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Application in Statistical Literature
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I Wang, T., Berthet, Q. & Samworth, R. J. (2015). Computational and statistical trade-o�s

in estimation of sparse principal components. arXiv preprint, arXiv:1408.5369.

Our results could be applied directly to allow these authors to assume more natural

conditions, to simplify proofs, and in some cases, to improve bounds.
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Principal Angles

If U,V ∈ Rp×d
with p > d are matrices with orthonormal columns, then the

principal angles between them are given by cos
−1 σ1, . . . , cos

−1 σd , where

σ1 ≤ · · · ≤ σd are the singular values of U>V .

Let Θ(U,V ) denote the d × d diagonal matrix whose jth diagonal entry is the jth
principal angle, and let sin Θ(U,V ) be defined entrywise.
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Davis–Kahan sin θ Theorem

Theorem (Davis–Kahan sin θ theorem). Let Σ, Σ̂ ∈ Rp×p
be symmetric, with

eigenvalues λ1 ≥ . . . ≥ λp and λ̂1 ≥ . . . ≥ λ̂p respectively. Fix 1 ≤ r ≤ s ≤ p and

set d = s − r + 1. Let V = (vr , . . . , vs) ∈ Rp×d
and V̂ = (v̂r , . . . , v̂s) ∈ Rp×d

have

orthonormal columns satisfying Σvj = λjvj and Σ̂v̂j = λ̂j v̂j for j = r, r + 1, . . . , s. If

δ = inf{|λ̂− λ| : λ ∈ [λs, λr ], λ̂ ∈ (−∞, λ̂s−1] ∪ [λ̂r+1,∞)} > 0,

where λ̂0 = −∞ and λ̂p+1 =∞, then

‖ sin Θ(V̂ ,V )‖F ≤
‖Σ̂− Σ‖F

δ
.

Remark Both occurrences of the Frobenius norm can be replaced with the operator

norm ‖ · ‖op, or any other orthogonally invariant norm.
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Davis–Kahan sin θ Theorem

Frequently in applications, we have r = s = j, in which case we can conclude that

sin Θ(v̂j, vj) ≤
‖Σ̂− Σ‖op

min(|λ̂j−1 − λj|, |λ̂j+1 − λj|)
.

Since we may reverse the sign of v̂j if necessary, there is a choice of orientation of v̂j
for which v̂Tj vj ≥ 0. For this choice, we can also deduce that

‖v̂j − vj‖ ≤
√

2 sin Θ(v̂j, vj).

How to use

S1. Argue Σ̂ is close to Σ.

S2. Argue, e.g. using Weyl’s inequality, that with high probability,

|λ̂j−1 − λj | ≥ (λj−1 − λj)/2 and |λ̂j+1 − λj | ≥ (λj − λj+1)/2.

Tengyao Wang



Variant of the Davis–Kahan sin θ Theorem

Theorem 1. Let Σ, Σ̂ ∈ Rp×p
be symmetric, with eigenvalues λ1 ≥ . . . ≥ λp and

λ̂1 ≥ . . . ≥ λ̂p respectively. Fix 1 ≤ r ≤ s ≤ p and assume that

min(λr−1 − λr , λs − λs+1) > 0, where λ0 =∞ and λp+1 = −∞. Let d = s − r + 1,

and let V = (vr , vr+1, . . . , vs) ∈ Rp×d
and V̂ = (v̂r , v̂r+1, . . . , v̂s) ∈ Rp×d

have

orthonormal columns satisfying Σvj = λjvj and Σ̂v̂j = λ̂j v̂j for j = r, r + 1, . . . , s.
Then

‖ sin Θ(V̂ ,V )‖F ≤
2 min(d1/2‖Σ̂− Σ‖op, ‖Σ̂− Σ‖F)

min(λr−1 − λr , λs − λs+1)
.

Moreover, there exists an orthogonal matrix Ô ∈ Rd×d
such that

‖V̂ Ô − V‖F ≤
2

3/2

min(d1/2‖Σ̂− Σ‖op, ‖Σ̂− Σ‖F)
min(λr−1 − λr , λs − λs+1)

.
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Sharpness of the Constants

Example

Σ =

(
3

1

)
Σ̂ =

(√
1− ε2 −ε
ε

√
1− ε2

)(
3

1

)(√
1− ε2 −ε
ε

√
1− ε2

)>

Leading eigenvectors of Σ and Σ̂ are v = (1, 0)T and v̂ =
(
(1− ε2)1/2,−ε

)T
respectively. Then

sin Θ(v̂, v) = ε, ‖v̂ − v‖2 = 2− 2(1− ε2)1/2, and

2‖Σ̂− Σ‖op
3− 1

= 2ε.
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Extension to General Matrices

Wedin, P.-Å. (1972) proved a generalisation of Davis–Kahan theorem for the

singular values of perturbed matrices.

Theorem 2. Let A, Â ∈ Rp×q
have singular values σ1 ≥ . . . ≥ σmin(p,q) and

σ̂1 ≥ . . . ≥ σ̂min(p,q) respectively. Fix 1 ≤ r ≤ s ≤ rank(A) and assume that

min(σ2

r−1
− σ2

r , σ
2

s − σ2

s+1
) > 0, where σ2

0
=∞ and σ2

rank(A)+1
= −∞. Let

d = s − r + 1, and let V = (vr , vr+1, . . . , vs) ∈ Rq×d
and

V̂ = (v̂r , v̂r+1, . . . , v̂s) ∈ Rq×d
have orthonormal columns satisfying Avj = σjuj and

Âv̂j = σ̂j ûj for j = r, r + 1, . . . , s. Then

‖ sin Θ(V̂ ,V )‖F ≤
2(2σ1 + ‖Â− A‖op) min(d1/2‖Â− A‖op, ‖Â− A‖F)

min(σ2

r−1
− σ2

r , σ2

s − σ2

s+1
)

.

Moreover, there exists an orthogonal matrix Ô ∈ Rd×d
such that

‖V̂ Ô − V‖F ≤
2

3/2(2σ1 + ‖Â− A‖op) min(d1/2‖Â− A‖op, ‖Â− A‖F)
min(σ2

r−1
− σ2

r , σ2

s − σ2

s+1
)

.
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Sketch of Proof

Theorem 1 bound the distance between matching eigenspaces by the ratio of the

matrix distance and the eigengap δ := min(λr−1 − λr , λs − λs+1):

‖ sin Θ(V̂ ,V )‖F ≤
2 min(d1/2‖Σ̂− Σ‖op, ‖Σ̂− Σ‖F)

δ
.

Proof outline of Theorem 1.

1. Use the definition of principal angles to rewrite

‖ sin Θ(V̂ ,V)‖F =
∑s

j=r ‖(Ip − VV>)v̂j‖2.

2. As (Ip − VV>)v̂j is orthogonal to span(V), when transformed by λj Ip − Σ it satisfies

δ‖(Ip − VV>)v̂j‖ ≤ ‖(λj Ip − Σ)(Ip − VV>)v̂j‖ ≤ ‖(λj Ip − Σ)v̂j‖.

3. Split (λj Ip − Σ)v̂j = (Σ̂− Σ)v̂j − (λ̂j − λj)v̂j and bound everything in terms of

‖Σ̂− Σ‖op using Weyl’s inequality.
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Variant of the Davis–Kahan theorem
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