realisable by N(1/2,1).

Theorem 5. Let 0y € R, e € [0,1), ¢ € (0,1], 0 > 0, n € N, § € [4e (=98 1], and
consider Zy, ..., Z, MRe R(0y). Then with probability at least 1 — 9,

gt e ool )
" ™~ log (nq(1 —¢)) log (ng(1 —€))

We can interpret ng(l — €) as the effective sample size from the MCAR component
of R: on average, a proportion 1 — € of our observations come from this MCAR, component,
and a proportion ¢ of these are not missing. The condition § > 4e~"4(1=9)/8 ig therefore an
effective sample size condition that asks for more MCAR observations for a higher confidence
guarantee. Some condition of this form is necessary for the finiteness of the minimax quantile;
see Theorem 6 below. One of the interesting features of the conclusion of Theorem 5 is that,
if we consider € and ¢ as fixed, then consistent mean estimation in the Gaussian realisable
model R(fy) is possible. In fact, we can even achieve consistency when e converges slowly to 1
and g converges slowly to zero, a stark contrast with the conclusions drawn in the arbitrary
contamination model of Section 3. Moreover, these results are achievable via a very simple
estimator that does not require knowledge of € (or ¢ or §). On the other hand, the rate of
convergence is only guaranteed to be logarithmic in the effective sample size (with the other
problem parameters held fixed). Nevertheless, our high-probability minimax lower bound in
Theorem 6 below shows that this is the best that one can hope for within this model, at
least when € is a positive constant.
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Theorem 6. Let e € [0,1), g € (0,1], 0 >0, § € (0,1/4] and n € N. Suppose further that

log(l + > < log(ng(1—¢)). (17)

€
q(1 —€)
Then, writing © =R, as well as Py := {R*": R € R(0)} for § € ©, we have

2 o2log?(1 + —=< — — )
_ 0*log(1/9) g (1+ ;05) o> Lmal=9)

M(5,Po, |- ) { ~ 40ng(1—€) = 32log(ng(l —¢)) 2 )
= 00 z‘f6<{1_q(;_6)}.

Condition (17) is a mild effective sample size assumption. When ¢(1 —¢€) > 1/2, we have
{1—q(1—e)}" € [e 219 ¢~ma1=9)] 50 the range of § for which we have a finite minimax
(1 — 0)th quantile guarantee in Theorem 5 is almost optimal. Comparing the bounds in
Theorem 6 with those in Theorem 5, we see that the second terms match up to a universal
constant multiplicative factor. On the other hand, the first term in the lower bound in
Theorem 6 may be much smaller than the corresponding term in Theorem 5, both in terms
of its dependence on the effective sample size and on the quantile level.

To address the potential deficiency of the average of extremes estimator highlighted
in the previous paragraph, we now introduce a minimum Kolmogorov distance estimator.

Let R, € P(R,) denote the empirical distribution of 71, ..., 7, € R,, so that

~ 1 <&
R.(B) =~ 2 Lizepy for B € B(R,).

Let A == {(—o0,t] : t € R} denote the set of all closed lower half intervals on R. For
Ri, R, € P(R,) and Q C P(R,), define

dx(Ry, Rp) = ,8428 ’Rl(A) - R2(A)‘ and  dg(Ry, Q) = csrelfg dx (R, Q)

to be the Kolmogorov distance between R; and Ry, and the Kolmogorov distance between R
and the set Q respectively. Then, the minimum Kolmogorov distance estimator /Q\In( for the
Gaussian realisable class is defined as

0% = sargmin dx (ﬁn,R(Q)),

(SN

where sargmin denotes the smallest element of the argmin set; this is well-defined since
the function 6 +— dk(R,,R(0)) is continuous with di (R,, R(f)) — 1 as || — oo and
dx (ﬁn,R(O)) < 1. We illustrate the Kolmogorov projection in Figure 4, and discuss its
computation via a linear program in Section 4.1.3.

Theorem 7. Let 0y € R, e € [0,1), g € (0,1], 0 > 0, 6 € (0,1], n > and consider

AT/ CRe R(6y). Suppose that

{nq(1— 6)}31/36
62 46Xp{_6400 log (ng(1 — ¢)) } (18)

q(1—e)
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Figure 4: Illustration of the Kolmogorov projection onto two distinct realisable sets. The realisable
sets are disjoint when 61 # 03, by Lemma 24.

and

log (1 + ﬁ) < % log(nq(1 —¢)). (19)

Then with probability at least 1 — 0,

2og(4/5) o? 10g2(1 + (f;))
BX — 60)° < Crgues? : 20
( n 0) ~ Nep ,5{ nq(l — 6) + lOg(TLQ(l — €)> ) ( )

where
- 4e 1 (4/5)
1 if log(1+ _7%5) <2 ;qg(l 3
Chrges = 1 log (nq(l — e)) if 24/ ff(f/i < log( )) \/log 11 ?))}gg/gzé/a)
1 Zf log( q(l ) > 4\/log ZZ 66)}13015/;34(1;/5) .

The lower bound (18) on § and the effective sample size condition (19) are both similar
to those seen in Theorems 5 and 6. The main benefit of the minimum Kolmogorov distance
estimator is that it is able to match both terms in the high-probability minimax lower bound
of Theorem 6 up to a multiplicative universal constant, except in an intermediate parameter
regime, where it may incur a multiplicative factor that is logarithmic in the effective sample
size. Even in this middle regime, which covers the phase transition where the two terms in
the bound (20) are equal, the rate remains polynomial in the effective sample size.

4.1.2 Multivariate extension

We now consider a simple multivariate extension of the Gaussian realisable model from the
previous subsection, where for each observation, we either observe all coordinates simulta-
neously or none of them. Thus, for P € P(R?), ¢ € [0,1) and 7 € P({0, [d]}), we define

Roa(P,e,7) = { (1 - OMCAR(p) +€Q : Q € MNAR, py, p€ P({0,[d}) }. (1)

18



For ) € R%, ¥ ¢ Sﬁfrd, we write Ry (q(0) == R@M(Nd(g, Y), €, 7T). Given Zy,...,7Z, € R% and
v € S¥1) let 6%(v) denote the one-dimensional minimum Kolmogorov distance estimator
based on Zl(”), 7 where Zi(v) =" Z; - I z,eray +* - L{z,¢ray for i € [n]. Let N denote
a (1/4)-net in Euclidean norm of S¥~! with |NV| < 99, which exists by, e.g., Vershynin (2018,
Corollary 4.2.13). We define the multivariate minimum Kolmogorov distance estimator @L/IK
as

MK

n

: T K 2
= sa a 0—0
gg}gilm max (v (v)",

where sargmin here denotes the smallest element of the argmin set in the lexicographic
ordering.

Theorem 8. Fizd,n € N, §, € R?, © € S €€ [0,1), § € (0,1], 7 € P({0,[d]}) and let
Zi,... . Zn S Re R (0o). Writing q == w([d]), suppose that ng(1l —€) > e,

_\131/36
o> 4exp{dlog9 — {nq(l 6)} }7
6400 log(ng(1 — ¢))

and

4e
log(l + 1= e)) < %log(nq(l —€)).

Then with probability at least 1 — 9,

1S ]lop (d + log(4/6))  I1Zllop log? (1 + 75) }
ng(l —e) 1og(nq(1 — e)) ’

where Cy, 45 > 0 was defined in Theorem 7.

10— go)l2 < cn,q,e,a/@.gd){

Theorem 8 reveals in particular that if we treat ¢, ¢, 8, || Z||op as constants and if L4282 — ()
p 31/

asn — 00, then @XIK is a consistent estimator of #y. To facilitate comparisons with alternative
estimators, we take ¥ = 021, for simplicity. A naive application of the univariate minimum
Kolmogorov distance estimator in each coordinate would, via Theorem 7 and a union bound,

only yield a squared Euclidean error bound of order

4e
€

. {d02 log(4d/0) , do*log?(1+ %) }
m.a66/d nq(l —¢) log(ng(1 —¢))

with probability at least 1 — d. Thus, in the first term, the dimension and quantile terms
appear in a multiplicative as opposed to additive way, and the second term is inflated by a
factor d. Similarly, if we were to apply the average of extremes estimator in each coordinate,
then Theorem 5 and a union bound would give a squared Euclidean error bound of order

do?log(8d/s)  do*log®(1+ 7<)
log (ng(1 — €)) log (ng(1 — €))
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In fact, a high-probability minimax lower bound is available in this setting: letting Py =
{R®" : R € Ry (Nd(é’, o%ly), €, 7r) }, we have by combining Proposition 47 and Theorem 6
that

2 €
o (d+log(1/9)) o*log”(1+ ;55)
nqg(l —e) log(ng(1 —¢))
Thus, up to the logarithmic factor in the effective sample size in the middle regime of the

bound in Theorem 8, the multivariate minimum Kolmogorov distance estimator is minimax
rate optimal in this setting.

M(8,Pe, || - 12) 2

4.1.3 Computing the Kolmogorov distance between the empirical distribution
and a realisable set

Let Zy,...,Z, € Ry, let m = Y " liz4q and let —co0 = Zg) < Zqy < -+ < Zy <

Z(m+1) = o0 denote the ordered observed data. Further let fin be the empirical distribution
of Z,...,7Z, and let P € P(R) be such that P < A. The following lemma and subsequent

discussion provide an efficient way of computing the Kolmogorov distance between R,, and
the realisable set R(P, €, q) via linear programming.

Lemma 9. Let € € [0,1) and q € [0,1]. Writing Vo == 0 and letting V denote the set of
Vi, ooy Vi) T € [0, 1]™% such that

q(1 =€) - P((Zuy, Ziv)) < Vipr = Vi <{a(1L —€) + €} - P((Zgs), Zivv))) (22)

for all i € {0} U [m], we have

dK<§n,R(P,e,q)) = inf max {‘% -V

7
v‘—— i ‘} 23
(V1,0 Ving1) T €V i€{0}U[m] n i ( )

We can now rewrite the optimisation problem (23) as the following linear program:

minimise t

subject to —tg%—Vigt, i€ {0} U [m]
—t< Vi<t i € {0}Ulm
a1 =€) - P((Zuy, Zisr)) < Vier — Vi

<{a(l =€)+ e} P((Zu: Zir)), i € {0} U [m].
This can be solved efficiently using standard software, e.g. 1pSolve (Berkelaar et al., 2023)

in R.

4.2 Nonparametric realisable models
4.2.1 Univariate case

We now broaden our scope from the Gaussian realisable setting of Section 4.1 and seek
to determine the minimax quantiles for mean estimation, again over realisable classes, but
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now with nonparametric families of base distributions, subject only to moment or tail decay
conditions. To this end, for # € R, ¢ > 0 and r > 2, we define the class of distributions
Pr(0,0%) with a finite rth moment:

Pr(0,0%) = {P € P(R): Ep(X) =0, Ep(|X — 0]") < ar}. (24)

Similarly, for » > 1, we consider tail decay conditions specified by Orlicz norms with Orlicz
functions 1), : t — e — 1, and define

Py, (0,0%) = { P € P(R) : Ep(X) = 0, Ep{tr(|X —0]/0)} <1}, (25)

Thus, if X ~ P and we write || X[y, = inf{t > 0: E(¢,(|X|/t)) < 1}, then P € Py, (0,0?)
if and only if E(X) =6 and || X — 6||,, < o. We also remark that Py, (0, 0?) and Py, (0, c?)
correspond to classes of sub-exponential and sub-Gaussian distributions with mean 6 respec-
tively.

Upper bounds on the minimax quantiles for mean estimation over realisable classes with
base distributions belonging to the classes in (24) and (25) are provided in Theorem 10
below. In the general setting of Theorem 10(a) where we only have a moment bound on the
base distribution, the median of means estimator from Algorithm 2 is employed to obtain
the logarithmic dependence on the quantile level §, though this comes at the expense of
the estimator being d-dependent. On the other hand, in the more specialised setting of
Theorem 10(b), the sample mean of the observed data (which is d-independent) suffices to
obtain the logarithmic dependence on 4.

Theorem 10. Let 6y € R, e € [0,1), ¢ € (0,1], 0 > 0 and § € (0,1].

(a) Let v > 2, P € Pr-(6o,0%) and Zi,...,Z, R R(P,e,q). Assume further that
6 > 2exp(l —ng(l —€)/8). Let M = [log(2/6)], D = {i € [n] : Z; # *} and
@L/IOM = MEDIAN,OF,MEANS((Zi)iep;M) from Algorithm 2. Then, with probability
at least 1 — 0,

oo s Tt o { () M ()

(b) Letr > 1, P € Py, (60,0%), R € R(P,e,q) and Zy,...,Z, " R. Assume further that

6 > 8exp(—ng(l —¢€)/8). Let D= {i € [n] : Z; # *} and 0, = |D|! Y iep Zi- Then,
with probability at least 1 — 6,

(6 = 00" 5 %(—8/? to {(que— e>)2 " bg%(” q<12i ))}

In both parts of Theorem 10, the first term in the bound reflects the error incurred in
estimating the mean of a distribution P belonging to either of the classes in (24) or (25)
based on a sample of size [n(1 — €)] from MCAR(, p). The second terms arise from the
contamination present in distributions R € R(P,¢€,q). When the effective contamination

level k = ﬁ is small in the sense that x < 1, in both parts of the theorem, the error

21



incurred from the contamination is at most of order o242, This is a substantial improvement
on the corresponding term in the lower bound in Theorem 4 over arbitrary (non-realisable)
contaminations of Pz(6y, o), which is of order o?k. On the other hand, when x > 1, the
contribution to the error from the contamination term depends on the tail behaviour of P:
when P € Py (6y,0?), it is at most of order 02k*", whereas when P € P, (6, 0?) the bound
can be improved to order log?/ "(2+42k). Again, these bounds represent a stark contrast with
the lower bound in the arbitrary contamination model setting of Theorem 4, which is infinite
in this regime. Finally, we remark that an attractive feature of the methods employed in
Theorem 10 is that they do no require knowledge of k.

Theorem 11 provides a complementary lower bound on the minimax quantiles in this
realisable setting:

Theorem 11. Let e € [0,1), ¢ € (0,1], 0 > 0 and § € (0,1/4].
(a) Letr > 2, © =R and Py = {R®": R € R(P,¢,q), P € P-(0,0%)} for 6 € ©. Then

N - R (CE R T

if 6 > e—nq(1—€)/2

—oo  if§ < Uzetzar

(b) Letr > 1,0 =R and Py := {R®" : R € R(P,€,q), P € Py, (0,0%)} for 6 € ©. Then

P 2 —U;J?f(_lg) +o?- { (ﬁ)g A log?/” (2 + ﬁ) }

if 6 > e—n4(1—€)/2

Coo  ifd < lzuor

When ¢(1 —¢) < ¢ < 1, we have {1 — ¢(1 — )} > e=“"0=9) for some ¢’ depending
only on ¢, which reveals that the lower bound on ¢ in Theorem 10 for which can control the
(1 —0)th minimax quantile is essentially optimal. Thus, taken together, Theorems 10 and 11
determine the minimax quantiles of the quadratic loss function for mean estimation over
our realisable classes up to universal constants. As a special case, these results demonstrate
that when the effective contamination level k is less than 1, the minimax quantile over
realisable classes with base distribution P € Pr2(y, o) scales as o?x?, which coincides with
the minimax rate of mean estimation over Gaussian classes in the arbitrary contamination
model; see Section C.3. Theorem 11(b) further reveals that, while careful examination of
the tails enabled consistent estimation in the Gaussian realisable setting of Section 4.1, no
such strategy can yield consistent estimation when the class is broadened to include all sub-
Gaussian distributions with a fixed sub-Gaussian norm. More generally, the optimal rates
of Theorems 10 and 11 provide a quantification of the benefits of realisable classes in terms
of improved rates of mean estimation compared with the arbitrary contamination models of
Section 3.
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4.2.2 Multivariate extension

The aim of this subsection is to show that the univariate results of Section 4.2.1 extend to
the problem of estimating a multivariate mean, under the same simplifying assumption on
the set of possible observation patterns as that considered in Section 4.1.2. To this end, and
by analogy with (24) and (25), for d € N, § € R?, ¥ € 8% and r > 0, define

Par(0,8) = {P e PR :Ep(X) =0, Lawx.p(v' X) € Pr-(v' 0,0 Xv) Vo € ST}
and
Py, (0,%) = {P € P(RY) : Ep(X) =0, Lawx.p(v' X) € Py (v'0,v'Sv) Yo € ST}
Recall the definition of the realisable classes Ry q(P, €, m) from (21).
Theorem 12. Let 6y € R?, ¥ € 8¢ e €[0,1), 6 € (0,1], 7 € P({0, [d]}) and q == =([d]).
(a) Let v > 2, let P € Pyrr(6p,X) and leiZl,...,Zn M Re Ro,a(P,€,q). Further,
let D= {i € [n] : Z; € R} and let 0,, = ROBUST,DESCENT((Zi)iEp;0,5) from

Algorithm 5. There exists a universal constant C' > 8 such that if ng(1 —e€) > r(X)/C
and 6 > 2 exp(—nq(l — e)/C’), then with probability at least 1 — 0,

N P R P

(b) Let v > 1, P € Pyy (00,%), R € Ryq(P,e,q) and Zy,..., 2, S R. Assume further
that ng(1 — €) > r(X) and that § > 8exp(—ng(l —¢€)/8). Let D = {i € [n] : Z; # x}

and 6, == |D|™' Y icp Zi- Then, with probability at least 1 — 6,

15, — ol 5 2 Pl SB2I0) ey f( e e>)2 R

ng(l —e)

Thus, even in the multivariate setting considered in Theorem 12, the realisable classes
permit the same improvements in performance over fully-observed arbitrary contamination
models as we saw in the univariate case in Theorem 10. Moreover, the second (contamina-
tion) terms retain this improvement in a dimension-free manner. By a small modification
of the two-point construction of the proof of Theorem 11 so that the difference in means is
in the direction of the leading eigenvector of X, together with Ma, Verchand and Samworth
(2024, Proposition 10) or Depersin and Lecué (2022a, Theorem 4), we see that both bounds
in Theorem 12 are minimax rate-optimal.

A difference between Theorem 12 and Theorem 10 is that in the Py (6, ¥) model,
we employ the ROBUST_DESCENT method of Algorithm 5 instead of the (coordinate-wise)
MEDIAN_OF_MEANS algorithm. This is to ensure that the first (MCAR) term attains the
optimal rate in the multivariate setting. Nevertheless both algorithms in Theorem 12 remain
adaptive to the unknown effective contamination level k.
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5 Extension: Linear regression with realisable missing
response

The ideas of mean estimation with realisable missing observations developed in Section 4
extend to linear regression with a realisable missing response, as we now demonstrate. Given
0y € R? and o > 0, consider a random design normal linear model

where (X1,¢1),..., (X, () are independent with (i, ..., ¢, S N(0,02). In this section,
we suppose that, instead of the desired responses Yi,...,Y,, we are only able to observe
corrupted versions that are subject to realisable missingness. Thus, more precisely, we
observe Z; = (1 - B;)-Y; ® le) + B, Y, ® QZ@) for i € [n|, where By,..., B, s Ber(e) are
independent of the independent quadruples (Xi,Ci,le),QEQ))ie[n], where Q§1)|{Xi =x} ~
Ber(q,) with inf,cga g, > ¢ > 0 and where le) 1L ¢|X;. We impose no restriction on the
dependence between QZ@) and (X;, ;). Thus, when € = 0, the pairs (X1, 21),...,(Xn, Zn)
are missing at random (MAR). We summarise the conditional distribution of the observed
responses by writing Z1|{X; = 2} ~ R, € R*(N(z "6y, 0?),¢€,q).

Our main result in this section relies on what we will call a (3, y)-regular design assump-
tion, for g € (0,1/2],v > 0.

Assumption 1 ((3,)-regular design). For all v € R?, there exists a set 7 C [n] such that
|T| > 28n and | X, v| > 7y|jv||s for all i € T.

It is convenient to let C(s,) denote the set of (z1,...,z,) € (R?)" for which the design
is (8, 7)-regular. The following lemma shows that a random design where the distribution
is not concentrated on a hyperplane is (3, 7)-regular for some g € (0,1/2] and v > 0, with
high probability when the sample size is sufficiently large.

Lemma 13. Let 6 € (0,1], v > 0 and X4,..., X, K pe P(R?). Further define B =
3 infega1 P(| X 0| > 7).

(a) The infimum in the definition of B is attained, and if P(H) < 1 for every hyperplane
H CRY, then B > 0 for sufficiently small v > 0.

(b) There exists a universal constant ¢ > 0 such that if%(l/‘s) < ¢3?, then, with probability
at least 1 — &, the n x d matriz with ith row X,' is a (B3,~)-reqular design.
To illustrate Lemma 13(b) with a specific example, suppose that Xi,..., X, S N4 (0, %)
for some ¥ € Siid, and let Apin(2) > 0 denote the minimum eigenvalue of ¥. Then by

Lemma 13(b), there exists a universal constant ¢; > 0 such that if w < ¢y, then with

probability at least 1—4, the n x d matrix with ith row X, is a (2®(—1)/3, )\Iln/ii(Z))—regular
design.
Given Ry, Ry € P(R,), we define their symmetrised Kolmogorov distance by

digm(Rl, RQ) ‘= Ssup |R1(A> — RQ(A)|,

AgAsym
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where AY™ = {(—o0,] : t € R} U{[t,00) : t € R}. This may be larger than dx(Ri, R»)
when R;({x}) # Ro({x}). Now, for § € R? we define the empirical distribution En,g by
Rn,g(B) = n_l Z?:l ]]‘{Zi—XiTQGB} fOI" B S B(R*> We let

’R’gin = R(N(07 02)7 1- Q(l - 6)7 1)7
and define the Kolmogorov distance estimator as

P = argmin &Y™ (Enﬂ,Rgin). (26)

" feRd
The realisable set R{™ ensures that the selection probability h, = P(Z; # x | X; = x)
satisfies the sandwich relation ¢(1 —€) < q.(1 —¢€) < h, < 1 for all z € R% Writing

]A%/w = Law(Z; — 2, 0) for i € [n] and 6 € R?, as well as R, 4 == %E?:1 ]A%/w, it then follows
from Proposition 2 that R, g, € RE™.

Theorem 14. Let n,d € Nye € [0,1),q € (0,1],6 € (0,1] and 6y € RL. Let (z1,...,2,) €
C(p.y) for some € (0,1/2] and v > 0, and let Z1,...,Z, be independent with Z;|{X; =
zi} ~ Ry, € R (N(z] 6y, 0?),¢€,q). Then there exists a universal constant Cy > 0 such that

if

n31/36

(27)

> C{d+1log(1/6)} and log(1 + 4(1 — Bq(1 — e))) < logn

Ba(l —e) 18

then with probability at least 1 — 9, conditional on X1 = x1,..., X, = x,,

2 4(1-Bg(1—¢))
log (1—|— ,Bq((il—e) )

~v2log (nq(l — e))

logn

197 = oll; < 0%

One of the main consequences of Theorem 14 is that if we consider 3,7,q,€ and J as
constants, but allow d to grow subject to the first part of (27) holding, then under the
assumptions of Theorem 14, we have that @n{ is a consistent estimator of #y in squared
Euclidean norm as n — oo. In fact, similar to Section 4.1, this conclusion continues to hold
even if we allow € to converge slowly to 1 and g to converge slowly to zero. This lies in stark
contrast to the complete-case arbitrary contamination setting in which for any constant e,
consistent estimation is impossible (see, e.g., the discussion following Gao, 2020, Theorem
3.2). Moreover, when the parameters 3,7, ¢, € and § are positive constants, the optimality
of the rate 1/logn follows from our mean estimation lower bound (Theorem 6).
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A Notation used in proofs

For a measurable space (Z,C) and probability measures P, Q) € P(Z), we write P L Q if P
and () are singular. The Lebesgue decomposition theorem yields the unique decomposition
P = P,. + Pyng where P,. < @ and where Py,, L Q). For a convex function f : (0,00) — R,
we let My = lim, .o f(z)/2 € (—o0,00] denote its mazimal slope. We then define the
f-divergence between P and @) to be

. dPaC
Divy(P, Q) = / f( 10 ) dQ + My - Pyng(2). (28)
Z
As important examples, if f(z) = |x — 1|/2, then we obtain the total variation distance

TV(P, Q) = supyec|P(A) — Q(A)|, while if f(x) = xlogz, then the resulting f-divergence
is the Kullback—Leibler divergence

leog(%) dQ ifP<Q

00 otherwise.

KL(P,Q) == {

Finally, if f(z) = (z — 1)?, then we obtain the y?-divergence

(£ -1)°dQ fP<Q

otherwise.

X(P,Q) = {gj

Recalling the spaces &7, ..., X, from Section 2.1, for a set S € 219\ {(}, let X := [es &)
and also define A := {*} and X = szl X;. Given ¥ = (z1,...,74) € X and S € 21\ {0},
we define zg = (z;);es, with zyp == . For § C [d], we define X]-(S) = X; if j € S and
X].(S) = {x}if j ¢ S, and also set X5 := H‘;:l Xj(s). Next, we let

BY(X,) = {AeB(X,):Vz=(21,...,20) €A, zj # %, Vj € S and z, = x, Vk ¢ S}.
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Given S C [d], we write Gg for the set of real-valued functions on Xjg, and also write G,
for the set of real-valued functions on &,. A function f € G, may be identified with the
sequence of functions (fs : S C [d]), where fs € Gg for each S. Formally, this identification
is via the bijection ¢ : [[gc(y Gs — Gx given by U((fe : S Cd]))(z) = fs(zs) for z € X&)
and S C [d]. In other words, we evaluate f € G, at z € X, by setting S to be the coordinates
in z that are not equal to x, and then computing fs(zs).

B Proofs from Section 2

B.1 Proof of Theorem 1

We begin with a sketch of the proof in the setting where X is finite, both to explain the
relevance of (a generalisation of) Farkas’s lemma in this context, and to provide intuition for
the more technical arguments that follow. Let X ~ P € P(X) and let @ := Law(X ® Q) for
some random vector 2 taking values in {0,1}¢. We write M = (Msz)scidzex = (IP’(Q =
Is|X = x>)5g[d],xex
A € [0, 1]%*@Y) for the matrix with

A (sa) = P{a N Lismagy [ L=

JjES®

(d] . .. . .
€ [0,1]*"*%* to summarise the missingness mechanism. Now write

so that each column of A has at most one non-zero entry. Then

Z ZP {[E} MSZ‘I]'{ZS =g} H ]l{z]_*} {Z})

SCld] zeX jese

Now, for z € X, write o, € {0,1}2"*% for the vector with (0,)(s4) = L{zes, 50 that
ol M = gpw Ms,, and form the matrix B == (0] )yer € {0,1}¥*@*¥) We can then
define J = {M € [0,12*% : BM = 1} to denote the set of valid mechanisms. We
deduce that ¢ € MNARp if and only if there exists M € J such that AM = @). By
Farkas’s lemma, this latter condition is equivalent to the statement that there does not exist
(y,w) = ((y2)zex,, (Wa)oex) € RY x RY such that 3, Q({z})y: + > ,crws < 0 and
0 < (ATy+B w)ss = P{x})Yas1s +w, for each S C [d] and x € X. The search for such
a pair (y,w) amounts to a constrained optimisation problem, whose solution for each fixed y
is to take w, = —P({z}) mingcq Yoe1s for € X. Then

YUY+ Y we =) QU{zby. - ) P({}) min yoens,

2€X, zeX 2EX, TxeEX

so the condition that there does not exist (y,w) for which this quantity is negative corre-
sponds to (10) after identifying y with —f.

Moving now to the proof of the full theorem, we require several preliminary topological
results that are stated and proved in Section F. We will also use the generalisation of Farkas’s
lemma below. Recall that if X is a real vector space, then the algebraic dual of X, denoted
X*, is the vector space of linear functions f : X — R. Whenever X’ is a subspace of this
algebraic dual, we say X' separates points if for every x1,xo € X with x1 # x4, there exists
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f € X' with f(x1) # f(x2). The weak topology on X generated by X' is the coarsest topology
such that f~}(U) is open in X for every f € X’ and open set U C R. Now let Y be another
real vector space and let Y’ be a subspace of its algebraic dual. A linear map 7' : X — Y
is (X', Y")-weakly continuous if it is continuous when X and Y are equipped with the weak
topologies generated by X’ and Y respectively. Where X’ and Y’ are clear from context,
we will abbreviate this terminology by simply referring to 7" as weakly continuous.

Theorem 15 (Craven and Koliha, 1977, Theorem 2). Let X and Y be real vector spaces,
and let X' and Y’ be subspaces of the algebraic duals of X and Y, respectively, that separate
points. Gieny €Y, a weakly continuous linear map T : X — Y, and a conver cone K C X
such that T(K) is weakly closed in'Y, the following are equivalent:

(a) Tx =y has a solution v € K;
(b) If g € Y' satisfies g(T'x) > 0 for all x € K, then g(y) > 0.

For any topological space Z, we write Cy,(Z) for the space of bounded continuous real-
valued functions on Z. Let M(Z) denote the space of finite, signed Borel measures on
Z and let M, (Z) be the subspace of (non-negative) finite Borel measures. We call Z a
Hausdorff space if, given any distinct 2,29 € Z, we can find disjoint open subsets Vi, V5
such that z; € Vi, 29 € V5. The space Z is locally compact if every point in Z has a compact
neighbourhood, i.e. if for every z € Z, we can find an open set U C Z and a compact set
K C Z such that z € U C K.

The main content of the proof of Theorem 1 is Proposition 16 below. Observe that the
restriction of the bijection 1 in Section A to the set {(fs: S C [d]) : fs € Cp(Xs) VS C [d]}
has image Ci,(X,). This identifies Cy,(X,) with (Ch(Xs) : S € 214), but henceforth we will
not be explicit about this identification, and will simply write f = (fs: S € 219) € Cy(&X,).
Givensuch an f = (fs: S € 2l%) € Cp(AX,), we can express the function fy.« from Section 2.3
as fmax () = maxgco fs(xg) for v € X.

Proposition 16. Let X}, ..., X; be locally compact Hausdorff spaces, and let X = H;lzl X;.
Assume that every open set in X is o-compact. If P € P(X) and Q € P(X,), then Q €
MNARp if and only if

P(fmax) > Q(f)

for all f € Cy(X,).

Proof. Recall the definition of ¢z : C,(Z) — M(Z)* before Lemma 31. We endow M (Z)
with the weak topology generated by ¢z(Cy(2)), for Z € {X,X,, X x 211} This ensures
that ¢z(g) is weakly continuous for every g € Cy,(2).

Let h : X x 29 — X, be the continuous function defined by h(x,S) == z ® 1s. Then
h induces a linear map h, : M(X x 219) — M(AX,) given by h.(u)(B) = pu(h~'(B)) (see
Figure 5 below). Similarly, let j : X x 2l9 — X be the projection map j(x, S) := x, and define
its induced map j, : M(X x 219) — M(X). We have {goh : g € Cy,(X,)} C Op(X x2l9) and
similarly {goj : g € O,(X)} C Op(X x 219), we have by Schaefer (1971, Theorem 1V.2.1)
that both h, and j, are weakly continuous. By Lemma 33, the linear map T = (hs, j.) :
M(X x 2y — M(X,) x M(X) is continuous when we endow the image space with the
product topology, which by Lemma 32 is the same as the weak topology on M(X,) x M(X)
generated by dx, (Ch(X,)) x dx (Ch(X)).
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X x 2 MX x 21y Py ()

\ lgecb " Jomremizr
goh€C, (X x2ld D s old] (goh)eM (X x2ldl)*

R

Figure 5: Schematic diagrams of various maps defined in the proof. The fact that the maps in the
right panel commute follows from the fact that h.(u)(g) = p(g o h) for all g € C(X,).

Define K to be the convex cone M (X x2!9). We claim that h,(K) = M, (X,). It is clear
that h,(K) C M (&) since for any p € K and any g € Cy,(X,) such that g > 0, we have by
Folland (1999, Proposition 10.1) that h,.(u)(g) = pu(g o h) > 0. For the surjectivity, define
it X = X x 2 by i(2) = (2 © 1y, 20, {J 1 2 # *}) and let i, : M(X,) = M(X x 2l)
be its induced linear map. By the same argument as above, we have i,(M (X)) C K. For
v on M, (X,), we have v = h,(i.(v)), and the surjectivity is established since i,(v) € K.
Consequently,

) =MiX)= [ eME)v@20= () (6xl) " (0.)

g€CL(Xx):9>0 gE€CH(Xx):9>0

is a weakly closed set. A similar argument shows that j.(K) = M, (X) is a weakly closed
set. Thus, T(K) is weakly closed set in M(X,) x M(X), by Lemma 32.

By definition, @) € MNARp if and only if there exists 1o € K such that T'(ug) = (Q, P).
Therefore, by Lemma 31, we can apply the generalised Farkas’ lemma (Lemma 15) to obtain
that

Q € MNARp <= ({(f,9) € Cu(X) x Co(X) : hu(p)(f) + Ju(p)(9) > 0}

pneK

C {(f,9) € Cb(X,) x Cu(X) : Q(f) + P(g) > 0}.
Now, for any (f,g) € Ch(X,) x Cp(X) and p € K, we have

B () + 5 ()9 = 3 /{ f o), S) + g(a)} du(x, S).

Seald

Hence, (f, g) satisfies h.(u)(f)+j«(1t)(g) > 0 for all p € K if and only if (foh)(z,S)+g(x) >

0 for all # € X and S € 29, Since P(g) is increasing in g, it therefore suffices to check that

for each f € Cy(X,) the function gy € Cy(X) given by gs(x) = —mingeom(f o h)(z,S) =
— mingeo fs(zg) satisfies Q(f) + P(gg) > 0. Substituting f’ := —f, we have

Q € MNARp <= Q(f) + P(g;) > 0 for all f € Cy(X,)
== Qf) < P(fia) for all f" € Cy(X,)

as desired. O
The proof of Theorem 1 now follows in a straightforward fashion.

Proof of Theorem 1. From the definition, R € R(P, ¢, ) if and only if ) € MNARp, which by
Proposition 16 occurs if and only if @ € P(X,) and P(fumax) > Q(f) for all f € Cp(X,). O
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B.2 Proof of Proposition 2

Proof of Proposition 2. Suppose that R € R(P,¢,q) and let A € B(R,) be such that p,(A) =
0. Recall that if X ~ P, B ~ Bern(e), Q1) ~ Bern(q) and Q® ~ Bern(g) for some
¢ € [0,1] with B 1L (X, QM Q@) and QM) 1l X, then we can generate Z ~ R via
Z:=(1-B)-(X®QW)+B- (X ®Q®?). Then by definition of x,, we must have A € B(R)
and p(A) = 0. Since P < p, it follows that

0= P(A) =P(X € A) > P(Z € A) = R(A).

This proves that R < ji,. Now define m : R — [0,1] by m(x) :== P(Q® = 1| X = x). Then
for any A € B(R),

P(ZeA) =(1—e PXeAd QD=1 +ePXecAQ?=1)

~a1=9- [ o) d /m (o).

Hence, (f—R(a:) = q(l - e) -p( ) + € - m(z)p(x) for x € R, and (ii(*) = P(Z = ) =
1 - q 1 - E efR lu( )

Conversely, suppose that R € P(R,) satisfies R < ., and there exists a Borel measurable
function m : R — [0, 1] such that dR/dpu, satisfies (11). Given X ~ P, define a random
variable Q) taking values in {0,1} such that P(Q® = 1| X = x) = m(z) for z € R. Let
B ~ Bern(¢) and Q) ~ Bern(q) be such that B 1L (X, QM Q®) and QM 1L X. Then
Z=(1-B)-(X®QW)+B-(X®2?%)~ R and hence by construction R € R(P,¢, q).

This completes the proof, but we also provide an alternative proof of the converse
statement using Theorem 1. Again suppose that R € P(R,) satisfies R < p,, and that
dR/dp, satisfies (11). Define @ = ¢ '{R — (1 — ¢)MCAR(z p)} € M(R,) as in Theo-
rem 1, and let f = (fry, fo) € Cv(R,). Note that by deﬁnition, fo € R is a constant and
Jmax(2) = friy(z) V fp for all z € R. Moreover, since MCAR;, py € R(P,0,7), we have by the

S (1) = q - plx)

argument in the direct part of the proof that MCAR, p) << Lhs Wlth

for r € R an d%( x)=1-—gq, so
dQ() m(z)p(z) if ze R
dpie 1— [zm Ydup(x) if 2z =«

Hence @ € P(R,), and

> / [m(@) fuy () + (1 - m(@)) fo}p(z) du(z) = Q(F).

where the inequality follows from the fact that max(a,b) is at least as large as any convex
combination of a and b, for a,b € R. We conclude that R € R(P,¢,q), by Theorem 1. m
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C Proofs from Section 3

C.1 Proof of Theorem 3
iid

We begin with some lemmas. Recalling the way that we can generate Zy,...,4, ~ P €
parb (90, 3, €, 7T) from Section 2.2.2; we let Z,, C [n] denote the ‘inliers’; or the 1nd1ces of the
uncontaminated observations. Likewise, we denote by O,, C [n] the ‘outliers’, or the indices
of the contaminated observations so that Z,, U O,, = [n].

Lemma 17. Let n, M € N be such that n/M > 4. Let Zy,. .., Z, = P € P*™(6,,%,¢,7),

with corresponding observation patterns €, ...,€, € {0, 1}d. Randomly select M disjoint
sets (Bu)mep) C [n] such that |B,,| = |n/M|, and for § = (61,...,604)" € R?, m € [M] and
| € [d], define

— — Zz OiiZii  — —
Qg = LS cp,, 2i>0} and  Znyj = ﬁ i + 05 (1= Q). (29)
1€Bm,

Then, writing Zy, == (Zm1, - .-, Zma) ", for all m € [M] such that B, C I,,, we have

> 2 wwy 10— boll3
tr(]E{(Z 00)(Zon — 00)7 }) B A (SPW) B (30a)
and
6 16— 6oll3
E\(Z,—0 —6y)" < —— - ||IZPV] o 2 30b
£ Zo 00 Zo— ) < ), O E
Proof. We compute the entries of the matrix (Z,, — 0y)(Z,, — 6y)", beginning with those on
the diagonal. For j € [d], let
: | Binlg
A= E(ZieBm Q5 . ﬂ{ziEBm ;>0 | =2, (31)

where the inequality follows by the first part of Lemma 19. Further, let E;; = (1 — g, )1 Bml,
For i € Z,,, we can write Z; = X; ® Q;, where E(X;) = 60y, Cov(X;) = ¥ and X; 1L Q,.
Hence, for any m € [M] such that B,, C Z, and any j € [d],

E{(Zn;—00,)*} = E[{Qmj mi = 00) + (1= Q) (0; — 00)}]

=E{(Qn —00))"} HE{(1 — Q,)%(0; — 605)*}
e Qi (X —bo, ’ _
- E{ (ZzeBm J( j O,J) . ]L{ZieB Qij>0}> } + P(Qmj =0) (Qj — 900.)2
ZiEBm € "
.
:E #1 B 1_ 4|Bm‘ R )2
<Zi€Bm 0. Wiesn 9”>0}) + (1 —q;)7(0; — bo)
SIPW )
= Ay # + Ej; - (6 — 0o,)" (32)
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Turning to the off-diagonal entries, for any m € [M] such that B,, C Z, and any distinct
J. k€ [d],

E{(ij - 90,]’)(ka - Qo,k)}
_ E[{Qm] _mj —00) + (1 — Qi) (0; — 907j)}{ﬁmk(zmk —6os) + (1 = Qi) Ok — Oo) }]
= E{ Qs (Znj = 0)) (Qon(Zont: = 00.2)) } + E{(1 = o) (1 = Qo) (05 = 00) O = G0}

where in the final step, the cross-terms vanish as E(X;) = 6,. Without loss of generality, we
assume that 1 € B,,,. For the first term, we first define

A, =E (| Bl ;) (| B ar)
] (14 Xicnnm ) - (L Xicpy Qi)

(1Bl v (1 Bulaw)? P aB,p
(1 + ZieBm\{l} Qij) (1 + ZieBm\{l} Q““) ~ (IBnl = )

where the first inequality follows from Cauchy—Schwarz and the second inequality follows
from the second part of Lemma 19, and the final inequality uses the fact that | B,,| > 4. We
then have

]E{Qm] mj 90]) ka(zmk _ 90,]@)}
= Yj - E{ ( <Zi63m Qi Qte) Qi Uk ; }
ik

ZieBm Qij) ) (Zz‘eBm Qi

Q1O
=Y |Bnl-E J
" { (ZieBm Qij) ' (ZiEBm sz) }

1
=Y Bl P(Q: =0 =1)-E
g | B By = e = 1) {(1+Zi63m\{1} Q) - (1+ Yiennm Qik)}
|Bm|QjQI€7

where the first equality follows from substituting the definition of ij on the event {Q,,,; = 1}
(and similarly for k) and the second equality follows by symmetry. For the second term, we
have

E{(1 = Q) (1 = Lt ) (05 = 00,5) (0 — Oo.) } = P(Qnj = Qi = 0) - (05 — 00 (0 — o 1)
= (1= — qr + @) "+ (8; — 60,3) (0 — Oo.)
= Eji. - (07 — 60,7) (0 — Oo )

Combining these two equalities then yields
_ _ 1
E[(Zmj = 00,3)(Znk — O0.4)] = Ajic - Bl Sk + Bk (05— 00,) (0 — boe)- (34)
Therefore, by (32) and (34),

E{(Zm — 00)(Zm — 00)" } = ﬁ AW+ E0 {(0—600)(0—0)"},
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where A := (Aji);reiq and E = (Eji);refq- The desired inequality (30a) then follows as

d
_ 1
tr(E{(Zm — 00)(Zm — 00) " }):m > A4 EIPW+ZEJ1 — 0o,5)°
j=1
2 ||0—90||
|B | ( ) ele|qmin

where the inequality follows by (31) and Lemma 20.
For inequality (30b), we define a matrix A" = (A},) € R™? by A}, = Ay, for j # k and

Bnlg;)?
A ::IE{ (Bnla;) 2} <2, (35)
(1 + X iemny i)

where the inequality follows from the second part of Lemma 19 and the assumption that
|B,| > 4. Note that A’ is a positive semi-definite matrix, as it is the expectation of a positive
semi-definite matrix. Now

[E{(Zn — 00)(Zmn — 00) " }[|,
_ |Bl| CAOYY L B0 {(0 - 60)(0 — 60) "}
m op
1
< ’— : HA’@EIPWHOP + B [(A— A" @EIPWHOP +]|E® {0 —60)(0 — QO)T}HOP
@ 1 1
sm 1A I+ HA A M, + 1B © {0 = 00)(0 = 00) "},
W ||9—90||2
ZIPW
B |B |H H e|Bm‘Qmin’

where the first term in step (i) follows from Lemma 18 since A’ is positive semidefinite,
the second term in step (i) follows since A — A’ is diagonal, and step (ii) follows from the
inequalities (31), (33) and (35), as well as Lemma 20. O

The following lemma can be deduced from Horn (1990, 3.1(e), p. 95), but for the conve-
nience of the reader, we provide a short proof here.

Lemma 18. Let A, B € 8™ and further suppose that A is positive semi-definite. Then
A ® Bllop < [|[Allos|| Bllop-

Proof. The proof largely follows that of Horn (1990). Since

A A IBlools B
c 82d><2d d op c 82d><2d
(A A) o B HBHOPId

are both positive semi-definite, by the Schur product theorem (Horn and Johnson, 2012,
Theorem 7.5.3(a)), their Hadamard product

(I!Bllopud ® A) A®B )
A®B | Bllop(Ia © A)
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is also positive semi-definite. Hence, for any v € R?, we have

o7 =) (PhlE Y sl ) (5)

=2||Bllopv" (I ® A)v — 20T (A ® B)o,
50 [[A©® Bllop < [[Bllopll1 © Allop < [[Alloo][Bllop- -
Lemma 19. Let Y ~ Bin(n,q) for some n € N and q € (0,1]. Then

2
2q

E(Y" Lysg) < — and E{(Y +1)2) <

ng n2q?’

Proof. We have
E{Y+1)7} =) (y+1)" (Z) ¢'(1—q"

n

1 (n+1) il .-
Sy L
;q<n+1) y+1

n+1
1 n4+1 . 1
-——> ¢(1—q v < —.
q(n+1) ( Yy ) ( ) ng

y=1

The first inequality in the statement then follows as y~! < 2(y+1)"! for all y > 1. Similarly,
we have

E{Y+1)"' (Y +2)'} = Zy+1 y—{—2)_1(z>qy(1_q)n—y

—Z R P C
n+1 J(n+2)\y+2 n2q?

The second inequality in the statement then follows since (y +1)72 < 2(y + 1) '(y +2)7!
for all y > 0. O]

Lemma 20. Under the set up in the proof of Lemma 17, we have

0 — 0|3
Bl 4 E®{(0—00)(0—80) Hlop < 12—00ll2.
Bl < g and 2O {(0—80)(0 —60) oy < 2
Proof. We will make use of the following inequality
1
(1—z)* < g for all z € (0,1] and k € N. (36)

To see this, note that klog(l — z) < —ka < —log(kz) — 1. Hence, for each j € [d],

1

Ejj=(1—¢)Pn < e[ Bulgom’
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and for each j, k € [d],

Ej = (1= q¢; — a5 + qp)P! < ! <
! ! ! o e’Bm‘(QJ + qr — q]k) o e’Bm|Qmin
where the final inequality follows since g;r < qx, so that ¢; + gx — ¢jx > ¢j > Gmin. This
establishes the first inequality.
For the second bound, we have

1
Hence
1 16— 6oll3
B @ {(0—00)(0—0)" }],, < —e‘Bmmmme — 0ol 10— 0ol ||, = —G‘Bmmfmi,

where |0 — 6y| denotes the entrywise absolute value, and the inequality follows from the
fact® that if A = (A;x), B = (Bjr) € S are such that |A;| < By, for all j, k € [d], then
[Allop < [|Bllop- O

We require the following lemma, which is an analogue of Depersin and Lecué (2022b,
Lemma 1). We state and prove it here as we require slight changes in several parts of the
proof.

Lemma 21. Let 7y, ..., 7, S P ¢ P2 (0,3, €,m). Let n > 5, 6 € [2e~(n=D/720000 1) gng
e € 10,1/3000]. Take M € N such that

% > M > 300(2en + log(2/6)) Vv 180,000 log(2/4),
and for each m € [M], let Z,, be as in (29), for some 0 € R Then, with probability at least
1 —0, for allv € S4L, there are at least 9M /100 blocks m such that

— [tr (2 IPW [ M || S IPW o / M
n min

Proof. By Lemma 38, we find that & = {|O,| < 2en + log(2/J)} occurs with probability
at least 1 — /2. Henceforth we will work on this event. By definition of M, there are at

most A /300 blocks that are contaminated. Let (Y,)men denote the uncontaminated block

means so that (Y, )me(n) are independent and identically distributed, and at most M /300

of the vectors (Y ) men and (Zy,)mepar are not equal. Let

— — tr(I 1200(|1|,
U= Bl - E{(Y —00)(Yin —00)"} and r':= 28004 rfl ) +4/ 0|(£)3H ||| =

6To see this, observe that v Av < |v|T|A|jv| < |v|T B|v| for all v € R?, where |A| denotes the entrywise
absolute value of A.
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We begin by establishing that the claim of the lemma holds with 7'V replaced by . To
this end, it suffices to show that

M

M
1 < —.
igdplz (et (Vm=00)>r"} = 5
Define ¢ : R — [0, 1] by
0 if t < 1/2
Y(t) =20t —1/2) if1/2<t<1
1 i >1,

so that ¢ is 2-Lipschitz and Ls1y < 9(t) < Lys1/23- Then

sup Zﬂ{\vwm—eo )|>ry = SUD Z{ T Fto)i>ry ~ P[0 (Vo = 60) > 1'/2)

UESd 1 m=1 Sd 1
Pl (V, — )] > 7“’/2)}

B - ()

+ sup ZIP’ W (Vo — 60)| >1'/2) = A+ B.

’UESd 1 m=1
Towards bounding B, we apply Markov’s inequality to obtain that for every v € ST,

E{UT(?m — 90)(77” — ‘90)TU} ”FHop 1
(/2 = 1Bl (/22 = 300°

P(lv" (Y —0o)| > 1'/2) <

where the final inequality follows from the definition of /. Therefore, B < M /300. For the
first term, we have A = (A —EA) + EA. By the bounded differences inequality (Vershynin,
2018, Theorem 2.9.1) and our choice of M, we have with probability at least 1 — §/2 that

A—FA< MS%-
2 600

Now let €1, ...,y be independent Rademacher random variables. Then

o (T8 (o)

. M
(S)QE sup Z€m¢<|v(yr——90)|>

d—1
vES m=1

(i1 al (Y, — 0
S 4K, sup Z Em * L/O)
veSd—1 m—1 T
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25 1/2
L)

4o
=t

ZEm m_QO

L=

Zem m_QO

|B =600

where step (i) follows from (one-sided) symmetrisation (see, e.g., Boucheron, Lugosi and
Massart, 2013, Lemma 11.4), step (i) follows from Talagrand’s contraction inequality (e.g.,
Vershynin, 2018, Exercise 6.7.7) since (] - |) is 2-Lipschitz, and the final inequality follows
from the definition of /. The claim, with r'™™W replaced by 7/, follows by a union bound.
The final result then follows from applying Lemma 17 to bound both tr(I') and [|T'(|op,
using the facts that |B,,| > 3n/(4M) and M > 180,000 log 2, together with the inequality

VZ+y <z +/y forz,y > 0. O

The following corollary is a variant of Depersin and Lecué (2022b, Theorem 2.1).

Corollary 22. In the setting of Lemma 21, and with Zy, ..., Zy defined as in Lemma 17
for some 6 € R?, take

6, = ROBUST_BLOCK_DESCENT(Z1, ..., Zy)

from Algorithm 4. Then with probability at least 1 —

IPW
16, — 6o]|, < 4- 106\/ s 10%4/ ”E M= op 5. 10%16 — 6o Hg,/

Proof. Let € denote the event on which for all A € S*? with tr(A) = 1, there are at least
9M /10 blocks for which ||AY2(Z,, — 6)|2 < 8rFW. We claim that P(&) > 1 — e~ M/180,000,
The proof of the claim follows that of Depersin and Lecué (2022b, Proposition 1), replac-
ing their Lemma 1 with our Lemma 21 and their r with our r'™*W. Moreover, the remainder of
the proof of Depersin and Lecué (2022b, Theorem 2.1) then carries over on our event £. [

Equipped with these preliminary lemmas, we turn to the proof of Theorem 3.

Proof of Theorem 3. Let S, ..., S™) be as in Algorithm 1. For t € [T], let ¢® denote
the proportion of outliers, or contaminated observations, in the set S®. Then, combining
Lemma 38 and a union bound, we deduce that with probability at least 1 — §/3,

max ¢® < 9¢ 1 108BT/0) ., 2Tlog(3T/9) _
te[T] [n/T| n

Henceforth we work on the event &; := {maxtem e® < ¢ }
Let M be as in Algorithm 1. Then, if we take Ay = 1200 and A3 = 180,000 in Algo-
rithm 1, it follows that for any ¢t € [T7,

n 2¢Mp
= M = 300( =" 4 log(67/6) ) V 180,000 10g(6T/6).
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Moreover, we have both §/(3T) > 2e~"/(7200007) and maxer) € < 1/3000. We therefore

apply Corollary 22 by first conditioning on g(t), with # and n in that statement taken to
be #® and |n/T| respectively, and then taking a further expectation, to find that for each

t € [T — 1], there is an event Ez(t) with IP’((SQ(t))C) < 60/(3T) such that on 52(1‘,)’ we have

- T tr(SPW TM||S™V], ~
He(t—l—l) . 90”2 § 5. 106(\/ I‘( ) + \/ ” || p) +4. 104”9(15) . 90”2 TM
n n n

min

=a-+ b- ||é\(t) - 90”2.

By the assumed lower bound on g, we have b < 1/2. Moreover, since Algorithm 1 is
initialised with the coordinate-wise trimmed mean and by assumption ¢y, > 8log(6d/d)/n,
we combine Lugosi and Mendelson (2021, Theorem 1) with Lemma 38(b) and a union bound
to obtain that there is an event & with P(E5) < 6/3 such that on &, we have

140007 tr (W) log(24d/6)

n

o0 — g2 < + 9216 tr(XFWVY) . €,
2

Thus, taking A; = 1079, we find that 2_(T_1)H§(1) — 0|2 < a. Therefore,

T-2

Hg(T) — bl < Zabz + 7L Ha(l) — o]z < 2a+ 27D ||§(1) — b2 < 3a.
=0

Hence, P(& N N-! EQ(t) N&)>1—-4dandon &N N EQ(t) N &s, we have that

16n — ol < 3a=1.5-107 - (\/w+\/w>

n n

with probability at least 1 — 9. The final bound then follows upon substituting the definition
of M into the display above. O

C.2 Proof of Theorem 4

Proof of Theorem /. First, note that when ¢ = 0, by Proposition 47, we have

Sl I B U0

M(6,Po, |- I2) (37)

Now we consider the case € € (0, 11%). Without loss of generality, assume that W =

maxicrg 2V, and let a := (a+a?)/2 and b := (3a+a?) /2 for some o € (0, 1/3] to be chosen
Jeld] ~jj

later. Define random vectors X = (X, X7 ~ PO and X@ = (X ... XxP)T ~

P®?) with independent components satisfying

Y 22_;1 with probability a —4/ 22—;1 with probability a
xM =<0 with probability 1 — 2a, X2 =<0 with probability 1 —a — b
\/ 22:_;1 with probability « \/22—;1 with probability b,
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K3

and X" £ X1? ~ N(0,3;,) for j € {2,...,d}. Then

b+ 2ab— a? — b))%
Var(x®) = @b+ e Bu _5 .

Thus Cov(XM) = Cov(X®?) = %, so P € P(E(X®),X) for ¢ € {1,2}, and

by
Ex®) By = 5
Moreover, by Lemma 45, we have
TV (MCAR ;. pyy, MCAR ; p) = ATV (P, Z P&, PP

S:le
. 2
= q - TV(PY, PE >)_%(O‘ 20‘ +a2+aza > < qa.

We then pick a = €/(3¢1) < 1/3 since € < guin s0 that

€

IPW
B €214
1—¢€’

H2 - 6

TV (MCAR, pw)y, MCAR ; p(2))) < € < and ||E(XM) - E(X®

Consequently, by Ma, Verchand and Samworth (2024, Theorem 4 and Lemma 25), we have

[E(XM) — E(X® H; exiew

M8, Pe, Il - [13) = 1 = (38)

Combining (37) and (38) yields the desired result.
Next, we consider the case where € > %. Without loss of generality, assume that

Q1 = Guin. Let 0 == (2t1/2,0,...,0)" € R? for some ¢ > 0 and let 8 = 0 € R?. Writing
PO = N(WD, %) and P® := N(0?, %), we have by Lemma 45 that

TV (MCAR(, p1)), MCAR . peyy) = ATV(PW, PO 1) = 3~ 7(8) - TV(PSY, PY)
S:1e8
_ 1) p :
= qlTV(P{l}, P{l}) <q < —

Hence, by Ma, Verchand and Samworth (2024, Theorem 4 and Lemma 25), we see that
M(6,Pe, || - ||3) > t. Since t > 0 was arbitrary, the result follows. O

C.3 Univariate arbitrary contamination lower bounds

The lower bounds in Proposition 23 are presented primarily to ensure the completeness
of Table 1. Corresponding upper bounds are attained by the median in the Gaussian case
(Chen, Gao and Ren, 2018, Theorem 2.1), and a trimmed mean (Lugosi and Mendelson, 2021,
Theorem 1 and the subsequent remark) in the sub-Gaussian case, in both cases applied to
the observed data.

Proposition 23. Let e € [0,1), ¢ € (0,1], 0 > 0, § € (0,1/4] and k = -
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(a) Let © =R and let Py = {P5" : Py € P*™(N(0,0%),€,q)} for 0 € ©. Then

2log(1
>0 og( /5)_1_02/{2 if e < 2

M(8,Pe,| - )4~ ng(1—e) 1+
= 00 if € > ﬁ.

(b) Let © =R and let Py = {P{" : Py € P*(P,¢€,q), P € Py,(0,0%)} for 6 € ©. Then

S o?log(1/9)
M(8,Po,|- 1)~ nq(l—e)

= 0 if e > L.

+ %k log(1/k) if e < L

Proof. (a) First consider the case where € < ¢f.. Let X ~ N(0,0%) = P, and Xy ~

N(20k,0?%) = P,. By Pinsker’s inequality, TV (P, P2) < /iKL(Py, P») = &, so that by
Lemma 45,

€
1—¢€

TV(MCAR((LPI), MCAR(q’pﬂ) =dq- TV(Pl, PQ) §

Hence, by Ma, Verchand and Samworth (2024, Lemma 25), we have

_ 2
MG Po, )z EXEXE e (39)

Further, by choosing the contamination distribution @ € P(R,) such that Q({*}) =1 and
applying Proposition 46 (a), we deduce that

o2 log(1/9)

L2y >
M((S,P@,‘ | ) nq(1_€> :

Y

(40)

Combining (39) and (40) yields the lower bound for e < .
Next consider the case where € > ﬁ. Let a > 0, X; ~ P, .= N(0,0%) and Xy ~ P ==
N(ao,c?). By Lemma 45,

€
TV(MCAR(%H), MCAR(q7P2)) =q-TV(P,P) <q< s

Hence, by Ma, Verchand and Samworth (2024, Lemma 25), we have

EX; —EX,)?  o%?
12) > (EX, 2)” _
M((S?P@?’ | )— 4 4 *

Since this holds for all @ > 0, we deduce that M (4, Pe, | - |?) = oo in this case.

(b) Let ¢; > 0 be a universal constant that will be specified later. Define P, € P(R) by
Pi((t,0)) = e /(19 for t > 0. Define P, € P(R) by

P({0}) =k, Po((t,00)) =

0 if t > c104/log(1/k).
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Let X; ~ P, and X5 ~ P,. Since P(|X,| > t) < e t/(@9) for ¢t >0 and £ € {1,2}, we have
by Vershynin (2018, Proposition 2.5.2) that || X[y, < ¢1Ce0 for ¢ € {1,2}, where Cy > 0
is a universal constant. Thus by Vershynin (2018, Lemma 2.6.8), there exists a universal
constant C3 > 0 such that || X, — EX/||y, < ¢1C2Cs0. Hence, taking ¢; = (CoC3)7!, we
have P, € Py, (E(X,),0?) for £ € {1,2}. Moreover, TV(P;, P5) = P»({0}) = &, so that by

Lemma 45,

€

TV(MCAR(,LPl), MCAR(q,Pz)) =q- TV(Pl, Pg) ==

_6'

Now, integrating by parts yields

00 9
EX, — EX, — / T a0 qp

T
c1o4/log(1/k) (Clo—)
= k- c104/1og(1/kK) +/ e~/ 4z > g1 /log(1/k).

cio4/log(1/K)
Hence, by Ma, Verchand and Samworth (2024, Lemma 25),

EX, — EX,)?

MG Po. |- 1) = EFLZ

> 0%k log(1/k). (41)

By (41) and applying Proposition 46 (a) with contamination distribution @ € P(R,) satisfy-
ing Q({x}) =1 as in (a), we obtain the desired lower bound for € < $L-. Finally, the lower

bound for € > L follows from part (a). O

D Proofs from Section 4

D.1 Proofs from Section 4.1
D.1.1 Proof of Theorem 5

Proof of Theorem 5. Given R € R(6), there exists a random vector (XO,Qél),Q(()2),WO)
taking values in R x {0, 1}* such that Wy 1L (X, Q(()l), 962)), Wy ~ Ber(e), Q(()l) 1 (X, Q((f)),
QY ~ Ber(q), Xo ~ N(6, 0%) and

R=Law((1 —Wp) X0 ® Q5+ W - Xo ® 982))-

Note that if Zy == (1—Wp)- Xo@ Q" +Wo- Xo®QF, then Zy | {Wo = 0} ~ MCAR((s0.02).0)-
We then generate (XZ-,QEI),QE2), Wi, S Law( Xy, Qél), 982),W0), and set Z; = (1 — W;) -
X, @Y + Wi X; ® QP for i € [n], so that Zy, ..., Z, S R.

Now define the inliers as Z := {i € [n| : W; = 0}, the outliers as O == {i € [n| : W, = 1},
and the observed indices as D := {i € [n] : Z; # x}. Equipped with this notation, we note

the following pair of structural properties

max X; <max Z; < max X; and min  X; <min Z; < min X;.
1€IND i€D 1€(ZND)JO 1€(ZND)UO €D 1€IND
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We deduce the sandwich relation

1 1
5 (max X;+ min X) < PAE 2 < (max X; + min Xz->. (42)
S

i€ZND i€(ZND)UO i€(ZND)UO i€IND

Now X1, ..., X, and ZND are independent, and similarly X, ..., X,, and O are independent,
50 (XZ)Z€IQD|(I ND) % N(by,0?) and (X,)icanpol ((Z N D) U O) % N(bp,02). We let
= |ZN D] and Ny := [(ZND)UO|, and define

o loglogNg—i-log(élw)
By = o0+/2log N, +
= 08 e + 2 v2log Ny ’
for ¢ € {1,2}. Let & = {N; > nq(1 —€)/2} and & = {|O| < 3ne}. By Tanguy (2015,
Theorem 3), there exists a universal constant C] > 0 such that for £ € {1,2} and ¢ > 0,

ol J) )
P({ maXXl—Q—Bg‘>OJ?g28/ }ﬂgl Ng><_
i€[Ne] log 2 N,
and
. C1olog(8/0) o
P({ zIeI%JlVrel}Xz _9—1-34’ > T ﬂgl Ny | < Z
Combining these inequalities with the sandwich relation (42) yields
~ 2C" 0 1log(8/0) 24
AE
P({]&n _GO}EBQ_BﬁlongN (& | NNy ) < 5 (43)

Using the inequality /a—v/b < (a—b)/\/_ bfor 0 < b < a and the fact that z — bgl‘ﬁ;—ﬂfw
is decreasing for x > exp(%), we deduce that on & N &,

20 log(Ny/Ny) < 20 log(l + 3ne/N1)
log? N, — log'/? N,
_ 2010g(1—|— e E)) BJlog(l—i— - E))
~ log!'/? (ng(1—¢)/2) — log!/? (ng(1—¢)) '
Now, we first assume that ¢ > n~'log(4/d). By Lemma 38, we have P(&; N &) > 1 —§/2,
since by assumption, ng(1 —¢) > 8log(4/5). Moreover, combining the inequalities (43)
and (44) yields that on & N &,,
30 log(1 + (16;)) 2C" 0 1og(8/0) log(1 + q(lGie)) + log(8/0)
1/2 1/2 = 4o 1/2 , (45)
log"/ (na(1—e)) log'/? Ny log!/ (ng(1—¢))
where C; = 3(1+C). Hence, (45) holds with probability at least 1—4d when € > n~'log(4/4

)-
Finally, consider the case in which ¢ < n~'log(4/6). Then, since R(N(6o,0?),€,q) C
R(N(6y, 0%),n " log(4/d),q), we have by (45) that

By — B, <

(44)

R log (1 + Glog(4/9)) | log(8/6 Glog(4/0) | log(8/6
72— ) = o L VTl a0
log"/ (ng(1—e)) log / (ng(1—e))

o 2log(8/9)  _, Y log (1 + ;75) + log(8/9)
log!/? (ng(1—¢)) — log!/? (ng(1—¢))
with probability at least 1 — 9. m

< 010'

bl
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D.1.2 Proof of Theorem 6

{a(l =€)+ €}dao | 1a(1 =€)+ €}Pa0)

(a) The two black curves are {q(1 —€) + €}d(_q,0) and {q(1 — €) + €}P(q,,) respectively, as labelled
in the figure. The blue curve is ¢(1 — €)@ (_q,), and the orange curve is ¢(1 — €)d(4,0)-

{a1 =)+ 1o 0o | a1 =€)+ e} {al =)+ e}dam | {a(l =€) +e}d(e)

(b) The curve above the blue region illustrates the func- (c) The curve above the orange region illustrates the
tion f1 in (47). function fy in (48).

Figure 6: Construction of the lower bound in Theorem 6.

Proof of Theorem 6. Consider the construction illustrated in Figure 6. For a > 0 to be
specified later, let

= g—z log (1 + ﬁ) (46)

denote the unique point in R where {¢(1 —€) + €}¢(_a0)(T) = q(1 — €)Pa,0) (7). Next, define
the function f; : R — R as

q(1 = €)P(—a,0) () if £ <0
fi(z) = € a(1 =€) (a,0)(2) fo<z<rt (47)
{9(1 —€)+ 6} cOeaey (@) x>

Similarly, we note that —7 is the unique point satisfying {q(1 — €) + €}¢(a,0)(—7) = q(1 —
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€)P(—a,0)(—T7) and define the function fo : R — R as

{(](1 — 6) + 6} . ¢(a70)(x) ifor < -—71
fo(z) = < q(1 — €)p_ap)(T) if —r<2<0 (48)
q(1 = €)P(,0)(T) if x > 0.

Note that [, fo(z)dz < q(1 —€) +€ <1 for £ € {1,2}, so we may construct P, P, € P(R,)
with Radoanlkodym derivatives

jff (2) = fi(2)Lzery + (1 — /ng(x) dx) Iimy for £e{1,2},

where \, denotes the extension of the Lebesgue measure to R, as defined in Section 1.2.
Then, by Proposition 2, P, € R(N(—a, %), €, q) and P, € R(N(a, %), €, q). Since Py ({*}) =
Py({*}) and fi(z) = fo(z) for x € [—7, 7], we compute

KLy, Bo) = /_T A1 = )9-an)(z)lo g({qql(l—_:)f(e}ag()jo)) )) dr

+ [ a-0+ o 1Og({q (1_-6:;31(&;)@)@

:q(l—e){%‘i—log(l-}—q( )}{1 (T —a)}
+{q1—e —I—e}{—+log(1—l—q )}{1 OU)T—l—a)}
+2a[Q(1 _€)¢(0,a)(7—_a - {q 1 —¢€ +€}¢ (0,0) T+a)]
:w(aq){l_@(w(f—wwQC‘{QOUQ VTS (44 r){1— o,
+ 2a[q(1 — €)P(0,0)(T — a) — {q(l —€) + e}gb(o,a) T+ a)].

(t+a)}

Next, set

a = 9. log (1 + ) ~10g_1/2 (nq(l — 6)) > 0,

4 q(1 —¢)

so that by substituting this definition into (46), we obtain

T = 20 log!/? (ng(1—¢€) and a< %,

where the inequality follows from our assumption (17). Hence, by the Mills ratio bound
1 — D) (x) < %P0 (x)/z for © > 0, we have

KL(Py, P2) < 2a{q(1 —€) + €}0,0)(T + a)
+2a[q(1 = €)P0,0) (T — @) — {q(1 =€) + €} b0, (T +a)]
= 2@(1(1 — €)90.0)(T — a)

=3 1°g<1 T e)) og™(ng(1 =€) - 4(1 =€) - b0 (T — )
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<Z. logl/2 (nq(l — e)) -q(l—¢)- ¢(0,o)(77/8)

-2
_ (];1—\/;_7:) _ logl/Q(nq(l —€)) -exp _% . (£>2 -4log(ng(1 — 6))}
< q;l—\/;_;) -log!/? (nq(l — e)) : {HQ(l - 5)}73/2 = %

Thus, KL(PZ", PP") < 1/5 < log(m) for 6 € (0,1/4], so by Ma, Verchand and Sam-
worth (2024, Theorem 4 and Corollary 6), we deduce that for § € (0,1/4],

0_2 log2(1 + < )
2 > a2 = -
M(6,Pe,|-?) > a 161log(ng(1 —€)) "

Finally, note that MCAR(,1—0 n(,02)) € R(N(0,0%),¢€,q) for all § € R, since we can choose
the contamination distribution @ such that Q({x}) = 1. Therefore, by Proposition 46(a),
we have that for 6 € (0,1/4],

. 0*log(1/9) iféz{l—q(l—-e)}”

MEPo )y 20008 >
= o0 if § < L1 .
2
Combining (49) and (50) yields the desired result. O

D.1.3 Proof of Theorem 7

In order to prove Theorem 7, we require a preliminary lemma.

Lemma 24. Let 01,0, € R be distinct, and set a :== |0; —0s|/2. Then, writing b == %log(l +

ﬁ), there exists a continuous and strictly increasing function fx; : (0,00) — (0,1] such

that

di (R(61), R(62)) > fxp(a).

Moreover,

Jrp(a) > q(1—¢) - g : ¢(— + ;b) when b < 1/2,

g

and

el 2 a1 - #(2=20) -+ o(-2 -2 wnen s> 12

g

Proof. Since d is translation invariant, we may assume without loss of generality that 6, =
—a and 0y = a. By Proposition 2, if R, € R(0,) for £ € {1,2}, then each admits a density
he : R, — R with respect to the extended Lebesgue measure A, such that he(x)/¢,0) () €
[q(1 —€),q(1 —€)+ ¢ for all z € R. Let 7 == % -log (1 + ﬁ) < "TQb, so that ¢(1 —
e)gb(—a,a)(_T) = {Q(l - 6) + E}QZS(a,U)(—T), see Figure 6.
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When b < 1/2,

dic (R(61), R(02)) :Rlen(eli)ngzenwg)ilelg|Rl( ) — Ra(A)]
> inf {Rl( 00, —0?b/a]) — Ry((—o0, —0?b/a)) }

Ry ER(Ol) Ro ER
> g(1—¢)- <1><91,a><—a bla) — {a(1 - €) + €} - Bg, ) (—02b/a)
a ob a

—a-g-0(2-2) -9+ o~ - 2 = fata)

a
Now fx is continuously differentiable, with

o =at-0 (2 +%)o(2- ) ~fa -0+ (-2 + B)o(-2-2)

a?

o
1 ob a?b o?b

> (; + ?) ' U{Q(l - 6) ' gb(—a,a) (_7> - {Q(l - 6) + 6} ' Cb(a,a) (_7) }
2(%+Z—s>-a<q(l—e)-¢( a0)(— {ql—e +6} Blao)(— ))zO,

so that fx is strictly increasing as well. Moreover,

=10 {o2-2) (-2 - o(-2)

2 b b
zq(l_e)._a.qs(ﬁ_,_a_)_e.cp(_g_a_)’ (51)
o o a o a
where the final inequality follows from the mean value theorem @(U — "b) <I>(—§ - %b) =
20 (z') > 2. ¢(2 + %), where 2’ € [—2 — 22, 2 — 2b] Next notice that

o5 ) a7 <50+ %)
<g(l—e)- = ¢(a Zb) (52)

where the first inequality follows from the Mills ratio bound ®(—z) < ¢(x)/z for x > 0,
and the final inequality follows from the fact that log(1 + x) > /2 for z € [0,2], so that

b= 1log(l+ g 6)) > i Therefore, by (51) and (52) we deduce that
a a ob
fealo) 2 a1 =9+ 2024+,
o o a
when b < 1/2.
On the other hand, when b > 1/2,
di (R(61), R(62)) > inf {Rl( 00, —20°b/a]) — Ry((—o00, —20°b/a]) }

R1€R(61), Ry€R (O
>q(1-o)- <1><91,0)<—2a b/a) ~ {4(1 — &) + €} - D(gsr)(~20°0/a)
a 20b a 20b

—a1-9 (220 -0+ o2 20) = ),

a

Similarly to the previous case, fk is continuously differentiable and strictly increasing. [

20



Proof of Theorem 7. We first derive an upper bound on dg (}Azn,R(Qo)). Let D:={i € [n]:
Z; # x} and G = P(Z; # %), so that with the convention that 0/0 := 0,

D 1
sup |R,(A) — R(A)| = sup|-— g Z]l{z eay — G-P(Zy € AlZ, # )

AcA AcA n ‘D|
- |7 Dl
— 1 Z AlZ — — /. 53
<5, suplny |D| E (zieay —P(Zy € A|Zy #%)| + — (53)

Now, since ¢ > ¢(1 — €), we have by our lower bound on ¢ that

B 31/36 B ~
og(2) < {ngl =} _ng(l—o) _ nq_
) 6400 log (ng(1 — ¢)) 6400 6400

Hence, by Bernstein’s inequality (Vershynin, 2018, Theorem 2.8.4), with probability at least
1-9/2,

(54)

n n

D 4qlog(4/6
DIy < s

Furthermore, by the Dvoretzky—Kiefer—Wolfowitz—Massart inequality (Massart, 1990; Reeve,
2024),

1 log(4/6
B> Lizen Pz € 412 £)] < A0, ()
1€D

sup
AcA

with probability at least 1 — §/2. Combining (53), (54) and (55) we deduce that, with
probability at least 1 — 4,

dK(én,R(e(])) < sup \R (A) — R(A)| < \/‘D| \/log 4/6) \/4q’10g(4/5)

AeA
/qlog 4/(5 /4qlog 4/5

<3\/{q (1—¢) —I—e}log4/5 . (56)

n

We now work on the event £ = {dK (ﬁn, R(HO)) < rn}, which occurs with probability at
least 1 — & by (56). If 6 € R satisfies di (R(6), R(6)) > 2r,, then on the event &,

dic (Rn, R(6)) > di(R(8), R(60)) — dic(Rn, R(6)) > 1 > dic (R, R(6))),

SO QK # 0. Therefore, with fx; as defined in Lemma 24 and b := 2 log(l + (46 )) we deduce
that on &,

0% — 0| < sup{|0 — 6o : 0 € R, dx (R(0), R(f)) < 2}
< ZSup{a >0 frpla) < 27’n} = Qinf{a >0: frpla) > 2rn}, (57)
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where the second inequality follows since by Lemma 24, dk (R(Q), R(Qo)) > fK’b(@) and
the final equality follows since fx is a strictly increasing and continuous function
When b < 1/2, we have by (57) and Lemma 24 that on &,

|§I§ — 6| < Qinf{a >0: frpla) > 27’n}

SQinf{azo:q(l_e).§.¢(§+%b) Z6\/{61(1—e)+€}log(4/6)}

n

- 20inf{a >0 a-qﬁ(a—{—g) > \/(1+ q(le—e)) : 32;(()?(11/6‘;)}. (58)

Now suppose further that b < 105’((14 1 ‘3 The assumption on § means that b < log(4/9) <

nqg(l—e) —
1/80 and thus 1+ —*— ( ; <5/4. Let a:=20 :ff((ﬂg, so that a < 1/4. Moreover, b/a < 1/20,
so a+b/a < 3/10. Therefore

0 6la+ bla) > 20 M.d)(g/m)z \/§_36log<4/6>

ng(l—e 4 ng(l—e)

> (1 L€ ) . 3610g(4/5)'
q(l—€)/ nq(l—e¢
Hence, by (58), we have on £ that |§K — 0| <4004,/ 10g(4/5) when b < ,/184/9)

ng(l—e)"
Next, we consider the case @/log (4/9) 5 <b< 2\/ Log( 2?111 ? ;‘53;*/ 9. Then b < 1 /40 and we
again have 1 + q(fi )

log(4/6) (1 1 5 36log(4/)
a-¢la+bja)>20 nqg(l —e) d)(Z i 20) = \/4 ng(l —e)

> (1 L€ ) . 36log(4/<5).
q(1—€)/) ng(l—e)
Hence, by (58), we have on € that |0X —6,| < 40b when 4 /- log 4/5 <b< 2\/l°g (nq(1-¢)) log(4/0)

(nq(1—c))31/36
As our third case, suppose that 2\/ 1oggg(11 ?))}ﬁg/gi/ D <p § 1 / 2. Letq = ——2

3 log(nq(1—¢))’
36
so that a > 18 % By the assumption (19), we have b < %, soa < 7b/a.
Therefore,

log(4/6)
a-¢(a+bfa) > 18 31/36
\/%{nq(l — oy

:18\/ log(4/6) 1 .exp{_4010g(nq(l—e))}

¢(8b/a)

2 {ng(1— )} Vo 729
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B 58321og(4/9) € 361log(4/9)
o \/SW{nq(l _ 6)}2831/2916 = \/(1 + q(1— e)) ng(l—e)’

where the final inequality holds since b < %. Hence, by (58), we have on £ that

|§K—90] 10800 when 2\/1°g"q1 <) log(4/9) <b<1/2

— +/b5log(ng(1—e) (nq(1—e))31/36
Finally, consider the case where 1/2 < b < %
Then by (57) and Lemma 24 we have that on &,

(when this interval is not vacuous).

|§[,f — 6| < 2inf{a >0: fxpla) > 2rn}

a 20b a 20b
<2infla>0:q(1—¢) oL 22 1- Y e
<2intfaz0igi-0 0(2-20) (-0 02 27)
> \/36{(](1 —€) + €} log(4/9) } (59)
n
Letting a .= ——32%—  we have
log(ng(1—¢))

a 20b a 20b

1—e- o222 1401 - Y

-0 0(2-20) g -g+q-a(-2-22)
(@) q(l —e¢ a 20b q(l —€)+e a 20b
2 Zb( : 2b—1'¢<__+ )_ (a 2)0'1) '¢<_+_)
(=5 +%) + (=5 +7%) c o T 7

@ (a . 200\ ' 1 1 a2 202> o
= \o a V2 1 P\ T 02 a?
a? 202h?
—{q(1 —¢) + ¢} exp(—r‘z— —Qb)}

(i;i) a N 20b\ ' 4e a? 20212
— [ . eX —_—— —
~— \o a N P 202 a?

(iv) 2 4 _
> € - E)) 5/72

> : - (nq(1
\/log(nq(l — e)) V2
(2) \/36{(](1 —€) + €} log(4/6)

n

= 2r,.

Here, (i) follows from the Mills ratio bound ¢(z)/(z + 27 !) < ®(—x) < ¢(x)/x for x > 0;
(ii) follows since 1/2 < b < 22041=9) iy plies (-2 +22) 4 (-2 4 2Lb)*1 < 24 200y ()

36 a a
. . . L . . 5log(ng(1—e))
follows by substituting the definition of b; (iv) follows since, by assumption b < g4+,

so ¢ < —”l()g;(?ZM; and (v) follows from the assumptions that b > 1/2, so ¢(1 —¢€) <

3¢, and moreover § > 4exp(—%). Hence, by (59), we have on £ that ]55 —

Oo] < ——2% when 1/2 < b < Slog(nal=9) ~ Cymbining all four cases yields the desired
log(nq(1—)) 432

result. O
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D.1.4 Proof of Theorem 8

Lemma 25. Let ¢ € [0,1), 7 € P({0,[d]}), P € P(R?), R € Ryq(P,e,7) and v € R™.
Suppose that X ~ P, Z ~ R and define Z®) =vT7 - Lizeray +* - Lyzgpay forv € RY. Then,
writing P®) == Law(v" X) and R™) = Law(Z™), we have R®) € R(P™) e, n([d])).

Proof. Let q == 7([d]). We have Law(Z) = (1 — e)Law(X ® QW) + eLaw(X ® Q?)) where
QW 1 X and P(QW = 1) = ¢ = 1 — P(QW = 0) and where Q® takes values in
{0,1,4}. By properties of disintegrations (see Section G), we may define m® : R — [0, 1]
by m®(y) = P(Q® =1y |v" X = y). We also let u*) be a o-finite measure on R such that
P <« 1 and let p® = dP®™ /du®. Finally, define g : R, — [0, 00) by

g(z) = {Q(l — () + em P (z) if € R
1—q(1 =€) =€ [pmO(y)p(y) du(y) if 2 =*,

Then, for A € B(R), we have

/Ag(z) Al (z) = q(1 — eP(v" X € A) + P({Q® =19} n {07 X € A})
=(1-ePr (X ®QW) e A) +P(v (X ®Q?) € A)
=P(Z™ € A) = RV (A).
It follows that R <« ,uiv), with Radon—Nikodym derivative g. Hence, by Proposition 2, we
have R € R(P™ ¢, q). ]

Proof of Theorem 8. We have Law(Z;) = (1 — €)Law(X; ® le)) + eLaw(X; ® Q?)) where
X, ~ Ng(b, %), @Y 1L X; and P(QY = 1yg) = ¢. Define m : R — [0,1] by m(y) =
P(QP = 1ig|v" X1 = y). We claim that the distribution R") of 7" is absolutely continuous
with respect to \,, with Radon—Nikodym derivative

dR®) (2) = q(1 — G)Qb(ﬂeo,ﬂzy)(z) + 6m(Z>§Z5(,UT907UTEU)(Z) ifzeR
d\, 1—q(l—€) =€ [am¥)dwronosy(y) dA(y)  if 2 =*

To see this, it suffices to observe that for A € B(R), we have

dRW)
/ (ﬁ (2)dA(2) = q(1— P X1 € A) +P({0P = 1) {07 X, € 4)) = B(Z" € A).
A *

The claim therefore follows, so by Proposition 2 we have R®) € 'R(N(UTQO, v ¥0), €, q). We

deduce from Theorem 7 and a union bound that

HZHOP(d_'_lOg(ZL/d)) HEHOP 10g2(1 + q(fis)) } (60)
ng(l —e) log(nq(l — 6)) 7

with probability at least 1 — 4. Next, since any v € S! can be written as v = v; +v,, where
v; € N and ||va]l2 < 1/4, we have

2
max (6 (v) —v6)" < Cn,q,e,a/<4-9d>{

1
1031 = bllo = sup [vTO™ —vT o] < max [oTO — 0T o] + 7 - 62" — o]l
VE

n n
veSd—1

o4



SO

4 M
K_ 00”2 < 5 . Igle%qUTQnK — UT¢90|.

16MK — g2 < 2 max (0TI — 0% (v) + 0% (v) — 07 6p)”
(S

)
< 4max (UT@V[K - @\K(v))2 + 4m€ajt\>/( (v — :9\5(11))2

)
2 4e
“0 {||2||op(d+1og<4/a>> [lp log? (1 + —qu_a)}
~ ~n,q,e,6/(4:99) nq(l _ E) 10g(nq(1 _ 6)) >

with probability at least 1 — 9, where the third inequality follows from the definition of @L/IK,
and the last inequality follows from (60). O

D.1.5 Proof of Lemma 9
Proof of Lemma 9. We first show that, for any R € R(P, ¢, q), we have

dK(ﬁn,R): max {

1€{0}U[m]

L R((~o0. Z)| v

n

L R((~o0, Zuw))|}

n

To this end, fix ¢ € {0} U [m]. Then, since En((—oo,t)) = i/n for t € [Zu), Zut)) NR,
t— R((—oo, t]) is increasing on this interval and since R < A, by Proposition 2, we have

sup |§n((—007t]) - R((—ooatm -

tE[Z(i) ,Z(H,l))ﬂR

E—R((—OO, Z(i))) ‘ vV lim

n t/ " Z 1)

L R((-0.0)

n

— ‘% — R((—o0, Z(i)))‘ v (% — R((—00, Zi41))) ’
Hence

sup@n((—oo,t]) — R((—00,t])| = max }{’% — R((—o0, Z(i)))’ Y ’% — R((—o0, Z(i+1)))’}.

teR ie{0}u[m

Now, by Proposition 2, for 0 < V; < ... < V41 < 1, there exists R € R(P,¢,q) such that
Vi = R((—00, Z))) for i € [m] and V41 = R((—00,00)) if and only if (V4,..., V1) € V.
The claim then follows. O

D.2 Proofs from Section 4.2
D.2.1 Proof of Theorem 10

The proof of Theorem 10 relies on the following preliminary result, which controls the bias.

Proposition 26. Let 0y € R, e € [0,1), ¢ € (0,1] and o > 0.
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(a) Letr > 2, P € Pr(0y,0%) and Z ~ R € R(P,¢,q). Then

(21740~ <o (7= e>)2A (que—e))%}‘

(b) Letr > 1, P € Py (0o,0%) and Z ~ R € R(P,¢,q). Then

(B(Z|Z # %) =6} < o> {4<q(1€_€)>2 A 1og2/7"(2+ q(i €)>}.

Proof. Let k = —~. By translation invariance, we may assume without loss of generality
that 6y = 0 throughout the proof.

(a) Let p be a measure on R such that P < p and let p := ‘;—5, then by Proposition 2,
we have

B )= {q(l —€)-p(2) + - m(2)p(2) fzeR (61)

dps 1—q(1—e)—e [ym(z)p(x)du(z) if 2 =,
for some Borel measurable function m : R — [0, 1]. Therefore,

|a(1 =) - fap(z) du(z) + e [ am(z)p(x) du(w)]
o1 =)+ ¢ [y m(@)p(e) du()
c[Er{Xm(0} oo {Ep(m/000))
q(l=e)+e-Ep{m(X)} =  q(l—¢)+e Ep{m(X)} ~
where the second equality follows from the assumption that 8y = 0, and where the inequality
follows from Holder’s inequality and the fact that Ep(]X|")/" < ¢. On the one hand, since
{Ep(mT/(’”*l)(X))}l_l/r <1 and Ep{m(X)} > 0, we have

[E(Z|Z # )| =

R LY LKaIe )Y e
=0t Epm(x)) =" (62)

On the other hand, since m(x) € [0,1], we have m™ =V (x) < m(z) for all # € R and thus
{Bp(m/ DX} < {Ep(m(X))}' ™" = t. Therefore,

e {Ep (m D00} et
gl —e)+e-Ep{m(X)} ~ q(1—¢€) +et/0r—1)
< sup et! @ e {(r—1)q1 - €)/ept-1r
T 0 q(1—e) +e(@)/mD gl =€)+ (r=1)q(1 —¢)
< (r—1)"VrElr < K7 (63)

where (i) follows from the fact that the function ¢’ — P +§é/)r/(“1) is maximised when

t' ={(r —1)q(1 —¢)/e}'~'/". Combining (62) and (63), we deduce that

€-0 - {Ep(mr/(r—l)(X))}l—l/r
q(1 —€) +e-Ep{m(X)}

E(Z|Z #*)| < < ok AR,

26



as desired.
(b) Let @ € P(R) such that @ < P. By the variational characterisation of Kullback—
Leibler divergence (e.g. Boucheron, Lugosi and Massart, 2013, Corollary 4.15),

Ex~q(9(X)) < KL(Q, P) +log Exp(e?), (64)

for all Borel measurable functions g : R — [0,00). Now take @ to be the conditional
distribution of Z given {Z # x}. Let p and p be as in the proof of (a), so that (61) holds
for some Borel measurable function m : R — [0, 1]. Therefore, for all z € R,

@(x) _ q(1—¢€)-p(z)+e-m(x)p(z)
dpe g(1 =€) +e- [amy)ply) duly)

Hence @) < P and

d@ € €
— l—— 1 65
dP(x)e{ q(1 —¢)+ € +q(1—e)}’ (65)
for all x € R, from which we deduce that
d@
KL(Q,P) = [ log| — | dQ < log(1 + k). (66)
R dpP
Taking ¢g(-) = | - ["/o" and combining (64) and (66) yields

E(|Z|"Jo"| Z # %) <log(1 + k) +log Ex~p{exp(|X|"/o")}
<log(l + k) +log2 = log(2 + 2k), (67)

where the second inequality follows since P € Py, (6p, 0%) and since 6y = 0 by assumption.
Thus,

B(Z|Z #%)| <E(Z]| Z #%) <E(Z]"| Z # %) < olog"" (2 + 2x), (68)

where the second inequality follows from the conditional version of Jensen’s inequality and
the third inequality follows from (67). Moreover, by Gotze, Sambale and Sinulis (2021,

Lemma A.2), we have Varx..p(X)"/? < 2(726)1/T0 < 20 for r > 1. Hence P € P;2(0,40?), so
we can apply part (a) of the theorem to obtain

|E(Z|Z #*)| < 20k. (69)
Combining (68) and (69) proves part (b). O

Proof of Theorem 10. Let k = ﬁ.

(a) Let p and p be as in the proof of Proposition 26 (a), so that (61) holds for some Borel
measurable function m : R — [0, 1]. On the one hand, since m(X) € [0, 1], we have

Var(Zy | Zy # %) = Var(Z1 — 0y | Z1 # %) < E{(Z1 — 60)*| Z1 # *}
_ Jo(@—00)*{q(1 — e)p(z) + em(z)p(x)} du(z)
q(1 —e€) +e [ m(z)p(x) du(z)
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oy Ee((X —0)Pm(X))
- qg(1—¢)+e-Ep{m(X)}

On the other hand, for r > 2, we have by Holder’s inequality that

€- {Ep(mr/(rm(X))}lQ/f} P
q(1 —€) +e-Ep{m(X)}

< (1+r)o> (70)

Var(Z1 | Zl 7é *) S 0'2 +

e - Ep{(X — 6)’m(X)}
(01— +c Ep(m(X)] = [”

e-{Ep (m(X))}l_Z/T 2 ¢ et’ 9
= [1 gl—€) +e- Ep{m(X>}} 7= 36 (1 T+ 6(25’)7“/(”‘2)>(7

9 _9 1-2/r 9 2/r
:{1+—(T2 ) -&z/r}azﬁ { + (—) ﬁz/r}azﬁ(l—i-/ﬁwr)a?,
r

r

(71)
where the equality follows since the supremum is attained when ¢’ = (%(16(1_5)) =2 Com-
bining (70) and (71) yields that for r > 2,

—_

Var(Zy | Zy # ) < (14 ¥")o>. (72)

By Lemma 38(b), the event & = {|D| > ng(1 — €)/2} has P(&) > 1 — §/2, since
nq(1 —€) > 8log(2/0). Moreover, writing

~ 2log(2¢/6)
=3 (b —E(2|Z P < dBe(1 4 w2/m) T 2B
= {5~ B £ 0)" < asclt ) TEEED
we have by Lemma 48 and (72) that P(&, | |D| =s) > 1 —4/2 for s > ng(1 —€)/2, so
P& N&)=E{P(&N&||D])} = Z P(& | |D] = s)P(|D] = s)
s=[nq(1—€)/2]
J & J 9\2
> (1-—2 —g)=(1-2 >(1-2) >1—
> (1 2) Y P(D|=s) (1 2)]1)(50) > (1 2) >1-46. (73)
s=na(1-)/2]
On the event & N &, we have by Proposition 26(a) that

(é\n — 90)2 S 2{5,,1 — E(Zl | Zl 7é *)}2 + 2{E(Zl | Zl 7£ *) — 00}2

2log(2e/0 2log(2e/0

< o6e - T1082¢/0) | ggp o, T1B(2E/0) o oo ey
ng(1l —e) ng(1l —e)
0210g(26/5) 2.2 2

<192e- — "2 4 (12e + 2 /r

< 192e na(l— o) + (12e + 2)o*(k* A 7)),

where the final inequality follows by considering separately the cases k < 1 and k > 1, and
in the second case noting that % < 1/8 by assumption. Combining this with (73)
establishes the result.

(b) Let u and p be as in the proof of Proposition 26 (a), so that (61) holds for some Borel
measurable function m : R — [0, 1]. Then, for integers ¢ > 2, we have

o I Je |z = 00l {a(1 — e)p(x) + em(z)p(x)} dp(z) \
{E(|Z1 — 60| | Z1 £ %)} = ( 91— €) + ¢ [ m(x)p(x) du(x) )
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1+ k-0,

< ({q(l — ) +etEx p(|X - 9016))1/1Z 0
q(1—e) ~
where (i) is true since X ~ P € Py, (6,0%) C Py, (6o, 0?) by Lemma 39, so (Ex.p|X —
00\4) 1/t < ol by Vershynin (2018, Proposition 2.7.1). Moreover, by the Cauchy—Schwarz
inequality and (70), E(|Z1 — 60| | Z1 # %) < {E(|Z1 — 60|* | Z1 # *)}1/2 < 0v/1+ k. Hence,

by Vershynin (2018, Proposition 2.7.1) again, conditional on {Z; # *}, we have || Z; —0p ||y, <
o0v/1 + k. Then, by Vershynin (2018, Lemma 2.7.10), we have, conditional on {Z; # x}, that

HZl leZl#*legavl—i—/ﬁ. (74)

Recall the definition of the event & from the proof of (a), and observe that P(&) > 1 —
d/4 by Lemma 38(b). Now, similarly to (73), by Bernstein’s inequality (Vershynin, 2018,
Corollary 2.8.3) and since log((S/ 53 < 1/8, there exists a universal constant Cy > 0 such that

the event

£, = {(ZieD{Zi - I|E]§|Zl |21 # *)})2 < Cy(1+ 1) arqu?f;(f/g)}

satisfies P(& N &) > 1 — /2. Moreover, on & N &, by Proposition 26(b),

@n — 90)2 S (ZiED{Zi - %‘Zl Kl *>}> + {E(Zl | Zy # %) — 90}2
PIoB8/D) | 0 olon8/0) L (los®/0) N\
S (k) ng(1l —e) * s nq(1l —e) (nq(l—e)) "
Y

where the penultimate inequality follows from the inequality ab < CLQ—;E’Q for a,b € R, and the

final inequality follows from the assumption log((g/ ) <1 /8.

Next, let @ € P(R) be such that Q@ <« P. T hen the variational characterisation of
X2—divergence (e.g., Polyanskiy and Wu, 2024, Example 7.4) yields that

2Ex~o{9(X)} < 1+x%(Q. P) + Ex-p{g*(X)}, (76)

for all Borel measurable g : R — [0, 00). We first consider the case r > 1. Now take @ to be
the conditional distribution of Z; given {Z; # x}, so that, by the representation in (65), we

have )
X(Q,P) = / (% - 1) AP < k2.

Thus, taking g : z — exp{)\(x - 90)} in (76) and applying Lemma 40 yields that
2E [exp{/\(Zl - 90)} ‘ Zy # *} <14+r*+ 26Xp{(20'/\)r/(r_1)}7

for all A > 0. Hence, for s € [n],

cus{on( iy S -00) | 21 o ol 120 (2) )}
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o\ r/(r—1)
Ss{log(l%—/{ )—I—log2+< . ) }, (77)

where the final inequality follows from the fact that log

( 2 v) <loga+logb for all a,b > 1.
Then, applying a Chernoff bound gives that for every t > 0 and s

& ),
—~ 1
PO~ 002t |17 =) =F( o5 (5 - ) 2 ¢ ] DI=+) < exn(-v0),

where

20\ r/(r—1)
Y*(t) = sup {/\t — slog(l + K%) — slog2 — %}
st/ (r=

A>0
st” r—1\"" 1 st 1
= : .= — slog(2 + 2K%) > . — — slog(2 + 2x?
(20)" ( r ) r slog(2 +2k7) = (20)" er s1og(2 + 27,
since the supremum over A € (0, 00) is attained at A* = (== - (thl)/r(%)r_l. By replacing

Z; — 0y with —(Z; — 6,) for i € [n], we deduce that for every ¢ > 0,

st”
(20)"

~ 1
P(|6, — 6| >t | |D| = s) §Zexp{— -5+Slog(2+252)}.

Hence, defining the event
~ 20)"erlog(8/9) 2
= 2 < (! 20)"er log(2 + 2k*
& {(Hn 6p)* < ( nal— 02 + (20)"erlog(2 + 2k%) :

and proceeding in a similar fashion to (73), we deduce that P(§,N&;3) > 1 —§/2. Moreover,
on & N &E;, we have

(20)"erlog(8/6)
ng(l—e)/2

< { (QUIGT + (20 erlog(2 + 2&2)}% < {; (20) erlog(2 + 2/8)}

< {3-(20) erlog(2 + 26)}7" < (9e0)? log®" (2 + 2k). (78)

~ 2/r
(0, — 0p)* < { + (20)"er log(2 + 2&2)}

2/r

Thus, on & N & N &3, which satisfies P(Eg N & N E3) > 1 — 6§, we combine (75) and (78) to
obtain the desired result for r > 1.

Finally, we consider the case where r = 1. By Zhivotovskiy (2024, Lemma 2.5), (76)
yields, with the same choice of ) and g, that

2E[exp{A(Z1 —00)} | Z1 #+] < 14+ +exp{(200)},

for all |A| < 5-. Hence, by a similar argument to the r > 1 case,
A 200\ °
logE{eXp(’D‘ Sz - 90)) ‘ D] = s} < s{log(l +K2) + (%) } (79)
1€D
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for s € [n] and |A| < 5=. Then, applying a Chernoff bound yields
~ 1 .
(P, — 0 2 ¢ | 191 = 5) = P | S5z - a0 2 ¢ | 1P] = 5) < 20xp(-4°().
ieD

where

(200)? }

S

Y*(t) == sup {)\t — slog(1 + K*) —

0<A<=

Taking ¢ := 80 log(2 + 2k?) and A\ = s/(20) yields, for s > ng(1 — ¢€)/2, that

NS

IP’(|5R — 0| >t | |D| = s) < 2exp{—3slog(2 + 2x*) + s} < 2exp(—s) <

I

where the final inequality follows from the assumption ng(l — €) > 8log(8/d). Therefore,
letting &5 = {0, — 6o| < 80log(2 + 2x?)}, we have P(E N &) > 1 — §/2. Moreover, on
60 N 547

(6, — 09)? < 6402 1og?(2 + 2K2) < 25602 log(2 + 2k). (80)

Thus, on & N & N &,, which satisfies P(Eg NE N Ey) > 1 — §, we combine (75) and (80) to
obtain the desired result for r = 1. O

D.2.2 Proof of Theorem 11
For 6 € R and K > 0, define

P60, K) = {P € P(R) : Ep(X) = 0, P is supported on an interval of length at most K}.
(81)

Proof of Theorem 11. (a) Define a = qgl(:;)re €(0,1]and b:=Z-a V" >0. Let X1 ~ P

and Xy ~ P, be random variables satisfying

1
“Zl and X, =

a+1

X, — —b with probability
" b with probability

—b with probability #
b with probability ﬁ

Then 6; = E(X;) = =2 and 6, = E(X,) = =98, Moreover,

a+1 a+1
n _ (2ab)" + a(20) S
E(|X1—91| ) = (CL—|—1)7“+1 §a<2b) =0,

where we have used the fact that a"+a < a(a+1) < a(a+1)""; by symmetry, E(|Xo—6,]") <
o”. Consequently, P, € Pr-(61,0%) and P, € Pr-(02,0%). Now define Ry € P(R,) by

q(1—e)
a+1

Ro({-b}) = = Ro({b}) and  Ro({x}) =1 - Ro({-b}) — Ro({b}) € [0, 1).
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By Proposition 2, Ry € R(Py,€,q) NR(Ps,€,q). Therefore, by Ma, Verchand and Samworth
(2024, Theorem 4 and Lemma 5),

Mo, Pou - ) = &2 _401)2 - {(la;al)b}Z - (2q(1 _ee) +e)2(q(;(:>;)r€)%

{G=) (=)

where the final bound is obtained by considering separately the cases ¢ < ¢(1 — €) and
€ > ¢(1 — €). This proves the second term in the lower bound.

For the first term in the lower bound, we observe that Py(0,0) C Pr-(,0?) for all
r > 2. We therefore obtain the desired conclusion by choosing the contamination distribution
Q € P(R,) such that Q({*}) =1 and applying Proposition 46(b).

(b) Define Py, P, € P(R) with Lebesgue densities py, ps respectively as in Lemma 27, so
that P; € Py, (Ep,(X1),0%) and P, € Py, (Ep,(X>),0%). Further, with b > 0 defined as in
Lemma 27, define R; € P(R,) through its Radon-Nikodym derivative

Q

>

&% =

q(1 —¢€) - pi(2) if z € (—o0,b)
(2) = {al—e€)+ €} -pi(z if z € [b, 00)
1—gq(l—e¢)- f iz dx—{ql—e +e} fb pi(x)dx if z = %,

ar,
dA,

so that, by Proposition 2, Ry € R(Py,€,q) N R(Pa,€,q). Therefore, by Ma, Verchand and
Samworth (2024, Theorem 4 and Lemma 5),

{En,(X2) ~En (X))}

M<67 P@7 | ' |2) Z 4

(82)

Now, writing oy := o /Cy,

€

0o b
de — ——— d
g ), e G e
€ o
be_(b/"oy—i—/ e~ (@/o0)" dx}
q(1 - 6){ b
b
_ ;{_be—(b/aor N / o~ (/a0 dx}
q(l—¢€) +e 0
@( € . € ) q(1 —¢) 'Ulogl/r(2+ € )
ql—¢€) q(l—€)4+¢) 2¢(1—€)+e¢ 0 q(1—e)
00 b
‘ /o) g — —© / (/o0 83
e r———— [ € T,
q(l_e)/b q(1—e)+e€ ./ (83)

where (i) follows from integration by parts, (i7) follows by substituting the definition of b.
Now let A(t) = 1 [ e=(@/70)" dz. Then

]Epz(X2> - ]Epl(X1> =

—~
.
=

e—(t/o0)" _ fot e—(@/o0)" qp

() = .

Soy
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so h is a decreasing function.
First consider the case where

logl/r(2+( ))>2and

2" _ 2 or equivalently € > —SPEI=2} o tha¢

g =¢€ T {exp(@) 27"

f02 e " dx B fol e~ dx + ff e~ dx - 1+ e‘l.

h(b) < h(200) = 5 = 5 =

Hence, by (83),

€ € q(1—e) 1/r €
Ep(X) = Ep (K1) 2 (q(l —€) * q(1 —e)+e) 29(1—€) +e ‘oolog! (2+ q(1 _€)>

€ 1+e! 1 ( € >
oo log!m( 2+
’ q(1—e)
1—et €

Cql—e+e 2
= . . l 1/T 2_'_ €
2 ql-ore 0 ( q(1—¢)
l—-el o 2€
> . — log"( 2 .
T (+Q(1—€))

{exp(2")—2}
Therefore, by (82), when ¢ > m,

2e
12y > 42 2/r
Mo Po ) 2 a*tog? (24 22 ). (51)

Next consider the case where ;3= <1, or equivalently € < ¢ /(14 ¢q). Define P;, P, € P(R)
by

P = ma () U)o n(0h)

Thus P; € Py, (Ep,(X3),0?) and Py € Py, (Ep,(X4),0?). Further define R, € P(R,) by

n(3)) = et ()

. 2q(1—e){q(l —€) +¢}
RQ({*}) =1- 2q(1 — 6) e .

By Proposition 2, Ry € R(Ps,€,q) N R(Py, € q) Therefore, by Ma, Verchand and Samworth
(2024, Theorem 4 and Lemma 5), when € < 3,

2y < 1Ep,(X3) —EP4(X4)}2 o € Lo ¢ :
M(4,Pe, |- |7) = 4 Z1_6(2q(1—6)+6) = 144(Q(1—€)) (%)

Combining (84) and (85) yields that when e < ;- or € > %,

A e TR
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Further observe that R(P, %, q) € R(P,¢,q) for all P € P(R) when € > +Z-. Thus, by (86),

{exp(2")—2}¢
1+{exp(2")—2}q’

a_ 2 2
M(8,Po,|-|?) = o*- {<$> /\log2/r<2+L)}
q(1-1H) q(1 - 15;)

:UQZUQ'{(q(le—6))2M(>g2/r(2+q(12i 6)>}’ (87)

{exp(2")—2}¢
1+{exp(27)—2}q’

we deduce that When s <€e<

where the last inequality follows from the fact that when e <

10g2/T (2 n ) < lOgZ/T (2 4 2(627" . 2>) < 10g2/r (e2r+10g2) < (2 . 2r>2/r — 22/r .2< 8.

2e
(1 —¢)
Combining (86) and (87) yields the second term in the lower bound.

For the first term in the lower bound, we observe that P, (6,0/2) C Py, (6,0?) for all
r > 1. We therefore obtain the desired conclusion by choosing the contamination distribution
Q € P(R,) such that Q({*}) =1 and applying Proposition 46(b). O

Lemma 27. Let € € [0,1), g € (0,1], 0 > 0 and r > 1. There exists a universal constant
Co > 0 such that if X1 ~ P, E P(R) and Xy ~ Py € P(R) have Lebesgue densities p; and po
respectively, where py(x) = ¢~ (Coz/o)” Liz>0y and

(U/CO)T
q(1=¢) -
() ifr<b €
po(z) = q(l_E)Jf . with b= —log 2+ ,
{QS(JJ pi(@) if o> Co a(1—¢)

then ||X1 - EX1||¢T \ ||X2 - EX?H#% S g.

Proof. Since P(|X;| > ) = e (“02/9)" for all z > 0, we have by Vershynin (2018, Propo-
sition 2.7.1) that ||X7]y, < Ci(0/Cy)" for some universal constant C; > 0, so || Xq|y, <
C"5/Cy < (Cy V 1)0/Cy. Then, by Gétze, Sambale and Sinulis (2021, Lemma A.3), we
have

2 Lr o o
X, —EX 1+ (— D <4 no
11 = EXylly, < { ((re)l/r log2> }(Cl v )CO < 4Gy >CO

Turning to X, first observe that py is a Lebesgue density, since

2 dr = M —(Cob/a)" q(l1—¢) + € o= (Coblo)" _
/sz( ) q(1—e) + - i q(1 —¢) .

Now, for x > 0, we have

P(X,—b> )= al—e)+e P(X, >b+a) < al—¢)+e o~ (Cob/0)"~(Coz/o)"
g(1—¢) (1 —¢)
_ql—e) e . o~(Coz/o) < ~(Cox/o)
2q(1 —¢)+¢ -
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Define a := qgl(:;)re € (0,1], so that b = (¢/Cp) log"/" (1£2). For = € [0,], we have

= 2¢~(Cob/0)" < 9=(Cox/a)"

2a
P(Xy—b< —z)=0a -PX;<b—2)<a<
(2 <-r)=a (1_ 13)_@_1+a

For > b, we have P(Xy—b < —z) = 0. Combining these inequalities, we obtain P(| Xo—b| >
x) < 3e~(C02/9)" for all > 0. Therefore, by Vershynin (2018, Proposition 2.7.1), we deduce’
that [[(Xs — b)"||y, < Ca(0/Cy)" for some universal constant Cy > 0, so

X, —bl, <CcY 2 < )2
|| 2 ||1f’r —02 CO — (02\/ )O()

By Gotze, Sambale and Sinulis (2021, Lemma A.3) again, ||Xy — EXs||y, < 4(CyV 1)0/C.
Finally, taking Cy := 4C; V 4C5 V 4 completes the proof. n
D.2.3 Proof of Theorem 12

The following proposition, which is analogous to Proposition 26 in the univariate case, will
be used in the proof of Theorem 12.

Proposition 28. Let 6§, € R?, © € STi%, ¢ € [0,1), § € (0,1], 7 € P({0,[d]}) and
q = m([d]).
(a) Letr > 2, P € Pyrr(00,3) and Z ~ R € Ry q)(P,€,m). Then

|E(Z]Z € RY) — 6| < HE||Op{ (ﬁ)g A (ﬁ)w}

(b) Letr > 1, P € Pyy,.(00,%), and Z ~ R € Ryq(P,€,m). Then

IE(Z| Z € RY) — 0,2 < |yz||op{4(q(16_ 6))2 A Tog?" (2 n q(fi E)) }

Proof. Let k= ﬁ, X~ P vesStt 720 = UTZ']l{ZeRd}+*']1{Z¢Rd}, R® = Law(Z®)

and P™ := Law(v" X). By Lemma 25, we have R™ € R(PW, ¢, q).
(a) Since P™) € Pr-(v"6y,v"Xv) we have by Proposition 26(a) that

IE(Z|Z € RY — 6,|s = sup {vTE(Z|Z € RY) —v"6,}”

vesd—1

= sup {E(Z(”)|Z(”) # %) — UTGO}Q
vesd—1

< sup v S - (k2 ARYT)
vesSd—1

= (IS llop (K A K7),

as required.
(b) We now have P®) € P, (v, v %), so the proof is the same as part (a), except
that we use Proposition 26(b) instead. O
"Note that in Vershynin (2018, Proposition 2.7.1(a)), the condition is that P(|X| > t) < 2exp(—t/K)

for all ¢ > 0. However, the result is still true if we replace the factor 2 by 3. See for example, Vershynin
(2018, Proposition 2.5.2) for the proof strategy.
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Proof of Theorem 12. Let k = —=

a(1-¢)’
(a) For v € S™ 1, we have by the same argument as the proof of (72) that

Var(v' Zy | Zy € RY) < (1 + &)o' So.
Therefore, writing I' := Cov(Z, | Z; € RY) € S, we have
ITllop < (14 #2)[[Sllop and  tr(T) < (1 +77) tr(5). (88)

By Lemma 38(b), the event & := {|D| > nq(1 —¢€)/2} has P(&) > 1—0/2, since ng(1 —¢) >
8log(2/d). Moreover, writing

& = {H@n Rz | % e R < 0y D Z!(Fl“fgg@/(s) }

we have by Depersin and Lecué (2022b, Theorem 2.1) that when C; > 0 is a sufficiently large
universal constant, we have P(&; | |D] = s) > 1-6/2 for s > nq(1—¢)/2, so P(§NE;) > 1-4.
On the event & N &, we have by (88) and Proposition 28(a) that

16, — 6012 < 2/|6, — E(Z1 | Z1 € RY)|[ +2||E(Z1 | 21 € RY) — 6y
< () + [[Xlop log(2/0) | x(2) +1log(2/9)

ST agi-o na(1— o)

tr(X) + [[3]lop log(2/9) 2, 2
Sop (K2 A K27,
nq(l o E) + || || P("{ K )
where the final inequality follows by considering separately the cases Kk < 1 and k > 1, and

in the second case noting that r(¥) < Cng(1 — €) and log(2/6) < ng(1 —¢€)/C.

B llops®” + 1B llop (57 A 52/7)

<

(b) For v € S 1, we have by the same argument as in the proof of (74) that conditional
on {Zl S Rd},

HUTZl ~E(Ww'Z,| 7, € Rd)”wl < V({1 + k)Xo,

so that Z; [{Z, € R} € Puy, (E(v"Z1| Z; € RY), (14 k)X). By Lemma 38(b), the event
& ={|D| > nq(1 — €)/2} satisfies P(&) > 1 — §/4 since ng(1l —€) > 8log(8/d). Moreover,
writing

_Jw _ INTE oy () 4 [[Bllop log(8/9)
E = {Hen E(Z1| Zy € RY)||, < 48(1 + k) gl — o) }

we have by Lemma 42 (a consequence of the PAC-Bayes lemma) that P(& ||D] = s) >
1—6/4for s > nq(l—e€)/2,s0 P(ENEy) > 1—§/2. On ENE,, we have by Proposition 28 (b)
that
18, — Goll2 < 2|16, — E(Z1 | Zy € RY)|[S + 2||E(Z1 | Z € RY) — 6o,
_ (D) + Sl log(3/9) () + log(8/9)

+ |12 lopk - Y on k>
tr(2) + ||2]|op log(8/4)
< P + |2 gk 89
nq(l —6) H || IJ’% ) ( )
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where the final inequality follows by considering separately the cases k <1 and x > 1, and
in the second case noting that r(X) < ng(1 — €) and log(8/6) < ng(1 —¢€)/8.

For the last term in the upper bound, we first consider the case where r > 1. For w € R,
we have by the same argument as in the proof of (77) that

log E{exp(Aw(Z, — 6y)) | Z1 € R?} <log(1 + k*) 4 log2 + (QAW)T/(“D, (90)

for all A > 0. Let 8 = r(X), let u denote the distribution of Ng4(0,37'%) and for u €

21/28%1 let p,, denote the conditional distribution of Y given {[|Y —ul|» < 2||Z||1/2} where
Y ~ Nd(u 713). By Chebychev’s inequality,

(X)) 1

1Y —ulls > 2IS)2) < L
B )= BIsl, 1

Hence, by the third displayed equation of Zhivotovskiy (2024, p. 11), we have

1 3 r(%)
KL(py, 1) :log( ) + - _210g2+—
P(|Y —ulz <2|2)s7) /) 2 .

Fix u € $1/2841 let v € R? be such that |Jv — ul, < 2||Z[4%, and for A > 0, define
A REXRY = R by fi(z,y) = \y"S"Y2(z — 6p). Then, since [|v]|s < 3||S[|05, we have
by (90) that

IOgEZNR(Cf/\(Z7U) | 7 c Rd) S 10g(2+ 2/{ ) (6)\”2“1/2)7“/7' 1)’
50 Eg,np, {10g Ezp(ePZ8) | Z € RY)} < log(2 + 2k?) + (6)\||ZH1/2)T/ Y . Therefore, for

s > nq(l —€)/2, by the PAC-Bayes lemma (Lemma 41), conditional on |D| = s, we have
with probability at least 1 — 6/4 that

1
[z z-n

1
o 2 Eeun Zi, &

2 uexl/2sd-
log(2 + 2x? r/(r— ¥) /24 2log(4/d
< ;\I;g{ Og( j\_ K ) + (6”2”(1);/)2) /( 1)/\1/(7"—1) + I‘( )/ —2)\ Og( / )}

(@) 2)/2 4 2log(4 1/r
< 12||2||3,I/f{log(2+2m2)+ r(2)/2 + 2log /5)}
S

(i) .
< 12]| 3|2 {log(2 + 26%) + 2} < |82 1og""(2 + 2r),

r(X)/242log(4/6) }(rfl)/r

where (i) follows by choosing A = 6”2”1/2 {log(2+2x%) + and (i) follows

from the assumptions that ng(1 —€) > r(X) and § > 8exp(—ng(1l — €)/8). Hence, there
exists a universal constant C; > 0 such that the event

a={|mE o

€D

< G ”EHop IOgQ/T(2 + QH)} <91)
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satisfies P(Ey N E3) > 1 —§/2. Thus, on the event & N E; N E3, which has probability at least
1 — 6, we combine (89) and (91) to obtain the desired result for r > 1.

Finally, we consider the case where r = 1. For w € R%, we have by the same argument
as the proof of (79) that

log E{exp(Aw' (Z1 — b)) | Z1 € R?} <log(1 + K%) 4 log2 + (2AV wTZw)Q,

for || < 2||E||_1/2 < 2\/11)T7 Hence, for s > ng(1 — €)/2, by following the same proof as

the r > 1 case above, we deduce that, conditional on |D| = s, we have with probability at
least 1 — /4 that

§ inf
AE(0,2 12057

{10g(2 + 2K%) (6”2”1/2) N r(¥)/2+ 210g(4/6)}

H| ’ A SA
261)

L a1z {log(2 + 2% 40 T2 28001}

(i7)
< 2|51 {log(2 + 2k%) + 11} < [|2]|2/2 log (2 + 2k),
where (7) follows by choosing A = ZHEHOU ? and (ii) follows from the assumptions that

nq(l —€) > r(X) and § > 8exp(—ng(l — €)/8). Hence, there exists a universal constant
C5 > 0 such that the event

{Hmzz %

€D

< C’2||2||0p10g (2—1—2/-@)} (92)

satisfies P(Ey N Ey) > 1 —§/2. Thus, on the event & N E; N Ey, which has probability at least
1 — 0, we combine (89) and (92) to obtain the desired result for r = 1. O

E Proofs from Section 5
E.1 Proof of Lemma 13
Proof of Lemma 15. (a) Let (v,,) be a sequence in S~ with
P(|X) vm| > 7) N\ inf P(|1X, v| > )
vesd-1

as m — oo. Then by compactness of S, there exists a subsequence (v,,,), as well as

v, € S71 for which v,,, — v, as k — oo. But then | X vy, | < | X, v,| as k — oo, so by,
e.g., van der Vaart (1998, Lemma 2.2),

P(| X, v] >7) < liggi]ngﬂXlTvmk] > ) = Ueigdf_IIP’(]XlTM > 7).

It follows that the infimum in the definition of S is attained.
If =0 for all v > 0, then for every v > 0 we can find v.(y) € S* with P(| X v.(7y)| >
7) = 0. Writing v,, := v.(1/m), there exist integers 1 < m; < my < ... and v,, € S¥! with
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U, — Vsx a8 k — o0o0. Since | X{ vy, | — 1/my, KN | X v.s| as & — oo we have by van der
Vaart (1998, Lemma 2.2) again that

1
T < Tlimi T 2 Voo
P(1X, vs| > 0) —h/?_lglfPOXl Upn,, | > mk) 0

But then, defining the hyperplane H := {x € R? : 2 Tv,, = 0}, we have P(H) = 1.

(b) The claim is equivalent to showing that there exists a universal constant ¢ > 0 such
that if %(1/5) < ¢3?, then, with probability at least 1 — 4,

Sup ——Zlﬂxww < -26.

veSd—1

To establish this, let H = {z — =17 1 v € S*'}. Then

n

1
Sup _‘Zﬂ{|ﬂv|>w}+35< sup —Z{ ﬂ{|xm|>w}+P(|X vl > )}

veSd—1 vesd—1 T 1

= sup = S {(X) ~ ER(X)} =V (93)

where the first inequality follows since P(| X, v| > v) > 38 for all v € S*!. By the bounded
differences inequality (e.g., Boucheron, Lugosi and Massart, 2013, Theorem 6.2), with prob-
ability at least 1 — 4,

V<E(V)+ —IOg;/ %), (94)

For a collection H; of binary-valued functions, we write VC(H;) for its Vapnik—Chervonenkis
dimension. For v € R? and b € R, define g, : R? — R by g,4(x) == 2 v + b, and define the
vector space G == {g,p : v € R, b € R}. Now let H' := {& — —Lyu)>0} : ¢ € G}, which by
Wainwright (2019, Proposition 4.20) satisfies VC(H') < dim(G) = d + 1. Then

H= {x = =g, (@)>0}Ufg_u,— (2)>0} * VU € Sd_l} - {x = =1y (2)>0)U{ga(x)>0} * 91,92 € g}.

Hence, by Blumer et al. (1989, Lemma 3.2.3), we have VC(H) < 41log,(6)VC(H') < 11d+11.
We deduce by Vershynin (2018, Theorem 8.3.23) that there exists a universal constant C; > 0

such that E(V) < C14/ %, Thus, by (93) and (94) we conclude that there exists a universal
constant C; > 0 such that with probability at least 1 — 9,

log(1/0) d + log(1/9)
—— 1 <K — L <Oy —————= <
vilsldpl Z (157 ol>yy 35 (V) + on n S
where the final inequality follows by choosing ¢ := 1/C% and using the assumption that
%(1/5) < ¢f3?. This proves the claim. O
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E.2 Proof of Theorem 14

We begin with some preliminary lemmas.

Lemma 29. Consider the setting of Theorem 1. There exists a universal constant C' >
0 such that for § € (0,1, we have with probability at least 1 — & conditional on X; =
T1,...,X, =z, that

~ d+log(1/0
sup di‘(ym(Rn,g,Rn,g) <C L(/)_
fcRd n

Proof. First define

. Sym i5) —
V = sup dy"(Rn, Rnp) = sup sup
HeRd HcRd Ac Asym

1 « 1 o ~
n Z ]‘{Zi*Z;I—QEA} T Z Rz'ﬂ(A) ‘
=1 i=1

Then, by the bounded differences inequality (e.g., Boucheron, Lugosi and Massart, 2013,
Theorem 6.2), with probability at least 1 — 4,

log(1/6)

<E
VSEV) 4+ =2

(95)
Now define
G = {g TRIX R, = Rsit. g(z,2) = (2=270—1)1 {140y + Loyy for some § € R% t € R},

and define Hy == {(z,2) = Ligus<oy 1 9 € G} and Ho = {(z,2) = Ligw)<0} : 9 € =G }.
Then

V= sup
heH 4+ UH

Z{hwz,l Eh(;z:i,Zi)}'.

Since G is a vector space of functions with dim(G) = d + 1, by Mohri, Rostamizadeh and
Talwalkar (2018, Exercise 3.24(b)) and Wainwright (2019, Proposition 4.20), we deduce that
VC(H,UH_) < VC(Hy)+VC(H_)+1<2dim(G) + 1 < 2d+ 3. Therefore, applying Ver-

shynin (2018, Theorem 8.3.23) yields that E(V) < C’{/2%2 for some universal constant
C’ > 0. Combining this with (95) proves the desired result. O

Lemrna 30. Consider the setting of Theorem 14, and assume that 0 # 6y. Then, writing

160 — 0]l> > 0 and b = L log(1 + %), we have

sym n a 20b a 200
& (R g, RE™) > Bg(1 — e>¢(1 - i) - @(——’V = i) = frs(a),

o ay

where fxyp 1 (0,00) — (0,00) is strictly increasing and continuous.
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Proof. By Assumption 1, we may assume without loss of generality that there exists T, C [n]
such that |7¢| > Bn and —x; (6 — 0) > 2ay. By Proposition 2, for i € T, and t € R, we
have

Roo((—o0.1]) = (1 = OB (t =7 (60— ) >

Moreover, by Proposition 2 again for By € R5™ and t € R, we have RO((—oo, t]) < @o,0)(1).
Therefore,

RoERK™ teR

> inf sup {% Z éi,ﬁ((_oovt]) - RD((_OOvt])}

 RoeRE™ teR e

> sup {Ba(1 = )P(-20.0)(t) = P00 (1)}

. 1 o ~
digm(Rnﬁ,R%m) > inf Sup{ﬁZRiﬁ((—OO,t]) — Ro((—OO,t])}
=1

a 20b a 20b

- on(% ) ()
o ay o ay

where the final inequality follows by choosing ¢t = —2;’—2!’ —ay. The function fkj is continuous

as a composition of continuous functions, and the fact that it is strictly increasing follows
as in the proof of Lemma 24, setting (€, q) therein as (€,q), with é :== 1 — Bg(1 — ¢€) and
qg=1. [

Proof of Theorem 1. Let ¢ € (0,1] and for the universal constant C' > 0 from Lemma 29,
define the event

~ log(1
£ = {sup AR (Rng, Rng) < C HO—M}

0cRd n

By Lemma 29, satisfies P(€ | X; = x1,..., X, = x,) > 1 —4, and from now on, we will work
on the event £. Recalling that R, g, € R§™, we have

sym( > in sym( 7> d+log(1/6
dlg (RnﬂouR% ) S d}? (Rn,907Rn,90) S C M

n
Moreover, if § € R satisfies dY™ (R0, RE™) > 2C %(1/6), then

B (Rog, RE™) > d¥™ (Rpg, RE™) — &Y™ (Rovg, Rog)
d +log(1/6)

n

> C 2 dgm(ﬁnﬂm Rgin)v

SO gff # 0. Therefore, with b and fx; as defined in Lemma 30, we deduce that

- d + log(1/6
B _ tolls < supd 10— Ooll» - 0 € RE, d™(R, o, RE™) < 20/ LF1081/0)
" K 05 1% -
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§2inf{a>0:ﬁq(1—e)®(ﬁ—2;‘b) —@(—ﬂ—@)

o ay o ay

> 200 M}’ (96)

B n

where the second inequality follows since by Lemma 30, di™ (R0, R5™) > fKﬁ(W) and

fxp is a strictly increasing and continuous function. Letting a = v\%b@’ we have by our

assumption on b that 20b/(avy) — ay/o = \/logn/3 — 6b/y/logn > 0, so
2 2
Bg(1 - 6)@(@ _ ﬂ) _ @(_ﬂ _ ib)

o a~y o ary
= JQ( L M)_I'QS(_ngm)_ﬂJrzﬂ"(b(%JrW)
(_U+a7)+(_a+av - ay
@) (ay  20b -1 @y 2020
2\t Ao - - 2b
B ( o " G’Y) \/ZW{Bq( ) exp( 202 a2~? +

a>y? 20202 .
—OXP{ T 252 a2~? a

logn n

where (i) follows from the Mills ratio bound ¢(z)/(x + 27') < &(—z) < ¢(x)/x for z > 0;
(17) follows since % <b< 103an implies (—? + %b) + (—% + 2(1%1))—1 <4 2(1%”; (13i) follows
by substituting the definition of b and using the fact that Sg(1 —¢) < 1/2; (iv) follows since
b < 1°3g6” implies 2 < g—fy; and (v) follows from the assumption that "11/26 > Ci{d+log(1/5)}
and taking C) := 4C?%. Therefore, with probability at least 1 — J, we have

||/Q\K 0 H2 < 1440°b* 3602 10g2 (1 + %)
no P02 = e 60 < 72 log(ng(1 — ¢)) ;
as required. )

F Auxiliary lemmas

If Z is a topological space, then we define the embedding ¢z : Cp(Z) — M(Z)* by
oz (f) () = p(f). If Zis alocally compact Hausdorff space, then a Borel measure p on Z is
regular if (E) = inf{u(U) : U O E,U open} and p(E) = sup{u(K) : K C E, K compact}
for every Borel subset F of Z.

Lemma 31. Let Z be a locally compact Hausdorff space in which every open set is o-compact.
Then ¢z embeds Cy(Z) into a subspace of M(Z)* that separates points.
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Proof. If f,g € Cp(Z) and A, Ay € R, then ¢z(A1f + Aag) = Moz(f) + Aeoz(9), so ¢z
embeds C},(Z2) into a subspace of M(Z)*.

Let p and 1/ be two distinct measures in M(Z) and define v .= p— ¢/ € M(Z). By the
the Jordan decomposition theorem (Folland, 1999, Theorem 3.3), we can write v = v, — v_
where vy, v € M (Z) are supported on disjoint measurable sets P, N C Z respectively.
Since v # 0, there exists a Borel set B C Z and € > 0 such that either v, (BN P) > ¢
or v_(B N N) > e. Without loss of generality, we assume the former. By Folland (1999,
Theorem 7.8), v, and v_ are regular measures, so there exists a compact set K C Z and
an open set U C Z such that K C BNP C U and vy (U\ K)+v_(U\ K) < ¢/2. By
Urysohn’s lemma for locally compact Hausdorff spaces (Folland, 1999, Lemma 4.32), there
exists a continuous function f : Z — [0, 1] such that f(K) = {1}, f(U¢) = {0}. Observe
that

W) = s (K) = v-(U\ P) 2 0 (BAP) = (1(U\ K) + v_(U\ K)) > ¢/2
Consequently, f € C},(Z2) separates p and ' as desired. O

If (X,7) and (Y, 0) are topological spaces, we write 7 ® o for the product topology on
the Cartesian product X x Y, i.e. 7 ® o is the coarsest topology for which the projections
(z,y) — z and (z,y) — y are continuous.

Lemma 32. If X and Y are real vector spaces and X' and Y’ are subspaces of X* and Y*,
then the map ¢ : X' xY' — (X xY)* given by o(f, g)(z,y) = f(z)+g(y) embeds X' xY" as
a subspace of (X xY)*. Furthermore, if 7(X; X'), 7(Y;Y") and 7(X x Y; (X' xY")) denote
the weak topologies generated by X', Y' and «(X' x Y') on X, Y and X XY respectively,
then 7(X; X' ) @ 7(Y;Y') = 7(X x Y;u(X' x Y)).

Proof. To check that ¢ embeds X’ x Y’ as a subspace of (X x Y)*, we only need to verify
the bilinearity of the map ((x,y),(f,9)) — f(x) 4+ g(y) on (X x Y) x (X' x Y’), which is
true since X, Y, X', Y" are vector spaces and (X, X'), (Y,Y’) are dual pairs.

For the second claim, let 7x : X xY — X and 7y : X XY — Y be projection maps
defined by 7mx(z,y) = = and 7y (z,y) = y. By the definition of the product topology,
T(X; X") @ 7(Y;Y’) is the coarsest topology on X x Y under which both 7x and 7y are
continuous. Also, T(X X Yiu(X' xY' )) is the coarsest topology on X X Y under which
t(f,g) is continuous for all f € X’ and g € Y. Hence the desired result is equivalent to the
statement that for any topology 7 on X x Y, the functions 7x : (X xY,T) — (X, 7(X; X))
and my 1 (X xY,T) — (Y,7(Y;Y’)) are continuous if and only if ¢(f,g) : (X xY,7T) = R
is continuous for all (f,g) € X’ x Y.

The ‘only if” direction is true since for any (f,g) € X' <Y’ «(f,g) = fomx+gomy is the
sum of compositions of continuous functions, and hence continuous. For the ‘if’ direction, we
assume that ¢(f, g) is continuous for all (f, g) € X’ x Y’; by symmetry we only need to check
that 7y is continuous. Taking ¢ to be the zero map, we have «(f,0)(z,y) = f(7x(z,y)), so
f omx is continuous for every f. Open sets in (X, 7(X; X")) are unions of sets in {f~}(U) :
f € X',U open in R}. Since f omx is continuous, we have

T (f70)) = (fomx) (V)

is open for every f € X’ and U open in R. Therefore, my is continuous as desired, and this
establishes the lemma. O
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Lemma 33. Let X,Y,Z be topological spaces and equip Y x Z with the product topology.
Then f: X — Y and g : X — Z are continuous if and only if h : © (f($),g(x)) is a
continuous function from X to'Y x Z.

Proof. By definition of the product topology, the projection maps 7y : Y X Z — Y and
7z Y X Z — Z defined by 7y (y,z) == y and 7z(y, z) = z are continuous. This proves
the ‘if” direction since f = my o h and g = w7 o h. For the ‘only if’ direction, we observe
that open sets in Y x Z are unions of sets of the form U x V for U open in Y and V open
in Z. Since f and g are continuous, h1(U x V) = f~3(U) N g~(V) is open in X, so h is
continuous as desired. O

Recall that if A; and Ay are sets, then the disjoint union of Ay and A, is defined by
AU Ay = {(a,1) : a € A1} U{(a,2) : a € Ay}. Moreover, if (A, 71) and (Ay, 72) are
topological spaces, then A; LI Ay can be endowed with the disjoint union topology, given by
{(U x{1})U(Usx{2}) : U1 € 71, Us € 72}. In the special case where A; and A, are disjoint
subsets of a topological space (X, 7), the second argument of elements in A; U Ay becomes
redundant, so we can identify A; U Ay with A; U A,, and we may write the disjoint union
topology simply as {U; UU, : Uy € A yN1,Uy € AyN 7}

Lemma 34. Let Z,..., 2, be topological spaces, and let Z = H;.lzl Z; be the product space
equipped with the product topology. Let S C [d] be non-empty and let Zg = HjeS Z; be the
product space equipped with the product topology.

(a) If U C Z is open, then the set Us = {xg : x € U} is open in Zg.
(b) If K C Z is compact, then the set Kg = {xg:x € K} is compact in Zg.

Proof. (a) We can write U = J,,

is open in Z; for all i € I, j € [d]. Hence Us =
open in Zg.

U for some index set I, where U = Hj:1 U ]@ and U ]@
icl Uéi) where Ug) = [Ljes U]@, so Ug is
(b) For any open cover {Ug)}ief of Kg, define U® == {x € Z: a5 € Ug)} for i € I. Note
that U® is open in Z for i € I, as it is the pre-image of an open set under a projection
map (which is continuous, by definition of the product topology). Thus, {U®}c; is an open
cover of K, which has a finite subcover Iy C [ since K is compact. Therefore, {U g)}ie I 1s
also a finite subcover of Kg, so Kg is compact in Zg. O

Lemma 35. Let X; and X5 be topological spaces.

(a) If Xy and Xy are Hausdorff, then Xy x Xy is Hausdor(f in the product topology and X1 X,
1s Hausdorff in the disjoint union topology.

(b) If X1 and Xy are locally compact, then X x Xy is locally compact in the product topology
and X1 U Xy is locally compact in the disjoint union topology.

Proof. (a) The first statement follows from Munkres (2014, Theorem 19.4). For the second
statement, let (z1,71), (z2,72) € &1 U X, be distinct, where ji, jo € {1,2}, and for ¢ € {1,2},
we have x, € &). If j; = jo, then the result follows from the fact that X and &5 are Hausdorff.
Otherwise, we can separate the two points using the open sets X} x {1} and Xy x {2}.
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(b) For the first statement, if z; € &} and x9 € &3, then we can find compact neighbourhoods
K; C X; of z; for j € {1,2}. Then by Tychonov’s theorem (Munkres, 2014, Theorem 37.3),
K, x K3 is a compact neighbourhood of (xy, z5). For the second statement, if (x, j) € X1UA,,
then we can find a compact subset K C A containing x. Then K x {j} is a compact subset
of X1 U X, containing (z, j). O

Lemma 36. Let X;,..., Xy be locally compact Hausdorff spaces, and let X = Hj=1 X;.

Then X, X, and X x 2\% are locally compact Hausdorff spaces. Moreover, if every open set
in X is o-compact, then X, and X x 219 also have this property.

Proof. The fact that X is a locally compact Hausdorff space follows from Lemma 35. More-
over, the singleton space {x} as well as the space 2l endowed with the discrete topology are
both locally compact Hausdorff spaces. We observe that X', X, and X x 2l¥ can be generated
from X1, ..., Xy, {x}, 21 via a combination of product space and disjoint union operations.
Hence the first result follows from Lemma 35.

To check that every open set in X, = | |g o X (%) is g-compact, observe that for any
open set U C X, we can write U = Usg[d} U®) where U .= UN XS, Therefore, it suffices
to show that for every S C [d], any open set U C X5 is g-compact. Let Us == {ag : a € U}
and let V = {z € X : vg € Ug}. Then V is open in X since it is the pre-image of a
projection of an open set, so we can write V' = (J;°, K (i), where K () is compact in X for
each i. Moreover, Us = |J;2; K(i)s, and K (i)s is compact in Xg by Lemma 34(b). We
claim that K (i) = {z € X, : z5 € K(i)s, 2 = x Vj ¢ S} is compact. To see this,
consider any open cover {U(j)};cs of K (7)), where, without loss of generality, we assume
that U(j) € X for all j € J. Writing U(j)s == {ag : a € U(j)} for j € J, we have by
Lemma 34 (a) that {U(j)s};jes forms an open cover of K (i)s. We can therefore find a finite
subcover {U(j)s}jes of K(i)s, so that {U(j)};cs, forms a finite subcover of K(i)®). We
deduce that U = 2, K (i) is a countable union of compact sets.

To show that every open set in X x 2 is g-compact, observe that since 29 is finite,
any open set in X x 219 is of the form Usqd}{U(S) x S}, where U(S) is open in X. Since
each U(S) is o-compact and S is finite (hence compact), it follows that each set U(S) x S
is o-compact, and hence Usg[d]{U(S) x S} is o-compact. O

[d]

Lemma 37. If (Xy,71),...,(Xy,74) are Polish spaces, then the Cartesian product space
X, = H?zl X« equipped with the product topology is also a Polish space.

Proof. A finite (or even countable) Cartesian product of Polish spaces is Polish (Kechris,
2012, Proposition 3.3), so it suffices to show that (X}, 7;,) is Polish for each j € [d], where
Tix =17 U{AU{x} : A € 7;}. Now fix j € [d], and find a countable dense subset {x,}>,
of &;. Then {x} U {z,}2, is a countable dense subset of Xj,, so &;, is separable. Now
find a metric d on X; such that d generates the topology 7; and (X}, d) is complete. Define
the standard bounded metric d by d(z,y) = d(z,y) A 1 for x,y € X;. Then, by Munkres
(2014, Theorem 20.1), d also generates the topology 7;. Define a metric d’ on X;, by
d'(z,y) = d(z,y) for x,y € X;, d'(x,%) =2 for v € &, and d'(x, ) = 0. Letting 7/, denote
the topology on X, generated by d’, we first show that 7/, = 7;,. On the one hand, since
{x} € T],-’* and 7; C 7/, we have 7, C 757*. On the other hand, if o € Xj,, r > 0 and

Jyx?
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A={x € X;,:d(x,xy) <r} denotes an open ball in 7/, then

o

Xj’* B if r>2
A=< {z ek dx,x) <r} ifr<2andz, € X
{x} it r <2 and zyp = *.

We deduce that A € 7, so since such open balls generate T]*, we have 7 ] C 7j4. Hence,

d' generates the topology 7;,. Next, we show that (X} ,,d’) is complete. Let (z,)72; be a
Cauchy sequence in X ,, so there exists N € N such that d'(z,,, 2,,) < 1/2 for all ny, n2 > N.
Therefore, either z, = % for all n > N or z, € X; for all n > N. In the former case, z, — %
as n — oo. In the latter case, (z,)72 y is also a Cauchy sequence in (X}, d) and hence by
completeness of (Xj,d), it has a limit in X;. This shows that (X}, d’) is complete and d’
generates the topology 7j ., so (Xj, 7j.) is completely metrisable. Therefore, (X, ;) is a
Polish space, as required. O

Lemma 38. Suppose that (B;)icp) S Ber(q).

(a) With probability at least 1 — 4,

lZBi < 9g 4 08lL/9)
n i1 n

(b) If ¢ > 81%(1/6), then with probability at least 1 — 0,

Proof. (a) By Bernstein’s inequality (Boucheron, Lugosi and Massart, 2013, Theorem 2.10),
we have with probability at least 1 — § that

1 Zn 2q(1—q) 1/2 1

1 2 1
< [ ¢"? + —1og¥?(1 < 2q + = log(1/6).
< (04 g 1/9) <20+~ log(1/o)

(b) By the multiplicative Chernoff bound (McDiarmid, 1998, Theorem 2.3(c)) for the
sum of independent Bernoulli random variables, we have

IP)(% ;Bi < g) < exp(—ng/8) < 6

where the final inequality follows from the assumption that ¢ > 81%(1/5). n

Lemma 39. Let 0 <7y < ry. Then Py, (6,0%) C Py, (6o, 0°).
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Proof. Let X ~ P € Py, (6p,0%). Then

_ T2 _ r1 ro/T1
zen(C5) 2 e (5T}
o o

by Jensen’s inequality. Thus Eexp(|X — 6| /o™) < 2, s0 P € Py, (6o,07). O
Lemma 40. Letr > 1, 0 >0 and X ~ P € P,,(0,02). Then

Eexp(AX) < 2exp{(a)\)’”/(r’1)},
for all A > 0.

Proof. Young’s inequality states that whenever p, g > 1 are such that 1/p+1/q = 1, we have
ab < a?/p+b?/q for all a,b > 0. Hence

X (oD X
ro”  r/(r—1) = o"

AX < AX| < + (N,

Therefore,
Eexp(AX) < E{exp(|X["/0")} - exp{(aA)"/""V} < 2exp{(oA)/ V],

as required. N

Lemma 41 (PAC-Bayes lemma). Let X be a measurable space and let X,..., X, Kpe

P(X). Let = CRY and p € P(Z). Furtherlet f : X x= — R be such that EXNp(ef(Xg)) < 00
for p-almost all & € Z. Then, for every 6 € (0,1], we have with probability at least 1 —§ that

KL(p, p) + 10g(1/5)} <0,

n

1 n
P {_ ZEﬁfvpf(Xi’f) — Eeep log{EXNP(ef(Xyé))} _

pEP(E):pp LT i=1
where, for instance, Ee, f(X;,€) fH (X, v)dp(v).

Proof. See, for example, Zhivotovskiy (2024, Lemma 2.1). O

The following lemma provides a concentration result for the sample mean of independent
and identically distributed sub-exponential random vectors. The proof strategy follows that
of Zhivotovskiy (2024, Proposition 3.1), who considered the case n = 1.

Lemma 42. Let 0, € R?, ¥ € Sifrd, 6 €(0,1] and Xq,..., X, Kpe Py, (00,%). Assume

further that § > 2e~"/3. Then with probability at least 1 — 5

1< 2 tr(% Yllo, log(2/6
_ZXi_QO 324,r()+|| IIpog(/)'
ni:l 2 n
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Proof. Let 8 :=2log(2/6), let u denote the distribution of N4(0, 37'%) and for u € X1/28%-1,
let p, denote the conditional distribution of ¥ given {||Y — ulls < /28-1tr(X)}, where
Y ~ Ng(u, 37'%). By the computation of Zhivotovskiy (2024, p. 11), we have

2
KL(pu, p) < g +log2 < 2log(5>-

Now, let v € R? be such that ||[v—ul|s < /28" 1tr(X), and for A € R, define f, : R‘xR? — R
by fr(z,y) = AyTS"V2(z — 6). Then, for X ~ P and X € R, we have

TS 20X = 80)], < ol < [SIL + V25 0(E) =
It follows by Zhivotovskiy (2024, Lemma 2.5) that
log Ex.p(e?9) = log By p(e’” = *X-00)) < 41\2R?,

for all [\ < 5=, s0 B¢, p, {log Exp(eP&) L < 4XN2R? for all [A| < 5. The PAC-Bayes
lemma (Lemma 41) then yields that with probability at least 1 — 4,

KL(pu,u)+10g(1/5)} <o.

1 n
sup {— Z Ee,mpo S2(Xi, Eu) —Ee,np,{log EXNP(ef)‘(X’éu))} B
i=1

wext/2sd-1 (T

Therefore, we deduce that with probability at least 1 — 6,

1 n
E;Xi—eo 2

= sup ZUTZ V2(X; — 6))

uext/2gd-1 1

= sup )\ Z Efuwpuf)\ Xza gu)

uexl/2sd—1 T

< inf {4,\32 M}

Ae[o

\/W_ 2\[ Vi) + 1/ 15]p log(2/9) .

where (i) follows by choosing A = 51/ 31%(2/5), which is at most ﬁ since 31%(2/5) <1 by

2R
assumption. The final conclusion follows by squaring both sides of the inequality above and
using the inequality (a + )2 < 2a® + 20? for a,b € R. O

G Background on disintegrations

Our definition of MAR relies on the decomposition of a probability measure on a product
space into the marginal distribution on one coordinate and a family of conditional distri-
butions on the other. This can be achieved via the notion of disintegration. Let (X, .A)
and (), B) be measurable spaces, and let P be a probability measure on the product space
(X x YV, A® B). Further, let x denote the marginal distribution of P on (X, .A). We say
that (P,)zex is a disintegration of P into conditional distributions on Y if
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(a) P, is a probability measure on (), B), for each = € X’;
(b) = — P,(B) is an A-measurable function, for every B € B;
(¢) P(Ax B)= [, P,(B)du(x) for all Ae Aand B € B.

In our setting, P denotes the joint distribution of a random pair (X,Y'), taking values in X
and ) respectively. We interpret P, as the conditional distribution of Y given X = x, even
though it may be the case that the conditioning event has probability zero. Going further,
we also interpret Py as the conditional distribution of Y given X. Indeed, we then have for
all A€ A and B € B that

E(Px(B)14(X)) = /APx(B) du(z) = P(Ax B) =P(X € A,Y € B)
= E(14(X)15(Y)),

so P(Y € B|X) = E(15(Y)|X) = Px(B) almost surely. The following result, which
follows from Dudley (2018, Theorems 10.2.1 and 10.2.2), provides a sufficient condition for
the existence of a disintegration and may be regarded as a generalisation of Fubini’s theorem
for probability measures on the product of Polish spaces.

Theorem 43. Suppose that (X, A) and (Y,B) are Polish spaces with their corresponding
Borel o-algebras. Let P be a probability distribution on (X x Y, A® B), with p denoting the
marginal distribution of P on (X, A). Then there exists a disintegration (P,)zex of P into
conditional distributions on Y with the property that

/Xxyg(:c,y) dP(x,y)I/X</yg(x,y) sz(y)) du(z),

for every P-integrable function g : X x Y — R. Moreover, the disintegration (Py)zex of P is
unique in the sense that if there exists another disintegration (Py)zcx of P into conditional
distributions on Y, then P, = P, for p-almost every x € X.

In order to apply this result in our missing data context, recall the random pair (X, ')
taking values in X x {0,1}¢ from (2). For each w € {0,1}%, we assume the existence of
disintegrations ( Py )zex of the joint distribution of (X ®w, ) into conditional distributions
on {0, 1}% as well as (P,),cx of the joint distribution of (X, 2’) into conditional distributions
on {0,1}?. The existence of these disintegrations is guaranteed by Theorem 43 when X; is
a Polish space for each j € [d], because it then follows from Lemma 37 and its proof that
X = H?Zl X; and X, = H;l:1 X, are Polish. Formally then, the condition P(Q' =w | X =
) =P =w|X®w=1r®w) in (2) means that P,(w) = Pigw,(w). In fact, since the MAR
definition refers to a family of distributions of X ® ', we need these disintegrations for each
possible joint distribution of (X, ') with X ~ P and P(Q = 1g) = #(5) for all S C [d]
(such disintegrations are again guaranteed to exist by Theorem 43 when X is a Polish space
for each j € [d]).
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H MCAR lower bounds for mean estimation

Recall the definition of an f-divergence Divy(:,-) from (28). Lemma 45 below relates the
f-divergence of two MCAR distributions on X, to a notion of average f-divergence given in
Definition 44 below. For probability measures P, Q) € P(X), we let, for S C [d], Ps and Qs
denote their respective marginal distributions on Xj.

Definition 44. Let P,Q € P(X), let m € P(2l4) and let f : (0,00) — R be a convex function
with f(1) = 0. We define the average f-divergence between P and @ with respect to w to be

ADiv,(P,Q;m) = Z 7(S) - Din(P87 QS)7

SC[d]
where we adopt the convention that Div(Ps, Qg) =0 if S = 0.

We will write ATV(-,;7) and AKL(-,-;7) respectively for the average total variation
distance and average Kullback—Leibler divergence with respect to 7. It is worth noting that
the average total variation distance is a pseudo-metric but not necessarily a metric on P(X);
indeed, we have ATV (P, Q; ) = 0 whenever P and @) have the same marginal distributions
on the support of 7.

The following lemma shows how an f-divergence between two MCAR distributions on
P(X,) can be computed as an average f-divergence on P(X') in the sense of Definition 44.

Lemma 45. Let P,Q € P(X) and let 7 € P(219). Then
Din(MCAR(mp), MCAR(mQ)) = ADin(P, Q; 7'(').

Proof of Lemma /5. Recall the definition of X®) and Xg from Section A. For A € B(X,),
note that ANX® e B(X¥) and define (ANX®))g = {zg:2 € ANXO} € B( XS)
Let P € P(X,) be defined as P9 (A) = Ps((AN XY)g) for A € B(X,), so that P i

supported on X%, For each S C [d], we can apply the Lebesgue decomposition theorem to

obtain the decomposition P(%) = P(S) + P (with respect to Q). Then, with respect to

MCAR+.0) o
(MCAR . ) (Z T ) = >l
SC[d] ac sCld]
and
(MCAR(.P)) iy = (Z m(S) - P(S)) = > a(S) - Ph.
Scld sing 5Cld]

Hence, since X, = Ugcig X',

Div; (MCAR ), MCAR . 0))

d ZSC[d] m (S)Pafcs) > S)
= - 7(8)dQ®™ + M; - E )P (x,
/X*f<d25g[d] m(S)Q SCH (5) d SCh] m(S) Smg( )

dPy’ |
N Z /(5) (dQ ) Q™ + My - Z Ps(lig X)) = ADiv(P, Qi ),
SCld

SC[d]

as desired. O
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Very often, it is convenient to apply Pinsker’s inequality to total variation distances, in
order to control them via (more tractable) Kullback—Leibler divergences. We remark that
in doing so directly to the left-hand side of Lemma 45, we obtain

TV (MCAR z.p), MCAR . )) < L KL'2(MCAR, p), MCAR; )

21/2
1 1/2
21/2AKL1/2(PQ ) = W{ZT((S)'KL(PS,QS)} :
SCld]

On the other hand, applying Pinsker’s inequality to the right-hand side of Lemma 45 yields
the bound

ATV(P,Q;m) = Y _ w(S) - TV(Ps,Qs) < 21/2 > w(S) - KLY?(Ps, Qs),
SC[d] SC[d]

which is an improvement, by Jensen’s inequality.
We now state two lower bounds in the MCAR setting, beginning with the univariate
setting.

Proposition 46. Let n € N, g € (0,1] and © :=R.
(a) Let 0 >0 and 0 € (0,1/4]. Then, writing Py = {MCAR(q NGO, 02))} we have
2 _ n
 Tlosl) s (-0

M((S; P@) | : |2) - 20nq (1 - q)n
= 00 if 6 < 5

(b) Let K > 0 and 6 € (0,1/4]. Then, with Py(0,K) as in (81) and writing Py =
{MCAR%’:‘ P ePp(0, K }, we have
- K?log(1/9)

> if § > exp(—nq/2)
M(5,Po, | - [2) 80ng

if 6 < —(1_2‘1)”.

I
g

Proof. (a) Let 6 := 0 and 0, := J\/niq log( A= ). By Lemma 45, we have

45(1 3) )

1)s MCARC 4, 02)) = 11 - KL(N(61,0%),N(62,07))

“2%(w-n) (w5

Therefore, by Ma, Verchand and Samworth (2024, Corollary 6 and Theorem 4), we deduce
that for 0 € (0,1/4],

KL(MCARE" .

0, — 02>2 o’ 10g(45(1175)) > o*log(1/0)

P —
M((S,P@,] | ) = ( 2 4dng —  20ngq
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Moreover, for any 6#,,6s € R, we have

TV(MCAR%}”N( 52))7 MCAR(q"Ne 0_2)))

= sup  {MCARY 2 (4) = MCAR N, ) (A) } < 1= (1= )",
AEBR\(x}" . .
where both steps follow since MCAR (N o2y ({F) = MCAR%"N 602y (") = (1= q)™

Therefore, by Ma, Verchand and Samworth (2024 Lemma 5), we have that M(6,Pe, |-?) >
(6 — 05)%/4 for § < %. The claim follows since 6, 6, were arbitrary.

(b) Define P, P, € P(R) b

Lo ifp =0

and P({z}) = {I—Qk_a ifr=K

2

ifx=0

ifz=

Pl(

~
8
—
N~—
Il
—_—
N N

where a = /i log (75757) < /492 < 1/v2 for 6 € [e79/%,1/4]. Let 6 == Ep(X) =
K/2 and 0 = Ep,(X) = (1 + a)K/2, so that P, € P,(0y, K) for £ € {1,2}. Moreover, by
Lemma 45,

®n ®n — = "9 ! 2 = !
KL(MCAR",, |, MCAR®", ) = ngKL(Py, P,) = 710g(1 - a2> < nga” = 10g(45(1 — 5))’

where the inequality follows because log( ) < 222 for z € (0,1/+/2]. Hence, by Ma, Verc-
hand and Samworth (2024, Corollary 6 and Theorem 4), we deduce that for § € [e7"9/2,1/4],

0, — 65\ _ K2log(1/4)
P> (=) > S0

Now let 6 € R, P| := Unif[0, K] and Pj = Unif[f,§ + K]. Then by the same argument as in
part (a), we have

TV (MCAR",  MCAR?", ) < 1 — (1 )",
Therefore, by Ma Verchand and Samworth (2024, Lemma 5), we have that M (4, Pe, |- |*) >
62 /4 for § < U= q . The claim follows since 6, 6, were arbitrary. O

Our next proposition lower bounds the minimax quantile for mean estimation in the
multivariate Gaussian setting when the covariance matrix is diagonal.

Proposition 47. Let § € (0,1/4], & = (Sjk) kel € ST be diagonal, 7 € P(2), and let
Py = N(0,%) for 0 € R, Then, writing Py = {MCAR‘%:PB)}, we have

() ISy log(1/0)
n n ’

M(8,Po, || - 113) 2

Proof. We consider two separate constructions to capture each of the terms in the lower
bound. For the first, let V = {0,1}¢ and for each v = (vy,...,vq)" € V, set 0, =
(O, 00a)" = a©uv, where a = (a1,...,aq9)" € R% is given by a; = 3./5;;/(ng;)
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for j € [d]. Define ©y = {, : v € V}, which has diameter D = 3/tr(S"W)/n. For
any v,v" € V that differ only in their jth coordinates, we have by Pinsker’s inequality and
Lemma 45 that

1/2
TV(MCAR(p, . MCAR?Y,, ) < {g - KL(MCAR(, p, ), MCAR(W,pHU,))}

{23 w ) KL P9}

SCld]
o n (ev,k - 91}’,1{:)2 1/2
REPROD =

SCldl kes

2y 1/2

_Jn a; _ 2
B {4 2 s 2-} "3

SCld]:jeS 7J

Therefore, by Assouad’s Lemma (e.g., Ma, Verchand and Samworth, 2024, Lemma 23),

4tr(EIPW)
inf sup E " 0 -0 _—
0,,€0, Ggego MCAR® <H ” ) 27n

Applying Ma, Verchand and Samworth (2024, Theorem 8), with e = 3/40 therein, we deduce
that for 6 € (0,1/15],
tr(SEW)

100n

We then apply Ma, Verchand and Samworth (2024, Theorem 4 and Proposition 9), with
A = k = 2 therein, to deduce that for § € (0,1/4],

M—(57 P@v ” . ||g> >

tr(EIPW)
—26.32.52.
Our second construction involves just two distributions. Let jo = sargmax;cq 2j; /q; and

set 6 =0, fy = \/ ~2 Jog (157=57) €jo- Then by Lemma 45,

’I’LqJO

M(8,Pe, || - [I3) = (97)

1 1
KL(MCARY", | MCARE", ) =n+ AKL(Py,, Py, ) = 5 log [ ———— ).
( Py) =1 (Pou> Py ) = 5 Og(45(1—5)>

By Ma, Verchand and Samworth (2024, Theorem 4 and Corollary 6), we have for ¢ € (0,1/4]

that

15" lop Jog(1/9)
20n '

Finally, combining (97) and (98) yields the desired result. O

(98)

I Robust mean estimation algorithms for completely
observed data

In this section, we briefly review some of the robust mean estimators.
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I.1 Median of means

Given a sequence of real numbers (a;)7;, let a@y < a@) < -+ < ag,) be the sorted version of
(a;)"_,. Then the median of (a;)"_; is defined as Medlan(al, ey Q) = A2 41)

Algorithm 2 Median of means
Input: Data (z;)icp) € R and the number of blocks M € N
Output: gn eR
1: function MEDIAN_OF_MEANS(z1, ..., x,; M)
2: Randomly partition [n] into M disjoint subsets (B,,)}_, such that
In/M| <|Bp| < [n/M] for all m € [M]

3: for m € [M] do

4: Ty ﬁ ZiEBm X;
5: gnd for

6: 0, < Median(Zy,...,Zy)
7 return §n

8: end function

Lemma 48 (Lerasle and Oliveira, 2011, Proposition 1). Let Xi,..., X, Kpeppn (6o, 0%),

o
§ € [exp(l —n/2),1], M = [log(1/§)] and 0, = MEDIAN_OF_MEANS(X1, ..., X,; M).
Then with probability at least 1 — 0,

24e0? log(e/9)

o 2

1.2 Univariate trimmed mean

For o < g € R, we define T,, s : R — [av, ] by

poifr>p
Toplz) =qx fa<z<f

a ifzr<ao.
The univariate trimmed mean estimator is defined in Algorithm 3.

1.3 Robust Descent

Algorithms 4 and 5 below provide pseudo-code for the robust (block) descent algorithm of
Depersin and Lecué (2022b, Algorithm 1). To describe the SOLVE_SDP function in line 7
of Algorithm 4, define

Ay ::{(wm)f,f:l.o<wm Zwm—l}
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Algorithm 3 Univariate trimmed mean

Input: Data (z;)ic) € R, contamination parameter e € [0,1), and tolerance parameter
§ € (0,1]
Output: @L eR
1: function UNIVARIATE_TRIMMED_MEAN(x1, ..., Zy;€,0)
2: Randomly partition {z1,...,2,} into two disjoint sets {y1,...,y,/2} and
{Zl, . ,Zn/g}
Arrange {z1,..., 2,2} in increasing order z; < -+ < Z, 9
n < 8¢ + 241og(4/d)/n
Q= Zunj2, B4 Zagrony2
O = 250 T ()
return gn
end function

and let V == {V € 8 : tr(V) = 1}. The SOLVE_SDP(Zy, ..., Zy;0) function in line 7 of
Algorithm 4 provides an approximate maximiser V' € V of the function hg : V — R given by

M
ho(V) = I tr{VT > Wi (T — 0) (T — Q)T}. (99)
----- m M m=1

A full description of SOLVE_SDP can be found in Depersin and Lecué (2022b, Section 4);
see in particular their Algorithms 2 and 3.

In Algorithm 4 below, we invoke the notation that if S C R? is compact and f : S — R
is continuous, then sargmax, g f(z) denotes the smallest element of the argmax set in the
lexicographic ordering.

Algorithm 4 Robust Block Descent
Input: Z,,...,Zy € RY

Output: (/9\” € R?

1: function ROBUST_BLOCK_DESCENT(Zy,...,Ty)
2. T < [log(8v/d)/1og(10/9)]

3 for j € [d] do

4 é}o) — Median(zy;, ..., Tm;)

5: end for
6

7

8

9

for t € [T] do
V® « SoLvE_SDP(Z1, ..., Za; 01D); see (99)
1)« sargmax,cgi1 uTV Oy
: s «— —Median ((Z,, — 9U=D)T50 € [M])
10: B — -1 — 57
11: end for
12: 0, « D
13: return é\n
14: end function

85



Algorithm 5 Robust Descent

Input: Data (2;)ie € RY contamination parameter € € [0,1), and tolerance parameter
d € (0,1]

Output: @\n € R4

1: function ROBUST_DESCENT(z1, ..., Ty €,0)

2 M < [300(2en + log(2/6)) Vv 180,00010g(2/8)] A n

3 Randomly draw M disjoint subsets (B,,)X_, from [n], each with size |n/M |
4: for m € [M] do

5: Ty — |Bm|71 ZieBm T;

6: end for

7 0, < ROBUST_BLOCK_DESCENT(Z1,...,ZTy)

8 return én

9: end function
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