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1 The Model Setup

In this appendix, we model sentiment equilibrium and firesale in the DeFi lending protocol. For expo-
sitional clarity, the convenience yields of cryptocurrencies of different qualities are modeled as dividend
yields with different statistical properties. The main text provides a micro-foundation for these conve-
nience yields of cryptocurrencies arising from their role as payment instruments.

The economy is set in discrete time and lasts foreverE] There are many potential borrowers with
identical preferences. There is a fixed set of crypto asset. Each borrower can hold at most one unit of
the crypto assetE] There are also many potential lenders who lend funds to a liquidity pool each period.
The lending protocol intermediates DeFi lending via smart contracts. All agents can consume/produce

a numeraire good at the end of each period with a constant per unit utility /cost.

Gains from Trade and the Lending Platform A borrower needs funding that can be provided
by lenders. There are gains from trade as the value per-unit of funding to a borrower is z > 1, while
the per-unit cost of providing funding by lenders is normalized to one. In the DeFi setting, borrowers
are anonymous and cannot commit to paying their debt. To overcome the commitment problem, loans

must be backed by collateral. DeFi lending relies on a smart contract to implement a collateralized loan.

n reality, interest payment on the borrowing in the lending protocols is continuously compounded and can be termi-

nated at any time. Therefore, we can interpret that each time period in our model is relatively short.
20ne might interpret this asset as a portfolio of crypto currencies used as collateral to borrow from a DeFi liquidity

pool.



The DeFi intermediary determines the terms of the smart contract. Collateral is locked into the smart
contract and released to the borrower if and only if a repayment is receivedﬁ

In DeFi lending protocols such as Aave, borrowers predominantly borrow stablecoins such as USDT
and USDC using risky crypto assets as collaterals (e.g. ETH, BTC, YFI, YNX). As stablecoins are
regarded as medium of exchange and unit of account in DeFi, they are used to fund various transactions
or to increase leverage in crypto investment. We can interpret z as the value accrued to borrowers when

using stablecoins borrowed from lenders for speculative or productive purposesﬁ

Crypto Asset’s Properties and Information Environment We assume that all crypto assets are
ex-ante identical and pay random dividend § at each period and survive to the next period with random
probability f§

If crypto assets do not pay dividend, crypto assets are purely speculative assets. We do not take
such an extreme position, mainly because we think of “dividend” more broadly. For example, crypto
asset’s dividend value may come from its role in enabling payments. Crypto assets, especially utility
tokens of proprietary blockchains, act as mediums of exchanges for protocols developed on respective
chains. Since search and matching technologies vary across chains, these crypto assets yield different
convenience yields. In an on-line appendix, we micro found random dividend 5 by showing that crypto
assets generate a form of dividend endogenously arising from convenience yields because these crypto
assets can be exchanged for consumption goods in future periods in a framework based on Lagos and
Wright (2005). A crypto asset with a more efficient matching technology has a larger probability to be
exchanged for consumption goods, and hence yields a larger utility gain from this convenience. There
are other private benefits that might accrue from holding a crypto asset such as governance rights.

Additionally, crypto assets might generate pecuniary payoffs. For example, some protocols offer
staking returns to asset holders. Certain assets are in high demand and able to generate rental income.
These non-pecuniary and pecuniary benefits are random for a host of reasons which we capture through
the randomly evolving quality of the asset.

We assume that the beginning of a period, each asset receives an iid quality shock. Specifically, with

probability 1 — A, the quality of an asset is high (H) and probability X it is low (L). The distribution

3Chiu, Kahn, and Koeppl (2022) study how a smart contract helps mitigate commitment problems in decentralized

lending.
41t is straight-forward to introduce governance tokens issued by the intermediary - the lending platform. Governance

token holders then provide insurance to lenders by acting as residual claimants. Given risk neutrality, the equilibrium

outcome remains the same.
5We use ~to denote random variables.



of (5,?9) is Fq if asset quality is Q € {H, L} .We assume Fp first-order stochastically dominates Fj, and
denote expectation with respect to Fg with Eq.

To simplify the analysis we make further assumptions on the distributions. We assume that a high-
quality asset pays dividend § > 0 at the end of the period and survives to the next period with probability
s = 1. A low-quality asset does not pay any dividends today (§ = 0) and it survives to the next period
with probability s € [0,1]. Here, 1 — s captures whether the quality shock has persistent effects on the
dividend flow of the crypto asset, also reflecting the volatility of the survival probability of a crypto
asset.

We assume that the crypto asset pays positive dividend in some states (that is, when it is high
quality). The main role of this assumption is to eliminate non-monetary equilibrium (the equilibrium
where crypto asset is worthless). In our model the asset has collateral service and can have positive
price even if it does not pay any dividend. However, there can also be an equilibrium where the asset is
worthless because current lenders believe future lenders will not accept the asset the asset as collateral.
Positive dividend eliminates the latter equilibrium.

Next, we model asymmetric information between borrowers and lenders. The source of private
information could be multitude. As we motivated earlier in the introduction section, the delay of Oracle
in updating asset value might give collateral asset holders an information advantageEI

Owners might also have a better information about future convenience benefits generated by the
crypto assets. Asymmetric information might be about private valuation of the asset rather than the
dividend payoffm

Specifically, we assume that at the beginning of each period, the borrower of a crypto asset privately
learns the asset’s quality (i.e., whether it is high or low). After observing the quality shock, the borrower
decides whether and how much to borrow from the platform. The borrower then receives the private
return from the loan (which is z times the loan size), and observes the realization of (3,3). Given the
information, the borrower decides whether to repay the loan or default. The asset’s quality and the state
(5,?9) are both publicly revealed at the end of each period. In the next period, some low-type assets do

not survive and are replaced by new ones that are ex-ante identical. In the main model, we assume that

6Instead of selling the overvalued (by the Oracle) asset in the DeFi exchange and incur a price impact, borrowing

against it yields a larger return for the asset owners.
7Our results do not depend on the asymmetric information on the common value component of the dividends. In

Appendix we explore an alternative setup where there is asymmetric information concerning borrowers’ private
valuation. The main results hold. In Appendix we show that our setup can also be extended to time-varying

information friction.



borrowers receive private information every period and low quality asset pays lower dividend and may
also die. The critical source of asymmetric information in our model, as evidenced by our assumption, is
about dividend. In the Appendix, we consider the more general case where private information arrives

only infrequently with probability x, which can capture the degree of information imperfection.

Asset Price At the end of each period, agents meet in an exchange market to trade the assets by
transferring the numeraire good. At this point, the private information is revealed publicly. The end-of-
period ex-dividend price of a crypto asset that will survive to the next period is denoted as ¢;. At the
end of the period, a high quality asset receives J + ¢; and a low quality asset receives ¢; with survival
probability s. In the exchange market, each borrower can acquire at most one unit of crypto asset to

the next periodEI

Smart Contract As discussed in the introduction, DeFi lending is anonymous and collateralized via
a smart contract. The smart contract is a debt contract that specifies, at each time ¢, the haircut and
interest rate (h, R;) set by the lending protocol. The haircut defines the debt limit per unit of collateral
according to:

Dy = ®(1—h) (1)

where ®; is the contractual price underlying the DeFi debt contract. The borrowing limit is set by apply-
ing a pre-specified haircut on ®;. In many real world settings (such as Libor contracts and DeFi lending
contracts) the contractual price ®; is set by traders in a forward looking mannerﬂ In DeFi lending the
contractual price ®; comes from an Oracle that scans price quotes from many (centralized or decentral-
ized) exchanges. All these contractual prices share common characteristics — they are forward looking
and reflect both future ex-dividend price and some amount of the asset’s promised dividend/convenience
yield, &, received at the end of the period.

In our model, these two components of ®; are constructed differently. The dividend/convenience
yield component is exogenously given, risky and subject to adverse selection, while the ex-dividend price
component is determined in equilibrium. This distinction is important because in equilibrium, agents

anticipate future (ex-dividend) price ¢; correctly even though borrowers and lenders are asymmetrically

8The dynamic structure of the model is based on Lagos and Wright (2005)).
91f trading is synchronous, ®; should be the “current” traded price. In our model, the current price, at the beginning of

the period when the DeFi contract is set, is not the past ex-dividend price ¢¢—1 nor the future ex-dividend price ¢; since

neither of these prices capture the value of the asset at the beginning of the period.



informed about the dividend. So it is also rational for agents to set the forward looking ex-dividend
price component of ®;, to be the same as ¢;.

We choose the promised dividend/interest/convenience yield of the asset, that is J, to compute the
dividend component of ®;. This is to match the current industry practice in setting the haircut and
margin loan limit. For example, for repo contracts, the haircut is on the “dirty” price of an asset. This
price includes the asset’s “clean” price quote (or ex-dividend price quoted on exchanges), and accrued
interest (or dividend) even when the promised interest (or dividend) payment is risky and the realized
value might be lower. This is especially true for fixed-income securities, such as exchange rate, bills
and bonds. In DeFi, one can map prices quoted on Binance (a centralized exchange) or Uniswap/Curve
(decentralized exchanges) as the sum of a risky convenience yield component of these crypto assets that
is subject to asymmetric information and a clean price component. For these reason we choose to specify
the contractual price as ®; = § + ¢;. Note that our main results hold as long as the specification of the
contractual price has an endogenously determined equilibrium price and a dividend component (which
is subject to asymmetric information). |E|

In practice, the DeFi loan interest rate in the smart contract is a function of the utilization ratio i.e.,
the ratio of demand and supply for funding, and the collateral specific haircut is infrequently updated.
To capture the economic impact of these features, we assume in our main model that the smart contract
specifies a flexible market clearing interest rate and a fized haircut. We investigate the flexible haircut

case in an extension.

DeFi Lending € Borrowers In each period, if the borrower borrows ¢; units of funding, the face
value of the debt is R;¢;. After observing the asset quality, the borrower raises funding from a DeFi
protocol by executing the lending contract. Given (R, D;), a type Q = H, L borrower chooses how much

collateral a; to pledge and how much loan ¢; to borrow from the pool:

max z0; — Eqg min{¢; Ry, a;(0 + 5¢)}

at by
subject to a collateral constraint

O Ry < aiDy

where D; is the debt limit pinned down by . By borrowing /; and pledging a;, the borrower obtains

zl; from the loan but needs to either repay ¢; R; or lose the collateral value at((5~—|— $¢¢). The collateral

10Besides matching industry practice, this specification also leads to clean expositions. We could also use some other
function of § (for example expected dividend) such as ®; = E [§]4+¢¢. This modification would not affect our main results

since this function of dividend is subject to some degree of adverse selection.



value discounted by the haircut needs to be sufficiently high to cover the loan repayment. Note that,
without loss of generality, we can assume that the collateral constraint is binding: ¢, R; = atDtE So
the solution for the borrowing decision is given by

a;; € arg m:[%xl] at[zDy/R; — Eq min{ Dy, 5+ 54} (2)

at€|0,

Hence, it is optimal to set a; € {0,1}. When the term inside the square bracket is positive, the borrower
pledges a; = 1 to borrow ¢; = D;/R; and promises to repay D;. Default happens whenever D; > S+ Sog.
When the term inside the square bracket is non-positive, the borrower does not borrow: a; = ¢; = 0.
Since Eg min{Dy,d + ¢:} = Dy > Ep min{D;,S¢+}, we have ap; > ags and fp; > £y That is, the
low-type borrowers have higher incentives to borrow than the high-type. When both types borrow, we

have a pooling outcome. When only the low-type borrows, we have a separating outcome.

DeFi Lending € Lenders The intermediary has no initial funding. It obtains funding ¢; from the
lenders to finance loans to borrowers. When the loan matures, the intermediary passes the cash flows —
either the repayment of the borrowers or the resale value of the collateral (in case of a default) — to the
lenders, after collecting an intermediation fee (discussed below)E Note that the borrower’s borrowing
decision, a;; where i € {L, H}, is quality dependent, meaning that lenders face adverse selection in DeFi
lending. Since lenders are not able to distinguish between low and high quality borrowers at the time
of lending, the choice of funding size ¢; does not depend on the underlying asset quality. Of course, in
equilibrium, lenders take into account the expected quality of the collateral mix backing the loan.

We assume that the lending market is competitive. That is, given {a;},. (L.H} Dy, and ¢, funding

supply q; satisfies the following zero profit condition:

1 1 -
q = -y {GL,M Y [ap 4 ANEr min {Dy,5¢:} + am, (1 — A)min {Dy,§ + qzﬁt}]} (3)

where f < z — 1 is a fixed fee charged by the intermediary per unit of loanE

1To see this, suppose (£*,a*) is optimal and £*R < a*D. Since the objective function is (weakly) decreasing in a,

lowering a (weakly) increases the objective. The increase is strict if as¢ < £R for some realization of s.
121n reality, some lending protocols have a backstop provided by “equity holders”. For example, Aave’s Safety Module

incentivizes its governance token holders to lock their AAVE tokens as a mitigation tool in case of a shortfall event. The
feature can be incorporated into our model easily by introducing some risk neutral agents who absorb the default risk and
promise a constant payoff ¢ to the lenders. Risk neutrality and zero profit condition imply that we will get exactly the

same result.
13When the loan matures the intermediary takes qf either from the repayment or from the resale value of the collateral.

The remaining amount goes to the lender. The assumption of f < z — 1 ensures that the net gain from loans is positive.



When ar; = agy = 1 (both types are borrowing) or when ar; = 1, ag,; = 0 and the realized type
is L, the funding supply is fully utilized and the funding market clears. In the separating case, if the
realized type is H then there is no demand for funding. In this case, we assume the intermediary returns
the funding supply to the lenders without charging a fee.

The intermediary’s payoff is given by

fAare + (1= X ama. (4)

In section we consider the case where the intermediary flexibly chooses the haircut. In that case,

the intermediary chooses h; to maximize taking (a;¢),. (L.H} and ¢; as given.

Determination of the Crypto Asset Price At the end of each period, borrowers bid for the crypto
asset to use as collateral for future period. Therefore, the price of a crypto asset at the end of period ¢,

@¢,, is given by its continuation value to the borrower:

6= 5 M ap+1Er (2Dyg1/Riy1 — min{Dy11,5¢14+1)})) 5)
t pu—
+ (=N a1 (2Dey1/Revr — min{ Dy 11,6 + ¢rp1})

Collateral Value

+B{N(ELS) pry1 + (1= A) (0 + dry1)}

Fundamental Value

where [ is the discount factor. We assume 0 < 8 < 1/zlE| The continuation value of the asset, is
simply the sum of two terms: the fundamental value of the asset which is the discounted value of future
dividend and asset resale price, and the collateral value. Importantly, the collateral value of the asset
depends on endogenous variables, (ai7t+1)i€{L7H}, Dyyq, Riyq1 and ¢4¢41, which in turn depend on the

extent of asymmetric information in future DeFi lending markets.

Timing The time-line is summarized in Figure . In the beginning of each period, the smart contract
specifies the debt limit D; (or equivalently the haircut h) and the loan interest rate. Next, borrower
receives private information about the quality of the asset and decides whether to borrow from the
lending platform by pledging collateral to the smart contract and lenders supply funding subject to zero
profit condition. After this stage, the borrower’s type is revealed, and the borrower either repays the
loan or defaults and loses the collateral. If the asset survives then its price is determined, consumption

takes place and the borrower works to acquire assets for the next period.

14This assumption is to make sure that the equilibrium asset prices are bounded.



Figure 1: Timeline

Contract Update B borrows to Asset priced at
(R, D) B learns obtain £; tz B observes s d; + sidt
quality Q¢ loan default/repay
t 1 1 t+1
] ]
T T
Smart Information Lending Settlement Asset trading
contract arrival

Note that in this timeline, the lending platform is exposed to information friction and the asset market
is frictionless, and we assume that they do not open simultaneously, which reflects the natural timing
of information revelation process. In reality, a privately informed borrower can choose to offload the
underlying asset in a lending platform by borrowing a stablecoin loan against it or conduct an outright
sale in an exchange (that is, an asset market). However, theoretically, adverse selection problem is more
severe in an asset exchange since the borrower is selling an equity contract and less so in a lending
platform since the borrower is selling a debt contractEEmpirically, there are other technical frictions
in selling crypto assets on decentralized and centralized exchanges on blockchains. Transferring crypto
assets to an off-chain centralized exchange is often subject to a long time lag before the assets can be
traded, while transactions on an on-chain decentralized exchange are often subject to market illiquidity
and price slippage. Therefore, for expositional clarity and without loss of generality, we assume that the

asset market with frictions does not open simultaneously with the lending platform.

Equilibrium Definition Given haircut h and fee f, an equilibrium consists of asset prices {¢;, }52,
debt thresholds {D;}$2,, loan rates {R;}$°,, funding size {q:}$2, and collateral quantities {ar+, ap+}$2,

such that
1. borrowers’ loan decisions are optimal (condition ,
2. lenders earn zero profit (condition ,
3. funding supply equals funding demand, i.e. ¢4 = D;/R;, and

4. the asset pricing equation is satisfied (condition .

150zdenoren, Yuan, and Zhang (2021) have shown the optimal security for privately informed borrowers to sell in a
similar setting consists of a debt contract (which both high and low quality borrowers sell) and a residual equity contract

(which only the low quality borrowers sell).



2 Equilibrium in Lending Market

We begin the analysis by describing the equilibrium in the DeFi lending market for a given asset price
(bE To study the borrowers’ decision, we first define the degree of information insensitivity as the ratio
of the expected value of the debt contract for types L and H, i.e., ( (¢;h) = Er min {D,s5¢} /D € (0,1]
where D = ((1 — A)d + ¢)(1 — h). As this ratio increases, the expected values of the debt under the low
versus high become closer, and the adverse selection problem becomes less severe.

There are two cases depending on whether the high-type borrowers are active. In the pooling case,
condition implies that the equilibrium funding supplied by lenders is

¢ = ﬁ[)\EL min{D,5¢} + (1 — \)D].

Interest rate is pinned down by ¢ = D / RP | that is,

_ D(1+f)
~ AEL [min{D, 3¢} + (1 - \)D’

RP
In the separating case, the funding from lenders is given by

¢° = ﬁEL min{D, 5¢}.

and the interest rate pinned down by ¢° = D/R®, that is,

s _ D(1+ f)
R = E; [min{D,35¢}]

Define ¢ =1 — Z_Zl)\_f . The next proposition characterizes the equilibrium in the DeFi lending market

for a given asset price ¢.

Proposition 1. Given asset price ¢, if the degree of information insensitivity ¢ (¢;h) > ¢, then borrow-
ers’ equilibrium funding obtained from DeFi lending is ¢ = q©, interest rate is R = RT and collateral
choices for H type borrower and L type borrower are ap, = ay = 1. If the degree of information in-
sensitivity ¢ (¢;h) < , then borrowers’ equilibrium funding from DeFi lending is ¢ = q°, interest rate
is R = RS, and collateral choices for H type borrower and L type borrower are a;, = 1 and ap = 0.
The former condition, for a pooling equilibrium, is easier to satisfy when asset price ¢, haircut h or

productivity from borrowers’ private investment z is higher.

Proposition |1 implies that, given asset price ¢, there is a unique equilibrium in DeFi lending. It is a

pooling (separating) outcome when the debt contract is sufficiently informationally insensitive (sensitive).

161n this section we drop the time subscript ¢ from all the variables to ease the notation.



In particular, when the degree of information insensitivity ¢ (¢; h) is above the threshold ¢, the adverse
selection problem is not too severe and both types borrow. In this case, the loan size is the pooling
quantity ¢ = ¢. When the degree of information insensitivity is below the threshold, the adverse
selection problem is severe and only the low type borrows. In this case, the loan size is the separating
amount ¢ = ¢°. Furthermore, the loan rate in a pooling equilibrium is lower than that in a separating
equilibrium.

Note that ¢ (¢; h) = Ep min{1, Mﬁ%} As a result, the debt contract becomes informationally
less sensitive for a high ¢ and for a high h. The above proposition also indicates that in addition to
the parameter A that characterizes type heterogeneity, the net gains from trade, z/(1 + f), is also an
important determinant of adverse selection: a lower z/(1 + f) leads to a higher ¢. In particular, even if
there is very little asymmetric information about the quality of the debt contract (i.e., when { (¢; h) is
slightly below 1), as z/(1+ f) approaches 1 (so that ( is close 1), the DeFi lending will be in a separating
equilibrium. In other words, when net gains from trade is low, even a slight amount of asymmetric

information results in adverse selection problem.

3 Multiple Equilibria in Dynamic DeFi Lending

The analysis in the previous section takes the asset price as given. In this section, we characterize
the stationary equilibrium where asset prices are endogenously determined. We demonstrate that DeFi
lending is fragile in the sense that it exhibits dynamic multiplicity in prices. Specifically, we show that
there might be multiple equilibria in the DeFi lending market justified by different crypto asset prices.
The multiple asset prices are in turn justified by the different equilibria in DeFi lending. Since we are

focusing on stationary equilibria, we drop the time subscripts.

3.1 Characterization of Stationary Equilibria
3.1.1 Pooling equilibrium

In a stationary pooling equilibrium, all borrowers borrow (a;, = ay = 1). This equilibrium exists when

there is an asset price ¢ satisfying the equation
¢" =Bz = 1= f)g"] + B = N3+ BAELZ + (1 - \))o". (6)
The loan size is given by

= ﬁ (AEy, [min{D? 567}] + (1 — A)D),
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where D = (6 + ¢”) (1—h). In addition, it has to satisfy the high-type borrowers’ incentive constraint
to pool:
5P

m} > ¢. (7)

¢ (¢”;h) = EL min{1,

3.1.2 Separating Equilibrium

In a separating equilibrium, only the low-type borrowers borrow (i.e., ag = 0, ar, = 1). This equilibrium

exists when there is an asset price ¢° satisfying the equation
¢S =BA=z—1- g+ Q- N5+ AEL5+ (1 —N))¢”). (8)

The loan size is given by

D% s 1
R 1 T1yy

Er [min{DS7§¢S}] ,
where DS = (5 + ¢ ) (1 — h). In addition, high-type’s incentive constraint to pool is violated:

¢ (¢%h) << (9)

3.2 Existence and Uniqueness
We first focus on the asset pricing equations @ and .

Lemma 1. Equation (@ has a unique solution ¢F and equation (@ has a unique solution ¢°. Also,
o¥ > ¢°.

Lemma [I] implies that there exists at most one pooling and one separating stationary equilibrium.
If they co-exist, the price in the pooling equilibrium is higher than that in the separating equilibrium.

It is also easy to show that both prices are higher than the fundamental price of the asset in autarky,

¢ _ B(1=X)é
Z 7 1-B(AE(sL)+(1—=X)) "

price above its fundamental level. Lemma [I| implies that ¢(¢7;h) > ((¢°;h). Hence, we have the

This means that the introduction of DeFi lending raises the equilibrium asset

following proposition.

Proposition 2. There always exists at least one stationary equilibrium:
- it is a unique pooling equilibrium when ¢ < ((¢%;h),
- it is a unique separating equilibrium when ¢ > ((¢T; h),

- a pooling equilibrium and a separating equilibrium coexist when ¢ € [((¢°;h), (o5 h)].

In the next section, we examine the conditions under which the multiplicity arises.

11



3.3 Haircut and Multiplicity

In Proposition [2] multiplicity arises due to a dynamic price feedback effect. When the collateral asset
price is high, the degree of information insensitivity of the debt contract, ((¢; h), is above the threshold
(. Hence, the adverse selection problem is mild and the high-type borrowers are willing to pool with
the low type. In turn, if agents anticipate a pooling equilibrium in future periods, the expected liquidity
value of the asset in the next period is large, hence the asset price today is high. Conversely, when
the asset price is low, the degree of information insensitivity of the debt contract, ((¢°;h), is below
the threshold ¢. Therefore, the adverse selection problem is severe and the high type retains the asset
and chooses not to borrow. In turn, if agents anticipate a separating equilibrium in future periods, the
liquidity value of the asset is limited and thus the asset price today is low. As a result, the asset prices
are self-fulfilling in this economy.

The haircut is a key parameter controlling the degree of information sensitivity. Setting a lower hair-
cut makes the debt contract informationally more sensitive, magnifying the adverse selection problem.

Defining two thresholds

_ ¢
P BT = N + O
Ks = —C <Kkp
BlI—A) +Cre] -

we have the following result.

Proposition 3. Suppose the expected survival probability of the crypto asset satisfiesErs € (kp,ks).
There exists a threshold for haircut such that when the haircut h is below this threshold, there are multiple

equilibria.

3.3.1 Example: Two-point distribution

We now use an example to illustrate the effects of h on the equilibrium outcome. The full analysis is
given in the Appendix. Suppose 5 is drawn from a two-point distribution such that s = 1 with probability
w, and s = 0 with probability 1 — w. Consider the separating equilibrium. When s = 0, a low-type
borrower always defaults. When s = 1, the low-type defaults if D = (5 + ¢° ) (1 —h) > ¢° and repays
if DS < ¢S . We can rewrite this condition to show that there exists a threshold level @Ssuch that when
s = 1, the low-type defaults if h < ﬁs and repays if h > QS . In the former case, the low type always
defaults so the face value of the loan and consequently the loan size do not depend on the haircut. In

the latter case, the low type repays the loan in the good state (i.e., s = 1), hence the loan size depends

12



on the face value of the debt. Since the face value of debt declines as the haircut increases, the loan size
decreases in h.

We define ¢ (h) = ((#° (h);h). That is, we obtain ¢ (h) by substituting the price ¢° as a function
of haircut given fixed values for all other exogenous variables. We define ¢* (h) similarly. Using @, a
separating equilibrium exists if ¢S (h) < ¢. The threshold ¢S (h) is strictly increasing in h for h < h°.
The reason is that the high type never defaults, so the expected value of the contract under the high type
declines as h increases. The low type, on the other, always defaults and the expected value of the contract
under the low type is independent of h. Hence, the information sensitivity of the contract decreases as
h increases and it becomes harder to support a separating equilibrium. For h > 1, ¢%(h) =7 and a
separating equilibrium exists whenever 7 < ¢. That is, once the haircut is large enough, increasing it
further does not affect the information sensitivity of the contract. The reason is that, in this case, the
high type always pays the face value and the low type pays the face value only in the good state. As
the haircut increases, the face value decreases but the value of the contract declines at the same rate for
both types so its information sensitivity remains constant.

We analyze the pooling equilibrium similarly, and find a threshold A" < h® such that when s = 1,
the low-type defaults if h < hY and repays if h > h*. A pooling equilibrium exists if ¢ (h) > (. The
threshold ¢* (h) is strictly increasing in h and ¢¥ (h) > ¢ (h) for h < h*. For h > h*, ¢¥ (h) = 7 and
a pooling equilibrium exists whenever m > .

Putting these facts together we see that whenever h < h°, we have ¢5 (h) < ¢F (h). Hence when
( is in this range the two equilibria coexist. When the haircut exceeds I , there can only be a unique
equilibrium depending on whether ¢ is above or below 7.

Figure [2| plots the effects of h on the asset price, the loan size, the debt limit and the degree of
information insensitivity of the contract. The red and blue curves indicate respectively the separating
and pooling equilibria, assuming their existence. The parameter values used are z = 1.1, A = 0.5,
B8 =096 =1, 7 =092 f =0, which satisfy the condition E;5 € (kp,ks) in Proposition The
bottom right plot compares the degrees of information insensitivity to the threshold ¢ which is captured
by the horizontal dash line. When h is close to zero, the dash line appears above the red curve and below
the blue curve, confirming the multiplicity result in Proposition The other three plots also confirm
the earlier result that the asset price, loan size and debt limit are higher in a pooling equilibrium. In
this example, multiplicity can be ruled out and pooling can be supported by setting h > h = 7.1% where
C=¢

T"When h > h, separating equilibrium cannot be sustained and hence in Figure |2|red lines depicting separating equilib-
riums become red dotted lines in this region.
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Figure 2: Effects of Haircut h
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3.4 Sentiment Equilibrium

In the middle region where multiple self-fulfilling equilibria coexist, it is possible to construct sentiment
equilibria where agents’ expectations depend on non-fundamental sunspot states. In a static game
with multiple equilibria, as in Diamond and Dybvig (1983), an equilibrium is chosen by a sunspot.
In a dynamic setting, the economy can switch between equilibria (based on a sunspot) and we refer
to different phases as different sentiments. Clearly, in a dynamic setting construction is more delicate
because one has to take into account that equilibrium can switch again in the future. We are not the
first to use this dynamic notion of sentiment equilibrium. Similar notions have been used by among
others including Hassan and Mertens (2011, Benhabib, Wang, and Wen (2015), Asriyan, Fuchs, and
Green (2017)), etc. By constructing sentiment equilibria, we offer potential empirical testable hypotheses
relating measurable sentiment index with equilibrium price and quantities.

Suppose that there are K sentiment states indexed from 1 to K. We let o/ be the Markov transition

probability from sentiment state k to k’. In the presence of sentiments we modify the model as follows.

14



Let ¢* be the price of the asset, R* be the loan rate, and D¥ = (6 + ¢*) (1 — h) be the debt limit in
sentiment state k. Quantities of collateral a¥, a%, chosen by each type must be optimal given the price

and rate at each sentiment state k. The loan size chosen by the lender in sentiment state k is given by:

¢" = AEL, [min{D*, s¢*}] + (1 — \)D*

The price of crypto asset in sentiment state k is given by:
K 5
=B onw {A/ 510V dF(s1) + (1= ) (0+ ")
k=1 s

+Aal / ) (sz’ /R — min{D", 5L¢k')}) dF(sp) + (1 — \) ) (sz’ /R — Dk') } .

We want to construct a non-trivial sentiment equilibrium such that the economy supports a pooling
outcome in states k = 1,...,k and a separating outcome in states k = k + 1, ..., K. By continuity, one

can obtain the following result.

Proposition 4. Suppose E(s) € (kp,kg) and haircut is not too big. Then for ok large enough, there

erists a non-trivial sentiment equilibrium.

To demonstrate non-trivial sentiment equilibrium and examine equilibrium properties, we provide the
following two numerical examples. In both examples we assume s is drawn from a two-point distribution
such that s = 1 with probability 7, and s = 0 with probability 1 — .

Example 1. Suppose K = 3 and k = 1. The economy stays in the same state with probability o
and moves to the next state with probability 1 — ¢ where the next state from 1 is 2, from 2 is 3 and

from 3 is 1. We can interpret the three states as follows:
e k£ =1: Boom state
—al =al, =1, ¢" = Mrmin{(6 + ¢ )(1 — h), ¢*} + (1 — N)(6 + ¢*)(1 — h)
e k = 2: Crash state
a3 = 1,03 =0, ¢ = wmin{(6 + 9*)(1 - h), 6%}
e k = 3: Recovery state

— a3 =1,a% =0, ¢ = mmin{(6 + ¢*)(1 — h), ¢*}
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The asset prices are then given by

¢ =Bow [(z = 1g" + (1= N5+ (Ar + (1= X))¢']
+hoka [Mz = 1)¢® + (1 = A)d + (M + (1 = A))¢?]

+B0ks [AMz — 1)g® + (1 = N)§ + (A + (1 = X))¢?]

Figure [3|below plots the effects of sentiment states on asset prices and total lending. When o = 0.95,
the sentiment state is sufficiently persistent so that the above sentiment equilibrium exists. As shown,
the sentiment dynamics drive the endogenous asset price cycle: The asset price declines when the
economy enters the crash state, jumps up when the economy moves from the crash state to the recovery
state, and jumps up further when the economy returns to the boom state. Note that the total lending,

()\alz +(1- )\)a%) q"* is “pro-cyclical” in the sense that it is positively correlated with the asset price.

Next, we show a similar pro-cyclical pattern of lending and asset prices in an example where there

are more (than three) states and a state moves to an up or a down state with an equal probability. In
this example, equilibrium lending and asset prices are more volatile.
Example 2. Let K = 10. If the economy is in state k in a given period, in the next period sentiment
stays the same with probability o. From states k € {2,..., K — 1} economy moves to state k — 1 with
probability (1 — o) /2 and to state k + 1 with probability (1 — o) /2. From state 1 economy moves to
state 2 with probability 1 — ¢. From state K economy moves to state K — 1 with probability 1 — o.
Figure 4] plots a simulation for 5000 periods when o = 0.95 and k = 6.

3.5 Uniqueness under Flexible Design of Debt limit

We have shown that DeFi lending subject to a rigid haircut can lead to multiplicity when the debt
contract is too informationally sensitive. In this extension, we show that a flexible contract design
supports a unique equilibrium in the case and generates higher social surplus from lending compared to
the case with a rigid haircut.

Under flexible design, the smart contract is no longer subject to constraint . Instead, in each
period, the intermediary, in this case, the DeFi protocol, can choose any feasible debt contract, y(Dy, S+
S¢+) = min(Dy, S+35¢) for 0 < Dy < §+¢. Let Z denote the marginal value of obtaining funding from

lenders deducting the intermediation fee f to the intermediary,

zZ
1+ f

2:
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Figure 4: Sentiment Equilibrium Example 2
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Recall from that intermediary maximizes the expected loan size times the intermediation fee:

JIAN+ (1 =N amda (y(Dug-f' §¢t))

The loan size is:

_ 1 PEp+am: (1= NEx]y(Dy, 8 +5¢1)
1+ f Atam:(1—=N)

q (?J(Dn 3+ §¢t))

where

1 i ZAEL + (1 — NEg]y(Dy, 6 +3¢1) > Egy(Dy, 6 + 5¢y)
amy = ~ (11)
0 otherwise

Equivalently the intermediary maximizes
\EL + apr s (1 — ) Eg]y(Dy, 0 + 3¢;) (12)

subject to . In words, the intermediary takes the price ¢; as given and sets the debt threshold D to
maximize the expected loan size taking into account the impact of the contract on the funding that the

lenders are willing to supply. The value of the asset to the borrower is:

Ve= _max X |5 (y(Dr.6+36)) ~Ery(Ded+501) + Ex (5430, | (13)

+ (1= ) [ame {Zae (y(D1.5+560)) = Eny(Did+560) } +Enr (5+50,)]

Given the optimal design, the asset price at the end of the previous period equals

$r-1 = PV;. (14)

An equilibrium under flexible design of smart contracts is debt face value Dy, the borrower’s value for
the asset at the beginning of period ¢t V;, and the resale price of the asset at the end of period t ¢; such
that (i) D; maximizes taking ¢, as given and, (ii) V;, and ¢, satisfy and .

We also make the same simplifying assumptions on the distribution of (6~, 5) that we make in the
rigid haircut case. That is, we assume that a high-quality asset pays dividend & > 0 at the end of the

period and survives to the next period with certainty which implies:
Enry(De,6 +59r) = y(Dr, 6 + 1);

and the low type asset does not pay any dividends and it survives to the next period with probability

s € [0,1] which is drawn from a distribution F' which implies:

Evy(Dy, 8+ 56:) = / YDy sé0)dF (sp).

S
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The following proposition describes the optimal debt threshold and the implied haircut as a function

of the asset price ¢;.

Proposition 5. IfE; s <1+ %2 — % then let s* be the unique solution to:
Z[AEL min(s*,s) + (1 — \)s*] = s*.
In this case, the equilibrium contract is a pooling one (amgs = 1) with face value Dy = s*¢y when
AEz min(s*,s) + (1 —A)s* — AELs > 0.

Otherwise, the equilibrium contract is a separating one (apg; = 0) with face value Dy = § + ¢. The

implied haircut is:

, 0 if \EL, min(s*,8) + (1 — A)s* — AE.s < 0,
t =

1 if AEL min(s*,s) + (1 — A) s* — AELs > 0.

_ 5*¢t
(1=X\)o+¢¢
IfEps > 1+ )%2 — %, the equilibrium contract is a pooling one with face value D = d* + ¢ where

. ZAELs+(1—-X)] -1
d —mln{é, 1L73(17)\) gzﬁ}

The implied haircut is

h; = max {07 1-— ABLs i } .

1-2(1 N o+

Moreover, given any end-of-period price ¢y, the asset price in the previous period and the lending volume

are higher than those under the rigid DeFi contract.

Note that the optimal haircut rule is not a fixed number or a simple linear rule but non-linear in
price ¢;. The proposition shows that the flexible contract generates more social surplus. For example,
when ¢; is high (which makes the debt contract informationally less sensitive), the intermediary can
increase D; to induce a higher lending volume which raises the surplus from lending. In contrast, when
¢¢ is low (which makes the contract informationally more sensitive), the intermediary may choose to
lower D; to maintain a pooling outcome. Depending on the parameter values, the intermediary may
also choose to raise D; to induce a separating equilibrium. This flexibility in adjusting D; implies that,
given any end-of-period price ¢;, the price of asset in the previous period and the loan size are weakly
greater than those under the rigid DeFi contract.

The following proposition shows that the flexibility in setting the haircut optimally in response to
changes in the asset price leads to a unique stationary equilibrium with a fixed realized equilibrium

haircut.
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Proposition 6. Under flexible optimal debt limit there exists a unique stationary equilibrium that Pareto

dominates the one under DeFi.

The above result suggests that the rigid haircut rule imposed by the DeFi smart contract generates
financial instability in the form of multiple equilibria, and potential sentiment driven equilibria (e.g.
Asriyan, Fuchs, and Green (2017))), and lowers welfare. Can a DeFi smart contract be pre-programmed
to replicate the flexible contract design? This can be challenging in practice. First, flexible contract
cannot be implemented using simple linear hair-cut rules that are typically en-coded in DeFi contracts.
Second, the optimal debt threshold depends on information that may not be readily available on-chain
(e.g., z,\). Alternatively, the lending protocol can replace the algorithm by a human risk manager who
can adjust risk parameters in real time according to the latest information. Relying fully on a trusted
third party, however, can be controversial for a DeFi protocol. Our results highlight the difficulty in

achieving stability and efficiency in a decentralized environment subject to informational frictions.

3.6 Liquidation and Fire Sale

In this section, we incorporate the price impact of liquidation sale of defaulted contracts from DeFi
lending protocol that is empirically investigated in Lehar and Parlour (2022)). To incorporate the pos-
sibility of fire-sales we modify the model as follows. There are two states: normal and fire-sale with
probabilities o and 1 — o, respectively, known to all agents at the beginning of the period. In the fire-sale
state, DeFi capital is not fast moving enough within the period to correct the temporary price impact
due to the collateral liquidation from the defaulted DeFi debt contracts and fire-sale happens. These
probabilities are iid across periods. We denote by ¢ and ¢f the price of the collateral asset in the normal
state and the fire-sale state, respectively. Since the collateral price is lower in the fire-sale state and
the states are known to all participants at the beginning of the period, the amount of collateralizable
lending is different between the normal and the fire-sale state. We denote R the fire-sale loan rate,
Df = (5 + qbf) (1 — h) the debt limit, aé and afH the amount of collateral pledged by types L and H in
the fire-sale state. We denote by M is the amount of collateral being liquidated, and A the price impact
of the liquidation.

As in the main model, the loan size chosen by the lender in the normal state based on the haircut

rule D = (§ + ¢) (1 — h) is given by the lender’s break-even zero profit condition as follows:

1 1
= E; min{D 1-— in{D
0= 1 { ooy LB i Dy 500) + ey (1= X min {5+ 001}
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and the price of crypto asset in the normal state is given by:

¢y =BoA(ar+1Er (2Deq1/Rer — min{Dyy1, s¢r41)}))
+B0 (1 = A) a1 (2Di11/Rey1 — Diya)
+B80 {A(ELs) dri1 + (1 = A) (6 + ¢e41)}
+8(1 =) A (af 1 iBr (2Dfe1/REy —mingD],, 56f,,)}))
+8(1=0) (1= ) (af 1 Ee (2DL1 /R,y — mind DL, 6+ 6],1)))

+6(1-0) {AELs) 6y + (1= (5+6L1) ).

Similarly, the loan size chosen by the lender in the distressed state is given by:

1 1
f— ; oot _ : f f
q )\1+f {GL,t)\+aH,t(1_)\) {aL,t)\]Eme{Dt,sqSt}JraHt (1 )\)mm{Dt,éJr(j)t H},

but the price of crypto asset in the distressed state with fire sale has a price impact discount which is

specified as follows:

¢! =BoA(ari11BL (2Dyy1/Repr — min{Dyy1, 56111)}))
+B0 (1 = A) am i1 (2Dp1/Rev1 — Diya)
+B0 {A (ELs) dusr + (1= 2) (5 + dug1)}
+8(1 =) (af i Be (2Df1/REy = min{D,1.50],1)}) )
+8(1=0) (1= ) (o] 141Ee (2Dy1 /Rl —min{Df,, 6+ ¢/,1)}))
+8(1— ) {N(ELs)éfy + (1= N (5+ 6/, }

Fire-sale Discount
The key difference between the normal and fire-sale prices is the last term in the fire-sale price which
captures the fire-sale price impact of collateral liquidations. This price impact is temporary and within
the period. We assume that A < 8(1 — \)d. This assumption is to make sure that the price impact does
not dominate asset fundamentals completely. That is, the fire sale does not lead to a negative asset price

but results in a significant discount.
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Next, we first solve for equilibrium outcomes in the special case where fire sale is certain every period
(0 = 0) to demonstrate the direct impact of a fire sale. In this case, the stationary pooling equilibrium

asset price ¢7F satisfies the equation:
o7 =Bz —1= "] + 81 =2+ BOELF+ (1= A)¢'" — AM, (15)

where

- _ DIF DIP
i < o< 25 o (5.

and the stationary separating equilibrium asset price ¢/° satisfies the equation:

¢ =B Nz =1 )"+ (1= N5+ AELZ+ (1 — \)o’®) — AM, (16)

. . Dfs DIs
M® = \Pr (3¢5 < DI%) = APx ( - ws) = AFp (¢fS> '

It is obvious that the size of fire-sale discount is related to the magnitude of the price impact A and

the amount of default.

Lemma 2. Equations and (@ each have at least one solution. The largest solution of is larger
than all solutions of (@) and the smallest solution (@) is less than all solutions of . Consequently,

when these equations both have a unique solution, ¢pfF > ¢I5.

—fP
Let Qf S be the smallest separating equilibrium price and (;Sf be the largest pooling equilibrium
price. Following the same steps as in the proofs of the main model, we establish the following existence

result.

Proposition 7. In the case of fire sales every period (o = 0), there always exists at least one stationary
equilibrium. Moreover,

- only pooling equilibria exist when ¢ < C(Qfs; h),

- —fP
- only separating equilibria exist when ¢ > C(qi)f ih),

7fP

- there is at least one pooling equilibrium and one separating equilibrium when € [C(?fs; h),¢(¢"" ;h))].

However, the conditions under which the multiplicity arises would be different from the case without
any fire sale presented in the main model. This is because lower collateral asset prices make DeFi debts
more information sensitive, resulting in more adverse selection. The two thresholds for multiplicity are

now:

C(6—AN)
86 ((1—A) +CAz) — AX

kg =
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and

B C(6—AN) -
Bz ((L=X)+C\) — AN

Now, we can prove the counterpart of Proposition [3]in the setting with fire sales.

i p Fg.

Proposition 8. Suppose fire sales occur every period (o = 0), and the expected survival probability of
the crypto asset satisfies B s € (kp,ks). There exists a threshold for haircut such that when the haircut

h is below this threshold, there are multiple equilibria.

It is easy to see that kg < kg and kp < kp which implies together with Proposition [§] that the
region for multiplicity shifts up in the presence of fire sale. That is, multiple equilibria might occur for
crypto assets with better fundamentals (that is, a higher survival probability), indicating that adverse
selection is more severe with fire sale. Besides a direct impact on crypto asset price (temporary or not),
fire sale in our model also triggers the feedback loop identified earlier: a lower asset price makes DeFi
debt more information sensitive, results in more adverse selection in the DeFi lending market, leading to
the withdrawal of the funding from the lenders, which in turn justifies even a lower asset price, and so
on. This feedback loop might result in equilibrium multiplicity and hence amplifies the downward price
impact from fire sale leading to more volatile equilibrium outcomes.

Finally, we study the case when fire sales might be temporary ( 1 > o > 0). In this case, the impact
of liquidation is only within the period and with probability o, the state next period will return to
normal. Following proposition [§] it is straightforward to show that the result of multiple equilibria is
robust. Furthermore, we show that the anticipation of multiplicity in the fire-sale state might lead to
multiplicity in the normal state, which is another channel that information friction amplifies the fire sale
which making the price impact of the sale permanent even in the case when the fire sales are temporary.
Hence the following theoretical result of price multiplicity offers a potential explanation of the empirical

finding of permanent price impact of fire sale in Lehar and Parlour (2022]).

Proposition 9. When the probability of fire sale at each period is (0 < o < 1), suppose the expected
survival probability of the crypto asset satisfies Ep5 € (kp,kg). There exists a threshold for haircut such
that when the haircut h is below this threshold, there are multiple equilibrium outcomes in both normal

and distressed states.
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A Appendix

A.1 Proof of Proposition

Condition implies that, in a pooling equilibrium, the high-type borrower is willing to borrow if and
only if
2q" > Emin{D,§ + ¢},

which is equivalent to

Eyr(s., )/ Eyu (o) > .

If Eyz(sr,¢)/Eyr(¢) > ¢ then it is optimal for the intermediary to set R = RT. To see this, note
that at this rate lenders provide loan ¢” and, by assumption, the high type borrower indeed chooses
to borrow. This is clearly optimal because setting a higher rate lowers total lending and at a lower
rate lenders do not break even. If Eyy(sr, ¢)/Eyr(¢) < C then the intermediary’s problem is solved by
setting R = RS. In this case, if the intermediary lowers the rate sufficiently below R' then the high
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type would borrow. However, at that rate lenders would make negative profit.
Since Eyy,(sy, ) /Eyn(¢) = Emin{l, %}, a higher ¢ or h make the condition for the pooling

outcome easier to satisfy.

A.2 Proof of Lemma [T

First, we define functions

§5(6) = ——Fy, min{(1 - h)(é +8), 56},

G"(¢) = MEr [min{(1 = h)(¢ +6), 50}] + (1 = A)(L = h) (¢ +0)] .

5(9)
Er [min{(1 —h)(¢ +0), s¢}] = </O sdFy, (S)> ¢+ (1= Fr(3(0) (1 —=h)(¢+9)

where § (¢) = % if (1—h)0 < h¢ and 8 (¢) = 1 otherwise. Note §' (¢) = —(1;7?)6 if (1—h)d < ho
and § (¢) = 0 otherwise.

5(#)
(1+1)§"(¢) = A K/O sdFy (8)> +(1-Fr(3(9) (1 - h)]
+ AL (5(0) 8 (0) (3(0) ¢ — (1= h)(¢+0)) + (L= A)(1 = h)

If (1—h)d < he we have §(¢p)d — (1 —h)(¢+d) =0.If (1 — h)d > h¢ we have § (¢) = 0. Hence

5(6)
(L+/)q"(¢) = A K/O sdFy, (8)> + (- FL(5(0)) - h)]
+(1-N1—-h)<1.

Similarly

3(9)
1+ £)§%(¢) = [(/0 sdFy, (8)) + (1= Fr(5(¢))) (1 - h)] <1
Note that their difference is
" (9) = 3°(9)
_1=A [(1=A)(1 = h)(¢p+0) — Emin{(1 — X\)(1 — h)(¢ +6), sL¢}]

Y
>0

)
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Similarly, we define functions

o7 (¢) =B [(— 1= F)a"(9)] + BL =N+ B(AE(sp) + (1 = N))¢,

¢%(¢) = BA(z — 1 — )@%(9) + B(L — X)d + B(AE(sz) + (1 — X))
Note:

7' (9) = B[(z—1— F)i” (#)] + BAE(sz) + (1 — N) < 1,
0% (¢) = BA(z — 1 — )§%(¢) + BAE(sL) + (1 — \)) < 1,

(z=1=f)T1=X)(1-=h)

_ _ 75
o > B(1 - Nd = (0),

¢F(0) = B(L =N+ 5

o' (4) > 0 and ¢%'(¢) > 0.
Furthermore, the difference between the two functions is
9"(0) = 6°(9)
=B(1 =N (z = 1= 3" (@) + BA(z = 1 = /)@ () - 3°(¢)) > 0.

The above properties imply that both functions have a unique fixed point and that ¢ > ¢°.

A.3 Proof of Proposition

For simplicity we set f = 0 but the result also holds for f > 0. In a separating equilibrium debt limit,

loan size and asset price when h = 0 are given by:

D% = (64 ¢%)
¢° =Er(s)9°
1= BAzEL(s) + (1 = A)]
Plugging the asset price into the condition for the existence of a separating equilibrium we obtain:
Er(s)¢° =
s L
;0) = <
O = ey <
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Rearranging we find that a separating equilibrium exists at h = 0 when

Er(s) < ; =Kg

BI(L = A) + CAz]
Furthermore, if the above condition holds, a separating also exists in a neighborhood of h = 0.

Similarly, in a pooling equilibrium debt limit, loan size and asset price when h = 0 are given by:

DY = (5 +¢")

g’ = AEL(s)o" + (1 = \)(6 + o)

B Bz(1—MN)o
~1—B2AE(s) + (1 — \)]

¢P
Plugging the asset price into the condition for the existence of a pooling equilibrium we obtain:

E(s)oFf —
<(¢P;0)=@Lizfp)>c

Rearranging we find that a pooling equilibrium exists at h = 0 when

I S
7 BAl— N+ N

Furthermore, if the above condition holds, a pooling also exists in a neighborhood of h = 0.

EL(S)

=Kp < Ks

Therefore, when E(s) € (kp,ks), there are multiple equilibria in a neighborhood of A = 0 which

implies that there is a threshold for haircut below which multiple equilibria exist.

A.4 Two-point Distribution Example
A.4.1 Separating Equilibrium

Suppose s, =1 w.p. w, and s, =0 w.p. 1 — 7.
In a separating equilibrium:
Debt limit:
D% = (5+¢°)(1—h)

Loan size:
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lp=¢°=FE [min{DS7 S(bs}] = 7min{D?, $°}
There are two cases.

Case (i) D% > ¢°

This is true when

We then have

q° =m¢",

1—Bher+ (1-N)]

The existence of separating equilibrium requires

oad

Ch=Grema=n

<.
We define a threshold
s 5 1—BAzr+ (1 —N)]

b ¢S +6 1 — BAzm

When the haircut is lower than the threshold A, the low type borrowers default even when sy = 1.
In this case, the loan size is equal to the expected value of the asset, 7¢°, which does not depend on the
haircut. Hence, the asset price is also independent of h. An increase in h, however, makes it harder to

support a separating equilibrium as the contract becomes less information sensitive.

Case (ii) D% < ¢°
This is true when
1—h

S
5—h < ¢°.

We then have

¢® =m(0+¢%)(1—h)
BA(z—Dr(1—=h)+ (1= A)d

¢° =
1-BANz—=Dr(l—=h)+ (1 =X+ ]

The existence of separating equilibrium requires

¢5(h) =m <<
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When the haircut is higher than the threshold A, the low type pays back the loan to retain the collateral
when s;, = 1. In this case, the loan size is equal to the mD. Hence, the asset price is decreasing in h.
A separating equilibrium exists whenever m < ¢ as h does not affect the information sensitivity of the

contract.

A.4.2 Pooling Equilibrium

In a pooling equilibrium:
Debt limit:
DP = (6+¢")(1—h)

Loan size:
q” = AE [min{D", s¢”}] + (1 — A\)D” = Armin{D", 6"} + (1 — A\)D”

There are two cases.

Case (i) D > ¢”
This is true when
1—h

- 4P
6h>¢.

We then have

¢ = et + (1 - \)D”

B(L—=No[(z—1)(1 —h)+1]

¢F =
1-BAz—Dr+ (DA -NA-h) +Aar+1- N

The existence of separating equilibrium requires

oL

CM=Grmasn

> (.

We can again define a threshold

LP 1-BP—Dr+ (-1 =X +Ar+1— )]
. 1—28 = B(z—=1)(1—-X)

such that this case holds when h < h.

<h?

Case (ii) D < ¢”
This is true when

§ﬂ<¢P
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We then have

¢ = DP +(1-)\)DF
(z—=1)Ar+1-=XN(1—=h)+(1-2N)
Blz—=1)Ar+1-=XN1—-h)+Ir+1-)]

P
=36
oF = Bo—
The existence of pooling equilibrium requires

¢"(h)=m>¢

A.5 Proof of Uniqueness Under a Flexible Smart Contract

Denote the debt contract y(D, S+ $¢) = min(D, S+ S¢). We prove the result for the main model where
Eny(D, 0 +39) = y(D,6 + ¢);

and .
BLy(D.5+50) = [ y(D.s6)dF (s).
s
The arguments, however, generalize to the more general case with some modifications.
Denote D* < §+ ¢ the maximum face value so that the incentive constraint of the high type borrower

is satisfied

z [AELyw, 5+36) + (1= NEgy(D,5 +35¢)| > Eny(D,s + 5¢)

in which case there is a pooling equilibrium.

When the intermediary designs the smart deposit contract flexibly, it aims to maximize the expected
trading volume. Specifically, the intermediary chooses D, or equivalently haircut, to maximize expected
trade volume [AEj, + az (1 — A) Eg] min(D,d + 3¢) taking ¢ as given. Note that the intermediary’s
payoff is increasing in D as long as the equilibrium does not switch from pooling to separating. Hence,
if the intermediary chooses a contract that leads to a pooling outcome, then D = D*, and if the
intermediary chooses a contract that leads to a separating outcome, then D = § + ¢.

Next we look at the two cases:

Pooling case:

If D < ¢, we can denote § = D/¢. In this case, all terms in the incentive constraint for the high type
are proportional to the asset price ¢, which drops out of the constraint. So, the high type’s incentive
constraint is satisfied iff

Z[AEL min(3,s) + (1 — A)3] > 3
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Let F(8 ) = Z[AEL min($, s) + (1 — A)§] — § and note the high type’s incentive constraint is satisfied iff
F(8) > 0. F(3) has the following properties:
F(0) =0

z—1>0

F'(0)
F'(3) = —2Af(5) <0

So F(8) is concave and strictly positive when § is close to 0. Suppose the information friction is severe
enough so that F(1) = Z(AErs+ (1 — \)) — 1 < 0, or equivalently Ers < 1_(1\7;”2 1+ =—-+<1.1In
this case, there exists a unique threshold 0 < s* < 1 such that F(s*) = 0. Since the asset price ¢ drops
out, threshold s* does not depend on ¢.

Taking next period asset price ¢ as given, the asset price in the current period under pooling equi-

librium is
o"(9) = B(Z— 1) AEr min(s*,s) + (1 = A) 5") ¢ + AGELs + (1 = A) (6 + ¢)] (A1)

which has the following property

99" (¢)
o

67 (0) = B(1 — \)3.

=p[(Zz—1)( AEL min(s*,s) + (1 = N)s*) + AErs+ (1 - )N)] < 1

So, ¢ (¢) is a straight line with slope 6¢;¢(¢) and intercept ¢ (0) = B(1 — A\)6. Hence there is a unique

steady state price satisfying ¢% (¢) = ¢.

Suppose information friction is not so severe so that (1) > 0, or equivalently, 1 > Eps > 1+ )%2 — %

In this case, the face value of the debt is D* > ¢. Let d* (¢) = D* — ¢. There are two possibilities:

either high type’s incentive constraint is binding and there is d* (¢) < § that satisfies:

Z[AELs + (1 = A)(d* (¢) + ¢)] = d" (¢) + ¢

or the high-type’s incentive constraint is slack for all D. In the former case

ZAELs +(1—\)] -1

@ (¢) = [T VR
In the latter case d* (¢) = 6. If %ﬁ;\)]lqb <94,
Py \Z B
67(6) = 8| 12— s+ (1= N6 +6)]. (A2
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Note,
¢”(0) = B(1 = M),

99" () _ Az
99 _5(12(1/\)AEL5+1_)‘)'

Hence ¢7(¢) is a straight line with slope 6¢;§¢)) and intercept ¢ (0).
ZDELs+(1-A
If 12(1&\) Lo >4,

¢"'(¢) = BZ[AELsp + (1 —X) (6 + ¢)]
= B2[(1 = A) 6+ (AELs + 1 — \)¢].

Note,
o7 (0) = Bz (1= N)4,

o P
¢a<z5¢) — BE(Eps+1-2) <1
By comparing the slopes of ¢*(¢) when W(ﬁ is below and above §, we can see that ¢ (¢) is
concave with slope less than 1 when Mgﬁ > .

1—2(1-\)

Note that when D* > ¢ in a pooling equilibrium or Ers > 1+ %3— %, the value of a pooling contract is
always greater than that of a separating contract. This is because the intermediary designs the contract
optimally to maximize the expected trade volume. The expected value of a loan to a low type is the
same in a separating equilibrium and a pooling equilibrium when D* > ¢. So the intermediary strictly
prefers designing a pooling contract as the revenue from the pooling contract strictly dominates that of
a separating contract.

Hence when Eps > 1+ %2 — %, we can focus on the pooling equilibrium. From the analysis above,
T (¢) is concave with slope less than 1 when Wq{) > §. Hence, in this part of the parameter

space there exists a unique equilibrium where the loan is traded in a pooling equilibrium.

Separating case:

As argued above, when analyzing the optimal contract in a separating equilibrium, we can focus on the
parameter space where
1 1
Frs<l4 ———. A3
v XA (A4.3)
If the optimal contract supports a separating equilibrium, the intermediary would set D = § + ¢
to maximize the loan size to the low type. In the special parametrization of the model, any face value

between ¢ and & + ¢ generates the same revenue from borrowing because a low quality asset does not
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pay any dividend. More generally, low quality assets could pay positive dividend. So the maximum face
value D = 0 + ¢ is a more robust form of debt design in the separating case.

Given the face value D = § + ¢, the incentive constraint for the high type not to borrow is

d+¢>ZELs¢ (A.4)
Note that condition (A.3)) implies that
1
EIEL3<1+(2—1)(1—X) <1.

The condition for the existence of a separating equilibrium,(A.4), always holds.

In a separating equilibrium, the asset price is
¢°(¢) = BI(Z = 1)AELs¢ + AErsd + (1 — A)(5 + ¢)] (A.5)

which has the following property

¢%(0) = B(1 — \)§

99°(¢)
d¢

B(EAELs +1—\)

So in this case, ¢°(¢) is a straight line with slope 6¢;¢E¢) and intercept ¢°(0) = B(1 — \)6.

The intermediary chooses the pooling contract if and only if
AEr + (1= N En]y(D, 8 +30") > XELy(D, 8 + 56°)

or

[AEL min(s*, s) 4+ (1 — \) s*] ¢¥ > ¢ AEs
where s* is the unique solution to
Z[AEL min(s*,s) + (1 — \)s*] = s*.

Plugging in for ¢* and ¢ we can rewrite the inequality as

[AEL min(s*, s) + (1 — A) s*] < AELs
1-8[(Z—1)( AEpmin(s*,s) + (1 —A)s*) + AErs+ (1 —X)] — 1= B[(Z—1AELs + AEps + (1 — \)]

which holds iff
AEz min(s*,s) + (1 — ) s* — AMEps > 0. (A.6)

In either case, the equilibrium is unique.

34



To summarize the equilibrium characterization, when Eps < 1 + /\% — %, the equilibrium contract
is a pooling one with face value D = s*¢ < ¢ when condition (A.6) holds. Otherwise, the equilibrium
contract is a separating one with face value D = § + ¢.

When Eps > 1+ /\ig — %, the equilibrium contract is a pooling one with face value D = d* 4+ ¢ where

. . ZAELs+(1—-A)] -1
d mln{é, 1L—?(1—)\) ¢}

A.6 Proof of Lemma 2l

We define §°(¢) and ¢ (4) exactly as in the proof of Proposition 1 and following similar steps obtain
0<¢%(0) <1,0<¢"(¢) <1,3"(¢) > ¢%(e).
Next, we define functions

5P(0) = B[(z— 1 N)A"(&)] + B — N5+ BOE(sr) + (1 — \))é — ANF, (“"‘)(‘“‘”) ,

¢

3°(6) = BA: — 1= Ji°(6) + B(1 = N6 + BOB(s2) + (1 = W) — A, (=110

)

which have the following properties:

2 _ (z—=1—=f)1=XN)(1—-h)s
o7(0) =B =N +8 7

where the last inequality follows because A < 8(1 — A)d by assumption. Note:

—AA>B1=NI—A=¢%0)>0

SP8) = B[z — 1~ Pi"'(@)] + BOE(s) + (1— X)) + A fy (

(1- hiﬁqﬁ + 5)) ((1 ;Zh)6> |

281 _ 1 ~S1 s _ (1_h)(¢+6) (1_h>5
35(8) = PAG: — 1 — 1)i%(9) + BOE(sz) + (1 A>>+AfL( A )( - )

and

"' (¢) > 0 and ¢ (¢) > 0.

Note that both QASP'(QS) and (Z)S’(¢) are strictly less than 1 for large ¢. To see this note that the first two
terms are strictly less than 1 and the last term becomes small as ¢ increases. Finally, the difference

between the two functions is

o¥' () — ¢°(9)
=B(1 =Nz — 1= £)i"(¢) + BA(z — 1= )(G" () — °(¢))
(1—h)(¢+9)
+ (1 - AFL <¢> > 0.
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The above properties imply that both functions have at least one fixed point and the largest fixed point
is larger for gZ;P (¢) than qgs (¢). So when fixed points are unique pooling price exceeds separating price

and otherwise the largest pooling equilibrium price exceeds all separating prices.

A.7 Proof of Proposition

For simplicity we set f = 0 but the result also holds for f > 0. In a separating equilibrium with fire sale

every period, debt limit, loan size and asset price when h = 0 are given by:

D¥S = (5 + ¢79)

0'* = Eu(5)97

B(1—A)6 — A
1= BAZEL(s) + (1 = \)]

Plugging the asset price into the condition for the existence of a separating equilibrium we obtain:

Ep(s)p!®

(5+675)

Rearranging we find that a separating equilibrium exists at h = 0 when

oS =

¢ (¢%;0) =

C(6—AN)

ELls) < 35 (1= X) +Chz) — AX

Ks

Similarly, in a pooling equilibrium with fire sale every period, debt limit, loan size and asset price when

h = 0 are given by:

DIP = (5+¢'7)

¢'F = XEL(s)¢'" + (1= A) (6 + ¢/")

U SCEP LYY
1= Bz[AEL(s) + (1 = A)]

Rearranging we find that a separating equilibrium exists at h = 0 when

¢(0—AN
B26 (1= A) +CA) — AA

EL(S) > =Rp.
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Clearly #p < kg. Therefore, when E(s) € (kp, kg), there are multiple equilibria in a neighborhood

of h =0.

A.8 An Alternative Setup with Unobservable Private Valuation

We briefly consider an alternative setup where the private information is related to borrowers’ private
valuation of the asset, instead of the asset’s common value. We show that the main results hold.

Suppose with probability 1 — e, the state is good (s = 1) and the asset pays dividend §. With
probability e, the state is bad (s = 0), it does not pay any dividends. In addition, the borrower has
unobservable private valuation. A type ¢ = H, L borrower, if holding an asset, receives a private value
v;(s) before the asset market opens and after the loan is settled. The type ¢ is determined before the
loan is made and the information is private. With probability A, the borrower is of type ¢ = L, and
the private valuation is vz, (1) = v in the good state and vy (0) = 0 in the bad state. With probability
1 — A, the borrower’s type is i = H and the private valuation is vy (1) = vy (0) = v. After observing the
private information, the borrower borrows from the platform. After observing the realization of 4, the
borrower decides whether to repay or to default. After the loan is settled, the borrower, if holding the
asset, receives the private valuation. At the end of the period, the asset is traded at d+¢ in the good
state and at ¢ in the bad state.

The debt limit is given by D = (§ + ¢)(1 — h). We assume that v > §. As a result, all borrowers
repay in the good state. A low type borrower defaults in the bad state when D > ¢. Our analysis will
focus on the case of D > ¢ as it is suboptimal to set D < ¢.

In the separating equilibrium, the loan size is

and the asset price is

AMz=1)1=h)(1—-e)d+(1—e)d+ (1 —eA)v
1=3 =Bz -1 - h(1l-¢)) '

The separating equilibrium exists when

¢° =5

(1 —¢)D% +¢¢°
DS <

¢.

In the pooling equilibrium, the loan size is
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q© = D + \e(¢F — DP)

and the asset price is

(z—1)6(1 — h)(1 —eX) + B(1 — )6 + B(1 — eA)v
[=B— Bz 1)(1—h(l—eN)) |

o" =p
The pooling equilibrium exists when

(1 —¢&)DP + go?
DP

> (.
Hence we can reproduce the main multiplicity result.

Proposition 10. For h not too large, ¥ > ¢° and multiplicity exists when

ed ed

e T e

A.9 Private Information Parameter y < 1

We have considered the case where there is private information in each period. We now introduce a
parameter, x, to control the degree of information imperfection. With probability 1 — x, there is no
private information in the sense that there are no low-quality assets (denoted by state 0). All the

equilibrium conditions remain the same except that the asset prices satisfy

¢ = Bx {A [/ (20p,i41 —min{lp s 1 Req1,ar 4150P1) ) + 50e41) dF (s1)

+x (1= N) [2la i1 —min{ly 1 Rev 1, ame01(0 + Ge1)} + 0+ depa]}

+B(1—x) [Z€t0+1 - min{g?—&-le?-&-la ag+1((5 +de1)} +0+ ¢t+1] .

where a® =1, () = ¢ = ﬁ((s +¢¢)(1—h) and RY = (§ + ¢¢)(1 — h)/q?. By continuity, all results hold

when Y is sufficiently close to 1.
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