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Sparse PCA

X1, . . . , Xn ∈ Rp independent centred Gaussian with unknown variance Σ.

X ∼ Np(0,Σ)

Σ has spectral gap θ > 0 and a k-sparse leading eigenvector

v ∈ B0(k) = {u : ‖u‖2 = 1, ‖u‖0 ≤ k}.

Estimation problem: estimate v using X1, . . . , Xn.

Loss function: L(v̂, v) = sin Θ(v̂, v)
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Sparse PCA

Sparse PCA is an active field of research

Theoretical properties of di�erent estimators of v
I SCoTLASS estimator (Jolli�e, Trendafilov and Uddin, 2003)
I Sparse linear regression based estimator (Zou, Hastie and Tibshirani, 2006)
I Semidefinite relaxation estimator (d’Aspremont et al. 2007)
I Diagonal thresholding estimator (Johnstone and Lu, 2009)
I Iterative thresholding estimator (Ma, 2013)
I . . .

Applications in areas where high-dimensional datasets are routinely handled
I Signal processing (Majumdar, 2009)
I Computer vision (Wang, Lu and Yang, 2013; Naikal, Yang and Sastry, 2011)
I Biomedical research (Chun and Sündüz, 2009; Tan, Petersen and Wi�en, 2014)
I . . .

Tengyao Wang, �entin Berthet, Richard Samworth



Motivation for introducing sparsity

Why sparse PCA?
I Applications: enhanced interpretability of the principal components
I Theory: classical PCA is inconsistent in high dimensional se�ings.

Σ = Ip + θvv>, p/n→ c

Spectrum of Σ̂ = n−1∑n
i=1XiX

>
i

θ ≤
√
c : L(v̂max, v)→ 1 θ >

√
c : L(v̂max, v)→ c+ c/θ

c+ θ
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Sparse leading eigenvector estimator

Maximum likelihood estimator

v̂ = v̂kmax(Σ̂) = arg max
u∈B0(k)

u>Σ̂u.

By a curvature lemma from Vu and Lei (2013),

L(v̂, v)2 = ‖v̂v̂> − vv>‖22 ≤
2

θ
tr
(
(Σ̂− Σ)(v̂v̂> − vv>)

)
.

Upper bound the loss using empirical process theory

EL(v̂, v) ≤ 4

θ
E sup
u∈B0(2k)

∣∣u>(Σ̂− Σ)u
∣∣ ≤ C√k log p

nθ2
.

Key step: controlling the empirical process u>(Σ̂− Σ)u over B0(2k).
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Family of distributions

Restricted Covariance Concentration: P ∈ RCCp(n, `, A) if for all δ > 0,

P
{

sup
u∈B0(`)

∣∣u>(Σ̂− Σ)u
∣∣ ≥ Amax

(√
` log(p/δ)

n
,
` log(p/δ)

n

)}
≤ δ.

Satisfied by subgaussian distributions.

P ∈ Pp(n, k, θ): distributions in RCCp(n, 2k, 1) and RCCp(n, 2, 1) with
k-sparse leading eigenvector, spectral gap ≥ θ.

General upper bound: for n ≥ 2k log p,

sup
P∈Pp(n,k,θ)

EPL(v̂kmax, v) ≤ C
√
k log p

nθ2
.
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Minimax lower bound

The estimator v̂kmax is minimax optimal: for k ≤ √p, θ bounded,

inf
v̂

sup
P∈Pp(n,k,θ)

EPL(v̂, v) ≥ cmin

(√
k log p

nθ2
, 1

)
.

Results of this type first obtained by Cai, Ma and Wu (2013) and Vu and Lei (2013).

Minimax optimal rate of estimation �
√
k log p

nθ2
.

One problem remains: it is NP-hard to calculate v̂kmax.

Especially problematic since sparse PCA is typically used on large datasets.
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Semidefinite programming

Semidefinite relaxation estimator: first studied by d’Aspremont et al. (2007), a
polynomial time estimator

Analogous to the `1 relaxation used in lasso estimator of sparse linear regression

Original problem:

v̂kmax = arg max u>Σ̂u

subject to u>u = 1, ‖u‖0 ≤ k.

Non-convex problem.
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Semidefinite programming

Semidefinite relaxation estimator: first studied by d’Aspremont et al. (2007), a
polynomial time estimator

Analogous to the `1 relaxation used in lasso estimator of sparse linear regression

Original problem:

v̂kmax = arg max tr
(
uu>Σ̂

)
subject to tr(uu>) = 1, ‖uu>‖0 ≤ k2.

Non-convex problem.
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Semidefinite programming

Semidefinite relaxation estimator: first studied by d’Aspremont et al. (2007), a
polynomial time estimator

Analogous to the `1 relaxation used in lasso estimator of sparse linear regression

Matrix form:

M̂ = arg max tr(Σ̂M)

subject to rk(M) = 1, tr(M) = 1, ‖M‖0 ≤ k2,M � 0.

Two sources of non-convexity: rank constraint and `0 constraint.
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Semidefinite programming

Semidefinite relaxation estimator: first studied by d’Aspremont et al. (2007), a
polynomial time estimator

Analogous to the `1 relaxation used in lasso estimator of sparse linear regression

Matrix form (relaxed):

M̂ = arg max tr(Σ̂M)

subject to tr(M) = 1, ‖M‖1 ≤ k,M � 0.

Convex problem.
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Semidefinite programming estimator

Penalised version of the SDP estimator

M̂ = arg max tr(Σ̂M)−λ‖M‖1
subject to tr(M) = 1,M � 0.

v̂SDP = leading eigenvector of M̂.

Solve the SDP (up to statistical precision) by first-order proximal methods, e.g.
Nemirovski (2004), Nesterov (2005).
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Semidefinite programming estimator

Solve the SDP (up to statistical precision) by first-order proximal methods, e.g.
Nemirovski (2004), Nesterov (2005).

Here is the pseudocode of a possible implementation:
Input: Σ̂ � 0, λ > 0 and ε > 0.

Initialise: set M0 ← Ip/p, U0 ← 0 ∈ Rp×p and N ←
⌈
λ2p2+1√

2ε

⌉
.

for t← 1 to N do
U ′t ← ΠU

(
Ut−1 − 1√

2
Mt−1

)
,M ′t ← ΠM1

(
Mt−1 + 1√

2
Σ̂ + 1√

2
Ut−1

)
.

Ut ← ΠU
(
Ut−1 − 1√

2
M ′t
)
, Mt ← ΠM1

(
Mt−1 + 1√

2
Σ̂ + 1√

2
U ′t
)
.

end
Set M̂ ε ← 1

N

∑N
t=1M

′
t .

Output: M̂ ε.

The SDP estimator v̂SDP is the leading eigenvector of M̂ ε.

Overall complexity O(p5 ∨ np3).
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Statistical properties of the SDP estimator

Choosing λ = 4
√

log p
n

and ε = log p
4n

, if 4 log p ≤ n ≤ k2p2 log p, θ ≤ 1, then

sup
P∈Pp(n,k,θ)

EPL(v̂SDP, v) ≤ C
√
k2 log p

nθ2
.

Computationally e�icient, but statistically suboptimal

Can any (randomised) polynomial algorithm achieve the minimax rate? or a rate of

the order O
(√

k1+α log p
nθ2

)
for any 0 < α < 1.
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A problem in computational complexity theory

Planted Clique Problem: given m vertices, select κ of them to form a clique, then
independently draw remaining edges with probability 1/2. How to find the planted
clique?

G ∼ Gm,κ Adj(G) E
{

Adj(G)
}
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A problem in computational complexity theory

Planted Clique Problem: given m vertices, select κ of them to form a clique, then
independently draw remaining edges with probability 1/2. How to find the planted
clique?

I κ ≥ (2 + δ) log2m : max clique
I κ ≥ c

√
m : spectral methods

I κ = O(m1/2−δ) : no known randomised polynomial time algorithm exists.
Jerrum (1992), Feige and Krauthgamer (2003) and Feldman et al. (2013) show
that some large subclasses of polynomial time algorithms will fail.

Planted Clique Hypothesis: For any sequence of κ = κm such that κ ≤ m1/2−δ ,
there is no randomised polynomial time algorithm that can identify the planted
clique with asymptotic probability 1.
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Reduction of Planted Clique problem to sparse PCA

We use the hardness of the planted clique problem to derive a computational lower
bound for the sparse PCA estimation problem.

−→
dTV≈

G ∼ Gm,κ X Y ∼ P ∈ Pp(n, k, θ)y
←− v̂(X)

dTV≈ v̂(Y )

EL(v̂, v) ≤
√

k1+α log p
nθ2

will imply asymptotic probability 1 identification of the

planted clique for κ � m1/2−δ for some δ > 0 depending on α.
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Details of the reduction

I n = p ≈ m/ logm, k ≈ κ/ logm.
I Take a random n× p submatrix A of Adj(G) and change all 0 to −1. Then

independently flip signs of each row with probability 1/2 to get matrix X .
I X does not have independent rows, but a similar construction by ‘sampling with

replacement’ gives Y that has independent rows.
I A lemma by Diaconis and Freedman (1980) show X and Y are close in total

variation distance, hence v̂(X) and v̂(Y ) are close.
I Columns of Y correspond to vertices of G. The k columns that give rise to the

largest coordiantes of v̂(Y ) in absolute value correspond to a set of vertices in G
with high clique density.

I Reconstruct the entire clique from this vertex set of high clique density.
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Computational lower bound for sparse PCA estimation

Theorem. Assume the Planted Clique Hypothesis, fix some α ∈ (0, 1). If

k = O(p1/2−δ), n = o(p log p), θ ≤ k2/(1000p) and k(1+α) log p
nθ2

→ 0, then any
sequence of randomised polynomial time estimators (v̂(n)) satisfies√

nθ2

k1+α log p
sup

P∈Pp(n,k,θ)
EPL(v̂(n), v)→∞.

Take home message: the O
(√

k2 log p
nθ2

)
rate achieved by v̂SDP is the best uniform

rate that we can hope for.

no estimator
is consistent

v̂kmax is consistent
but intractable

v̂SDP is consistent
and polynomial time

n � k log p

θ2
k log p

θ2
� n � k2 log p

θ2
n � k2 log p

θ2
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Faster rate in the high e�ective sample size regime

For a subclass P̃p(n, k, θ) ⊂ Pp(n, k, θ), a variant of v̂SDP can achieve the minimax
rate in the high e�ective sample size regime.

v̂MSDP: obtain M̂ = arg maxM�0,tr(M)=1 tr(Σ̂M)− λ‖M‖1, let

S = {j : M̂jj > τ},

v̂MSDP
Sc = 0, v̂MSDP

S = leading eigenvector of ˆΣSS .

Performance of v̂MSDP in the high e�ective sample size regime: assume log p ≤ n,

θ2 ≤ B
√
k, p ≥ θ

√
n/k, set λ = 4

√
log p
n

, τ =
(
log p
Bn

)2,

sup
P∈P̃p(n,k,θ)

EPL(v̂MSDP, v) ≤ C
√
k log p

nθ2
.
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Numerical experiments

X1, . . . , Xn
i.i.d.∼ Np(0, Ip + θvv>), v = ( 1√

k
, . . . , 1√

k
, 0, . . . , 0)>.

Plot the average loss of v̂SDP against νquad = nθ2

k2 log p
or νlin = nθ2

k log p
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Conclusion

In this work
I Theoretical formulation of computational lower bounds
I Link between Sparse PCA and Planted Clique problem
I Rate obtained by SDP methods cannot be improved
I More details can be found in Wang, Berthet and Samworth (2016)

Statistical and computational tradeo�s in other statistical problems
I Convex relaxation algorithms (Chandrasekaran and Jordan, 2013)
I Elevated submatrix detection (Ma and Wu, 2015)
I Community detection (Chen and Xu, 2014; Hajek, Wu and Xu, 2014)
I Sparse CCA (Gao, Ma and Zhou 2015)
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